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We introduce the standard model of cosmology based on general relativity and discuss its
successes and problems. We then discuss motivations to consider gravitational theories

beyond general relativity and summarise observational and theoretical constraints that
these theories need to satisfy. A special focus is laid on screening mechanisms, which hide

deviations from general relativity in the Solar System and enable large modifications

to general relativity on astrophysical and cosmological scales. Finally, several modified
gravity models are introduced, which satisfy the Solar System constrains as well as

the constraint on the speed of gravitational waves obtained from almost simultaneous

detections of gravitational waves and gamma ray bursts from a neutron star merger
(GW170817/GRB 170817A).
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1. Introduction

Cosmology has entered the era of precision science. We now have the standard model

of cosmology, Lambda Cold Dark (ΛCDM) model, which explains various observa-

tions from the Cosmic Microwave Background to Large Scale Structure with only 6

cosmological parameters.1 At the same time, in the ΛCDM model, only 5% of the

energy density of the universe is made of known matter. 25% of the energy density

is made of dark matter while 70% of the energy density is made of the cosmological

constant. The cosmological constant is required to explain the accelerated expansion

of the universe but its observed value is many orders of magnitude smaller than what

we expect from the standard model of particle physics. This cosmological constant

problem motivates us to consider alternatives to the ΛCDM model. In this article,

we focus on modifications to general relativity and discuss motivations to consider

theories beyond general relativity and explain various constraints that these theo-

ries need to satisfy. We pay particular attention to screening mechanisms to evade

stringent Solar System constraints while having large modifications on astrophysical

and cosmological scales. We then discuss several examples of models that satisfy the

Solar System constrains as well as the constraint on the speed of gravitational waves

1
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obtained by almost simultaneous detections of gravitational waves and gamma ray

burst from a neutron star merger (GW170817/GRB 170817A).2

Throughout this chapter, we use the metric signature (−,+,+,+).

2. Lambda Cold Dark matter (ΛCDM) model

This section introduces the standard ΛCDM model, emphasising the basic assump-

tions of the model, and summarises observational constraints on the model mainly

from the Planck 2015 results.1

2.1. ΛCDM model

The standard model of cosmology is based on three assumptions:

(1) Our Universe is homogeneous and isotropic on average on large scales.

(2) Gravity is described by general relativity on all scales.

(3) The matter content of our universe is given by Cold Dark Matter (CDM),

baryons and radiation.

The first assumption implies that the metric describing the background homoge-

neous and isotropic universe is given by

ds2 = −dt2 +a(t)2
[
dχ2 +fK(χ)(dθ+sin2 θdφ2)

]
, fK =

1√
−K

sinh(
√
−Kχ), (1)

where a(t) is the scale factor and K = 0, 1 and −1 correspond to flat, closed and

open geometry of the three dimensional time constant hypersurface, respectively.

The comoving distance is defined as

χ = −
∫ t

t0

1

a(t′)
dt′ =

1

H0

∫ z

0

dz′

E(z′)
, E(z) =

H(z)

H0
, (2)

where quantities with the subscript 0 indicates that they are evaluated today at

t = t0, z = 1/a − 1 is the redshift and H = ȧ/a is the Hubble function. The

luminosity and angular diameter distance are defined as

dL = fK(χ)(1 + z), dA =
dL

(1 + z)2
. (3)

The Hubble parameter todayH0 plays a key role in dark energy and modified gravity

models. In the natural unit, c = ~ = kB = 1, it is given as H0 = 2.13× 10−42h GeV

where h is the dimensionless Hubble parameter, which needs to be determined by

observations.

The second assumption implies that gravity is described by the Einstein-Hilbert

action

S =
1

16πG

∫
d4x
√
−g(R+ 2Λ) +

∫
d4xLm[gµν ], (4)
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where G is the Newton constant, R is the Ricci curvature scalar and Λ is the

cosmological constant. The Einstein equations are given by

Gµν + Λgµν = 8πG Tµν , (5)

where the energy-momentum tensor is defined as Tµν = (2/
√
−g)δSm/δgµν . The

Planck energy is defined as Mpl ≡
√

1/8πG = 2.43× 1018 GeV. As we will discuss

later, we do not expect that general relativity is valid at energy scales higher than

Mpl but this is not relevant as long as we consider the late time evolution of the

universe. Applying to the metric given by (1), we obtain the Friedmann equations

H2 =

(
ȧ

a

)2

=
8πG

3
ρ− K

a2
+

Λ

3
, (6)

ä

a
= −4πG

3
(ρ+ 3P ) +

Λ

3
, (7)

where Tµν = diag(−ρ, P, P, P ), ρ is the energy density and P is the pressure of

matter. The Ricci curvature scalar is given by R = 6(aä+ ȧ2 +K)/a2.

Now we use the final assumption to specify the matter content of the universe.

The Friedmann equation gives

E(z) = Ωm(1 + z)3 + Ωr(1 + z)4 + ΩK(1 + z)2 + ΩΛ, (8)

where Ωm = Ωb + Ωc,Ωr,ΩK and ΩΛ are the contributions from cold dark matter

and baryons, radiation, curvature and the cosmological constant, respectively. The

contribution from radiation, Ωr, is precisely known from Cosmic Microwave Back-

ground (CMB) as Ωrh
2 = 2.47×10−5. The minimum model that fits the CMB data

is the flat ΛCDM model, which has 6 parameters, Ωbh
2, Ωch

2, θ∗, τ , As and ns,

where θ∗ is the angular scale of the sound horizon at the last scattering, τ is the

optical depth, As is the amplitude of the primordial fluctuations and ns is the spec-

trum index of the power spectrum of the primordial curvature perturbation. The

Planck 2015 result1 gave the constraint Ωm = 0.308±0.012,ΩΛ = 0.692±0.012 and

H0 = 67.8± 0.92 km/s/Mpc, assuming ΩK = 0. Note that the constraint on H0 is

an indirect one derived from the 6 parameters by marginalising over other parame-

ters. Therefore it highly depends on the assumption of the cosmological model, i.e.

the flat ΛCDM model.3 The curvature is constrained as ΩK = −0.005+0.016
−0.017 by the

CMB measurement alone although there is a degeneracy between ΩK and H0.

The most notable feature of the ΛCDM model is the large contribution from

the cosmological constant. This is required because the expansion of the universe is

accelerating rather than decelerating, ä > 0. This was first found by the observations

of supernovae,4,5 which measure the luminosity distance dL to supernovae. On the

other hand, the acoustic peaks of CMB anisotropies are determined by the sound

horizon at radiation drag and the measurements of these acoustic peaks give the

information on the angular diameter distance to the last scattering surface. The

same Baryon Acoustic Oscillations (BAO) are encoded in the distribution of galaxies

and provide the measurement of angular diameter distances at low redshifts from
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galaxy surveys.6,7 These measurements are complimentary in the constraints of Ωm
and ΩΛ. The ΛCDM model is currently consistent with all these measurements.

Finally, we mention some tension in the current data with ΛCDM. The late

time measurements of clustering such as Sunyaev-Zeldovich effects and weak lens-

ing prefer lower amplitudes of the matter fluctuations compared with the Planck

measurements of the initial amplitude at last scattering in ΛCDM.1,8–10 The most

notable tension is the measurements of the Hubble constant H0. The local measure-

ments using the distance ladder prefer higher H0 than the Planck measurements. For

example, the Hubble Space Telescope (HST) measurements give H0 = 73.45± 1.66

km/s/Mpc,11 which is inconsistent at the 3.5 sigma level with Planck ΛCDM. Note

that the recent gravitational wave detection with almost simultaneous detections of

short gamma ray bursts from a neutron star merger gave an independent measure-

ment of H0, H0 = 70+12.0
−8.0 km/s/Mpc.12

It still needs to be seen whether these discrepancies are due to unknown sys-

tematics or not. However, if they persist in the future measurements, this may be

an indication of new physics beyond ΛCDM.

2.2. Cosmic acceleration

Although the current observational data is consistently explained by the ΛCDM

model, it requires the existence of the cosmological constant. The energy scale of

the cosmological constant is given by

ρΛ ≡
Λ

8πG
∼ (10−3eV)4. (9)

Quantum field theory predicts that all particles give rise to vaccum energy Tµν =

−Vvacgµν , which contributes to the cosmological constant. The Standard Model of

particle physics includes particles up to the TeV scale and we would estimate the

vacuum energy to be Vvac > (TeV)4. This is 60 orders of magnitude larger than

the cosmological constant that we need to explain the current observations. This is

known as the (old) cosmological constant problem, i.e. why the vacuum energy does

not gravitate as expected according to Einstein’s theory of gravity.13 This problem

existed even before the discovery of the accelerated expansion of the universe. The

discovery of the accelerated expansion has created a new cosmological constant

problem, i.e. the coincident problem - why does the expansion of the universe start

to accelerate just now? This requires that the cosmological constant is fine-tuned

to be given by (9).

