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We present a phase-space analysis of the qualitative dynamics cosmologies where dark matter exchanges
energy with the vacuum component. We find fixed points corresponding to power-law solutions where the
different components remain a constant fraction of the total energy density and given an existence condition
for any fixed points with nonvanishing energy transfer. For some interaction models we find novel fixed
points in the presence of a third noninteracting fluid with constant equation of state, such as radiation,
where the interacting vacuumþmatter tracks the evolution of the third fluid, analogous to tracker solutions
previously found for self-interacting scalar fields. We illustrate the phase-plane behavior, determining the
equation of state and stability of the fixed points in the case of a simple linear interaction model, for
interacting vacuum and dark matter, including the presence of noninteracting radiation. We give
approximate solutions for the equation of state in matter- or vacuum-dominated solutions in the case
of small interaction parameters.
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I. INTRODUCTION

The apparent late-time acceleration of our Universe
[1,2], in the context of a homogeneous and isotropic
cosmology governed by Einstein’s equations, requires
some form of dark energy with negative pressure. The
simplest explanation would seem to be a positive energy
density associated with empty space and hence undiluted
by the cosmic expansion, i.e., vacuum energy with energy-
momentum tensor Ťν

μ ¼ −Vδνμ, density, ρV ¼ V and pres-
sure PV ¼ −V. Together with the standard model of
particle physics and an additional form of nonrelativistic
(cold) dark matter, this forms the basis of the standard
ΛCDM cosmology. However the remarkably small
observed value of the dark energy density today has led
many authors to consider models of dark energy where the
dark energy density evolves in time. Typically this is done
by introducing additional dynamical degrees of freedom,
e.g., quintessence [3–5].
In this paper we consider the qualitative dynamics of

cosmological models with time-dependent vacuum energy
density, but without necessarily including any additional

degrees of freedom other than the standard model particles
plus cold dark matter. Instead we allow the vacuum to
exchange energy with dark matter, leading to an alternative
scenario with a time-dependent vacuum energy [6–17].
Such a time-dependent vacuum energy can arise from
renormalization group running of the vacuum energy,
which may also lead to running of Newton’s gravitational
constant [12,18,19], although we do not consider such
effects here. Similarly we do not include restrictions on
the nature of the energy transfer in such models [20].
The effective equation of state for the interacting vacuum
and dark matter cosmology then depends on the form of
this energy transfer, Q ¼ _V.
For example for vacuum energy interacting with cold

dark matter with an energy transferQ¼3αHρmV=ðρmþVÞ,
where ρm is the matter density,H is the Hubble rate and α is
a dimensionless parameter, we recover the effective equa-
tion of state for the generalized Chaplygin gas (gCg)
[21,22], but it originates from a nontrivial energy transfer
between matter and vacuum energy [23]. While the two
descriptions are equivalent at the level of the homogeneous
background they may differ at the level of inhomogeneous
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perturbations, and specifically the effective speed of sound
[16,24,25]. In the matter-dominated limit, the gCg inter-
action model reduces to Q ∝ HV [26–28] and reduces to
Q ∝ Hρm [29–33] when the vacuum energy is dominant.
This leads us to consider a simplified interaction model
Q ¼ αHρm þ βHV, with two dimensionless parameters α
and β, which we will use in this paper to illustrate the
qualitative effects of an interaction at early and late times.
Similar models have previously been studied in the context
of interacting dark energy models [34–37]. However we are
also able to consider some of the qualitative properties of
models solely in terms of the interaction at fixed points in
the phase space, applicable to more general interaction
models.
A phase-space analysis enables us to study fixed points

of the evolution of interacting vacuum and dark matter
cosmologies, with a spatially flat Friedmann-Lemaître-
Robertson-Walker (FLRW) metric with scale factor, a.
We use dimensionless variables [38–41] for the fluid and
vacuum energy densities relative to the critical density
(determined by the Hubble expansion, H ¼ _a=a). Fixed
points in this phase space correspond to scale-invariant
(“scaling”) solutions and, in the limiting case of a constant
Hubble rate, de Sitter. We give analytic (power-law)
solutions for the scale-invariant fixed points and study
their stability.
The layout of the paper is as follows. In Sec. II we define

our dimensionless variables and give general conditions for
fixed points in the presence of an interaction. In Sec. III we
characterize fixed points in the presence of two interacting
fluids. In this case the Friedmann constraint reduces the
phase space to a one-dimensional space. In Sec. IV we
consider three-fluid cosmologies including a noninteracting
barotropic fluid which leads to the presence of additional
fixed points in a two-dimensional phase space. We con-
clude in Sec. V, illustrating one of the regimes in our
parameter space with a late-time accelerating matter þ
vacuum cosmology emerging from a conventional early
radiation-dominated era.

II. DYNAMICAL VARIABLES

Let us consider pressureless matter density, ρm, interact-
ing with vacuum energy, V. The coupled energy conserva-
tion equations are then

_ρV ¼ þQ; ð1Þ

_ρm þ 3Hρm ¼ −Q: ð2Þ

We define dimensionless variables describing the matter
and vacuum energy densities relative to the expansion

x≡ κ
ffiffiffiffiffiffi
ρm

pffiffiffi
3

p
H

; y≡ ϵ
κ

ffiffiffiffiffiffi
ϵV

pffiffiffi
3

p
H

ð3Þ

where we use κ2 ¼ 8πG, and

ϵ ¼
�þ1 for V > 0;

−1 for V < 0.
ð4Þ

We allow for the possibility that the vacuum density may be
positive or negative, corresponding to the choice of upper
or lower signs throughout, while we will assume that
the matter density remains non-negative throughout
(otherwise we may have a negative number of particles
or particles with a negative energy, leading to ghost-like
instabilities [42]).
We will study their dynamical evolution with respect the

logarithmic expansion. In the following a prime denotes a
derivative with respect to the logarithm of the scale factor:

