
 

Black hole ringdown as a probe for dark energy

Johannes Noller,1,2 Luca Santoni ,3 Enrico Trincherini ,4,5 and Leonardo G. Trombetta 4,5

1Institute for Theoretical Studies, ETH Zürich, Clausiusstrasse 47, 8092 Zürich, Switzerland
2Institute for Particle Physics and Astrophysics, ETH Zürich, 8093 Zürich, Switzerland

3Department of Physics, Center for Theoretical Physics, Columbia University, 538 West 120th Street,
New York, New York 10027, USA

4Scuola Normale Superiore, Piazza dei Cavalieri 7, 56126 Pisa, Italy
5INFN—Sezione di Pisa, 56100 Pisa, Italy

(Received 14 March 2020; accepted 3 April 2020; published 23 April 2020)

Under the assumption that a dynamical scalar field is responsible for the current acceleration of the
Universe, we explore the possibility of probing its physics in black hole merger processes with gravitational
wave interferometers. Remaining agnostic about the microscopic physics, we use an effective field theory
approach to describe the scalar dynamics. We investigate the case in which some of the higher-derivative
operators, that are highly suppressed on cosmological scales, instead become important on typical distances
for black holes. If a coupling to the Gauss-Bonnet operator is one of them, a nontrivial background profile
for the scalar field can be sourced in the surroundings of the black hole, resulting in a potentially large
amount of “hair.” In turn, this can induce sizeable modifications to the spacetime geometry or a mixing
between the scalar and the gravitational perturbations. Both effects will ultimately translate into a
modification of the quasinormal mode spectrum in a way that is also sensitive to other operators besides the
one sourcing the scalar background. The presence of deviations from the predictions of general relativity in
the observed spectrum can therefore serve as a window onto dark energy physics.
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I. INTRODUCTION

The direct detection of gravitational radiation has
marked the birth of gravitational wave astronomy, opening
up the possibility to explore the Universe via a new
fundamental messenger [1]. This new possibility not only
allows us to access the regimes of strong gravity in
astronomical systems, but it will also have profound
consequences for cosmology. Along this line, in the present
work, we will address the following question: under the
assumption that the current acceleration of the Universe is
driven by a dynamical scalar sector, to what extent can its
physics be probed by looking at the signals emitted in a
black hole coalescence process? Indeed, the presence of a
black hole can induce a large pileup effect of the scalar
profile in its surroundings, enhancing the field’s non-
linearities. This means that some of the Lagrangian
operators that provide negligible contributions to the
cosmological background may become dominant near
the black hole, potentially leaving signatures on the emitted
gravitational waves.
For this to be possible, the strong restrictions on the

presence of nontrivial scalar profiles around static, spheri-
cally symmetric black holes must be overcome. These are
usually phrased in terms of so-called no-hair theorems (for
a review see e.g., Refs. [2,3]). Therefore, in order for the
scalar background to be nonzero in the first place and

consequently affect the black hole dynamics, the theory
must belong to the class of exceptions to such theorems.1

The simplest and most studied example to evade the no-hair
restrictions has been the case of a linear coupling between
the scalar and the Gauss-Bonnet operator (sGB) [6]. In the
literature, such a shift-symmetric operator has so far only
been considered in the minimalistic setting in which the
only other operator in the Lagrangian for the scalar is the
canonical kinetic term [7–13]. In this paper, we will extend
this setup substantially. Motivated by our assumption that a
shift-symmetric scalar field accounts for the dark energy
component of the Universe on cosmological scales, we will
consider scalar Lagrangians where, together with the
kinetic term and the coupling to Gauss-Bonnet, a very
general set of operators is included and study if at least one
of them becomes large in the vicinity of a black hole. When
this happens, as we discuss below, it has several novel
important consequences. Just to mention two, we will show
that both the theoretical [7] and observational [13] upper
bounds on the coupling of the scalar Gauss-Bonnet
operator can be relaxed by the presence of an additional

1Note that perturbations around the black hole can be affected
by the scalar even when its background is vanishing; see e.g.,
Refs. [4,5]. Here, we will focus on black holes with nontrivial
scalar field backgrounds.
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term like the cubic Galileon [14], broadening the range of
values that such a coupling can take. Moreover, even
though the scalar background is sourced by a single
operator, at the Schwarzschild radius, at least one extra
operator becomes of comparable size, opening up a wider
spectrum of potentially observable signatures that can serve
as a window onto dark energy physics.
We structure the paper as follows. In Sec. II, we

introduce a class of shift-symmetric effective field theories
(EFT) that can be responsible for the accelerated expansion
of the Universe, and we characterize its relevant energy
scales. Then, we show how the recent measurement of the
speed of gravitational waves affects these models. In
Sec. III, we discuss the sGB operator that must be present
in the EFT to source a background scalar profile around
black holes, and we estimate the size of the hair. In Sec. IV,
we derive two classes of observable effects in the ringdown
phase due to the dark energy field, namely, deviations from
the Schwarzschild geometry and kinetic mixing of metric
and scalar perturbations. In Sec. V, we describe the current
most stringent bounds on the size of the hair coming from
precision tests of gravity at different length scales.
Section VI contains explicit examples of dark energy
models that are consistent with those bounds and, at the
same time, give observable effects in a binary black hole
coalescence. Finally, Sec. VII contains our conclusions.

II. SETUP

Remaining agnostic about the microscopic theory of
the dark sector, we will parametrize the scalar dynamics
following an effective field theory perspective. The
very general class of (shift-symmetric) dark energy models
we will consider in this paper, which was introduced in
Ref. [15], is schematically defined by a scalar Lagrangian
with two energy scales [L is a function with Oð1Þ
dimensionless parameters2],

L ¼ Λ4
2L

�ð∂ϕÞ2
Λ4
2

;
∇2ϕ

Λ3
3

�
; ð1Þ

where Λ3 is the UV cutoff of the effective theory
and Λ2 ≫ Λ3, together with MP, is associated with the
explicit breaking of the Galileon symmetry ∂μϕ →
∂μϕþ bμ [14]. The values of these two energy scales
are usually chosen to be such that operators with one
derivative per field and the leading higher-derivative
(HD) ones, all belonging to the Horndeski class [16],
are similarly responsible for the accelerated expansion
of the Universe on cosmological distances. For a time-
dependent background of the scalar field ϕ0ðtÞ in an

Friedmann-Robertson-Walker (FRW) geometry defined
by the Hubble parameter HðtÞ, this assumption implies
that Λ4

2 is the energy density of the Universe today
and therefore Λ2 ¼ ðMPH0Þ1=2 ∼ 107 km−1 while Λ3 ¼
ðMPH2

0Þ1=3 ∼ 10−3 km−1. In this way, indeed, on the
cosmological solution, both X0 ≡ ð∂ϕ0Þ2=Λ4

2 and Z0 ≡
∇2ϕ0=Λ3

3 ∼H0∂ϕ0=Λ3
3 are of Oð1Þ.

