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Abstract

Alchemical free energy calculations generally require intermediate states along a

coupling parameter λ to establish sufficient phase space overlap for obtaining con-

verged results. Such intermediate states can be engineered to also lower energy barriers

and, consequently, reduce the required sampling time. The recently introduced λ-EDS

scheme combines the properties of the minimum variance pathway (MVP) and the en-

veloping distribution sampling (EDS) methods to improve sampling and allow for larger

steps along the alchemical pathway compared to conventional approaches. This scheme

also eliminates the need for soft-core potentials, and retains the behavior of conven-

tional λ-intermediate states as a limiting case. In this study, an automated procedure is

developed to select the parameters of λ-EDS for optimal performance. The underlying

theory is illustrated based on simulations of simple test systems (bond-length changes

in harmonic oscillators, mutations of dihedral angles, and charge creation in water), as
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well as the calculation of the absolute hydration free energies of twelve small organic

molecules.

1 Introduction

Free energy calculations based on molecular simulations have become an indispensable tool

in computational chemistry, computer-aided drug design, and biophysics. However, these

calculations are associated with high computational costs, because their convergence re-

quires sufficient conformational sampling and phase space overlap between the individual

simulations. To calculate the alchemical free energy difference ∆GA→B between two end

states A and B, their respective potential energy functions V are generally connected using

a coupling parameter λ. The initial state corresponds to λ = 0 and the final state to λ = 1,

while the necessary phase space overlap is obtained by introducing a series of λ-intermediate

states between 0 and 1. Although the sampling of these intermediate states can easily be

parallelized, their number should be kept as low as possible to minimize the computational

cost. In addition, the specific choice of the intermediate states affects the conformational

sampling in the simulations, i.e. alternative pathways may be associated with energy barriers

of very different magnitudes.

The concept of alchemical intermediate states originally goes back to the formulation of

the thermodynamic integration (TI) approach by Kirkwood in 1935.1,2 Since then, different

λ-coupling schemes have been proposed to define the intermediate states. The most common

technique is energy interpolation (EI), where the potential energy of each λ-intermediate state

is a linear combination of the potential energies of the two end states (VA and VB), i.e.,

VEI (λ) = (1− λ)VA + λ VB. (1)

In practice, this coupling scheme can lead to divergent free energy results and unstable

simulations, especially if atoms are interconverted with non-interacting dummy sites. This
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is known as the van der Waals endpoint problem.3–7 Its primary cause are steric clashes

of atoms as they are being decoupled from the rest of the system. This issue is typically

addressed using soft-core potentials. However, such procedures introduce a λ-dependence in

the pairwise Lennard-Jones interactions for 0 < λ < 1. Therefore, the potential energy of

the intermediate states can no longer be calculated based on the potential energies of the end

states alone. This results in increased computational costs for applying popular free energy

estimators such as Bennett’s acceptance ratio (BAR)8,9 or multistate BAR (MBAR).10 This

problem has led to a series of interesting new developments, including the linear-scaling

soft-core potentials,6 the linear basis function approach,7 optimized smoothstep soft-core

potentials,11 the repulsive soft-core potentials,12 the use of alchemical potentials,13,14 or the

extended TI approach.15,16

Based on previous ideas about optimal intermediate states by Bennett,8 Blondel,17 Christ

and van Gunsteren,18–23 Pham and Shirts,24 and Reinhardt and Grubmüller,25–27 we recently

introduced the λ-enveloping distribution sampling (λ-EDS) method,28 which combines the

potential energies of the two end states according to

Vλ−EDS(λ) = − (βs(λ))−1 ln
[
(1− λ) e−βs(λ)VA + λ e−βs(λ) (VB−E(λ))

]
, (2)

where β = (kBT )−1, kB being Boltzmann’s constant and T the absolute temperature. The

smoothness parameter s(λ) determines the shape of the resulting potential energy surface,

and E(λ) is an energy offset that compensates for a possible potential energy mismatch

between the end states. For simplicity, in the present work both s and E are chosen to

be independent of λ. Except for a constant offset, the special case λ = 0.5 corresponds to

the conventional EDS equation.18,19 With s = 0.5 and using an energy offset E = ∆GA→B

that corresponds to the free energy difference of the transformation, λ-EDS is equivalent to

the minimum variance pathway (MVP).17,24–26 While the MVP yields the lowest possible

variance of the free energy estimate, the resulting potential energy surface can contain large
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barriers, which often leads to poor convergence in practice.28
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Figure 1: Illustration of λ-EDS potential energies Vλ−EDS at the intermediate and end states
(λ=0.0, 0.5, 1.0) of an alchemical transformation of the equilibrium bond length req of a
harmonic oscillator with different settings. (a) Lowering the s-parameter favors the regions
of phase space with relatively high probabilities for both end states. (b) Positive energy
offsets favor the final state, while negative energy offsets favor the initial state. The potential
energies are given relative to the global energy minimum (Vmin) in units of kBT, while the
distance r is in arbitrary units.