0 ≡ d
d ln a

¼ 1

H
d
dt

: ð5Þ

Thus an expanding universe (H > 0) with positive vacuum
energy (V > 0) corresponds to the upper-right quadrant
(x > 0, y > 0) and one with negative vacuum energy
corresponds to the lower-right quadrant (x > 0, y < 0). In
the following we will restrict our discussion to expanding
universes (x > 0). As we are using the logarithmic scale
factor as our time coordinate we may treat collapsing
universes (H < 0) simply as the time reverse of the
expanding case. Note that a spatially flat cosmology with
positive matter density can only have a turning point
(H ¼ 0) in the presence of another component with negative
energy density, corresponding to y < 0 in this case.
The evolution equations can then be written as

x0 ¼
�
3

2
w −

1

2

q
x2

�
x; ð6Þ

y0 ¼
�
3

2
ð1þ wÞ þ ϵ

1

2

q
y2

�
y; ð7Þ

where we have defined the dimensionless energy transfer

q≡ κ2Q
3H3

: ð8Þ

The evolution of the Hubble rate is given by

H0

H
¼ −

3

2
ð1þ wÞ; ð9Þ

in terms of the effective overall equation of state

w≡ P
ρ
: ð10Þ

Our choice of variablesmimics those commonly chosen to
study scaling solutions in scalar field cosmologies [38–40].

CHAKKRIT KAEONIKHOM et al. PHYS. REV. D 102, 123519 (2020)

123519-2



x2 can be identified with the usual dimensionless density
parameter for matter Ωm ¼ x2 while the dimensionless
vacuum energy parameter is ΩV ¼ ϵy2. Fixed points in
the phase space thus correspond to scaling solutions with
constant density parameters, Ωm andΩV , and constant over-
all equation of state w, which in turn implies, from Eq. (9), a
power-law solution for the scale factor

a ∝ t2=3ð1þwÞ: ð11Þ
In the case of a noninteracting vacuumwith q ¼ 0, we can

immediately identify twofamiliar fixedpoints forxandy.We
haveafixedpointatxp ¼ 1,yp ¼ 0withw ¼ 0, i.e., amatter-
dominatedexpansion(Ωm ¼ 1)wherea ∝ t2=3.Wealsohave
avacuum-dominated (ΩV ¼ 1) fixedpoint atxp ¼ 0,yp ¼ 1

with w ¼ −1, i.e., de Sitter expansion whereH0 ¼ 0. These
will remain fixed points, i.e., asymptotic limits of the
behavior in more general models allowing for q ≠ 0.
More generally, we see from Eqs. (6) and (7) that an

interacting fixed-point solution (x0 → 0 and y0 → 0) exists
for nonzero x → xp and y → yp when

q ¼ 3wx2p ¼ −3ð1þ wÞϵy2p: ð12Þ

To be able to close the dynamical phase space fx; yg
we need to determine the overall equation of state, w in
Eq. (10), and dimensionless energy transfer, q in Eq. (8), in
terms of the dynamical variables. We shall therefore con-
sider models in which w and q can then be expressed solely
in terms of x and y. Many kinds of interaction models have
been reviewed in Ref. [41]; however in this paper we will
focus our attention on a simple linear interaction model

Q ¼ αHρm þ βHV; ð13Þ

where α and β are dimensionless coupling parameters.
In terms of our dimensionless energy transfer (8) this
corresponds to

q ¼ αx2 þ ϵβy2: ð14Þ

In addition we have not yet imposed the Friedmann
constraint equation which determines the Hubble expan-
sion in terms of the total energy density. This constraint
therefore depends on the number of fluids contributing to
the energy density. In what follows, we will consider the
simple interaction model (13) in both a two-fluid system
(interacting vacuumþmatter) and a three-fluid system
(interacting vacuumþmatter, plus a third, noninteracting.
barotropic fluid).

III. TWO-FLUID SYSTEM

In this section we will consider a spatially flat FLRW
cosmology with pressureless dark matter interacting with
the vacuum energy. The Friedmann equation

H2 ¼ κ2

3
ðρm þ VÞ; ð15Þ

which thus constrains the variables x and y to lie on a one-
dimensional curve

x2 þ ϵy2 ¼ 1: ð16Þ
The overall equation of state (10) for the two-fluid case
becomes

w ¼ −V
ρm þ V

¼ −ϵy2: ð17Þ

The dimensionless deceleration parameter, qdec≡
−aä= _a2 ¼ ð1þ 3wÞ=2, is thus given by

qdec ¼
x2

2
− ϵy2: ð18Þ

A. Fixed points

A fixed point, x0 → 0 and y0 → 0 where x → xp and
y → yp, corresponds to a constant overall equation of state
w → wp given by Eq. (17) and we obtain a power-law
solution given by Eq. (11) for the cosmological scale factor
as a function of cosmic time

a ∝ t2=3x
2
p : ð19Þ

Substituting Eq. (17) for w into the condition for a novel
fixed point (12) we obtain a simple existence condition for
a two-fluid fixed point

q ¼ −3ϵx2py2p ð20Þ
for any interaction model q. We recover the familiar fixed
points for a matter-dominated solution (xp ¼ 1, yp ¼ 0)
and de Sitter (xp ¼ 0, yp ¼ 1) as fixed points where these
coincide with zero interaction, q → 0. There may be
additional fixed points for nonzero interaction, q ≠ 0,
dependent on the interaction model.

B. Simple interaction model

The continuity equations for matter density and vacuum
energy with the interaction model (13) are given by

_ρV ¼ αHρm þ βHV; ð21Þ
_ρm ¼ −ð3þ αÞHρm − βHV: ð22Þ

In terms of our dimensionless variables we have

x0 ¼
�
−
3þ α

2
− ϵ

β

2

y2

x2
þ 3

2
x2
�
x; ð23Þ
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y0 ¼
�
β

2
þ ϵ

α

2

x2

y2
þ 3

2
x2
�
y: ð24Þ

We will consider separately the fixed points and their
properties in simple cases such as α ¼ 0 or β ¼ 0, and then
the general case where α, β ≠ 0. The fixed points are
summarized for each case in Table I and we will analyze
each case separately in the following subsections.

