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Abstract. In this paper, we considered the task of the robot learning
low-level trajectory task in a novel clustered constraint environment.We
propose a novel adaptive trajectory algorithm used to generate the nec-
essary trajectory which satisfies the constraint of avoiding collision with
an obstacle. Our approach is based on Gaussian mixture model which
decomposes the trajectory into several ellipses since the isoline of a single
Gaussian model is also an ellipse. Moreover, we employed the principle of
the artificial potential field to modify the direction of the motion in the
presence of obstacles. Since our approach is based on the underlying reac-
tive skill dynamics, it does not share the same disadvantages as approaches
which assume both the model of the task trajectory and the response from
the obstacle should be learned from the demonstrations.

1 Introduction

The most essential skill in humans is the reaching skill. Human beings apply
reaching skill in most of our daily life activities to bring a human hand to the
object of interest without collision. This strong environmental adaptive skill is
required for collaborative robot arms that must coexist with a human operator
at work places such as in part assembly tasks. For industrial manipulators, it
is usually assumed that the motion of the end-effector is mostly disturbed by
any obstacle especially when the task learning is a low-level trajectory task. In
such a situation, the task execution must be interrupted and a control algorithm
has to be used to move the end-effector around the obstacle. Addressing this
challenging problem requires a robot to possess a set of skills which may be
difficult to pre-program since the position of the obstacle is usually not known
in advance.

Ignorance of such circumstance led to most prior approaches proposed in
the past [1], [2] assuming that demonstrations are performed in uncluttered
constrained environments. But the presence of cluster in the environment can
introduce additional constraints which if not accounted for can undermine the
underlying human intent of reaching the desired goal. So, their approach is
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impractical in a real-world scenario since human environment keeps changing
with time.

Further approaches employed the principles of motion planning algorithms
which can compute collision-free path required for a robot to successfully com-
plete a task [3]. Researchers have employed various motion planning algorithm,
such as Dynamic roadmaps (DRM) [4, 5], Rapidly Exploring Random Trees
(RRT) [6, 7], and elastic [8, 9]. Although, significant improvements have been
made using this approach, in general, motion planning algorithms is computa-
tional complex due to the high dimensionality of the configuration space that
must be considered.

Another school of thought believe that Learning from Demonstration (LfD)
could better be employed in learning skills from human demonstration in a clus-
tered environment. Amongst other benefits of LfD approach is its flexibility in
learning complex motions and simplicity/easy to implement [10]. Also, LfD has
the advantage of allowing people without programming skills to transfer tasks
skills to the robot just by demonstrating and allowing the robot to learn from
those demonstrations [11]. This attribute of LfD makes the robot more adaptive
to a new environment with only minor adjustment to the learning parameters.

Several works have been proposed to learn the dynamic movement primi-
tive as well as coupling terms for obstacle avoidance from demonstrations. For
example, [12] learn a DMP which encapsulates correlation information of the
coupling motor control variables and employed reinforcement learning to modu-
late the optimal parameters of the dynamical system in a new an environment.
Furthermore, Chi et al., [13] method integrated dynamic potential filed with the
acceleration equation of the DMP to realise reactive action depending on the
distance and velocity between the robot’s end-effector and the obstacle. [14]
also employed this method and further introduced cost function to estimate the
deviation from the mean of demonstrations to the distance of the obstacle from
the environment. A major drawback of this approach is the assumption that
only the mean of the demonstration sufficiently expresses demonstrated skills.
In contrast, we propose a control strategy which aims to in addition to the mean
of the distributed demonstrations identify and incorporate how spread the dis-
tribution is in order to efficiently express the demonstrated skills. Moreover,
DMPs allows only a single demonstration which limited its ability to potentially
learn different ways of executing tasks skills, hence limiting its robustness in new
scenarios.

On the other hand, the statistical model (GMM/GMR) permits variant
demonstrations for task learning, hence promising robust generalisation of tasks
in new scenarios. The probabilistic approach ‘GMM/GMR’was used for mod-
elling and predicting motion trajectory [15]. In another work, [16] presented a
method that uses GMM/GMR to encode and compute an average trajectory
from a set of sub-optimal task demonstrations. Some approaches [17] added the
skill constraints at the demonstration stage such that the influence of the con-
straints is learned to achieve the desirable trajectory at the reproduction stage.
However, learning the influence of the entire constraints from the demonstration
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stage is not feasible and therefore this approach is not suitable for an adaptive
reaching tasks considered in our work. Our proposed approach estimates the pa-
rameter both from the demonstration state and the reproduction stage to more
accurately acquire the desired trajectory.

