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Abstract

The effects of stenosis growth on the flow properties of blood in the bifurcation
region of the carotid artery are considered. Details of the blood flow are simu-
lated using the lattice Boltzmann method and the development of the stenosis
is simulated in regions where there is a low velocity and low wall shear stress.
The model is applied to investigate the near-wall haemodynamics, at different
stages of stenosis development, over a cardiac cycle. Variations in time-averaged
flow parameters are also considered.
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1. Introduction

Cardiovascular diseases have been a major cause of mortality in developed
countries over the last decade [1]. Atherosclerosis is a major cardiovascular
disease [2, 1] where the blood vessels progressively narrow due to a build-up
of plaque. Rupture of this plaque can result in ischaemic stroke. There is a5

growing body of evidence which suggests a correlation between regions of low
near-wall velocity [3, 4] and consequently low wall shear stress development
of atherosclerosis in arteries. Alternatively, some other studies have identified
stenosis occurring in regions with high Oscillatory Shear Index (OSI) and/or
high Relative Residency Time (RRT) [5, 6, 7, 8, 9] and also regions with high10

near-wall viscosity (due to the non-Newtonian nature of blood) [4, 10].
Our understanding of the haemodynamics in arteries with varying degrees

of stenosis has developed primarily from either Computational Fluid Mechanics
(CFD), for example [11] or experimental studies involving phantoms, for exam-
ple, [12, 13]. These studies are typically performed either on idealised artery15

geometries, or using scanned images of individual patients. This has built up a
description of the flow properties for different artery geometries corresponding
to specific levels of stenosis. Given the natural variation between the artery
geometries of different individuals, it can be difficult to determine whether dif-
ferences between separate simulations or measurements are due to changes in20

the stenosis, or to the other geometric changes.
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Application of the Lattice Boltzmann Method (LBM) to stenosis growth has
been somewhat limited in the literature. Tamagawa and Matsuo [14] developed
a model for blood clotting where a tracer particle was transported by the flow
and adhered to the wall when both its proximity and the shear rate were below25

individual thresholds. This work was extended to include the concentration and
surface tension in the adhesion rule [15]. An alternative approach [16, 17] al-
lowed the stenosis to develop based on the tracer particles reaching a prescribed
residence time in the vicinity of the artery wall. A further approach was devel-
oped [18] where coagulation of the blood was modelled based on an integrated30

accumulation of the stress and a sufficient residential time. Karimpour and Jav-
dan [19] considered an LBM model where stenosis development was modelled
based on the OSI at the artery wall. Regions of high OSI were deemed to be
prone to atherosclerosis and layers of deposits were progressively put down in
regions of high OSI. This results in a layer of deposit at each step. More recently35

the model considered here has been proposed. It simulates the early stages of
stenosis development [20] based on the local haemodynamics, in particular by
enabling the stenosis to form in regions of low time-averaged velocity and low
wall shear stress. This approach has a number of advantages over [19]: the
stenosis develops in a local manner, rather than in layers; and the artery wall is40

simulated in a smooth manner, in contrast to [19] where a stair-case boundary
is used which leads to boundary roughness and fluctuations in the wall velocity
which feed into the OSI calculation. Yan et al. [21] proposed an LBM model
where cell adhesion was simulated using a Monte Carlo model. The results
showed that the model was appropriate for simulating wall adhesion; however45

it was focussed on an idealised micro-vessel. Here the model of Stamou et al.
[20, 22] is applied to investigate how the haemodynamic variables change as the
stenosis develops.

In Section 2 the numerical approach is presented in terms of the LBM
methodology, the details of the stenosis growth model and the specific bound-50

ary conditions applied. In Section 4 the manner in which the stenosis forms is
described. The effect of the developing stenosis on the near-wall flow proper-
ties over a cardiac cycle is presented in Section 5 while Section 6 considers how
time-averaged quantities develop as the stenosis forms.

2. Numerical Model55

The numerical approach uses the Lattice Boltzmann Model (LBM) to simu-
late the blood flow. Here we briefly describe this numerical technique and also
the approach used to simulate the stenosis growth. Following [23, 24, 19, 20] the
simulations will be performed in 2D with a rigid wall approximation. This allows
the main features of the flow to be observed and gives a good approximation in60

the stenosed region where the walls become rigid.

