
SUPPLEMENTAL DOCUMENT
Numerical study of single bubble rising dynamics for the variability of moderate

Reynolds and sidewalls influence: A bi-phase SPH approach

Edgar A. Patiño-Nariño1∗, Andres F. Galvis2, Renato Pavanello3, Stanislav A. Moshkalev4

1Centre for Information Technology Renato Archer (CTI), Campinas-SP 13069-901, Brazil.
2School of Mathematics and Physics, University of Portsmouth, Portsmouth PO1 2UP, UK.

3School of Mechanical Engineering, University of Campinas, Campinas-SP 13083-860, Brazil.
4Center for Semiconductor Components and Nanotechnology, University of Campinas, Campinas-SP 13083-870, Brazil.

Abstract

This supplemental document includes information that expands the study linked to the primary article, submitted in
the EABE journal. This document shows a brief discussion of the influence of the bubble rising problem with the
variation of Reynold number (Re), Eötvös number (Eo), density ratio (Φ), SPH resolution size (∆x), and the ratio
between cavity width and the bubble diameter (β). These variations exhibit the effects of the Momentum equations
and the hydrostatic pressure condition (HPC).
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A. Momentum equations influence with case 1

In this section, the case 1 (Re = 35 and Eo = 10) is implemented for a viscosity rate of λ = 10, Φ = 10, β = 2
and ∆x = 1/200. Where this configuration is used for the analysis of the HPC methodology (see Appendix F) in
the initial condition of the density of the fluidic particles (bubble and surrounding fluid). Figure S1(a) displays the
position of the bubble’s center of mass as a function of time, for mapping the positions the Eq. 14 is used. Similarly,
Fig. S1(b) presents the evolution of rising velocity, however in this case the Eq. 15 is employed. Consequently, Fig. S1
shows the approximations of the MG and MO moment equations with and without the implementation of HPC, along
with the result of the work of Hysing et. al [11].

To analyze the effects of the HPC, Fig. S1(a) presents the temporal evolution of the position in the bubble for
different configurations. For the cases of MG and MO with the HPC condition, almost constant behaviors are achieved
with a slope close to zero (between the time range 0.0 − 0.3), to later become a strong constant and linear regime
with a slope well-defined between 0.3 to 3.0, which shows a behavior according to the previous approximations for
the ellipsoidal bubble [11, 12]. Nevertheless, cases without the implementation of HPC describe an oscillating and
irregular behavior around the time displacement function of other cases.

Similarly, Fig. S1(b) shows the evolution of Rising velocity. The cases with the HPC condition in the MG and
MO implementations are compared to the work of Hysing et. al [11]. They observed an oscillating and irregular
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behavior. However, there is a trend in the rise velocity reasonably around the results using FEM. In another way, the
case without HPC presents a strongly oscillatory behavior with maximum peaks that are gradually damped, also with
a length between waves of approximately 0.8 units of time, which results in a far behavior from that expected for this
type of problem. Finally, it is possible to conclude the importance of the HPC implementation for the exploration of
the rising bubble formation in the multiphase SPH proposed in this work.

(a) (b)

Figure S1: Bubble rising result with the variation of hydrostatic pressure correction (HPC) with Eo=10, Re=35, Φ=10 and ∆x = 1/200. (a)
Temporal evolution of center of mass; (b) Temporal evolution of rising velocity.

Table S1 explores the error norms defined in Eqs. 16, where the solutions referenced in Hysing’s work with the
code TP2D [11] are used. This reference solution (qt,ref ) is implemented to quantify the solutions with the moment
terms of MG and MO. Whereby, for the center of mass variable, it is observed that the magnitude of resulting quantities
between MO and MG is relatively close but no equal. Thus, it can be concluded that the generated errors are less in
the MG case. This is notorious in the ‖l2‖ norm, being approximately 4.0 times less compared with MO. Likewise,
the case with rising velocity in Tab. S1, also exposes the term MG with a smaller norm, but the difference between
norms is less expressive.

