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Abstract

Alchemical free energy calculations typically rely on intermediate states to bridge

between the relevant phase spaces of the two end states. These intermediate states

are usually created by mixing the energies or parameters of the end states according

to a coupling parameter λ. The choice of the procedure has a strong impact on the

efficiency of the calculation, as it affects both the encountered energy barriers and the

phase space overlap between the states. The present work builds on the connection

between the minimum variance pathway (MVP) and enveloping distribution sampling

(EDS). It is shown that both methods can be regarded as special cases of a common

scheme referred to as λ-EDS, which can also reproduce the behavior of conventional λ-

intermediate states. A particularly attractive feature of λ-EDS is its ability to emulate

the use of soft core potentials while avoiding the associated computational overhead

when applying efficient free energy estimators such as the multistate Bennett’s accep-

tance ratio (MBAR). The method is illustrated for both relative and absolute free
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energy calculations considering five benchmark systems. The first two systems (charge

inversion and cavity creation in a dipolar solvent) demonstrate the use of λ-EDS as

an alternative coupling scheme in the context of thermodynamic integration (TI). The

three other systems (change of bond length, change of dihedral angles, and cavity

creation in water) investigate the efficiency and optimal choice of parameters in the

context of free energy perturbation (FEP) and Bennett’s acceptance ratio (BAR). It is

shown that λ-EDS allows larger steps along the alchemical pathway than conventional

intermediate states.

Introduction

The calculation of free energy differences based on atomistic molecular dynamics (MD)

simulations1–3 has become an essential tool in computational chemistry, molecular biology,

material sciences, and drug design. However, these methods are computationally expensive

because of the required conformational sampling4–6 and the need for sufficient phase space

overlap.7–9 To calculate the free energy difference between an initial state A and a final

state B, these end states are commonly connected with a coupling parameter λ, which varies

from 0 to 1. The λ-parameter is used to create a hybrid Hamiltonian H(λ) that yields the

end state Hamiltonians as H(0) = HA and H(1) = HB. This procedure is referred to as

multi-configuration,10,11 staged,7,8,12,13 or stratified14 sampling. Depending on the selected

protocol, there can be one15–18 or many4,19–21 intermediate states, and their simulation often

dominates for the computational costs.

The simplest choice for generating λ-states is energy interpolation (EI), which goes back

to the thermodynamic integration (TI) approach by Kirkwood in 1935.22,23 It defines H(λ)

as a linear combination of the physical end state Hamiltonians. Another variant, referred to

as parameter interpolation (PI),10,24,25 performs the combination in terms of the individual

force field parameters. The application of PI requires only one potential energy evaluation

per timestep, which decreases the computational costs of the simulation. The scheme does
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not require dedicated free energy code, as the λ-combined parameters can be created ex-

ternally and fed to a standard simulation program.26,27 However, this comes at the cost of

more postprocessing effort, as energies at other λ-points have to be calculated explicitly for

estimators such as free energy perturbation (FEP, also known as the Zwanzig equation or

the exponential formula),23,28 Bennett’s acceptance ratio (BAR),29,30 or the multistate BAR

(MBAR) method.31 Free energy differences in conformational space are usually calculated

with umbrella sampling,32 which involves artificial intermediate states where conformations

are restrained by adding biasing potentials.

A shortcoming of both the EI and PI approaches are divergent free energy results and

unstable simulations if atoms are converted to noninteracting dummy atoms. This is known

as the van der Waals endpoint problem.25,26,33–36 Its primary cause are steric clashes during

the decoupling of dummy atoms. Different approaches have been developed to address

this issue. In the sprouting scheme,37–39 new atoms are grown inside existing ones before

extending the corresponding bond. The serial insertion approach26,40,41 involves growing the

atoms successively in full steps, and using BAR as an estimator. The scheduling method42,43

relies on optimizing the sequence and functional form for the scaling of individual force

field terms within an EI framework. The most common approach to deal with the van der

Waals endpoint problem are soft core potentials (SCP).35,36,44–50 These rely on λ-dependent

potential energies that still satisfy the limiting conditions HA(0) = HA and HB(1) = HB at

the end points, but soften the repulsion at intermediate λ-points. Singularities are avoided

because their pairwise interactions remain finite at zero distance. However, SCP require

dedicated code in the simulation program and lead to computational overhead when applying

estimators such as FEP, BAR, or MBAR, as additional potential energy evaluations are

required for the postprocessing of all λ-points.

Valleau and Card recognized in 1972 that the main purpose of intermediate states is to

provide a “bridging distribution” that has sufficient overlap with the phase spaces of the

two end states.12 This distribution can be tailored to maximize efficiency, and does not have
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to follow the shapes of the probability distributions of the end states. This idea inspired

Bennett’s eminent paper from 1976,29 in which he also suggested to use “an appropriately

weighted log mean exponential of a sequence of overlapping potentials” to generate inter-

mediate ensembles. The involved weighting factors can be chosen to minimize the variance

of the free energy estimate, which leads to the minimum variance pathway (MVP). The

MVP was derived independently by Blondel51 in the context of an optimal alchemical path-

way for TI, by Pham and Shirts45 in connection with an optimized soft core pathway, and,

generalized to the mean squared error for a series of intermediate states, by Reinhardt and

Grubmüller.52

The goal of the present article is to exploit the connection between the MVP and the

enveloping distribution sampling (EDS) method.17,53,54 First, it is shown that EDS can be

generalized to an improved way to generate intermediate states, which is termed λ-EDS.

The Theory section demonstrates that EDS and MVP are special cases of λ-EDS, while

EI is a limiting case. Moreover, λ-EDS represents a form of SCP that is able to alleviate

singularity issues while avoiding the need for postprocessing. The use of λ-EDS is discussed

in two parts, in order to cover the main types of free energy calculation techniques (TI as

well as FEP and BAR). In the first part, the effect of λ-EDS on TI calculations is exemplified

with two systems: (i) the charge inversion of an ion in a dipolar solvent, which illustrates

the relationship to conventional TI intermediate states, and (ii) the creation of a cavity

in a dipolar solvent, which focuses on the similarities between λ-EDS and the use of SCP.

The second part compares the performance of λ-EDS with that of conventional intermediate

states using the FEP and BAR free energy estimators. It also covers the optimal choice of

parameters for (i) shifted harmonic oscillators, (ii) mutations of two-dimensional dihedral

potentials, and (iii) cavity formation in water. Based on these results, practical advice is

provided for the efficient use of λ-EDS in free energy calculations.
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Theory

Free Energy Estimators

Thermodynamic integration (TI)11,22 is one of the main techniques to estimate free energy

differences. It uses the coupling parameter λ to interpolate between the Hamiltonians of

the initial state HA = H(0) and the final state HB = H(1). The free energy difference is

calculated as

∆GTI
A→B =

∫ 1

0

〈
∂H(λ)

∂λ

〉
λ

dλ , (1)

where 〈· · ·〉λ denotes an ensemble average at a particular λ-value, which is obtained in

practice from MD simulations. The integral is approximated by numerical quadrature55–58

or curve fitting.55,56,59–61 The accuracy of the free energy estimate depends on the number

and distribution of the simulated λ-points, as well as the quality of the sampling and of the

numerical quadrature.

