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Abstract. We present a method to introduce relativistic corrections including linear dark
energy perturbations in Horndeski theory into Newtonian simulations based on the N-body
gauge approach. We assume that standard matter species (cold dark matter, baryons, pho-
tons and neutrinos) are only gravitationally-coupled with the scalar field and we then use
the fact that one can include modified gravity effects as an effective dark energy fluid in the
total energy-momentum tensor. In order to compute the scalar field perturbations, as well
as the cosmological background and metric perturbations, we use the Einstein-Boltzmann
code hi class. As an example, we study the impact of relativistic corrections on the matter
power spectrum in k-essence, a subclass of Horndeski theory, including the effects of massless
and massive neutrinos. For massive neutrinos with

∑
mν = 0.1 eV, the corrections due to

relativistic species (photons, neutrinos and dark energy) can introduce a maximum devia-
tion of approximately 7% to the power spectrum at k ∼ 10−3 Mpc−1 at z = 0, for a scalar
field with sound speed c2s ∼ 0.013 during matter domination epoch. Our formalism makes it
possible to test beyond ΛCDM models probed by upcoming large-scale structure surveys on
very large scales.

1Corresponding author.

ar
X

iv
:2

00
6.

11
01

9v
2 

 [
as

tr
o-

ph
.C

O
] 

 1
6 

N
ov

 2
02

0

mailto:gbrando@cosmo-ufes.org
mailto:kazuya.koyama@port.ac.uk
mailto:david.wands@port.ac.uk


Contents

1 Introduction 1

2 N-body Gauge 2
2.1 N-body gauge 2
2.2 Modified gravity as a fluid 5

3 Horndeski Gravity 6
3.1 Background 6
3.2 Linear perturbations 7

4 Case study: k-essence 10
4.1 The model 10
4.2 Results 11

5 Discussion 13

A α and λ functions 16

1 Introduction

Einstein’s General Theory of Relativity (GR) continues to pass many cosmological and astro-
physical tests, reinforcing its position as the standard description of gravitational interactions
in cosmological models. The concordance cosmological model, ΛCDM, is built around GR
plus the standard model of particle physics, with two additional components, dark matter
and a Cosmological Constant (Λ), added in order to reproduce the observed structure in
the Universe (galaxy rotation curves, over and under dense regions of the galaxy distribu-
tion, acoustic peaks in the cosmic microwave background, etc) and the current accelerated
expansion. One may, however, seek a more fundamental description of either of these two
components. In this case, modified gravity may help account for one or other of these com-
ponents, or both at the same time.

In the coming years, new large-scale structure surveys, such as the Legacy Survey
of Space and Time (LSST) [1], Euclid [2] and the Dark Energy Spectroscopic Instrument
(DESI) [3], will deliver more precise data about the nature of dark matter, dark energy and
the properties of the late-time acceleration of the Universe. With this new and more ac-
curate data, it is also necessary to properly take into account possible deviations from the
ΛCDM model, which requires that the modelling of beyond ΛCDM models is also accurate
at the percent level. Over the past decade, a substantial effort has been made to increase the
speed and precision of N-body simulations capable of simulating the linear and non-linear
nature of the Universe. One specific goal of these techniques is to correctly introduce rela-
tivistic effects coming from neutrinos and photons. Several schemes have been outlined and
studied in the literature [4–19]. Dark energy and/or modified gravity, beyond the Standard
Model, has also recently been the subject of much interest [20–23]. It is known that com-
ponents with non-zero pressure, such as a scalar field with non-standard kinetic term, can
contribute to deviations in the matter power spectrum of the order of tens of percent on
scales k < (10−3 − 10−2)Mpc−1 [23].
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Even though these very large scales can be studied in linear perturbation theory, N-body
simulations are still required to characterise the observed galaxies and create mock galaxy
catalogues. In addition, the galaxy number counts receive various relativistic corrections
along the line of sight [24–28]. These number counts rely on the fully non-linear dark matter
densities and the linear formula may not be used reliably. The observed galaxy number counts
can be constructed by employing ray tracing through the non-linear particle distribution in an
N-body simulation [29–31]. It is thus necessary to include the effect of non-zero pressure in an
N-body simulation to make it fully consistent with the linear relativistic perturbation theory
on large scales. One possibility is to utilise relativistic simulations such as gevolution [32].
Recently, k-evolution, a relativistic N-body code based on gevolution, has been developed,
which includes clustering dark energy among its cosmological components [20].

In this work we will adopt the N-body gauge approach developed in [33–36], and present
a method to introduce the relativistic corrections in Horndeski theories [37–39] in a Newto-
nian N-body simulation. The N-body gauge is characterised by the absence of the volume
deformation in the metric. This implies that the density which a Newtonian simulation
computes by a näıve counting of particles in a given coordinate volume is the same as the
relativistic density. We treat the modification of gravity as an effective dark energy fluid.
The validity of this approach follows from the Bianchi identities and the conservation of the
energy-momentum tensor of ordinary matter species, since there is no interaction between
matter and dark energy. Our method is valid as long as the perturbations of the effective
dark energy fluid can be described by the linear theory. For example, in the case of k-essence,
the linear approximation is valid if the sound speed is not too small.

The structure of this paper is as follows. In Section 2 we will introduce the N-body
gauge formalism and apply it to modified gravity models. In Section 3, we introduce the
Horndeski theory and describe this theory as an effective dark energy fluid that only couples
gravitationally to other species. In Section 4 we present an example of the computation
of relativistic corrections in k-essence, which is a subclass of the Horndeski theory, and
summarize the main results found. We present our conclusions in Section 5.

2 N-body Gauge

2.1 N-body gauge

We describe the following scalar metric perturbations about a homogeneous and isotropic
Friedmann–Lemâıtre–Robertson–Walker background cosmology

g00 = −a2 (1 + 2A) , (2.1a)

g0i = a2 ik̂iB , (2.1b)

gij = a2
[
δij (1 + 2HL) + 2

(
δij/3− k̂ik̂j

)
HT

]
. (2.1c)

We use the metric conventions of [36]; A is the perturbation of the lapse function, B is a
scalar perturbation in the shift, and HL and HT are respectively the trace and trace-free
scalar perturbations of the spatial metric. For simplicity we consider a single Fourier mode
with comoving wavevector, k, wavenumber k ≡ |k| and direction k̂i ≡ ki/k.
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The energy-momentum tensor of all particle species is given by

T 0
0 = −

∑

α

(ρα + δρα) = −
∑

α

ρα (1 + δα) ≡ −ρ (1 + δ) , (2.2a)

T i0 =
∑

α

(ρα + pα) ik̂ivα ≡ (ρ+ p) ik̂iv , (2.2b)

T ij =
∑

α

(pα + δpα)δij +
3

2
(ρα + pα)

(
δij/3− k̂ik̂j

)
σα (2.2c)

≡ (p+ δp)δij +
3

2
(ρ+ p)

(
δij/3− k̂ik̂j

)
σ ,

where the dummy index α runs over all species, δ is the density contrast, σ is the anisotropic
stress following the convention of Ref. [40], ρ and p are the background density and pressure
respectively.

