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We show that every Galileon theory admits a dual formulation as a Galileon theory with new
operator coefficients. In n dimensions a free scalar field in Minkowski spacetime is dual to a
(n + 1)-th order Galileon theory which exhibits the Vainshtein mechanism when coupled to sources
and superluminal propagation even on-shell. This demonstrates that superluminal propagation at low
energies is compatible with an analytic S-matrix and causality. For point sources, the duality interchanges
the strongly coupled Vainshtein regime with the weakly coupled asymptotic regime.
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1. Introduction

Dualities, classical and quantum equivalences between naively
distinct theories, are powerful tools in field theory as they can be
useful probes of the non-perturbative structure of a theory. The
simplest duality is the electric-magnetic duality of Heaviside. This
was generalized in the pioneering work of Montonen and Olive [1]
to conjectured dualities for non-Abelian gauge theories which re-
late weak and strong coupling regimes, and by extension particles
to solitons. Dualities also form the basis of the modern under-
standing of string theory.

In this letter we demonstrate that the recently proposed
Galileon models [2] which arise naturally in the context of mas-
sive gravity theories [3,4] (see also [5] for a recent review) exhibit
a non-trivial duality mapping Galileon theories into themselves. In
particular, a ghost-free Galileon theory with a Vainshtein mecha-
nism [6] in place will map in general to a dual ghost-free Galileon
theory which exhibits the dual analogue of the Vainshtein mech-
anism. As an extreme example, we show that in any dimension a
free massless scalar field is equivalent to a Galileon theory with
nonzero coefficients.

A Galileon is a scalar field π(x) whose action is invariant un-
der the global nonlinearly realized symmetry π(x) → π(x)+ vμxμ .
Galileons are the simplest field theories which exhibit the Vain-
shtein mechanism [6]. The duality map can be defined as follows:
given a Galileon π(x), we can define the coordinate transformation

x̃μ = Φμ(x) = xμ + ∂μπ(x). (1)
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As shown in [7], this transformation has an inverse Za(Φ(x)) = xa ,

xμ = Zμ(x̃) = x̃μ + ∂̃μρ(x̃) (2)

which defines the dual Galileon ρ(x̃). These relations are equiva-
lent to a Legendre transformation [15] and can be written as the
invertible maps

π(x) = −ρ(x̃) − (
∂̃μρ(x̃)

)2
(3)

ρ(x̃) = −π(x) − (
∂μπ(x)

)2
. (4)

The map can also be thought of as a (field-dependent) diffeomor-
phism, which would then suggest that it is valid at the quantum
level. See Ref. [8] for more details.

To cubic order, the map is given in Ref. [7]. In configurations
which only depend on r2 = ∑d−1

μ=0 sμημνxμxν , with sμ = 0 or 1
(such configurations include the static spherically symmetric one),
then

ρ(r) = −π(r) +
∞∑

n=2

(−1)n

n! ∂n−2
r

[
π ′(r)n]. (5)

The map is always invertible provided the eigenvalues of ∂μ∂νπ
and ∂μ∂νρ are greater than −1, which we impose as a constraint
classically and quantum mechanically. This condition is analogous
to imposing the requirement that the signature of the metric is
− + ++ in the Lorentzian path integral for quantum gravity or
that the determinant of the metric in GR never vanishes so that
the metric is invertible. Furthermore, it is natural in the context of
bigravity models where a singularity develops if the metric prod-
uct f −1 g is not invertible, which amounts in the decoupling limit
to requiring that the eigenvalues of ∂μ∂νπ are greater than −1.
Restricting ourselves to a theory where the map is invertible is
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therefore not a modification of the original theory but rather a
natural choice for any gravitational theory and is very similar to
what is performed in GR. In what follows, we show that the dual
Galileon theory is identical to a Galileon theory with generically
different operator coefficients.