2.1. The Lattice Boltzmann Method

The LBM simulates fluid motion based on a kinetic approach which is de-
scribed fully in [25]. It has been applied to a wide range of fluid-flow problems
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such as acoustically induced flows [26], bubble dynamics [27], free surface flows65

[28], flow in porous media [29] as well as blood flow problems [30, 31, 32, 33, 34].
The fluid is described in terms of the distribution function fi(x, t) which

satisfies the Bhatnagar-Gross-Krook (BGK) LBM equation [25, 35, 36]

fi(x + ei, t+ 1)− fi(x, t) = −1

τ
[fi(x, t)− feqi (x, t)] . (1)

The index i labels the link directions, ei, of the underlying regular grid used
in the simulations, and also the distribution function fi(x, t) associated with70

each link. Here we consider a 2D grid with i = 0, 1, ..., 8, where e0 = (0, 0)
corresponds to the so-called ‘rest-particle’ and
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(2)

The fluid properties of density and velocity are found locally from the distribu-
tion function as

ρ(x, t) =

i=8∑
i=0

fi(x, t) and ρ(x, t)u(x, t) =

i=8∑
i=0

fi(x, t)ei (3)

and the equilibrium distribution function feqi (x, t) is obtained from the local75

density and velocity as

feqi (x, t) = wiρ

(
1 + 3ei · u +

9

2
(ei · u)2 − 3

2
u2

)
, (4)

where w0 = 4/9, w1 = w2 = w3 = w4 = 1/9 and w5 = w6 = w7 = w8 = 1/36.
The relaxation time τ in Equation (1) determines the kinematic viscosity of the
fluid as

ν =
(2τ − 1)

6
. (5)

The strain rate tensor, Sαβ , can be calculated at each site from the distribution80

function as [37]

Sαβ =
−3

2τ

∑
i

(fi − feqi ) eiαeiβ , (6)

where eiα and eiβ are the α and β components of ei.
Simulation parameters were selected to achieve a Reynolds number (based

on boundary layer thickness, δ =
√

2ν/ω, where ν and ω are the fluid kinematic
viscosity and oscillation frequency respectively; and the peak velocity) of 30785

and a Womersley parameter of 4.5 [38]. This was achieved with a diameter of
36 lattice units, a period of 66,987 time-steps and τ = 0.5045. This corresponds
to a diameter of 6.4 mm, a maximum velocity of 1.07 ms−1 and a viscosity
of 3.5×10−6 Pa.s. Simulations took approximately 6 minutes per period on a
2GHz desktop computer.90
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2.2. Stenosis Growth Model

The stenosis growth model [20] simulates stenosis formation and develop-
ment at the artery wall position where both the Time-Averaged (TA) near-wall
velocity and the TAWSS have a minimum value. Since the velocity approaches
zero at the wall, the near-wall velocity must be found some distance from the95

wall. It is important that the near-wall velocity is calculated at a fixed distance
from the wall, and not at the nearest grid point. A fixed distance of one lattice
unit was found to be appropriate for this. The near-wall velocity is found at a
distance of 1 lattice unit from the artery wall using the extrapolation:

u(1) =
(1− δ)uf + (k − 1 + δ)uff

k
, (7)

where uf and uff are the velocities at the first and second grid point inside the100

fluid, along the link most closely representing the local wall normal, as shown
in Figure 1. Here k is the length of this normal link which is 1 for directions
1-4 (as shown in Figure 1) or

√
2 for directions 5-8. The distance between the

first grid point and the position where the artery wall cuts the normal link is
δ. Extrapolating along a link direction, as shown in Figure 1, will introduce105

some error since the link is not exactly normal to the surface. This introduces a
small level of noise in the u(1) profile; however it is still possible to identify the
minimum in a satisfactory manner. Using an off-link normal is computationally
more expensive and also introduces alternative approximations depending on
how the normal is defined. Two possible approaches to finding the normal are110

to consider an ‘average’ over a section of the artery [39]; or to assume that the
near-wall velocity is tangential to the wall [24]. An alternative expression for
u(1) is given by

u(1) =
uf
δ
. (8)

This was not applied due to possible numerical errors for small values of δ;
however it highlights that, to a good approximation close to the wall, provided115

the near-wall velocity is approximately tangential, u(1) ∝WSS.
A TA is performed over one period of motion and the stenosis is formed at the

position where the TA value of u(1), the magnitude of the near-wall velocity, has
a minimum. This represents a position of low near-wall velocity. Additionally
since we expect the near-wall velocity to be approximately proportional to the120

WSS, this is also a point of low WSS. Thus this criterion satisfies both the
observations that atherosclerosis occurs in regions of low velocity and regions
with low WSS. Although we expect the WSS to be proportional to u(1), it can
more accurately be calculate through Equation (6) and this is the approach
which will be taken in Sections 5 and 6. We note that Equation (6) is a node125

based equation, in contrast to Equation (7) which evaluates the velocity at a
fixed distance from the wall. This means that the value of the WSS will depend
on the distance to the wall; however, within the first lattice unit of the wall,
variations in WSS were found to be small (although some variation is observed
in the WSS figures presented later in the paper) and adopting a scheme similar130
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Figure 1: Velocity extrapolation scheme. The filled circles represent the grid points on the
D2Q9 lattice. The solid line represents the artery wall, and the filled squares the points where
the artery wall cuts the lattice links. The known velocities uf and uff are shown at the first
two grid points inside the fluid. Also shown is δ, the distance along the link between the first
grid point and the position where the artery wall cuts the link. The velocity u(1) is at the
solid diamond, a distance of 1 lattice unit from the artery wall along the same link. It is found
from the zero velocity at the artery wall and the known velocities uf and uff .

to Equation (7) was not considered to be necessary.