Thus far our perturbation variables are in an arbitrary gauge. The definition of the
N-body gauge [36] is such that:

(i) the temporal slicing is fixed by setting BNb = vNb, making the constant-time hyper-
surfaces orthogonal to the 4–velocity of the total matter and radiation content;

(ii) the spatial threading is fixed by setting HNb
L = 0, so that the physical volume element

of a spatial 3–hypersurface coincides with the coordinate volume element, d3x, i.e., the
physical volume is not perturbed by metric deformations.

As out pointed in references [33–35], the spatial gauge choice is equivalent to requiring that
the remaining spatial metric potential, HNb

T , is related to the comoving curvature perturba-
tion, ζ, as

HNb
T = 3ζ. (2.3)

More generally this condition (2.3) can be used to select the spatial threading, independently
of the temporal gauge choice. In particular the N-boisson gauge [31, 41], combines the spatial
gauge condition (2.3) with an alternative time slicing, which coincides with that used in the
Poisson gauge, kB = ḢT . At linear scales, the N-body and N-boisson gauge are connected
by a temporal gauge transformation and either of the gauges can be used. However, at non-
linear scales (where the density has become non-linear), the temporal gauge condition of the
N-body gauge leads to large metric perturbations, making the N-boisson gauge more useful
at small scales/late times. The present work, as stated in the introduction, is valid at linear
level only, in which case either of these gauges can be used. Throughout the rest of this
work, we will focus our attention to the N-body gauge. We will come back to this point in
the discussion.

The simplicity of the N-body gauge is that in the absence of relativistic species (pho-
tons and neutrinos, or dark energy perturbations) both the matter density and the particle
trajectories in the N-body gauge coincide at linear order with those in Newtonian N-body
simulations (it is a Newtonian motion gauge [35]). Thus to track relativistic corrections to
the matter density we only need to solve for the relativistic components which we expect to
be well described by linear perturbation theory on sufficiently large scales.

We will assume that energy-momentum conservation holds for individual species. As
in Newtonian simulations, we treat baryons as pressureless matter at late times. For the
gravitational equations, we use the Einstein equations, Gµν = 8πGTµν where Tµν includes the
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contribution from Cold Dark Matter (CDM), baryons, photons, neutrinos and dark energy.
We emphasise that this does not mean we assume general relativity. As we describe below,
we can also include modified gravity effects as an effective dark energy fluid in Tµν .

For pressureless matter, i.e. CDM plus baryons, the evolution equations are given by

δ′Nb
m + kvNb

m = 0, (2.4a)

(∂τ +H)vNb
m = −k

(
Φ + γNb

)
, (2.4b)

where ′ is the derivative with respect to the conformal time τ , and γNb introduces relativistic
corrections to the Euler equation (2.4b), which vanishes in the absence of relativistic species.
As shown in [18], γNb is given by:

k2γNb = −(∂τ +H)H ′Nb
T + 12πGa2 (ρ+ p)σ. (2.4c)

In the N-body gauge, the Bardeen potential Φ satisfies the relativistic Poisson equation, but
with contributions coming from all species including relativistic species

k2Φ = 4πGa2
∑

α

δρNb
α , (2.4d)

α = {cdm, b, γ, ν,DE}. Quantities with a superscript Nb are computed in the N-body gauge.
The (0i) component of the Einstein equations gives

H ′Nb
T = 3HANb. (2.5)

From the momentum conservation equation, the lapse function of the N-body gauge metric
reads:

ANb =
1

ρ+ p

[
(ρ+ p)σ − δpNb

]
, (2.6)

with δpNb the total pressure perturbation in the N-body gauge.
When the relativistic species fluid quantities are negligible, δpNb = σ = 0 (for example,

for sufficiently late times), one has ANb = H ′Nb
T = 0, which implies γNb = 0. In this limit,

equations (2.4a), (2.4b) and (2.4d) coincide with the Newtonian ones:

δ′Nm + kvNm = 0 , (2.7a)

(∂τ +H) vNm = −kΦN , (2.7b)

k2ΦN = 4πGa2ρmδ
N
m , (2.7c)

where the superscript N denotes the perturbations in Newtonian theory. Combining equa-
tions (2.7a)–(2.7c) then yields the familiar second-order differential equation for the Newto-
nian density perturbation

δ′′Nm +Hδ′Nm − 4πGa2ρmδ
N
m = 0, (2.8)

More generally, in the presence of relativistic species, combining equations (2.4a)–(2.4d),
we obtain the second-order differential equation for the density perturbation in the N-body
gauge [42, 43]:

δ′′Nb
m +Hδ′Nb

m − 4πGa2ρmδ
Nb
m = 4πGa2δρGR, (2.9)

where
δρGR = δρNb

γ + δρNb
ν + δρNb

DE + δρNb
metric, (2.10)
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and we define
k2γ = 4πGa2δρmetric . (2.11)

The homogeneous solution to (2.9) coincides with that of the Newtonian equation (2.8)
and can be obtained from Newtonian simulations. However the full solution to (2.9) includes
relativistic corrections sourced by the quantities δρNb

γ , δρNb
ν , δρNb

DE and δρNb
metric which must

be evaluated using a relativistic approach, such as linear Einstein-Boltzmann codes.
To make contact with the quantities commonly evaluated in Einstein-Boltzman codes,

we can write the N-body gauge density perturbations in terms of those in the Synchronous
or Poisson gauges using the linear gauge transformation

δρNb
α = δρS/Pα + 3H (1 + wα) ρα

θ
S/P
tot

k2
, (2.12)

with H being the conformal Hubble factor, H = a′/a, and θtot the total peculiar velocity
divergence of all species

(
θ = ikjvj

)
. δρNb

γ , δρNb
ν and δρNb

DE can thus all be evaluated using
Equation (2.12).

The computation of γ, given by (2.4c), requires H ′Nb
T and H ′′Nb

T . Using equations (2.6)
and (2.5), we obtain the equation for H ′Nb

T :

H ′Nb
T = 3

H
ρ+ p

[
(ρ+ p)σ − δpS/P + p′

θ
S/P
tot

k2

]
, (2.13)

and its derivative

H ′′Nb
T =

[H′
H −

1

(ρ+ p)

(
ρ′ + p′

)]
H ′Nb

T

+ 3
H

ρ+ p

[
(
ρ′ + p′

)
σ + (ρ+ p)σ′ − δp′ + p′′

θ
S/P
tot

k2
+ p′

θ
′S/P
tot

k2

]
,

(2.14)

where we used a linear gauge transformation to obtain the total pressure perturbation in the
N-body gauge

δpNb = δpS/P − p′ θ
S/P
tot

k2
. (2.15)

In this way, we can compute Equation (2.4c) solely in terms of fluid quantities and their time
derivatives in the Synchronous or Poisson gauge.

2.2 Modified gravity as a fluid

In this section, we will describe modified gravity as an effective fluid. The common approach,
presented in most modified gravity papers, is to treat the extra degrees of freedom in modified
gravity as part of the spacetime dynamics, rather than an exotic new matter component.
However, one can always move these extra terms originating from the new degrees of freedom
to the right hand side of Einstein’s equations [44–47].

