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Abstract

This paper presents a multiscale approach to model the dynamic transition

between macro, micro, and homogenized atomistic scales in 2D polycrystalline

materials. At the macroscale, the material is assumed as an isotropic homogeneous

medium. The material at the microscale, in contrast, is characterized by anisotropic

grains with stochastic morphologies and random crystalline orientations. The

Boundary Element Method (BEM) is used to model both macro and micro scales

using isotropic and anisotropic formulations, respectively. To connect both scales, the

macro transient responses at internal points are prescribed as boundary conditions to

the microscale analysis. The mechanical behavior at the interfaces between grain

boundaries is assessed using Cohesive Interface Elements (CIEs). Based on the

Multiscale Cohesive Zone Model (MCZM), this approach transfers the homogenized

strain energy evaluated in the CIE during the microscale analysis to an atomistic

arrangement. In order to define a failure criterion from the atomistic interpretation, the

extended Finnis-Sinclair potential is applied to describe the interactions between

atoms. Finally, we present some examples of intergranular crack propagation resulting

from the rupture of atomic bonds due to the interatomic forces.

Keywords: Multiscale modeling, Dynamic failure, Polycrystalline materials,

∗Corresponding author
Email address: andres.galvis@port.ac.uk (Andres F. Galvis)

May 10, 2021



Boundary element method, Multiscale cohesive zone model.

1. Introduction

Although some materials are often modeled as continuous, homogeneous, and

isotropic from a macroscopic perspective, these assumptions are not reasonable at

smaller scales. Metallic materials, for instance, are typically composed of randomly

oriented microscopic crystal aggregates. The micromechanical aspects can be

neglected for many practical situations, relying on overall material properties

experimentally measured. However, some physical phenomena are deeply affected by

the material microstructure, such as one of the leading problems for materials science

and engineering: material failure. These phenomena encouraged many researchers to

devote efforts to understand and connect the physical response of materials at different

space and time scales, bringing the emergence of the multiscale analysis (Fish, 2010;

Matouš et al., 2017). To illustrate a typical multiscale approach, Figure 1 describes the

range of space and time scales for a connecting rod.

Figure 1: Space and time scales for a connecting rode.

The BEM is a powerful numerical method to model high stress and strain gradients,

typical of problems with sharp corners or cracks, only using the surface discretization

(Galvis et al., 2018). These features make the BEM particularly appealing for modeling
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polycrystal aggregates and multiscale failure analysis coupled with other numerical

approaches (Galvis and Sollero, 2016; Alvarez et al., 2018; Galvis et al., 2018). In

order to model failure in crystals, Sfantos and Aliabadi (2007) introduced a 2D macro

and micro analysis of polycrystalline materials under static loads. The authors used the

Representative Volume Elements (RVEs) to transfer the mechanical response between

scales. Galvis and Sollero (2016) presented a dynamic analysis of the micro and the

atomistic scales in 2D polycrystalline materials using the BEM and the MCZM.

To extend the failure analysis, connecting both discrete and continuum descriptions

in polycrystalline materials, this work includes the framework proposed by Lyu et al.

(2016). They introduced the MCZM in the multiscale fracture analysis using third-

order Cauchy-Born rules and a barycentric Finite Element Method (FEM) formulation

to build shape functions for cohesive hexagonal zones. The MCZM formulation relies

on atomistic potentials and the information related to deformation gradients, which can

be transferred to disrupt atomistic arrangements.

The Embedded Atom Method (EAM) (Daw and Baskes, 1984) and the

FinnisSinclair (FS) (Finnis and Sinclair, 1984) potential aim to describe the bulk,

surface, and cluster properties of metals. Both have different forms in their details, but

they have similar formulations representing the total potential energy of an atomic

system as a sum of a pairwise interaction term and an n-body term. Based on a

second-moment approximation to the tight-binding density of states, this class of

potential has shown satisfactory results in simulations of point defects and grain

boundaries for metals and alloys (Dai et al., 2006).