The free energy perturbation (FEP) estimator23,28 provides the free energy difference

based on a trajectory of a single state. For example,

∆GFEP
A→B = −β−1 ln

〈
e−β(HB−HA)

〉
A
, (2)

where β = (kBT )−1, kB being Boltzmann’s constant and T the absolute temperature. For a

series of N λ-states (including the end states λ = 0 and λ = 1), the free energy difference

can be evaluated using multiple FEP steps, as

∆G
(N−1)×FEP
A→B =

N−1∑
i=1

∆GFEP
λi→λi+1

. (3)

Other free energy estimators can also be used in the sum of Eq. 3. Bennett’s acceptance

ratio (BAR)29,30 provides the maximum-likelihood free energy difference given two trajecto-

ries. If simulations are only performed at the end states A and B, the free energy difference
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is

∆GBAR
A→B = −β−1 ln

(
〈f(VA − VB + C)〉B
〈f(VB − VA − C)〉A

)
+ C , (4)

where f(x) = (1 + eβx)−1 denotes the Fermi function, and C is determined iteratively. The

efficiencies of FEP and BAR are strongly affected by the phase space overlap between the

states.7–9,62,63 Although BAR relies on two simulations while FEP needs only one, the BAR

estimator is still significantly more efficient than FEP.9,57

Intermediate States

In the following, we consider different ways to construct the potential energy surface of

intermediate states in alchemical free energy calculations. The simplest coupling scheme is

energy interpolation (EI), where the hybrid potential energy V (λ) is defined by

VEI (λ) = (1− λ)VA + λ VB . (5)

The calculation of VEI requires two potential energy evaluations, one for state A and one for

state B. However, the scheme is separable in λ, i.e., it can be formulated as λ-dependent

combination of two λ-independent terms. Once the potential energies of the end states are

known, VEI can be calculated for any λ-value. Notably, nonlinear schemes have also been

considered.24,25,45,64 Since EI is agnostic in regard to the type and functional form of the

force field terms, it is relatively easy to implement in a simulation code. For this reason, it

is used in most simulation programs. The expression TI is often used synonymously with

use of EI.

The parameter interpolation (PI) scheme10,24,25 combines the involved force field param-

eters q of the end states, i.e.,

VPI (λ) = V ((1− λ)qA + λqB) . (6)
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If the parameters correspond to multiplicative prefactors, Eq. 6 is equivalent to Eq. 5. There-

fore, EI and PI typically differ only for the covalent terms, which involve geometrical parame-

ters (bond lengths, bond angles, and dihedral angles). In contrast, the nonbonded parameters

(charges, Lennard-Jones C6 and C12 coefficients) are multiplicative.24 The calculation of VPI

requires a single potential energy evaluation with the precombined parameters, which can be

generated using an external script.26,27 However, additional potential energy evaluations are

necessary for FEP or (M)BAR, as the coupling is no longer separable in λ. This problem can

be addressed to some extent by using advanced methods such as λ-WHAM65 or extended

TI.66

The EI and PI schemes are compared in Fig. 1 (top row) for a mutation of the equilibrium

bond length of a harmonic bond. The PI approach (Fig. 1a) relies on a linear combination

of the equilibrium bond length req(λ) = (1− λ) reqA + λreqB . The EI approach (Fig. 1b) relies

on a linear combination of the potential energies of states A and B according to Eq. 5. This

leads to high potential energies for the intermediate states. However, their impact on the

free energy difference cancels out over the pathway.

The SCP schemes15,35,36,44–50 aim at alleviating the van der Waals endpoint problem in

alchemical transformations with dummy atoms. For a pairwise nonbonded potential energy

term V depending on the interparticle distance as r−n, a typical SCP combination45 reads

VSC(λ) = (1− λ)aεA
[
αλb + (r/σA)c

]−n/c
+ λaεB

[
α (1− λ)b + (r/σB)c

]−n/c
, (7)

where a, b and c are positive integers, and α is a positive parameter controlling the extent of

the softening (i.e., the finite value of the interaction at r = 0). For example, a Lennard-Jones

potential involves terms with n = 6 and n = 12, where σ is the collision diameter and ε is

four times the well depth with opposite signs for the repulsive and attractive contributions.

Since the SCP potential depends on both r and λ, the scheme is no longer separable in

λ. Thus, the potential energy must be recalculated for the relevant other λ-points in FEP,
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(a) Parameter Interpolation (b) Energy Interpolation
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Figure 1: Potential energy functions V of intermediate states for a mutation of the equi-
librium bond length req of a harmonic bond. Four schemes are compared, namely: (a)
Parameter interpolation (PI, Eq. 6); (b) Energy interpolation (EI, Eq. 5); (c) Bennett’s
bridging ensemble (BBE, Eq. 9); (d) Minimum variance pathway (MVP, Eq. 11). For EI,
PI, and MVP, five different equispaced λ-points are are shown in different colors. λ = 0 and
1 correspond to the end states A and B, respectively. For BBE, the single intermediate state
(black curve) is constructed based on a PI scheme with the five λ-values. All quantities are
in arbitrary units.

BAR, or MBAR.

As can be seen in Fig. 1 (top row), both EI and PI typically require many intermediate

states for bridging the phase spaces of the end states. This is due to the stiffness of the

potential energy functions of the end states, which is preserved in the intermediate states.

Bridging the gap with a single intermediate requires a broadening of the associated potential

energy function, so that the corresponding configurational distribution can simultaneously
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overlap with both end states. This idea underlies methods such as one-step perturbation

with soft sites,15,16,67–70 or enveloping distribution sampling (EDS).17,53,54

EDS relies on a weighted exponential average of N states, as

HEDS = − (βs)−1 ln

[
N∑
i=1

e−βs(Hi−Ei)

]
, (8)

where Hi is the Hamiltonian of state i, Ei is an energy offset that compensates for a pos-

sible potential energy mismatch between the states, and s is a smoothness parameter that

determines the shape of the resulting potential energy surface. This is illustrated in Fig. 2

for two harmonic oscillators with different force constants and reference lengths. In the limit

s→∞, HEDS follows the lower potential energy among those of the two end states. In the

limit s → 0, it favors a region of phase space where both states simultaneously exhibit a

relatively low potential energy. Negative s-values are not used in practice, as their HEDS

follows the highest potential energy among the end states.

Figure 2: Hamiltonians associated with the EDS reference state for a simultaneous change
of the reference length and force constant of a harmonic bond, considering different values
of the smoothness parameter s. The EDS combination, defined by Eq. 8, is shown here in
terms of the Hamiltonian as a function of the bond length x. The end state Hamiltonians
HA and HB are also shown for comparison. All quantities are in arbitrary units.

Although it predates EDS by over 30 years, the BBE scheme29 can be viewed as a form

of EDS with s = 1 in which the N combined states are the λ-intermediates of an alchemical
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transformation. This results in the expression

HBBE = −β−1 ln

{
N∑
i=1

e−β[H(λi)−E(λi)]

}
, (9)

which corresponds to Eq. 25 in Ref. 29. An illustration of the BBE scheme is provided

in Fig. 1c for the harmonic oscillator example with N = 5 equispaced states along a PI

alchemical transformation. The potential energy of BBE (black curve) approximately follows

the lowest potential energy among the five considered λ-states (colored curves), thus being

able to sample the entire relevant phase space in one simulation.

If the selected coupling scheme is not separable in λ, the calculation of HBBE requires N

potential energy evaluations, which may be expensive. However, with EI, many points can

be used without incurring a significant increase in computational cost. The application of

BBE with EI is the basis of the integrated Hamiltonian sampling (IHS) approach.71 In the

limit N →∞, the corresponding Hamiltonian can be written as

HIHS = −β−1 ln

{∫
dλ e−β[(1−λ)HA+λHB−E(λ)]

}
, (10)

where the energy offsets become a continuous function E(λ). For large N , and provided that

E(λ) is appropriately preoptimized, IHS is expected to sample the phase space between the

two end states in a continuous and largely homogeneous fashion.