2. Duality relations

The Jacobian of the transformation from x to x̃ is∣∣∣∣ δx̃a

δxb

∣∣∣∣ = ∣∣det
(
ημν + Πμν(x)

)∣∣ ≡ ∣∣η + Π(x)
∣∣. (6)

We work in a d-dimensional flat spacetime. For a tensor Xμν ,
we define the Lagrangian density,

Un[X] = Λ2σ εμ1···μdεν1···νd

n∏
j=1

Xμ jν j

d∏
k=n+1

ημkνk , (7)

where ε is the Levi-Civita symbol. Λ represents the strong cou-
pling scale, or the scale at which the Galileon interactions become
important, and the power σ depends on the number of dimen-
sions, σ = 1 + d/2, in particular in d = 4 spacetime dimensions,
σ = 3.

The different Galileon interactions [2] for the respective fields
ρ and π are expressed as Ln[π ] = π Un−1[Π ] and Ln[ρ] =
ρ Un−1[Σ], with the second derivative matrices Πμν ≡ ∂μ∂νπ and
Σμν ≡ ∂μ∂νρ . The canonically normalized fields are given in terms
of ρ and π as ρ = ρ̂/Λσ and π = π̂/Λσ .

We now collect a number of useful mathematical identi-
ties from [7] and use the notation introduced therein. Out of
the spacetime coordinate xa , let us define the variable x̃a as in
Eq. (1). Differentiating Eq. (2), Za(x̃) = xa , with respect to xb gives
[∂c Za](x̃)[ηbc + ∂b∂cπ(x)] = δa

b . Inverting gives, in matrix notation

[∂ Z ](x̃) = [
η + Σ(x̃)

] = [
η + Π(x)

]−1
. (8)

Similarly starting with Za(x̃) = xa , we have on varying[
∂aδρ

]
(x̃) + [

∂b Za]∂bδπ(x) = 0, (9)

which can be rewritten as [η+Π(x)]a
b[∂bδρ](x̃)+ ∂aδπ(x) = 0. Us-

ing Eq. (8), this is equivalent to

∂a(δρ(x̃) + δπ(x)
) = 0, (10)

which integrates to give δρ(x̃) ≡ −δπ(x). This relation will allow
us to relate the equations of motion and the variation of the action
in the dual theories.

3. Dual galileons

Starting with a Galileon theory in terms of the π variables, we
have [2]

S =
∫

ddx
d+1∑
n=2

cnLn
[
π(x)

]
. (11)

Varying this action with respect to the field π gives (up to bound-
ary terms)

δS =
∫

ddx

(
d∑

n=1

(n + 1)cn+1Un
[
Π(x)

])
δπ(x). (12)

Now following the same prescription as in Ref. [7], using the re-
lations δπ(x) = −δρ(x̃), (η + Π(x)) = (η + Σ(x̃))−1 and ddx =
|η + Π(x)|−1 ddx̃ = |η + Σ(x̃)| ddx̃, the variation can be expressed
in terms of ρ as

δS = −
∫

ddx̃
∣∣η + Σ(x̃)

∣∣ d+1∑
n=2

ncnUn−1

[ −Σ(x̃)

η + Σ(x̃)

]
δρ(x̃),

which follows from varying the following action expressed entirely
in terms of ρ ,

Sdual =
∫

ddx̃
d+1∑
n=2

pnLn
[
ρ(x̃)

] ≡
∫

ddx
d+1∑
n=2

pnLn
[
ρ(x)

]
, (13)

where the Galileon coefficients pn in the dual theory are expressed
in terms of the ones in the original theory as follows

pn = 1

n

d+1∑
k=2

(−1)kck
k(d − k + 1)!

(n − k)!(d − n + 1)! . (14)

Here n! = �(n + 1) which defines this expression for negative in-
tegers, in particular 1/(−|n|)! = 0 for n ∈N� . We have thus proven
the equivalence at the level of the action between the two Galileon
theories defined by (11) and (13).

In particular, working in four dimensions, we have p2 = c2,
p3 = 2c2 − c3, p4 = 3

2 c2 − 3
2 c3 + c4 and p5 = 1

5 (2c2 − 3c3 + 4c4 −
5c5). In what follows we may set c2 ≡ p2 ≡ −1/12 which corre-
sponds to the proper canonical normalization for the scalar field
in both representations.