To the authors’ knowledge, this work presents the first 2D dynamic approach to

couple macro, micro, and homogenized atomistic scales using BEM and MCZM. The

polycrystalline structure is generated using the Voronoi tessellation algorithm, which

is applied to represent the grain morphologies (Okabe et al., 2009). The grains are

modeled as randomly oriented continuous bodies, joined together by applying

displacement compatibility and traction equilibrium at the interfaces. The orientation

within a cohesive zone is assumed as the average of orientations between two adjacent

grains. The implemented MCZM provides the granular interface response and,

together with the homogenized atomistic criterion, allows simulating the intergranular
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crack propagation. Aiming for a faster evaluation of the BEM matrices, the

computational code resulting from this study is parallelized on a shared memory

architecture using Fortran-OpenMP.

Different approaches can be used to couple atomistic and continuum

models. Yamakov et al. (2008) used the embedded statistical coupling method to

couple molecular dynamics simulation and finite element analysis.

Recently, Fernández et al. (2020) used an artificial neural network trained by

molecular dynamics simulation results to bridge the atomistic scale at the grain

boundary level and the continuous scale at the polycrystalline level. As detailed in

Section 4.1, this work uses the second-order Cauchy-Born rule to transfer the

homogenized deformation gradient evaluated at each cohesive interface element as a

change in the interatomic distances in a BCC arrangement.

Using homogenized cohesive interface elements provides a reduced model for

studying intergranular crack propagation. However, this model has some clear

limitations. For example, the fracture path is described by a successive remotion of

cohesive elements between two microscopic grains, not by the discrete rupture of

atomic bonds, neglecting the effects of grain boundary structure on the fracture path,

discussed in (Möller and Bitzek, 2014; Dingreville et al., 2017; Bachurin, 2018;

Kondo et al., 2019). As well known, the atomistic lattices are overlapped at the

interfaces after the grain growth process. Thereby, to take into account the atomic

coordination geometry at the grain boundary, a discrete model would be useful. The

implemented approach was only developed in the continuous mesoscale by coupling

the cohesive zone model.

This work presents a reduced model is that it takes advantage of the BEM and

the second-order Cauchy-Born rule coupled to a many-body potential, which allows

considering the interaction with neighboring lattices, providing an atomistic failure

criterion. The use of the BEM benefits the analysis of the grain boundaries and the

dynamic simulation of the intergranular crack propagation.
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2. BEM formulation

The BEM formulation is based on the well-known Boundary Integral Equation

(BIE) for elastodynamic problems. The BIE is derived from Cauchy’s equations of

motion by applying the reciprocal theorem. It states the relationship between the

displacements ui and tractions ti on a surface Γ of a homogeneous elastic solid and the

corresponding fundamental solutions for displacements Uki and tractions Tki . The

BIE can be written as

ckiui +
∫
Γ

Tkiui dΓ =
∫
Γ

Ukiti dΓ+
∫
Ω

Ukipi dΩ, (1)

where the free-term coefficient cki is defined as cki = δki/2 when the source point is

located at a smooth surface, and as cki = δki when the source point is located inside

the domain Ω, being δki the Kronecker delta. The last term in the above equation is an

integral over the domain of the body, denoted as Ω, where pi = ρ(bi − Üui), being ρ the

mass density, ρbi the body forces vector and ρ Üui the inertia term, which represents the

forces caused by the acceleration of the body.

In order to obtain a pure boundary representation of the elastodynamic problem,

it is necessary to transform this domain integral into a boundary integral. This can

be accomplished using the Dual Reciprocity Boundary Element Method (DRBEM),

discussed in (Partridge et al., 1992). Following the DRBEM procedure, the vector pi

is approximated as a sum of M radial functions f j
ik

multiplied by unknown coefficients

α
j
k
, i.e.,

pi = ρ(bi − Üui) ≈
M∑
j=1

f j
ik
α
j
k
, (2)

where f j
mk

must fulfill the following equation

Cmnrsû
j
rk,ns

= f j
mk
, (3)

being Cmnrs the stiffness tensor. The solutions of equation Eq. (3), ûrk , are known as

displacement particular solutions. Using Cauchy’s formula and Hooke’s law, we can

find the traction particular solutions t̂rk from ûrk . In this work, the particular solutions

used by Albuquerque et al. (2002) were adopted. The reciprocal relation between the
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fundamental solution and the particular solution is given by

cki û
j
in +

∫
Γ

Tki û
j
in dΓ =

∫
Γ

Uki t̂
j
in dΓ+

∫
Ω

Uki f j
in dΩ. (4)