1. Case I: α ≠ 0 and β= 0

The fixed-point existence condition (20) for this case is
given by

αx2p ¼ −3ϵx2py2p: ð25Þ
Using the two-fluid constraint (16) yields the fixed-point
solutions

Ia∶ xIa ¼ 0; yIa ¼ 1; ð26Þ

Ib∶ xIb ¼
ffiffiffiffiffiffiffiffiffiffiffi
1þ α

3

r
; yIb ¼ ϵ

ffiffiffiffiffiffiffiffiffi
−ϵ

α

3

r
: ð27Þ

The fixed point Ia exists for all values of α while the
point Ib exists for α > −3. (The two points coincide for
α ¼ −3.)
We determine their stability by introducing small per-

turbations u and v about the fixed points

x → xp þ u; y → yp þ v ð28Þ
and considering the evolution equations (23) and (24) to
first order in u and v. In addition, considering the two-fluid
Friedmann constraint (16) yields

xpu ¼ −ϵypv: ð29Þ
At fixed point Ia, Eq. (29) shows that xIa ¼ 0 implies

v ¼ 0 at first order. Hence Eq. (23) becomes

u0 ¼
�
−
3þ α

2

�
u: ð30Þ

Thus u ∝ eλIaN where the eigenvalue λIa is given by

λIa ¼ −
3þ α

2
: ð31Þ

The point Ia is therefore a stable node (λIa < 0) if α > −3
and an unstable node (λIa > 0) for α < −3.
The fixed point Ib exists for α > −3. For −3 < α < 0 it

corresponds to positive vacuum energy yIb > 0, and
for α > 0 it corresponds to negative vacuum energy
yIb < 0. Considering a small perturbation x → xIb þ u ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ðα=3Þp þ u and substituting this into Eq. (23) for the

point Ib at first order we obtain

u0 ¼ ð3þ αÞu; ð32Þ
and hence the eigenvalue is given by

λIb ¼ 3þ α: ð33Þ
Given that this fixed point requires α > −3 to exist, we see
that it always corresponds to an unstable node, λIb > 0.
The phase-space trajectories in this case are shown

in Fig. 1.
(1) For α < −3 the only fixed point is Ia; general

solutions start at the vacuum-dominated fixed point
Ia with wIa ¼ −1 but evolve towards y < 0.

(2) For α > −3 solutions start from an initial scaling
solution Ib with overall equation of state (17)
corresponding to wIb ¼ α=3 > −1 (with negative
vacuum energy, yIb < 0 and wIb > 0 when α > 0,
or positive vacuum energy and yIb > 0 and wIb < 0
when α < 0) and evolve towards either the late-time
vacuum-dominated fixed point, Ia with wIa ¼ −1,
or towards y → −∞, as shown in Fig. 1.

2. Case II: α= 0 and β ≠ 0

In this case, the fixed point existence condition (20) is
given by

ϵβy2p ¼ −3ϵx2py2p: ð34Þ

TABLE I. The fixed points, xp and yp, and the eigenvalues for the two-fluid interacting vacuumþmatter system for the three cases:
(I) α ≠ 0, β ¼ 0, (II) α ¼ 0, β ≠ 0, and (III) both α and β are not zero.

Case Point xp yp λ Existence conditions

α ≠ 0, β ¼ 0 Ia 0 1 − 3þα
2

∀ α
Ib

ffiffiffiffiffiffiffiffiffiffiffi
1þ α

3

p
ϵ

ffiffiffiffiffiffiffiffi
−ϵ α

3

p
3þ α α > −3

α ¼ 0, β ≠ 0 IIa 1 0 3þβ
2

∀ β

IIb
ffiffiffiffiffiffi
− β

3

q
ϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð1þ β

3
Þ

q
−ð3þ βÞ β < 0

α ≠ 0, β ≠ 0 IIIþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðα−βþ3ÞþSðα;βÞ

6

q
ϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð−αþβþ3Þ−Sðα;βÞ

6ϵ

q
Sðα; βÞ S2ðα; βÞ ≥ 0, and either β > 0 or

β < 0 with α − β þ 3 > 0
III− ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðα−βþ3Þ−Sðα;βÞ
6

q
ϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð−αþβþ3ÞþSðα;βÞ

6ϵ

q
−Sðα; βÞ S2ðα; βÞ ≥ 0, and α − β þ 3 > 0 and β < 0
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Solving the above equation together with the constraint
(16), the fixed points can be shown to be

IIa∶ xIIa ¼ 1; yIIa ¼ 0; ð35Þ

IIb∶ xIIb ¼
ffiffiffiffiffiffiffi
−
β

3

r
; yIIa ¼ ϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵ

�
1þ β

3

�s
: ð36Þ

The point IIa exists for all values of β and corresponds
to a matter-dominated solution with wIIa ¼ 0. However, the
point IIb exists only for negative β; it lies in the upper-
right quadrant (y > 0) with V > 0 for −3 < β < 0 but lies
in the lower-right quadrant (y < 0) with V < 0 for β < −3,
as illustrated in Fig. 2.
We perform a similar stability analysis as the previous

case I, but using the small perturbation y → yp þ v in this

(a) (b) (c)

FIG. 1. The phase-space evolution of ðx; yÞ with respect to N for the two-fluid system in case I (β ¼ 0), illustrating the existence and
stability of the fixed points in each range of α.

(a) (b) (c)

FIG. 2. The phase-space evolution of ðx; yÞ with respect to N for the two-fluid system in case II (α ¼ 0), illustrating the existence and
stability of the fixed points in each range of β.
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case. Near the fixed point IIa ðyIIa ¼ 0Þ, Eq. (29) implies
u ¼ 0 at first order, and Eq. (24) to first order yields

v0 ¼
�
3þ β

2

�
v; ð37Þ

and hence v ∝ eλIIaN with the corresponding eigenvalue

λIIa ¼
3þ β

2
ð38Þ

implying the point IIa is stable for β < −3 and unstable
for β > −3.
The other fixed point for β < 0 is IIb. The stability

analysis in this case yields the eigenvalue

λIIb ¼ −ð3þ βÞ: ð39Þ

Thus the point IIb is stable for −3 < β < 0, corresponding
to yIIb > 0 and hence V > 0 at the fixed point and wIIb < 0,
and it is unstable if β < −3, corresponding to yIIb < 0, and
V < 0 and wIIb > 0.
The phase-space trajectories in this case are shown in

Fig. 2. For β > 0 the only fixed point is IIa; general
solutions start at the matter-dominated fixed point IIa with
wIIa ¼ 0 and evolve either towards y → −∞ for V < 0, or
would evolve to reach x ¼ 0 for V > 0 after which the
density would then become negative, which we consider to
be unphysical. When − 3 < β < 0, solutions start from an
initial matter-dominated state, IIa, and either end up at the
scaling solution IIb with overall equation of state (17)
corresponding to wIIb ¼ −ðβ=3Þ − 1 > −1 or evolve
towards y → −∞. For β < −3 the only physical initial
state is the scaling solution IIb with V < 0 and wIIb ¼
−ðβ=3Þ − 1 > 0, which is unstable and general solutions
evolve either towards the matter-dominated solution IIa
with wIIa ¼ 0 or towards y → −∞, as shown in Fig. 2.