2.3. Boundary Conditions

Inflow boundary conditions were used at the base of the artery to simulate
the cardiac pulse. Here the distribution functions are set to their equilibrium
values, equation (4), for a velocity profile adapted from [38] which has previ-135

ously been applied to LBM carotid artery simulations [40, 41, 19, 20], and is
shown in Figure 2. This was applied uniformly across the base of the artery
except for a boundary layer of size approximately 1 mm over which the velocity
decreased in a linear fashion. This boundary condition was applied approxi-
mately 10 cm from the base of the region of interest, as shown in Figure 5.140

Small variation in the entry parameters, such as the width of the boundary
layer, were found to make no difference to the results in the region of interest.
At the top of the artery an extrapolation scheme [42] was used to produce an
outflow condition. This was done by setting the distribution functions at the
outlet to the equilibrium values for the fluid density and an extrapolated av-145

erage velocity found from a buffer region at the end of the artery. The buffer
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Figure 2: Carotid artery velocity waveform, obtained from Holdsworth et al. [38].

region extended from approximately 10 cm beyond the region of interest to the
artery outlet. Alternative non-reflective schemes are availble for situations with
more significant pressure and/or velocity variations [43]; however the conditions
applied here were sufficient with no reflections observed. During each period150

of the simulation an extrapolation no-slip boundary condition [44] was applied.
This gives second-order accuracy and allows the geometry to be simulated to
sub-grid accuracy [45, 40, 20]. Although healthy artery walls are compliant, in
stenosed regions the walls become rigid and so the rigid wall boundary condi-
tion applied here was considered to be appropriate. At the end of each period155

the geometry was augmented [20] at the position of minimum near-wall velocity
and WSS, as determined by the wall position where the TA of u(1), defined by
Equation (7), has a minimum value. This involved moving the wall inward along
the direction of the link most closely representing the local wall normal, by a
distance of 0.3 of a lattice unit. The value of 0.3 for the boundary augmentation160

was selected based on [20], where it was shown the the stenosis development is
independent of this length provided it is less than 0.5 lattice units. The new
geometry then remains fixed for the next period, during which the extrapola-
tion boundary conditions [44] are again applied. Thus the stenosis is augmented
every period. This is not intended to simulate the speed of stenosis growth, but165

rather to represent its sequential development. The carotid artery geometry
consider in this work is shown in figure 6 which shows the Common Carotid
Artery (CCA), the main supply of blood to the head and neck. This bifurcates
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into the External Carotid Artery (ECA) which supplies blood to the face and
neck, and the Internal Carotid Artery (ICA) which is located on the inner side170

of the neck and supplies blood to the brain and eyes.

3. Haemodynamics in a healthy artery

Before considering the application of the stenosis development model de-
scribed in section 2.2, it is worthwhile considering the flow properties in a healthy
artery to establish the flow regime in regions where the stenosis will later de-175

velop. The magnitude of the velocity and vorticity, ω, fields for a healthy artery
are shown in figure 3 at the times 4T/66 T (a and b); 6T/66 (c and d)and
11T/66 (e and f). Velocity profiles are shown in the left column while vorticity
is in the right column.

During the initial acceleration phase, figures 3(a) and (b), two regions of low180

velocity are observed on the outer wall of the ICA and ECA. The region on the
ECA starts below the bifurcation and extends to slightly above the branch point.
The region on the ICA also starts below the bifurcation, but extends significantly
further down-stream. During this time there is no significant vorticity in the
artery.185

Figures 3(c) and (d) correspond to a time close to the peak velocity. Here
the velocity is higher across the whole artery - the areas of low velocity observed
at earlier times are still present, but their size is much reduced.

As the flow decelerates, figures 3(e) and (f), the low velocity regions are re-
established; however, they now correspond to a region of vorticity, with a vortex190

being formed in each region. At later times, when the velocity is relatively
low, the vortices move downstream and reduce in strength before they die out
completely.