The large hierarchy—10 orders of magnitude—between
Λ2 and Λ3 is necessary to enhance the effect of HD
operators up to the point of making them comparable, at
the present horizon scale H−1

0 , with the ones that depend
only on the first derivative of the scalar field. Such an
extreme regime, which is nevertheless radiatively stable
thanks to the approximate Galileon symmetry [15,17], is
mainly motivated by phenomenological reasons: it is the
one that allows for the largest variety of potentially
observable signatures in the large scale structure.
The presence of higher-derivative operators at the scale

Λ3 in the dark energy models described by (1) is already
being strongly constrained by the extraordinarily precise
measurement of the speed of gravitational waves, made
possible by the observation of the neutron star merger event
GW170817 and of its electromagnetic counterpart GRB
170817A [18].3 Consider for example the two types of
operators that are present in the EFT (1) that are usually
called quartic and quintic Horndeski.4 When evaluated on
the FRW background, they can affect the speed of
propagation of gravity, cT :

ð∂ϕÞ2ð∇2ϕÞ2
Λ6
3

→
ð∂ϕ0Þ4
Λ6
3MP

2
ð∂hÞ2

ð∂ϕÞ2ð∇2ϕÞ3
Λ9
3

→
ð∂ϕ0Þ4
Λ6
3MP

2

∂2ϕ0

Λ3
3

ð∂hÞ2; ð2Þ

if such operators play a role in the cosmological evolution,
which requires as we discussed Λ3

3MP ∼MP
2H2

0, their
contribution to cT is of Oð1Þ.
One way to make the theory consistent with the bound

jc2T − 1j ≤ 10−15 is then to assume that the coefficients of
all the different operators giving rise to deviations in the
speed of propagation of gravitational waves form luminal-
ity are extremely small [20–23]. We will instead assume
that the UV cutoff of the dark energy EFT, and therefore the
characteristic scale of the higher-derivative operators, is
larger than ðMPH2

0Þ1=3 ∼ 10−3 km−1. Let Λ > Λ3 be this
new scale:

2Throughout the paper, we are assuming that couplings are
Oð1Þ, and we do not write them explicitly; we also omit factors of
4π in all the estimates for simplicity.

3Note that the frequencies of the LIGO measurement of
GW170817 are close to Λ3, so additional assumptions about
the UV physics are implicitly made when using this measurement
to constrain such “cosmological” operators suppressed by
Λ3 [19].

4The exact definition of the operators is given below in Eq. (6).
Here, we are just keeping track schematically of the number of
fields and derivatives.

NOLLER, SANTONI, TRINCHERINI, and TROMBETTA PHYS. REV. D 101, 084049 (2020)

084049-2



L ¼ Λ4
2L

�ð∂ϕÞ2
Λ4
2

;
∇2ϕ

Λ3

�
; ð3Þ

clearly, the contribution to c2T from the two classes of
operators in (2) in this case will be reduced respectively
by factors ðΛ3=ΛÞ6 and ðΛ3=ΛÞ9. As a result, it is
enough that Λ > 103Λ3 for the theory to be in agreement
with observations, by which we mean not only the bound
on jc2T − 1j but also the constraints on graviton decay
[24] and dark energy instabilities induced by gravitational
waves [25].
There is another independent, and more fundamental,

motivation to consider larger values of the scale Λ. It is
well known that general properties of the S-matrix,
unitarity, analyticity, and crossing symmetry, imply pos-
itivity bounds for amplitudes at low energies, which in
turn constrain the coefficients of EFT operators [26].
When these bounds are applied to theories with weakly
broken Galileon invariance [15], they imply that the
separation between symmetry-breaking and symmetry-
preserving operators cannot be too large while keeping
the UV cutoff fixed [27] (see Refs. [28–30] for closely
related prior work). More specifically, in the case of the
Lagrangian (3), the condition becomes

ΛUV ≲ ðΛ=Λ2Þ3=2107 km−1: ð4Þ

This is to say that, if one separates the scale Λ too
much from the symmetry-breaking scale Λ2, i.e., when
the ratio Λ=Λ2 is taken to be very small, then the new
degrees of freedom associated with a UV completion
(that respects the basic principles mentioned above) must
enter at energies ΛUV < Λ, therefore reducing the regime
of validity of the EFT.
As it should be clear from the previous discussion, once

the scale Λ is taken to be parametrically larger than
ð103 kmÞ−1, there will be no sizable effect on the cosmo-
logical evolution from HD operators. From the point of
view of dark energy phenomenology, the Lagrangian (3) in
such a regime is almost indistinguishable from a simple
shift-symmetric k-essence model [31,32], which is for-
mally recovered in the limit Λ → Λ2. We will argue,
however, that the possible existence of higher-derivative
operators below Λ2 could nevertheless leave an observable
imprint. Being irrelevant operators—in the renormalization

group (RG)-flow sense—their relative importance grows in
the UV, i.e., at shorter distances. Exploiting the new
observational window provided by gravitational astronomy,
we will discuss in which cases the presence of such
interactions can affect the gravitational dynamics at the
length scales probed by black hole merger events and in
particular during the ringdown phase.
As a consequence, in the following, we will be interested

in EFTs that are able to describe, together with the
evolution of the Universe at cosmological distances, at
least black holes of the size probed by LIGO/Virgo, with
a characteristic Schwarzschild radius of about 10 km.
We will therefore consider acceptable theories in which
the scale of the UV completion can be as low as ΛUV∼
1 km−1. On the one hand, according to the condition
coming from amplitudes’ positivity (4), this requires that
the scale suppressing the HD operators satisfies Λ > Λpos

min∼
105Λ3. On the other hand, purely observational constraints
can give a minimum allowed value Λobs

min for such a scale,
which depending on the model can be either above or
below Λpos

min. The greater of the two should be taken as the
most stringent bound, i.e., Λ > maxfΛpos

min;Λobs
ming. See

Fig. 1 for a schematic representation of the hierarchy of
scales for Λ discussed above and the various effects taking
place at those scales.

III. SHIFT-SYMMETRIC SCALAR-TENSOR
THEORIES AND HAIRY BLACK HOLES

A consistent way to include HD operators in the shift-
symmetric dark energy EFTat a scale Λ that is much below
the scale Λ2 suppressing the operators with fewer deriv-
atives is by doing so in the specific combinations that
belong to the shift-symmetric (beyond) Horndeski class
[16,33–35]. Indeed, such theories enjoy robust quantum
properties due to their weakly broken Galileon invariance
[15,17]. Their Lagrangian is

SHþBH ¼
Z

d4x
ffiffiffiffiffiffi
−g

p X5
i¼2

Li; ð5Þ

where the Li are functions of the metric gμν and the
derivatives of the scalar field ϕ. Specifically, we will write
them as

FIG. 1. The hierarchy of scales for Λ (3) and effects of setting Λ to the respective scale.
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L2 ¼Λ4
2G2ðXÞ;

L3 ¼
Λ4
2

Λ3
G3ðXÞ□ϕ;

L4 ¼
Λ8
2

Λ6
G4ðXÞR−2

Λ4
2

Λ6
G4;XðXÞ½ð□ϕÞ2−ϕ;μνϕ

;μν�

−
F4ðXÞ
Λ6

εμνρσε
μ0ν0ρ0σϕ;μϕ;μ0ϕ;νν0ϕ;ρρ0 ;