The minimum variance pathway (MVP), as derived by Blondel,51 Pham and Shirts,45

and Reinhardt and Grubmüller,52 can be written as

HMVP(λ) = −2β−1 ln
{

(1− λ) e−
β
2
HA + λ e−

β
2

(HB−∆GA→B)
}
. (11)

It is expected to provide the lowest possible variance in the calculated free energy, but requires

an estimate of the free energy difference between the end states (∆GA→B), analogously to

the energy offset in EDS. The main issue with the MVP scheme is that it tends to generate
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high energy barriers.4,6,72,73 This can make the MVP method very inefficient in practice.45,51

An illustration of the MVP scheme is provided in Fig. 1d, considering the harmonic oscillator

example and five equispaced λ-values. For λ-values of 0 and 1, the end states are recovered.

However, for the three intermediate λ-values, the potential energy curves present a high

barrier along the conformational coordinate, so that the system remains trapped in the

starting energy well. Thus, even if the variance of the free energy estimate is low, the result

is incorrect and exhibits large hysteresis.

The λ-EDS Scheme

In its most general form, the proposed λ-EDS scheme reads

Hλ−EDS(λ) = − [βs(λ)]−1 ln
{

(1− λ) e−βs(λ)HA + λ e−βs(λ) [HB−E(λ)]
}
, (12)

where both s(λ) and E(λ) evolve along the alchemical pathway. Except for a constant, the

above equation encompasses EDS as a special case at λ = 0.5, and MVP as a special case

with s = 0.5 and E = ∆G. In other words, λ-EDS is identical with the MVP except for the

introduction of an additional variable s, and simply adds a λ-dependence to conventional

EDS. With s = 1, it is equivalent to BBE based on the two end states. Notably, only energy

evaluations at the end states are required, which means that λ-EDS is separable in λ. In the

following, we refer to intermediate states that were generated with λ-EDS at a λ-value of x

as λ-EDS(x). For example, the initial state of the alchemical transformation at λ = 0.0 is

referred to as λ-EDS(0.0). Note that the midpoint of the alchemical pathway at λ-EDS(0.5)

is equivalent to the original EDS. We will, however, keep using the term λ-EDS(0.5) in the

following simply to ensure a consistent nomenclature throughout the publication.
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Relationship Between λ-EDS and TI

For TI, the λ-derivative of Hλ−EDS with constant values of s and E is given by

∂Hλ−EDS(λ)

∂λ
=

e−βs(HB−E) − e−βsHA
βs [(1− λ) e−βsHA + λ e−βs(HB−E)]

, (13)

where all the involved exponential terms are already available from the calculation of Hλ−EDS.

The application of TI using Eq. 13 leads to ∆GA→B − E, i.e., the result must be increased

by E.

In the limit of s→ 0, Eq. 12 becomes,

lim
s→0

Hλ−EDS(λ) = (1− λ)HA + λ (HB − E) , (14)

which, apart from the inclusion of the energy offset E, is identical to conventional EI in

Eq. 5. This result is illustrated in Fig. 3 for two harmonic oscillators with shifted potential

energy minima and different force constants. For conventional EI (Fig. 3a), the potential

energy map has a single minimum at all λ-values. The valley is slightly curved due to the

different force constants of the end states. In contrast, for λ-EDS with s = 0.5 (Fig. 3b),

which is equivalent to MVP, the map presents two valleys that are separated by high energy

barriers. As the s-value is reduced to 0.125 (Fig. 3c), the crest between the two energy

valleys becomes closer to a saddle-point. For an s-value of 0.01 (Fig. 3d), the potential

energy surface of λ-EDS resembles very closely the one of conventional TI with EI.

In the limiting case where HB is singular, Eq. 13 becomes

lim
HB→∞

∂Hλ−EDS(λ)

∂λ
=

1

(1− λ)βs
. (15)

Thus, the derivative of the λ-EDS Hamiltonian remains finite. Given an appropriate choice

for s, the λ-EDS scheme can solve the van der Waals endpoint problem just as well as the

traditional SCP approaches. In addition, λ-EDS remains separable in λ, which means that
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(a) TI with EI (b) TI with λ-EDS, s = 0.5

(c) TI with λ-EDS, s = 0.125 (d) TI with λ-EDS, s = 0.01

Figure 3: Potential energy functions associated with (a) conventional TI based on EI, com-
pared to λ-EDS with different choices of s, i.e., (b) s = 0.5,(c) s = 0.125, and (d) s = 0.01,
for a simultaneous change of the equilibrium bond length and force constant of a harmonic
oscillator. The quantities λ, x and V are the coupling parameter, the bond length, and the
potential energy, respectively. All quantities are in arbitrary units.

there is no computational overhead when using FEP or (M)BAR. The similarity between

λ-EDS and SCP is illustrated in Fig. 4 for the Lennard-Jones (LJ) interaction of two parti-

cles where a dummy atom (state A) is turned into a LJ particle (state B). The normal LJ

potential of state B (thick blue curve) leads to an infinite interaction energy as the inter-

particle distance r decreases to zero. For the lowest s-value of 0.01 (violet curve in Fig. 4a),

the λ-EDS(0.5) interaction is nearly equivalent to that of TI with EI at λ = 0.5 (dashed red

curve in Fig. 4a). For such low s-values, the potential energy of state B contributes signif-

icantly, which leads to a hard potential. For higher s-values (three other colored curves in

Fig. 4a), the energy is dominated by the dummy atom state A, which results in a finite and
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nearly constant repulsion at short distances. The smoothness parameter s modulates the

finite value at zero distance in a similar way as the softness parameter α in a conventional

SCP scheme (Fig. 4b), except that λ-EDS(0.5) maintains slightly more phase space overlap

with the LJ particle in state B. However, almost identical curves can be obtained for EDS

and SCP when using Eq. 7 with the recommended c-value of 48 from Ref. 44 and very low

α-values.

(a) λ-EDS(0.5) (b) Soft core potentials (λ = 0.5)

0 rmin

V
 −

 V
m

in

LJ

s=0.01

s=0.1  

s=0.5  

s=1     

TI/EI λ=0.5

0 rmin

V
 −

 V
m

in

LJ

SCP α=0.01

SCP α=0.25

SCP α=0.5  

SCP α=0.7  

TI/EI λ=0.5

Figure 4: Potential energy functions associated with intermediate states along the λ-
dependent change involving a LJ test particle interacting with a dummy particle (state
A) or with another LJ particle (state B). The physical LJ energy (thick blue curve) is
shown along with TI based on EI for λ = 0.5 (dashed red curve). (a) λ-EDS(0.5) at different
values of s is compared to (b) SCP based on Eq. 7 with different α-parameters, along with
λ = 0.5, a = 1, b = 2, and c = 6 (solid colored curves). The quantities r and V − Vmin

are the interparticle distance and the potential energy relative to the energy minimum Vmin,
respectively. All quantities are in arbitrary units.

Estimating Appropriate s-Values

The MVP is expected to be the optimal pathway in terms of efficiency given a simulation that

samples the entire phase space. However, if the simulation suffers from sampling problems,

the MVP leads to biased results. In such cases, the s-value in λ-EDS(0.5) needs to be

adjusted. An adaptive approach to find an appropriate s-value based on an estimate of the

free energy difference between the states was proposed by Christ and van Gunsteren.53 This
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(a) Too high s-value (b) Too low s-value

(c) Appropriate s-value

Figure 5: Three different scenarios for the choice of the s-value in λ-EDS(0.5), illustrated for
mutations of the equilibrium bond length of a harmonic bond. The panels refer to s-values
that are: (a) too low; (b) too high; (c) appropriate. The quantities r and V are the bond
length and the potential energy, respectively. All quantities are in arbitrary units.

scheme attempts to reduce the energy barrier between the states within the EDS potential to

kBT . However, it tends to underestimate the s-values for large energy offsets.74 This indicates

that finding a good s-value to optimize the sampling and convergence of relatively short λ-

EDS simulations requires other factors than just free energy differences between the end

states. To address this problem, advanced techniques such as or replica exchange EDS (RE-

EDS),75,76 which employs several s-values to circumvent the energy barriers, or accelerated

EDS,77 which reduces the energy barriers, have been introduced. The fundamental problem

in choosing the s-value is illustrated in Fig. 5 for λ-EDS of two shifted harmonic oscillators

with a free energy difference of zero. Here, the optimal s-value is related to the alchemical

energy barrier ∆Vbarrier at the intersection between the potential energy curves of the end
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states. If s is too high (Fig. 5a), the energy barrier remains high, which impairs sampling.

