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Abstract—Dynamic coupling is an inherent behavior of the
space robot system, which seriously affects the motion accuracy
of the system. This paper focuses on how to guarantee the base
attitude stability of semi-floating space robots, from a control
perspective, namely, the base attitude decoupling control. The
quaternion representation of the system dynamics is derived
to avoid the representation singularity of the Euler angles. In
consideration of the complicated system dynamics and the limited
computing ability of the on-board computer, an efficient decou-
pling controller is designed based on the time-delay estimation
(TDE) and the super-twisting control (STC). Herein, for the
proposed TDE-based STC (TDE-STC) scheme, TDE is used to
decouple and linearize the nonlinear dynamics, and STC is a
second-order sliding mode control (SMC) algorithm which can
compensate for the TDE error and drive the state variables to
converge to the equilibrium point robustly in finite time. The
model-free decoupling principle of TDE is clearly illustrated by
comparison with the classical computed-torque control (CTC).
The global asymptotical stability analysis of the closed-loop
system is proven using the Lyapunov theory and the linear
matrix inequality (LMI) theorem. Finally, several comparative
simulation studies on a three-dimensional (3-D) space robot
system with consideration of joint friction, disturbances, and
model uncertainties are conducted to verify the effectiveness of
the proposed TDE-STC scheme. The corresponding results show
that the TDE-STC scheme can achieve a high-accuracy attitude
decoupling performance with both the model-free merits and the
chatter-free merits.

Index Terms—Semi-floating space robots, Base attitude decou-
pling control, Quaternion representation, Time-delay estimation,
Super-twisting control.

I. Introduction

FOr large space structures, such as space trusses and
solar arrays, they need to be monitored periodically for

possible damage [1]. Space robots are satellite-manipulator
structures [2] possessing the mobility of satellites and the
dexterous operability of robotic arms [3], which are suitable
for executing the on-orbit capture [4], inspection [5], dam-
age detection, and health monitoring tasks [1]. Unlike base-
fixed robots, non-fixed satellite bases have a special behavior,
namely, the dynamic coupling, which usually results in severe
disturbances on the base and the operational accuracy of the
end-effector. For on-orbit robotic detection missions, the space
robot gradually approaches the large structure, and then the
manipulator carries various measuring instruments [6]–[8] to
detect and locate the damage source. During this period, the
base position is not controlled, but the pointing accuracy of
the end-effector and the attitude stability of the base should

be guaranteed simultaneously during the operation [9], [10].
Herein, we term this partial base control mode [11] as semi-
floating mode in which the base attitude and the manipulator
are under control but the base position is not controlled. As the
dynamic coupling will bring about adverse effects, developing
effective methods of counteracting or compensating for the
dynamic coupling has attracted lots of interest in the field of
space robotics.

Over the past decades, researchers have investigated some
pioneering studies on the dynamic coupling theory. For ex-
ample, Xu and Shum [12] analyzed the coupling effect of
the space robot system with a single arm and proposed
the concept of the coupling factor to describe the motion
relationship between the manipulator and the base. Zhou et
al. [13] analyzed the dynamic coupling effect of the multi-arm
space robot, and proposed the dynamic coupling ellipsoids for
measuring the degree of coupling. Xu et al. [14] divided the
dynamic coupling into two sub-problems, namely, the position
coupling and the attitude coupling. The position coupling
equation is a holonomic constraint that can be integrated to
obtain the motion equation in the position level, but the attitude
coupling equation is a nonholonomic constraint that is not
integrable. Furthermore, some kinematic planning and control
approaches, such as the reaction null-space (RNS) methods
[15]–[17] and the dynamic balance method [18], have been
proposed to address the problem of attitude coupling, and these
approaches map the base attitude motion into the null-space of
the Jacobian matrix of the manipulator. Thus, the kinematical
redundant degrees-of-freedom (DoFs) of the manipulator is a
prerequisite for the reactionless control strategies.

In practice, the momentum exchange devices consume the
renewable electrical power; thus, compensating for the base at-
titude disturbance is feasible for space robots. In comparison to
the RNS planning and control strategies, the active decoupling
control strategy gets rid of the redundancy constraint of the
manipulator, which is a more direct approach for stabilizing
the base attitude. Longman et al. [19] adopted the dynamic
analysis method to obtain the coupled force and torque that
can be used as a feedforward compensation control signal
into the base control system. In this method, the Newton-
Euler recursive method is used to calculate the inner force
and torque between the manipulator and the base; however,
the Lagrange’s modelling method is not applicable because
the Lagrange’s method is designed to eliminate the inner
constraint force and torque. Furthermore, Antonell et al. [20]
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used the same principle to realize the coordinated control of
the satellite-manipulator system. Jayakody et al. [21] proposed
a diagonalization and virtual control technique to decouple the
space robot system and used SMC to realize the coordinated
motion control of the base attitude and the manipulator.
Similarly, Shi et al. [22] used the diagonalization technique to
decouple a dual-arm space robot system, and developed three
controllers based on the CTC framework to coordinate the
base attitude and the robotic arm motion, respectively. Zong
and Emami [23], [24] proposed a concurrent control strategy
that makes the space robot rendezvous with a target and the
manipulator and the base attitude track desired trajectories
simultaneously. Zhu et al. [25] proposed an adaptive sliding
mode disturbance observer to realize the attitude stability
control during the space robot capturing targets. Muralidharan
and Emami [5] proposed a model-based SMC for space robots
to rendezvous and synchronize with a satellite. However, for
the on-board computer, the model-based decoupling or coor-
dination control strategies usually need calculating the model
parameters that may lead to a high computational cost. Zhang
et al. [26] proposed a TDE-based SMC (TDE-SMC) to achieve
the adaptive robust decoupling of multi-arm space robots, in
which TDE is adopted to achieve the model-free decoupling
control. Considering the limited computing ability of the on-
board computer and continuous nonlinear disturbances in outer
space, such as gravity-gradient torque, aerodynamic torque,
and earth magnetic torque [27], it is necessary to design an
efficient and robust decoupling controller.