L5 ¼
Λ8
2

Λ9
G5ðXÞGμνϕ

;μν

þ1

3

Λ4
2

Λ9
G5;XðXÞ½ð□ϕÞ3þ2ϕ;μ

νϕ;ν
αϕ;α

μ−3ϕ;μνϕ
;μν
□ϕ�

−
F5ðXÞ
Λ9

εμνρσεμ
0ν0ρ0σ0ϕ;μϕ;μ0ϕ;νν0ϕ;ρρ0ϕ;σσ0 ; ð6Þ

where X ¼ gμν∂μϕ∂νϕ=Λ4
2 is the scalar kinetic term

and the semicolon denotes the covariant derivative.
Note that not all the functions in L4 and L5 are
independent, due to the requirement of satisfying the
degeneracy conditions to ensure there are only 3
propagating degrees of freedom. Here, radiative correc-
tions to the Galileon-breaking operators are suppressed
by the ratio Λ4=Λ4

2.
In order to be able to probe the presence of the HD

operators at the distance scales of black hole merger
events, there must be substantial deviations of their
gravitational dynamics from the prediction of General
Relativity in the first place. A condition for this is that a
sizable scalar field background, or hair, is sourced by
the black holes themselves. This is not a generic feature
of shift-symmetric scalar-tensor theories, though. Under
some rather strong assumptions, namely staticity, spheri-
cal symmetry, asymptotic flatness, and regularity at the
horizon, black hole solutions with a nontrivial scalar
profile are severely restricted in such theories due to the
existence of a no-hair theorem [36]. The assumption on
asymptotic flatness is the first to go in the presence of
a cosmological background, but any hair sourced by
such background will have negligible effects on astro-
physical black holes due to the great separation of the
scales involved. Hair can also be generated by the time
dependence of the inspiral and merger process.
Nevertheless, this kind of hair will not persist in its
later stages, i.e., the ringdown, where the black hole can
be effectively described as a stationary background plus
small perturbations that radiate away. Yet another
possible source of hair is rotation, which will be
generically present for a black hole produced in a
merger process and may in contrast give rise to
important effects. However, for slowly rotating black
holes, rotation cannot source hair if there was none
already in spherical symmetry [6], while for rapidly
rotating black holes, this remains an open question. In
any case, these types of hair do not provide a generic

way to probe the presence of HD operators independ-
ently of the particular conditions of each event.5

As a starting point for this kind of analysis, in this paper,
wewill consider instead a kind of hair which is present even
in the very symmetric ideal situation, sourced by the
presence of the sGB operator [6],

MPαϕR2
GB; ð7Þ

where R2
GB is the Gauss-Bonnet invariant

R2
GB ¼ RμνρσRμνρσ − 4RμνRμν þ R2: ð8Þ

We expect our estimates to also hold for slowly rotating
black holes [38], while the general situation is beyond the
scope of this work. The operator in (7) evades the no-hair
theorem by breaking some of its assumptions in a more
subtle way. Note also that it respects the shift symmetry
nontrivially, due to the fact that R2

GB is a total derivative.
Given that this operator leads to second-order equations of
motion, it must be contained within the Horndeski part of
(5) (F4 ¼ F5 ¼ 0). Indeed, it is equivalent to the choice

G5 ∝ logðXÞ: ð9Þ
From the EFT standpoint, the allowed range for the sGB
operator coupling α is huge. It is bounded from below by
the size of its quantum corrections and from above by the
requirement that the strong coupling scale is not below Λ.6

Namely,

1

MPΛ
< α <

MP

Λ3
: ð10Þ

Hairy solutions in sGB theories have been studied
mainly in the case when the only other operators pre-
sent are the Einstein-Hilbert and the standard kinetic
term for the scalar, X [7–13]. In the language of the
above Lagrangian, this case amounts to the choices
G2 ¼ X, G4 ¼ Λ6=Λ6

3 and G5 ¼ −4 Λ9

Λ8
2

MPα logðXÞ, with
the remaining functions set to zero. Black hole solutions in
this context are known to have secondary hair, meaning
there is no free parameter, or “charge,” associated to them
and regular solutions exist only if the coupling α is below a
certain threshold [7]. It is also relevant to note that in this
particular situation, there is no screening mechanism
associated with scalar nonlinearities.
In our setup, on the contrary, other operators are present

and can actually dominate over the standard kinetic term.
Whether this happens or not depends on the size of the
background quantities X0 and Z0, where Z≡∇2ϕ=Λ3.
Starting from asymptotically vanishing values, in the

5For a review about tests of black hole dynamics in modified
theories of gravity, see e.g., Ref. [37].

6In Appendix A, we explain how to derive the upper bound
on α.
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presence of scalar hair, these quantities will grow as one
approaches the vicinity of the black hole. However, their
maximum values ultimately depend on the size of the sGB
coupling α. Since we are interested in probing the effect of
higher-order operators, we will assume that α is large
enough in order to be in a regime where X0 ≫ 1 and
Z0 ≫ 1 at the Schwarzschild radius, and possibly farther
away. Under this assumption, now suppose that the
operator which dominates in this regime (besides the
sGB one) has the following power counting:

Λ4
2Gmþ2ðXÞZm → Λ4

2X
nZm: ð11Þ

Here, m always has to satisfy m ¼ 0, 1, 2, 3, while n is
allowed to be any real number, since we are looking at the
large-X asymptotic behavior of the Lagrangian functions
Gi.

7 Moreover, we also expect the deviation of the
geometry from Schwarzschild, even close to the black
hole, not to be very large if one has to be in agreement with
current observations [13].
We now proceed in estimating the size of a background

solution for the scalar hair, considering static and spherically
symmetric configurations. Under the assumptions stated
above, the scalar equation of motion schematically reads8

Λ4
2

Λ3
∂2ðXn

0Z
m−1
0 Þ ∼MPα

r2s
r6
; ð12Þ

where on the right-hand side we are evaluating the Gauss-
Bonnet invariant R2

GB on a Schwarzschild background
metric, with rs the Schwarzschild radius, which acts as
the source for the scalar profile at leading order in α.
Assuming spherical symmetry and a power-law decay for
the scalar hair ϕ0ðrÞ [i.e., ϕ0ðrÞ ∼ cϕ=rp, where cϕ and p
are constants], we can easily express the Z0 on the back-
ground in terms of X0 as

Z0 ∼
Λ2
2X

1=2
0

rΛ3
; ð13Þ

and hence we are able to estimate X0 to be

X0ðrÞnþðm−1Þ=2 ∼MPα
r2s

Λ2
2r

5

�
rΛ3

Λ2
2

�
m

; ð14Þ

where we demand that the exponent λ ¼ 2nþm − 1 > 0 in
order for X0ðrÞ to decay moving away from the source. Note

that, after one includes extra operators besides a standard
kinetic term, one can relax the theoretical bound on the size
of the sGB operator coming from the regularity of solutions.
See Appendix B for an example with the cubic Galileon.

