
PHYSICAL REVIEW A 104, 032204 (2021)
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Multiphoton interference is at the very heart of quantum foundations and applications in quantum sensing and
information processing. In particular, boson-sampling experiments have the potential to demonstrate quantum
computational supremacy while relying on only multiphoton interference in linear optical interferometers.
However, even when photonic losses are negligible, scalable experiments are challenged by the rapid decrease
of the probability of the success of current schemes with probabilistic sources for a large number of single
photons in each experimental sample. Remarkably, we show a boson sampling scheme in which the probability
of success increases instead of decreasing with the number of input photons, eventually approaching a unit value
even with nondeterministic sources. It is achieved by sampling measurements not only at the interferometer
output but also over all the possible numbers of photons at each input port and, different from scattershot boson
sampling, allowing a random number of occupied input ports from one experimental run to another. Therefore,
these results provide an exciting route toward future demonstrations of quantum computational supremacy with
scalable experimental resources.
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I. INTRODUCTION

Boson sampling [1] recently triggered the interest of both
the quantum optics and computer-science communities be-
cause of its potential to outperform classical computers while
relying only on the interference of N single photons in lin-
ear optical networks [2]. Indeed, it is simply defined as the
task of sampling from the probability distribution where N
photons are found at the output of a random interferometer
with M � O(N2) ports. This has triggered several experimen-
tal demonstrations with relatively small numbers of photons
[3–8].

The computational hardness of boson sampling is lost for
photons not overlapping in their inner-mode spectra [1,9]
and is, in general, not known for arbitrary partially over-
lapping spectra [2,9–11]. However, classical hardness was
demonstrated even for photons completely not overlapping
in a given inner parameter (e.g., frequency, time, or polariza-
tion) by additionally performing at the interferometer output
sampling measurements of suitable photonic inner parameters
(so-called multiboson correlation sampling [12–14]). Further-
more, by retrieving such multiphoton inner-mode quantum
information it is possible to infer information about sym-
metries of multiphoton networks and states and to observe
arbitrary degrees of multiphton entanglement [15]. Indeed,
experimental implementations of these proposals were carried
out with photons either generated at different times or of
different colors [16,17].

*vincenzo.tamma@port.ac.uk

An experimental race to develop boson-sampling demon-
strations for larger and larger photon numbers N is still
ongoing to beat current classical algorithms with state-of-
the-art supercomputers [8]. Indeed, the development of faster
and faster classical algorithms requires a number of photons
N > 50 to make the problem classically intractable [18]. More
recently, Ref. [19] claimed that a sampling circuit with 98
photons and 500 linear optical elements would be necessary
to exceed a one-century computation time with state-of-the-art
supercomputers.

Unfortunately, with the increasing of N the probability
of success of standard boson-sampling schemes decreases
exponentially given the nondeterministic intrinsic nature of
photonic sources even when multiplexing techniques are em-
ployed. A first success in overcoming this drawback was
achieved with the introduction of scattershot boson sampling
(SBS) [20–22]. Here, M � O(N2) spontaneous parametric
down-conversion (SPDC) sources, one at each interferomet-
ric input port, are employed to generate in postselection N
identical single photons in a heralded, but random, set of
spatial channels. Unfortunately, even in the absence of losses,
the optimal scaling for the success probability still decreases
with N , namely, as 1/

√
N , and is obtained for values of the

source squeezing parameters scaling down with N in the same
manner [20]. These drawbacks challenge experimental real-
izations at increasing values of N .

Later, the interesting problem of driven boson sampling
was introduced by considering multiple layers of SBS-type
experiments in which the output of one SBS experiment be-
comes the input to the next. For a large number of layers with
M � O(N2) sources per layer, this can lead to the enhance-
ment of a factor e in the success probability over SBS even
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if such probability still scales down as 1/
√

N as N increases
[23].