3. Case III: α, β ≠ 0

In the case of nonzero α and β for the simple interaction
model (14), the existence condition (20) yields

αx2p þ βϵy2p ¼ −3ϵx2py2p: ð40Þ

Applying the constraint (16) then gives two possible fixed
points

III� ∶ xIII� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðα − β þ 3Þ � Sðα; βÞ

6

r
;

yIII� ¼ ϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβ − αþ 3Þ ∓ Sðα; βÞ

6ϵ

r
; ð41Þ

where we have defined

Sðα; βÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðαþ β þ 3Þ2 − 4αβ

q
ð42Þ

and we require S2ðα; βÞ ≥ 0. yIII� is always real since we
can choose the sign of ϵ in order to ensure yIII� is real.
Therefore the fixed points exist if Sðα; βÞ is real and if xIII�
is real, which requires

ðα − β þ 3Þ � Sðα; βÞ ≥ 0: ð43Þ

The different parameter regimes for the existence of the two
fixed points are illustrated in Fig. 3. We find three regimes:
(1) IIIþ exists and III− does not exist for β > 0.
(2) Both IIIþ and III− exist if S2ðα; βÞ > 0, β < 0

and α > β − 3.
(3) Neither III− nor IIIþ exist if either S2ðα; βÞ ≤ 0

or if β < 0 and α < β − 3
Introducing small perturbations about the fixed points,

x → xIII� þ u and y → yIII� þ v, and writing Eqs. (23) and
(24) to first order in u and v, we have

�
u0

v0

�
¼ �Sðα; βÞ

�
u

v

�
: ð44Þ

Thus the eigenvalues for the evolution of perturbations
about each fixed point have the simple form

�10 �8 �6 �4 �2 0 2 4
�10

�8

�6

�4

�2

0

2

4

FIG. 3. Different parameter regimes for the simple interaction
model (14) with both α ≠ 0 and β ≠ 0. The solid blue curve
denotes S2ðα; βÞ ¼ 0 where Sðα; βÞ is defined in Eq. (42). The
shaded regions denote the existence of both fixed points III�
(red), only one fixed point IIIþ (green), or no fixed points
(white). The letters a)–f) denote the different parameter regimes
illustrated in Fig. 4.
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λIII� ¼ �Sðα; βÞ: ð45Þ
We find that IIIþ is an unstable node with the eigenvalue
þSðα; βÞ > 0, while III− is a stable node with the
eigenvalue −Sðα; βÞ < 0.
The equation of state at the fixed points is given by

Eq. (17), and hence

wIII� ¼ −
3 − αþ β ∓ Sðα; βÞ

6
: ð46Þ

The different possible trajectories in different parameter
regimes are illustrated in Fig. 4. In parameter regime (a), for

example, for small positive values of α (α ≪ 1) and small
negative values of β (−β ≪ 1) solutions may start close to a
matter-dominated scaling solution, wIIIþ ≈ 0 and evolve to
a vacuum-dominated scaling solution with wIII− ≈ −1.

IV. THREE-FLUID SYSTEM

We will now consider a three-fluid cosmology with a
noninteracting barotropic fluid with density ργ ≥ 0, and
pressure Pγ ¼ wγργ, in addition to an interacting vacuum
plus pressureless dark matter. This would allow us to
include, for example, the effect of radiation in the standard

(a) (b) (c)

(d) (e) (f)

FIG. 4. The phase-space evolution of ðx; yÞ with respect to N for the two-fluid system in case III (α ≠ 0 and β ≠ 0), illustrating the
existence and stability of the fixed points in different parameter regimes.
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hot big bang cosmology as a barotropic fluid with
wγ ¼ 1=3, and we use this value to illustrate the qualitative
evolution in our figures. In a realistic cosmology we require
radiation corresponding to relativistic particles in the
standard model to dominate the energy density of the
early universe, and in particular at the time of primordial
nucleosynthesis. However in our analysis we leave wγ

undetermined.
The conservation equation for the barotropic fluid is

_ργ þ 3Hργð1þ wγÞ ¼ 0 ð47Þ

with constant equation of state wγ , while the Hubble
expansion rate is now determined by the total energy
density of all three fluids, so the Friedmann equation
becomes

H2 ¼ κ2

3
ðρm þ V þ ργÞ: ð48Þ

If we introduce a dimensionless density parameter for the
barotropic fluid

z≡ κ
ffiffiffiffiffi
ργ

pffiffiffi
3

p
H
; ð49Þ

then in terms of our dimensionless variables the Friedmann
constraint equation (48) becomes

x2 þ ϵy2 ¼ 1 − z2: ð50Þ

Requiring ργ ≥ 0 and hence z2 ≥ 0, our solutions lie within
the unit circle x2 þ y2 ≤ 1 for positive vacuum energy
(y > 0), or within the unit hyperbola x2 − y2 ≤ 1 for
negative vacuum energy (y < 0).