There have been many attempts to explain the observed accelerated expansion

of the universe. Note that in most of these approaches, the old cosmological con-

stant problem is assumed to be solved by some mechanism. There are three main

approaches depending on which assumption of the ΛCDM model to abandon.

The first possibility is to consider an inhomogeneous universe. Indeed, our uni-

verse is inhomogeneous, otherwise we do not exist. If the formation of inhomo-

geneous structures causes a back reaction to the expansion of the universe and it



May 31, 2018 11:31 WSPC/INSTRUCTION FILE chapter1-v2

Gravity beyond general relativity 5

causes the expansion of the universe to accelerate, we can solve the coincident prob-

lem as the onset of the acceleration coincides with the formation of first non-linear

structures. The back reaction is a notoriously difficult problem in general relativity

due to the non-linear nature of Einstein’s equations. There are still on-going de-

bates on the magnitude of back-reaction14,15 but it is a general consensus that it is

likely not large enough to explain the current acceleration of the universe. Another

related possibility is to abandon the Copernican principle and assume that we are

living in a special place in the universe such as a centre of a large void. Although it

is relatively easy to explain supernavae observations in this model, it is not easy to

reconcile this model with all other observations such as kinetic Sunyaev-Zel’dovich

effects.16 Note that even if inhomogeneity cannot explain the accelerated expansion,

it can still play an important role in precise cosmological measurements.

The second possibility is that general relativity is modified on large scales. See

reviews.17–19 As we will see below, general relativity has been tested in the Solar

System to high accuracy. It successfully predicts the orbital decay of the Hulse-

Taylor binary pulsar.20 Recently the prediction of gravitational waves has been

confirmed by direct detections of gravitational waves from binary black holes21 as

well as a binary neutron star.22 However, all these constraints on deviations from

general relativity apply to scales that are vastly different from scales accessible by

cosmological and astrophysical measurements. Thus it is still possible that large

distance modifications of gravity can account for the accelerated expansion of the

universe.

Finally, the acceleration can be caused by unknown dark energy. The distinc-

tion between dark energy and modified gravity is generally ambiguous. Indeed, in

the background, any modification of gravity or dark energy can be described as

the existence of an effective energy density ρdark and pressure Pdark. The only pa-

rameters required to describe the background expansion are the equation of state

wdark(z) = Pdark/ρdark and the density parameter Ωdark. The background expansion

can be parametrised as

E(z) = Ωm(1+z)3 +Ωr(1+z)4 +ΩK(1+z)2 +Ωdark exp

(
3

∫ z

0

dz′
1 + wdark(z′)

1 + z′

)
.

(10)

The Planck 2015 gave a constraint on a constant equation of state as wdark =

−1.006 ± 0.045. The time dependence of wdark(z) is a clear evidence that the ac-

celeration is not caused by the cosmological constant. A recent attempt to combine

various data sets indicate that the evolving wdark model is preferred at a 3.5σ sig-

nificance level based on the improvement in the fit although the Bayesian evidence

for the dynamical wdark model is insufficient to favour it over ΛCDM.23

If we consider the formation of structure, there is a difference between simple

dark energy models and modified gravity models. Here simple dark energy models

mean that dark energy does not cluster and it has no effects on structure forma-

tion. This is the case in quintessence models where dark energy is described by a



May 31, 2018 11:31 WSPC/INSTRUCTION FILE chapter1-v2

6 Koyama

scalar field with the standard kinetic term.24,25 In these models, the inhomogeneity

of the scalar field can be ignored under horizon scales. In the simple dark energy

models, the only parameters of the model are the equation of state wdark and the

density parameter Ωdark. Thus structure formation is completely determined by the

background evolution of the universe. While in modified gravity models, this con-

nection is generally lost. Thus the combination of measurements of the background

expansion and structure formation offers a way to distinguish between these two

scenarios. See Ref.26 for discussions on the distinction between dark energy and

modifed gravity models.

3. Modified gravity models

In this review, we mainly focus on modified gravity models. We will first discuss

motivations to consider modifications to general relativity. Then we discuss various

observational constraints as well as theoretical constraints that any modified gravity

models need to satisfy.

3.1. Motivations

The discovery of cosmic acceleration has renewed interests to study theories of

modified gravity. There are mainly four motivations to consider modified gravity

theories.

(1) Quantum gravity

General relativity is not a renormalisable theory as is clear from the fact that

the coupling constant G has a mass dimension of −2. Thus general relativ-

ity is thought as an effective theory that is valid up to the Planck scale Mpl

where quantum gravity effects become important. There are many attempts to

construct quantum theory of gravity such as string theory but the complete

quantum theory of gravity is still out of our reach. An important lesson that

we have learnt is that the Planck scale Mpl is not necessary the scale at which

general relativity is modified and the quantum gravity scale can be much lower.

For example, there has been an attempt to consider a model where the funda-

mental scale of gravity is TeV to solve the hierarchy between the electroweak

scale and the Planck scale.27

(2) The cosmological constant problem

One of the reasons to modify gravity is to explain why we do not see large

vacuum energy expected from the Standard Model of particle physics. One

possible solution is that the vacuum energy does not gravitate. This is known

as degravitation or self-tunning. There is a no-go theorem by Weinberg that

forbids self-tunning solutions under several assumptions13 and any attempts

need to evade this no-go theorem. A simple example is a braneworld model in

six dimensions (see28 for a review). In this model, the standard model particles

are confined to a four dimensional brane in six dimensions with two extra spatial
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dimensions. The cosmological constant in the four dimensional brane does not

change the geometry of the four dimensional spacetime and it only curves the

extra two dimensional space. The challenge is that it is difficult to modify

gravity only for the cosmological constant while reproducing general relativity

for normal matter. See the reference29 for a review and references therein.

(3) Cosmic acceleration

Modified gravity models provide a possibility to realise the accelerated ex-

pansion of the universe without the cosmological constant. A simply exam-

ple is provided by a five dimensional braneworld model proposed by Dvali,

Gabadadze and Porrati (DGP).30 In this model the Friedman equation on a

four-dimensional brane is given by H2 = H/rc + 8πGρ/3 where rc is defined as

a ratio between four-dimensional and five-dimensional Newton constant. Even

if the energy density ρ does not contain the cosmological constant, the expan-

sion of the universe accelerates as the Hubble parameter approaches constant,

H → 1/rc, at late times. This is called self-acceleration. Unfortunately, this par-

ticular solution suffers from instabilities31,32 but the idea of self-acceleration has

been studied intensively in many other modified gravity models.

(4) Tests of general relativity

General relativity has been tested exquisitely in the Solar System and by binary

pulsars.33 However, this does not imply that general relativity is valid on all

scales in any environments. It is worth pursuing the tests of general relativ-

ity on different scales and in different environments to understand the validity

regime of general relativity. For example, the recent detections of gravitational

waves have opened a new window to test gravity in strong gravity regime as well

as to test a propagation of gravitational waves. In the next decade, a number

of cosmological surveys aiming to reveal the nature of cosmic acceleration will

produce the data. These measurements can be used to test general relativity

on cosmological scales. To satisfy stringent Solar System constraints, modified

gravity theories often incorporate screening mechanisms to hide modifications

of gravity in dense environments. These screening mechanisms provide novel

ways to test deviations from general relativity. For example, screening mecha-

nisms can introduce environmental dependent modifications of gravity, which

can be tested using astrophysical measurements. Individual atoms inside a large

enough high-vacuum chamber can be unscreened, giving a possibility to detect

modifications of gravity in laboratory tests. These novel tests of gravity are one

of the main focuses of this special issue.

3.2. Observational constraints

Modified gravity models need to satisfy various observational constraints. Here we

list several important constraints that will be used later. See the reference33 for a

comprehensive review.

(1) Solar system tests
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First conditions come from the Solar System tests. The Parametrised Post New-

tonian (PPN) metric is given by

ds2 = −
(
1− 2U + 2βU2

)
dt2 + (1− 2γU) δijdx

idxj , (11)

where U =
∫
d3x′ρ(x′)/|x−x′|. The time dilation due to the effect of the Sun’s

gravitational field was measured very accurately using the signal from Cassini

satellite. This gives the constraint on γ as

γ − 1 < (2.1± 2.3)× 10−5. (12)

The constraint on β comes from the perihelion shift of Mercury. Assuming the

Cassini bound, the constraint on β is given by β − 1 = (−4.1± 7.8)× 10−5.