IV. OBSERVABLE EFFECTS IN THE RINGDOWN

One of the main goals of this paper is to show that,
even if higher-derivative operators are negligible on cos-
mological scales, they can nevertheless become larger and
possibly be tested at much shorter length scales. A
promising opportunity to probe at least some of the self
interactions of a scalar field and its coupling to gravity is
provided by the observation of gravitational waves emitted
during the merger of two black holes [39]. A robust signal
of the presence of an additional degree of freedom can be
imprinted on the waves emitted during the ringdown phase,
when the newly formed and highly perturbed merger
remnant relaxes to its equilibrium configuration. A poten-
tial deviation from the predictions of GR can have two
origins: the scalar field may have a nontrivial background
that deforms the geometry of the final black hole, or there
can be a mixing between gravitational and scalar pertur-
bations around the background solution [37]. Both will
ultimately affect the spectrum of the quasinormal modes
(QNM). In the following, we will estimate these two effects
for a black hole formed in a merger, at a typical distance of
the order of the light ring, r ∼ rs, where their contribution to
the QNM spectrum is the largest. We stress that this will just
be a rough estimate of the order ofmagnitude of these effects.
A full computation, though very important and eventually
necessary, is beyond the scope of this paper. In fact, these
effects have been carefully studied in the particular case of
sGB plus canonical kinetic term in e.g., Refs. [13,40].

A. Background geometry

The simplest way to estimate how the presence of a
scalar background modifies the spacetime geometry around
the black hole, with respect to the Schwarzschild metric, is
to compare the sGB operator (7), evaluated on the unper-
turbed metric and using the solution (14) for the scalar, with
MP

2 times the black hole curvature R ∼ rs=r3 (see
Appendix C), as functions of the distance r. The ratio
between these two quantities will be

ε0ðrÞ≡MPαϕ0R2
GB

MP
2R

∼ α
rsΛ2

2

MPr2
ffiffiffiffiffiffiffiffiffiffiffiffi
X0ðrÞ

p
: ð15Þ

Deviations from the Schwarzschild geometry of Oð1Þ are
possible in principle in light of the above expression.

B. Mixing

The second source of modification for the QNM spec-
trum is due to the appearance of mixing terms between
scalar and gravitational modes in the quadratic Lagrangian

7Once the leading behavior (11) is chosen, this translates into
an upper bound on the remaining Gi functions in the large-X
limit, such that, on the solution, this assumption remains valid.
Furthermore, quantum corrections will also generate for example
Λ4Zp terms, with p a positive integer. Then, there is also the
requirement that these will resum to a function KðZÞ which is
small enough at large Z.

8Note that a contribution like ∂ð∂ϕXn−1ZmÞ is also captured
by the schematic form given.
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expanded around the spherically symmetric background
solution. Such terms can be present even if the metric is
very close, or exactly equal as in the case of the so-called
stealth solutions, to Schwarzschild [4,41].
The sGB operator induces a kinetic mixing which

schematically has the following form,

MPαϕR2
GB ⊃ α

rs
r3

∂hc∂π ≡ ZGB
mix∂hc∂π; ð16Þ

where hc stands for a canonically normalized metric
perturbation and π ≡ ϕ − ϕ0ðrÞ. All the other HD operators
that appear in (6) also give rise to a mixing, and in fact one
can easily check (see Appendix C) that the contribution
from the dominating operator (11)—for a regular function
GiðXÞ—goes as

ZH
mix ∼

rs
r
ZGB

mix; ð17Þ

on solutions of the equation of motion (12). Therefore, at
r ∼ rs, both contributions to the kinetic mixing are of the
same order, but with inequivalent contractions due to their
different structure. Presumably, their impact on the QNM
spectrum will differ. This will be studied elsewhere.
To estimate the impact of such a mixing on the ringdown,

one has to compare its size to the diagonal elements of the
kinetic matrix. As discussed in the previous section, this is
where a big difference with respect to most of the literature
about Gauss-Bonnet hair appears. If in addition to the sGB
operator (7) only ð∂ϕÞ2 is present in the scalar Lagrangian,
the kinetic term for the perturbation π around the back-
ground receives no other contributions, and it is therefore
canonically normalized. The coefficient ZGB

mix in (16) then
gives the typical size of the effect. In the class of theories
considered in this paper, on the other hand, additional
operators must be present. Even in the minimal setup, the
G2ðXÞ-type operators must be added, because they have to
provide the stress-energy tensor responsible for the accel-
erated expansion of the Universe, together with all the
interactions generated by quantum corrections, as required
by a consistent EFT description. In this case, the kinetic
term for scalar perturbations will be provided with
r-dependent contributions that grow getting closer to the
black hole, ZπðrÞð∂πÞ2. As we discussed in the previous
section when solving the equation of motion, if a value of r
is reached such that the dimensionless quantities Z0 and X0

evaluated on the background are much larger than 1, one
can identify the contribution that dominates in this regime
and, in this case, estimate the leading correction to the
kinetic term, which is given by

ΔZπ ∼ Xn−1
0 Zm

0 ∼MPα
r2s

r5Λ2
2

1ffiffiffiffiffiffiffiffiffiffiffiffi
X0ðrÞ

p : ð18Þ

WhenZπ ≫ 1, the physical effect of the mixing is obtained
only after the scalar perturbation is canonically normalized
π ¼ πc=

ffiffiffiffiffiffi
Zπ

p
, and the result reads

εmixðrÞ≡ ZGB
mixffiffiffiffiffiffi
Zπ

p ∼
ffiffiffi
α

p �
Λ2
2

MPr

�
1=2

X0ðrÞ1=4: ð19Þ

The same phenomenon, the existence of a large scalar
background and, as a consequence, of large corrections to
the coefficient of the field perturbation close to massive
sources appears in so-called screening mechanisms.9

In those cases, the field redefinition, which is necessary
to canonically normalize the scalar perturbation, produces a
suppression of the direct coupling of π to matter. The fifth-
force exchange of the scalar is thus reduced. For fixed rs,
the r-dependence of (19) and (14) indicates that the kinetic
mixing effect is maximum at close range to the black hole,
i.e., r ∼ rs. Moreover, this effect is stronger for smaller
black holes,

εmixðr ∼ rsÞ ∝ r
− ðnþ1Þ
2nþm−1

s : ð20Þ
A measurement of this effect for various black holes of
different masses would allow us to constrain the form
of the dominant operator (n and m) through the above
dependence.
For later use, let us consider two different systems of

Schwarzschild radii rs1 and rs2, respectively. The ratio of
the mixing effects at distances r1 and r2 of each source is

εmixðr1; rs1Þ
εmixðr2; rs2Þ

∼
�
r2
r1

�
1=2

��
r2
r1

�
5−m r2s1

r2s2

� 1
4nþ2ðm−1Þ

; ð21Þ

where we used Eqs. (19) and (14). Notice that the way this
effect scales with distances and masses of the systems is
only dependent on the choice of the dominant operator
(i.e., on n and m). Other parameters such as the sGB
coupling α and the scale Λ drop from the above expression.
Another interesting remark is the fact that the sizes of

both the effect on the background geometry ε0 and the
effect from kinetic mixing εmix are not independent. Indeed,
notice that in general one has

ε0ðrÞ ¼
rs
r
εmixðrÞ2; ð22Þ

and, therefore, the kinetic mixing effect will always
dominate over the effect on the background geometry if
both are to be at most of Oð1Þ at the light ring.