A. Evolution equations and fixed points

The evolution equations for the three-fluid system are
given by Eqs. (6) and (7) with an additional evolution
equation for z

z0 ¼ 3

2
ðw − wγÞz; ð51Þ

subject to the constraint (50), where the overall equation of
state for the three-fluid system is now given by

w ¼ −V þ wγργ
ρm þ V þ ργ

¼ wγð1 − x2Þ − ð1þ wγÞϵy2: ð52Þ

Equation (51) yields two conditions for the existence of
fixed points, z0 → 0, in the three-fluid system, which are
either

z → zp ¼ 0 or w → wp ¼ wγ: ð53Þ

The first condition, zp ¼ 0, requires that the barotropic
fluid density become negligible and the three-fluid con-
straint (50) reduces to the two-fluid constraint (16). The
two-fluid system is thus an invariant one-dimensional
subspace of the two-dimensional three-fluid phase space.
In particular the three-fluid fixed points remain as fixed
points in the three-fluid system, and the eigenvalues in the
two-fluid system remain eigenvalues in the full three-fluid
phase space. The overall equation of state is given by the
two-fluid equation of state (17).
The second condition, wp ¼ wγ , may yield additional

fixed points which can be found from the existence
condition (12)

q ¼ 3wγx2p ¼ −3ð1þ wγÞϵy2p: ð54Þ

In general this depends on the form of the dimensionless
interaction q. But in any interaction model for which q → 0
as x → 0 and y → 0 we have a fixed point where the
barotropic fluid density dominates, z → 1, and hence

O∶ xO ¼ 0; yO ¼ 0; zO ¼ 1: ð55Þ

In particular this barotropic-fluid-dominated fixed point
exists for all values of the parameters α and β in our simple
interaction model (14), and it is the only fixed point
that does not lie on the invariant (two-fluid) subspace
x2 þ ϵy2 ¼ 1.
On the other hand, a novel three-fluid fixed point may

exist for other interaction models. For example, if we
consider an alternative interaction model

q ¼ Cx2y2; ð56Þ

then there is a three-fluid scaling solution with wp ¼ wγ

corresponding to the fixed point

xp ¼
ffiffiffiffiffiffiffiffi
3wγ

C

r
; yp ¼ ϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−3ϵð1þ wγÞ

C

r
; ð57Þ

which exists either for 0 < C=3wγ < 1 and ð1þ wγÞC > 0,
or for C=3wγ > 1 and 0 < −3ð1þ wγÞ=C < 1.

B. Simple interaction model

In this subsection we consider the simple interaction
model (14) in the presence of a third barotropic fluid. Using
the constraint (50) and overall equation of state (52) for the
three-fluid system, the evolution equations (6) and (7)
become

x0 ¼
�
3wγ −α−

�
3ð1þwγÞþ

β

x2

�
ϵy2− 3wγx2

�
x
2
; ð58Þ
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y0 ¼
�
βþ 3ð1þwγÞ þ

�
ϵ
α

y2
− 3wγ

�
x2 − 3ð1þwγÞϵy2

�
y
2
:

ð59Þ

As remarked in the preceding subsection, the fixed points
for this three-fluid system correspond to those of the two-
fluid subspace (z ¼ 0) plus the barotropic-fluid-dominated
(zO ¼ 1) fixed point (55). These fixed points are listed in
Table II.
We analyze the existence conditions for the fixed points

and their stability for the same three cases as in the two-
fluid system: (I) α ≠ 0, β ¼ 0, (II) α ¼ 0, β ≠ 0 and (III) α,
β ≠ 0. The fixed point O exists for all cases, while the
existence conditions for the fixed points in the two-
fluid subspace (zp ¼ 0) remain unchanged. However, the

stability of these fixed points in the three-fluid case now
also depends on the barotropic equation of state, wγ , as well
as the values of α and β.
In a two-dimensional phase space, ðx; yÞ, the eigenvalues

are usually calculated from the Jacobianmatrix of the system
of linearized evolution equations for small perturbations
about each fixed point (see Appendix A). Considering small
perturbations, x → xp þ u and y → yp þ v, about the two-
fluid fixed points with zp ¼ 0, the linearized evolution
equations (58) and (59) for u and v can be written in matrix
form �

u0

v0

�
¼ Jp

�
u

v

�
ð60Þ

where the Jacobian matrix

Jpðxp; ypÞ ¼
"− 3þα

2
þ ϵ β

2

y2p
x2p
þ 3

2
ð1 − 2wγÞx2p −

�
β
xp
þ 3ð1þ wγÞxp

	
ϵyp�

ϵ α
yp
− 3wγyp

	
xp

β
2
þ 1

2

�
3 − ϵ α

y2p

	
x2p − 3ð1þ wγÞϵy2p

#
ð61Þ

and we have used the two-fluid fixed-point relation, x2p þ
ϵy2p ¼ 1 in the above equations. In order to determine the
stabilities of the fixed points, we evaluate the eigenvalues of
the Jacobian matrix for each fixed point (see Appendix B).
However we will analyze separately the stability of

the barotropic-fluid-dominated fixed point O since the
evolution equations (58) and (59) (and hence the corre-
sponding Jacobian matrix) become ill defined as x → 0 and
y → 0 simultaneously. Setting x ¼ u and y ¼ v and letting
u → 0 and v → 0 then the evolution equations (58) and
(59) give

u0 ≈
1

2

�
3wγ − α − ϵβ

�
v
u

�
2
�
u; ð62Þ

v0 ≈
1

2

�
3ð1þ wγÞ þ β þ ϵα

�
u
v

�
2
�
v: ð63Þ

We keep the terms u2=v2 and v2=u2 since Eqs. (62) and
(63) are undetermined in general when u and v both
approach zero.
We will consider trajectories which approach the fixed

point, x ¼ u → 0 and y ¼ v → 0, at a fixed angle θ such
that t≡ tan θ ¼ v=u ¼ const and is finite. This is only
consistent if trajectories approachO along an eigenvector at
angle θ with eigenvalue λt such that u0 ¼ λtu and v0 ¼ λtv,
where the consistency of the evolution equations (62)
and (63) requires

TABLE II. Summarized table for fixed points, eigenvalues and their existence conditions in the three-fluid system.