Gµν = 8πG (Tµν + Eµν) , (2.16)

where Gµν is the Einstein Tensor, Tµν the ordinary matter energy-momentum tensor and Eµν
is an effective energy-momentum tensor that absorbs any effects due to the modification of
gravity. Assuming the conservation of the energy-momentum tensor for matter, ∇µTµν = 0,
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the effective energy-momentum tensor is also conserved, ∇µEµν = 0, due to the Bianchi
identity,∇µGµν = 0. We can thus treat modified gravity effects as an effective non-interacting
dark energy fluid Eµν = TDE

µν . This effective fluid approach stems from the known degeneracy
between modified gravity theories and some dark energy models that exhibit anisotropic stress
and a time-dependent pressure perturbation at the linear perturbation level [48–50]. Once
we make this identification, the derivation of N-body gauge equations in the previous section
holds even in modified gravity models as long as we can describe their effects using linear
perturbation theory.

3 Horndeski Gravity

In this section, we apply our method to compute relativistic corrections in Horndeski gravity
using the N-body gauge.

3.1 Background

Horndeski’s scalar-tensor theory is the most general theory that describes an Ostrogradski-
instability free scalar field with second-order equations of motion. Its action is given by

S[gµν , φ] =

∫
d4x
√−g

[
5∑

i=2

1

8πG
Li[gµν , φ] + Lm[gµν , ψM ]

]
, (3.1)

where the Li terms are:

L2 = G2(φ, X) , (3.2a)

L3 = −G3(φ, X)2φ , (3.2b)

L4 = G4(φ, X)R+G4X(φ, X)
[
(2φ)2 − φ;µνφ;µν

]
, (3.2c)

L5 = G5(φ, X)Gµνφ
;µν − 1

6
G5X(φ, X)

[
(2φ)3 + 2φ;µ

νφ;ν
αφ;α

µ − 3φ;µνφ
;µν2φ

]
.(3.2d)

X = −1
2∂µφ∂

µφ is the canonical kinetic term of the scalar field, and ψM represents the matter
fields. To obtain the equations of motion for a homogeneous and isotropic background ds2 =
a(τ)2

[
−N(τ)dτ2 + dx2

]
, one varies (3.1) with respect to the lapse N(τ) and scale factor a(τ),

where τ is the conformal time. The equations of motion (setting N = 1) become [51, 52]:

H2 =
8πG

3

(∑

i

ρi + ρDE

)
(3.3a)

H ′ = −4πGa

[∑

i

(ρi + pi) + ρDE + pDE

]
(3.3b)
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where

8πG

3
ρDE ≡−

1

3
G2 +

2

3
X (G2X −G3φ)− 2H3φ′X

3a
(7G5X + 4XG5XX) (3.4a)

+H2
[
1− (1− αB)M2

∗ − 4X (G4X −G5φ)− 4X2 (2G4XX −G5φX)
]

8πG

3
pDE ≡

1

3
G2 −

2

3
X (G3φ − 2G4φφ) +

4Hφ′

3a
(G4φ − 2XG4φX +XG5φφ) (3.4b)

− (φ′′ − aHφ′)
3φ′a

HM2
∗αB −

4

3
H2X2G5φX −

(
H2 +

2H ′

3a

)(
1−M2

∗
)

+
2H3φ′XG5X

3a
,

and the index i runs over the ordinary matter species. M2
∗ and αB, as well as the other

property functions which will appear below, are defined in Appendix A.

We can see from the definitions of the dark energy background energy density and pres-
sure that we have a dependency on the time-dependent Planck Mass M2

∗ , which introduces an
ambiguity in the definition of the effective dark energy energy-momentum tensor. By choos-
ing to write these quantities as in Equations (3.4a) and (3.4b), we can write the conservation
of the dark energy density and equation of state in its usual form:

ρ′DE = −3H (ρDE + pDE) , (3.5a)

wDE =
pDE
ρDE

. (3.5b)

This is a different definition than the ones found in refs. [46, 53]. In these, the conservation of
the energy density of the scalar field does not assume its standard form, but rather exhibits
an exchange between the matter and the scalar field, as a result of absorbing the time-
dependent Planck Mass M2

∗ into the definition of Tµν . Our choice of (3.5a) and (3.5b)
follows the definitions of the code hi class [52, 54]1. This definition is necessary for the use
of the N-body gauge equations derived in the previous section where we assume that dark
energy has no interaction with other matter.

To facilitate the implementation of our work in Einstein-Boltzmann codes, such as
hi class, we will adopt the notation and conventions of class [55, 56]2.

3.2 Linear perturbations

At the linear perturbation level, to fully describe modified gravity as an effective fluid, we
need to specify the perturbative fluid quantities: δρDE , δpDE , θDE and σDE . In order to

1http://miguelzuma.github.io/hi class public/
2We stress that in class conventions, Equations (3.3a) and (3.3b) are rescaled by 8πG/3, in order to set

internal units of all dimensionful quantities in the code to Mpc−1. In this way the background equations
assume the form:

H2 =
∑
i

ρi + ρDE

H ′ =− 3

2
a

[∑
i

(ρi + pi) + ρDE + pDE

]
.
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do so, we begin by writing the linearly perturbed equations of motion in the synchronous
gauge [52]3. We will follow the conventions of ref. [40] for the synchronous gauge metric

ds2 = a(τ)2
[
−dτ + (δij + hij) dxidxj

]
, (3.6)

where

hij(x, τ) =

∫
d3k eik.x

[
k̂ik̂jh(k, τ) +

(
k̂ik̂j − 1/3δij

)
6η(k, τ)

]
. (3.7)

By a simple inspection of Equations (3.7) and (2.1a), one has the following relation between
the metric potentials:

h = 6HL, (3.8a)

η = HL +
HT

3
. (3.8b)

The linearly perturbed equations are:

• Einstein (0,0)

h′ =
4k2η

aH (2− αB)
+

6aδρm
HM2

∗ (2− αB)
− 2aH

(
αK + 3αB

2− αB

)
V ′X

− 2

[
3aH ′ +

(
αK + 3αB

2− αB

)
a2H2 +

9a2

M2
∗

(
ρm + pm
2− αB

)
+

αBk
2

2− αB

]
VX . (3.9a)

• Einstein (0,i)

η′ =
3a2θm
2k2M2

∗
+
aH

2
αBV

′
X +

[
aH ′ +

a2H2

2
αB +

3a2

2M2
∗

(ρm + pm)

]
VX . (3.9b)

• Einstein (i,j) trace

Dh′′ =2λ1k
2η + 2aHλ3h

′ − 9a2αKδpm
M2
∗

+ 3a2H2λ4V
′
X + 2a3H3

[
3λ6 +

λ5k
2

a2H2

]
VX .

(3.9c)

• Einstein (i,j) traceless

ξ′ = (1 + αT) η − aH (2 + αM) ξ + aH (αM − αT)VX −
9a2σm
2M2
∗k

2
, (3.9d)

where H is the physical-time Hubble factor, related to the conformal one by H = aH, VX is
the scalar field perturbation in conformal time:

VX = a
δφ

φ′
. (3.10)

and ξ = (h′+6η′)/2k2. The functions αi (i = B, M, K, T) are the property functions defined
in terms of Gi(φ,X) characterising linear perturbations in Horndeski’s theory and D and λi
(i = 1, ..., 8) are defined in the Appendix A. The functions αi, λi and D are determined by
the background. By subtracting the contribution from the Einstein tensor, one can write the
new terms coming from modified gravity as effective dark energy fluid quantities:

3hi class is currently only implemented in the synchronous gauge.
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• Density perturbation:

δρDE = δρm

(
−1− 2

(αB − 2)M2
∗

)
− 2αB

3a2(αB − 2)
k2η

+
2HVX

3aM2
∗ (αB − 2)

[
a2
(
H2M2

∗ (3αB + αK) + 9(pm + ρm)
)

− 3a (αB − 2)M2
∗H
′ + αBk

2M2
∗

]
+

3αB + αK

αB − 2

2H2V ′X
3

.