In our work, we tackle the problem of learning skills from human demonstra-
tions which can be influenced by the presence of obstacles. We use kinaesthetic
teaching for data collection from human demonstrations. From these demonstra-
tions, robot joint angles and its associated timesteps are recorded and used to
learn the direction which will lead the end-effector through the desired motion.
We adopt the GMM to compute the optimal path for the robot to reach the
goal point and proposed a modified virtual repulsive potential function to avoid
obstacles.

2 Motion Trajectory learning

The most popular method for learning human motion trajectory is by using
Gaussian Mixture Model (GMM). The GMM is a mixture of a sequence of
Gaussian distributions that can allow an arbitrarily large number of Gaussian
components and a small number of variances. Rather than having hard assign-
ments into clusters, like in K-means, GMM supports soft assignments which
implies that each distribution has some level of responsibility for producing a
given data point.

2.1 Gaussian Mixture Model

To extract the characteristics of a human arm motion trajectory for any collec-
tion of time t = (t1, t2, ..., tN )T , the probability density function of the Gaus-
sian distribution of a vector x = (x1, x2, ..., xN )T with K-components of a D-
dimension is defined as:

p (xj |θ) =
M∑

m=1

πmN (xj |µm, Σm) (1)

Where p(xj |k) = (xj ;µm, Σm) is the set of the model parameters; µm is the
mean and Σm is the covariance matrix of the Gaussian, and (πm) is the prior of
the j-th component, and exp is the exponential function. The priors are adjusted
to satisfy the constraints in (9) and (3) where the sum of all the mixture weights
must be equal to 1 and each of the weight must lie between 1 and 0.

M∑

m=1

πm = 1form = 1, ...,M (2)

0 < πm < 1 (3)
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N (xm;µm, Σm) =
1

(2π)
D
2
√

|Σm|
exp(−1

2
(xi − µm)

T

Σ−1(xi − µm)) (4)

In most cases, the optimal number of K-component is unknown. One way to
estimate it is by using the information comparing criteria. The popular ones are
the Baysian Information Criterion (BIC) and the Akaike Information Criterion
(AIC). While both can estimate the required components, however, care must
be taken on the choice of the information criteria, as the BIC tend to choose
more complex models that might overfit whereas, the AIC tends to choose simple
models that might underfit.

2.2 Gaussian Mixture Regression

In order to retrieve smooth trajectories of the estimated trajectories, the trajec-
tories are considered as a regression problem and Gaussian Mixture Regression
(GMR) is applied. Following the regression method, the conditional expectation
of xs given xt is estimated as follows:

µk =

[
µt,m

µs,m

]
, Σm =

(
Σtt,m Σts,m

Σst,m Σss,m

)
(5)

By applying the weighted mean and variance, the expected distribution of
xs given xt can be computed as a block decomposition of the data-point xj .
For each component K, the conditional expectation of xs,m given the temporal
value xt and the estimated conditional covariance of xs given xt are given by the
theorem of Gaussian conditioning based on combination property of Gaussian
distribution as follows:

xs,m = µs,m +Σst,m(Σt,m)−1(xt − µt,m), (6)

Σs,m = Σs,m − Σst,m(Σt,m)−1Σts,m (7)

(8)

2.3 Learning GMM parameters

Learning requires estimating the model parameters (the mean, covariant and
mixing coefficient) of the distribution to permit soft assignments of the K-
components to the data points. It helps to find the best-fit parameters for
the model. To find the maximum likelihood of a data point being fitted into
the k-components, EM employs Bayes theorem to compute the probability that
given observation belongs to each cluster. It works by choosing random values
for the mixing data points and using those guesses to estimate the next set of
the data [18]. The EM algorithm consists of two steps: E-step or Expectation
step and the M-step or Maximisation step.
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E-step: Estimates the distribution of the hidden variable given the data and
the current values of the parameters. To achieve that, a latent variable Zm is
introduced to each data point. The latent variable Zm indicates the probability
that the ith data point is generated from the mth Gaussian components. In
order to start the E-step, we need to initialise the values of the parameters. A
good practice is to estimate them using k-means.

Zi
m =

πmN (xi|µm, Σm)
∑M

m=1 πmN (xi|µm, Σm)
(9)

Zm =

N∑

i=1

Zi
m (10)

M-step: After calculating the posterior, we then need to estimate the pa-
rameters of each Gaussian and evaluate the log-likelihood. To do this, we first
compute the maximum likelihood of the parameters estimated in E-step. This
set of iteration continues until the threshold defined in the log-likelihood is met.