SMC is one of the most effective robust control methods
with the attractive feature of keeping the systems insensitive
to disturbances and uncertainties [28]. However, the discontin-
uous switching input usually brings the undesirable chattering
effect that cannot be accepted by actuators and harms the me-
chanical system. The classical boundary layer method uses the
saturation function to replace the sign function in the switching
law design, but it may degrade the control accuracy and
robustness of SMC. For eliminating the chattering effect, Yu et
al. [29] proposed a terminal sliding mode control (TSMC) to
achieve the fast convergence with continuous finite-time con-
trol. Jin et al. [30] proposed a model-free controller based on
TDE and TSMC with an integral sliding surface to realize the
high-accuracy tracking control of robots. In comparison to the
first-order SMC, the second-order SMC can effectively avoid
the chattering problem by changing the robust switching mech-
anism [28]. The second-order SMC puts the switching term
(namely, the sign function) into the second-order derivative of
the sliding surface vector and the control law is a continuous
integral of its derivative, so that the chattering problem can be
eliminated [31]. Typical second-order SMC strategies include
the sub-optimal algorithm [32], the twisting algorithm [33],
and STC [34]. Among them, STC plays a special role because
it only requires the knowledge of the sliding surface without
considering its derivative. STC is widely used in industrial
robots [35], aerial vehicles [36], space tethered robots [37],
[38], and other mechatronic systems. Based on the above
analysis, we aimed to efficiently decouple the base attitude
and the manipulator of semi-floating space robots using the
second-order SMC. The main contributions of this paper are

listed as follows.
(1) The unit quaternion representation of the satellite-

manipulator system dynamics in the joint space is deduced
in this paper. This representation can avoid the representation
singularity issue of using the Euler angles and the redundant
parameters of using the rotation matrix in the base attitude
control.

(2) An efficient robust controller, TDE-STC, is designed for
decoupling semi-floating space robots with considering joint
friction, environment disturbance, and system uncertainty fac-
tors. The TDE-STC stability is proven using the LMI theorem,
and a loose requirement is derived to design parameters of the
controller. The proposed method synthesizes the adaptability
of TDE and the robustness of STC, which can achieve an high-
accuracy attitude decoupling performance. Compared with
model-based SMC methods, the proposed method realizes the
decoupling control without the need for calculating model
parameters and its control output is absolutely continuous and
chatter-free, so it is more suitable for the on-board computer.

The rest of this paper is organized as follows. The base
attitude kinematics and the system dynamics represented by
the unit quaternion are established in Section II. Compara-
tive analysis of the CTC and TDE decoupling strategies is
conducted and the TDE-STC scheme is proposed in Section
III. Simulation studies on testing and verifying the control
performance of the proposed method are conducted in Section
IV. The conclusions are provided in Section V.

II. SystemModelling

The typical schematic diagram of a satellite-manipulator
robot is shown in Fig. 1. The whole system consists of a
satellite base (denoted as body 0) and a manipulator with n
bodies, where the base has 6 DoFs (3 for the base position and
3 for the base attitude) and the manipulator has n DoFs. Thus,
the space robot has n + 6 DoFs in total. Some symbols are
defined in Table I. Unless otherwise specified, vectors in this
paper are defined in the inertial frame ΣI . Basic assumptions
of modelling and controlling are given as follows.

Assumption 1: The space robot is working in the micro-
gravity environment, namely, g = 0.

Assumption 2: The space robot system is equipped with
high motor torque momentum and reaction wheels, which can
provide enough power to regulate the base attitude.

Assumption 3: The space robot mainly executes the point-
to-point motion task in which the joints of the manipulator
change their rotation directions at a very low frequency.
Overall, the discontinuous joint friction just occasionally exists
in the model so that nonlinear disturbances and uncertainties
meet the Lipschitz condition approximately.

A. Base attitude kinematics

As the Euler angles may suffer the representation singularity
issue, the unit quaternion Q0 =

{
η0, ε

T
0

}
is used to describe the

base attitude. Compared with the rotation matrix representation
[39], the unit quaternion has less parameters. The angular
velocity of the base ω0 =

[
ω0x, ω0y, ω0z

]T
∈ R3 is defined
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Fig. 1: Schematic diagram of a satellite-manipulator system

TABLE I: Symbol Definitions

Symbol Definition
Ji Joint i
Ci Center of mass (CoM) of the body i
ΣI ,Σi Inertial and body i frames
ΣB,ΣE Base and end-effector frames
x, y, z Coordinates in the frame Σ
θi,θ ∈ R

n Angle of Ji and the joint angle vector
zi ∈ R

3 Unit vector of Ji
ai ∈ R

3 Position vector from Ji to Ci
bi ∈ R

3 Position vector from Ci to Ji+1
rS ∈ R

3 Position vector of the system CoM
r0,ri ∈ R

3 Position vectors of ΣB and Ci
Pi,PE ∈ R

3 Position vectors of Ji and ΣE

in ΣB, and the kinematics equations of the base are deduced
as follows.

ε̇0 = J0ω0 =
1
2

(ε̃0 + η0E)ω0 (1)

η̇0 = −
1
2
εT

0ω0 (2)

where ε0 =
[
ε0x, ε0y, ε0z

]T
∈ R3 is the vector component; η0 is

the scalar component that satisfies the constraint condition,
εT

0 ε0 + η2
0 = 1; E ∈ R3×3 is the identity matrix; thus,

Q0 has three independent variables. The symbol (·̃) denotes
a skew-symmetric matrix, namely, for an arbitrary vector
k =

[
kx, ky, kz

]T
∈ R3, k̃ is defined as

k̃ =

 0 −kz ky

kz 0 −kx

−ky kx 0

 (3)

B. Satellite-manipulator system dynamics
The dynamics model is deduced by the composite rigid dy-

namics modelling approach [40] that combines the Lagrange’s

and Newton-Euler methods, and it achieves a higher efficiency.
Based on Assumption (1), the energy of the space robot system
is mainly embodied in its kinetic energy. Here, the kinetic
energy T is expressed as

T =
1
2

n∑
i=0

(
ωT

i Iiωi + vT
i mivi

)
(4)

ωi = ω0 +

i∑
j=1

z jθ̇ j (5)

vi = v0 + ω0 × (ri − r0) +

i∑
j=1

(
z j ×

(
ri − P j

))
θ̇ j (6)

where mi and Ii ∈ R
3 are the mass and inertial tensor of

body i, respectively; ωi ∈ R
3 and vi ∈ R

3 are the angular
velocity of body i and the linear velocity of the CoM of body
i, respectively. Based on the Lagrange’s principle, the general
dynamics model of the space robot system is formulated as[

HB HBM

HT
BM HM

]
︸            ︷︷            ︸

H(ρ)

[
ẍ0

θ̈

]
︸︷︷︸
q̈

+

[
cB

cM

]
︸︷︷︸
c(ρ,q̇)