From the above equation, the following relation is obtained∫
Ω

Uki f j
in dΩ = cki û

j
in +

∫
Γ

Tki û
j
in dΓ−

∫
Γ

Uki t̂
j
in dΓ. (5)

Using the approximation assumed in Eq. (2), the domain integral in Eq. (1) can be

represented as ∫
Ω

Ukipi dΩ =
M∑
j=1

α
j
n

∫
Ω

Uki f j
in dΩ. (6)

Substituting Eq. (5) into Eq. (6), we get∫
Ω

Ukipi dΩ =
M∑
j=1

α
j
n

(
cki û

j
in −

∫
Γ

Uki t̂
j
in dΓ+

∫
Γ

Tki û
j
in dΓ

)
. (7)

It can be noticed that the above equation provides a boundary integral representation

of the domain integral presented in Eq. (1). Therefore, substituting Eq. (7) into Eq. (1),

we obtain a pure boundary integral equation expressed as

ckiui +
∫
Γ

Tkiui dΓ =
∫
Γ

Ukiti dΓ

+

M∑
j=1

α
j
n

(
cki û

j
in −

∫
Γ

Uki t̂
j
in dΓ+

∫
Γ

Tki û
j
in dΓ

)
. (8)

The discretization of the boundary and the application of the BIE to all nodes

generates the following system

Hu+
(
GT̂−HÛ

)
ααα =Gt, (9)

where H and G are the matrices resulting from the integration of the fundamental

solutions for traction Tik and displacements Uik , respectively. The matrices Û and T̂

contain the particular solutions. u and t are the vectors of nodal displacements and

tractions, respectively. The remaining term ααα is the vector of unknown coefficients.

Assuming that, for transient analysis, the body forces are only those caused by the

acceleration of the body, we get

ααα = ρEÜu, (10)
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where Üu is the vector of nodal accelerations, E = F−1, being F the matrix resulting from

the computation of the functions f j
ik

at each node. Substituting Eq. (10) into Eq. (9),

the final dynamic system of equations is obtained

MÜu+Hu =Gt, (11)

being M = ρ(GT̂−HÛ)E.

The analysis of transient elastic problems requires the time-domain integration of

Eq. (11). In this work, Houbolt’s algorithm (Houbolt, 1950) is used. It is an implicit,

unconditionally stable integration scheme appropriated to be applied with DRBEM

(Partridge et al., 1992; Albuquerque et al., 2002), in which the acceleration at the instant

τ+∆τ is approximated by a finite difference formula in terms of displacement values

at preceding steps as follows

Üuτ+∆τ =
1
∆τ2 (2uτ+∆τ −5uτ +4uτ−∆τ −uτ−2∆τ) . (12)

The system of equations (11) at the instant τ+∆τ can be written as

MÜuτ+∆τ +Huτ+∆τ =Gtτ+∆τ . (13)

Substituting Eq. (12) into Eq. (13), we get[
2
∆τ2 M+H

]
uτ+∆τ =Gtτ+∆τ +

1
∆τ2 M(5uτ −4uτ−∆τ +uτ−2∆τ). (14)

The above equation denotes the transient response at the instant τ+∆τ in terms of the

displacements at the last three time steps.

3. Macro-micro coupling

At the macroscale, polycrystalline materials are assumed as homogeneous and

isotropic. Thus, the BEM formulation briefly discussed in Section 2 is used without

any further advances. The fundamental solutions for 2D isotropic elastic solids are

well-known and can be found in BEM textbooks, such as (Partridge et al., 1992). At

the microscale, polycrystalline materials are composed of many anisotropic grains

with stochastic morphologies and random crystalline orientations. The Voronoi
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tessellation algorithm is employed to generate grain morphologies and crystalline

orientations of the artificial 2D polycrystalline structure, as illustrated in Fig. 2. Then,

the BEM formulation is used to model each grain as a homogeneous anisotropic

continuous body. Detailed expressions for the 2D anisotropic fundamental solutions

are presented in (Sollero and Aliabadi, 1993).

Figure 2: Aggregate of grains and cohesive interfaces.