πnew
m =

1

N

N∑

j=1

Zi
m (11)

µnew
m =

1

Zm

N∑

i=1

Zi
mxi (12)

Σnew
m =

1

Zm

N∑

i=1

Zi
m(xj − µnew

m )
T
(xj − µnew

m ) (13)

The EM is well known for its convenient and easily extensibility to incre-
mental learning, however, the major limitation of the EM algorithm is that it
requires to keep all the historical data in memory for accurate order update to
be achieved. Moreover, traditional GMM cannot adjust the parameters of the
distribution as new data points arrive or are acquired, and can hone in on a local
maxima that is not close to the optimal global maxima. To overcome this prob-
lem, [19] proposed an algorithm which merges density components to improve
the log-likelihood and reduce the number of clusters. This proposed algorithm
failed to account for the novel data points that might arrive one-by-one as it
universally assumed that new data comes in blocks. Addressing this challenge,
[20] proposed an approach to tackle novel data points which arrives one-by-one
by keeping only two GMM components in the memory and without historical
data.

3 Theoretical Background of Artificial Potential Field

The traditional potential field method as proposed by [21] assumes that the robot
is moving by the influence of abstract artificial force fields. The artificial field
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consists of two components: the repulsive potential field and attractive potential
field. Considering a robot that needs to move from its current position ”A” to a
goal position ”B” in the presence of an obstacle ”O”. Using the principle of APF,
the goal point generates attractive potential fields which make the robot move
towards it. Conversely, the obstacle generates a repulsive force which is inversely
proportional to the distance between the robot and the obstacle with a defined
distance threshold to push the robot away from the obstacle. In other words,
attractive force (16) is applied for the robot to reach the goal point and repulsive
force (18) to avoid obstacles. The attractive artificial filed is represented as:

Uatt(q) =
1

2
ηρ2 (14)

Here, η is a positive scaling factor, ρ is the distance between the robot q and
the goal. Assuming the goal is a point object in a 2-D plane. The position of
the goal and that of the end-effector could be expressed as vectors of [xg, xg]

T

and [xr, xr]
T respectively. So, the parameter ρ which is the Euclidean distance

between the robot end-effector position and the goal position which is calculated
as below.

ρ =
√

(xr − xg)2 + (yr − yg)2 (15)

The corresponding attractive force is given by the negative gradient of the
attractive potential (16). Consequently, there is a move from higher to lower
potential field along the negative of the attractive field in other to reach the goal
position.

F(att)(q) = −∇Uatt(q) = ηρ (16)

To prevent collision between the robot and the obstacle, the traditional repulsive
potential function is represented as follow:

Urep(q) =

{
1
2k(

1
d(x) )− 1

d0
)2 : d(x) ≤ d0

0, : d(x) > d0
(17)

where k is the repulsive potential gain coefficient, d(x) is the minimum distance
between the robot’s current position and the obstacle, and d0 is the distance
threshold which limits the range of the repulsive potential field. So, when the
distance between the robot and the obstacle is greater than d0, the robot will
not be affected by the repulsive force. Assuming, the position of the obstacle is
represented as [xo, yo]

T . Then, the associated repulsive forces could be computed
by finding the negative gradient of the repulsive potential function (17):

Frep(q) = −∇Urep(q) =

{
k( 1

d(x) )− 1
d0
) 1
d(x)2

∂d(x)
∂q : d(x) ≤ d0

0 : d(x) > d0
(18)
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dx =
√

(xr − xo)2 + (yr − yo)2 (19)

The total repulsive potential field can be obtained by summing up the po-
tentials caused by all of the obstacles within the workspace.

Urept(q) =

N∑

i=1

Urepi(q) (20)

Using this function, moving the robot to the goal while avoiding obstacle is
achieved by following the direction of the resultant forces obtained by summing
all the negative gradients attractive/repulsive potentials of the target and ob-
stacle obtained from a given point in the plane. Doing this, the total potential
force field vectors will point away from the obstacle and towards the goal as
influenced by the combined gradient of the attractive/repulsive potentials.

Fnet = Fatt + Frep (21)

4 Desired Direction Estimation

In this section, we presented an approach to fit ellipses on the generalised trajec-
tory to permit elliptical potential field force around the segmented ellipse that
formed the trajectory. In addition, we modelled the optimal closest point from
the ellipse to the obstacle to enhance the robot’s ability to avoid obstacle with
minimal computational power.