=

[
FB

τM

]
︸︷︷︸
F

(7)

where H ∈ R(n+6)×(n+6) is the inertial matrix of the system;
HB ∈ R

6×6 and HM ∈ Rn×n are the inertial matrices of
the base and the manipulator, respectively; HBM ∈ R

n×6 is
the coupling matrix between the base and the manipulator;
c ∈ Rn+6 is the velocity-dependent nonlinear term of the
system; cB ∈ R6 and cM ∈ Rn are velocity-dependent
nonlinear terms corresponding to the base and the manipulator,
respectively; F ∈ Rn+6 is the driving force term of the system;
FB =

[
fT

0 , τ
T
0

]T
∈ R6 are force and torque exerted on the

base; τM = [τ1, τ2, · · · , τn]T ∈ Rn is the joint torque term
of the manipulator; θ = [θ1, θ2, · · · , θn]T ∈ Rn is the angle
vector of the manipulator; ẍ0 =

[
v̇T

0 , ω̇
T
0

]T
∈ R6 is the

generalized acceleration of the base; q̇ and q̈ ∈ Rn+6 are the
generalized velocity and acceleration terms, respectively; and
ρ =

[
rT

0 , ε
T
0 ,θ

T
]T
∈ Rn+6 is the generalized position variable

term. Here, note that ρ cannot be obtained by the integral of
q̇. Furthermore, by transforming (4) into

T =
1
2

[
vT

0 ωT
0 θ̇T

]︸             ︷︷             ︸
q̇T


ME −Mr̃0S JTω

Mr̃0S Hω Hωφ

JT
Tω HT

ωφ HM

︸                          ︷︷                          ︸
H(ρ)

v0
ω0

θ̇

︸︷︷︸
q̇

(8)

we can deduce

HB =

[
ME −Mr̃0S

Mr̃0S Hω

]
(9)

HBM =

[
JTω

Hωφ

]
(10)
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and other parameters are expressed as

M =

n∑
i=0

mi

r0S = rS − r0

Hω = I0 +

n∑
i=1

(Ii − mir̃0ir̃0i)

JTω =

n∑
i=1

miJTi

Hωφ =

n∑
i=1

(IiJRi + mir̃0iJTi)

HM =

n∑
i=1

(
JT

RiIiJRi + miJ
T
TiJTi

)

where

rS =

∑n
i=0 miri

M
r0i = ri − r0

JTi = [z1 × (ri − P1) , · · · , zi × (ri − Pi) , 0, · · · , 0]
JRi = [z1, · · · , zi, 0, · · · , 0]

It should be noted that ri, Pi, and zi are defined in ΣI , and
they are functions of ρ. Thus, H is a function of ρ.

The term c in (7) is called the velocity-dependent nonlinear
term and not related to the system acceleration term. Accord-
ing to [40], c can be easily obtained using the Newton-Euler
method. Here, we can calculate c by setting the generalized
acceleration q̈ to be 0, and the recursive steps include two
parts, namely, the outward recursive computation of the joint
velocity and acceleration vectors and the inward recursive
computation of the joint force and torque vectors. First, we
can reformulate (5) and (6) to deduce the velocity recursion
equations as

ωi = ωi−1 + ziθ̇i, (i = 1, 2, · · · , n) (11)

vi = vi−1 + ωi−1 × bi−1 + ωi × ai, (i = 1, 2, · · · , n) (12)

Then, the acceleration recursion equations can be derived
as

ω̇i = ω̇i−1 + ωi−1 × ziθ̇i + ziθ̈i, (i = 1, 2, · · · , n) (13)

v̇i =v̇i−1 + ω̇i−1 × bi−1 + ωi−1 × (ωi−1 × bi−1) + ω̇i × ai (14)
+ ωi × (ωi × ai) , (i = 1, 2, · · · , n)

Furthermore, the force and torque recursion equations can
be deduced as

fRi = miv̇i (15)

nRi = Iiω̇i + ωi × Iωi (16)

where fRi ∈ R
3 and nRi ∈ R

3 are the resultant force and torque
acting on body i, respectively. The following equations can be
obtained by the force analysis.

fi = fRi + fi+1, (i = n − 1, n − 2, · · · , 0) (17)

ni = nRi + ni+1 − fi × ai + fi+1 × bi, (i = n − 1, n − 2, · · · , 0)
(18)

where, for the base, f0 ∈ R
3 and τ0 = n0 ∈ R

3 are the driving
force and torque terms; for the manipulator, fi ∈ R

3 and ni ∈

R3 are the interaction force and torque between body i−1 and
body i, respectively, and when i = n, we obtain fn = fRn and
nn = nRn +nn×an. Here, the driving torque of Ji is expressed
as

τi = nT
i zi (19)

According to (11)-(19), we can calculate the nonlinear term
by setting q̈ = 0, and for simplicity, we denote

c = fNE (q̈ = 0) (20)

where fNE (·) is the Newton-Euler function. Moreover, the
dynamic equation (7) can be written in a concise form as

H (ρ) q̈ + c (ρ, q̇) = F (21)

As shown in (21), ρ is used to represent the position state
variable term, and q̇ and q̈ are used to represent the velocity
and acceleration state variable terms, respectively. However, ρ
cannot be obtained by the integral of q̇. Therefore, we should
perform some coordinate transformations to unify the state
variables. According to (1), we can deduce

ρ̇ = Jq̇ ⇒ q̇ = J−1ρ̇ (22)

J =

E 0 0
0 J0 0
0 0 En×n

 (23)

ρ̈ = Jq̈ + J̇ q̇ ⇒ q̈ = J−1
(
ρ̈ − J̇J−1ρ̇

)
(24)

Furthermore, substituting (22) and (24) into (21) and pre-
multiplying the result with J−T to ensure the transformed
inertial matrix to be positive definite, we can obtain the
standard rigid body dynamics equation as

HS (ρ) ρ̈ + cS (ρ, ρ̇) = F (25)

where

HS (ρ) = J−TH (ρ)J−1

cS (ρ, ρ̇) = J−T
(
c (ρ, q̇) −H (ρ)J−1J̇J−1ρ̇

)
and in J̇ , J̇0 ∈ R

3×3 is expressed as

J̇0 =
1
2

(
˙̃ε0 + η̇0E

)
(26)

For the nominal model (25), it is nonlinear and continuous.
Sometimes, we should consider the joint friction which is
usually assumed to be composed of viscous and Coulomb
friction terms. When joint friction, external disturbances, and
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parameter uncertainties are considered in the nominal model,
(25) is modified to