(2) Lunar Laser Ranging

The Lunar Laser Ranging (LLR) experiment gives various constraints.34 It gives

tight constraints on the deviations of gravitational potential from the general

relativity prediction. The anomalous perihelion angular advance of the Moon is

constrained as

|δθ| =
∣∣∣∣πr ddr

[
r2 d

dr

(ε
r

)]∣∣∣∣ < 2.4× 10−11, ε =
δΨ

Ψ
, (13)

where ε is the radial dependent deviation of the gravitation potential Ψ =

−GM/r. The LLR experiments also constrain the time variation of the Newton

constant

Ġ

G
= (2± 7)× 10−13. (14)

Finally, the LLR provides precision tests of the weak equivalence principle. The

difference between the acceleration of the Earth and the Moon is constrained

as

η ≡ 2|aearth − amoon|
aearth + amoon

< 10−13. (15)

(3) Hulse-Taylor binary pulsar

The orbital decay of the Hulse-Taylor binary pulsar due to gravitational wave

emissions is consistent with the general relativity prediction.35 After correcting

the effect of a relative acceleration between the binary pulsar system and the

Solar System caused by the differential rotation of the galaxy, the observed rate

of change of orbital period compared with the general relativity prediction is

given by

Ṗ

ṖGR

= 0.997± 0.002. (16)

(4) Gravitational wave propagation

On 17 August 2017, gravitational waves from a neutron star merger were de-

tected by LIGO.22 Almost simultaneously, short gamma ray bursts were de-

tected. The observed time delay was (+1.74 ± 0.05) s. This put stringent con-

straints on the difference between the speed of gravitational waves cGW and the
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speed of light c as2

− 3× 10−15 <
cGW

c
− 1 < 7× 10−16. (17)

The lower bound was obtained assuming that the short gamma ray bursts signal

was emitted 10 s after the GW signal. This constraint applies to a local universe.

The distance to the neutron star merger is estimated as 43.8+2.9
−6.9Mpc. In terms

of redshift, this corresponds to z ∼ 0.01. Note that there is also a lower bound

−2×10−15 < cGW/c−1 from the gravitational Cherenkov radiation emitted by

high energy cosmic rays if the speed of gravitational waves is smaller than the

speed of light.36 This constraint has a significant implication to many modified

gravity models37–43 as we will see later.

3.3. Theoretical conditions

Another condition that modified gravity models need to satisfy is the theoretical

consistency of the model. Modified gravity models often introduce additional degrees

of freedom as we discuss below and these additional modes can lead to instabili-

ties. To illustrate several types of instabilities, let us consider a simple scalar field

described by the action

S =

∫
dtd3x(Ktφ̇

2 −Kx(∂iφ)(∂iφ)−m2φ2). (18)

The tachyonic instability arises when the scalar field has a negative mass squared

m2 < 0. Whether this instability is catastrophic or not depends on the instability

time scale determined by the mass as the time scale of the instability is given by

|m2|−1/2. Another instability arises when the gradient term has a negative coefficient

Kx < 0. In this case, the instability time scale is determined by the wave number

of the mode, so the time scale becomes shorter on smaller scales. Finally, the ghost

instability arises when the time kinetic term of the scalar field has a wrong sign

Kt < 0. At the quantum level, the vacuum is unstable as negative energy particles

can be created from vacuum and it decays instantaneously. To avoid the instability,

it is required to introduce a non-Lorentz-invariant cut-off in the theory (see44 for a

review).

Another problem is known as the strong coupling problem, which arises from

non-linear interaction terms. An example of the non-linear term that appears later

is31

Snon−linear = −
∫
d4x

1

Λ3
3

�φ(∂φ)2. (19)

This non-linear interaction is suppressed by Λ3. Quantum corrections generate other

terms suppressed by Λ3 such as S ∝ −(1/Λ6
3)
∫
d4xφ�4φ, and we lose control of the

theory beyond Λ3. This strong coupling scale is often associated with the energy

scale related to the accelerated expansion of the Universe, H0, which is extremely

small compared with the scale of gravity MPl. Thus we will often find that the
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strong coupling scale is rather low in modified gravity models. This means that we

need to treat these theories as an effective theory, which is valid only at energy

scales lower than Λ3. It is an interesting question whether there exists a standard

(i.e. local, unitary, analytic and Lorentz-invariant) Ultra-Violet (UV) completion

of these theories.45 The condition to have a standard UV completion restricts the

parameter space of effective theory (see for example46).

3.4. Classifications

There are numerous modified gravity models proposed in the literature. To classify

these models in a general framework, Lovelock’s theorem plays an important role.

Lovelock’s theorem proves that Einstein’s equations are the only second-order local

equations of motion for a single metric derivable from the covariant action in four-

dimensional spacetime. This indicates that if we modify general relativity we need

to violate one or more of the assumptions in Lovelock theorem.

(1) Higher derivatives

We normally require that the equations of motion contain up to second time

derivatives. The Ostrogradsky theorem states that higher order time deriva-

tives introduce additional degrees of freedom, which makes the Hamiltonian

unbounded from below. This can be shown by introducing a new variable for

a higher derivative term. This theorem applies if all the conjugate momenta

including those associated with higher derivatives can be expressed in terms

of velocities and variables. This is called the non-degeneracy condition. If this

non-degeneracy condition is not satisfied, it is possible to have higher derivative

theories without introducing instabilities.47 A typical example is f(R) gravity

models, which contain fourth order time derivatives of metric in the equations

of motion but do not propagate the Ostrogradsky ghost. Another example is

degenerate higher order scalar tensor theories.48 We will review these theories

below.

(2) Non-locality

An example of non-local gravity is to modify Einstein-Hilbert action to

Rf(�−1R) where �−1 is the inverse Laplacian operator.49,50 The main advan-

tage of this theory is that �−1R has no dimension so in principle it is possible

to avoid the introduction of the fine-tuned mass dimension. Another example is

m2R�−2R.51 The meaning of the non-local operator �−1 needs to be defined

carefully. In the equations of motion, these operators are understood as the

retarded Green function in order to preserve causality. This cannot be obtained

from a classical action thus these actions should be considered as a quantum

effective action. These theories can be localised by introducing scalar fields. In

fact, the m2R�−2R theory can be written as a bi-scalar tensor theory. One of

the scalar field has a ghost-like kinetic term but it is argued that there is no

quanta associated with this ghost field. See the reference52 for details.
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(3) Higher dimensional spacetime

Another radical idea is to consider higher dimensional spacetime. There are

stringent constraints on the existence of extra-dimensions for standard model

particle interactions. These constraints are normally avoided by compactifying

the extra-dimensions. In this case, modifications of gravity only appears on

length scales shorter than the size of extra-dimensions. Another possibility is

to consider a brane on which standard model particles are confined. We will

review a braneworld model that admits long distance modifications of gravity.

(4) Lorentz violation

A typical example of Lorentz non-invariant theory is Einstein-Aether theory.

In this theory, a vaccum expectation value of a vector field breaks Lorentz

invariance. Lorentz non-invariant theory plays a role in the construction of

renormalisable theory of gravity. By admitting higher spatial derivatives, it is

possible to improve the UV behaviour of gravity as in Horava gravity. These

theories are tightly constrained by various tests of gravity, most notably the

constraints on the deviation of the gravitational wave speed from the speed of

light. See the references53,54 for details.

(5) Extra degrees of freedom

In additional to metric, additional degrees of freedom such as scalar fields, vector

fields or tensor fields can be introduced. Scalar tensor theories are one of the

most well studied modified gravity models where a scalar field is non-minimally

coupled to gravity. Other well studied theories are massive gravity and bi-gravity

theories. In massigve gravity, a fiducial metric is introduced while in bi-gravity

models, an additional dynamical metric is introduced. See the reference55 for a

review.

4. Screening mechanisms

In the previous section, we classify various modified gravity models. Many of these

models introduce an additional scalar degree of freedom. For example, five dimen-

sional gravitons and massive gravitons in four-dimensions both have five degrees of

freedom. One of them is a helicity-0 mode, which behaves as a scalar field on small

scales.

If this scalar degree of freedom couples to matter, it is subject to stringent

constraints from the Solar System tests. Screening mechanisms provide a way to

evade this condition and they are included in many well-studied modified gravity

models. See the references18,19 for reviews and references therein.