The more recent Gaussian boson-sampling problem based
on the use of nonheralded sources of squeezed states relies,
instead, more generally on the computational hardness of
matrix Hafnians and led to interesting, still open questions on
the computational hardness of multiphoton interference with
squeezed light [24–29]. However, this problem also suffers
from the same scaling as 1/

√
N of the probability of detecting

single photons in N separate channels [24,25].
Therefore, all the current boson-sampling schemes are

still challenged by the inability of successfully generating a
multiphoton sample with a probability which is not highly
suppressed at increasing numbers of photons. Indeed, even a
decrease in the success probability as 1/

√
N would lead to

small probability values for large enough values of N (at the
moment N ∼ 100 based on current supercomputer computa-
tional power [19]).

Indeed, toward obtaining the desired quantum computa-
tional supremacy in an experimentally scalable manner there
is still an important question to be addressed: Is it possible to
implement boson-sampling schemes with a number of sources
only linear in N able to circumvent completely the probabilis-
tic nature of photonic sources and generate photonic samples
with probability which does not scale down with N? Such a
question is intimately connected to a more fundamental one:
Is boson sampling still hard if we include scenarios in which
the total number of input photons can randomly vary between
one experimental sample and another to increase the number
of successful sampling events?

In this paper, we demonstrate the quantum computational
hardness of multiphoton interference in quantum optics linear
networks beyond any classical capabilities even for random
values of the number of photons injected in the interferometer.
Remarkably, we show how, by using only a linear number
of sources, with an increase of N the success probability of
generating a sample does not decrease any more but increases
and even approaches a unit value. Indeed, this is possible by
additionally sampling over the number of photons per input
port without disregarding events where photons are injected
in more than N channels. Furthermore, we demonstrate how
this can be achieved in the case of either single-photon or mul-
tiphoton emissions. The proposed boson-sampling schemes
may also bring advantages to experimental scenarios in which
losses cannot be neglected given that samples with a total
number of photons larger than N are also likely to be gen-
erated.

II. RECAP OF THE COMPUTATIONAL HARDNESS
OF BOSON SAMPLING AND SCATTERSHOT

BOSON SAMPLING

Given an imperfect M-channel interferometer with N pho-
tons injected in a fixed set of N input ports, approximate boson
sampling consists of sampling among all the possible ways to
detect the N photons in any set of N separate output ports out
of M [1].

The hardness of approximate boson sampling is connected
to the fact that each output sample occurs with a probability
which depends on the squared modulus of a permanent of an

N × N submatrix of the interferometer M × M matrix U . In-
deed, if one assumes that U is a Haar-random unitary matrix,
the squared modulus of the permanents of such submatrices,
whose entries are approximately independent and identically
distributed (i.i.d.) complex Gaussian variables and therefore
reasonably without any special structure exploitable by a clas-
sical algorithm, can be conjectured to be hard to compute,
namely, in the #P complexity class [1].

A classical algorithm able to simulate an approximate
boson-sampling device should be able to sample efficiently
from any probability distribution that is within a constant-size
total-variation distance from the exact boson-sampling distri-
bution. In this case, such a constant error on the probability
distribution can be distributed arbitrarily across all sample
probabilities. Therefore, such a classical algorithm would
have to be able to simulate efficiently most probabilities asso-
ciated with each sample. Then, since such probabilities are, at
most, exponentially small in N , it would be possible to use the
Stockmayer counting algorithm to approximate their values
in polynomial time [30]. This would imply the possibility to
compute #P-hard probabilities within the BPPNP complexity
class and consequently, by using Toda’s theorem, the col-
lapse to the third level of the polynomial hierarchy, an event
strongly believed to be highly unlikely [1]. We emphasize
here that the key for demonstrating computational hardness
is based on the fact that it is #P hard to approximate most
output probabilities associated with each possible sample. It is
not necessary for exact boson sampling, where computational
hardness can be shown even if only an arbitrarily small num-
ber of sample probabilities are #P hard to approximate [1].