HS (ρ) ρ̈ + cS (ρ, ρ̇) + fd + fu + f f = F (27)

where f f = [0,fM]T
∈ Rn+6 is the friction torque and fM ∈ R

n

is the manipulator friction force vector described by fM =

fC sign(θ̇) + fV θ̇, where fC = diag( fC1, fC2, · · · , fCn) ∈ Rn×n

is the Coulomb friction parameter matrix and each parameter
is restricted by its boundedness, namely, | fCi| ≤ Ci and fV =

diag( fV1, fV2, · · · , fVn) ∈ Rn×n is the viscous friction parameter
matrix and each parameter is restricted by its boundedness,
namely, | fVi| ≤ Vi; fd =

[
fd1, fd2, · · · , fd(n+6)

]T
∈ Rn+6 is

the disturbance force and each element is restricted by its
boundedness, i.e., | fdi| ≤ di; fu =

[
fu1, fu2, · · · , fu(n+6)

]T
∈ Rn+6

describes uncertainty dynamics and each element is restricted
by its boundedness, namely, | fui| ≤ ui. As we only seek to
achieve the base attitude decoupling control, the base position
is not under control. Thus, we can deduce

HS (ρ) ρ̈ + cS (ρ, ρ̇) + fd + fu + f f = FS (28)

where FS = DSF =
[
0, 0, 0, FS 4, · · · , FS (n+6)

]T
∈ Rn+6 is the

driving torque for the semi-floating space robot, and the base
attitude decoupling matrix DS is expressed as

DS =

[
03×3 03×(n+3)

0(n+3)×3 E(n+3)×(n+3)

]
(29)

III. Decoupling controllers

In this section, we will discuss and analyze the CTC and
TDE decoupling strategies. Since TDE has the model-free
merits, we seek to use the TDE principle to address the attitude
coupling issue of semi-floating space robots. Considering that
STC has the chatter-free advantages, an effective robust con-
troller is proposed by combining TDE and STC. Meanwhile,
several existing decoupling or coordination control methods
will be introduced for comparative studies.

A. Decoupling strategies

CTC is the most widely used model-based decoupling
strategy that requires the calculation of the model parameters
such as the inertial matrix and the nonlinear term to realize the
dynamics decoupling, so it is an online computation method
[41]. TDE is a model-free decoupling control strategy [42],
which uses the current feedback information and the control
input at the previous time to estimate the coupled dynamics, so
it is an online estimation method. Next, we will compare these
two decoupling control strategies based on their principles.

The CTC control law is expressed as

F = HSuPD + cS (30)

uPD = ρ̈d +KD (ρ̇d − ρ̇) +KP (ρd − ρ) (31)
= ρ̈d +KDė +KPe

where uPD ∈ R
n+6 is the PD control with a bias term ρ̈d;

KP ∈ R
(n+6)×(n+6) and KD ∈ R

(n+6)×(n+6) are proportional
and derivative gain matrices, respectively; and e ∈ Rn+6 and
ė ∈ Rn+6 are the state error and its derivative, respectively.

Substituting (30) into (25), we can obtain a completely de-
coupled linear model:

HS ρ̈ = HSuPD ⇒ ρ̈ = uPD (32)

As we see, the CTC scheme is more suitable for an accurate
model. Next, we will introduce the TDE decoupling control
strategy.

Lemma 1: For HS , it is always feasible to find a constant
diagonal matrix H̄ that meets the spectral norm condition,∥∥∥E −H−1

S (t) H̄
∥∥∥ < 1 [43].

For TDE, a constant diagonal matrix H̄ ∈ R(n+6)×(n+6) from
Lemma 1 is added into (27) to reformat the dynamics model.
The new model is formulated as

H̄ρ̈ +N = F (33)

N =
(
HS − H̄

)
ρ̈ + cS + f f + fd + fu (34)

where N ∈ Rn+6 is the new nonlinear term which includes the
coupled inertial term and nonlinear terms. According to (33),
H̄ is the constant diagonal matrix; if N can be accurately
estimated, (33) can be decoupled and linearized. According
to the TDE principle, we can estimate N via the time-delay
information, as

N (t) ≈ N̂ (t) = N (t − δ) (35)

where N̂ (t) is the TDE term representing the time-delay
estimation of N (t) and δ is the sampling period. The core
part of the TDE technique is (35). According to (33), we can
obtain

N (t − δ) = F (t − δ) − H̄ρ̈ (t − δ) (36)

The TDE control law is expressed as

F (t) = H̄uPD (t) + N̂ (t) (37)

where uPD (t) is the same as (31). As we see, the technical
approaches of CTC and TDE are completely different. CTC
must calculate the model parameters to design the control law,
but TDE utilizes the time-delay feedback and control input
information to estimate the coupled dynamics, which suits
the inaccurate model. TDE is more efficient and effective and
has low computational complexity, but the estimation error
(namely, the TDE error) is its intrinsic drawback. According to
(27), the nonlinear terms in space robot dynamics are classified
into two categories: the soft nonlinearities (including the
coupled inertial term, the velocity dependent nonlinear term,
the viscous friction, continuous disturbances and uncertain
dynamics) and the hard nonlinearities (such as the Coulomb
friction term). TDE has a good application effect to estimate
the soft nonlinearities [44]. However, it is difficult for TDE to
estimate the hard nonlinearity. Fortunately, to a certain degree,
SMC can reinforce TDE and suppress the bounded TDE error
[45] . Herein, STC is adopted in the TDE-based controller,
which can realize the high-accuracy decoupling control with
the chatter-free merits.
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Fig. 2: TDE-STC

B. Controller design

SMC is a classical robust control in the presence of bounded
disturbances and uncertainties, but the discontinuous high-
frequency switching control usually leads to the chattering
effect. However, STC is an absolutely continuous control
algorithm, which has the following advantages:

(1) Its control law only requires the information of the
sliding surface vector s without considering its derivative ṡ.

(2) It drives both s and ṡ→ 0 simultaneously and in finite
time.

(3) It generates the continuous control signal with the
chatter-free merits.

Our objective is to design an effective and efficient controller
by combing TDE and STC to realize the high-accuracy attitude
decoupling control of the semi-floating space robot.