The effect of the s-parameter is illustrated in Fig. 1a considering the coupling of two

harmonic oscillators with λ-EDS at the midpoint of the alchemical transformation, which

is denoted as λ-EDS(0.5). Using an s-value of 1.0 leads to a potential energy surface that

follows closely the lowest potential energy among the two end states (black dashed line in

Fig. 1a). Using s < 1.0 leads to a potential energy surface that favors the regions of phase

space where both end states have relatively high probabilities. In the limit of s approaching

zero, λ-EDS exhibits the same behavior as conventional λ-intermediate states with linear

EI (e.g. λ-EDS with s = 0.001, the purple line in Fig. 1a, is nearly equivalent to Eq. 1

with λ = 0.5). As discussed in Ref. 28, the estimation of an optimal value of s (sest) for

mutations involving covalent terms or electrostatic charges requires an estimate of the energy

barrier height (∆Vbarrier) along the alchemical pathway. In Fig. 1a, ∆Vbarrier corresponds

to the height at which the potential energy functions of the two end states intersect (i.e.

∆Vbarrier = 38 kBT). Based on Eq. 16 in Ref. 28, one finds sest = 0.609/ (β∆Vbarrier) = 0.016.

The λ-EDS scheme with sest (green line in Fig. 1a) traces the energy wells of the end states,
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which leads to high phase space overlap. It also exhibits a low barrier between the energy

wells, which leads to a high number of transitions. Both aspects are required for the fast

convergence of the free energy results.

The second user-defined parameter in Eq. 2 is the energy offset E. It shifts the energy

surfaces of the two end states with respect to each other within the (λ-)EDS reference

state.19 This adjusts the relative wells depths and also affects the encountered energy barrier

(Fig. 1b). A negative energy offset E increases the potential energy of the well corresponding

to the final state (orange line in Fig. 1b). A positive energy offset decreases the potential

energy of the final state relative to the initial state. Thus, the well corresponding to the initial

state is lifted relative to the global energy minimum (green line in Fig. 1b). To achieve equal

sampling of the end states, the energy offset should correspond to the free energy difference

between them. Note that the effects of the s and E parameters are coupled. For this

reason, iterative schemes to estimate optimal values for both quantities have been proposed

in the context of EDS21,22,29 and replica exchange EDS (RE-EDS).30,31 Finding an efficient

combination of the s and E parameters is also of direct relevance for the use of EDS in

constant-pH simulations.32–34

For simulations that involve the creation of dummy atoms, λ-EDS presents character-

istics similar to those of soft-core potentials,3–7 where the s-value defines the softness (see

Fig. 2a).28 High s-values between 0.5 and 1.0 lead to a soft van der Waals repulsion, while

s-values below 0.1 lead to relatively strong repulsion at short distances. A similar effect

can also be achieved by an appropriate choice of the energy offset E (Fig. 2b). The use of

E-values that favor the van der Waals end state over the dummy atom one increases the

repulsion at short distances. The effect of varying the λ-value in λ-EDS is similar to that of

changing the energy offset, thus mainly altering the softness of the interaction for relatively

high s-values (Fig. 2c). Choosing appropriate s- and λ-values offers a way to scale the effec-

tive van der Waals radius of the interaction with λ, while still retaining a soft potential at

short distances (Fig. 2d). Since the potential energy remains finite at zero distance, λ-EDS
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Figure 2: Interaction energies between two Lennard-Jones particles as one of the particles is
converted to a dummy atom. All potential energies are relative to the respective global energy
minimum. With decreasing interparticle distance r, the normal Lennard-Jones potential
(dark blue) leads to an infinite interaction energy, while the λ-EDS interaction energy is
bounded. This behaviour is analogous to the use of a soft-core potential.3–7 (a) The s-value
in λ-EDS(0.5) with E = 0.0 tunes the hardness of the Lennard-Jones interaction. Low s-
values (e.g., s = 0.01 in purple) lead to a stronger repulsion at close distance. (b) Similar
levels of repulsion can be achieved by tuning the energy offset E in λ-EDS(0.5) while keeping
the s-value fixed at s = 0.5. (c) The softness of the Lennard-Jones interactions in λ-EDS
with E = 0.0 and a relatively high s-value of 0.1 can also be steered via the λ-parameter.
In this case, higher λ-values increase the softness of the interaction. (d) Employing a very
low s-value of 0.00005 and varying the λ-parameter allows shifts of the repulsive wall of
the λ-EDS potential to shorter distances. At short effective van der Waals radii (e.g., with
λ = 0.9999, orange line), λ-EDS still acts like a soft-core potential, leading to finite potential
energies at zero distance.
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avoids the van der Waals end point catastrophe without any modification of the nonbonded