(3.11a)

• Velocity divergence:

(ρDE + pDE) θDE =

[
2k2H ′

3a
+

1

3
αBH

2k2 +
k2(pm + ρm)

M2
∗

]
VX

+
αBHk

2

3a
V ′X + θm

(
1

M2
∗
− 1

)
.

(3.11b)

• Pressure perturbation:

δpDE = δpm

(
αK

DM2
∗
− 1

)
− 2ηk2(λ1 −D)

9a2D

− 2VX
(
3a2H3λ6 +Hk2λ5

)

9aD
− 2H(D + λ3)h

′

9aD
− H2λ4V

′
X

3D
.

(3.11c)

• Anisotropic stress:

(ρDE + pDE)σDE =
αMH

9a

(
6η′ + h′

)
− 2k2αT

9a2
η +

2Hk2(αT − αM)

9a
VX

− σm
(

1− 1

M2
∗

)
.

(3.11d)

From Equations (3.11a-3.11d) we can see that in the presence of a non-minimally coupled
term, M∗ 6= 1, we have a term coming from the ordinary matter sector in the dark energy
fluid quantities. This new contribution follows from our definition of the energy-momentum
tensor, in which we chose not to absorb the time-dependent Planck Mass in its definition, in
order to have a standard conservation equation for the dark energy energy density.

Once having evaluated the above quantities, one can implement the relativistic correc-
tions coming from the dark energy perturbations in Equation (2.9). This is done by adding
the extra dark energy fluid contributions in Equations (2.13) and (2.14), as well as computing
the additional source term δρNb

DE .
In this section we presented a consistent method for introducing dark energy described

by Horndeski gravity into Newtonian simulations at the linear level. We are able to do so
by considering the new terms coming from Horndeski’s theory as an effective fluid. This
approach follows from the definition of effective dark energy fluid as a non-interacting fluid,
which allows us to use the N-body equations derived in the previous section. In the next
section we will move to present an example of our method.
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4 Case study: k-essence

4.1 The model

In order to show how the steps outlined in the previous section work, we will introduce
the relativistic correction coming from a scalar field in the case of k-essence, a subclass of
Horndeski’s theory [57, 58]4. K-essence is a natural extension of quintessence models, in
which the kinetic term of the scalar field Lagrangian has a non-trivial form, which, in turn,
allows the dark energy to cluster above its sound horizon. The density perturbations in such
models, however, are suppressed by a term 1+w if the dark energy is close to the cosmological
constant, w → −1.

To construct the N-body gauge quantities we introduce k-essence in a fully covariant
way in the Einstein-Boltzmann code for Horndeski theories, hi class. We began with the
following action for our implementation [59]

S =

∫
d4x
√−g

[
1

2κ2
R+ p(φ,X)

]
+ SM , (4.1)

where κ2 = 8πG, SM is the matter action for a perfect fluid and the function p(φ,X) is given
by:

p(φ,X) =
V0
φα
(
−X +X2

)
, (4.2)

with X = −1
2∇µφ∇µφ. The action (4.1) has a scaling solution, a desirable feature when

setting the initial conditions for the scalar field. We will briefly summarize the properties of
such solutions in this model. Scaling solutions are such that the equation of state parameter
wφ = pφ/ρφ remains constant during each era of domination (radiation, matter and dark
energy) of the Universe. From (4.1) we have that the pressure and energy density of the
scalar field are:

pφ = p(φ,X) =
V0
φα
(
−X +X2

)
, (4.3a)

ρφ = 2X
∂p

∂X
− p =

V0
φα
(
−X + 3X2

)
. (4.3b)

Therefore, when wφ is constant, X is also constant and can be written as:

X =
1− wφ
1− 3wφ

. (4.4)

During radiation or matter domination (ρB � ρφ), where the subscript B refers to the
dominant species in the background density, the continuity equation for the scalar field is
given by:

ρ̇φ = − 2

t (1 + wB)
(1 + wφ) ρφ, (4.5)

where a dot denotes the derivative with respect to the cosmic time, t. Substituting (4.3a)
and (4.4) into (4.5), we have the following relation between the parameter α and the equation
of state parameters wφ and wB:

wφ =
(1 + wB)α

2
− 1. (4.6)

4In k-essence there is no anisotropic stress.

– 10 –



Parameter ΛCDM
∑
mν = 0.10 eV

As 2.215× 10−9 2.215× 10−9

ns 0.9655 0.9655
τreio 0.078 0.078
Ωb 0.049 0.049
Ωcdm 0.264 0.262
Ων 3.77× 10−5 2.37× 10−3

h 0.6731 0.6731
α 0.2 0.2

Table 1. Cosmological and K-Essence parameters for the hi class runs used to generate the plots
in this work. We have used the exact relation Ωcdm = 0.2643− Ων .

The sound speed squared of the scalar perturbations can also be written in terms of the extra
parameter α

c2s =
α(wB + 1)

16− 3α(wB + 1)
, (4.7)

from which we see that when α → 0+ we have c2s → 0. Requiring wφ < 0 during matter
domination, we are left with the condition α < 2 on the extra parameter of the model.
The existence and stability of a dark energy fixed point for this model is carefully presented
in [59]. We set our initial values for the scalar field as:

φini =

√
2 (1 + wφ)

1− 3wφ
t (4.8)

in the radiation-dominated era. The cosmological parameters used in this work are summa-
rized in Table 1. We plot the background evolution of this model in Figure 1.

4.2 Results

To obtain the k-essence fluid quantities, we set D = αK, αB = αM = αT = 0 and M2
∗ = 1 in

Equations (3.11a-3.11d), which leaves us with:

δρk-ess. = −1

3
H
{
aVX

[
αKH

2 + 9(pm + ρm)
]

+ 6VXH
′ − αKHV

′
X

}
, (4.9a)

δpk-ess. = −2aH3λ6
3αK

VX −
1

3
H2λ2V

′
X , (4.9b)

θk-ess. = −k2VX . (4.9c)

In Figure 2, we present the time evolution of the N-body gauge density perturbations
for dark energy, massive neutrinos with

∑
mν = 0.1 eV and photons for four different k

values. We also indicate the scale factor when the perturbation enters the sound horizon.
The dark energy density perturbations grow before they enter the sound horizon and they
freeze in the matter-dominated era inside the sound horizon. The radiation perturbations
oscillate and then decay once they enter the horizon. On the other hand, massive neutrinos
become non-relativistic for

∑
mν = 0.1 eV at

znr =

∑
mν

3.15T0,ν
− 1 ∼ 188,

– 11 –



10−13 10−11 10−9 10−7 10−5 10−3 10−1

a

0.0

0.2

0.4

0.6

0.8

1.0

α = 0.2

Ωγ

Ων

Ωrad

ΩDE

Ωm

10−13 10−11 10−9 10−7 10−5 10−3 10−1

a

−1.00

−0.98

−0.96

−0.94

−0.92

−0.90

−0.88

−0.86

α = 0.2

wDE
wDE, Matter

wDE, Radiation

Figure 1. Background evolution for the k-essence model given by (4.1), with α = 0.2 and massless
neutrinos. Left plot shows the fractional density of each species as a function of the scale factor. Right
plot gives the evolution of the dark energy equation of state as a function of the scale factor, the dashed
lines show the constant value of wDE at the two (radiation and matter) domination epochs given by
Equation (4.6). For the scalar field sound speed we can use Equation (4.7), which gives c2s ∼ 0.013
for α = 0.2 and during matter domination epoch (wB = 0).

with T0,ν ∼ 1.9K being the temperature of the neutrinos today. The massive neutrino density
perturbations under the horizon scale grow like dark matter after this epoch.