If s is too low (Fig. 5b), λ-EDS will closely resemble EI at λ = 0.5. This reduces the phase

space overlap with the end states, which has a detrimental effect on the convergence of the

free energy calculation. As illustrated in Fig. 5c, a possible compromise involves the choice

of an s-value for which the energy levels at the energy barrier and at the minima of the end

states have comparable magnitudes. In a linear response formalism,9,78,79 this constraint can

be solved for s (one real solution) with an estimated sest given by

sest =
1

β∆Vbarrier
ln

1 +
(
19− 3

√
33
) 1

3 +
(
19 + 3

√
33
) 1

3

3

 ≈ 0.609

β∆Vbarrier
. (16)

For changes of covalent terms or umbrella sampling, ∆Vbarrier can be directly determined from

the force constants and the step size. However, Eq. 16 does not require an explicit knowledge

of the equilibrium positions or force constants of the harmonic potential energy wells in states

A and B, as only the resulting ∆Vbarrier is relevant. For simple transformations of covalent

terms or of the charge of monoatomic ions in solution, ∆Vbarrier can be guessed by performing

two energy minimizations. The first energy minimization aims at the global energy minimum

with EI at λ = 0.5. The resulting structure can then be minimized again using the potential

energy function of either state A or state B. The value of ∆Vbarrier corresponds to the

decrease in potential energy occurring during this second energy minimization. For more

complex systems, a series of structures from the equilibration stage can be employed to

estimate the average ∆Vbarrier. An analogous linear response approach was used previously

to successfully estimate the variance of free energy estimates.9 However, the method fails if

dummy atoms or large changes of force constants are involved.
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Methods

The λ-EDS scheme is first used for TI calculations of two benchmark systems: (i) the

charge inversion of an ion in a dipolar solvent, to illustrate the relationship with EI; (ii) the

formation of a LJ cavity in a dipolar solvent, to illustrate the relationship to SCP. Three

benchmark systems serve to compare the efficiencies of conventional intermediate states and

λ-EDS in connection with the BAR and FEP estimators: (a) shifted harmonic oscillators; (b)

two-dimensional dihedral potentials; (c) cavity creation in water. For the simple benchmark

systems in the present study, s(λ) is chosen to be λ-independent and E(λ) = 0.

Charge Inversion

The MD simulations were performed with a modified version of the GROMOS program.80–82

They involved cubic computational boxes containing 750 dipolar solvent molecules and

one solute, simulated under periodic boundary conditions in the isothermal-isobaric en-

semble. The solvent molecules consist of two isosteric atoms with partial charges of −0.8

and +0.8 e, and square-root LJ interaction parameters C
1/2
6 = 0.057903 ( kJ mol−1 )

1
2 nm3

and C
1/2
12 = 1.9877 · 10−3 ( kJ mol−1 )

1
2 nm6. The solute is a charged cavity correspond-

ing to a chloride ion, with interaction parameters C
1/2
6 = 0.1175 ( kJ mol−1 )

1
2 nm3 and

C
1/2
12 = 1.034 · 10−2 ( kJ mol−1 )

1
2 nm6. Newton’s equations of motion were integrated with a

timestep of 2 fs. The temperature was maintained at 298.15 K using a weak-coupling ther-

mostat83 with a relaxation time of 0.1 ps. The pressure was kept close to 1 bar using a

weak-coupling barostat83 with a relaxation time of 0.5 ps and an isothermal compressibility

of 1.71 · 10−3 (kJ mol−1 nm−3)−1. Reaction-field electrostatics were used with a solvent di-

electric permittivity of 52.4. The TI simulations involved 1 ns of production after 0.1 ns of

equilibration at each λ-point. The Hamiltonian derivatives were saved every timestep. Nu-

merical integration was performed with Simpson’s quadrature,56–58 also known as Kepler’s

wine barrel method.84
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The charge of the solute was changed from −1 to +1 e. The TI calculations relied on

11 equidistant λ-points in the range [0,1]. The free energy changes of λ-EDS with different

s-values are compared to the results of TI calculations with the EI scheme. The analytical

reference result is zero. The error bars correspond to 95% confidence intervals based on an

autocorrelation analysis. To detect hysteresis, two seeding schemes for the initial configura-

tions were considered,6 namely left seeding (starting from λ = 0 and proceeding to λ = 1)

and right seeding (from λ = 1 to λ = 0). Each simulation was equilibrated for 0.1 ns starting

from the equilibrated structure of the previous (left seeding) or next (right seeding) λ-point.

Cavity Creation with λ-EDS

The cavity-formation benchmark involves a change from a dummy site to a neutral chloride-

sized LJ cavity within the dipolar solvent. The TI calculation relied on 11 equidistant

λ-points in the range [0,1], plus up to 16 additional λ-points in ranges with high curvature.

The free energy estimates from λ-EDS with different s-values are compared to TI calculations

with SCP acting on both the dispersive and the repulsive components of the LJ interaction,

using a = 1, b = 2, and c = 6 based on Eq. 7 (following Ref. 35) along with λ = 0.5 and soft

core parameters α of 0.1, 0.2, and 0.5. Here, the seeding scheme relies on 0.1 ns equilibration

at the given λ-point, starting from a common configuration that was equilibrated with SCP

at λ = 1.

Shifted Harmonic Oscillators

Gas phase simulations were performed for a linear four-atomic molecule with atomic masses

of 1 g mol−1, and without nonbonded interactions. In the initial state A, all harmonic bond

stretching potentials have equilibrium bond lengths of 0.2 nm and force constants of 8.4 ·

104 kJ mol−1 nm−2. The harmonic bond angle bending potentials have equilibrium angles

of 113.6◦ and force constants of 209.2 kJ mol−1 rad−2, and the dihedral potential has a

multiplicity of three, a phase shift of 180◦, and a force constant of 4.187 kJ mol−1. A series
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of final states B is considered, in which the equilibrium bond length at the last atom is

changed from 0.2 nm to values between 0.215 and 0.250 nm in steps of 0.05 nm.

The simulations were carried out with CHARMM,85,86 using the EDS implementation87–90

of the MSCALE module.91 For each state, Langevin’s equation of motion was integrated over

1 ns with a timestep of 1 fs using a friction coefficient of 1 ps−1 and random forces appro-

priate for a temperature of 300 K. Trajectories were written every 1000 steps, and the free

energy analysis was performed with the FREN module9,92 of CHARMM. To estimate error

bars, each free energy simulation was repeated ten times using different initial velocities.

The FEP results calculated from simulations with λ-EDS(0.5) are compared to the results

of FEP based on state A, as well as BAR based on states A and B. The analytical reference

result arises from a Jacobian term.93–97

Shifted Two-dimensional Dihedral Potentials

Gas phase simulations were performed for a linear five-atomic molecule without nonbonded

interactions. The bonds and angles are constrained and the potential energy is determined

by the dihedral angles φ and ψ as

V (φ, ψ) =
K

2
[cos(nφ− δ) + cos(nψ − δ)] , (17)

where K is the force constant, n = 2 is the multiplicity, and δ corresponds to a phase shift.

In end states A and B, the phase shifts are set to δA = 0◦ and δB = 180◦, respectively.