Modeling polycrystalline materials at the microscale requires dividing the domain

into multiple subregions with distinct material properties, representing the grains. To

take into account the orientation of the grains, we randomly selected three rotation

angles θx , θy , and θz for each grain, resulting in a set of stiffness tensors C ′
i jkl

rotated

from the reference Ci jkl . After that, these tensors were projected into the 2D planes,

xy, yx, and xz. Each subregion is discretized separately, and then, the boundary

conditions are imposed at the external boundaries and the displacement compatibility

at the interfaces. The interface conditions can be expressed as

uj
i = ui

j, tji = −tij, (15)

where uj
i and tji are the displacement and traction vectors corresponding to a node that

belongs to subregion i located at the interface with the subregion j. Since this approach

implies analyzing a massive number of subregions, the computation of BEM matrices

is parallelized using Fortran-OpenMP, and the system of equations is solved using the

Pardiso solver (Bollhöfer et al., 2020).

In order to transfer the macro response to the microscale, first, the macrodomain is

analyzed, and the transient displacement response is evaluated at some internal points.
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As a second step, a small domain is defined with a polygonal boundary in which the

corners are the internal points studied at the macroscale. Then, a polycrystalline

structure is generated within the small domain. Finally, the macro transient response

is prescribed as boundary conditions to the microscale analysis. Quadratic boundary

elements are employed to discretize the macrodomain and the grains. However, while

the boundary elements that discretize the macrodomain are continuous, discontinuous

elements are used in the polycrystalline structure to avoid sharing nodes for more than

two grains.

4. Multiscale cohesive zone model

To describe the failure from an atomistic representation, the MCZM discussed

below departs from the hypothesis that the bulk material is connected by finite-width

cohesive zones with highly non-uniform deformation (Lyu et al., 2016; Fan and Li,

2015; Galvis and Sollero, 2016; Li et al., 2012; Zeng and Li, 2012). The lattice

orientation of a cohesive zone can be represented as the average of orientations of the

two adjacent grains (Zeng and Li, 2012; Galvis and Sollero, 2016; Fan and Li, 2015;

Lyu et al., 2016), as shown in Fig. 3. Here, the cohesive zone is split into cohesive

interface elements (CIEs) with the same length as the boundary elements and a small

thickness, as illustrated in Fig. 2. These CIEs are modeled as additional subregions in

the BEM formulation.

Figure 3: Cohesive interface element.
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Modeling the interfaces of grains with CIEs and computing the strain resulting

from the application of a mechanical load represents a straightforward approximation

to transfer information from a continuous medium to the atomistic length scale.

Figure 4 illustrates this approach.

Figure 4: Atomistic length scale at the interfaces

4.1. Continuum-atomistic coupling

The homogenized deformation gradient in a CIE, denoted as 〈Fc〉, can be defined

as (Zeng and Li, 2012; Li et al., 2012)

〈Fc〉 =
1
|Ωc |

∫
Ωc

Fc dΩc =
1
|Ωc |

∫
Ωc

∂x
∂X

dΩc, (16)

where x and X are the position vectors in the deformed and reference configuration,

respectively, and the superscript c indicates a quantity defined within the CIE. The

symbol Ωc denotes the CIE domain, while |Ωc | is the area of the CIE. The positions in

the deformed configuration can be written as

x = X+u, (17)

being u the vector of displacements. Substituting Eq. (17) into Eq. (16), we get

〈Fc〉 =
1
|Ωc |

∫
Ωc

∂X
∂X
+
∂u
∂X

dΩc =
1
|Ωc |

∫
Ωc

I+∇u dΩc, (18)

where I is the second-order identity tensor.
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Applying the divergence theorem, we can transform the above domain integral into

the following boundary integral

〈Fc〉 = I+
1
|Ωc |

∫
Γc

u⊗ n dΓc, (19)

where Γc is the boundary of the CIE, and n is the outward normal vector. The symbol

“ ⊗” denotes the standard tensor product.