These observations are consistent with previous studies using the same model
[45, 40, 20].195

Another important consideration is the resolution of the simulations as set
out in section 2.1. To assess this a healthy artery simulation was run with double
the resolution in the x and y directions and with the kinematic viscosity and
period adjusted to obtain the same Reynolds and Womersley numbers. This is
shown in figure 4 where (a) shows the profile of the velocity magnitude at y =200

45 mm for the grid used here (S) and one with double the resolution (L), both
at t = 6T/66; and (b) shows the normalised difference, δu = |uL − uS | / |uL|,
over one period of oscillation, where the velocities are taken as the peak velocity
position at y = 45 mm for sites which coincide on both grids.

Figure figure 4(a) shows good agreement between the two grids, suggesting205

the smaller grid will provide adequate resolution. The differences in figure 4(b)
are between 10−2 and 10−3, comparable with observations elsewhere [45, 46].

4. Stenosis Development

The haemodynamics during stenosis development is studied by considering
how the flow changes with the development of the stenosis. As seen in [20] the210
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(a) u at 4T/66 (b) ω at 4T/66

(c) u at 6T/66 (d) ω at 6T/66

(e) u at 11T/66 (f) ω at 6T/66

Figure 3: Velocity (left column) and vorticity (right column) magnitude for the healthy artery
at 4T/66 (a and b), 6T/66 (c an d) and 11T/66 (e and f).
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(a) u at 4T/66 (b) Velocity profile at y = 45 mm

Figure 4: Comparison between simulations on the standard resolution (S) and a mesh with
double the resoluton (L)

stenosis develops on the outer walls of the ECA and ICA in a series of layers
which build up from the bottom towards the top of the artery. A layer can
comprise of a number of sub-layers. Table 1 displays in detail the development
of the stenosis in terms of the number of lattice sites on each wall consecutively
converted from wet to dry due to the incursion of the stenosis. Also shown is215

the number of periods, N , and total number of sites converted, Ts, at the time
that the stenosis development jumps to the other wall. A layer is considered
to be built up on either the ECA or ICA wall until a switch occurs. A switch
is defined by more than four sites being converted on the opposite wall. Each
layer in Table 1 is colored according to:220

• light grey for Ts ≤ 20 where there is no clear development on either wall

• white if the development is primarily on the ECA

• dark grey if the development is primarily on the ICA.

The details of each layer are summarised in Table 2, where each row corresponds
to the formation of a full layer. The geometry at the completion of each layer225

is shown in Figure 5. The dot-dash line for Ts = 20 corresponds to the initial
phase during which no more than 8 sites are connected sequentially on a single
wall. This line is barely distinguishable from the initial geometry. The first
ECA layer is formed by Ts = 249, as illustrated in the Tables 1 and 2. During
its formation a number of sites are converted on the opposite wall. The first ICA230

layer is formed by Ts = 322. Unlike the first ECA layer, this layer deposits in a
continuous manner, as shown by Table 1. The second ECA layer is completed
by Ts = 368 and the second ICA layer by Ts = 381. The third ECA layer is
completed by Ts = 408 and the third ICA layer at Ts = 739 which corresponds
to the end of the simulation. Figure 5 shows the development occurring on the235

ECA below the bifurcation, while in the ICA the stenosis occurs from slightly
below the bifurcation and extends significantly into the ICA. The precise details
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Table 1: Details of the stenosis development on the outer ICA and ECA walls.

N Ts number of sites on ICA number of sites on ECA
7 6 6
25 14 8
26 15 1
33 16 1
34 17 1
45 19 2
53 20 1

163 42 22
170 45 3
287 68 23
288 69 1
328 79 10
329 80 1
510 119 39
512 121 2
526 124 3
530 125 1
542 127 2
547 128 1
629 149 21
634 150 1
786 185 35
792 186 1
1056 238 52
1060 239 1
1108 249 10

1463 322 73

1579 344 22
1592 347 3
1601 349 2
1607 350 1
1621 353 3
1639 355 2
1710 368 13

1765 381 13

1855 408 27

2311 506 98
2328 510 4
2332 511 1
2348 513 2
3252 724 211
3254 725 1
3335 739 14
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Table 2: Stenosis development in layers on the outer ICA and ECA walls.

N Ts number of sites on ICA number of sites on ECA
53 20 9 11

1108 249 12 217
1463 322 73 0
1710 368 6 40
1765 381 13 0
1855 408 0 27
3335 739 234 7

of the regions and stages of development depend on the haemodynamic details
which in turn also depend on the specific geometry applied here. The precise
details will differ for alternative artery geometries, but the general features will240

apply to all. In particular, is regions where the stenosis develops on the ECA,
the geometry changes from concave to become flatter or even convex in regions
of plaque deposit. This acts to change the blood flow over the region and pushes
the region of low velocity upwards, influencing the future development of the
stenosis.245