We plot the “force” potentials of the relativistic species, k2Φα = 4πGa2δρNbα (α =
{γ, ν,DE}), and the γNb contributions in Figure 3. The contribution γNb

wo, DE refers to equa-
tion (2.4c) computed without the dark energy perturbations in it, that is, k-essence is present
only in the background quantities. We can see that the density perturbations of dark energy
are only relevant at late times, in the a = 1 (top row) plots, in which the total general
relativistic “force” potential, ΦGR = Φγ + Φν + ΦDE + γNb, gets most of its contribution
from γNb

w, DE . The lack of oscillations for intermediate k values of ΦDE and γNb
w, DE at red-

shift z = 0, stems from the nature of the clustering dark energy density perturbations: the
dark energy density grows and the potential ΦDE remains constant above the sound horizon
cs/H while it decays below the sound horizon. Thus ΦDE is non-zero only for k < H/cs,DE .
In contrast, at higher redshifts, since the dominant term in ΦGR comes from γNb

wo, DE , the
oscillatory and damped behavior of relativistic species appear. For the massive neutrinos
case (right column plots), Φν does not exhibit any oscillation as the neutrinos have already
become non-relativistic.

In Figure 4 we present the relative matter power spectrum (CDM + baryons) with and
without the relativistic correction, computed in the N-body gauge. We see again that at
higher redshifts the dark energy “force” potential has a negligible effect as expected since the
scalar field perturbations are only relevant at smaller redshifts. In both cases of massless and
massive neutrinos, k-essence amounts to roughly an additional 1% increase in the relative
deviation at z = 0. Also, the relative difference between the Φγ + Φν curves in both cases,
are smaller at higher redshifts, as the massive neutrinos are still close to being relativistic.
We have compared our results with [18], and they are in good agreement, with some small
differences arising from the different background evolution as well as the presence of the
clustering dark energy component.
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Figure 2. N-body gauge density perturbations as a function of the scale factor for three different
species: dark energy, neutrinos and photons, for four different k values. The thin brown vertical lines
correspond to the sound horizon of dark energy perturbations, kcs,DE/H = 1, at each k mode. The
dark energy perturbation grows above the sound horizon scales. Note that for the first case, the sound
horizon crossing happens at a > 1. The perturbations are normalised so that ζ = −1 on super-horizon
scales.

5 Discussion

In the coming years, large areas of the sky will be probed with surveys such as SKA5 and EU-
CLID6. On the largest scales relativistic effects become important and one needs to properly
compute the contribution of components with non-zero pressure, including photons, neutrinos
and dark energy.

In this work we have outlined a method to calculate relativistic corrections in Newtonian
simulations coming from dark energy in the form of a scalar field described by Horndeski
theory. Our approach uses the N-body gauge [33], a specific choice of spacetime coordinates
in which there is no volume deformation coming from the metric perturbation, so that the
relativistic density is the same as the density computed by counting the number of particles
in Newtonian simulations. Our method is valid at linear scales, and for the case of light
neutrinos, e.g., mass less than 0.5 eV that can be treated using linear perturbation theory.

To consistently introduce the contributions coming from the scalar field in the N-body
gauge, we formulated Horndeski’s theory using an effective fluid description. We showed how
to extract the perturbed fluid quantities (δρDE , θDE , σDE , δpDE), in terms of the functions

5www.skatelescope.org
6sci.esa.int/euclid
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Figure 3. Individual contributions from the “force” potentials of each relativistic species, the sum
ΦGR and the relativistic correction potentials with and without dark energy perturbations, γNb

w, DE

and γNb
wo, DE respectively. The left plots are for massless neutrinos and the right massive neutrinos,

each row is at a given scale factor, a = 1 (top), a = 0.06 (middle) and a = 0.02 (bottom). The thin
brown vertical lines correspond to the sound horizon of dark energy perturbations, k = H/cs,DE . The
perturbations are normalised so that ζ = −1 on super-horizon scales.

αi (i = B,M,K,T) that characterise linear perturbations in Horndeski’s theoy. These fluid
variables can be computed using a linear Einstein-Boltzmann code such as hi class [52,
54]. Within this framework one can then compute the relativistic correction, γNb defined
in equation (2.4c), including dark energy perturbations, and solve Equation (2.9) to get the
matter (CDM+baryons) density contrast including relativistic effects. The effect of γNb can
be included in Newtonian N-body simulations, making them consistent with linear relativistic
perturbation theory on large scales [18].

In Figure 4 we show that the corrections coming from a k-essence scalar field can
have a 1% effect in the matter power spectrum of pressureless species, in two scenarios
of massless and massive (

∑
mν=0.1 eV) neutrinos. These corrections are relevant at large

scales, but are subdominant for small scales. This is expected, since the 1 +wDE term in the
density perturbations for the k-essence model reduces the effect of dark energy clustering,
and, therefore, suppresses its contribution to the matter power spectrum. This is a peculiarity
of the model that we considered in this paper where the smaller sound speed implies wDE
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Figure 4. Relative difference to the matter (CDM + baryons) power spectra in the N-Body gauge,
with (superscript GR) and without (superscript N) relativistic corrections, at three different scale
factors. Left column plots are for the massless neutrinos case, and right for massive neutrinos. Top
plots are at a = 1, middle a = 0.06 and bottom a = 0.02. Our initial conditions for δNb

cdm+b are set at
a = 0.01 (z = 99).

being closer to −1. It would be interesting to investigate different k-essence and modified
gravity models, in which this suppression is not present in δρDE . Different dark energy
models leave different imprints on large scales, and with future 21-cm surveys we expect that
a large enough effective volume survey might make these effects detectable [60–63].