Thus, the four energy minima of one end state coincide with the four energy maxima of the

other end state. The free energy difference is zero by symmetry, but the phase space overlap

between the two states is very small, inducing severe sampling problems.

The sampling was performed within the Ensembler package98 using the Metropolis Monte

Carlo algorithm99 with random steps of−1◦ or +1◦ for both φ and ψ. Three force constants of

5, 20, and 50 kBT at an arbitrary temperature were considered, along with λ-EDS(0.5) at s-

19



values of 1, 0.5, 0.1, 0.01, and sest from of Eq. 16. Here, ∆Vbarrier is equal to the force constant

K. One calculation was also carried out with the replica exchange EDS approach,75,76 in

which EDS is combined with Hamiltonian replica exchange.100–102 Exchanges were attempted

between two replicas (s = 0.5 and 0.01) every 1000 steps. The sampling involved 1 million

steps, and the calculations were repeated ten times with different random seeds to estimate

error bars.

Lennard-Jones Particle in Water

The last benchmark system considers the creation of a LJ particle in water. The solute

is a dummy atom (state A), or a series of uncharged LJ particles with a well depth ε of

−0.041 kJ mol−1 and radii S ranging from 0.05 nm to 0.40 nm in steps of 0.05 nm (states B).

The effective radius S is one half of the collision diameter σ for the interaction between

the solute and water, based on an arithmetic-mean combination rule for the homoatomic

parameters.

The simulations were carried out with CHARMM,85,86 using the EDS implementation87–90

of the MSCALE module.91 They involved a cubic computational box containing 1291 TIP3P

water molecules103 and one solute, simulated under periodic boundary conditions in the

canonical ensemble. The box volume was set based on 0.5 ns of preequilibration at a con-

stant pressure of 1 bar, resulting in edge lengths of about 3.4 nm. The temperature was

maintained at 300 K using a Nosé-Hoover thermostat104,105 with a temperature piston mass

of 19455.6 kJ mol−1 ps2. The SHAKE algorithm106 was used to keep the water molecules

rigid.

The nonbonded interactions were truncated at 1.2 nm using force shifting for the elec-

trostatic interactions and potential shifting for the LJ interactions.107 The timestep was 1 fs

and trajectories were written every 100 steps. The simulations lasted 2 ns after 0.5 ns equi-

libration at constant volume, and were repeated ten times with different initial velocities

to estimate error bars. The FEP results of λ-EDS(0.5) with s-values of 1.0, 0.5, 0.1, and
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0.01 are compared to the results of FEP based on state B, and BAR based on states A and

B. The SCP simulations were conducted with the PERT module, using the PSSP keyword.

The accurate reference calculations relied on a variant of serial insertion26 with 69 different

values of the radius S ranging from 0.0 to 0.45 nm.

Results and Discussion

Charge Inversion Using TI with EI and λ-EDS

The average λ-derivatives of the Hamiltonian in TI calculations of the charge inversion of a

chloride ion in a perfectly dipolar solvent are shown in Fig. 6, considering EI and λ-EDS. The

results obtained with left or right seeding are shown separately (blue solid and orange dotted

curves, respectively). The corresponding free energy differences are reported in Table 1.

Irrespective of the seeding, the EI calculations (Fig. 6a) yield nearly straight lines, as

expected from the linear response of dipolar solvents to limited charge changes. The resulting

free energy differences are 0.2± 1.8 and 0.2± 1.5 kJ mol−1 for left and right seeding, which

agrees with the analytical result of zero. The absence of hysteresis is a result of the linear

λ-dependent charge evolution from −1 to +1 e with EI. Here, the solvent can relax within

picoseconds to any charge change, and is not affected by any significant energy barriers.

The situation is very different for the MVP (Fig. 6b), where the two seeding directions

yield distinct curves. The resulting free energy differences are 15.3±0.0 kJ mol−1 and −15.3±

0.0 kJ mol−1 for left and right seeding, respectively. The results are more precise than TI with

EI, but entirely incorrect. The hysteresis arises because MVP combines the potential energy

minima of both the negative and the positive ion. At the midpoint of the transformation,

solvent dipoles pointing towards the ion and away from ion are equally favorable, but the

interconvertion with dipoles pointing sideways is energetically strongly disfavored. This is

analogous to the shifted harmonic oscillators in Fig. 1d. Left seeding only samples the low

energy regions of state A up to λ = 0.9, although such conformations become unfavorable

21



after λ = 0.5. The Hamiltonian λ-derivative is systematically too positive along the path.

Only at λ = 1 does one obtain the correct energy minimum of state B. As s→ 0 (Fig. 6c),

λ-EDS approaches the behavior of EI. Thus, adapting the s-value in λ-EDS provides the

flexibility that is required to overcome the sampling problems of the MVP.

(a) TI with EI (b) TI with MVP (λ-EDS with s = 0.5)

(c) TI with λ-EDS with s = 0.00001

Figure 6: Average λ-derivative of the Hamiltonian in TI calculations of the charge inversion
of a chloride ion in a perfectly dipolar solvent. The three graphs correspond to TI with: (a)
Conventional EI; (b) MVP (λ-EDS with s = 0.5); (c) λ-EDS with s = 0.00001. The results
are reported for simulations with left (l, blue curves) and right (r, orange curves) seeding to
detect hysteresis.

The trend towards higher accuracy but lower precision as s decreases is clearly visible

in Table 1. By lowering s to 0.005, 0.001 and 0.00001, the hysteresis is reduced to 0.9, 0.8,

and 0.3 kJ mol−1, respectively. However, the average error bars over the two seeding schemes

increase to 0.8, 1.4, and 1.6 kJ mol−1. The s-value with the optimal balance between precision

and accuracy for this benchmark system is expected to reside between 0.001 and 0.01.
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Table 1: Free energy differences for the charge inversion of a chloride ion in a perfectly
dipolar solvent. The results are reported for EI; MVP (λ-EDS with s = 0.5); and λ-EDS
with four other s-values, using simulations with left (∆Gl) and right (∆Gr) seeding, along
with their absolute difference as a measure for the hysteresis. All values are in kJ mol−1.

Scheme ∆Gl ∆Gr | ∆Gl −∆Gr |
EI 0.2± 1.8 0.2± 1.5 0.0
λ-EDS, s = 0.5 (MVP) 15.3± 0.0 −15.3± 0.0 30.5
λ-EDS, s = 0.01 61.1± 0.1 −61.0± 0.1 122.1
λ-EDS, s = 0.005 0.9± 0.8 −0.1± 0.8 0.9
λ-EDS, s = 0.001 0.5± 1.4 −0.4± 1.3 0.8
λ-EDS, s = 0.00001 −0.4± 1.7 −0.1± 1.4 0.3

Cavity Creation Using TI with SCP and λ-EDS

The average λ-derivatives of the Hamiltonian in TI calculations of a cavity creation process

in a perfectly dipolar solvent are shown in Fig. 7. Calculations relying on SCP with α = 0.1

(red curve, Fig. 7a) lead to a sharp but finite peak close to λ = 0, corresponding to a

relatively hard potential. Increasing α to 0.2 (orange curve) results in a softer repulsion

and the peak decreases, broadens, and shifts slightly to the right. The commonly used35

value α = 0.5 (blue curve), corresponds to an even softer state. The calculated free energy

differences are reported in Table 2, and vary between 21.6 and 22.2 kJ mol−1 for the different

α values, which reflects the quadrature and statistical errors.