4.1 Trajectory Segmentation with Fitted Ellipse

Considering that a Gaussian mixture model consists of several single Gaussian
models (SGM) which can be represented by an ellipse since the isoline of proba-
bility density is also an ellipse [22]. Based on that, we hypothesized to fit ellipses
on the generalised trajectory from the GMR to permit elliptical potential field
force influence around the ellipse rather than on the generalized trajectory. To
formed the ellipse and computed the orientation of the ellipse; firstly we com-
puted the eigenvalues and corresponding eigenvectors and used then to find the
axes of the strain ellipses which is used to calculate the ellipse orientation.

Using the general equation of an ellipse which is centred at (0,0), aligned at
the major and minor axes that are defined by σx and σy; where σx > σy is given
as:

(
x

σx

)2

+

(
y

σy

)2

= 1 (22)

Assuming the same single GMM is sampled from the underlying Gaussian
distribution having the centre determined by the mean µi. Then, the ellipsoidal
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probabilistic contour of the eigenvectors ~Vi with a corresponding covariance ma-
trix Σi for a given K-component is given as [~Vi, Di] = Eig(Σi). This is an
indication that the shape and size of the ellipse are underpinned by its associ-
ated covariance matrix Σi.

The orientation of the component is constructed as the angle φ of largest
eigenvector towards the x-axis:

φ = arctan
~V x2

~V x1

(23)

where ~V x2 and ~V x1 are the eigenvectors of the covariance matrix that cor-
responds to the largest eigenvalues. This is an indication that the magnitude
of the component alignment to the desired direction can be tuned by modifying
the eigenvalues of the confidence ellipse and computing the angle of the largest
matrix eigenvalues.

4.2 Obstacle Closest Distance

Various distance threshold calculation approaches have been proposed in the lit-
erature [23]. The most common approach is to introduce a fixed threshold value
which must be maintained at every situation. This approach is not adaptive
since the threshold value is fixed and is independent of the inclined angle of the
object to the position of the robot. The most adaptive approach to calculate
the threshold distance by sampling different point locations on the surface of the
obstacle in order to estimate the closest point from each of the K-component
ellipses of the trajectory.

The case of finding the closet point from the obstacle to a single GMM
component (the trajectory) is established by analyzing the steps captured by
[24] and summarized here. Considering an ellipse that is centred along the x
and y axes, and parameterised by (xe, ye) with radius a and b representing the
semi-major and semi-minor axis of the ellipse at an angle φ. With the values of
point Pp(xp, yp) and point Pe(xe, ye) given, the distance D(Pp, φ) between the
two points can be calculated as in Eq. 24.

(D(Pp, φ)) =
√
(xp − xe)2 + (yp − ye)2 (24)

From Eq. 24, we can deduce that the distance D(Pp, φ), is a function of φ,
and any value of φ which drive the differential of D(Pp, φ) to zero will form the
minimum distance which is Dmin.

D(Pp, φ)

dφ
= 0 (25)

By substituting the values of xe = a.cosφ and ye = a.sinφ, into the equation
24, we can compute the minimum distance as shown in Eq. 26.

Dmin =
√

(xp − a.cosφ)2 + (yp − b.sinφ)2 (26)
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Fig. 1: Geometry for calculating the shortest distance between the robot and
obstacle

4.3 Trajectory Component Adjustment

Haven computed the closest point from the obstacle point to the desired trajec-
tory, and also the desired orientation of the fitted ellipse, this section presents
the schematics for the component adjustment. The component adjustment will
ensure that the robot maintains the threshold and adjust any component(s) that
falls below it in the presence of an obstacle. By ensuring that only affected com-
ponents are adjusted, the computational complexity is reduced and the motion
of the robot will become similar to the way human being cloud have performed
the same task.

The overview of component adjustment approach is illustrated in Fig. 2. Fig-
ure 2 (a) shows the presence of an obstacle within the workspace of the robot.
The black dotted lines represent the optimal trajectory the robot would follow
in the absence of an obstacle. Now that the environment has changed, the robot
must avoid the obstacle while moving to the target point and it must maintain
a close distance from the optimal trajectory. To apply our approach, we fitted
the acquired trajectory with ellipses in the form of 6-GMM components and
measures the distance of the obstacle to the components. It was computed that
only 3-components are closer to the robot the obstacle. Thus, they are the only
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components that must be adjusted in order to satisfy the task and environmen-
tal constraints. As illustrated in Fig. 2 (b), those identified components were
adjusted by applying the modified AFP presented in subsection 4.4

(a) (b)

Fig. 2: Figure showing (a) the trajectory at the point of obstacle approach (b)
the response of the robot on applying the component adjustment method.