routines in the simulation program. In addition, the calculation of the potential energies

at all neighboring λ-points does not require a computationally expensive re-evaluation of

the nonbonded interactions. This makes λ-EDS ideally suited for (M)BAR-like free energy

estimators.8,10

The goal of the present article is to find a simple automated protocol that provides

suitable s and E-parameters for the λ-EDS scheme as applied to several types of alchemical

transformations. The effect of different s- and E-values in λ-EDS protocols with three λ-

points (λ = 0.0, 0.5, and 1.0) is systematically assessed for three simplified test systems:

(i) shifted harmonic oscillators; (ii) shifted dihedral potentials; and (iii) changes of the

electrostatic charge of a monoatomic solute in water. Based on the results, practical advice

is provided for the efficient use of λ-EDS in free energy calculations. Finally, the resulting

procedure is tested by calculating the absolute hydration free energies of twelve small organic

molecules using λ-EDS protocols with eleven λ-points.

2 Methods

2.1 Automated Procedure to Determine sest and E

Previous results showed that different s-values are required for transformations of van der

Waals interactions, or for mutations of bonded and electrostatic interactions.28 A linear

response scheme was proposed to estimate suitable s values (sest) for alchemical transforma-

tions of harmonic bonded terms or atomic partial charges, based on the alchemical energy

barrier ∆Vbarrier at the intersection between the potential energy curves of states A and B

(red and blue lines in Fig. 1a). This approach was tested for harmonic potentials by per-

forming two energy minimizations. First, an energy minimization is performed at λ = 0.5

based on conventional EI. The resulting structure corresponds to the peak of the alchemical

energy barrier. Then, a second energy minimization determines the reorganization energy
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relative to the initial (λ = 0.0) or final state (λ = 1.0). The potential energy change during

the second minimization corresponds to ∆Vbarrier. As we have observed that sampling with

slightly lower s-values is more robust,28 we advise to use the larger value of the two ∆Vbarrier

averages from the forward and backward direction to calculate sest. The resulting potential

energy curve of λ-EDS at λ = 0.5 with sest is shown as a green line in Fig. 1a for two

harmonic oscillators.

For transformations in the condensed phase, this simplistic approach neglects, however,

the effect of the solvent environment on the alchemical energy barrier. To account for this,

an ensemble average can be calculated from an equilibration simulation at λ = 0.5 based on

conventional EI (or, equivalently, λ-EDS with λ = 0.5 and a very low s-value). Using this

ensemble average in Eq. 16 of 28 leads to

sest ≈
0.609

β 〈∆Vbarrier〉equilibration
. (3)

Note that the linear response scheme described above is not applicable to mutations of the

van der Waals parameters. Previous results for cavity creation with Lennard-Jones particles

suggested the use of relatively high s-values between 0.1 and 1.28 However, as can be seen in

Fig. 2, high s-values only allow for changes of the softness of the Lennard-Jones interactions.

In order to achieve changes of the effective van der Waals radius of the particles during

an annihilation process, relatively low s-values combined with high λ-values are necessary

(Fig. 2d). Empirically, s = 0.00005 was found to lead to stable simulations. If s is chosen even

smaller, van der Waals end point problems occur because the behaviour of EI is recovered.28

High λ-values are required to scale the strong Lennard-Jones repulsion at short distances

to values that are thermally accessible. The value λa necessary to achieve an accessible

potential energy a at a distance x × σ is proportional λa ∝ x12. Since the phase space

overlap in the annihilation step depends on the change of the solvent accessible volume,35

it is also advisable to scale the molecular volume linearly in the alchemical transformation,
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rather than the effective atomic radii.

As shown in the context of the minimum variance pathway,17,24–26 the optimal energy

offset is the free energy difference between the end states. This is a major limitation for

the use of the minimum variance pathway, as it requires a prior free energy calculation.

However, the s value in Eq. 2 of λ-EDS serves as a multiplicative factor to the energy offset

E. Thus, by employing an s-value well below 0.5, the potential energy surface of λ-EDS is

less sensitive to errors in the energy offset. In practice, it is sufficient to provide a reasonable

approximation to the free energy difference to level the different depths of the energy wells

of the end states.