Table S1: The analysis of error norms for the rising bubble temporal evolution with the SPH approach for the comparison between MG and MO,
with the FEM with TP2D results as the reference solution.

‖l1‖ ‖l2‖ ‖l∞‖
Center of mass MG 1.878·10−3 1.396·10−5 3.126·10−3

MO 4.677·10−3 5.561·10−5 1.194·10−2

Rise velocity MG 2.439·10−3 1.690·10−2 2.369·10−1

MO 6.298·10−3 2.430·10−2 3.480·10−1

Figure S2 shows at t = 3.0 the morphology and particle distribution for the bubbles in case 1 (Re = 35 and Eo =
10), for the MG and MO implementations. Further, the comparison with the contours of the Hysing et al. [11] using
FEM, Klostermann et al. [13] using the Volume of Fluid method (VOF) and Zainali et al. [12] with the Incompressible
SPH method (ISPH).

2



FEM Hysing et al.

ISPH Zainali et al.

VOF Klostermann et al.

0.70.50.3

1.1

1.2

1.0

MGMO

Figure S2: The rising bubble at t = 3.0 with ∆x = 1/200. It presented the particle distribution of MO (half of left side) and MG (half of right
side), and the contours of Hysing et al. (Finite Element Method - FEM) [11], Klostermann et al. [13] (Volume of Fluid method - VOF) and Zainali
et al. (Incompressible SPH method - ISPH) [12]. Where the red particles represent the surrounding liquid and the blue particles the bubble.

Thereby, MO has a more flat ellipsoidal deformation as if the interaction with the surrounding fluid has crushed
the bubble in the vertical direction, which producing a morphology in disagreement with the other approaches. Never-
theless, for the case with MG, the distribution of the particles in the bubble displays agreement with the morphologies
of the solutions with FEM, VOF, and ISPH. Therefore, it can be concluded that the case with MG for this example of
rising bubble formation is the most adequate approach and is adopted as the standard implementation for the rest of
this work.

B. The influence of β ≤ 2

It is studied the case 1 (Re = 35 and Eo = 10) with the influence of the ratio between cavity width and the
bubble diameter (β ≤ 2). Figure S3 shows the center of mass and rising velocity of the bubble through the variation
of β. Thus, the displacement of the center is shown in Fig. S3(a) and the velocity in Fig. S3(b). The influence of the
distance ratio between the sidewall and bubble diameter is studied, changing the relation D0 and L as a function of β.
Thus, it is compared for each D0 =L/β the effects of FS and NS boundary conditions. Hence, it is observed that for
β with 6 and 8 a low effect in the bubble behavior is generated. However, as expected, the bubble with β = 2 raises
the divergence between NS and FS results.

Figure S3(a) displays that increase of the size of D0 develops considerable divergences in the positions of the
center of the bubbles for the FS and NS solutions. Regardless, for Fig. S3(b) the influence of the boundary conditions
is less perceptible for the β increase, particularly in the initial evolution of peak velocity around the instant of t ≈ 0.5.
Subsequently, the evolution of the velocities after the maximum peak presents the growth in the attenuation oscillation
amplitude, being more expressive for L/2.