4. Galileon transformations

Both actions (11) and (13) are invariant under a nonlinearly re-
alized global Galilean transformation [2]

π(x) → π ′(x) = uμxμ + π
(
xb). (15)

Under this transformation ρ(x) transforms as a combination of a
Galilean transformation and a translation

ρ(x) → ρ ′(x) = −uaxa + ρ
(
xb − ub). (16)

To prove this, let us consider an infinitesimal transformation
δπ(x) = uμxμ and consider the defining relation Za(x̃) = Za(x +
∂π) = xa . Perturbing we have[
δZa](x̃) + [

∂b Za](x̃) ∂bδπ(x)

= [
δZa](x̃) + [

∂b Za](x̃) ub = 0. (17)

Remembering that Za(x̃) = x̃a + ∂̃aρ(x̃), this becomes[
∂aδρ

]
(x̃) + [

δa
b + ∂a∂bρ

]
(x̃)ub = 0 (18)

⇒ ∂aδρ(x) + [
δa

b + ∂a∂b
]
ρ(x)ub = 0. (19)

Integrating gives δρ(x) = −uaxa − ua∂aρ(x), which is the infinites-
imal form of Eq. (16). In addition, both actions (11) and (13) are
invariant under the independent transformation

π(x) → π ′(x) = vμxμ + π
(
xb + vb) (20)

ρ(x) → ρ ′(x) = −vaxa + ρ
(
xb). (21)

The fundamental reason the Galileon and translation symmetries
are mixing is clear in their origin in the decoupling limit of bi-
gravity [9] derived in [7]. A Galileon transformation of π amounts
to a translation of the f metric coordinates x̃, whereas a Galilean
transformation of ρ corresponds to a translation of the g met-
ric coordinates x. The duality between the dual Galileon variables
π(x) and ρ(x) is related to the duality of bigravity theories under
interchange of the two metrics g and f [7,9].
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5. Dual coupling to matter

5.1. Point-like source

Although the duality may appear not to be local, we will see in
what follows that not only is it invertible and maps a local Galileon
to a local Galileon but the coupling to matter also maps in a local
way. To see this, consider the minimal coupling of π(x) with an
external field Jπ (x) through an interaction S int = ∫

ddx Jπ (x)π(x).
Following the duality map this is equivalent to

S int = −
∫

ddx̃
[∣∣η + Σ(x̃)

∣∣(ρ(x̃) + (
∂̃μρ(x̃)

)2)
Jπ

(
x̃ + ∂̃ρ(x̃)

)]
.

(22)

Thus if the source for π(x) is a delta function Jπ (x) = J0δ
d(x − x̄),

then the same is true for the source for ρ(x) with the only differ-
ence being that the source is localized at x̃ + ∂̃ρ(x̃) = x̄.

5.2. New Vainshtein realization

The duality acts on the coupling to matter by making the
source dependent on the Galileon. For instance, beginning with
a minimal coupling of π(x) to an external source Jπ (x) through∫

d4xπ(x) Jπ (x), and following the same procedure as above, this
is dual to a source in the equations of motion for ρ which takes
the form Jρ = |η + Σ | Jπ (x + ∂ρ). Thus the duality gives an in-
dependent means of realizing the Vainshtein mechanism through
direct non-minimal coupling of the Galileon to matter, rather than
through non-minimal kinetic self-interactions. Through these cou-
plings, even a free scalar field can exhibit the Vainshtein mecha-
nism as is implied by the duality.

5.3. Matter fields

In the previous example we consider an external source. From
this argument one might be lead to think that the duality can map
a local source located at x to a non-local one. This an artifact of
considering an external source with no dynamics and the same
conclusion would also occur in GR after a change of coordinates for
the metric had we considered an external source (see also Ref. [11]
for a recent discussion of this point).

To consider the coupling to matter more seriously, one ought
to include a coupling to dynamical degrees of freedom, for instance
S int = ∫

ddxπ(x)χ(x) or more generally S int = ∫
ddxL(χ(x), ∂χ(x),

π(x), ∂π(x)) where χ is a dynamical scalar field with its own dy-
namics, for example Sχ = ∫

ddx (− 1
2 (∂χ)2 − V (χ)).