As a proof of concept, two schemes to approximate the free energy difference based on

simulations of the physical end points during the equilibration phase were considered. The

most simple scheme is to neglect all entropic components of the free energy difference and

rely on the enthalpy difference

∆HBA = 〈VB〉equilibration,B − 〈VA〉equilibration,A , (4)

where the ensemble averages are calculated from the equilibration phase of the end points.

The second simple scheme relies on the linear interaction energy approach (LIE)36,37 to

approximate the free energy difference

∆GLIE
BA =

1

2

(
〈Vu−v,B〉equilibration,B − 〈Vu−v,A〉equilibration,A

)
, (5)

where Vu−v denotes the respective interaction energies between the solute and the solvent.
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2.2 Simulation Details for CHARMM

2.2.1 General Settings

Simulations with CHARMM38,39 relied on the EDS implementation32–34,40 of the MSCALE

module.41 Unless noted otherwise, the time step was 1 fs. Simulations under NPT conditions

maintained the reference temperature of 300 K and a reference pressure of 1 atm with the

Nosé-Hoover thermostat and barostat.42,43 In simulations with TIP3P water,44 the bond

lengths of the water molecules were kept rigid with the SHAKE algorithm.45 The nonbonded

interactions were turned off at 1.2 nm using force shifting for electrostatic interactions and

potential shifting for the van der Waals interactions.46

The free energy differences were calculated using BAR8 as implemented in the FREN

module of CHARMM.47–50

2.2.2 Shifted Harmonic Oscillators

All calculations for this benchmark system were carried out with CHARMM (details see

Section 2.2.1). The mutations involve a linear four-atomic molecule without nonbonded in-

teractions as described before.28,40 In the initial state, all reference bond lengths (r0) were

0.2 nm, with a force constant (Kr) of 8.4 ·104 kJ mol−1 nm−2 (200 kcal mol−1 Å−2). The ref-

erence bond angles (θ0) were 113.6◦, with a force constant (Kθ) of 209.2 kJ mol−1 rad−2

(50 kcal mol−1 rad−2). The dihedral angle terms had energy barriers of 8.4 kJ mol−1

(2.0 kcal mol−1) and a multiplicity of 3 with a phase of 180◦. Three possible final states

are considered, with the reference bond length of the last atom extended by 0.03, 0.05, and

0.07 nm. A three-point λ-EDS protocol was used with λ = 0.0, 0.5 and 1.0. Five different

s-values (s = 1.0, 0.01, and sest) and five different energy offsets (E = 0kBT, 2kBT, 4kBT,

8kBT and 16kBT) were tested. To obtain sest, two energy minimizations were performed, one

at λ = 0.5 based on conventional EI, and a second one that determines the reorganization

energy relative to the initial state.
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To calculate the free energy differences, each of the four states (the initial plus three

final) was simulated in the gas phase for 0.5 ns. The simulations were performed using

Langevin dynamics with a friction coefficient of 5 ps−1 and random forces according to a

target temperature of 300 K. The time step was 0.5 fs and all masses were set to 1.0 g mol−1.

Trajectories were written every 100 steps. To determine the standard deviations of the free

energy results, each calculation was repeated ten times using different initial velocities. The

reference results were calculated analytically.40,51–53

2.2.3 Charging of an Atom in Water

This benchmark system included one Lennard-Jones particle of the size of a chlorine atom

in 1291 TIP3P water molecules,44 and was simulated with CHARMM (details see Section

2.2.1). The cubic periodic box had an edge length of 3.383 nm, as resulting from equilibration

simulations of 0.5 ns under NPT conditions. Trajectories were written every 1000 steps. All

systems were equilibrated during 0.5 ns at constant pressure, followed by 1 ns of production,

and were repeated ten times to obtain standard deviations.

Four different mutations were considered. The initial charge of 0.0 e of the Lennard-Jones

particle was converted to −1.0, −0.5, 0.5, or 1.0 e. A three-point λ-EDS protocol was used

with λ = 0.0, 0.5, and 1.0. Two different s-values (s = 0.01 and sest) and three different

energy offsets (E = 0.0, ∆HBA, and ∆GLIE
BA ) were tested. To estimate sest, the average values

for ∆Vbarrier were determined from the midpoint of each alchemical transformation. To this

purpose, nine snapshots from the equilibration stage of the reference calculations at λ = 0.5

were first minimized at λ = 0.5, followed by energy minimizations at λ = 1.0 (forward

direction) or λ = 0.0 (backward direction) according to EI. The larger of the two average

values was used to define sest. ∆HBA is the enthalpy difference between the end states A and

B based on average potential energies of the second half of the 0.5 ns equilibration stage.