V. CONSTRAINTS FROM TESTS OF GRAVITY

The absolute strength of the effects around black holes
discussed above depends on both the choice of coupling α
as well as on the form (n andm) and the scaleΛ of the other
operators that are present in the Lagrangian. However, the
presence of a scalar background may also introduce effects
at different scales, where current observations put strong
bounds to deviations from GR. Already in LIGO/Virgo

9For a review, see e.g., Refs. [42,43].
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events, the absence of an observed dephasing of the
gravitational wave signal from the one predicted by GR
puts an upper bound on the strength of scalar wave
emission [44,45]. In a different regime, there are also very
precise tests of gravitational physics in the Solar System.
One of the strongest bounds of this type comes from Lunar
Laser Ranging measurements that put strict constraints on
the existence of any kind of fifth force at about the 10−10

level at distances of the Earth-Moon orbit [46,47]. These
kinds of bounds will limit the choice of α, Λ and of the
allowed operators. A given choice of Λ will furthermore
impact the strength of Vainshtein screening and the size of
the Vainshtein radii for various systems. It is therefore
advisable to revisit situations where this kind of mechanism
is necessary in order to agree with observations. We will
now discuss these constraints in more detail.

A. Direct scalar-matter coupling

When matter is present, it is important to know which is
the dominant source for the scalar background. Indeed,
besides the sGB operator discussed so far, in general we
can expect the scalar to be directly coupled to matter, which
can source a scalar profile around matter sources but does
not affect the solution around black holes. The sGB
operator, instead, sources the scalar in both situations.
Let us parametrize the size of such a direct scalar-matter
coupling relative to the strength of gravity by δ,

δ

MP
ϕT: ð23Þ

Considering a kinetic mixing of cosmological origin, we
expect at least that δ > Λ3

3=Λ3 (Appendix D). Due to this
direct coupling, a matter source of massM� will generate a
scalar background with an associated Vainshtein radius of
order

r̃v ≡ 1

Λ

�
δ
M�
MP

�
1=3

¼ Λ3

Λ
δ1=3rv; ð24Þ

where rv is the usually quoted Vainshtein radius (as sourced
by nonlinear interactions suppressed by Λ3 in the presence
of a ϕT=MP scalar-matter coupling) [43]. The intensity of
the screening effect is instead given by the size of

ffiffiffiffiffiffi
Zπ

p
,

which grows quickly once inside r̃v, but it is Oð1Þ farther
away from the source. According to Eq. (24), there is in
general a much smaller Vainshtein radius compared to the
standard case, i.e., r̃v ≪ rv, and one should check that this
does not enter in conflict with current tests of gravity at
various scales. Indeed, if screening is needed in order to
avoid fifth force constraints, once r̃v becomes the size of
the system being considered or smaller, one might run into
trouble. The way around is to bring δ down, which,
although it further decreases r̃v, also alleviates the problem
that screening is trying to solve in the first place.

Consider the smallest value of Λ that is generically
consistent with cT ¼ 1, i.e., Λ ∼ 103Λ3 ∼ 1 km−1. With
this choice and a direct coupling of gravitational strength,
δ ∼ 1, large systems such as galaxies or galaxy clusters
would be in the situation described above, where the fifth
force becomes unscreened in their outer regions. This can
potentially lead to some tension, and suggests that δ ≪ 1.
However, if not of gravitational strength, there is no other
well-motivated value for the coupling δ other than the one
generated by kinetic mixing of cosmological origin. With
this value of Λ, we have that δ ∼ 10−9 (see Appendix D), so
we will assume that δ is approximately of this size.
Now, let us consider the ratio between the source terms

of the scalar background for the Earth-Moon system, again
assuming that the deviation of the geometry from GR is not
larger than Oð1Þ (and therefore T ∼MP

2R),

MPαR2
GB

δMPR
∼
α

δ

r⊕s
r3E−M

; ð25Þ

where r⊕s is the Schwarzschild radius of the Earth and rE−M
is the typical radius of the orbit of the Moon around the
Earth. If this ratio is equal to or larger than 1, the
background is sourced by sGB also at this scale. In
particular, both the estimations for the scalar background
and the size of the mixing are then given by the same
expressions as for black holes, Eqs. (14) and (19), respec-
tively, appropriately substituting rs by r⊕s . We will assume
this is the case, and we will later check that this is indeed
satisfied for specific choices of α, Λ and the form of the
leading HD operator (n and m).

B. Scalar wave emission in the inspiral phase

An important bound comes directly from the effect that a
scalar wave emission can have on the inspiral phase of a
binary black hole merger. The current best bound on the
effective sGB coupling [13] at the scales probed during
the inspiral, i.e., at rinsp, comes from the GW151226 event,
due to the large number of observed cycles during this
phase [44]. In terms of the effective value of the coupling
αinsp seen by scalar perturbations during this phase, the
bound reads10

10Note that the bound from Ref. [13] is obtained using a full
simulation of inspiral, merger, and ringdown phases, which is
stronger by an order of magnitude than the corresponding pure
inspiral constraints [48,49]. In an abuse of notation, we will
nevertheless label the correspondingly constraint coupling αinsp
and analogously for related parameters. The presence of HD
operators in addition to the sGB interaction will likely affect
particularly the highly nonlinear merger phase, potentially altering
the value of the bound on αinsp. Since we are interested in
approximate order of magnitude estimates here, we will leave a
refinement of our analysis taking into account these effects inmore
detail for future work and assume αinsp can approximately be
bounded as discussed above.
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αinsp ≡ αffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZπðrinspÞ

p < ð2.7 kmÞ2; ð26Þ

where the denominator accounts for the effect of the
Vainshtein screening. Again, this is an important difference
with most works that studied observational bounds on the
sGB coupling, where usually this effect is not present due
to the absence of operators which modify Zπ. Nevertheless,
here we are only naively estimating how screening will
affect the observable coupling, since in dynamical situa-
tions such as during a merger it is not yet clear how
effective this mechanism is [50,51]. Using Eqs. (16), (19),
and (26), we can then obtain a bound on εmix (we explicitly
evaluate these bounds in Sec. VI C), where

εmixðinspÞ ¼ αinsp
rs
r3

����
insp

: ð27Þ

This can in turn be related to the mixing at the light ring
(r ∼ rs) of a different black hole with Schwarzschild radius
rs by Eq. (21),

εmixðrsÞ
εmixðinspÞ

∼
�
rinsp
rs

�
1=2

��
rinsp
rs

�
5−m r2s

ðrinsps Þ2
� 1

4nþ2ðm−1Þ
: ð28Þ

The bound (26) then implies a bound on this quantity
as well.

C. Solar System tests

Finally, we now consider constraints coming from highly
precise tests of gravity in the Solar System. As discussed in
the previous section, we expect effects from kinetic mixing
to dominate observable deviations from GR around black
holes. However, in order to avoid violating fifth force
constraints, we must check that the same kind of effect is
negligible in the Solar System. In particular, at the scale of
the Earth-Moon orbit, the mixing must stay below the 10−10

level, in order to satisfy the Lunar Laser Ranging con-
straints [46,47]. In other words,

εmixðE −MÞ ≲ 10−10: ð29Þ
Assuming the same operator is dominating the kinetic term
in both scenarios (same m and n), the ratio (between
inspiral and Solar System εmix) will be independent of the
coupling α and the scale Λ. Again, using Eq. (21),

εmixðE −MÞ
εmixðinspÞ

∼
ffiffiffiffiffiffiffiffiffiffi
rinsp
rE−M

r ��
rinsp
rE−M

�
5−m

�
r⊕s
rinsps

�
2
� 1

4nþ2ðm−1Þ
:

ð30Þ
While (26) and (27) then bound εmix on inspiral scales (as

explicitly discussed for GW151226 above), relating this
bound to the Solar System constraint (29) via (30) then
allows us to restrict n and m, i.e., to restrict the form of the
leading effective HD operator (11).