Under the duality map all dynamical fields transform. As ex-
plained in [8], the duality map can be seen as a (field depen-
dent) diffeomorphism under which all matter fields transform un-
der their appropriate representation. In the previous example, the
scalar field χ(x) should transform as a scalar under the duality
map, i.e. as

χ̃ (x̃) = χ(x). (23)

So these local couplings to matter map to local ones in the dual
representation

S int =
∫

ddxL
[
χ(x), ∂χ(x),π(x), ∂π(x)

]
→ S̃ int =

∫
ddx̃

∣∣η + Σ(x̃)
∣∣L̃, (24)

with

L̃ = L
[
χ̃ (x̃),

[
η + Σ(x̃)

]−1
∂̃χ̃ (x̃),ρ(x̃) + (

∂̃μρ(x̃)
)2

, ∂̃ρ(x̃)
]
.

Thus although the duality map appears to be non-local, it maps
a local interacting theory into a local interacting theory. This is
discussed in more depth in [8].

6. Dual of a free theory

Using Eq. (14), we see that in any dimension, the dual of a free
theory (c2 	= 0, cn = 0 if n > 2), is equivalent to a Galileon theory
with nonzero coefficients for all the operators. In four dimensions
the specific quintic Galileon theory with p2 = −1/12, p3 = −1/6,
p4 = −1/8 and p5 = −1/30 (which is stable and does exhibit a
Vainshtein mechanism about a static spherically symmetric source,
with (classical) superluminal propagation [2]) is dual to a free theory
S = ∫

d4x (− 1
2 (∂π)2). The existence of a map between a naively

superluminal theory and a luminal one was observed in an analo-
gous context for conformal Galileons in [10].

The fact that a theory which admits classical superluminal
propagation can be dual to a free theory should not come as a
surprise. Furthermore, these superluminalities do not imply a vi-
olation of relativistic causality (often called microcausality). Speed
of propagations and finite frequency phase and group velocities do
not need to be invariant under different representations. However,
the causal structure has to remain the same in both representa-
tions. In what follows we merely illustrate the fact that low energy
(classical) superluminal propagation can exist in some field repre-
sentations and do not necessarily imply acausality. Superluminal
group velocities have been observed in nature and are therefore
clearly acceptable and do not violate causality. Causality is deter-
mined by the front velocity which should be the same in both rep-
resentations. This distinction is discussed in more detail in [8]. We
conjecture that a proper calculation of the front velocity (which
has to include quantum corrections) would lead to a luminal re-
sult in both sides of the map.

6.1. Plane wave solutions

We shall demonstrate that the dual formulation of a free field
theory, whose S-matrix is necessarily analytic and trivial, exhibits
classical superluminal propagation even on-shell, in the absence
of sources. We focus on the four dimensional case which corre-
sponds to a quintic Galileon. An exact solution of the unsourced
equations of motion is a plane wave traveling in the x1 direc-
tion ρ̄(x) = F (x−), where we have defined the light-cone coor-
dinates x± = (x1 ± t)/

√
2 so that the Minkowski metric is ds2 =

2 dx+ dx− + dx2
i . This follows since the equation of motion is

U1[Σ] + 3U2[Σ] + 3U3[Σ] + U4[Σ] = 0, (25)

and Un[Σ̄] = 0 for n ≥ 1 which is manifest in light-cone coordi-
nates since the only non-zero component of Σ̄ is Σ̄++ = Σ̄−− =
F ′′(x−) and the Levi-Civita antisymmetric structure ensures that
εεΣ̄nη4−n = 0 for all n ≥ 1. Linear fluctuations around this back-
ground solution ρ(x) = ρ̄(x) + δρ(x), obey the equation of motion
K μν(x)∂μ∂νδρ(x) = 0, where in general

K μν = 6

(d − 1)!ε
μ···εν···

d∑
n=1

n(n + 1)pn+1Σ̄
n−1
.. ηd−n

.. .