Case Point xp yp λ Existence conditions

α ≠ 0, β ¼ 0 Ia 0 1 −3ð1þ wγÞ, − 3þα
2

∀ α and ∀wγ

Ib
ffiffiffiffiffiffiffiffiffiffiffi
1þ α

3

p
ε

ffiffiffiffiffiffiffiffi
−ε α

3

p
α − 3wγ , 3þ α α > −3 and ∀wγ

α ¼ 0, β ≠ 0 IIa 1 0 −3wγ ,
3þβ
2

∀ β and ∀wγ

IIb
ffiffiffiffiffiffi
− β

3

q
ε

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εð1þ β

3
Þ

q
−ð3þ βÞ − 3wγ , −ð3þ βÞ β < 0 and ∀wγ

α ≠ 0, β ≠ 0 IIIþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðα−βþ3ÞþSðα;βÞ

6

q
ε

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβ−αþ3Þ−Sðα;βÞ

6ε

q
−1

2
½β−αþ3þ6wγ−Sðα;βÞ�,

Sðα; βÞ
S2ðα; βÞ ≥ 0, and either β > 0
or β < 0 with α − β þ 3 > 0

III−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðα−βþ3Þ−Sðα;βÞ

6

q
ε

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðβ−αþ3ÞþSðα;βÞ

6ε

q
−1

2
½β−αþ3þ6wγþSðα;βÞ�,

−Sðα; βÞ
S2ðα;βÞ≥0, and α − β þ 3 > 0

and β < 0

Both α≠0, β¼0
and α¼0, β≠0,
and also α ≠ 0, β ≠ 0

O 0 0 1
4
½β−αþ3þ6wγ�Sðα;βÞ� S2ðα; βÞ ≥ 0, and ∀wγ
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λt¼
1

2
½3wγ −α− ϵβt2� ¼ 1

2
½3ð1þwγÞþβþ ϵαt−2�: ð64Þ

Solving for t2 yields

t2 ¼ 1

2ϵβ
½−ðαþ β þ 3Þ ∓ Sðα; βÞ� ð65Þ

where Sðα; βÞ is defined in Eq. (42). Substituting the t2

equation back into Eq. (64), we find that the eigenvalues are
given by

λO� ¼ 1

4
½β − αþ 3þ 6wγ ∓ Sðα; βÞ�: ð66Þ

Thus we see that the fixed pointO only has real eigenvalues
for S2ðα; βÞ > 0. If Sðα; βÞ is real then at least one of the
fixed points III� exists and we have

λO� ¼ 3

2
ðwγ − wIII�Þ: ð67Þ

1. Case I: α ≠ 0, β= 0

The phase space trajectories in this case are shown in
Fig. 5. For this case, the Jacobian matrix (61) becomes

Jp;I¼
"−3þα

2
þ 3

2
ð1−2wγÞx2p −3ϵð1þwγÞxpyp

ϵ
αxp
yp
−3wγxpyp −3ϵð1þwγÞy2p−ϵ

αx2p
2y2p

þ 3
2
x2p

#
:

ð68Þ

The vacuum-dominated (yIa ¼ 1) fixed point Ia exists
for any α and wγ. It has eigenvalues

λIa;1 ¼ −3ð1þ wγÞ; λIa;2 ¼ −
3þ α

2
: ð69Þ

Thus it is a stable node for α > −3 and wγ > −1, an
unstable node for α < −3 and wγ < −1 and a saddle point
for either α < −3 and wγ > −1, or for α > −3 and
wγ < −1.
The interacting matter þ vacuum scaling solution Ib

exists for α > −3 and any wγ. It has eigenvalues

λIb;1 ¼ α − 3wγ; λIb;2 ¼ 3þ α: ð70Þ

Thus it is an unstable node for wγ < α=3 and a saddle point
for wγ > α=3.
The barotropic-fluid-dominated (zO ¼ 1) fixed point O

exists for any α and wγ . This fixed point has eigenvalues

λO;1 ¼
3

2
ð1þ wγÞ; λO;2 ¼

1

2
ð3wγ − αÞ: ð71Þ

Thus it is a stable node forα > 3wγ andwγ < −1, anunstable
node for α < 3wγ and wγ > −1, and it is a saddle point for
either α > 3wγ and wγ > −1, or for α < 3wγ and wγ < −1.

2. Case II: α= 0, β ≠ 0

The phase space trajectories in this case are shown in
Fig. 6. For α ¼ 0, β ≠ 0, the Jacobian matrix (61) reduces to

(a) (b) (c)

FIG. 5. The phase-space evolution of ðx; yÞ with respect to N for the three-fluid system in case I (β ¼ 0) with radiation fluid,
wγ ¼ 1=3, illustrating the existence and stability of the fixed points in each range of α.
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Jp;II¼
"
−3

2
þϵβ

2

y2p
x2p
þ3

2
ð1−2wγÞx2p −

�
β
xp
þ3ð1þwγÞxp

	
ϵyp

−3wγxpyp
β
2
þ3

2
x2p−3ð1þwγÞϵy2p;

#
:

ð72Þ

The matter-dominated (xIIa) fixed point IIa exists for β
and wγ . It has eigenvalues

λIIa;1 ¼ −3wγ; λIIa;2 ¼
3þ β

2
: ð73Þ

Thus it is a stable node for β < −3 and wγ > 0. It is an
unstable node for β > −3 and wγ < 0, and a saddle point
for either β > −3 and wγ > 0 or for β < −3 and wγ < 0.
The interacting matter þ vacuum scaling solution IIb

exists for β < 0 and any wγ. It has eigenvalues

λIIb;1 ¼ −β − 3ð1þ wγÞ; λIIb;2 ¼ −ð3þ βÞ: ð74Þ

Thus it is a stable node for maxf−3ð1þ wγÞ;−3g < β < 0,
an unstable node for β < minf−3ð1þ wγÞ;−3g, and a
saddle point for either −3ð1þ wγÞ < β < −3 if wγ > 0 or
for −3 < β < −3ð1þ wγÞ if wγ < 0.
The barotropic-fluid-dominated (zO ¼ 1) fixed point O

exists for any α and wγ . This fixed point has eigenvalues

λO;1 ¼
3

2
wγ; λO;2 ¼

1

2
ð3wγ þ 3þ βÞ: ð75Þ

Thus it is a stable node for wγ < minf0;−1 − ðβ=3Þg, an
unstable node for wγ > maxf0;−1 − ðβ=3Þg and a saddle

point for either −1 − ðβ=3Þ < wγ < 0 if β > −3 or for
0 < wγ < −1 − ðβ=3Þ if β < −3.

3. Case III: α, β ≠ 0

As in the two-fluid model, the interacting matter þ
vacuum scaling solutions III� for α ≠ 0 and β ≠ 0 exist
only if Sðα; βÞ defined in Eq. (42) is real and xIII� defined in
Eq. (41) is real [see Eq. (43)].
The Jacobian matrix (61) does not immediately simplify.