The homogenized derivative of the deformation gradient in a CIE, denoted as 〈Gc〉,

can be defined as

〈Gc〉 =
1
|Ωc |

∫
Ωc

Gc dΩc =
1
|Ωc |

∫
Ωc

∂2x
∂X⊗ ∂X

dΩc . (20)

Following the same procedure described above, we get the following equivalent

boundary integral

〈Gc〉 =
1
|Ωc |

∫
Γc
∇u⊗ n dΓc . (21)

The boundary integral equations Eq. (19) and Eq. (21) allow evaluating 〈Fc〉 and

〈Gc〉 directly from the BEM response on the surfaces of the CIEs, saving

computational time. Combining continuum mechanics with the atomistic approach is

one of the most critical steps of the MCZM. An effective way to connect the

deformation of a continuum with the deformation of an atomic arrangement is using

the Cauchy-Born rule (Ericksen, 1984). This rule assumes a continuum whose

deformation is uniform. However, the standard (first-order) Cauchy-Born rule is not

suitable for describing the kinematics inside the cohesive zone due to the highly

non-uniform deformation. Instead, higher-order Cauchy-Born rules should be adopted

(Fan and Li, 2015; Lyu et al., 2016). Here, the second-order rule (Sunyk and

Steinmann, 2003) is used, which can be expressed as

ri = Fc ···Ri +
1
2

Gc : (Ri ⊗Ri), (22)

where Ri is the original position of the atom i, and ri is the position after deformation,

as shown in Fig. 5. In the above equation, “ : ” represents the action of a third-order

tensor on a second-order tensor that results in a vector.

11



Figure 5: Deformed and undeformed configurations.

We can express the second-order Cauchy-Born rule in terms of the homogenized

tensors as

ri = 〈Fc〉 ···Ri +
1
2
〈Gc〉 : (Ri ⊗Ri) . (23)

4.2. Interatomic forces

The total potential energy of an atomic system, according to EAM or FS formalism,

can be expressed as

UT =
1
2

∑
i j

V(ri j)−
∑
i

f (ρi). (24)

The first term in Eq. (24) is the conventional central pair-potential summation. Each

term of this summation is a function of the separation distance between atoms i and

j, denoted as ri j . The function V(ri j) is expressed by a quartic polynomial in the

original FS formalism (Finnis and Sinclair, 1984). Dai et al. (2006) proposed a sextic

polynomial for improving the repulsive interaction between the atoms. In this work, the

methodology of Dai et al. (2006) is adopted, then the assumed pair potential equation

is

V(r) =

(r − c)2(c0+ c1r + c2r2+ c3r3+ c4r4), r ≤ c

0, r > c

, (25)

where c0, c1, c2, c3, and c4 are potential parameters, r is the distance between a pair of

atoms, and c is a cut-off parameter.
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The second term in Eq. (24) is the n-body term, in which the embedding function

f can be expressed as

f (ρi) =
√
ρi, (26)

where ρi is the host electronic density, which can be written in terms of the electronic

density functions φ(ri j) as

ρi =
∑
j,i

A2φ(ri j), (27)

being

φ(r) =

(r − d)2+B2(r − d)4, r ≤ d

0, r > d

 . (28)

In the above equations, A and B are potential parameters, and d is a cut-off

distance. Both cut-off parameters c and d are assumed to lie between the second and

third neighbor atoms, as represented in Fig. 6.

Figure 6: Potential levels for a BCC lattice.

Values of the parameters A, B, d, c, c0, c1, c2, c3, and c4 for pure Fe, V, Mo, Nb,

Ta, and W can be consulted in (Dai et al., 2006).

4.3. Failure criterion

Using the second-order Cauchy-Born rule, expressed in Eq. (23), and the atomistic

potential described in Eq. (24), the strain energy density in a CIE, denoted as Wc , can
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be evaluated by computing the strain energy density of only one unit cell as follows

Wc =
1
Ωc

0

na∑
i=1

(
1
2

∑
j,i

V(ri j)− f (ρi)

)
, (29)

where Ωc
0 is the volume of the unit cell in the reference configuration and na is the

number of atoms in the unit cell. From Eqs. (25)-(29), it can be noticed that Wc is a

function of ri j , i.e., Wc =Wc(ri j). Also, it is known that ri j =
��ri j �� = ��ri − rj

��, where

ri and rj are the deformed positions of the atoms i and j. Using the second-order