The calculations with λ-EDS (Fig. 7b) show that singularities can also be avoided with

a suitable choice of s, as the λ-derivative is bounded according to Eq. 15. For s = 0.005 (red

curve), the contribution of state B is large, which leads to a sharp peak at λ = 0 with a value

of about 500 kJ mol−1 (in excellent agreement with the estimate from Eq. 15, see rightmost

column of Table 2). The curve closely resembles the curve for SCP with α = 0.1. Increasing

s to 0.01 (orange curve) resembles a softer potential, which is similar to the curve for SCP

with α = 0.2. For s = 0.02 (blue curve), the contribution of state B is largely reduced,

which leads to a further decrease and broadening of the peak. In contrast to the curve for

SCP with α = 0.5, the curve for λ-EDS describes a plateau-like trend at short distances

instead of decreasing towards zero. The relative ease of integrating the peak-like curves of
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SCP versus the plateau-like shape of λ-EDS depends on the number and placement of the

λ-points, as well as the numerical quadrature scheme. However, both methods are equally

capable of maintaining a finite λ-derivative of the Hamiltonian. The calculated free energy

differences are reported in Table 2, and vary between 21.9 and 23.5 kJ mol−1 for the different

s-values. Considering potential errors from sampling and numerical quadrature, the results

are consistent with each other as well as with the SCP results.

(a) TI with soft core potentials (b) TI with λ-EDS

Figure 7: Average λ-derivative of the Hamiltonian in TI calculations of cavity creation in
a perfectly dipolar solvent. The two graphs correspond to TI with (a) SCP using three
different values of the soft core parameter α; (b) λ-EDS using three different values of the
smoothness parameter s.

Table 2: Free energy change for cavity creation in a perfectly dipolar solvent. The results
are reported for SCP with different α-values, and λ-EDS with different s-values. The bound
of the λ-derivative of the λ-EDS-Hamiltonian according to Eq. 15 is also reported (Deriv.).
All values are in kJ mol−1.

Scheme ∆G Deriv.
SCP α = 0.1 22.2 ± 0.5
SCP α = 0.2 22.2 ± 0.5
SCP α = 0.5 21.6 ± 0.5
λ-EDS, s = 0.005 21.9 ± 0.4 495.8
λ-EDS, s = 0.01 23.4 ± 0.4 247.9
λ-EDS, s = 0.02 23.6 ± 0.3 124.0

24



Shifted Harmonic Oscillators

The shifted harmonic oscillator benchmark serves to test the capability of intermediate states

to bridge the phase space between two energy wells. This situation is encountered in rela-

tive free energy calculations involving bond length, or bond angle changes, or when using

umbrella sampling with a harmonic restraint potential.32 It also helps to understand the

previous benchmark system involving the structural rearrangement of dipoles during the

charge inversion of an ion in a dipolar solvent, as both exhibit shifted Gaussian probability

distributions.79 Thus, the observations made in this section are generally relevant to free

energy protocols involving changes of point charges in aqueous solution, or for constant-pH

simulations.88–90

The average errors of different bond length mutations ∆r in a hypothetical molecule

are reported in Table 3. The corresponding standard deviations over ten repetitions are

shown in Fig. 8 for a subset of approaches. Small errors and standard deviations for large

∆r-values indicate efficient free energy schemes. Accurate results with absolute errors below

0.5 kBT are shown in boldface, and precise results with standard deviations below 0.5 kBT

are underlined.

FEP based on a single simulation of state A leads to inaccurate and imprecise results in

all cases, with errors ranging from 0.8 to 46.1 kBT . Because the harmonic bond is very stiff,

most of the sampling is performed close to the initial equilibrium bond length, leading to

very large potential energy differences relative to state B.

Combining data from states A and B with BAR leads to accurate and precise results up

to ∆r of 0.025 nm. Beyond this, the phase space overlap between the two end states is too

limited, and the BAR method fails to converge. Although BAR calculations require twice

as much computational effort as FEP, the BAR estimator is still by far more efficient. This

is also evidenced by a number of previous studies.57,62,108–111

λ-EDS(0.5) simulations with s = 1, which is equivalent to BBE based on the two end

states, lead to accurate results up to a ∆r of 0.035 nm. This bond length change corresponds
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to a mutation of a carbon-carbon bond to a carbon-sulfur bond in one step.112 Thus, λ-EDS

with s = 1 outperforms the use of two conventional simulations with the BAR estimator

in terms of both accuracy and computational cost. Using λ-EDS(0.5) with s = 0.5, which

corresponds to MVP, leads to a similar performance. The simulations with s = 0.1 performs

best among all simulations with fixed s-values, as it provides accurate and precise results up

to a bond length change of 0.04 nm. Further lowering the s-value to s = 0.01 or 0.001 di-

minishes the performance, giving reliable results only up to 0.025 nm. The latter simulations

sample the phase space between the two end states, but lack phase space overlap (Fig. 5).

Using the ∆r-dependent sest value from Eq. 16 leads to the best results. The required value

of ∆Vbarrier for Eq. 16 was calculated from an energy minimization of the optimized initial

structure at λ = 0.5 of the EI transformation using the Hamiltonian of the initial state. The

free energy results based on sest remain accurate and precise up to a bond length increase

of 0.05 nm. This illustrates that the optimal choice of the s-value depends on ∆r. Small

bond length changes can be achieved with high s-values, while large changes require lower

s-values. However, too low s-values are also detrimental to the performance. If the bond

length change exceeds ca. 0.05 nm, the introduction of additional λ-EDS intermediate states

most likely becomes necessary.

Mutation of a Two-dimensional Dihedral Potential

The mutation of a two-dimensional dihedral potential63,113 mimics the effect of point muta-

tions on the rotational substates of amino acid side chains, or of a cis-trans isomerization

in the protein backbone. Such mutations often involve energy barriers on the order of 10 to

25 kBT , leading to poor convergence in conventional free energy calculations. This problem

is normally addressed by enhanced sampling techniques,87 but it can also be circumvented

with specific free energy methods.6

The sampling afforded by λ-EDS(0.5) for the mutation of a two-dimensional dihedral

potential is illustrated in Fig. 9. Here, end states A and B correspond to opposite phase
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Table 3: Average errors of free energy differences associated with changes ∆r of the equi-
librium bond length in a hypothetical molecule. Errors relative to analytical results are
reported for: (a) FEP based on simulations of state A; (b) BAR based on simulations of
states A and B; (c) λ-EDS(0.5) simulations with FEP and s = 1, 0.5, 0.1, 0.01, 0.001, and
sest according to Eq. 16 (i.e., sest = 0.321, 0.181, 0.116, 0.080, 0.059, 0.045, 0.036, and 0.029
for the increasing ∆r values). Nsim indicates the required number of simulations. Accu-
rate results (absolute errors below 0.5 kBT ) are highlighted in boldface, while precise results
(standard deviations below 0.5 kBT ) are underlined. Situations where BAR did not converge
within 500 iterations are indicated by crosses. All values are in kBT .

∆r [nm]
Scheme Nsim 0.015 0.020 0.025 0.030 0.035 0.040 0.045 0.050
FEP from state A 1 0.8 2.5 5.8 10.5 17.0 25.0 34.7 46.1
BAR from states A and B 2 0.0 0.0 0.0 0.3 × × × ×
BBE (λ-EDS(0.5), s = 1) 1 0.0 0.0 0.0 0.1 0.1 16.1 32.6 44.0
MVP (λ-EDS(0.5), s = 0.5) 1 0.0 0.1 0.1 −0.3 0.1 13.7 31.4 41.9
λ-EDS(0.5), s = 0.1 1 0.0 0.0 0.0 0.0 0.0 −0.1 0.1 28.6
λ-EDS(0.5), s = 0.01 1 0.0 −0.1 −0.1 −0.2 0.0 0.1 −0.4 −0.4
λ-EDS(0.5), s = 0.001 1 −0.1 0.1 −0.2 0.2 0.7 −1.1 0.6 −0.5
λ-EDS(0.5), sest 1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

 0

 0.2

 0.4

 0.6

 0.8

 1

0.01 0.02 0.03 0.04 0.05

S
ta

n
d

a
rd

 D
e
v

ia
ti

o
n

 [
k

B
T

]