4.1. Motivations

In order to understand the need for screening mechanisms, let us consider Brans-

Dicke gravity described by the action

S =
1

16πG

∫
d4x
√
−g
(
ψR− ωBD

ψ
(∂ψ)2

)
+ Sm[gµν ]. (20)
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We are interested in forces generated by a non-relativistic source T 0
0 = −ρ. Using

the quasi-static approximations to neglect time derivatives, the perturbations of the

metric

ds2 = −(1 + 2Ψ)dt2 + (1− 2Φ)δijdx
idxj , (21)

and the scalar field perturbation ψ = 1 + ϕ obey the following equations

∇2Ψ = 4πGρ− 1

2
∇2ϕ, (22)

(3 + 2ωBD)∇2ϕ = −8πGρ, (23)

Φ−Ψ = ϕ. (24)

From these equations, we observe that the scalar field perturbation ϕ gives an ad-

ditional contribution to the Poisson equation. This introduces an additional force,

often called the fifth force. The scalar field perturbation also changes the relation

between the two metric perturbations Φ and Ψ. The solutions for the metric per-

turbations are given by

∇2Ψ = 4πGµρ, Ψ = η−1Φ, (25)

where

µ =
4 + 2ωBD

3 + 2ωBD
, η =

1 + ωBD

2 + ωBD
. (26)

We recover general relativity in the large ωBD limit. Indeed, imposing the Solar

System constraints (12), we obtain |η−1| = (2.1±2.3)×10−5. Then the constraint on

ωBD is given by ωBD > 40, 000.33 Once we impose this constraint on the parameter

of model ωBD, the deviations from general relativity is suppressed, i.e. |µ−1| < 10−5

and |η − 1| < 10−5, on all scales.

4.2. Classifications

In order to avoid this blanket suppression of deviations from general relativity on all

scales, the Brans-Dicke theory needs to be extended to include non-linear functions

of the scale field. Schematically, the generalised action is given by

S =
1

16πG

∫
d4x
√
−g
(
ψR− ω(ψ)

ψ
(∂φ)2 +K

[
(∂ψ)2, (∂2ψ)

]
− 2U(ψ)

)
+ Sm[gµν ],

(27)

where K is a function of first and second derivative of the scalar field. This function

needs to be chosen carefully not to introduce the Ostrogradsky ghost. We will give

examples of these functions later.

The screening mechanisms can be classified formally depending on which non-

linear function in (27) is used to suppress the fifth force.

(1) Chameleon mechanism56,57

In this mechanism, the potential U(ψ) is introduced. The scalar field takes
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a background value ψBG determined by the background density. The potential

introduces a mass term for the scalar field perturbation around this background

(3 + 2ωBD)∇2ϕ+m(ψBG)2ϕ = −8πGρ, (28)

where the mass depends on the background field. The scalar field does not prop-

agate beyond the Compton wavelength m−1 as the solution decays as exp(−mr)
where r is the distance from the source. Since the mass depends on the back-

ground density, it is possible to realise a situation where the mass is large in

dense environments such as the Solar System while it is small on a cosmological

background, modifying gravity non-trivially.

(2) Dilaton58 and Symmetron mechanism59

The coupling of the scalar field to matter is determined by the function ω(ψ),

which is determined by the background scalar field ψBG thus depends on a

background density. It is possible to consider a model where ω(ψBG) is large

in dense environments so that the scalar field decouples from matter while ω is

O(1) on cosmological background.

(3) K-mouflage60 and Vainshtein mechanism61

In this case, the non-linear kinetic term K
[
(∂ψ)2, (∂2ψ)

]
plays a role to effec-

tively suppress the coupling between the scalar field and matter. K-mouflage

mechanism uses the non-linearity of the first derivative of the scalar field while

the Vainshtein mechanism relies on the non-linearity of the second derivative of

the scalar field in the action.

These screening mechanisms can be classified in another way depending on how

it operates to suppress the fifth force for a spherically symmetric object with a mass

M and size R.18

(1) Thin-shell screening

In this category of models, screening is determined by the gravitational potential

of the object |Ψ| = GM/R. The condition for screening is given by the thin-

shell condition,56,57 which requires that the gravitational potential is larger

than a critical value set by the background scalar field ψBG, |Ψ| > χBG(ψBG).

Chameleon, Dilaton and Symmetron screening belong to this type of screening

mechanism.62

(2) K-mouflage mechanism

In this case, screening is determined by the first derivative of the gravitational

potential |∂Ψ| ∼ GM/R2. The screening happens if this exceeds a critical mass

scale set by a model parameter, |∂Ψ| > Λc.

(3) Vainshtein mechanism

Screening is determined by the second derivative of the gravitational potential

|∂2Ψ| ∼ GM/R3. This is the three-dimensional curvature generated by the

object. Screening operates if the curvature of the object exceeds a critical mass

scale squared set by a model parameter, |∂2Ψ| > Λ2
c .
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4.3. Frame transformation

The screening mechanisms that utilise non-linear functions of the scalar field, ω(ψ)

and U(ψ), are described by generalised Brans-Dicke theory described by the action

S =
1

16πG

∫
d4x
√
−g
(
ψR− ω(ψ)

ψ
(∂ψ)2 − 2U(ψ)

)
+ Sm[gµν ]. (29)

Chameleon, dilaton and symmetron mechanisms can be implemented in this theory.

This action (29) is formulated in the Jordan frame where matter is coupled to metric

gµν minimally. In order to understand the dynamics of the scalar field, it is useful

to define the Einstein frame in which the scalar field is minimally coupled to gravity

instead. This can be achieved by a conformal transformation

gEµν = ψgµν . (30)

By this transformation, the action becomes

SE =

∫
d4x
√
−gE

[
1

16πG
RE − 1

2
(∇φ)2 − V (φ)

]
+ Sm[A2(φ)gEµν ], (31)

where (
dφ

dψ

)2

=
1

16πG

3 + 2ω

ψ2
, A(φ) = ψ−1/2, V (φ) =

U(ψ)

8πGψ2
. (32)

In this frame, matter is coupled to the scalar field through the effective metric

A2(φ)gEµν . This changes the geodesic equation.

Let us consider a motion of non-relativistic particles. These particles follow the

geodesic of the effective metric gµν = A2(φ)gEµν . We consider the weak field limit

and expand the scalar filed φ = φ̄ + δφ where A(φ̄) = 1. By defining the metric

perturbations in the Einstein frame

ds2
E = −(1 + 2ΨE)dt2 + (1− 2ΦE)δijdx

idxj , (33)

the geodesic equation is given by

ẍ = −∇ΨE − β

Mpl
∇δφ, β ≡Mpl

d lnA

dφ
=

√
1

2(3 + 2ω)
, (34)

where ΨE satisfies the standard Poisson equation

∇2ΨE = 4πGρE , (35)

where ρE is the energy density in the Einstein frame. In the weak field limit, this

coincides with the energy density in the Jordan frame since A(φ̄) = 1. See Ref.63

for discussions on various definitions of the density. In the following we replace ρE

by ρ. On the other hand, in the Jorndan frame, the geodesic equation is unmodified

but the Poisson equation is modified (see Eq. (22))

ẍ = −∇Ψ, ∇2Ψ = 4πGρ− 1

2
∇2ϕ. (36)
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By using the relation between the gravitational potential in the Jordan frame Ψ

and that in the Einstein frame ΨE , ∇Ψ = ∇ΨE + (β/Mpl)∇φ, and the relation

between ϕ and φ, ∇φ = −(Mpl/2β)∇ϕ, we can easily check that the trajectories

of non-relativistic particles in the weak field limit are the same in the Jordan and

Einstein frame. In general, it is possible to show that observational predictions are

exactly the same in both frames (see Ref.64 and references therein).

The dynamics of the scalar field is easier to analyse in the Einstein frame. In the

following, we will omit the subscript E unless there is an ambiguity. The equation

of motion for the scalar field is given by

�φ =
dV

dφ
+
β(φ)ρ

Mpl
≡ dVeff

dφ
, (37)

where we consider non-relativistic matter and the effective potential is defined as

Veff(φ) = V (φ) + ρ lnA(φ). (38)

We see that the function β determines the coupling between the scalar field and

matter.

So far we assumed the weak equivalence principle, i.e. the scalar field is coupled

universally to all matter species. It is possible to break this principle and couple the

scalar field differently to different species:

Sm = Scdm[A2
cdmg

E
µν ] + Sbaryon[A2

baryong
E
µν ] + ... (39)

The stringent constraints coming from the Solar System tests can be avoided by

assuming βbaryon = 0. These models are often called interacting dark energy mod-

els65 if we identify the scalar field with dark energy. In this case, dark energy is

interacting with dark matter but not baryons. In these models, there is no need to

introduce screening mechanisms.