Finally we comment on the extension of our method to fully non-linear scales. As we
mentioned in section 2, the temporal gauge condition that we use in the N-body gauge is liable
to break down on non-linear scales. This can be avoided by choosing a different temporal
gauge condition such as the one used in the Poisson gauge (as is done in the N-boisson
gauge [31, 41]). It is also possible to impose an alternative spatial gauge condition, the
Newtonian motion gauge, to eliminate all the relativistic corrections in the Euler equation,
so that it is equivalent to the non-linear Newtonian equation even in the presence of massive
neutrinos and dark energy perturbations [35]. In this case, relativistic corrections are entirely
encoded in metric perturbations and they can be reintroduced to Newtonian simulations by
performing a gauge transformation to N-body gauge as a post-processing [19]. Our method
to include modified gravity as a dark energy fluid is readily applicable.
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Our approach has a limitation that dark energy perturbations are treated linearly. This
is a good approximation as long as non-linear clustering of the effective dark energy is negli-
gible. In the case of k-essence, this requires that the sound speed of the scalar field is not too
small [20]. The modified gravity parameters αi are strongly constrained by various observa-
tions and the linear approximation is expected to work well in general. For example, αM, αB

and αT are strongly constrained by the solar system tests (αM < 0.002 for shift-symmetric
theories [64]) and gravitational wave observations (αB < 0.01 from gravitational wave in-
stabilities [65] and αT < 10−15 from the speed of gravitational waves). On the other hand,
αK is relatively unconstrained as this parameter does not affect the perturbations under the
quasi-static approximation and our approach is ideal to include the effect of αK in Newto-
nian simulations as we did for k-essence models. However, we should note that the linear
approximation for the scalar field breaks down in some theories on small scales. This can be
seen from the field equation for the scalar field perturbations VX defined in equation (3.10):

D (2− αB)V ′′X + 8aHλ7V
′
X + 2a2H2

[
c2sNk

2

a2H2
− 4λ8

]
VX =

2c2sN
aH

k2η

+
3a

2HM2
∗

[2λ2δρm − 3αB (2− αB) δpm] , (5.1)

where c2sN in the numerator is the sound speed squared of the scalar field, which is defined
Appendix A along with the functions D and λi. If λ2 6= 0, the scalar field perturbation is
sourced by the matter density perturbation, which becomes non-linear on small scales. We
then need to take into account non-linear corrections to the equations of motion. This is
relevant to the models with screening mechanisms that rely on the non-linearity of the scalar
field perturbations to restore general relativity on small scales. N-body simulations have
been developed to deal with these theories [66] by using the quasi-static approximation and
keeping only terms relevant in the large k limit. Our method can be used to make these
simulations fully relativistic by including corrections that are missing on large scales.
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A α and λ functions

In this appendix we present the definitions of the functions αi (i = B, M, K, T) and the λi
functions , (i = 1, ..., 8), shown in Section 3.2. These are defined in [52].

– 16 –



M2
∗ ≡2

(
G4 − 2XG4X −

Hφ′XG5X

a
+XG5φ

)
(A.1)

αM ≡
d lnM2

∗
d ln a

(A.2)

H2M2
∗αK ≡2X (G2X + 2XG2XX − 2G3φ − 2XG3φX) (A.3)

+
12Hφ′X

a
(G3X +XG3XX − 3G4φX − 2XG4φXX)

+ 12H2X
[
G4X −G5φ +X (8G4XX − 5G5φX) + 2X2 (2G4XXX −G5φXX)

]

+
4H3φ′X

a

(
3G5X + 7XG5XX + 2X2G5XXX

)

HM2
∗αB ≡

2φ′

a
(XG3X −G4φ − 2XG4φX) + 8HX (G4X + 2XG4XX −G5φ −XG5φX)

(A.4)

+
2H2φ′X

a
(3G5X + 2XG5XX)

M2
∗αT ≡4X (G4X −G5φ)− 2

a2
(
φ′′ − 2aHφ′

)
XG5X . (A.5)

As first mentioned in [53], each of these functions is independent of the others, and they
describe different physical effects individually.

The λi functions are:

D =αK +
3

2
α2
B (A.6)

λ1 =αK (1 + αT)− 3αB (αM − αT) (A.7)

λ2 =− 3 (ρm + pm)

H2M2
∗
− (2− αB)

H ′

aH2
+
α′B
aH

(A.8)

λ3 =− 1

2
(2 + αM)D − 3

4
αBλ2 (A.9)

λ4 =αKλ2 −
2αKα

′
B − αBα

′
K

aH
(A.10)

λ5 =
3

2
α2
B (1 + αT) + (D + 3αB) (αM − αT) +

3

2
αBλ2 (A.11)

λ6 =

(
1− 3αBH

′

αKaH2

)
αKλ2

2
− DH ′

aH2

[
2 + αM +

H ′′

aHH ′

]
− 2αKα

′
B − αBα

′
K

2aH
− 3αKp

′
m

2aH3M2
∗

(A.12)

λ7 =
D

8
(2− αB)

[
4 + αM +

2H ′

aH2
+

D′

aHD

]
+
D

8
λ2 (A.13)

λ8 =− λ2
8

(
D − 3λ2 +

3α′B
aH

)
+

1

8
(2− αB)

[
(3λ2 −D)

H ′

aH2
− 9αBp

′
m

2aH3M2
∗

]
(A.14)

− D

8
(2− αB)

[
4 + αM +

2H ′

aH2
+

D′

aHD

]

c2sN =λ2 +
1

2
(2− αB) [αB (1 + αT) + 2 (αM − αT)] . (A.15)
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Where c2sN is the numerator of the sound speed squared of the scalar field

c2s =
c2sN
D

. (A.16)

References

[1] LSST Science and LSST Project collaborations, LSST Science Book, Version 2.0,
arXiv:0912.0201.

[2] EUCLID collaboration, Euclid Definition Study Report, arXiv:1110.3193.

[3] DESI Collaboration, A. Aghamousa et al., The DESI Experiment Part I: Science, Targeting,
and Survey Design, arXiv:1611.00036.

[4] J. Brandbyge, S. Hannestad, T. Haugbølle and B. Thomsen, The effect of thermal neutrino
motion on the non-linear cosmological matter power spectrum, JCAP 08 (2008), 020,
arXiv:0802.3700.

[5] S. Agarwal and H. A. Feldman, The effect of massive neutrinos on the matter power spectrum,
Mon. Not. Roy. Astron. Soc. 410 (2011), 1647, arXiv:1006.0689.

[6] S. Bird, M. Viel and M.G. Haehnelt, Massive neutrinos and the non-linear matter power
spectrum, Mon. Not. Roy. Astron. Soc. 420 (2012), 2551-2561, arXiv:1109.4416.

[7] F. Villaescusa-Navarro et al., Cosmology with massive neutrinos I: towards a realistic modeling
of the relation between matter, haloes and galaxies, JCAP 03 (2014), 011, arXiv:1311.0866.

[8] E. Castorina, C. Carbone, J. Bel, E. Sefusatti and K. Dolag, DEMNUni: the clustering of
large-scale structures in the presence of massive neutrinos, JCAP 07 (2015), 043,
arXiv:1505.07148.

[9] J.D. Emberson et al., Cosmological neutrino simulations at extreme scale, Res. Astron.
Astrophys. 17 (2017) no.8, 085, arXiv:1611.01545.

[10] J. Adamek, R. Durrer and M. Kunz, Relativistic N-body simulations with massive neutrinos,
JCAP 11 (2017), 004, arXiv:1707.06938.

[11] J. Brandbyge, S. Hannestad and T. Tram, Momentum space sampling of neutrinos in N-body
simulations, JCAP 03 (2019), 047, arXiv:1806.05874.

[12] M. Viel, M.G. Haehnelt and V. Springel, The effect of neutrinos on the matter distribution as
probed by the intergalactic medium, JCAP 06 (2010), 015, arXiv:1003.2422.

[13] A. Banerjee, D. Powell, T. Abel and F. Villaescusa-Navarro, Reducing noise in cosmological
N-body simulations with neutrinos, JCAP 09 (2018), 028, arXiv:1801.03906.