The principle of TDE-STC is shown in Fig. 2. First, a linear
sliding surface is designed as

s = ė + λe (38)

where λ = diag(λ1, λ2, · · · , λn+6) ∈ R(n+6)×(n+6) is positive
definite. Furthermore, we can obtain

ṡ = ë + λė (39)

The STC algorithm is formulated as{
ṡ = −K1Λ (s) sign (s) +ψ

ψ̇ = −K2sign (s) (40)

where Λ (s) = diag
(
|s1|

1/2 , |s2|
1/2 , · · · , |sn+6|

1/2
)

∈

R(n+6)×(n+6); sign (·) represents the signum function;
K1 = diag

(
K11,K12, · · · ,K1(n+6)

)
∈ R(n+6)×(n+6) and

K2 = diag
(
K21,K22, · · · ,K2(n+6)

)
∈ R(n+6)×(n+6) are positive-

definite matrices, respectively.
As TDE uses N̂ to estimate N , the control law of TDE-

STC is expressed as

F = H̄uS TC + N̂ (41)

uS TC = ρ̈d + λė +K1Λ (s) sign (s) +

∫ t

0
K2sign (s) dt (42)

Substituting (41) and (42) into (33), we can obtain the
following closed-loop system.

H̄−1
(
N − N̂

)
=ρ̈d − ρ̈ + λė +K1Λ (s) sign (s) (43)

+

∫ t

0
K2sign (s) dt

Furthermore, according to (39), (43) can be reformulated as

ε = ṡ +K1Λ (s) sign (s) +

∫ t

0
K2sign (s) dt (44)

where ε = H̄−1
(
N − N̂

)
∈ R(n+6) is bounded and the

corresponding proof can be referred to the boundedness of
the TDE error [45]. Meanwhile, the closed-loop system (44)
can be rewritten as{

ṡ = −K1Λ (s) sign (s) +ψ
ψ̇ = −K2sign (s) + ε̇

(45)

where ε̇ =
[
ε̇1, · · · , ε̇i, · · · , ε̇(n+6)

]T
∈ R(n+6) is the derivative of

ε, and each element is restricted by its boundedness, namely,
|ε̇i| ≤ βi. The proof of the boundedness of ε̇i is presented in
Appendix A. For the ith closed-loop subsystem, we can obtain{

ṡi = −K1i |si|
1/2 sign (si) + ψi

ψ̇i = −K2isign (si) + ε̇i
(46)

when K2i > βi and K2
1i > 4K2i , the closed-loop system is

stable.
For tuning the control parameters, some simple rules are

described as follows: First, H̄ is a positive diagonal matrix and
we gradually increase the diagonal elements while checking
the convergence of the result. Then, we turn K1 and K2 while
checking the control performance. As K2 is in the integral
sign, we turn K2 from a small order of magnitude by the
trial-and-error method.

C. Stability and finite-time convergence analysis

The stability of TDE-STC is analyzed by the LMI theorem
which is similar in [46]. First, the Lyapunov function is defined
as follows.

V = ηTMη (47)
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where η =
[
η1, η2

]T
=

[
|si|

1/2 sign (si) , ψi

]T
∈ R2 and M ∈

R2×2 is a symmetric positive definite matrix expressed as

M =
1
2

[
K2

1i + 4K2i −K1i

−K1i 2

]
(48)

The derivative of η is expressed as

η̇ =

[ 1
2|si |

1/2 ṡi

ψ̇i

]
(49)

Meanwhile, we know that |η1| = |si|
1/2. According to (46),

η̇ can be rewritten as

η̇ =
1
|η1|

(Aη +Bϕ) (50)

where

A =

[
− 1

2 K1i
1
2

−K2i 0

]
,B =

[
0
1

]
, ϕ = ε̇i |η1|

There exists |ϕ| ≤ βi |η1| and we can deduce φ = −ϕ2 +

β2
i |η1|

2 ≥ 0.
Lemma 2: There always exists a symmetrical positive

definite matrix M that makes the following LMI hold [47].[
ATM +MA + γM + β2

iC
TC MB

BTM −1

]
≤ 0 (51)

where C = [1, 0], γ > 0, and K1i and K2i meet the conditions:
K2i > βi and K2

1i > 4K2i . The corresponding proof analyzed
in the complex frequency domain is provided in Appendix B.

Furthermore, the derivative of V is computed as

V̇ = η̇TMη + ηTMη̇ (52)

=
1
|η1|
ηT

(
ATM +MA

)
η +

2ϕ
|η1|
BTMη

=
1
|η1|

[
η
ϕ

]T [
ATM +MA MB

BTM 0

] [
η
ϕ

]
≤

1
|η1|


[
η
ϕ

]T [
ATM +MA MB

BTM 0

] [
η
ϕ

]
+ φ


≤

1
|η1|


[
η
ϕ

]T [
ATM +MA + β2

iC
TC MB

BTM −1

] [
η
ϕ

]
≤

1
|η1|


[
η
ϕ

]T [
ATM +MA + γM − γM + β2

iC
TC MB

BTM −1

] [
η
ϕ

]
≤
−γ

|η1|
ηTMη

Thus, we can deduce V̇ is negative definite and the stability
of TDE-STC is proven. The proof of its finite-time conver-
gence [28] is presented as follows.

For the Lyapunov function (47), we can deduce

λmin (M ) ‖η‖2 ≤ V ≤ λmax (M ) ‖η‖2 (53)

where λ(M ) represents the eigenvalue of M and ‖η‖ =√
η2

1 + η2
2 is the Euclidian norm of η. Also, we can deduce

|η1| ≤ ‖η‖ ≤
V1/2

λ1/2
min(M )

. According to (52) and (47), we obtain

V̇ ≤
−γ

|η1|
V ≤ −γλ1/2

min(M )V1/2 (54)

Furthermore, we set Ψ = γλ1/2
min(M ), so we can deduce

V̇(η) ≤ −ΨV1/2(η). For V̇(η) = −ΨV(η)1/2, integrating both
sides with respect to time, we can deduce

V1/2(η(t)) − V1/2(η(0)) =
−Ψ

2
t (55)

There exists a certain time t = tr so that V (η (tr)) = 0 . This
is given by

tr =
2
Ψ

V1/2(η(0)) (56)

Thus, the control law (41) drives s and ψ → 0 in finite
time. For the closed-loop system (45), the control law drives
ṡ→ 0 as well.

D. Contrastive controllers

In the following comparative studies, several decoupling
controllers including CTC, CTC-SMC, TDE-SMC, and TDE-
TSMC are introduced as follows. As we aim to control the
semi-floating space robot, only the base attitude and manip-
ulator control parts in the concurrent controllers [5], [24] are
used in this paper. The corresponding concurrent control law
in [5] is adopted, which is the same as the CTC control law
(30), F = HSuPD + cS .