4.4. Thin shell screening

In this section, we review screening mechanisms in which screening is determined by

the gravitational potential |Ψ|. These include chameleon, symmetron and dilaton

mechanisms. Chameleons screen the fifth force by having a large mass in dense

environments while symmetrons and dilatons screen the fifth force by having a small

coupling to matter in dense environments. Despite this difference, the condition

under which screening operates is given by the same thin shell condition as we will

see below. A comprehensive review on chameleon mechanisms can be found in the

reference.63

4.4.1. Chameleon mechanism

A typical choice of V (φ) and A(φ) to realise the chameleon mechanism is

V (φ) = V0 +
Λ`+4

ch

φ`
, A(φ) = exp

(
βφ

Mpl

)
, (40)
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where V0 is a bare cosmological constant, Λch is a parameter of the potenital with

mass dimension one and ` is a dimensionless parameter. The minimum of the effec-

tive potential depends on the density as

φBG =

(
`MplΛ

`+4
ch

βρ

) 1
`+1

. (41)

Around this minimum, the scalar field acquires a mass

m(φBG) = V ′′eff(φBG) = `(`+ 1)Λ`+4
ch

(
βρ

`MplΛ
`+4
ch

) `+2
`+1

. (42)

If ` > −1, in high density backgrounds, φBG becomes small and m(φBG) becomes

large, satisfying the condition to realise the chameleon mechanism. Fig. 1 shows the

behaviour of the effective potential.

Fig. 1: An example of the potential V (φ), the contribution from matter ρ lnA(φ)

and the effective potential Veff(φ) in chameleon models. The left panel shows the

situation with high density while the right panel shows the low density case.

In order to understand how the chameleon mechanism operates, we consider

a spherical object with density ρs of the size R embedded in a constant density

ρBG � ρs. At infinity, we set the value of the scalar field at the minimum of the

potential, φ = φBG set by ρBG. Away from the source, perturbations around the

background φ = φBG + ϕ satisfies

1

r2

d

dr

(
r2 dϕ

dr

)
= m(φBG)2ϕ. (43)

The solution for this equations is given by ϕ(r) = −(C/r) exp[−m(φBG)r] where C

is an integration constant. On the other hand, inside the source, the scalar field is

trapped at the minimum of effective potential φ = φs determined by ρs between
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r = 0 and r = rscr. Between rscr and R, the scalar field rolls from φs to φBG. By

matching these solutions, we can determine the integration constants C and rscr.

The solution outside the source r > R is given by57

φ(r) = −
(

3∆R

R

)
2GMβ

r
e−m(φBG)r + φBG, (44)

where

3∆R

R
=

3(R− rscr)

R
=
φBG − φs
2βMpl|Ψ|

, (45)

where |Ψ| = GM/R. This solution exists only when the thin shell condition

3∆R/R � 1 is satisfied. If this condition is not satisfied, the scalar field does

not reach φs inside the source and the solution is given by (44) with 3∆R/R = 1.

This result can be understood as follows. Due to the large mass of the scalar

field, the scalar field is trapped at the minimum of the potential between r = 0 and

r = rscr and the mass inside this region does not generate a scalar force if the thin

shell condition is satisfied. Only the mass in a shell between r = rscr and r = R

M −M(rscr)

M
∼ 3

∆R

R
(46)

generate the scalar force where M(rscr) is an enclosed mass in the region 0 < r < rscr

(see Fig. 2). This is the reason why rscr is called the screening radius.

The thin shell condition can be expressed in terms of the screening parameter

χBG ≡
φBG

2βMpl
(47)

as χBG < |Ψ| given that φs � φBG. Once this condition is satisfied, the scalar field

generated by an object with mass M is given by

φ(r)

Mpl
= −

(
χBG

|Ψ|

)
2GMβ

r
e−m(φBG)r + φBG. (48)

Recalling that the geodesic equation for a non-relativistic test particle is given by

ẍ = −∇ΨE − β

Mpl
∇φ, (49)

we define the normal Newtonian force and the fifth force as

FN = −∇ΨE , Fφ = − β

Mpl
∇φ. (50)

Using the solution for the scalar field, the ratio of the scalar to Newtonian force

outside a source (but within the Compton wavelength) is given by

Fφ
FN

= 2β2 min
{(χBG

|Ψ|i

)
, 1
}
. (51)
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Fig. 2: This figure shows how the thin shell screening works for an object with the

size R. The scalar field is trapped at the minimum of the effective potential deter-

mined by the density of the object, φs, which is much smaller than the background

scalar filed, φBG. The mass inside r = rscr does not produce the scalar force and

only the shell between r = rscr and r = R contribute to the fifth force, suppressing

the ratio of the scalar to Newtonian force.

4.4.2. Symmetron/dilaton mechanism

A typical choice of A(φ) and V (φ) for the symmetron mechanism is given by

V (φ) = V0 −
1

2
µ2φ2 +

λ

4
φ4, A(φ) = 1 +

φ2

2M2
s

, (52)

so that the effective potential becomes

Veff = −1

2
µ2

(
1− ρ

µ2M2
s

)
φ2 +

λ

4
φ4. (53)

It is easy to see that there is a critical density ρ∗ = µ2M2
s . For high densities, ρ > ρ∗,

the symmetry is restored and the scalar field stays at the minimum φmin = 0 (see

Fig. 3). At this minimum, β(φmin = 0) = 0 and the scalar field does not couple to

matter. On the other hand, for low densities, ρ < ρ∗, the scalar field evolves to the

minimum

φmin ∼ ±
µ√
λ
. (54)

Around this minimum, the coupling to matter is given by

β(φmin) =

∣∣∣∣Mplφmin

M2
s

∣∣∣∣ ∼ µMpl√
λM2

s

. (55)
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Fig. 3: An example of the potential V (φ), the contribution from matter ρ lnA(φ)

and the effective potential Veff(φ) in symmetron models. The left panel shows the

case with high density, in which the symmetry is restored by the matter contribution

and the minimum is given by φmin = 0. The right panel shows the case with low

density

Another related mechanism is dilaton. A typical choice of V (φ) and A(φ) is

V (φ) = V0 exp

(
− λφ

Mpl

)
, A(φ) = 1 +

A2

2M2
pl

φ2. (56)

The minimum of the effective potential is given by

φmin =
λV0Mpl

A2ρ
, (57)

where we assumed λφ/Mpl � 1. At the minimum, the coupling constant is given

by β = A2φ/Mpl = λ(V0/ρ). As in the symmetron case, for high densities, the

minimum of the potential is driven to φmin = 0 thus the coupling of the scalar to

matter vanishes, β = 0, while the coupling can be O(1) when the density becomes

low compared to λV0.

Although the mechanism to suppress the fifth force is different from chameleons,

it was shown that the screening condition in these mechanisms is similar.62 If we

consider a spherically symmetric object, the ratio of the scalar to Newtonian force

is given in terms of the screening parameter χBG (47) as in chameleons where β is

given by βBG ≡ β(φBG).

In the case of symmetrons, domain walls can be formed after the phase transition.

This requires the study of full time dependent dynamics of the scalar field. This was

performed with N-body simulations and it was shown that domain walls do form

but their effects on the distribution of matter are small.66
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4.4.3. Thin shell screening

In all above screening mechanisms, the thin shell condition can be expressed in

terms of the self-screening parameter

χBG ≡
φBG

2βBGMpl
, (58)

where βBG = β(φBG). The thin shell condition is simply given by χBG < |Ψ|. This

is called self-screening because this condition only takes into account the screening

of the scalar field by an isolated object. The ratio of the scalar to Newtonian force

outside a source acting on a non-relativistic particle is given by

Fφ
FN

= 2β2
BG min

{(χBG

|Ψ|

)
, 1
}
. (59)

The above formula applies to the force acting on a test particle. The attraction

due to the scalar field between two objects separated by distance r is in general

given by

F1,2 = 2Q1Q2
GM1M2

r2
, (60)

where

Qi = βBG min
{(χBG

|Ψ|i

)
, 1
}
, (61)

and |Ψ|i is the gravitational potential of the object i.

Table.163 summarises the gravitational potential of several classes of astrophys-

ical objects, which are useful to estimate the self-screening of these objects.

Object Newtonian Potential |Ψ|
Earth 10−9

Moon 10−11

Main-sequence star (Sun-like) 10−6

Post-main-sequence star (M = 1–10M�, R = 10–100R�) 10−7–10−8

Spiral galaxy (Milky Way-like, vc ∼ 200 km/s) 10−6

Dwarf galaxy (vc ∼ 50 km/s) 10−8

Table 1: Objects commonly considered as probes of chameleon/symmetron/dilaton

screening. The second column shows surface Newtonian potential |Ψ| ≡ GM/R.

Here vc is the circular velocity. From the reference.63

It was found that screening also depends on environments. For example, if an

object with a deep potential exists nearby, this can screen an object that does

not satisfy the self-screening condition. To identify the environmental screening,

the full partial differential equation needs to be solved with a given distribution of

matter. This was done in the context of N-body simulations.67 It was found that
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environmental screening can be estimated by computing the gravitational potential

of nearby objects within the Compton wavelength

Ψext =
∑

di<m(φBG)−1+Ri

GMi

di
, (62)

where di is the distance to the neighbouring object with mass Mi and radius Ri.