5. Stenosis Development and Wall Haemodynamics

The haemodynamics on the outer ECA wall region are shown over a period
in Figures 6, 7, 8, in terms of u(1), the magnitude of the near-wall velocity
calculate 1 lattice unit away from the artery wall; WSS, the magnitude of the

wall shear stress; and u
(1)
t , the tangential component of u(1). Although a grid-250

based normal [20] n is applied in the stenosis growth model, Section 2.2, the
WSS and tangential velocity component are based on the local normal nl which
is determined from the local wall geometry such that nl · tl = 0, where tl is
the local tangent to the wall, determined by joining the boundary points (where
the artery cuts a link) ten points upstream and 10 points downstream [20].255

The value of 10 was selected to give a smooth measure of the surface, and is
comparable to the value used in [39]. This is shown for the healthy artery
and also at the end of selected layer development stage, as detailed in Table
2. Figures for Ts = 20 are not distinguishable from the healthy artery and
so are not included. The results at Ts = 381 and 408 show virtually identical260

behaviour to Ts = 368. Thus these are also not included.
The similarity of Figures 6 and 7 (other than the magnitude) indicate that

close to the wall the WSS, which was calculated using Sαβ from Equation (6),
is approximately proportional to u(1); thus validating the assumption in Section
2.2 that the near-wall velocity is approximately tangential. This is further265

illustrated in Figure 9 which shows the normalised values u(1)∗ and WSS∗, where
the normalisation is by the maximum simulated value in the period. Parts (b)-
(d) of Figures 6 - 8, as well as the lower (y < 38mm) and upper (y > 50mm)
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Figure 5: The stenosis geometry is shown at selected times corresponding to the final period
during which each of the layer is developed.

regions of part (a), depict the presence of the velocity pulse shown in Figure
2. The region between y = 38mm and y = 50mm in part (a) corresponds to a270

vortex [20] which develops close to the peak velocity and is then transported
downstream by the blood. Figure 8 indicates that in this region the tangential
velocity is negative for a significant portion of the period. This indicates that
aside for the vortex motion, the flow is relatively stagnant in this region with
a significant fraction of reverse flow. After the development of the first layer275

in the ECA, this vortex motion is no longer present. As shown in Figure 5,
stenosis development on the ECA is limited after Ts = 249 which explains the
similarity of parts (b)-(d).

The haemodynamics on the outer wall of the ICA for a period of the pulse

are shown in Figures 10 and 11 in terms of u(1) and u
(1)
t respectively. For the280

ICA the WSS was again found to show the same behaviour as u(1) and so has
not been included. In Figures 10 and 11, part (d) and the lower (y < 45mm) and
upper (y > 62mm) regions of parts (a) - (c) depict the presence of the velocity
pulse shown in Figure 2. The region between y = 45mm and y = 62mm in parts
(a) - (c) again corresponds to a vortex [20] which develops close to the peak285

velocity and is then transported downstream by the blood. At Ts = 322 (part
(b)), after the formation of the first layer on the ICA, the effect of this vortex
motion is only slightly reduced. By Ts = 506, (part (c)), the effect is further
reduced, but the vortex motion is still significant. This indicates that the vortex
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(a) Healthy artery geometry (b) Ts = 249

(c) Ts = 368 (d) Ts = 739

Figure 6: Instantaneous u(1) on outer ECA over the cardiac pulse for (a) healthy artery, (b)
Ts = 249, (c) Ts = 368 and (d) Ts = 739.

is present on the ICA for longer into the stenosis development, when compared290

to the ECA. At Ts = 739 (part (d)) there is no clear evidence of the vorticity,
which has been removed from the flow by the geometry change associated with
the developing stenosis. Figure 11 shows significant regions of reverse flow close
to the outer ICA indicating, as with the ECA, that this is a stagnant region.
Although the extent of the reverse flow is reduced as the stenosis forms, it is295

maintained during the initial deceleration phase throughout the simulation.
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(a) Healthy artery geometry (b) Ts = 249

(c) Ts = 368 (d) Ts = 739

Figure 7: Instantaneous WSS on outer ECA over the cardiac pulse for (a) healthy artery (b),
Ts = 249, (c) Ts = 368 and (d) Ts = 739.

6. Stenosis Development and Time Averaged Wall Haemodynamics

The effect of stenosis dependent on time averaged haemodynamic properties
was also considered for the following quantities:

u(1) =
1

T

∫ T

0

u(1)dt; (9)

300

u
(1)
t =

1

T

∫ T

0

u
(1)
t dt; (10)

TAWSS =
1

T

∫ T

0

|WSS| dt; (11)
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(a) Healthy artery geometry (b) Ts = 249

(c) Ts = 368 (d) Ts = 739

Figure 8: Instantaneous u
(1)
t on outer ECA wall over the cardiac pulse for (a) healthy artery,

(b) Ts = 249, (c) Ts = 368, and (d) Ts = 739.