The control law of CTC-SMC [22] with the boundary layer
function is expressed as

F = HS (ρ̈d + λė) + cS + gsat(s,∆) (57)

where g = diag(g1, g2, · · · , g(n+6)) ∈ R(n+6)×(n+6) is the robust
switching gain matrix; ∆ =

[
∆1,∆2, · · · ,∆(n+6)

]
∈ R(n+6) is the

boundary layer width vector; sat(s,∆) is the boundary layer
function and its ith element is defined as

sat(si,∆i) =

{ si
|si |
, i f |si| > ∆i

si
∆i
, i f |si| ≤ ∆i

(58)

The control law of TDE-SMC [26] is formulated as

F = H̄(ρ̈d + λė) + N̂ + gsign(s) (59)

The control law of TDE-TSMC [30] is expressed as

F = H̄(uPD +K1Λ(s)sign(s)) + N̂ (60)

where uPD is the same as (31) ; K1Λ(s)sign(s) is the same
as (40). Specially, s is adopted an integral sliding surface,
namely, s =

∫ t
0 (ë +KDė +KPe) dt.

For the four contrastive controllers above, the detailed
parameter selection is described in [5], [22], [26], and [30],
respectively.

IV. Simulation and comparison

In this section, we will verify the proposed control method
using a 3-D satellite-manipulator system as shown in Fig. 3.
The D-H and inertial parameters of the satellite-manipulator
system are given in Tables II and III, respectively. Here, a
monitoring mission with and without the payload will be
simulated to compare the performance of CTC, CTC-SMC,
TDE-SMC, TDE-TSMC, and the proposed TDE-STC. As
shown in Fig. 4, the mission includes two processes, namely,
the manipulator from the initial configuration reaches the
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Fig. 3: Satellite-manipulator system

Fig. 4: Motion processes of the monitoring mission

middle configuration and then from the middle configura-
tion to the final configuration. The base attitude is set as
Q0 = {1, 0}. Here, the middle configuration is set as θ (tm) =

[15, 110, 185, 45, 10,−25]T (deg); the final configuration is set
as θ

(
t f

)
= [30, 100, 150, 90, 30,−50]T (deg); the middle time

is set as tm = 15s, and the final time is set as t f = 30s; the
middle monitoring state is set as θ̇ (tm) = θ̈ (tm) = 0; the final
monitoring state is set as θ̇

(
t f

)
= θ̈

(
t f

)
= 0; and the fifth-

order polynomial segmented functions are used to plan the
joint trajectories (in Fig. 5). We conducted four case studies
where the first three cases are studied to compare five different
controllers and the last case is studied to verify the robustness
of the proposed TDE-STC under consideration of different
disturbances and model uncertainties. For the three TDE-based
controllers, the sampling period is set as: δ = 0.5ms. Control
parameters of the five controllers are listed in Table IV. Since
the base position is not controlled, the first three elements
of the control parameters are set to be 0 and their control
parameters are kept unchanged in the following case studies.

Fig. 5: Desired joint angles

TABLE II: D-H Parameters of the Satellite-manipulator
System

Link no. αi−1 (deg) ai−1 (m) di (m) θi (deg)
1 0.0 0.5 1.05 0.0
2 90 0.0 0.0 120
3 180 2.7 0.0 220
4 90 0.0 2.16 0.0
5 −90 0.0 0.0 −10
6 90 0.0 0.35 0.0
EE 0.0 0.0 0.25 0.0

TABLE III: Inertial Parameters of the Satellite-manipulator
System

Parameter Base Link1 Link2 Link3 Link4 Link5 Link6
m (kg) 750 20 35 20 10 20 5.0
iIxx

(
kg · m2

)
200 1.8 2.7 1.3 1.0 1.2 0.8

iIxy

(
kg · m2

)
0.0 0.0 0.0 0.0 0.0 0.0 0.0

iIxz

(
kg · m2

)
0.0 0.0 0.0 0.0 0.0 0.0 0.0

iIyy

(
kg · m2

)
200 0.8 1.2 0.7 0.8 1.0 0.4

iIyz

(
kg · m2

)
0.0 0.0 0.0 0.0 0.0 0.0 0.0

iIzz

(
kg · m2

)
200 1.5 2.3 1.3 1.0 1.2 0.6

iax (m) - 0.0 1.35 0.0 0.0 0.0 0.0
iay (m) - 0.0 0.0 −0.108 0.0 −0.175 0.0
iaz (m) - 0.0 0.0 0.0 0.0 0.0 0.125
ibx (m) 0.5 0.0 1.35 0.0 0.0 0.0 0.0
iby (m) 0.0 0.0 0.0 −0.108 0.0 −0.175 0.0
ibz (m) 1.05 0.0 0.0 0.0 0.0 0.0 0.125

TABLE IV: Controllers and Parameters

Controller Control parameters
CTC KP = diag(0, 0, 0, 7500, 5000, 5000, 5000, 5000, 5000, 50, 50, 8) × 103

KD = diag(0, 0, 0, 500, 500, 500, 500, 500, 500, 20, 80, 1) × 102

λ = diag(0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1)
CTC-SMC g = diag(0, 0, 0, 0.5, 2, 0.5, 9, 9, 6, 2, 4, 15)

∆ = [0, 0, 0, 4, 4, 4, 4, 4, 4, 4, 4, 4]T × 10−3

H̄ = diag(0, 0, 0, 50, 50, 50, 5, 5, 5, 0.5, 0.5, 0.5)
TDE-SMC λ = diag(0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1)

g = diag(0, 0, 0, 1, 1, 1, 1, 1, 1, 0.1, 0.1, 0.1) × 10−1

H̄ = diag(0, 0, 0, 50, 50, 50, 5, 5, 5, 0.5, 0.5, 0.5)
TDE-TSMC KP = diag(0, 0, 0, 10, 10, 10, 8, 8, 8, 2, 2, 2)

KD = diag(0, 0, 0, 2, 2, 2, 2, 2, 2, 0.5, 0.5, 0.5)
K1 = diag(0, 0, 0, 2, 2, 2, 2, 2, 2, 2, 2, 2)
H̄ = diag(0, 0, 0, 50, 50, 50, 5, 5, 5, 0.5, 0.5, 0.5)

TDE-STC λ = diag(0, 0, 0, 1, 1, 1, 1, 1, 1, 1, 1, 1)
K1 = diag(0, 0, 0, 0.2, 0.2, 0.2, 2, 2, 2, 4, 2, 2) × 10−1

K2 = diag(0, 0, 0, 0.08, 0.08, 0.08, 3, 3, 3, 4, 2, 2) × 10−3

A. Case 1: Model with friction

The nominal model with joint friction is studied in
this case. The manipulator friction parameters referred to
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(a) Control performance of CTC

(b) Control performance of CTC-SMC (c) Control performance of TDE-SMC

(d) Control performance of TDE-TSMC (e) Control performance of TDE-STC

Fig. 6: Control results of Case 1

[48] are set as: the Coulomb friction parameter fC =

diag(2, 2, 2, 2, 2, 2) × 10−2(Nm) and the viscous friction pa-
rameter fV = diag(2, 2, 2, 2, 2, 2) × 10−1(Nm · s/rad). The
corresponding control results of Case 1 are shown in Fig. 6.