On the other hand, SBS consists of additionally sampling
from all possible postselected input events where N photons,
generated by N of M heralded SPDC sources at the inter-
ferometer input, are injected in any given random set of N
input channels. Therefore, a SBS device returns at each ex-
perimental run a given random sample defined by both the
set of N occupied input channels and the set of N output
channels where the photons are detected. In this case, the
probability associated with a given detected sample is given
by the squared modulus of the permanent of the N × N in-
terferometer submatrix associated with the set of input and
output channels associated with the sample. Interestingly, also
in this case and analogous to standard boson sampling, all
these probabilities can be conjectured to be hard to compute.
However, different from boson sampling, these probabilities
will contain an additional multiplicative factor decreasing
exponentially with N associated with the probability of gener-
ating a given input random sample. However, this still enables
the use of Stockmeyer’s algorithm in polynomial time given
that such probabilities are still, at most, exponentially small
in N , implying strong evidence of the SBS classical hardness
[1,30].

III. RANDOM-NUMBER BOSON SAMPLING WITH
SINGLE-PHOTON EMISSION SOURCES: SAMPLING
OVER A RANDOM NUMBER K � N OF INPUT PORTS

FED WITH SINGLE PHOTONS

We consider the setup depicted in Fig. 1, where a lin-
ear number �aN� of heralded SPDC sources (a > 1 and
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FIG. 1. Optical setup for random-number boson sampling, with
�aN� heralded SPDC sources, with a > 1, placed at the input chan-
nels s = 1, . . . , �aN� of a random M-channel linear interferometer
(�·� denotes the ceiling function). Each experimental run leads to the
random selection of (1) a heralded input sample {ns}K of occupation
numbers ns, which are different from zero at a random set of K � N
input channels, and (2) an output sample {nd} of the detected photon
numbers nd at each detector d = 1, . . . , M, where at least N detectors
click. We have shown that such a scheme is computationally hard to
simulate classically either in the scenario of single-photon emissions
(ns = 0, 1) or when multiphoton emissions are also likely to occur.

�·� denotes the ceiling function) are connected to the in-
put ports s = 1, . . . , �aN� of an M-port linear network and
the remaining M − �aN� input ports are always fed with
the vacuum state. We assume for simplicity at the moment
that multiphoton emissions of the sources are negligible. We
consider all the samples where any random number K ∈
{N, N + 1, . . . , �aN�} of single photons can be injected into
the network at each experimental run and only events where
K < N are neglected. Indeed, the corresponding sampling
problem can be interpreted as sampling over different SBS
configurations, each associated with a randomly picked num-
ber K ∈ [N, �aN�] of ports fed with single photons. We now
formally introduce such a sampling problem and demonstrate
that it cannot be simulated classically in a time which is
polynomial in the lower bound N on the number of occupied
input channels.

All the input samples are defined by all the possible ex-
perimental sets of input occupation numbers {ns}K , with s =
1, . . . , �aN�, ns = 0, 1, where a random number K of ports,
with N � K � �aN�, are fed with single photons, while the
remaining ones are fed with the vacuum. This is substantially
different from SBS, where the number K of occupied ports
is fixed in each experimental run, namely, K = N , and the
number of sources does not grow linearly, but quadratically,
with N . Indeed, here, we do not neglect but take advantage
of all additional events where more than N sources gener-
ate single photons at the interferometer input channels, up
to the total number �aN� of sources. Furthermore, for each
given input sample {ns}K a sampling process also occurs at
the interferometer output over the whole possible set {nd} of
numbers nd of detected photons at each of the output ports
d = 1, . . . , M.

We emphasize that, given the number M � O(N2) of
interferometric channels, photon bunching is negligible at
the interferometer output, i.e., nd = 0, 1 [1]. In this case,
photon-number-resolving detectors are not required at the in-
terferometer output. That is not the case for SBS schemes,

where photon bunching can be avoided only by increasing the
number of channels substantially so that M � O(N4).