VI. VIABLE MODELS

Now that we have discussed both the observable sig-
natures and constraints, in this section, we proceed to
identify explicit models that are viable, i.e., consistent with
the above constraints. In what follows, we take the
approach to first and foremost maximize the possible
observational effects, and then to see which of these models
can satisfy the various constraints. Therefore, we will
assume that the bound (26) is saturated. With this, we
maximize both the size of the kinetic mixing at the light
ring of black holes, Eq. (28), as well as its size around the
Earth-Moon system, Eq. (30).

A. Condition on the allowed operators

Having the maximum effect around the Earth-Moon
system gives a conservative condition on the allowed
operators, i.e., n and m. Indeed, we must demand that
the right-hand side of Eq. (30) satisfies the Solar System
bound (29). This condition implies that in practice n cannot
be arbitrarily large, for a given m; otherwise, the scaling of
the effect in going from the binary black hole inspiral down
to the Earth-Moon would be too mild to accommodate this
bound. The excluded region in the n-m plane is shown
in Fig. 2, shaded in blue. As also seen in Table I, some

FIG. 2. Allowed values of n for a given m ¼ 0, 1, 2, 3,
assuming the inspiral bound (26) saturates. The plot is cut off
toward the lower left, since λ ¼ 2nþm − 1 goes negative in the
red region and solutions for X0ðrÞ no longer decay moving away
from the source. Instead, the cut on the top right indicates the
Lunar Laser Ranging bound (29) is violated. Note that this
analysis does not exclude ð□πÞm operators with m ¼ 2, 3, but
such operators of course are either total derivatives or ghostly.
Viable operators that remain are e.g., X;X2; XZ, and XZ2, with
X2Z also being borderline acceptable. These are denoted by the
red dots.
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well-known cases such as the cubic or quartic Galileon [14]
are permitted.

B. sGB coupling α and HD operator scale Λ
As already mentioned, the choice of saturating the

inspiral bound (26) sets the size of the kinetic mixing
effect at the Schwarzschild radius. This gives a relation
between α and Λ for a given choice of operator (n and m).
Indeed, by using Eqs. (19) and (14), we find that

α2nþmΛ3m ∼
MP

2nþm−2

Λ4ðn−1Þ
2

r2nþ4
insp

r2s;insp
εmixðinspÞ4nþ2m−2: ð31Þ

Notice that in the particular case of m ¼ 0, this fixes α
directly, since Λ plays no role in that case.
There is still the freedom to choose the scale Λ, as long

as it is above 105Λ3 ∼ 102 km−1 in order to satisfy the
requirement from amplitudes, Eq. (4), but still well below
Λ2. We also recall that, as discussed in Sec. VA, we are
working under the assumption that the dominant source for
the scalar profile in the Solar System is the sGB operator,
rather than the direct coupling of cosmological origin,
parametrized by δ. So, from (25), a further condition on α
and Λ is that

α > δ
r3E−M
r⊕s

∼
�
Λ3

Λ

�
3 r3E−M

r⊕s
: ð32Þ

This can be plugged back into (31) and solved for a lower
bound onΛ. In most cases, this will be a weaker bound than
the one from amplitudes’ positivity, but not always—see
Table I. We call the stronger of these two lower bounds
Λminðn;mÞ, the minimum value of Λ one can consistently
choose for a given operator, and separately refer toΛobs

min and
Λpos
min for the bounds from observations (i.e., from inspiral,

background sourcing, Lunar Laser Ranging, and speed of
gravitational wave constraints) and from positivity
requirements.

C. Examples

Let us now look for explicit examples of models that
satisfy all the conditions that were discussed in the pre-
vious sections. We take for the radius of the Earth-Moon

orbit rE−M ∼ 3 × 105 km and the Schwarzschild radius of
the Earth r⊕s ∼ 10−5 km, while we use the GW151226
values for the inspiral quantities,11 rinsps ∼ 30 km and
rinsp ∼ 300 km. This immediately allows us to evaluate
the condition on n and m which accounts for the Lunar
Laser Ranging bound (29). A complementary condition on
these exponents was already mentioned after Eq. (14),
namely the requirement that 2nþm − 1 > 0, related to
our demand that the background solution X0ðrÞ decays
moving away from the source. We plot these two conditions
together in Fig. 2, where the shaded regions are excluded.
Examples of viable theories are marked as red dots within
the allowed region.
For these examples, we show in Table I the size of the

kinetic mixing effect close to a black hole of size
rs ∼ 10 km, as well as its size around the Earth-Moon
system. Recall that, by saturating the bound (26), the
quoted values for εmix are upper bounds for each model.
We also quote Λobs

min, i.e., the smallest value of Λ compatible
with observations, including cT ¼ 1, and the corresponding
α according to Eq. (31).
Notice that for all the models shown in Table I, the

kinetic mixing effect is always much smaller than 1.
According to Eq. (22), the deviation of the background
geometry from Schwarzschild is then even smaller. A
question one might ask is whether it is possible to make
both these effects to be Oð1Þ at r ∼ rs. While the inspiral
bound puts a tight constraint on this possibility, this can
nevertheless still be achieved if the kinetic mixing scales
steeply enough as one approaches the Schwarzschild
radius. From Eq. (21), one can readily see that, fixing
all the scales but r1 ¼ r, this effect scales as

εmixðrÞ ∝ r−
ðnþ2Þ

2nþm−1: ð33Þ

This dependence is stronger as n decreases, meaning that
models with “maximal” εmixðr ∼ rsÞ would fall on the

TABLE I. Examples of allowed operators, shown as red dots in Fig. 2, and the size of their expected kinetic mixing
effect both near a black hole with rs ¼ 10 km and around the Earth-Moon when assuming the inspiral bound (26) is
saturated. We also show Λobs

min and the corresponding α satisfying the various observational bounds discussed.

m n Operator εmixðr ∼ rsÞ εmixðE −MÞ Λobs
min½km−1� Λpos

min½km−1� α½km2�
0 1 X 10−1 3 × 10−21 3 × 103 102 10
0 2 X2 10−3 10−11 10 102 109

1 1 XZ 10−3 10−13 10 102 3 × 109

1 2 X2Z 3 × 10−4 3 × 10−10 1 102 3 × 1012

2 1 XZ2 3 × 10−4 10−10 1 102 3 × 1014

11Actually, the inspiral phase spans a range of distances rinsp
between roughly 3 and 30 times the Schwarzschild radius of the
black holes, rinsps [49]. We take an intermediate value which
should be acceptable for our purpose of giving order of
magnitude estimates for the effects at the light ring.
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leftmost part of the plot in Fig. 2, especially in the region
with n < 1.12 Such exotic models can nevertheless be
considered acceptable from the EFT point of view, if
one intends to remain agnostic about the UV completion
of the theory. Indeed, as discussed around Eq. (11), in the
regime for which X0 ≫ 1, there is not necessarily a single
operator with an integer value of n that dominates, but
rather an infinite tower of operators which collectively
show an asymptotic behavior for large X that is compatible
with a non integer n. This means that Oð1Þ mixing as well
as Oð1Þ deviations from a Schwarzschild background can
be achieved with a judicious choice of HD operators in
addition to the sGB one, while remaining consistent with
all other constraints discussed here.