4.4 Modified APF

We modified the traditional APF so we can apply it in our obstacle avoidance
case. Here the focus is on the repulsive potential field as the attractive poten-
tial field has the form of the traditional attractive potential field. To find the
repulsive points, the trajectory is segmented and interest is focused on the areas
with potential of been influenced by the obstacle. This approach reduces the
computational complexity as it only samples few points to estimate the closet
point as against considering the entire demonstration. The minimum distance
between the fitted ellipse and the obstacle is used to modify the repulsive force
computational equation in Eq. 17. In the equation, instead of using d(x), the
distance between the robot and the obstacle, we used dmin which is the closet
point from the robot to the segmented GMM component as shown in Fig. 1 and
presented in Eq. 27.

Ûrep(q) =

{
1
2k(

1
(dmin)

− 1
dth

)2 − eσi2 : dmin ≤ dth

0, : dmin > dth
(27)

Where σi represents the width of the distribution for each of the given K-
component of the Gaussian.

F̂net = F̂a(q) + F̂r(q) (28)
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5 Experimental Setup

The operator is tasked to perform a realistic robot sweeping an object into a
dustpan while avoiding multiple stationary obstacles within the scene. Using
the robot, a user pushes a piece of rubbish denoted by T on a 14cm x 14cm
table into a dustpan (G) while avoiding obstacles (o1, o2 and o3) as depicted in
Fig. 3. The operator repeated this task for three time in order to collect a set
of demonstrations required for the GMM/GMR.

Fig. 3: In the experiment, a sample demonstration of a sweeping task is per-
formed.

5.1 Data Acquisition and Preproccessing

The experimental data is acquired from a widely used Sawyer robot platform.
The research version of Sawyer robot is compatible with ROS and integrated
with a variety of sensors such as vision and force sensors. In the experiment,
the Sawyer robot learns how to sweep an object into the dustpan while avoiding
multiple objects (obstacles). A similar approach has been studied to allow a
robot such as Roomba Vacuum Cleaning Robot to better adapt to an unseen
environment [25]. The teaching process can be achieved in two ways: (i) using a
remote joystick to teleoperation through the desired task (ii) using kinaesthetic
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teaching. In this work, we adopt the second method which allows the human
demonstrator to move the robot manipulator through the desired motion while
the robot records the trajectory. The key benefits of this method are that it
allows for accuracy and direct recording of the control commands, and ensures
that the demonstrations are constrained to actions that are within the robotâs
abilities, hence eliminating correspondence problem.

We assume that the important sensing information comes from (i) the state
of the robot’s end-effector which is obtained using the Sawyer robot built-in
encoder, (ii) the distance between the robot and the target, and (iii) the shortest
distance between the robot and the obstacles retrieved from the Kinect sensor
since it can return distance information representing an absolute position of the
obstacle in a specific range and we choose the shortest distance as our desired
value as illustrated in Eq. 26.

5.2 Experimental Result

In order to validate the proposed learning by demonstration with obstacle avoid-
ance approach proposed, we conducted several experiments for a robot to gener-
ate a trajectory needed to satisfy both the task constraints and the environmental
constraints. The experiment is a sweeping task which involves using the robot to
push a piece of rubbish denoted by T on a 14cm x 14cm table into a dustpan (G)
while avoiding obstacles (o1, o2 and o3) as depicted in Fig.4 (a). From Fig. 4
(a), the robot successfully moved through the path position of the rubbish to the
dustpan without colliding with any obstacles objects on the table as presented
in Fig. 3. Further experiments with similar scenarios were performed and the
outcome came out successful as shown in (b) - (d). Overall, the experiment
proved that the proposed approach can permit successful object reaching tasks
in a clustered environment.
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(a) (b)

(c) (d)

Fig. 4: Figure (a)-(d) shown samples of the reproduced trajectories. The circular
points represent the position of obstacles in the environment while the start point
is the origin and the goal point is defined ahead.

5.3 Conclusion

A learning by demonstration framework to enable a robot to move its manipula-
tor from a start position to a goal position while avoiding obstacles is presented
in this work. The kinesthetic teaching technique was employed to acquire mo-
tion demonstrations from the human teacher while DTW was used to align the
demonstrated trajectories. The optimal trajectory is modelled using the Gaus-
sian mixture model and Artificial potential difference. Our approach allows for
the part of the demonstration prone to collision to be identified such that only
a section of the demonstration will be adjusted to satisfy both the task and
environmental constraints. Hence, reducing the amount to data to be left in the
memory to achieve a satisfactory reproduction.

Although, obstacle avoidance is studied, there are still many problems to be
further discussed. While our approach can thrive in an environment with static
obstacles it is not guaranteed to perform greatly in an environment with moving
obstacles. This area will be further investigated in future
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