Cauchy-born rule to express the separation distance ri j , we get

ri j =
��ri j �� = ����Fc ···Ri j +

1
2

Gc :
(
Ri j ⊗Ri j

) ����, (30)

being Ri j = Ri −Rj . The initial positions of the atoms in the unit cell are known, then

ri j is a function of Fc and Gc , i.e., ri j = ri j(Fc,Gc). Therefore, the first Piola-Kirchhoff

stress tensor Pc and the second-order stress tensor Qc in the CIE can be expressed as

(Lyu et al., 2016)

Pc =
∂Wc

∂Fc
=
∂Wc

∂ri j

∂ri j
∂ri j

∂ri j
∂Fc
=
∂Wc

∂ri j

ri j ⊗Ri j

ri j
,

Qc =
∂Wc

∂Gc
=
∂Wc

∂ri j

∂ri j
∂ri j

∂ri j
∂Gc

=
∂Wc

∂ri j

ri j ⊗Ri j ⊗Ri j

2ri j
. (31)

In this work, the homogenized tensors 〈Fc〉 and 〈Gc〉 are used instead of Fc and

Gc to determine the deformed positions of the atoms, as shown in Eq. 23. Substituting

the tensors Fc and Gc by their homogenized forms in Eq. (31), the homogenized 〈Pc〉

and 〈Qc〉 tensors are obtained. With these two tensors, the interface traction vector can

be defined as (Lyu et al., 2016; Fan and Li, 2015)

Tc = (〈Pc〉 −∇ ··· 〈Qc〉) ···n. (32)

Using the interatomic potential described in Eq. (24), a simple condition for

intergranular separation can be formulated as

Tc > Tcut. (33)

Being Tcut the interface traction corresponding to the interatomic distance rcut from

which there is no attraction force. Figure 7 shows the total energy and force evaluated

for iron (BCC) using the potential.
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Figure 7: Total energy and total force for pure iron (BCC).

The cohesive zone model discussed above is mainly based on the following works:

(Li et al., 2012; Zeng and Li, 2012; Lyu et al., 2016; Fan and Li, 2015). However, we

can find some alternatives in the technical literature, e.g., using molecular dynamics

to derive the traction-separation law (Guin et al., 2016), or applying the exponential

cohesive zone law (Lin et al., 2017).

5. Numerical examples

This section presents the analysis of a two-dimensional problem from the

macroscale to the intergranular crack propagation. The results obtained for some

benchmark problems and comparisons with reference solutions are presented in

(Alvarez et al., 2018), showing the validity and the accuracy of the present

formulation in macroscale and microscale simulations. The flowchart of the

implemented computational code is shown in Figure 8.
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Figure 8: Flowchart of the multiscale process

The diagram summarizes the simulation at the three scales studied in this work.

Parameters tMI and tMF are the initial and final time of the macroscale analysis,

respectively. To verify the occurrence of intergranular crack propagation, we included

an initial crack in the polycrystalline domain.

5.1. Macroscale simulation

In this work, we assumed a rectangular specimen with dimensions 50 mm × 200

mm under a step load on the upper surface and constrained on the lower surface. The
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material parameters, the load magnitude, and the time step are shown in Table 1.

Table 1: Macroscale simulation parameters.

Parameter Value Parameter Value

E [GPa] 210.4 σ [Pa] 100.0

ν 0.29 ∆τ[s] 6.4 × 10−7

ρ [kg/m3] 7874.0

The transient displacements in the y-direction, denoted as v, were evaluated at five

internal points, four of them (nodes 1 to 4) located at the corners of a small square of

1 mm2 in the center of the rectangular specimen, and one (node 5) in the center of the

small square. The responses at nodes 1 to 4 were transferred to the microscale analysis.

We used the results at node 5 to check the variation of displacements inside the small

square. Figure 9 shows the displacement results obtained in this first simulation.

0.00 0.05

0.00

0.02

0.04

0.06

0.08

0.12

v [mm]

0.10

t [ms]
0.10 0.15 0.20

Step Load

Figure 9: Transient displacements evaluated at five internal points.
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5.2. Intergranular crack propagation

Using the Voronoi tessellation algorithm and varying the number of grains, we

generated several artificial polycrystalline structures within the 1 mm2 square in the

macrodomain center. Only the two most refined polycrystalline structures are

presented, with 500 and 1000 grains. The CIEs were defined as new subregions

between grains with the same length as the boundary elements. Therefore, the total

number of subregions in the BEM model corresponds to the number of grains, plus

the number of CIEs.