The environmental screening condition is given by χBG < Ψext. This condition was

verified by studying screening of dark matter halos in N-body simulations and ap-

plied to SDSS galaxies within 200Mpc to create a screening map, which identifies

the regions where environmental screening does not apply.68 A more sophisticated

method has been developed to include the effect of missing mass and it was con-

cluded that it is in principle possible to test the thin shell condition to the level of

χBG ∼ 10−7.69

4.4.4. Constraints

There are various constraints on thin shell screened models.

(1) Cassini experiment

The constraint from the Casini experiment (12) imposes the condition that the

modification of the unscreened Casini satellite in the vicinity of the Sun should

be suppressed as

β2
galaxy

(
χgalaxy

|Ψsun|

)
< 10−5, (63)

where the background is assumed to be determined by the Milky Way galaxy.

(2) Lunar Laser Ranging experiments

There is a strong constraint on the difference between the acceleration of the

Earth and the Moon due to the Sun (15). If the Earth, Moon and Sun are

thin-shell screened, the accelerations are given by

aearth = aN (1 + 2QearthQsun), amoon = aN (1 + 2QmoonQsun). (64)

Using the gravitation potential of the Earth, Moon and Sun in Table 1, the

constraint can be written as

β2
galaxy

(
χgalaxy

|Ψearth|

)2

< 10−14, (65)

where again we assumed that the background is determined by the Milky Way

galaxy.

(3) Milky Way galaxy constraint

The above constraints assume that the scalar field is at the minimum in the

Milky Way galaxy. To ensure that the Milky Way galaxy is screened we need

to impose the condition

β2
cosmology

(
χcosmology

|Ψgalaxy|

)
< 1, (66)
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where the background is assumed to be determined by the cosmological back-

ground.

In addition, there are constraints from laboratory experiments and astrophysics

tests,63 which will be discussed in details in the articles in this special issue.

Note that the Solar System constraints and the LLR constraint impose the

condition on the scalar field with the galaxy density. To convert these constraints to

those on model parameters, we need to specify the potential and coupling function.

The galaxy density is given by ρgalaxy ∼ 105ρcosmology. The background scalar field

scales as φBG ∝ ρ−1/(`+1) (see Eq. (41)). If 1� 1/(`+1), the condition for the Miky

Way galaxy screening (66) typically gives the strongest constraint on φcosmology as

φBG is highly suppressed in denser environments.70 This is the case in f(R) gravity

models discussed in section 5.1 where 2 ≤ 1/(`+ 1).71

4.5. K-mouflage mechanism

This mechanism can be described by the action

S =

∫
d4x
√
−g
(

1

16πG
R+ Λ4

2K

(
X

Λ4
2

))
+ Sm[A(φ)2gµν ], X = −1

2
∂µφ∂µφ.

(67)

The equation of motion for the scalar field is given by

1√
−g

∂µ
(√
−g∂µφK ′

)
=
d lnA

dφ
ρ. (68)

We consider perturbations around a background φ = φBG + ϕ(x) and focus on

quasi-static perturbations with a non-relativistic source. The equation of motion

for ϕ can be integrated once72

K ′∇ϕ = 2βMpl∇Ψ, (69)

where the gravitational potential satisfies the normal Poisson equation

∇2Ψ = 4πGδρ, (70)

and

K ′ ≡ dK(χ)

dχ
, χ = − 1

2Λ4
2

(∇φ)2. (71)

Note that in principle the energy density fluctuation δρ contains the energy density

of the scalar field itself but this is sub-dominant compared with the matter density

and we will ignore it. For a spherically symmetric object with mass M , we can

define the K-mouflage distance as

rK =

(
2βGMMpl

Λ2
2

)1/2

. (72)
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For r < rK , |χ| becomes large and if K ′(χ) becomes large, the fifth force is sup-

pressed:

Fφ
FN

=
2β2

K ′
. (73)

The condition for the screening r < rK can be written as

GM

r2
> Λc ≡

Λ2
2

2βMpl
. (74)

Thus in this screening mechanism, screening is determined by the first derivative of

the gravitational potential.

4.5.1. Constraints

The ratio of the scalar to Newtonian force is constrained by the Cassini experiment

(12)

Fφ
FN

=
2β2

K ′
< 10−5, (75)

at distances of order one AU from the Sun. Assuming Λ2 is associated with dark

energy energy scale, i.e. Λ2/Mpl ∼ H0 the K-mouflage radius rK is estimated as72

rK ∼ 3500 AU

√
βM

Msun
. (76)

The correction to the gravitational potential is the radial dependent and this

introduces an anomalous perihelion for the Moon orbiting around the Earth given

by (13) where the ratio between the scalar and Newtonian potential is given by

ε =
βϕ

MplΨ
. (77)

Using the equation of motion, this can be written as72

δθ = −8π
β2

K ′
χK ′′

K ′
1

c2s
, c2s =

K ′ + 2χK ′′

K ′
. (78)

The Earth-Moon system gives a constraint |δθ| < 2.4× 10−11.

4.6. Vainshtein mechanism

The Vainshtein mechanism is the oldest idea of the screening mechanism. This

mechanism was identified in the context of massive gravity. Massive graviton has

five degrees of freedom. In the linear theory, the helicity-0 mode does not decou-

ple even in the massless limit. This is known as the van Dam-Veltman-Zakharov

discontinuity.73,74 This problem is cured by non-linear interactions of the helicity-0

mode, which decouple this mode. This is known as the Vainshtein mechanism. The

massive gravity models considered by Vainshtein contain a Boulware-Deser ghost75

but the same mechanism applies to a braneworld model30 and also a ghost-free

massive gravity model.76



May 31, 2018 11:31 WSPC/INSTRUCTION FILE chapter1-v2

24 Koyama

4.6.1. Vainshtein mechanism

The simplest model to describe the Vainshtein mechanism is given by the action

S =

∫
d4x
√
−g
(

1

16πG
R− 1

2
(∂φ)2 − 1

2Λ3
3

�φ(∂φ)2

)
+ Sm[A(φ)2gµν)]. (79)

We consider static perturbations around the Minkowski background for simplicity.

The equation of motion for the scalar field is

∇2φ+
1

Λ3
3

[
(∇2φ)2 − (∇i∇jφ)(∇i∇jφ)

]
=

βρ

Mpl
. (80)

Again we consider a spherically symmetric source and compute quasi-static pertur-

bations. Outside the matter source, the solution is obtained

1

Mpl

dφ

dr
=
βGM

r2

(
r

rV

)3
(√

1 + 4
(rV
r

)3

− 1

)
, (81)

where the Vainshtein radius is given by

rV =

(
4βGMMpl

Λ3
3

)1/3

. (82)

At large distance, we recover the linear solution. On the other hand, inside the

Vainshtein radius r � rV , we obtain

1

Mpl

dϕ

dr
=

2βGM

r2

(
r

rV

)3/2

, (83)

and the ratio of the scalar to Newtonian force is given by

Fφ
FN

= 2β2

(
r

rV

)3/2

. (84)

The condition for the screening r < rV can be written as

GM

r3
> Λ2

c ≡
Λ3

3

4βMpl
. (85)

The length scale associated with Λc, rc ≡ Λ−1
c , is typically assumed to be rc ∼ H−1

0 .

Table 2 summarises the Vainshtein radius and the Schwarzchild radius rg = 2GM

for several objects with this choice of the parameter.77

4.6.2. Constraints

The Vainshtein radius rV is much larger than the Schwarzschild radius for rc ∼ H0.

For the Sun, rV is significantly larger than the size of the Solar System. Thus inside

the Solar System, the fifth fore contribution is well approximated by (83). The ratio

between the scalar and gravitation potential is given by

ε = −4β2

(
r

rV

)3/2

. (86)
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Fig. 4: The scalar field profile for a spherically symmetric solution with the Vain-

shtein mechanism. rg = 2GM is the Schwarzchild radius.

Object R rg rV
Milky Way ∼ 0.9× 1021 ∼ 2× 1015 ∼ 3× 1022

Sun ∼ 0.7× 109 ∼ 3× 103 ∼ 3.5× 1018

Earth ∼ 6× 106 ∼ 9× 10−3 ∼ 5× 1016

Atom ∼ 5× 10−11 ∼ 1.8× 10−54 ∼ 3× 10−1

Table 2: The radii R (physical size), rg = 2GM (Schwarzschild radius) and rV
(Vainshtein radius) of some typical objects. Unit is meter. For estimation we have

used β = 2
√

2/3 and rc = H−1
0 ∼ 4000Mpc ∼ 1.2× 1026m.