OSI = 0.5

1−

∣∣∣∫ T0 WSS dt
∣∣∣∫ T

0
|WSS|dt

 ; (12)

RRT ∝

[∫ T
0
|WSS|dt
T

(1− 2OSI)

]−1

; (13)

and the Reverse Flow Index, RFI, representing the fraction of the period where

u
(1)
t is negative. In terms of RRT, the constant of proportionality was found by

normalising with respect to the value three diameters upstream of the bifurca-305

tion [47, 48].
Figure 12 shows these quantities for the ECA. The white vertical lines rep-
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(a) u(1)∗ (b) WSS∗

Figure 9: Normalised instantaneous (a) near wall velocity and (b) WSS on outer ECA wall
over the cardiac pulse for the healthy artery.

resent the layer completion times shown in Figure 5 and Table 2. The dot-dash,
the solid and the dashed lines correspond to the initial mixed layer for Ts ≤ 20;
the ECA and the ICA layers respectively. The non-vertical white lines indicate310

the upper and lower extremes of the stenosis on the wall. The black curve is
a contour line for u(1) which has been smoothed by a double pass through a
smoothing filter. Each pass of the filter shifts the value to halfway between
its initial value and the average value of its neighbours. Although the black
contour has been derived from smoothed data, none of the other data has been315

smoothed. Figure 12 (a) shows, for the ECA, a region of low near-wall veloc-
ity, in the healthy artery (Ts = 0) in the range 38 mm < y < 44 mm. During
the initial mixed layer Ts ≤ 20 the stenosis starts to develop on the ECA in
this region. By Ts = 20 it has expanded downstream to approximately the
upper extreme of the low-velocity region identified at Ts = 0. It also extends320

slightly upstream, but not to the full extent of the initial low-velocity region.
For 20 ≤ Ts ≤ 249 the stenosis develops predominantly on the ECA, see Table
2 and Figure 5. During this time the stenosis extends downstream, beyond the
limits of the near-wall velocity region in the healthy artery. As the position of
the stenosis progresses, a region of low near-wall velocity extends on either side325

of the downstream tip. Once the stenosis has developed through a particular
y-position, the near-wall velocity gradually reduces to close to their original val-

ues, e.g. at y = 47 mm, u(1) remains relatively constant until Ts ' 100. Then
the near-wall velocity decreases to a minimum at Ts ' 118, close to when the
stenosis reaches this point (y = 47 mm). The velocity then gradually increases330

and reaches a value close to its original for Ts > 250, as shown in Figure 12 (a).
During the first ECA layer, the stenosis also expands upstream, although at a
slower rate. By Ts = 249, it has developed to around the bottom of the initial
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(a) Healthy artery geometry (b) Ts = 322

(c) Ts = 506 (d) Ts = 739

Figure 10: Instantaneous u(1) on outer ICA wall over the cardiac pulse for (a) healthy artery,
(b)Ts = 322, (c) Ts = 506 and (d) Ts = 739.

low velocity region. We note that for Ts < 150, the white line representing
the extent of the stenosis is similar to the black curve which is the low average335

velocity contour. The next layer 249 < Ts ≤ 322 develops solely on the ICA

and this has no significant effect on u(1) at the outer wall of the ECA. There
are two further time periods 322 ≤ Ts ≤ 368 and 381 ≤ Ts ≤ 408 where the
stenosis develops on the ECA. During these periods the stenosis expands only

slightly, but the effect on u(1) is more significant in that by Ts = 408 the initial340

low average near-wall velocity, at Ts = 0, and the subsequent expanded region

of low u(1) are substantially removed and u(1) is relatively constant for 35 mm
< y < 50 mm at Ts = 739.

The TAWSS in Figure 12 (b) demonstrates similar behaviour as expected.
Figures 12 (c) and (d) show the OSI and RRT, also on the ECA. These figures345

17



(a) Healthy artery geometry (b) Ts = 322

(c) Ts = 506 (d) Ts = 739

Figure 11: Instantaneous u
(1)
t at the outer ICA wall across the cardiac pulse for (a) healthy

artery, (b)Ts = 322, (c) Ts = 506 and (d) Ts = 739.

show considerable similarity to Figure 12 (a), except for the inverse relation-

ship where the quantities plotted here are maximum when u(1) is minimal. In

particular the u(1) contour (black curve), in each case encloses a region where
the plotted quantity is large. Additionally, as the stenosis expands downstream,
there is a region where both OSI and RRT reach a maximum before dropping350

to close to its original value (although the value ultimately drops to a somewhat
lower value). This is shown in Figure 12 (c) and (d). At Ts = 739 the stenosis
has developed in such a way that the areas of high OSI and RRT are no longer
evident.