[14] J. Brandbyge and S. Hannestad, Grid based linear neutrino perturbations in cosmological
N-body simulations, JCAP 05 (2009), 002, arXiv:0812.3149.

[15] Y. Ali-Haimoud and S. Bird, An effcient implementation of massive neutrinos in non-linear
structure formation simulations, Mon. Not. Roy. Astron. Soc. 428 (2012), 3375-3389,
arXiv:1209.0461.

[16] J. Liu et al., MassiveNuS: cosmological massive neutrino simulations, JCAP 03 (2018), 049,
arXiv:1711.10524.

[17] J. Dakin, J. Brandbyge, S. Hannestad, T. Haugbølle and T. Tram, νCONCEPT: cosmological
neutrino simulations from the non-linear Boltzmann hierarchy, JCAP 02 (2019), 052,
arXiv:1712.03944.

[18] T. Tram, J. Brandbyge, J. Dakin and S. Hannestad, Fully relativistic treatment of light
neutrinos in N-body simulations, JCAP 03 (2019), 022, arXiv:1811.00904.

– 18 –

https://arxiv.org/abs/0912.0201
https://arxiv.org/abs/1110.3193
https://arxiv.org/abs/1611.00036
https://arxiv.org/abs/0802.3700
https://arxiv.org/abs/1006.0689
https://arxiv.org/abs/1109.4416
https://arxiv.org/abs/1311.0866
https://arxiv.org/abs/1505.07148
https://arxiv.org/abs/1611.01545
https://arxiv.org/abs/1707.06938
https://arxiv.org/abs/1806.05874
https://arxiv.org/abs/1003.2422
https://arxiv.org/abs/1801.03906
https://arxiv.org/abs/0812.3149
https://arxiv.org/abs/1209.0461
https://arxiv.org/abs/1711.10524
https://arxiv.org/abs/1712.03944
https://arxiv.org/abs/1811.00904


[19] C. Partmann, C. Fidler, C. Rampf and O. Hahn, Fast simulations of cosmic large-scale
structure with massive neutrinos, arXiv:2003.07387.

[20] F. Hassani, J. Adamek, M. Kunz, F. Vernizzi, k-evolution: a relativistic N-body code for
clustering dark energy, JCAP 12 (2019), 011, arXiv:1910.01104.

[21] F. Hassani, B. L’Huillier, A. Shafieloo, M. Kunz and J. Adamek, Parametrising non-linear dark
energy perturbations, JCAP 04 (2020), 039, arXiv:1910.01105.

[22] F. Hassani, L. Lombriser, N-body simulations for parametrised modified gravity (2020),
arXiv:2003.05927.

[23] J. Dakin, S. Hannestad, T. Tram, M. Knabenhans, and J. Stadel, Dark energy perturbations in
N-body simulations, JCAP 08 (2019), 013, arXiv:1904.05210.

[24] J. Yoo, A. Fitzpatrick and M. Zaldarriaga, A New Perspective on Galaxy Clustering as a
Cosmological Probe: General Relativistic Effects, Phys. Rev. D 80 (2009), 083514,
arXiv:0907.0707.

[25] C. Bonvin and R. Durrer, What galaxy surveys really measure, Phys. Rev. D 84 (2011),
063505, arXiv:1105.5280.

[26] E. Di Dio, F. Montanari, J. Lesgourgues and R. Durrer, The CLASSgal code for Relativistic
Cosmological Large Scale Structure, JCAP 11 (2013), 044, arXiv:1307.1459.

[27] J. Renk, M. Zumalacárregui and F. Montanari, Gravity at the horizon: on relativistic effects,
CMB-LSS correlations and ultra-large scales in Horndeski’s theory, JCAP 07 (2016), 040,
arXiv:1604.03487.

[28] L. Lombriser, J. Yoo and K. Koyama, Relativistic effects in galaxy clustering in a parametrized
post-Friedmann universe, Phys. Rev. D 87 (2013), 104019, arXiv:1301.3132.

[29] M. Borzyszkowski, D. Bertacca and C. Porciani, LIGER: mock relativistic light-cones from
Newtonian simulations, Mon. Not. Roy. Astron. Soc. 471 (2017) no.4, 3899-3914,
arXiv:1703.03407.

[30] M. A. Breton, Y. Rasera, A. Taruya, O. Lacombe and S. Saga, Imprints of relativistic effects
on the asymmetry of the halo cross-correlation function: from linear to non-linear scales, Mon.
Not. Roy. Astron. Soc. 483 (2019) no.2, 2671-2696, arXiv:1803.04294.

[31] J. Adamek and C. Fidler, The large-scale general-relativistic correction for Newtonian mocks,
JCAP 09 (2019), 026, arXiv:1905.11721.

[32] J. Adamek, D. Daverio, R. Durrer and M. Kunz, gevolution: a cosmological N-body code based
on General Relativity, JCAP 07 (2016), 053, arXiv:1604.06065.

[33] C. Fidler, C. Rampf, T. Tram, R. Crittenden, K. Koyama and D. Wands, General relativistic
corrections to N-body simulations and the Zel’dovich approximation, Phys. Rev. D 92 (2015)
no.12, 123517, arXiv:1505.04756.

[34] C. Fidler, T. Tram, C. Rampf, R. Crittenden, K. Koyama and D. Wands, Relativistic
interpretation of Newtonian simulations for cosmic structure formation, JCAP 09 (2016) 031,
arXiv:1606.05588.

[35] C. Fidler, T. Tram, C. Rampf, R. Crittenden, K. Koyama and D. Wands, General relativistic
weak-field limit and Newtonian N-body simulations, JCAP 12 (2017), 022, arXiv:1708.07769.

[36] C. Fidler, T. Tram, C. Rampf, R. Crittenden, K. Koyama and D. Wands, Relativistic initial
conditions for N-body simulations, JCAP 06 (2017), 043, arXiv:1702.03221.

[37] G. W. Horndeski, Second-order scalar-tensor field equations in a four dimensional space, Int. J.
Theor. Phys. 10 (1974), 363-384.

[38] C. Deffayet, G. Esposito-Farese, A. Vikman, Covariant Galileon, Phys. Rev. D 79 (2009),
084003, arXiv:0901.1314.

– 19 –

https://arxiv.org/abs/2003.07387
https://arxiv.org/abs/1910.01104
https://arxiv.org/abs/1910.01105
https://arxiv.org/abs/2003.05927
https://arxiv.org/abs/1904.05210
https://arxiv.org/abs/0907.0707
https://arxiv.org/abs/1105.5280
https://arxiv.org/abs/1307.1459
https://arxiv.org/abs/1604.03487
https://arxiv.org/abs/1301.3132
https://arxiv.org/abs/1703.03407
https://arxiv.org/abs/1803.04294
https://arxiv.org/abs/1905.11721
https://arxiv.org/abs/1604.06065
https://arxiv.org/abs/1505.04756
https://arxiv.org/abs/1606.05588
https://arxiv.org/abs/1708.07769
https://arxiv.org/abs/1702.03221
https://arxiv.org/abs/0901.1314


[39] T. Kobayashi, M. Yamaguchi and J. Yokoyama, Generalized G-inflation: Inflation with the
most general second-order field equations, Prog. Theor. Phys. 126 (2011), 511-529,
arXiv:1105.5723.