For the plane wave background in four dimensions, the only non-
vanishing components are

K ++ = −2F ′′(x−), K +− = 1 and K ij = δi j, (26)

for i, j = 2,3. At high energies, for which the WKB approxima-
tion is appropriate, δρ(x) ∼ Aeikμxμ

we have K μν(x)kμkν = 0.
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For a wave traveling in the x1 direction, the two independent
speeds of propagation are

cs = 1 and cs = 1 − F ′′

1 + F ′′ , (27)

so the speed of fluctuations along one directions is superluminal, if
F ′′ < 0, as expressed in Ref. [12] (see also Ref. [13]). It is important
to stress that this solution is well within the regime of the effective
theory, in particular cs > 1 can be achieved with F ′′ as small as
desired.

Since we have not included coupling to matter, this theory is
exactly equivalent to a free theory at the fully quantum level, and
the latter is a completely causal theory, with a trivial, analytic S-
matrix.

As previously explained, this simple example comes to show
how superluminalities (at least classically) can be present and yet
not manifest any source of acausality since the theory is free and
thus clearly causal. This proves that a quantum theory can exhibit
superluminality (in the group and low-frequency phase velocity),
but still be causal. There is no contradiction here since we an-
ticipate that the front velocity, whose (sub)luminality is the true
measure of relativistic causality, is identical in both duality frames.
Since in one frame the theory is free, there are no quantum correc-
tions even to off-shell correlation functions, and therefore the front
velocity must be luminal. In the quintic Galileon frame, the above
speed of propagation is only the low energy phase and group ve-
locity for momenta k  Λ. For momenta significantly larger than
Λ quantum corrections will come to dominate the calculation of
the phase velocity. If, as we conjecture, the duality is consistent
also at the quantum level, then the resulting front velocity will be
luminal.

6.2. Scattering amplitudes

In general, if we compute the S-matrix for a generic quin-
tic Galileon theory, one would expect to recover the same non-
analyticity argument as presented in [14]. Yet this special quintic
Galileon theory is dual to a free theory. Thus it follows that not
only is its S-matrix analytic, it is exactly unity. To see this, let us
compute the four and five-point functions for this theory and show
that they vanish. For simplicity, we work in Euclidean space.

2 → 2 scattering

Both the cubic and the quartic Galileon vertices play a role in
the 2 → 2 scattering as

Mρρ→ρρ
4vt = −2 � p12 p2

34 (28)

Mρρ→ρρ
3vt = 2 � p3

12 p34, (29)

where the sum � is performed over all the permutations of
{p1, . . . , p4}. We use the shorthand notation pij ≡ pi · p j , and as-
sume the on-shell condition, p2

i = 0 for all i = 1, . . . ,4. Using the
momentum conservation relation, p34 = p12, we see directly that
the sum from both contributions leads to a vanishing 2 → 2 scat-
tering amplitude.

At the level of the 2 → 2 scattering amplitude, there is only one
crossing symmetric Lorentz invariant combination of the momenta
the amplitude can depend on, and one could always have tuned
the coefficient of the quartic interactions with respect to that of
the cubic interactions to cancel the 2 → 2 scattering amplitude.
At the level of the higher order scattering amplitude on the other
hand there can be several allowed Lorentz invariant combinations
of the momenta that are consistent with crossing symmetry. For
instance for the five point function the two combinations � p4
12
and � p2
12 p2

23 are independent. Since at this level there is only one
coefficient of the quintic Galileon one can play with, this means
that unless a ‘happy accident’ occurs (as we shall see) we do not
expect there to be sufficient parameters to set the five point func-
tion to zero.

3 → 2 scattering

The 2 → 2 scattering amplitude can always be made to vanish
with the appropriate parameter for the quartic Galileon. For the
five-point function, there is a priori not enough freedom to ensure
the vanishing of the amplitude but as we shall see in the special
case of the dual to the free theory, all three of the quintic Galileon
vertices combine to lead to a vanishing scattering amplitude. The
different contributions are given by

M3→2
5vt = −1

6
� p12 p34 p45 p35,

M3→2
3&4vt = −1

4
� p12

[
(p13 + p23) p2

45 + (p13 + p23)
2 p45)

]
,

M3→2
3vt = 1

4
� p12 p45

[
(p13 + p23) p45 + (p34 + p35)p12

]
,

where � indicates the sum over all the permutations of {p1, . . . ,

p5}. Using once again the on-shell conditions and momentum con-
servation, p5 = −(p1 + p2 + p3 + p4) together with p34 = −(p12 +
p13 + p14 + p23 + p24), we see that all three contributions are pro-
portional to