There is one significant difference between Figures 12 (c) and (d) and the355

time-averaged near-wall velocity and TAWSS plots (Figures 12 (a), and (b)). In
the healthy case (Ts = 0), there is a secondary peak in both OSI and RRT at
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(a) u(1) (b) TAWSS

(c) OSI (d) RRT

(e) u
(1)
t (f) RFI

Figure 12: (a) u(1), (b) TAWSS, (c) OSI, (d) RRT, (e) u
(1)
t and (f) RFI on the outer wall of

the ECA over the development of the stenosis.
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around y = 48mm. This secondary peak remains approximately constant until
the developing stenosis reaches its location. Once the stenosis has developed
past this point the OSI and RRT reduce in a similar manner to the (increasing)360

u(1) in Figure 12 (a). The position of this secondary peak in OSI and RRT
corresponds to the downstream limit of the vortex motion in figure 6.

At Ts = 408, the end of the third ECA layer, there is no more significant
development of the stenosis on this wall. The upstream extent of the stenosis

corresponds to the lower limit of low u(1) and TAWSS / high OSI and RRT365

regions observed at Ts = 0, for the healthy artery. Downstream the stenosis has

extended beyond the initial low u(1) and TAWSS region and slightly beyond
the secondary peak in OSI and RRT corresponding to the extent of the vortex

motion. Figures 12 (e) and (f) show u
(1)
t and RFI. These are clearly inverse

properties, with large RFI when there is a significant amount of reversed flow370

and u
(1)
t is negative. Both figures indicate a significant level of reverse flow in

the healthy artery at Ts = 0 such that the average value of u
(1)
t is negative for

42mm ≤ y ≤ 47mm. Comparing the contours in Figure 12 (e) with the black

curve which was derived from a low u(1) contour, it is clear that within the black

contour u
(1)
t is small; however there is a region downstream of the black contour375

where u
(1)
t is equally small and predominantly negative. The upper limit of that

low u
(1)
t region corresponds to the secondary peak of OSI and RRT in Figures

12 (c) and (d) which was observed to be associated with the position of the
vortex which forms in the healthy artery during the deceleration phase.

Figure 13 show the same properties as Figures 12 but on the ICA. Here the380

black, low u(1), contour encloses a number of regions; however, a larger region,

encompassing all the low u(1) regions, can be considered. Although the stenosis
develops on the ICA in two main layers corresponding to 249 < Ts ≤ 322 and
408 < Ts ≤ 739, there is also some significant development for Ts < 259 as is
evident on the Table 2 and Figure 13 (a). Although the stenosis extends for385

approximately 4mm along the ICA at Ts = 259, it represents a thin layer, see
Figure 5, and has had little effect on the time averaged values on the outer ICA
wall, see Figures 13(a)-(f). The stenosis development on the ICA shows many
similar features with the development on the ECA:

1. Development starts in a region of low u(1) (Figure 13(a))390

2. The stenosis progresses only slightly upstream and is limited by the extent

of the initial low u(1) region.

3. The stenosis progresses significantly further downstream. A low u(1) re-
gion develops around the downstream limit of the stenosis. The TA near-
wall velocity then increases once the stenosis tip has moved through the395

region (although not as rapidly as for the ECA).

4. At Ts = 739, the initial low-average wall velocity region is no longer
present.

5. The TAWSS (Figure 12(b)) replicates u(1) (Figure 12(a)).
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(a) u(1) (b) TAWSS

(c) OSI (d) RRT

(e) u
(1)
t (f) RFI

Figure 13: (a) u(1), (b) TAWSS, (c) OSI, (d) RRT, (e) u
(1)
t and (f) RFI on the outer wall of

the ICA over the development of the stenosis.
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6. OSI (Figure 13(c)) and RRT (Figure 13(d)) display the same features as400

u(1) and TAWSS (in the inverse sense).

7. OSI (Figure 13(c)) and RRT (Figure 13(d)) also contain a secondary peak,

downstream of the region of low u(1). This also corresponds to the vortex
motion in this region, as shown in Figure 10.

8. There is a region of significant reverse flow downstream of the low u(1)405

region indicated by negative values for u
(1)
t (Figure 13 (e)) and large RFI

(Figure 13 (f)).