VII. CONCLUSIONS

In this work, we have explored the possibility that the
dynamics of a scalar field ϕ responsible for the accelerated
expansion of the Universe can be probed in the strong
gravity regime of a black hole coalescence. Our analysis
relies on three assumptions: i) the interactions of ϕ are shift
symmetric; ii) a scalar hair is generated around the final
black hole, sourced by a linear coupling between the field
and the Gauss-Bonnet operator; and iii) the spin of the
black hole is ignored.
Within these conditions, we have found that the presence

of certain scalar self-interactions can affect, in an observ-
able way, the spectrum of quasinormal modes emitted
during the black hole ringdown. This conclusion is robust,
at least from an EFT perspective. The dynamics of the new
degree of freedom is parametrized in a general way, based
on exact and approximate symmetries which provide well-
defined power-counting rules for the derivative and field
expansions within the effective Lagrangian. The regime of
applicability of the EFT is also imposed to be consistent
with the strongest constraints coming from amplitudes’
positivity conditions derived up to now in this class of
theories [27], which also ensures compatibility with con-
straints on the speed of gravitational waves [18].
The details of the resulting deviations from GR pre-

dictions are, on the other hand, model dependent, even if
they are all ultimately originated by the presence of the sGB
coupling. This is because at scales of order of the light ring
the leading effect, depending on the details of the scalar
theory, can be given by different operators. While in the
paper we provide only an order of magnitude estimate of
such effects, a more complete computation would be
useful: the explicit results for QNM spectra obtained so
far in the literature are insufficient to fully characterize the
potential experimental signatures of this scenario. They are
in fact obtained in the limiting case where the only other

operator present in the scalar Lagrangian—a part from
Gauss-Bonnet—is the kinetic term.
The variety of possible sources of new effects in the

gravitational waveform emitted during the ringdown sug-
gests that, instead of studying each and every case
separately, it would be useful to adopt a more model
independent approach, like the one recently proposed in
[52], to compute the QNM spectrum.
Note that the observable effects discussed here are at the

0.03–0.1 percent level. While Oð1Þ deviations from
Schwarzschild background solutions are already strongly
constrained, the sensitivity of current experiments will
likely not be enough to probe effects of this size.
However, we stress that deviations from GR observable
with the next generation of detectors [53] are well moti-
vated, since their presence is quite generic and robust.
Finally, we wish to reiterate that the results presented

here mean that, in the presence of “hair,” the nature of dark
energy can be probed with strong gravity observables.
While several orders of magnitude separate the scales
associated to these regimes, we have shown that a well-
defined set of theories is predictive over this range of scales
and yields observable signatures in binary black hole
systems.
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APPENDIX A: NONRENORMALIZATION OF
GAUSS-BONNET AND WEAKLY BROKEN

GALILEON SYMMETRY

The upper bound (10) on the coupling α of the sGB
operator (7) can be obtained by requiring that the strong
coupling scale of the theory is not below Λ. A simple way
to derive it is by comparing loop diagrams involving the
sGB term with tree-level operators in the EFT (3).
However, in order to get the correct result, one should
note that in any quantum loop involving the sGB operator,
at the leading order in 1=MP, any scalar leg attached to sGB
vertices comes always with at least two derivatives. In other
words, the sGB operator satisfies the power counting of the
class of operators with weakly broken Galileon symmetry,
introduced in Refs. [15,17].13 In the following, we provide

12Indeed, this trend is also visible in Table I, where it is clear
that εmixðr ∼ rsÞ increases with decreasing n.

13This is in agreement with the fact that the sGB combination
is equivalent to a quintic Horndeski operator, provided a very
specific choice of the Horndeski function G5 ∝ logðXÞ [54].
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an explicit check of the latter statement, which in turn will
imply that α is bounded from above by MP=Λ3.
Potentially dangerous contributions, inducing potentially

large quantum corrections to the couplings of the operators
of the form ð∂ϕÞ2n, are those coming from sGB vertices
with two graviton lines, which carry the least suppression in
powers of 1=MP. We will check that, after tedious inte-
grations by parts, those vertices can in general be rewritten
in such a way that the scalar field always carries at least two
derivatives,

MPαϕR2
GB ⊇

α

MP
ϕð∂2hcÞ2 ∼

α

MP
hc∂2ϕ∂2hc; ðA1Þ

implying therefore that they actually do not renormalize
ð∂ϕÞ2n. To this end, we expand the Riemann tensor, the

Ricci tensor, and the curvature scalar at linear order in the
metric perturbation,

Rμνρσ ¼
1

2
ð∂ρ∂νhμσ þ ∂σ∂μhνρ − ∂σ∂νhμρ − ∂ρ∂μhνσÞ

þOðh2Þ; ðA2Þ

Rμν ¼
1

2
ð∂σ∂νhσμ þ ∂σ∂μhσν − ∂μ∂νh − ∂σ∂σhÞ þOðh2Þ;

ðA3Þ

R ¼ ∂μ∂νhμν − ∂σ∂σhþOðh2Þ: ðA4Þ

Plugging this into the definition of the Gauss-Bonnet
operator, we obtain

ϕR2
GB ¼ ϕ½∂μ∂νhρσ∂μ∂νhρσ þ ∂μ∂νhρσ∂ρ∂σhμν − 2∂μ∂νhρσ∂μ∂ρhνσ − 2∂σ∂νhσμ∂ρ∂νhρμ − 2∂σ∂νhσμ∂ρ∂μhρν

þ 4∂μ∂νh∂σ∂μhνσ þ 4□hμν∂σ∂μhσν − ∂μ∂νh∂μ∂νh − 2∂μ∂νh□hμν −□hμν□hμν þ ∂μ∂νhμν∂ρ∂σhρσ

− 2∂μ∂νhμν□hþ ð□hÞ2�: ðA5Þ

Finally, after straightforward integrating by parts, we find

ϕR2
GB ¼ □ϕ∂νhρσ∂νhρσ − ∂μ∂νϕ∂νhρσ∂μhρσ − ∂ρ∂νϕ∂σhσμ∂μhνρ þ ∂ρ∂σϕ∂νhσμ∂μhρν þ ∂μ∂νϕ∂σhσμ∂ρhρν

− ∂μ∂σϕ∂νhσμ∂ρhρν − 2∂μ∂ρϕ∂μ∂νhρσhνσ þ 2∂ν∂ρϕ□hρσhνσ − 2∂σ∂νϕhσμ∂ν∂ρhρμ þ 2□ϕhσμ∂ρ∂σhρμ

þ 2hð∂μ∂νϕ∂σ∂μhνσ −□ϕ∂μ∂νhμνÞ − 2h∂μ∂νϕð□hμν − ∂σ∂μhνσÞ − hð∂μ∂νϕ∂μ∂νh −□ϕ□hÞ; ðA6Þ

which is sufficient to show that any quantum mechanically
generated loop correction involving vertices that come from
the Gauss-Bonnet operator will not renormalize inter-
actions of the form ð∂ϕÞ2n at leading order in MP.
Corrections instead come with at least an extra suppression
in 1=MP.