We consider a random M × M unitary matrix U = {Ud,i}
associated with a random interferometer with output ports
d = 1, . . . , M and �aN� sources placed in the subset of ports
s = 1, . . . , �aN� of the input ports i = 1, . . . , M. At each ex-
perimental run, a random sample {ns; nd}K is generated where
N � K � �aN� input ports are occupied by single photons.
We will refer to the task of sampling from this probability
distribution as random-number boson sampling (RNBS) with
single-photon emission sources. Indeed, the probability of
generating a given sample {ns; nd}K relies on the interfer-
ometer transition amplitudes Ud̄,s̄ corresponding to an input
channel s = s̄ occupied by one photon (ns̄ = 1) which is then
detected by a detector d = d̄ (nd̄ = 1). All unoccupied input
channels where no photons are generated (ns = 0) and no
sources are present and all the output channels where no
photons are detected (nd = 0) are not involved into the inter-
ferometric evolution. Therefore, it is useful to introduce for
each sample {ns; nd}K a corresponding K × K matrix U {ns;nd }K

obtained by considering the interferometric matrix U with
only the columns s = 1, . . . , �aN� associated with the input
channels with a source and by taking each of these columns
ns times and each of the M rows nd times. This leads to the
probability

P{ns;nd }K ∝ |permU {ns;nd }K |2 (1)

of generating any given sample {ns; nd}K , where we used
the definition of the permanent of a matrix A as perm A

.

.=∑
σ∈�N

∏N
i=1 Aiσ (i),

We emphasize that the matrices U {ns;nd }K are for all samples
bounded in size from below by N and, as in standard boson
sampling and SBS, their elements are all i.i.d. complex Gaus-
sians. Therefore, such matrices of random rank K � N have a
number K2 of i.i.d. Gaussian elements at least as large as the
fixed number N2 of i.i.d. elements for each sample in boson
sampling and SBS. Consequently, the absolute values of the
permanents of such matrices are, on average, at least as hard
as in boson sampling and SBS.

Furthermore, the proportionality factor in Eq. (1) depends
on the probability pK (1 − p)�aN�−K associated with the num-
ber K ∈ [N, �aN�] of occupied channels in a given sample,
where p is the probability for each source to generate a pho-
ton. Consequently, analogous to SBS, the sample probabilities
are, at most, exponentially small, ensuring also in this case
the ability to apply the Stockmeyer counting algorithm in
polynomial time [30].

In conclusion, as for standard boson sampling and SBS,
strong evidence of the classical hardness of RNBS in the
approximate case is provided by the fact that all sample proba-
bilities are, at most, exponentially small in N and most of them
are hard to compute for large values of N [1]. Interestingly,
this is the case not only for sample values K ∈ [N, �aN�] but
also for larger intervals of values K ∈ [ f (N ), �aN�] for any
integer function f (N ) < N such that f (N ) � 1 if N � 1. On
the other hand, in the exact case, it is enough that an arbitrarily
small number of samples have probabilities which are #P
hard to compute. Therefore, in exact RNBS one is entitled
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to consider all the possible input samples, i.e., K ∈ [0, �aN�],
without affecting the computational hardness of the problem.

IV. GENERALIZED RNBS: SAMPLING OVER A RANDOM
NUMBER OF INPUT PHOTONS AT EACH OF THE K

OCCUPIED PORTS, WITH RANDOM VALUES OF K � N

So far we have considered the case of probabilistic single-
photon sources where the emission of more than one photon
per source is negligible. However, one may ask whether it is
possible to further enhance the scalability of boson-sampling
schemes by considering sources for which sampling events
based on multiphoton emissions can also be relevant, leading
to a random total number Ntot = ∑

s ns of input photons per
sample. Such a value Ntot , different from the previous sce-
nario, can be larger than the number of occupied ports K , but
it is still of the order of N given that the �aN� input sources
are independent of each other. Therefore, a number of chan-
nels M � O(N2) is still enough to make photon-bunching
events negligible and therefore also avoid the need for photon-
number-resolving detectors at the interferometer output [1].

This result leads to another fundamental question: is it still
classically hard to solve the approximate sampling problem,
when sampling over all the possible occupation numbers ns of
input photons at each channel s = 1, . . . , �aN�, when includ-
ing events where ns > 1 and not just ns = 0, 1?