Note that the scalar field is normalised so that it vanishes at infinity. The perihelion

precession per orbit (13) is then calculated as78

δθ =
3

4
πε. (87)

Lunar Laser Ranging experiments put constraints |δθ| < 2.4 × 10−11. Using rg =

2GM = 0.886 cm for the Earth and r = 3.84×1010 cm for the Earth-Moon distance

we obtain rc > 350 Mpc for β ∼ O(1).79 These results are obtained by treating the

Moon as a test body. This assumption is not necessarily valid. For example for

the Earth-Moon system, it was shown that there is a correction to the universal

precession rate (87) due to the nonsuperimposability of the field that depends on

the mass ratio of the two bodies although the effect is small (4%) for the Earth-Moon

system.80 See the reference81 for the constraints from laboratory tests.
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5. Examples of modified gravity models

In this section, we will review several modified gravity models focusing on those

that will be used in other articles in the special issue.

5.1. f(R) gravity

One of the most popular modified gravity models is an f(R) gravity where the

Einstein-Hilbert action is generalised to be a function of the Ricci curvature scalar82

S =
1

16πG

∫
d4x
√
−gF (R) +

∫
d4x
√
−gLm. (88)

See the references83–85 for reviews. The modified Einstein equations are given by

FRRµν −
1

2
gµνF (R) + (gµν�−∇µ∇µν)FR = 8πGTµν . (89)

These equations contain up to fourth order derivatives in terms of gµν . However,

this theory is an example where the non-degeneracy condition for the Ostrogradsky

theorem is not satisfied. Indeed, it is possible to introduce a scalar field and make

the equation of motion second order. The action is equivalent to

S =
1

16πG

∫
d4x
√
−g
(
F (φ) + (R− φ)F ′(φ)

)
. (90)

By taking a variation with respect to φ, we obtain (R − φ)F ′′(φ) = 0. As long as

F ′′(φ) 6= 0, R = φ and we recover the original action. By defining ψ = F ′(φ) and

2U = −F (φ) + φF ′(φ), the action can be written as the same form as Brans-Dicke

gravity with a potential

S =
1

16πG

∫
d4x
√
−g
(
ψR− 2U(ψ)

)
. (91)

Comparing this with the action (20), we notice that the BD parameter is given by

ωBD = 0. As such, if we ignore the potential, this model is already excluded by the

Solar System constraints. However, by choosing the potential, i.e. the form of the

F (R) function appropriately, it is possible to incorporate a chameleon mechanism

to evade the Solar System constraint.71,86 It is often more convenient to extract the

Einstein-Hilbert action in F (R) so we define

F (R) = R+ f(R). (92)

A choice of the function f(R) leads to many models but the successful models

for the late time cosmology share the same features.71,87,88 In the high curvature

limit, the function looks like

f(R) = −2Λ + |fR0|
R̄n+1

0

Rn
, (93)

where R̄0 is the background curvature today. This model requires an effective cos-

mological constant to explain the observed accelerated expansion of the universe.
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The correction to ΛCDM disappears in the high curvature limit R � R̄. This

suggests the existence of a screening mechanism in this model. In the Einstein frame,

the potential and the coupling function take the following form

V (φ) = V0 − Λ
3n+4
1+n φ

n
1+n , A(φ)2 = e

√
2/3φ/MPl , (94)

and the scalar field is related to fR ≡ df/dR as

φ = −
√

3

2
MPl log(1 + fR). (95)

This is a particular case of the chameleon theories where the coupling constant is

given by β = d lnA/dφ =
√

1/6 and the potential given by (40) with ` = −n/(1+n).

Under quasi-static approximations, the modified Poisson equation and the per-

turbations of fR is given by71

∇2δfR =
a2

3
[δR(fR)− 8πGδρ], (96)

∇2Ψ =
16πG

3
a2δρ− a2

6
δR(fR), (97)

where δfR = fR(R) − fR(R̄), δR = R − R̄ and δρ = ρ − ρ̄. If we linearise the

equation, δR(fR) is given by

δR(fR) = 3m2δfR, m2 =
1

3fRR
. (98)

Note that in order to avoid tachyonic instabilities, we need to impose fRR > 0. The

solution for the gravitational potential is given by89

k2Ψ = −4πG

(
4 + 3a2m2/k2

3 + 3a2m2/k2

)
a2δρ, (99)

where we performed the Fourie transformation and k is the comoving wavenumber.

On scales larger than the Compton wavelength k/a < m−1, the scalar field does

not propagate and we recover the standard solution. On the other hand, on scales

smaller than the Compton wavelength k/a > m−1, gravity is enhanced by the fifth

force and the effective Newton constant becomes 4G/3 as expected from the fact

that f(R) gravity has ωBD = 0 (see (26)). For a model with n = 1, the mass is given

by the background Ricci curvature as

m2 =
1

6|fR0|
R̄3

R̄2
0

. (100)

At early times, the background Ricci curvature is large and the mass is large. Thus

deviations from ΛCDM is suppressed. At late times, the Compton wavelength be-

comes large, modifying gravity on cosmological and astrophysical scales. The comp-

ton wavelength today is given by

m−1
0 = 32

√
|fR0|
10−4

Mpc. (101)
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For non-linear structures, it is not possible to linearise the equation and we need

to solve fully non-linear equations. This requires significant efforts in particular in

the context of N-body simulations. This will be one of the main topics of this special

issue. Note that the self-screening condition is given in this model by

χBG =
3

2
|fR(R̄)| < |Ψ|. (102)

The constraint that the Milky Way galaxy is screened (66) imposes the condition

|fR0| < 10−6. This constraint implies that m−1
0 < 3Mpc. Thus the scalar field

dynamics is not important cosmologically and the background expansion histroy is

observationally indistinguishable from that of ΛCDM.86 This is a general conclusion

in models with the chameleon mechanism.90

For a general choice of f(R), it is possible to mimic the ΛCDM expansion history

or any expansion history by tuning the function f(R) provided that R does not have

a minimum in the past (see Ref.91 for discussions). This is called designer models.92

In the designer models, linear cosmological perturbations are characterised by the

Compton wavelength parameter

B(a) =
fRR(R̄)

1 + fR(R̄)
R̄′

H

H ′
, (103)

where R̄ is the background Ricci curvature, H is the Hubble parameter and the

prime denotes the derivative with respect to the scale factor.

Finally, the speed of gravitational waves is the same as that of light in f(R)

gravity models thus the constraint (17) does not impose any condition on the model.

5.2. Braneworld gravity

The idea of braneworld was inspired by the discovery of D-branes in string theory

and subsequent developments of large extra-dimensions (see27 for a review). In this

model, we are living on a four-dimensional membrane (brane) in a higher dimen-

sional spacetime (bulk). The standard model particles are confined to the brane but

gravity can propagate in the bulk. In these models, it is possible to have a situation

where higher dimensional gravity becomes important on large scales. The simplest

model is the Dvali-Gabadadze-Porrati (DGP) model described by the action30

S =
1

16πG(5)

∫
d5x
√
−(5)g(5)R+

∫
d4x
√
−g
( 1

16πG
R+ Lm

)
, (104)

where (5)R and G(5) are five-dimensional Ricci curvature and Newton constant,

respectively. The ratio between the five-dimensional and four-dimensional Newton

constant rc = G(5)/2G is a parameter of the model and called the cross-over radius.

The Friedman equation on the brane is given by93

H2 = ±H
rc

+
8πG

3
ρ. (105)
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At early times Hrc � 1, we recover the usual 4D Friedmann equation. On the

other hand, at late times, the Hubble parameter approaches a constant H → 1/rc
in the upper branch of the solution. This is known as the self-accelerating branch.

On the other hand, the lower branch solution, the normal branch solution, requires

the cosmological constant or dark energy to realise the accelerated expansion of the

Universe. In order to recover the standard cosmology, the cross-over radius needs

to be tuned as rc ∼ H−1
0 .

The perturbations around this background under the quasi-static approxima-

tions are described by the Brand Dicke theory with an additional non-linear inter-

action term78,94,95

∇2Ψ = 4πGa2ρ− 1

2
∇2ϕ, (106)

(3 + 2ωBD(a))∇2ϕ+
r2
c

a2

[
(∇2ϕ)2 − (∇i∇jϕ)2

]
= −8πGa2ρ, (107)

Φ−Ψ = ϕ, (108)

where the BD parameter ωBD(a) is given by

ωBD =
3

2
(β(a)− 1), β(a) = 1∓ 2rcH

(
1 +

Ḣ

3H2

)
, (109)

where dot indicates a derivative with respect to time.

Note that the Brans Dicke parameter is always negative in the self-accelerated

branch and the scalar field mediates a repulsive force. This is the manifestation of the

problem that the self-accelerating solutions suffer from a ghost instability.31,32,96–98

In addition, at late times ωBD ∼ O(1) thus by linearising the equation, we again

find that this theory would be excluded by the Solar System constraints. However,

the coefficient of the non-linear interaction term is very large, r2
c ∼ H−2

0 . This

is responsible for the Vainshtein mechanism.99 Indeed, the equation (107) has the

same form as (80) so the constraint from the LLR imples rc > a few hundreds Mpc.