∆r [nm]

FEP
BAR

λ-EDS(0.5) s=0.5
λ-EDS(0.5) s=0.1

λ-EDS(0.5) s=0.01
λ-EDS(0.5) sest

Figure 8: Standard deviations of free energy differences associated with changes ∆r of the
equilibrium bond length in a hypothetical molecule. The standard deviations are determined
over ten repetitions of the calculations. The protocols involve: (i) FEP based on simulations
of state A; (ii) BAR based on simulations of states A and B; (iii) λ-EDS(0.5) simulations
with s = 0.5, 0.1, 0.01, and sest using FEP.

shifts in the dihedral potential. The panels at the top show the potential energy surfaces of

states A (left) and B (right). The four energy minima (blue) of one state correspond to the

27



four energy maxima (pink) of the other state (accounting for periodicity). The free energy

difference is zero due to symmetry. The remaining panels are arranged in three columns,

corresponding to different barrier heights ∆Vbarrier of 5, 20, or 50 kBT . The five rows show

the potential energy surfaces of λ-EDS(0.5) with s-values decreasing from 1 to 0.01, as well

as the ∆Vbarrier-dependent sest value from Eq. 16.

In contrast to the potential energy surfaces of the end states, the λ-EDS surfaces exhibit

eight energy minima, because they trace the lowest potential energy among the two end

states. The surfaces become progressively flatter as the s-value decreases. The potential

energy surfaces with s = 0.01 and ∆Vbarrier = 5, and 20 kBT are almost entirely flat, because

λ-EDS becomes very similar to EI with λ = 0.5, and the corresponding linear combination

of the potential energies is zero by symmetry. This is clearly inefficient for a free energy

calculation, since a significant fraction of the sampling occurs in high energy regions. The

use of the ∆Vbarrier-dependent value sest from Eq. 16 leads to nearly identical surfaces in terms

of the ∆Vbarrier-scaled potential energy. The residual free energy barriers on these λ-EDS

surfaces are expected to represent a reasonable compromise between statistical efficiency and

barrier crossing for a given ∆Vbarrier.

The average errors of the calculated free energy differences, along with their error bars, are

reported in Table 4. Except for the last entry, all results are based on λ-EDS(0.5) calculations

at the specified s-value with the FEP estimator. For the system with a low energy barrier of

5 kBT , all s-values lead to accurate and precise results. However, the lowest s-values of 0.025

and 0.01 exhibit slightly higher error bars. For the intermediate energy barrier of 20 kBT ,

which corresponds to barriers encountered in some amino acid side chains,6,63,113,114 only

s-values of 0.1 or below lead to acceptable results, as the simulations with higher s-values

are less able to cross the energy barriers. For the highest barrier ∆Vbarrier of 50 kBT , only

s = 0.01 leads to accurate and precise results. While sest gives adequate results for ∆Vbarrier

values of 5 and 20 kBT , an increased error is observed for the barrier of 50 kBT . This shows

the limitations of the approach outlined in Fig. 5c.

28



Figure 9: Potential energy surfaces of λ-EDS(0.5) for the mutation of a two-dimensional
dihedral potential. The panels at the top show the potential energy surfaces of the initial
state A (left) and of the final state B (right). The remaining panels are arranged in three
columns, corresponding to different barrier heights ∆Vbarrier of 5, 20, or 50 kBT , and five
rows corresponding to λ-EDS(0.5) with s = 1, 0.5, 0.25, 0.1, 0.05, 0.025, 0.01, as well as the
∆Vbarrier-dependent sest value from Eq. 16 (s = 0.122, 0.03 or 0.012 for the three increasing
∆Vbarrier values). The color schemes are scaled according to the respective ∆Vbarrier.

The last entry in Table 4 corresponds to a RE-EDS simulation75,76 with two replicas

at s-values of 0.01 and 0.5. This setup doubles the computational cost, but the procedure
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is easily parallelized. The use of replicas with different s-values allows the combination to

benefit from both the low variance of MVP at s = 0.5 and the more frequent transitions at

the lower s-value. The results with RE-EDS are accurate for all ∆Vbarrier values, and more

precise than any scheme relying on a single s-value.

Table 4: Average errors of the calculated free energy differences for the mutation of a two-
dimensional dihedral potential, considering three values for the energy barrier ∆Vbarrier.
Here, states A and B correspond to opposite phase shifts in the dihedral potential. The
errors are calculated relative to the analytical reference result of zero. The protocols involve:
λ-EDS(0.5) simulations with s = 1, 0.5, 0.1, 0.01, 0.001, and sest; RE-EDS simulations using
two replicas with s-values of 0.5 and 0.01. The sest value is based on ∆Vbarrier according
to Eq. 16 (s = 0.122, 0.03 or 0.012 for the three increasing ∆Vbarrier values). Nsim is the
required number of simulations. The error bars correspond to the standard deviations over
ten repetitions. Accurate results (errors below 0.5 kBT ) are highlighted in boldface, and
precise results (standard deviations below 0.5 kBT ) are underlined. All values are in kBT .

∆Vbarrier
Scheme Nsim 5 20 50
λ-EDS(0.5), s = 1 (BBE) 1 0.0± 0.1 1.2± 3.0 56.1± 5.9
λ-EDS(0.5), s = 0.5 (MVP) 1 0.0± 0.1 0.5± 1.1 57.3± 5.2
λ-EDS(0.5), s = 0.25 1 0.0± 0.1 0.0± 1.0 58.8± 3.2
λ-EDS(0.5), s = 0.1 1 0.0± 0.1 0.0± 0.5 57.5± 3.0
λ-EDS(0.5), s = 0.05 1 0.1± 0.1 0.1± 0.3 53.4± 7.0
λ-EDS(0.5), s = 0.025 1 0.0± 0.2 0.0± 0.2 16.9± 22.0
λ-EDS(0.5), s = 0.01 1 −0.1± 0.2 0.0± 0.3 −0.2± 0.4
λ-EDS(0.5), sest 1 0.0± 0.1 0.0± 0.3 0.4± 1.1
RE-EDS, s1 = 0.5, s2 = 0.01 2 0.1± 0.1 0.0± 0.1 −0.1± 0.3

Lennard-Jones Particles in Water

The last benchmark system mimics the cavity creation process in absolute free energy cal-

culations, such as solvation free energies,69,115–118 or ligand binding.119–121 This is equivalent

to finding the probability of the spontaneous formation of a ligand-sized cavity in the cor-

responding environment.122 The chemical potential of the cavity is roughly proportional to

its volume.123,124 Therefore, free energy methods that can achieve larger effective volume

changes per step will require fewer intermediate steps to reach the ligand size. This capabil-
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ity is tested here with the creation of Lennard-Jones (LJ) particles in water, using effective

radii between 0.05 and 0.40 nm (corresponding to effective volume changes between 0.0005

and 0.268 nm3 per step).

The average errors of the calculated free energy change for the creation of a LJ particle

in water are reported in Table 5. Here, state A corresponds to a dummy atom and state B

to a LJ particle of effective radius S. The errors are calculated relative to accurate reference

calculations.

The first entry in Table 5 corresponds to FEP estimates based on simulations of state

B. The results are inaccurate and imprecise for all radii, because the repulsion precludes

any significant phase space overlap with water molecules at the center of the particle. This

results in a bias of the calculated free energy difference, and the errors are systematically

becoming more negative with increasing S.