APPENDIX B: BLACK HOLES WITH
GAUSS-BONNET HAIR

In Ref. [7], an upper bound on the sGB coupling α has
been derived under the assumption that the only operators
in the scalar-tensor theory are given by

L ¼ MP
2

2
R −

1

2
ð∂μϕÞ2 þMPαϕR2

GB: ðB1Þ

In particular, requiring regularity of the second derivative of
the scalar field at the horizon, the authors of Ref. [7] have
shown that α < αmax ≡ r2h=

ffiffiffiffiffiffiffiffi
192

p
, where rh defines the

position of the black hole horizon. In the following, we will
show that this result is somehow fragile upon deformations
of the theory (B1) and that the bound can indeed be relaxed
if other operators become relevant in the vicinity of the

black hole. For simplicity, let us assume that the theory near
the horizon is dominated by the following operators,14

L¼MP
2

2
R−

1

2
ð∂μϕÞ2þβð∂μϕÞ2

□ϕ

Λ3
þMPαϕR2

GB; ðB2Þ

where we included the cubic Galileon with coupling β. Let
us parametrize the background metric as follows,

ds2 ¼ −eAðrÞdt2 þ eBðrÞdr2 þ r2ðdθ2 þ sin2 θdφ2Þ; ðB3Þ

and let rh be the horizon, such that eAjr→rþh
→ 0 and

A0jr→rþh
→ þ∞. Solving the ðrrÞ-component of the

Einstein equations for BðrÞ, in the horizon limit r → rþh ,
one finds that

14In fact, this assumption turns out to be quite general. One can
try to consider the more general case of the theory (6) with the
function G3ðXÞ in the form for instance of an arbitrary poly-
nomial of X. It turns out that the expression for ϕ00 near the
horizon is dominated by the lowest powers of X, leading therefore
to the same bound (B6) that we find in the case (B2).
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eBjr→rþh
→

�
rh þ

4αϕ0

MP

�
A0jr→rþh

; ðB4Þ

at leading order in A0jr→rþh
. The presence of the horizon

requires that eB diverges, which translates into the condition
MPrh þ 4αϕ0ðrhÞ > 0. Then, one can plug the result (B4)
into the expression for ϕ00, which can be obtained for
instance from the scalar equation of motion, derived from
(B2). In the horizon limit, the result takes on the form

ϕ00jr→rþh
→ −

12αMP þ r3hϕ
0 þ r2hϕ

02ð 4αMP
− β

Λ3Þ
Λ3MPðr4h − 96α2Þ − 2r3hϕ

0ðβMP − 2αΛ3Þ
· ðMPrh þ 4αϕ0ÞA0jr→rþh

: ðB5Þ

Thus, in order forϕ00 to be finite at the horizon, the numerator
in (B5) needs to vanish in the limit r → rþh . Solving for
ϕ0ðrhÞ, one finds two solutions, which are real only if

r4h − 192α2 þ 48β
MPα

Λ3
> 0: ðB6Þ

Setting β ¼ 0, one immediately recovers the upper bound
αmax ¼ r2h=

ffiffiffiffiffiffiffiffi
192

p
of [7]. If instead β ≠ 0, Eq. (B6) allows a

wider range of values for the coupling α, provided that
αβ > 0. Indeed, assuming β ∼Oð1Þ and rh in the range of
values of standard LIGO/Virgo and LISA black holes, α can
now be as large as MP=Λ3, which for Λ ∼ 102 km−1

corresponds to αmax ∼ 1032 km2.

APPENDIX C: DIMENSIONAL ESTIMATES FOR
STATIC AND SPHERICALLY SYMMETRIC

BACKGROUNDS

Here, we present a dimensional estimate of the typical
curvature R outside static spherically symmetric object of
mass M�, assuming the unperturbed GR solution. Since in
vacuum both the Ricci tensor and the Ricci scalar are zero,
we must look at the full Riemann tensor. A nonvanishing
scalar we can build is the Kretschmann scalar,

RμνρσRμνρσ ≃
r2s
r6
; ðC1Þ

where we evaluated for the Schwarzschild metric and rs ¼
M�=MP

2 is the Schwarzschild radius. From this quantity,
we can then give an estimate of the typical curvature as

R ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RμνρσRμνρσ

p
∼
rs
r3
: ðC2Þ

The Gauss-Bonnet invariant instead, in vacuum, is pre-
cisely given by the Kretschmann scalar, and therefore

R2
GB ≃

r2s
r6
: ðC3Þ

As a worked example, consider the derivation of (16).
Perturbing the operatorMPαϕR2

GB around a Schwarzschild
background, we obtain the following quadratic kinetic
mixing (modulo numerical factors),

MPαϕR2
GB → MPαRμνρσ∂μπ∂σhνρ; ðC4Þ

where the Riemann tensor is taken to be evaluated on the
background. Upon normalizing the graviton perturbation
(h → hc=MP) and explicitly substituting the background
scaling for the Riemann tensor (C1), we then find

MPαRμνρσ∂μπ∂σhνρ ∼ α
rs
r3
∂hc∂π; ðC5Þ

reproducing the result of (16). Similarly consider the
mixing induced by a HD operator, e.g., the cubic
Galileon operator Λ4

2XZ, i.e., n ¼ 1, m ¼ 1 in the notation
of (11). From such a term, we schematically obtain a
mixing,

1

Λ3
ð∂ϕ0Þ2∂π∂h ¼ 1

Λ4
2

�
Λ3

Λ

�
3

ð∂ϕ0Þ2∂π∂hc

¼
�
Λ3

Λ

�
3

X0∂π∂hc ∼ α
r2s
r4
∂π∂hc; ðC6Þ

where we have used (14) to solve for X0 in the final step and
reproduced (17).

APPENDIX D: KINETIC MIXING FROM
COSMOLOGY

Consider the Lagrangian,

L ¼ MP
2Rþ Λ4

2X
nZm; ðD1Þ

with m ¼ 0, 1, 2, 3 and n ≥ 1 and Z ¼ ∂2ϕ
Λ3 . The HD

operators (m ≥ 1), when expanded around some back-
ground solution with X0 and Z0, will generically induce a
mixing of the form

Λ4
2X

nZm ⊃
Λ4
2

Λ3MP
Xn
0Z

m−1
0 ∂hc∂π ≡ ZH

mix∂hc∂π; ðD2Þ

where Λ2
2 ¼ MPH0. On the other hand, the kinetic term for

π generically also receives a contribution,

ΔZπ ∼ Xn−1
0 Zm

0 : ðD3Þ

On the cosmological background, we have X0 ∼ 1, and
Z0 ∼ Λ3

3=Λ3, such that the mixing term and the new
contribution to the kinetic term satisfy
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ZH
mix ∼ ΔZπ ∼

�
Λ3

Λ

�
3m

≪ 1; ðD4Þ

where Λ3
3 ¼ MPH2

0. Now, after diagonalizing and canoni-
cally normalizing, there is an induced coupling with matter
of the form

1

MP
hcμνTμν →

1

MP

ZH
mixffiffiffiffiffiffi
Zπ

p πcT þ…: ðD5Þ

Assuming there is a standard kinetic term for π to begin
with, we have Zπ ¼ 1þ ΔZπ ≃ 1, and then the screening
effect can be neglected. Furthermore, if there is at least one
operator with m ≥ 1, the induced coupling is at most of
order

�
Λ3

Λ

�
3

πT: ðD6Þ
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