The characteristic equation for the eigenvalues at each point
can be written in the standard form

λ2 − trðJpÞλþ detðJpÞ ¼ 0; ð76Þ

where the trace and determinant of the Jacobian matrix (B5)
at each point III� are given by

trðJpÞ ¼ � 3

2
Sðα; βÞ − 1

2
ðβ − αþ 3þ 6wγÞ; ð77Þ

detðJpÞ ¼
1

2
S2ðα; βÞ ∓ 1

2
ðβ − αþ 3þ 6wγÞSðα; βÞ: ð78Þ

Thus we find the two eigenvalues at each point are
given by

λIII�;1 ¼ �Sðα; βÞ;

λIII�;2 ¼ −
1

2
½β − αþ 3þ 6wγ ∓ Sðα; βÞ�: ð79Þ

The equation of state at the fixed points III� is given by
Eq. (46), and hence we have

(b)(a) (c)

FIG. 6. The phase-space evolution of ðx; yÞ with respect to N for the three-fluid system in case II (α ¼ 0) with radiation fluid,
wγ ¼ 1=3, illustrating the existence and stability of the fixed points in each range of α.
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λIII�;2 ¼ −3ðwγ − wIII�Þ: ð80Þ

The point IIIþ is always unstable, when it exists, since
Sðα; βÞ > 0. It is a saddle point if wIIIþ < wγ , and otherwise
it is an unstable node. The point III− is a stable node if
wIII− < wγ , and otherwise it is a saddle point.
Thebarotropic-fluid-dominated (zO ¼ 1) fixedpointO exists

for any α, β and wγ . This fixed point has eigenvalues

λO;� ¼ 3

2
ðwIII� − wγÞ; ð81Þ

wherewIII� is defined by Eq. (46) even in cases where the fixed
points III� may not exist. If S2ðα; βÞ > 0 then wIIIþ < wIII−
andthefixedpointO isastablenodeforwγ > wIII−,asaddlepoint
for wIIIþ < wγ < wIII− and an unstable node for wγ < wIIIþ.

V. DISCUSSION

In this work we have presented a phase-plane analysis of
the cosmic evolution in a spatially flat FRW spacetime with
an interacting vacuum energy scenario, allowing energy
exchange between pressureless matter and vacuum energy.
We have allowed for the vacuum energy to be either
positive or negative, though late-time acceleration requires
a positive vacuum energy. Using dimensionless variables x
and y defined in Eq. (3), analogous to those used to study
scalar field cosmologies [38], fixed points in the phase
space correspond to power-law scaling solutions dominated
by one or more components. Wewere able to give existence
conditions for the fixed points in general, without speci-
fying the functional form of the interaction,Q. We analyzed
both two-fluid (pressureless matter þ vacuum energy) and
three-fluid systems, including an additional noninteracting
barotropic fluid (e.g., radiation).
For two fluids, corresponding to the interacting matter

and vacuum energies, the fixed-point condition (20)
requires that along the scaling solution we have

Q
H






p
¼ −κ2ρmVjp: ð82Þ

In the absence of an interaction (Q ¼ 0) this includes the
trivial cases of matter-dominated (V ¼ 0) or vacuum-
dominated (ρm ¼ 0) cosmologies. But it also allows for
the existence of nontrivial scaling solutions with V ≠ 0 and
ρm ≠ 0 in interacting models where Q ¼ 0.
The two-fluid system is an invariant subspace correspond-

ing to the one-dimensional boundary of the three-fluid
system. Hence all the fixed points found in the two-fluid
system are also fixed points in the three-fluid system.
However in the presence of a third barotropic fluid with
equation of state Pγ ¼ wγργ we can obtain additional fixed
point solutions which obey the condition (54), which we can
write as

Q
H






p
¼ 3wγρmjp ¼ −3ð1þ wγÞVjp: ð83Þ

Again there is one trivial case ρm ¼ V ¼ 0 corresponding to
a barotropic-fluid-dominated fixed point, ðx ¼ 0; y ¼ 0;
z ¼ 1Þ, which exists for any barotropic index wγ in the
noninteracting limit Q=H → 0. However there exist non-
trivial three-fluid scaling solutions in nonlinear interaction
models such as that given in Eq. (56) which corresponds to a
model in which Q ∝ HρmV.
To illustrate the full phase-space evolution, including the

stability of the fixed points, we focused on a simple linear
interaction model Q ¼ αHρm þ βHV, identifying fixed
points in each case when α ≠ 0 and β ¼ 0, α ¼ 0 and
β ≠ 0, or when both α and β are nonzero. For the
interaction model Q ¼ αHρm, a vacuum-dominated solu-
tion (Ia) exists for which yIa ¼ 1 and wIa ¼ −1. This is a
late-lime attractor if α > −3. Conversely, in the case
Q ¼ βHV, there exists a matter-dominated solution IIa
for which xIIa ¼ 1 andwIIa ¼ 0. This is unstable for β > −3
in which case the universe can evolve towards a fixed point
(for −3 < β < 0) with negative pressure (due to the
presence of vacuum energy) at late times. The only
additional fixed point in the presence of a third non-
interacting barotropic fluid given this interaction model
is the barotropic-fluid-dominated fixed point.
In the general case when α and β are both nonzero, one

possible cosmology corresponds to small negative values of
the parameters α and β corresponding to the region
(a) shown in Fig. 3. In this case the generic early-time
solution is radiation dominated (assuming a noninteracting
barotropic fluid with wγ ¼ 1=3). The fixed points IIIþ
and III− shown in Fig. 7 are a saddle point and an
attractor respectively in the two-fluid subspace system. In
this case the overall equation of state at the fixed points is in
the form

wIII� ¼ −
1

6
½β − αþ 3 ∓ Sðα; βÞ�; ð84Þ

where Sðα; βÞ is defined in Eq. (42). For small α and β we
have Sðα; βÞ ≃ 3þ αþ β and hence

wIIIþ ≃
α

3
; wIII− ≃ −1 −

β

3
: ð85Þ

Thus we have a cosmological solution that evolves from
radiation domination (O) to an intermediate matter-vacuum
scaling solution (IIIþ) dominated by the matter density
for small α to a matter-vacuum scaling solution (III−)
dominated by vacuum energy density at late times, which is
accelerating for small β. One such solution is shown in
Fig. 8 where we plot the dimensionless density parameters
Ωm ¼ x2, ΩV ¼ y2 and Ωγ ¼ z2.
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Our linear interaction model (13) is simple enough that we can integrate the coupled continuity equations (21) and (22) to
obtain closed-form solutions for the energy densities [37], such that (for S real) we have