B. Case 2: Model with friction and disturbances

On the basis of Case 1, external disturbances are considered
in Case 2. As the environmental disturbances (for example
gravity-gradient torque and magnetic torque) are cyclic in

essence, they can be represented by sinusoids. Here, distur-
bance torque signals are assumed as


fd4 = fd5 = fd6 = 0.01(sin(πt) + sin(1.5πt))

fd7 = fd8 = fd9 = 0.005(sin(0.5πt) + sin(πt))
fd10 = fd11 = fd12 = 0.002 sin(0.5πt)

(61)

where fdi(i = 4, 5, 6), is the base disturbance, and fdi(i =

7, · · · , 12), is the joint disturbance. The corresponding control
results of Case 2 are shown in Fig. 7.
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(a) Control performance of CTC

(b) Control performance of CTC-SMC (c) Control performance of TDE-SMC

(d) Control performance of TDE-TSMC (e) Control performance of TDE-STC

Fig. 7: Control results of Case 2

C. Case 3: Model with friction, disturbances, and uncertain-
ties

On the basis of Case 2, uncertainties are considered in Case
3. We consider that the manipulator carries a vision payload
to execute the monitoring mission. The system uncertainty is
caused by the unknown payload, which leads to parameter
changes of the end link. Herein, we assume that inertial
parameters of the end link with the payload are changed to
be: m6 = 10 kg, 6I6xx = 1.2 kg · m2, 6I6yy = 0.6 kg · m2,
and 6I6zz = 1.0 kg · m2. Also, note that parameter changes are

unknown to all the designed controllers. Meanwhile, planned
trajectories still follow Fig. 5 and disturbances signals are still
assumed as (61). The corresponding control results of Case 3
are shown in Fig. 8.

D. Case 4: Model with different disturbances and uncertain-
ties

In this case, we consider that the space robot carries various
unknown payloads and endures different disturbances. Two
more situations are added to verify the robustness of the
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(a) Control performance of CTC

(b) Control performance of CTC-SMC (c) Control performance of TDE-SMC

(d) Control performance of TDE-TSMC (e) Control performance of TDE-STC

Fig. 8: Control results of Case 3

proposed TDE-STC scheme. For the situation 1, disturbance
signals are assumed as


fd4 = fd5 = fd6 = 0.02(sin(πt) + sin(1.5πt))
fd7 = fd8 = fd9 = 0.01(sin(0.5πt) + sin(πt))
fd10 = fd11 = fd12 = 0.004 sin(0.5πt)

(62)

and inertial parameters of the end link with the payload are
changed to be: m6 = 15 kg, 6I6xx = 1.5 kg ·m2, 6I6yy = 0.8 kg ·
m2, and 6I6zz = 1.4 kg · m2.

For the situation 2, disturbance signals are assumed as


fd4 = fd5 = fd6 = 0.03(sin(πt) + sin(1.5πt))

fd7 = fd8 = fd9 = 0.015(sin(0.5πt) + sin(πt))
fd10 = fd11 = fd12 = 0.006 sin(0.5πt)

(63)

and inertial parameters of the end link with the payload are
changed to be: m6 = 20 kg, 6I6xx = 1.8 kg ·m2, 6I6yy = 1.0 kg ·
m2, and 6I6zz = 1.6 kg · m2. The corresponding control results
of Case 4 are shown in Fig. 9.
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(a) TDE-STC in the situation 1 (b) TDE-STC in the situation 2

Fig. 9: Control results of Case 4

E. Comparison and Discussion
For the four case studies above, we make detailed statistics

on control performances of each controller. The following
quantitative indicators are adopted:

‖eε0‖RMS = 1
3

√
1

NS

∑NS
i=1

{
eε2

0x (i) + eε2
0y (i) + eε2

0z (i)
}

∥∥∥eθ j−( j+2)
∥∥∥

RMS = 1
3

√
1

NS

∑NS
i=1

{
eθ2

j (i) + eθ2
j+1 (i) + eθ2

j+2 (i)
}

‖τ0‖RMS = 1
3

√
1

NS

∑NS
i=1

{
τ2

0x (i) + τ2
0y (i) + τ2

0z (i)
}

∥∥∥τ j−( j+2)
∥∥∥

RMS = 1
3

√
1

NS

∑NS
i=1

{
τ2

j (i) + τ2
j+1 (i) + τ2

j+2 (i)
}

(64)

where ‖eε0‖RMS is the root mean square of the base attitude
error; ‖eθ1−3‖RMS and ‖eθ4−6‖RMS are the root mean square of
the first three and last three joint angle errors, respectively;
‖τ0‖RMS is the root mean square of the base control torque;
‖τ1−3‖RMS and ‖τ4−6‖RMS are the root mean square of the
first three and last three joint control torque, respectively; i
represents the ith sampling time; and NS is the total number
of sampling times.

Statistical results of case studies are listed in Table V and
control performances of five different controllers are shown in
Figs. 6-9. For CTC, its control output is continuous and its
control performance is relatively stable, but the joint accuracy
of the manipulator is not high. For CTC-SMC, due to the use
of the boundary layer function, its control output is continuous
enough but it has the lowest control accuracy (about two
orders of magnitude lower than TDE-based controllers) and
a poor anti-disturbance performance. For TDE-SMC, it can
achieve a high control accuracy and a good anti-disturbance
performance, but the discontinuous control output caused by
the sign function is an obvious drawback. For TDE-TSMC, it
achieves the highest control accuracy (especially in the last
three joints) and a good anti-disturbance performance, but
sometimes switching actions in small range (see the partial
zoom in detail) occur in its control output in the process
junction of the task. The main reason may be the use of
the integral sliding surface, which is easy to accumulate
errors and leads to oscillations in control. For TDE-STC, it

achieves a relatively satisfied decoupling performance as good
as TDE-SMC and its control output is absolutely continuous,
smooth, and chatter-free. Moreover, results of Case 4 show the
proposed controller can maintain its robustness when different
disturbances and uncertainties occur in the model.