The second entry corresponds to SCP simulations with the FEP estimator. By using SCP

and sufficiently small radii, water molecules are sometimes able to partially penetrate into the

cavity, thus yielding accurate and precise results up to a radius of about 0.15 nm. Beyond this

radius, the errors are again systematically too negative. Because the radius is smaller than

that of a non-hydrogen atom, accurate free energy calculations require several intermediate

states for the creation or annihilation of an atom when using a SCP scheme. In practice,

SCP is often used for relative free energy calculations with different substituents,125,126 where

the solvent-accessible volume is partly occluded by neighboring non-vanishing atoms. Thus,

in this situation, the SCP scheme is often sufficient to mutate one substituent into another

in a single step. Enabling larger effective volume changes per λ-step would allow for the

treatment of larger substituents, or even changes in the core regions.

The third entry corresponds to combining data from simulations at the end states with

the BAR estimator. Although the computational cost is doubled, this approach represents

a significant improvement over FEP and, to a lesser extent, SCP. The limiting cavity radius

is now about 0.20 nm, which starts to be comparable to the radii of typical non-hydrogen
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atoms. This observation is at the root of the serial insertion scheme26 to avoid singularity

issues in free energy calculations.

Finally, the four remaining entries are based on λ-EDS(0.5) simulations at different s-

values. Using BBE (s = 1.0) or MVP (s=0.5) yields accurate and precise estimates for radii

up to 0.15 nm. This is comparable to the SCP case, but the resulting errors are smaller.

Using s = 0.1 leads to the best results, with a limiting radius of 0.25 nm. This scheme is

both less expensive and more accurate than BAR. The results with s = 0.01 are again worse,

because this scheme behaves like EI with λ = 0.5.

Table 5: Average errors of calculated free energy change for the formation of a LJ particle
in water, considering eight values for the effective cavity radius S. The errors are relative to
accurate reference calculations. Here, state A corresponds to a dummy atom and state B to
a LJ particle of effective radius S. The protocols involve: FEP based on simulations of state
B; SCP with λ = 0.5 and FEP; BAR based on simulations of states A and B; λ-EDS(0.5)
simulations with FEP and s = 1, 0.5, 0.1, and 0.01. Nsim is the number of necessary
simulations. Accurate results (errors below 1.24 kJ mol−1 or 0.5 kBT ) are highlighted in
boldface, and precise results (standard deviations below 1.24 kJ mol−1) are underlined. BAR
calculations that did not converge within 500 iterations are indicated by crosses. All values
are in kJ mol−1.

S [nm]
Nsim 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40

FEP 1 −1.6 −3.8 −7.8 −12.7 −20.3 −30.5 −41.8 −53.5
SC 1 −0.1 −0.4 −1.1 −4.9 −10.1 −16.7 −26.1 −38.1
BAR 2 0.0 0.0 0.1 −0.2 1.5 4.8 −3.2 ×
λ-EDS(0.5), s = 1.0 1 0.0 0.0 0.2 0.1 6.2 89.9 439.9 1518.0
λ-EDS(0.5), s = 0.5 1 0.1 −0.1 0.1 0.3 6.3 86.8 266.9 1309.1
λ-EDS(0.5), s = 0.1 1 0.1 −0.1 0.2 −0.5 0.0 96.0 356.4 1239.7
λ-EDS(0.5), s = 0.01 1 −1.4 −3.0 −5.6 −11.1 −16.9 24.7 114.1 861.1
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Figure 10: Radial distribution functions between the test particle and water oxygen atoms.
The g(r) functions are displayed as a function of distance r for a dummy particle, a LJ particle
with an effective radius S of 0.2 nm, using a soft core potential, and using λ-EDS(0.5) with
s = 0.5, 0.1, and 0.01.

The effect of the different s-values is also evidenced by the radial distribution functions

g(r) in Fig. 10 considering S = 0.2 nm. The dummy state A (red curve) does not interact

with water, resulting in an uniform g(r) distribution. The physical LJ particle state B (blue

curve) exhibits a peak centered at the minimum of the LJ potential at about 0.35 nm. Using

SCP at λ = 0.5 shifts the peak of the radial distribution function to closer distances, but does

not provide sufficient phase space overlap with the dummy state. For maximum efficiency,

an intermediate state needs to encompass the relevant phase spaces of both states A and B

to provide accurate free energy differences.9,29,62 Analogously to Fig. 4a, λ-EDS(0.5) with

s = 0.5 exhibits a very small energy barrier at short interparticle distances, which can be

overcome by thermal motions. Thus, the g(r) at s = 0.5 corresponds to the behavior of

dummy atoms, which leads to a suboptimal performance because of insufficient sampling

of the LJ particle state. The opposite is true for s = 0.01 (purple), which exhibits a g(r)

that corresponds more to a particle with EI at λ = 0.5. Since short interparticle distances

are never sampled, the results with s = 0.01 are very similar to the poor results of FEP

from state B. Employing λ-EDS with s = 0.1 (green) leads to a g(r) that samples both
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short interparticle distances and the energy minimum of the cavity potential. Therefore, the

resulting free energy differences are both accurate and precise.

Conclusions

Based on previous ideas by Bennett,29 Blondel,51 Pham and Shirts,45 Reinhardt and Grubmüller,52

and Christ and van Gunsteren,17,53 a new framework termed λ-EDS is introduced for the

creation of intermediate states in alchemical free energy calculations. λ-EDS encompasses

the EDS, MVP, and BBE methods as special cases. In the limit of s → 0, it is equivalent

to conventional TI with EI. It can also address the van der Waals endpoint problem like

SCP. In addition, λ-EDS also offers the possibility to overcome sampling problems along the

alchemical pathway.

It was found that the way intermediate states are created can have more influence on

the convergence than the choice of the free energy estimator. For example, FEP calculations

with one λ-EDS simulation oftentimes outperform the more efficient BAR estimator based

on two conventional MD simulations. Like the softness parameter α in SCP, the smoothness

parameter s in λ-EDS represents a key factor for the efficiency. λ-EDS either performs

significantly better than conventional EI intermediate states, or yields exactly the same

results in the limit s → 0. The optimal choice of the s-value in terms of sampling depends

on the height of the anticipated energy barriers. On the one hand, λ-EDS with high s-values

(ca. 0.1 to 1) approaches the efficiency of the MVP and produces SCP in the context of

dummy atoms. However, high energy barriers might still be present in such simulations.

On the other hand, λ-EDS with low s-values (ca. 0.01 or lower) approaches the behavior

of conventional EI intermediate states, which is less favorable in terms of variance and

inadequate in the case of dummy atom creation, but leads to lower energy barriers. Thus,

alchemical transformations with high energy barriers, such as those altering the covalent or

electrostatic interactions, are best performed with a low s-value, whereas cavity creation
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converges better with a relatively high s-value. Using an s-value of ca. 0.1 might be a

reasonable compromise in some cases as it provides the best overall results for the considered

benchmark systems. One can also use a free energy protocol that splits the alchemical

pathway into at least two parts. First, scaling the charges using EI (with low s-values),

and, second, transforming the van der Waals interactions using SCP (with high s-values).

Notably, such a splitting is already common practice in the field.127,128 Instead of simulating

two separate steps, one could also envision using different s-values for each interaction type

in one free energy simulation, or varying the s-value along the alchemical pathway.

One particularly attractive feature of λ-EDS is its ability to emulate SCP while remaining

separable in λ. This avoids the need of dedicated free energy code in the nonbonded routines

and minimizes the computational overhead in the calculation of these interactions. This is

particularly advantageous for efficient free energy estimators such as BAR and MBAR, as the

λ-EDS Hamiltonian can be recalculated at any λ-point without further energy evaluations.

Finally, the implementation of λ-EDS in a simulation program is rather straightforward, as it

only affects the combination of the end state potential energies, forces, and virials. This sim-

plicity is also evidenced by the fact that three different programs (GROMOS, CHARMM, and

Ensembler) were employed in this manuscript. Owing to these properties, λ-EDS promises

to become a very useful scheme in the field of free energy calculations.
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