To simulate the intergranular crack propagation, we created an initial crack in the

left middle part of the polycrystalline domain. The displacement response obtained in

the macroscale analysis was prescribed as boundary conditions to the microscale, as

illustrated in Fig. 10. At each time step, we evaluated the deformation in the CIEs,

and then transferred to a BCC arrangement as a change in the interatomic distances

by applying the second-order Cauchy-Born rule. Using the atomistic potential, we

evaluated the interface traction vector, as described in Section 4.3. Finally, we removed

the CIEs where the interface traction exceeded the separation traction.

Figure 10: Boundary conditions and initial crack for a polycrystalline domain.

We assumed the material as iron and the lattice as BCC. In this case, the elastic

constants are (Kiewel et al., 1996): C11 = 230.0 GPa, C12 = 135.0 GPa,

C44 = 117.0 GPa. The potential parameters for pure Fe, found in (Dai et al., 2006),

are presented in Table 2.
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Table 2: Potential parameters.

Parameter Value Parameter Value Parameter Value

A [eV Å
−1

] 0.931312 c0 [eV Å
−2

] 26.27034 c3 [eV Å
−5

] -0.303077

d [Å] 4.05 c1 [eV Å
−3

] -24.40109 c4 [eV Å
−6

] -0.085092

c [Å] 2.96 c2 [eV Å
−4

] 6.957871 B [Å
−2

] 0

Figures 11 and 12 show the intergranular crack propagation in the polycrystalline

domain and the transient displacements in the y-direction.

1.8e-6 3.5e-6 5.3e-6 7e-6 8.8e-6 1.1e-50.000e+00 1.230e-0500.0 18.0 35.0 53.0 79.076.0 80.10 88.0

v [�m]

Figure 11: 500 grains - transient nodal displacement and crack propagation. In this simulation, 4457 CIEs,

29935 boundary elements and 89805 nodes were employed
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3.7e-8 7.4e-8 1.1e-7 1.5e-7 1.8e-7 2.2e-70.000e+00 2.576e-0700.0 18.0 35.0 53.0 79.076.0 80.10 88.0

v [�m]

Figure 12: 1000 grains - transient nodal displacement and crack propagation. In this simulation, 9034 CIEs,

60434 boundary elements and 181314 nodes were employed

Comparing the results, we can notice that the crack paths obtained from the two

simulations, although predominantly horizontal, are significantly different. Since the

grains are of the same material, it can be inferred that this difference is due to the

random crystalline orientations. The arrangement of these orientations ultimately

determines the most strained interfaces in the polycrystalline domain, where the crack

will propagate. However, some convergence of the displacement fields can be verified

at some time steps.

In fact, as presented in a previous research (Alvarez et al., 2018), for some
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simulations of polycrystalline domains under transient loads, the overall homogenized

behavior of the displacement field tends to the analytical solution developed for

isotropic domains. Here, the convergence is affected by the different crack paths.

However, the maximum displacement for both cases is approximately the same.

6. Conclusions

In this work, a multiscale dynamic approach coupling macro, micro, and

homogenized atomistic scales was presented. The macro-micro bridging consists of

evaluating the macro transient displacements at internal points and transfer this

response as boundary conditions to the microscale. The continuum-atomistic coupling

is based on MCZM, using the second-order Cauchy-born rule to transfer the

deformation from the cohesive zone as variations in the interatomic distances and the

extended Finnis-Sinclair potential to evaluate the tractions acting at the interfaces and

the separation traction, allowing to establish a failure criterion for the occurrence of

intergranular separation.

Two simulations of intergranular crack propagation in polycrystalline domains

were presented with different numbers of grains, showing significant differences in

the resulting crack paths according to the number of grains and the crystalline

orientations. With this approach, additional physical effects can be captured within

the failure mechanisms provided by the enhanced MCZM. The use of high-order

Cauchy-Born rules allows incorporating a more realistic homogenized behavior of the

cohesive zone.
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