One significant difference was observed between stenosis development on the
ICA and the ECA. On the ICA, the stenosis develops downstream significantly
beyond the second peak in OSI and RRT. When this happens the rate of stenosis410

progression along the artery wall reduces. As the stenosis develops through this

region it maintains a region of low u(1) (Figure 13(a)), low TAWSS (Figure

13(b)), high OSI (Figure 13(c)), high RRT (Figure 13(d)) and low u
(1)
t (Figure

13 (e)). RFI is not high here (Figure 13 (f)) indicating, that although the
velocities are reduced, the flow does not reverse.415

Although the developing stenosis does not affect the geometry of the inner
ICA or ECA walls, the near-wall flow is influenced by what is occurring on the

outer walls. This is shown in Figure 14 which depict u(1)f and RRTf, where
Xf (y, Ts) = X(y, Ts)/X(y, 0). Figures 14 (a) and (b) are for the ECA. There is

a slight increase of a few percent in u(1) on this wall as the initial ECA layer is420

developing; however this is a temporary feature and is not present at Ts = 368
when the stenosis in the ECA is almost completely developed. After this time,
as the stenosis is developing predominantly on the ICA, there is a slightly more

significant region where u(1) is reduced by up to around 10 % for y < 55mm.
RRTf indicates the same features, but in an inverse sense.425

On the ICA, Figures 14 (c) and (d), there is little change until Ts > 408,
corresponding to the final layer development on the ICA. It is during this time
that substantial stenosis development occurs on the outer wall of the ICA, see
Figure 5. This results in an increase of around 15% in the near wall velocity in
the lower part of the inner ICA wall (y < 60 mm). This represents an increased430

velocity due to the decrease in the artery diameter in this region (Figure 5).
For y > 60 mm there is an equally large reduction in the near wall velocity,
suggesting the stenosis development is producing a meandering jet in the ICA
affecting the downstream haemodynamics. Similar features are observed in the
RRT, but in a negative sense.435

Carotid arteries are three dimensional structures and studies have identified
three dimensional flow features such as secondary flows and helical motion [49,
50, 51] which have a role to play in determining the haemodynamic parameters
such as WSS. Given the two dimensional nature of the simulations present here,
these three dimensional features can not be captured and so are missing in440

the results presented. Despite this, two dimensional modelling does capture
the key features of the haemodynamics for the different levels of stenosis growth
presented here. This allows the main trends and variations in the haemodynamic
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(a) u
(1)
t f for ECA (b) RRTf for ECA

(c) u
(1)
t f for ICA (d) RRTf for ICA

Figure 14: (a) u(1)f and (b) RRTf on the inner walls of the ECA and (c) and (d) on the inner
walls of the ICA over the development of the stenosis.

parameters to be tracked as the stenosis develops. Three dimensional attributes,
such as helical motion, will have some affect on, for example, the WSS and445

near wall velocity, as will other factors such as changes between patient-specific
geometries and cardiac pulses. Thus, while in the case of a detailed patient-
specific simulation, a three dimensional approach [31, 52] will provide additional
detail; the two dimensional approach taken here is appropriate to obtain details
of the more general changes which occur during stenosis development.450

Another feature of the simulation is the Newtonian fluid model which was
used. Blood is a non-Newtonian fluid; however, for the carotid artery there is no
definitive answer as to the importance of using a non-Newtonian approach: some
studies suggesting differneces are small [53, 54] and others suggesting somewhat
larger diferences [55, 56]; however, it is generally considered to be acceptable455

to simulate blood as a Newtonian fluid. However, the low velocity and WSS
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regions where the stenosis develops are regions where non-Newtonian affects
may be more significant. An interesting extension to this work would be to
introduce a non-Newtonian model [57] to investigate its effect on the stenosis
development model as well as the artery haemodynamics.460

7. Conclusions

The stenosis growth model has been successfully applied to investigate how
the flow at the wall change as the stenosis develops. The near wall velocity and
the WSS on both the outer ICA and ECA walls were considered in the region465

where the stenosis develops. As the stenosis grows it fills in the region where
low velocity and vortex motion is observed in the healthy artery. As the stenosis
develops it was seen to progress mainly downstream - as this happens a region
of low TA velocity and low TAWSS is observed around the downstream tip.
The OSI and RRT show similar behaviour except they have high values where470

u(1) and TAWSS are low. In addition to peaking at the region of the wall where
the stenosis is expanding, the OSI and RRT also identify an additional region
where their values are initially high and which can be associated with the region
where vortex motion is observed in the healthy artery.

Although the stenosis did not develop on the inner walls of the ECA and475

the ICA, the near wall haemodynamics were also seen to be affected. This was
particularly true of the ICA where the stenosis develops further into the artery.
Here the near wall haemodynamics were consistent with a meandering jet-like
flow developing with the stenosis.

The model applied here gives an approach for simulating the development480

of arterial stenoses which is dependant on the local haemodynamic conditions
and provides details of how these flow conditions change as the level of stenosis
develops and how these changing flows influence the manner in which the steno-
sis develops. It also provides insight into the role that different haemodynamic
properties play in the process - understanding the role of these local flow pa-485

rameters is an important step in developing and refining methods for detecting,
monitoring, predicting and simulating atherosclerosis.
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