ρm ¼
��

3þ αþ β þ S
2S

ρm;0 þ
β

S
ρV;0

�
a−S=2 −

�
3þ αþ β − S

2S
ρm;0 þ

β

S
ρV;0

�
aþS=2

�
a−ð3þα−βÞ=2;

ρV ¼
��

α

S
ρm;0 þ

3þ αþ β þ S
2S

ρV;0

�
aþS=2 −

�
α

S
ρm;0 þ

3þ αþ β − S
2S

ρV;0

�
a−S=2

�
a−ð3þα−βÞ=2: ð86Þ

(a) (b) (c)

(d) (e) (f)

FIG. 7. The phase-space evolution of ðx; yÞ with respect to N for the three-fluid system in case III (α ≠ 0, β ≠ 0) with radiation fluid,
wγ ¼ 1=3, illustrating the existence and stability of the fixed points. Each plot shows the phase space for different values of α and β
picked from each of the regions labeled (a)–(f) in Fig. 3.
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We can then identify the fixed points in our phase space
with the early- and late-time limits of this closed-form
solution. But for more general nonlinear interactions we
have presented a qualitative approach that can be used to
find scaling solutions and their stability without requiring a
closed form solution.
While there are many different theoretical models to

describe the evolution of a late-time accelerating cosmol-
ogy, these models are potentially distinguishable through
the evolution of perturbations. In particular the formation of
structure in the late Universe is sensitive to the dark matter–
vacuum interaction, while the presence of an interaction
in the early Universe could affect the epoch of matter-
radiation equality and thus the pattern of anisotropies in
the cosmic microwave background. Indeed such early dark
energy models have been proposed as one possible mecha-
nism to resolve the tension between locally measured
values of the Hubble parameter and those inferred from
the cosmic microwave background [43]. We plan to explore
the behavior of inhomogeneous perturbations about generic
phase space trajectories in interacting vacuum cosmologies
in future work.
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APPENDIX A: PHASE-PLANE
AUTONOMOUS SYSTEMS

Supposed we have an autonomous system given by

x0 ¼ fðx; yÞ; y0 ¼ gðx; yÞ: ðA1Þ

To analyze the stability of the fixed points, we consider
first-order perturbations u and v around such fixed points
x → xp þ u, y → yp þ v. The autonomous system
becomes

u0 ≈ fðxpÞ þ
∂f
∂x






xp

uþ ∂f
∂y






xp

v; ðA2Þ

v0 ≈ gðxpÞ þ
∂g
∂x






xp

uþ ∂g
∂y






xp

v; ðA3Þ

where xp ¼ fxp; ypg. Substituting these perturbed quan-
tities back into the system (A1) yields the linear differential
equation written in the form

�
u0

v0

�
¼ Jp

�
u

v

�
ðA4Þ

where Jp ≡ JðxpÞ is a 2 × 2 Jacobian matrix at the fixed
points written in the form

Jp ¼
" ∂f

∂x
∂f
∂y

∂g
∂x

∂g
∂y

#
x¼xp

: ðA5Þ

The eigenvalues of the matrix Jp can be written as a
characteristic equation as

FIG. 8. The evolution with respect to N ¼ lnðaÞ of the dimensionless density parameters for vacuum energy (black, solid line), matter
density (green, dashed line) and radiation (red, dotted line), in the three-fluid cosmology with the simple interaction model (13) with
α ¼ −0.2 and β ¼ −0.2.
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λ2 − trðJpÞλþ detðJpÞ ¼ 0; ðA6Þ

giving two eigenvalues λ�, and the general solutions u and
v can be expressed as

u ¼ uþeλþN þ u−eλ−N; ðA7Þ

v ¼ vþeλþN þ v−eλ−N; ðA8Þ

with the constants u� and v�. Thus the stability requires
that the real parts of λ� are both negative.

APPENDIX B: JACOBIAN MATRICES FOR
FIXED POINTS

Point: Ia∶ ðxp ¼ 0; yp ¼ 1Þ

JIa ¼
�− 3þα

2
0

0 −3ð1þ wγÞ

�
: ðB1Þ

Point: IIa∶ ðxp ¼ 1; yp ¼ 0Þ

JIIa ¼
�−3wγ 0

0 3þβ
2

�
: ðB2Þ

Point: Ib∶ ðxp ¼ ffiffiffiffiffiffiffiffiffiffiffi
1þ α

3

p
; yp ¼ ϵ

ffiffiffiffiffiffiffiffi
−ϵ α

3

p Þ

JIb¼
"

−ð3þαÞwγ −ð1þwγÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϵαð3þαÞp

−ϵð1þwγÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ϵαðαþ3Þp

3þð2þwγÞα

#
:

ðB3Þ

Point: IIb∶ ðxp ¼
ffiffiffiffiffiffi
− β

3

q
; yp ¼ ϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð1þ β

3
Þ

q

JIIb ¼
�

βðwγ − 1Þ − 3 −wγ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−βϵð3þ βÞp

−ϵwγ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−βϵð3þ βÞp

−ð1þ wγÞð3þ βÞ

�
: ðB4Þ

Point: III�∶ ðx�¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α−βþ3�Sðα;βÞ

6

q
;y�¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β−αþ3∓Sðα;βÞ

6ϵ

q
Þ.

J�;11 ¼ − 1
2
½αþ β þ 3 − ðα − β þ 3Þwγ ∓ 1

2
ð1 − wγÞSðα; βÞ�

J�;12 ¼ − 1
12
½−αþ β þ 3þ 6wγ � Sðα; βÞ� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ϵ½α − β − 3� Sðα; βÞ�½−αþ β − 3 ∓ Sðα; βÞ�p
J�;21 ¼ − 1

12
ϵ½−αþ β þ 3þ 6wγ � Sðα; βÞ� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ϵ½α − β − 3� Sðα; βÞ�½−αþ β − 3 ∓ Sðα; βÞ�p
J�;22 ¼ αþ 1

2
ðα − β − 3Þwγ � 1

2
ð2þ wγÞSðα; βÞ

9>>>>>=
>>>>>;
: ðB5Þ
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