Remarkably, it is easy to show that, in this case, all the sam-
ple probabilities depend on permanents of matrices U {ns;nd }K

as defined before Eq. (1). However, now these matrices are
not obtained simply by considering the K columns associated
with the occupied input channels but also by repeating each
of these columns a number of times given by the correspond-
ing occupation number ns, which can be now larger than 1.
This repetition leads to a total number Ntot � K of columns,
still with a random number K � N of independent columns
associated with the K occupied input channels. Therefore, if
we neglect, again for simplicity, bunching events, given output
samples {nd} correspond to taking only the relevant Ntot rows
associated with output occupation numbers nd = 1 and disre-
garding the ones with nd = 0. Therefore, the matrices U {ns;nd }K

of random dimension Ntot � K contain Ntot × K � N2 entries
which are i.i.d. Gaussian variables with respect to standard
boson sampling and Gaussian boson sampling, where this
number is fixed to be N2 for each sample.

Therefore, analogous to Ref. [1], it is also in this case
reasonable to conjecture the classical hardness of computing
the absolute value of the permanents of the sampling matrices
U {ns;nd }K given that their numbers of i.i.d. complex Gaussian
elements and their ranks are always larger than or equal to
the values associated with the N × N sampling matrices in
standard boson sampling. This provides strong evidence that
approximating boson sampling with a random number of in-
put photons per port with K � N occupied ports is at least as
hard as standard boson sampling and SBS [1].

V. EXPERIMENTAL SCALABILITY

We now demonstrate that RNBS allows an enhancement of
the experimental scalability with respect to any other variants
of boson sampling so far introduced by allowing us to generate

FIG. 2. Success probability in Eq. (2) of generating a sample in
the RNBS scheme in Fig. 1 in the case of �aN� sources emitting
photons with probability p for different values of a and p according
to Eq. (3). Remarkably, for p = 0.9 already �1.15N� sources allow
us to achieve a success probability always larger than 0.8 and rapidly
converging to 1 for large values of N . In the other two depicted cases,
the probability is always larger than 0.6 for any value of N even for
the much smaller probability values p = 0.1, 0.25.

samples with a probability arbitrarily close to 1 in the absence
of losses.

The probability to successfully generate a sample in each
experimental run is determined not only by the number �aN�
of input sources but also by the probability p = γ 2 for each
source with squeezing parameter γ to generate at least one
photon. As mentioned before, for small values of γ one may
be interested in only single-photon emissions occurring with
probability p = (1 − γ 2)γ 2. In particular, the total probabil-
ity to experimentally generate any of the allowed samples
{ns; nd}K for all possible random numbers K ∈ [N, �aN�] of
occupied input ports can be written as [31]

P(K ∈ [N, �aN�]; p) =
�aN�∑
K=N

(�aN�
K

)
pK

(
1 − p

)�aN�−K
. (2)

Indeed, P is the cumulative probability for at least N success-
ful trials in a Bernoulli process with a total number of �aN�
trials and a success probability of p. The corresponding bino-
mial probability distribution for the number K of successful
trials has a mean value K̄ = �aN�p and standard deviation
�K = √�aN�√p(1 − p) [32]. Therefore, if

a > 1/p, (3)

by considering all the values of K in the interval [N, �aN�]
of length growing linearly with N , the cumulative probability
P(K ∈ [N, �aN�]; p) → 1 for large values of N . The exem-
plary cases in Fig. 2 demonstrate the increasing of P for
larger and larger values of N , converging toward an almost
deterministic behavior. Since the probability of postselecting
only the successful experimental runs for K � N approaches
1 for large values of N , the implementation of the RNBS
problem with only a linear number of sources is practically
deterministic.

We point out that for given values of a in Eq. (3) this
result can be achieved with values of the probability p and the
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corresponding squeezing parameter γ independent of N , dif-
ferent, for example, from SBS, for which we recall that an
optimal success probability still scaling down as 1/

√
N is

obtained for squeezing-parameter values also scaling down as
1/

√
N .