V. Conclusion

The attitude coupling issue of semi-floating space robots is
investigated in this paper. The dynamics model of the space
robot using the unit quaternion representation is derived by the
composite rigid dynamics modelling approach. The TDE-STC
scheme is designed to realize the attitude decoupling control
efficiently and robustly. For verifying the effectiveness of the
TDE-STC scheme, four simulation studies on a 3-D space
robot system are conducted to compare the proposed controller
with four existing controllers. Results demonstrate that the pro-
posed controller can output continuous, smooth, and chatter-
free control. Even, in the presence of different disturbances
and uncertainties, the proposed controller can maintain its
decoupling performance robustly without degrading its control
accuracy.

Appendix A
Proof of the boundedness of ε̇

The boundedness of ε̇ is verified as follows. The TDE error
is formulated as ξ(t) = N (t) −N (t − δ). According to (33),
(35), and (41), we have{

N (t) −N (t − δ) = H̄ε (t)
ε (t) = uS TC (t) − ρ̈ (t) (65)

Furthermore, combining (65), (27), (34), and (41), we can
deduce

HS (t)ε(t) =(HS (t) − H̄)uS TC(t) (66)
− (HS (t − δ) − H̄)ρ̈(t − δ) +L

L =cS (t) − cS (t − δ) + fd(t) − fd(t − δ) (67)
+ fu(t) − fu(t − δ) + f f (t) − f f (t − δ)
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TABLE V: Statistical Results of Case Studies

Controller Case ‖eε0‖RMS ‖eθ1−3‖RMS ‖eθ4−6‖RMS ‖τ0‖RMS ‖τ1−3‖RMS ‖τ4−6‖RMS
1 2.5642×10−4 0.0107 0.0227 0.8772 0.9896 0.0454

CTC 2 2.5922×10−4 0.0107 0.0227 0.8773 0.9897 0.0454
3 3.2715×10−4 0.0137 0.0281 1.0617 1.1713 0.0606
1 0.0037 0.0055 3.3158×10−4 0.9062 1.0030 0.0470

CTC-SMC 2 0.0073 0.1139 0.0511 0.9622 1.0373 0.0470
3 0.0070 0.1697 0.1143 1.1600 1.2310 0.0639
1 6.2914×10−4 8.5157×10−5 1.2593×10−4 0.8328 0.9461 0.0489

TDE-SMC 2 7.3128×10−4 8.4997×10−5 1.2709×10−4 0.8318 0.9468 0.0490
3 7.2389×10−4 8.5018×10−5 1.3153×10−4 0.9924 1.1092 0.0628
1 1.3647×10−4 2.5458×10−5 7.7319×10−5 0.7991 0.9296 0.0451

TDE-TSMC 2 1.5397×10−4 2.5458×10−5 7.7319×10−5 0.8003 0.9305 0.0451
3 1.5253×10−4 2.5458×10−5 7.7314×10−5 0.9635 1.0938 0.0600
1 6.2950×10−4 8.4955×10−5 1.2742×10−4 0.7988 0.9285 0.0450
2 7.3142×10−4 8.4956×10−5 1.2742×10−4 0.8027 0.9313 0.0451

TDE-STC 3 7.2380×10−4 8.4959×10−5 1.2742×10−4 0.9665 1.0952 0.0601
4-1 7.0756×10−4 8.4966×10−5 1.2742×10−4 1.1328 1.2610 0.0749
4-2 6.9310×10−4 8.4968×10−5 1.2741×10−4 1.3002 1.4276 0.0889

Moreover,

ε(t) = W (t)ε(t − δ) + χ(t − δ) (68)

where

W (t) = E −H−1
S (t) H̄ (69)

χ (t − δ) =H−1
S (t) {(HS (t) −HS (t − δ)) ρ̈ (t − δ) +L} (70)

+W (t) (u (t) − u (t − δ))

Meanwhile, we know ‖W (t)‖ < 1 and ε (t − δ) is bounded,
where the proof of the boundedness of ε (t) can be referred to
[45]. Thus, χ (t − δ) is bounded, and ε̇ (t) can be deduced by

ε̇ (t) =
1
δ

(ε (t) − ε (t − δ)) (71)

=
1
δ

(W (t) −E) ε (t − δ) +
1
δ
χ (t − δ)

≤
1
δ

(‖W (t)‖ ‖ε (t − δ)‖ + ‖ε (t − δ)‖ + ‖χ (t − δ)‖)

As ‖W (t)‖ < 1 and ε (t − δ) and χ (t − δ) are bounded, ε̇ (t)
is bounded.

Appendix B
Analysis of the LMI (51) in the Complex Frequency Domain

According to the circle criterion [49], the LMI (51) is
solvable if the Nyquist plot of the transfer function falls within
the circle with radius βi, namely,

G(s) = C(Es −A)−1B (72)

max
ω
|G( jω)| <

1
βi

(73)

where s represents the complex frequency, namely, s = jω,
and G(s) represents the transfer function. Making |G( jω)|
maximum is equivalent to making |G( jω)|2 maximum.

G(s) =
1

2s2 + K1is + K2i
(74)

|G( jω)|2 =
1

(K2i − 2ω2)2 + (K1iω)2 (75)

Its derivative is

d
dω
|G( jω)|2 = −8

ω
(
2ω2 − K2i +

K2
1i

4

)
{
(K2i − 2ω2)2 + (K1iω)2}2 (76)

Furthermore, we can deduce that if K2
1i

4 −K2i > 0, max
ω
|G( jω)|

reaches when ω = 0, or if K2
1i

4 − K2i < 0, max
ω
|G( jω)| reaches

when ω2 = K2i
2 −

K2
1i

8 . Therefore, max
ω
|G( jω)| has two solutions

as

max
ω
|G( jω)|2 =


1

K2
2i
, i f K2

1i
4 − K2i > 0

16
K4

1i+8K2iK2
1i−2K3

1i
, i f K2

1i
4 − K2i < 0

(77)

where we select the first solution to meet (51) when K2i > βi

and K2
1i > 4K2i. We can solve the feasible M to meet the LMI

(51). Thus, the stability of the proposed TDE-STC controller
is proven.
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