M̄5 = (p14 p23 − p13 p24)
2 + 2(p13 + p14 + p23 + p24)

× (p14 p23 + p13 p24)p12 + [
p2

13 + p2
14 + (p23 + p24)

2

+ 2p14(2p23 + p24) + 2p13(p14 + p23 + 2p24)
]

p2
12

+ 2(p13 + p14 + p23 + p24)p3
12 + p4

12, (30)

with

M3→2
5vt = 4M̄5, M3→2

3&4vt = 12M̄5 and M3→2
3vt = −16M̄5,

and the resulting 3 → 2 scattering amplitude is thus manifestly
zero!

These arguments may be generalized to any scattering ampli-
tude as guaranteed by the duality. In fact at tree-level one may
easily argue that the S-matrices are equivalent by utilizing coher-
ent states. The tree-level S-matrix between two coherent states is
given by

〈α| Ŝ|β〉 = eiS(α,β)/h̄, (31)

where S(α,β) is the classical action evaluated on a classical so-
lution of the equations of motion with boundary conditions de-
termined by the incoming and outgoing coherent states. Since the
duality transformation is a classical one, although it modifies the
form of the equations of motion and the solutions, it will leave in-
variant the action evaluated on a given classical solution and hence
leave invariant the tree-level S-matrix. Then, by means of the op-
tical theorem, we may infer that if all the tree-amplitudes vanish
then so do the loops.

7. Strong–weak coupling duality

7.1. Duality as a Legendre transform

The map between π and ρ that we have been using so far
was designed to preserve the vacuum π = ρ = 0. However, the
map is peculiar in the sense that it maps a Z2 symmetric theory
into a non-Z2 symmetric one. This may be rectified by working
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with redefined (dual) Galileon fields π̃ = π + 1
2 x2 and ρ̃ = ρ + 1

2 x2

and the associated Π̃ = ∂∂π̃ and Σ̃ = ∂∂ρ̃ . We then have the Z2
symmetry preserving maps

Φ(x) = ∂π̃(x), Z(x) = ∂ρ̃(x), Σ̃(Φ) = (
Π̃(x)

)−1
.

In this form, the duality is equivalent to the Legendre transform
presented by Curtright and Fairlie in Ref. [15].

7.2. From strong to weak coupling

The vacuum state with 〈Π̃〉 = 0 is now mapped to a state with
〈Σ̃〉 = ∞. We can view this as a map between a weakly cou-
pled vacuum state and an infinitely strongly coupled vacuum state.
In order to see the strong–weak coupling nature of the duality,
consider the example of a cubic Galileon in three dimensions with
Lagrangian

Λ−5Lcubic = −1

2
(∂π̃)2 + 1

4
g�π̃ (∂π̃)2. (32)

The coupling constant g could be absorbed into the strong cou-
pling scale Λ, but for the purpose of the following discussion,
it will be more convenient to keep them separate. Now using
Φ(x) = ∂π̃(x) and Z(x) = ∂ρ̃(x), the cubic Lagrangian in three di-
mensions is dual to a cubic Lagrangian of the form

Λ−5Ldual cubic = 1

4
�ρ̃(∂ρ̃)2 − 1

2
g(∂ρ̃)2. (33)

Since the kinetic term now contains the coupling constant g , it is
natural to rescale as ρ̃ → ρ̆/

√
g to give

Λ−5Ldual cubic = −1

2
(∂ρ̆)2 + 1

4g3/2
�ρ̆(∂ρ̆)2. (34)

As we increase the coupling g , the original theory becomes
strongly coupled, at least from the perspective of scattering π
quanta around the 〈π〉 = 0 vacuum. However, in the dual theory,
the scattering of ρ̆ quanta about the 〈ρ̆〉 = 0 vacuum is increas-
ingly weakly coupled.