[40] C.-P. Ma and E. Bertschinger, Cosmological perturbation theory in the synchronous and
conformal Newtonian gauges, Astrophys. J. 455 (1995), 7-25, arXiv:9506072.

[41] C. Fidler, A. Kleinjohann, T. Tram, C. Rampf and K. Koyama, A new approach to cosmological
structure formation with massive neutrinos, JCAP 01 (2019), 025, arXiv:1807.03701.

[42] J. Brandbyge, C. Rampf, T. Tram, F. Leclercq, C. Fidler and S. Hannestad, Cosmological
N-body simulations including radiation perturbations, Mon. Not. Roy. Astron. Soc. 466 (2017),
L68-L72, arXiv:1610.04236.

[43] J. Adamek, J. Brandbyge, C. Fidler, S. Hannestad, C. Rampf and T. Tram, The effect of early
radiation in N-body simulations of cosmic structure formation, Mon. Not. Roy. Astron. Soc.
470 (2017) no.1, 303-313, arXiv:1703.08585.

[44] F. Pace, R. A. Battye, B. Bolliet, and D. Trinh, Dark sector evolution in Horndeski models,
JCAP 09 (2019), 018, arXiv:1905.06795.

[45] R. Arjona, W. Cardona, and S. Nesseris, Designing Horndeski and the effective fluid approach,
Phys. Rev. D 100 (2019) no.6, 063526, arXiv:1904.06294.

[46] J. Gleyzes, D. Langlois, and F. Vernizzi, A unifying description of dark energy, Int. J. Mod.
Phys. D 23 (2015) no.13, 1443010, arXiv:1411.3712.

[47] C. Deffayet, O. Pujolas, I. Sawicki, and A. Vikman, Imperfect Dark Energy from Kinetic
Gravity Braiding, JCAP 10 (2010), 026, arXiv:1008.0048.

[48] Kazuya Koyama, Cosmological Tests of Modified Gravity, Rept. Prog. Phys. 79 (2016) no.4,
046902, arXiv:1504.04623.

[49] Martin Kunz and Domenico Sapone. Dark Energy versus Modified Gravity, Phys. Rev. Lett. 98
(2007), 121301, arXiv:0612452.

[50] A. Joyce, L. Lombriser, and F. Schmidt, Dark Energy Versus Modified Gravity, Ann. Rev.
Nucl. Part. Sci. 66 (2016), 95-122, arXiv:1601.06133.

[51] A. De Felice, T. Kobayashi, and S. Tsujikawa, Effective gravitational couplings for cosmological
perturbations in the most general scalar-tensor theories with second-order field equations, Phys.
Lett. B 706 (2011), 123-133, arXiv:1108.4242.

[52] M. Zumalacárregui, E. Bellini, I. Sawicki, J. Lesgourgues, P. Ferreira, hi class: Horndeski in
the Cosmic Linear Anisotropy Solving System, JCAP 08 (2017), 019, arXiv:1605.06102.

[53] E. Bellini and I. Sawicki, Maximal freedom at minimum cost: linear large-scale structure in
general modifications of gravity, JCAP 07 (2014), 050, arXiv:1404.3713.

[54] E. Bellini, I. Sawicki and M. Zumalacárregui, hi class: Background Evolution, Initial
Conditions and Approximation Schemes, JCAP 02 (2020), 008, arXiv:1909.01828.

[55] D. Blas, J. Lesgourgues, T. Tram, CLASS II: Approximation schemes, JCAP 07 (2011), 034,
arXiv:1104.2933.

[56] J. Lesgourgues, T. Tram, CLASS IV: Efficient implementation of non-cold relics, JCAP 09
(2011), 032, arXiv:1104.2935.

[57] C. Armendariz-Picon, T. Damour, and V. F. Mukhanov, k-Inflation, Phys. Lett. B 458 (1999),
209-218, arXiv:9904075.

[58] C. Armendariz-Picon, V. F. Mukhanov, and P. J. Steinhardt, Essentials of k-essence, Phys.
Rev. D 63 (2001), 103510, arXiv:0006373.

– 20 –

https://arxiv.org/abs/1105.5723
https://arxiv.org/abs/astro-ph/9506072
https://arxiv.org/abs/1807.03701
https://arxiv.org/abs/1610.04236
https://arxiv.org/abs/1703.08585
https://arxiv.org/abs/1905.06795
https://arxiv.org/abs/1904.06294
https://arxiv.org/abs/1411.3712
https://arxiv.org/abs/1008.0048
https://arxiv.org/abs/1504.04623
https://arxiv.org/abs/astro-ph/0612452
https://arxiv.org/abs/1601.06133
https://arxiv.org/abs/1108.4242
https://arxiv.org/abs/1605.06102
https://arxiv.org/abs/1404.3713
https://arxiv.org/abs/1909.01828
https://arxiv.org/abs/1104.2933
https://arxiv.org/abs/1104.2935
https://arxiv.org/abs/hep-th/9904075
https://arxiv.org/abs/astro-ph/0006373


[59] T. Chiba, T. Okabe, M. Yamaguchi, Kinetically Driven Quintessence, Phys. Rev. D 62 (2000),
023511, arXiv:9912463.

[60] M. McQuinn, O. Zahn, M. Zaldarriaga, L. Hernquist and S.R. Furlanetto, Cosmological
parameter estimation using 21 cm radiation from the epoch of reionization, Astrophys. J. 653
(2006), 815-830, arXiv:0512263.

[61] Y. Mao, M. Tegmark, M. McQuinn, M. Zaldarriaga and O. Zahn, How accurately can 21 cm
tomography constrain cosmology?, Phys. Rev. D 78 (2008), 023529, arXiv:0802.1710.

[62] J.R. Pritchard and A. Loeb, 21-cm cosmology, Rept. Prog. Phys. 75 (2012), 086901,
arXiv:1109.6012.

[63] D. Alonso, E. Bellini, P. G. Ferreira, and M. Zumalacárregui, Observational future of
cosmological scalar-tensor theories, Phys. Rev. D 95 (2017) no.6, 063502, arXiv:1610.09290.

[64] C. Burrage and J. Dombrowski, Constraining the cosmological evolution of scalar-tensor
theories with local measurements of the time variation of G arXiv:2004.14260.

[65] P. Creminelli, G. Tambalo, F. Vernizzi and V. Yingcharoenrat, Dark-Energy Instabilities
induced by Gravitational Waves, JCAP 05 (2020), 002, arXiv:1910.14035.

[66] H. A. Winther, et al., Modified Gravity N-body Code Comparison Project, Mon. Not. Roy.
Astron. Soc. 454, no.4, 4208-4234 (2015), arXiv:1506.06384.

– 21 –

https://arxiv.org/abs/astro-ph/9912463
https://arxiv.org/abs/astro-ph/0512263
https://arxiv.org/abs/0802.1710
https://arxiv.org/abs/1109.6012
https://arxiv.org/abs/1610.09290
https://arxiv.org/abs/2004.14260
https://arxiv.org/abs/1910.14035
https://arxiv.org/abs/1506.06384

	1 Introduction
	2 N-body Gauge
	2.1 N-body gauge
	2.2 Modified gravity as a fluid

	3 Horndeski Gravity
	3.1 Background
	3.2 Linear perturbations

	4 Case study: k-essence
	4.1 The model
	4.2 Results

	5 Discussion
	A  and  functions