C. Density rates validation with case 2

In this section, it is proposed study of case 2 (Re = 35 and Eo = 125) with Φ being 100 and 1000 presenting the
particle distribution, and the contour of Φ = 10, as shown in Fig. S4. Thus, the multiphase implementations of SPH
are compared with the results of the mesh methods of Hysing et al. [11] and Smolinski et al. [14] at t = 3.0. For the
Hysing bubble (case 2), it is important to note that the result used is the TP2D software example, and only the main
bubble is displayed, discarding the satellite bubbles [11, 14]. The morphologies obtained in Fig. S4 are similar to each
other, where the examples reach the dimpled ellipsoidal cap. However, there are differences in the final locations, this
is expected due to the nature of the approximations.The authors’ highlight that is important to consider the position
and morphology of the satellite bubbles to deeps study the accuracy of the SPH model. Therefore, in futures works
will be important to quantification the influence of lateral instabilities (break-up, skirted, and bubbles shedding) in
different bubble regimes.
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Figure S3: Bubble rising result with the bubble diameter variation (D0) and its relation with the distance (L) between lateral walls, such as the
boundary wall effect of free-slip (FS) and no-slip (NS) conditions with Eo = 10 and Re = 35. (a) Temporal evolution of center of mass; (b)
Temporal evolution of rising velocity.

Φ =10LS Smolianski et al.

FEM (TP2D) Hysing et al.

Figure S4: The examples of bubble rising at t = 3.0 with the variation of Φ with Eo=125, Re=35, λ = 100 and ∆x = 1/200, and the comparison
between the SPH proposed with the bubbles obtained for LS Smolianski et al. [14] and the Hysing et al. [11]. Particle distribution on the right half
is Φ = 100 and on the left half is for Φ = 1000, where the red particles represent the surrounding liquid and the blue particles the bubble.

Figure S5 describes the temporal evolution of the center of mass and the rising velocities of the bubble, for the
cases with Re = 35, Eo = 125 and Φ being 10, 100 and 1000, compared to the Hysing solutions from the FreeLIFE
and TP2D software [11]. Therefore, the different results of Φ in this work expose trends similar to those expected in
an ellipsoidal bubble for the displacement of the center in Fig. S5(a). A constant behavior is achieved at the beginning,
for later linear growth. In the velocity rising behavior in Fig. S5(b), there is an increase until a maximum speed peak,
followed by an oscillating attenuation. Nonetheless, slower motion (velocity and displacement) for the Φ = 10 rate
occurs due to a minor influence of the Φ rate on the bubble fluctuation, which is displayed in Fig. S4 for the bubble
morphologies at t = 3.0.

In the comparisons between the cases of mesh methods and the SPH implementation, Fig. S5(a) describes the
problems with Φ being 100 and 1000, which exhibits a similar trend until near t ≈ 1.6. Thereafter, SPH approaches
are more attenuated, where the deceleration is shown at the final positions of the bubbles in Fig. S4. In the evolution
of rising velocity for SPH with the results of Hysing, both approximations are divergent as is illustrated in Fig. S5(b).
However, there are some similarities, such as the presence of the maximum peak, and subsequent oscillating attenua-
tion of the velocities.
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Figure S5: Bubble rising problem with the variation of Φ with Eo=125, Re=35, λ = 100 and ∆x = 1/200, and comparison between SPH and
FEM with TP2D and FreeLIFE results. (a) Temporal evolution of center of mass; (b) Temporal evolution of rising velocity.

References

[1] J. P. Morris, Simulating surface tension with smoothed particle hydrodynamics, International Journal for Numerical Methods in Fluids 33 (3)
(2000) 333–353.

[2] K. Szewc, J. Pozorski, A. Tanire, Modeling of natural convection with Smoothed Particle Hydrodynamics: Non-Boussinesq formulation,
International Journal of Heat and Mass Transfer 54 (23-24) (2011) 4807–4816.

[3] E. A. Patino-Narino, H. S. Idagawa, D. S. de Lara, R. Savu, S. A. Moshkalev, L. O. S. Ferreira, Smoothed particle hydrodynamics simulation:
a tool for accurate characterization of microfluidic devices, Journal of Engineering Mathematics 115 (1) (2019) 183–205.

[4] E. A. Patiño-Nariño, A. F. Galvis, P. Sollero, R. Pavanello, S. A. Moshkalev, A consistent multiphase SPH approximation for bubble rising
with moderate Reynolds numbers, Engineering Analysis with Boundary Elements 105 (2019) 1–19.
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