Phrased differently, the Vainshtein region of the π theory oc-
curs when the dynamics of the cubic Galileon operator dominates
over the normal kinetic term. This is dual in the ρ̆ theory to when
the free kinetic term dominates over the interactions. Thus the
naively strongly coupled Vainshtein region (from the perspective of
π scattering) is dual to a weakly coupled region. This is consistent
with the familiar understanding that deep within the Vainshtein
region, where scattering of quanta in vacuum are strongly coupled,
the fluctuations of π around a sourced background and neverthe-
less weakly coupled. In the present case, it is the different choice
of vacuum which mimics the same effect.

7.3. Dual to point sources

To illustrate the strong–weak coupling duality, consider the
Euclidean version of the three dimensional theory (i.e. a static
Galileon in four dimensions), and a point source minimally coupled
to the cubic Galileon π with charge q. The spherically symmetric
solution for π̃ (x) = π̃0(r) satisfies ∂r(−r2π̃ ′

0(r) + grπ̃ ′
0(r)

2) = 0, i.e.
−r2π ′

0(r)+ grπ ′
0(r)

2 = q. The general solution which asymptotes to
zero at infinity is

π̃0(r) =
∞∫

r

dr

(−r2 + √
4qgr + r4

2gr

)
. (35)

The asymptotic solution π0 ∼ q/r implies x̃i = ∂iπ̃ = −qxi/r3. This
can be inverted to give xi = ∂̃ iρ̃(x̃) = −√

qx̃i/r̃3/2 which implies
ρ̃(x) = −2
√

qr1/2. In other words, the asymptotic part of the so-
lution for π̃ maps onto the Vainshtein region for ρ̃ . Similarly the
Vainshtein region for π̃ , π̃0(r) ∼ −2

√
q/g

√
r, maps on the asymp-

totic region for ρ̃ , ρ̃(x) ∼ q/(gr). The complete form of the dual
solution is

ρ̃0(r) =
∞∫

r

dr

(−r2 + √
4qr + r4

2gr

)
. (36)

The duality interchanges the ‘strongly coupled’ Vainshtein region
close to a source with the ‘weakly coupled’ asymptotic region. The
present duality is different from the proposal of [16]. In both cases,
they may shed light on the UV completion of these theories, see
also [17] for related attempts.

8. Path integral measure

So far our consideration has been entirely classical/tree-level.
One may wonder whether the duality is preserved at the quan-
tum level. Since the duality is just a field redefinition, the S-matrix
which encodes on-shell physics should be invariant. The traditional
arguments for the invariance of the S-matrix under field redefini-
tions, as utilized in the LSZ formalism, are valid for perturbative,
local and invertible field redefinitions. We will show elsewhere [8]
that this infinitesimal duality transformation is perturbative, local
and invertible and on integrating this may be utilized to argue for
invariance of the entire S-matrix. These arguments are also true
provided that we ignore power law divergences which are sensitive
to field redefinitions (see [18] for a discussion on these subtleties).

Although the S-matrix arguments are on-shell, even working
off-shell, we may at least formally define a duality invariant mea-
sure for the path integral as follows:

∫ √
DπDρ =

∫
Dπ

√
Det

[
δρ

δπ

]
=

∫
Dρ

√
Det

[
δπ

δρ

]
.

Introducing a bosonic auxiliary field b(x),√
Det

[
δρ

δπ

]
=

∫
Db e+i

∫
ddx

∫
dd y b(x) δπ(x)

δρ(y)
b(y)/2

. (37)

Using y → ỹ and δρ(x̃) = −δπ(x), we have√
Det

[
δρ

δπ

]
=

∫
Db e−i

∫
ddx |η+Π(x)| b(x)b(x̃)/2. (38)

Thus the formally duality invariant form for the path integral is

Z =
∫

Dπ

∫
Db eiS[π ]−i

∫
ddx |η+Π(x)|b(x)b(x+∂π)/2. (39)

Finally, we need to utilize a regulator that preserves the duality.
Dimensional regularization seems to be the obvious choice since
the duality map works equally well in any dimension and because
it is less sensitive to field redefinitions [18].

The fact that the duality could be extended to the quantum
level is also independently supported by the fact that the trans-
formation is nothing other than a (field-dependent) diffeomor-
phism [8]. This means that the duality could only become anoma-
lous in a theory with diffeomorphism anomalies.
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