We also emphasize that in the case of generalized RNBS
for larger values of p = γ 2 the number �aN� of required input
sources becomes lower, as expected according to Eq. (3) and
as evident in Fig. 2.

VI. RNBS WITH PHOTON-BUNCHING EVENTS

So far we have not considered photon-bunching sampling
events since, like for standard boson sampling, such events are
negligible given the interferometer size M � O(N2). How-
ever, if one would like to employ photon-number-resolved
detectors, RNBS schemes could also be developed by taking
into account any event where any number of the order of N
detectors can click. Indeed, allowing bunching events inde-
pendent of the number K ′, with N � K ′ � Ntot = O(N ), of
detectors which click can further enhance the success proba-
bility of RNBS with respect to the case where bunching events
are neglected.

In particular, in this case, all the sample probabilities de-
pend on the permanents of the matrices U {ns;nd }K (with values
of nd higher than 1 for bunching events) in Eq. (1) still with
random dimension Ntot and a random number K of indepen-
dent columns associated with the occupied input ports but now
with a random number K ′ of independent rows [we recall that
K , as K ′, satisfies the condition N � K � Ntot = O(N )]. Such
independent columns and rows all contain, again, i.i.d. com-
plex Gaussian elements leading to a total number K ′ × K �
N2 which is therefore larger than or equal to the number N2 of
i.i.d. complex Gaussian elements associated with the sampling
matrices in standard boson sampling. This makes it reasonable
to conjecture the classical hardness of approximating to a
multiplicative error the absolute value of the permanents of
such matrices, analogous to the conjecture made in Ref. [1].
This implies also in this case that such an approximate RNBS
problem would be at least as hard as boson sampling and
SBS [1].

VII. DISCUSSION

We have introduced in this paper the problem of boson
sampling based on samples with a random number of in-
put photons (RNBS). We have given strong evidence of the
classical hardness of this problem either in the experimental
scenarios in which only single-photon emission is relevant or
in the one in which multiple photon emissions from any of
the sources can also be considered in the sampling process.
In both scenarios we have demonstrated that it is possible to

generate a sample for large values of N with a probability
which increases with N approaching 1 by using only proba-
bilistic sources linear in number.

Such a technique outperforms any current boson-sampling
schemes in which, instead, the sampling success probability
decreases as the root of N . In addition, in the second RNBS
scenario, by taking advantage of multiphoton emissions from
sources with a higher squeezing parameter, it is possible to
increase the probability for each source to generate photons
and, consequently, to decrease the required linear number
of sources according to Eq. (3). This is also possible by
employing multiplexing techniques, which can be used to
increase the probability of generating single photons or to
further reduce experimental overhead. All these advantages of
the proposed schemes demonstrate their impact and feasibility
for future experimental demonstrations of quantum computa-
tional supremacy relying on technologies readily available.

The approach developed here could be also potentially ap-
plied to different boson-sampling settings, including Gaussian
boson-sampling experiments, in which sampling at the inter-
ferometer output over events with N or more detectors which
click can enhance not only the probability of success but pos-
sibly also the robustness to losses. Furthermore, RNBS could
be, in principle, implemented in a driven-boson-sampling-
type setting where the required aN sources are now distributed
in consecutive interferometer layers to reduce the necessary
interferometer width. All these impactful applications will
surely be analyzed in future papers.

Furthermore, it would be exciting to benchmark, in future
works, RNBS against current classical algorithms to verify
whether any increase in computational resources is needed
with respect to the classical simulation of boson sampling and
SBS, providing further insight in the boson-sampling problem
size needed to establish quantum computational supremacy.

In conclusion, this work can pave the way to scal-
able experimental demonstration of quantum computational
supremacy and open further exciting questions toward a
deeper understanding of the computational hardness of multi-
photon interference. Furthermore, this approach may well find
applications in future quantum optics experimental protocols
with an unfixed number of interfering photons.
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