In the normal branch solution, it is possible to tune the equation of state of

dark energy to realise the ΛCDM background expansion history.100 This is not

particularly well-motivated theoretically. However, this model makes it easier to

study the effect of the Vainshtein mechanism on structure formation compared with

ΛCDM and thus it is frequently used in N-body simulations and phenomenological

studies.

On large scales r > rc, gravitational waves propagate in the bulk while light

is confined to the brane. Thus there can be a time delay between the arrival of

gravitational waves and light as gravitational waves can make a short-cut in the

bulk.101 However, the event GW170817 happens at the distance ∼ 40Mpc from us

and the frequencies of the gravitational waves are 10 − 100Hz. Due to the short-

wavelength of the gravitational waves (10−16 − 10−15 Mpc), the time delay will

be well suppressed. For example, for a single massive graviton, the constraint (17)

gives only a weak constraint on the graviton mass m < 10−22 eV (m−1 > 10−7Mpc).



May 31, 2018 11:31 WSPC/INSTRUCTION FILE chapter1-v2

30 Koyama

Thus once we impose the LLR constraint, the constraint (17) is well satisfied in this

model.

5.3. Horndeski theory and beyond

Scalar-tensor theories of gravity represent the simplest modification in terms of

additional degrees of freedom compared to general relativity, i.e. a single scalar

field. In four-dimensional spacetime, the most general scalar-tensor theory with

second order equations of motion was derived by Horndeski in 1974,102 and later

rediscovered in the context of the so-called (covariant) galileon theories.103–108 See

the reference109 for a review. The Horndeski action is given by

L2 = K(φ,X), (110)

L3 = G3(φ,X)�φ, (111)

L4 = G4(φ,X)R− 2G4X(φ,X)
[
(�φ)2 − (∇µ∇νφ)2

]
, (112)

L5 = G5(φ,X)Gµν∇µ∇νφ

+
1

3
G5X(φ,X)

[
(�φ)3 − 3�φ(∇µ∇νφ)2 + 2(∇µ∇νφ)3

]
, (113)

where X = ∂µφ∂µφ and K,G3, G4 and G5 are free function of the scalar field and

X.

This theory encompasses many models including f(R) gravity and screened mod-

els discussed above. These theories have G4 = G4(φ) and G5 = 0. The extension

of these theories to non-trivial G4(φ,X) and G5(φ,X) has a significant implication

for the propagation of gravitational waves on the cosmological background. The

propagation of gravitational waves

ds2 = −dt2 + a2(δij + hij)dx
idxj , hii = ∂ih

i
j = 0, (114)

is described by the following equation110

ḧij + (3 + αM )Hḣij + c2GW

∇2

a2
hij = 0, (115)

where the tensor sound speed is given by

c2GW = 1 + αT (116)

and

M2
∗ = 2

[
G4 − 2XG4X −

1

2
XG5φ − φ̇HXG5X

]
, (117)

HM2
∗αM =

dM2
∗

dt
, (118)

M2
∗αT = 2X[2G4X +G5φ − (φ̈−Hφ̇)G5X ]. (119)

The constraint on the speed of gravitational waves (17) gives a strong constraint

|αT | < 10−15. If we do not invoke a fine tuning and set cGW = c, this forces us to

choose

G4 = G4(φ), G5 = 0. (120)
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The screening mechanisms introduced earlier, i.e. chameleon, symmetron and dila-

ton models, satisfy these conditions so they are not affected by this constraint. Note

also that f(R) gravity is also included in this class of models.

A theory with non-zero K(φ,X) and G3(φ,X) are called Kinetic Gravity Brad-

ing (KGB) model.111 One interesting feature of this model is that it is possible to

explain the accelerated expansion of the Universe without introducing a potential.

A simple example is given by112

K(X) =
X

2
, G3(X) = −MPl

(
− r2

c

2M2
Pl

X

)n
. (121)

Note that the sign for the kinetic term is opposite to the normal scalar field.

However, this does not imply that the perturbations are ghostly when expand-

ing around the non-trivial cosmological background. The strong observational con-

straints in this model come from the Integrated Sachs-Wolfe (ISW) effects. The

cross-correlation between ISW and galaxy clustering has a different sign compared

with the ΛCDM model for samll n, which is disfavoured. This gives a condition on

n to be larger than a few hundreds.113,114

The requirement of second order equations of motion is sufficient to avoid the

Ostrogradsky ghost, but this condition is not necessary.115,115–118 In recent years,

there have been several attempts to construct healthy theories that relax this con-

dition, exploiting transformations of the metric.119,120 This brought initially to the

class of beyond Horndeski theories.120,121 A breakthrough in the subject came with

the works of Refs.,48,122 which developed a general method to identify the degener-

acy conditions that remove the Ostrogradsky ghost despite the appearance of higher

derivatives in the equation of motion. A larger class of new degenerate higher order

scalar-tensor theories propagating up to 3 degrees of freedom was identified and

classified up to cubic order in the second order derivative of the scalar field.123–125

Again the constraint on cGW has significant implications to this extended class

of scalar tensor theories. If we impose cGW = c, we only left with the following

possibility in addition to K(φ,X) and G3(φ,X):126

L4 =

5∑
i=1

Li + LR , (122)

where

L1[A1] = A1(φ, X)φµνφ
µν ,L2[A2] = A2(φ, X)(�φ)2 , (123)

L3[A3] = A3(φ, X)(�φ)φµφµνφ
ν ,L4[A4] = A4(φ, X)φµφµρφ

ρνφν , (124)

L5[A5] = A5(φ, X)(φµφµνφ
ν)2 ,LR[G4] = G4(φ, X)R , (125)
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and the functions AI satisfy

A1 = 0 (126)

A2 = 0 , A5 =
A3

2G4
(4G4X +A3X) , (127)

A4 = − 1

8G

[
8A3G4 − 48G2

4X − 8A3G4XX +A2
3X

2
]
,

This theory has an interesting implication for the Vainshtein mechanism. We

introduce a mass dimension Λ3 and assume the following scaling for the functions

G4, A3, A4 and A5

G4 ∼M2
p , XA3 ∼ XA4 ∼ X2A5 ∼MpΛ

−3, (128)

where Mpl is the Planck mass and X ∼MplΛ
3
3. There appears the Vainshtein radius

rV = (M/MplΛ
3)1/3 below which the scalar field perturbation becomes non-linear

for a spherically symmetric object with mass M . The spherically symmetric solution

for the metric perturbations below the Vainshtein radius is given by127–129

Ψ′ =
GNM

r2
+

Υ1GN
4

M ′′,

Φ′ =
GNM

r2
− 5Υ2GN

4r
M ′ + Υ3GNM

′′, (129)

where

Υ1 = − (4G4X −XA3)2

4A3G4
,

Υ2 =
8G4XX

5G4
,

Υ3 = −−16G2
4X +A2

3X
2

16A3G4
, (130)

GN =
[
8π
(
2G4 − 2XG4X − 3A3X

2/2
)]−1

. (131)

Outside the matter source, M is constant and we recover general relativity solutions

inside the Vainshtein radius. On the other hand, inside a source, gravity is modified

so the Vainshtein mechanism is broken. This gives an interesting possibility to test

these theories using astrophysical objects.130 Note that there is a strong constraint

from the Hulse-Taylor binary pulsars. The gravitational constant for tensor pertur-

bations GGW is given by G4, which is different from GN . This changes the prediction

of the orbital decay.131 From the constraint (16), we obtain the constraint132

− 7.5× 10−3 <
GGW

GN
− 1 < 2.5× 10−3, (132)

where

GGW

GN
− 1 =

2XG4X

G4
+

3A3X
2

2G4
. (133)
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The modification to the gravitational potential Ψ is constrained as

− 2/3 < Υ1 < 1.6 (134)

from the stellar structure.133–135

In addition, these theories admit the self-accelerating solutions where the accel-

erated expansion can be realised without introducing the cosmological constant or

the potential of the scalar field.136

6. Conclusion

This article gave an introduction to theories of modified gravity with a particular

focus on screening mechanisms. Several examples of modified gravity models were

discussed that accommodate the screening mechanisms. These models can evade

the stringent constraints from the Solar System tests thanks to the screening mech-

anism. In addition, they avoid the stringent constraint on the gravitational wave

speed obtained from the almost simultaneous detections of gravitational waves and

short gamma ray bursts made on 17 August 2017. Thus these models serve as a test

bed to constrain deviations from general relativity using laboratory experiments,

astrophysical objects and cosmological observations. The other articles in this spe-

cial issue will discuss methodologies to perform these tests, show the latest results

from these novel tests of general relativity and discuss future prospects.
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