∆GLIE
BA uses the linear interaction energy (LIE)36,37 approach based on the average interaction

energies of the solute with the solvent at the end states during the second half of the 0.5 ns
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equilibration stage. To assess the efficiency of the scheme, also the free energy difference of

the transformation from the reference calculation ∆Gref was employed for comparison. The

reference calculations employed 21 simulations of the Lennard-Jones particle with charges

ranging from -1.0 e to 1.0 e in steps of 0.1 e. For electrostatic changes in a dipolar solvent,

this is equivalent to EI.28,37

2.2.4 Hydration Free Energy Calculations

Absolute hydration free energy calculations were performed for water, methanol, ethanol,

methanethiol, acetamide, tetrahydrofuran, benzene, aniline, phenol, ethane, n-hexane, and

cyclohexane. The setup is analogous to previous calculations.47,48,54,55 All simulations were

carried out with CHARMM (details see Section 2.2.1) and the CHARMM General Force Field

(CGenFF) for organic molecules.56 The cubic periodic boxes contained 1687 TIP3P water

molecules44,57 with edge lengths between 3.6846 and 3.6887 nm, resulting from equilibration

simulations of 0.5 ns under NPT conditions. Trajectories were written every 1000 steps.

Following the usual procedure, the free energy calculations were divided into two succes-

sive stages.58–60 In the first stage, the electrostatic charges were turned off (∆Gelec), and in

the second stage the van der Waals interactions were removed (∆Gvdw). The reference cal-

culations based on conventional λ-intermediate states employed eleven equidistant λ-points

for each stage. Soft-core potentials, as implemented with the PSSP command in the PERT

module of CHARMM, were used for the van der Waals transformation with the default

parameters to avoid the end point problem.3,4

In the λ-EDS simulations, eleven equidistant λ-points were used to estimate ∆Gelec,

and the following eleven λ-points for the van der Waals transformations: 0.0000, 0.2878,

0.7782, 0.9141, 0.9658, 0.9872, 0.9960, 0.9990, 0.9995, 0.9999, and 1.0000. The latter λ-

values were chosen to uniformly scale the effective volume of the solute, following the strategy

outlined in Fig. 2d. An approach that uniformly scaled the softness of the molecule with

ten equidistant steps (analogous to the one outlined in Fig. 2c) was also tested, but failed
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to produce converged results for more bulky solutes. A common s-value was determined

for the calculation of ∆Gelec based on the average ∆Vbarrier for all transformations, namely

sest = 0.05. To calculate ∆Gvdw, s = 0.00005 was used. This s-value was empirically

found to lead to stable simulations for high λ-values, whereas lower s-values caused van der

Waals end point problems for some of the molecules. The energy offsets were set based on

the enthalpy difference ∆HBA between the two end states, as determined from the average

potential energies during the second half of the equilibration stage. All simulations were

repeated five times to obtain standard deviations.

2.3 Simulation Details for Ensembler

2.3.1 Mutation of a Two-Dimensional Dihedral Potential

Monte Carlo simulations of a hypothetical linear five-atom molecule in the gas phase were

performed with the Ensembler package.61 The bonds and angles of the molecule were rigid,

and no nonbonded interactions were evaluated. The potential energy is thus solely a function

of the dihedral angles φ and ψ with

U(φ, ψ) =
K

2
[cos(nφ− δ) + cos(nψ − δ)] , (6)

where K = 20 kBT is the force constant, n = 2 is the multiplicity, and δ is the phase shift.

For the two end states, δ was set to 0 and 90◦, respectively. Thus, each energy minimum

of one state corresponds to an energy maximum of the other state. Due to symmetry, the

resulting free energy difference is zero.

The system was sampled with the Metropolis Monte Carlo algorithm62 using 1.5 million

random steps of either −1 or +1◦ for both φ and ψ. The first 0.5 million steps were discarded

as equilibration. The potential energy differences were evaluated every 100 steps. For this

test system, only a single λ-point was considered, namely λ = 0.5. Three different s-values

(s = 1.0, sest = 0.03 and s = 0.01) and four different energy offsets (E = 0, 5, 10, or 20 kBT)

13



were tested. Each simulation was repeated ten times to obtain standard deviations. The free

energy differences were calculated using BAR,8 as implemented in the Ensembler package.61

3 Results and Discussion

We first assess the effect of choosing a suboptimal energy offset on the performance of λ-EDS

on two simplified test systems. Subsequently, the developed procedures to determine sest and

an approximate energy offset are validated on two systems: charging a neutral particle in

water, and calculating the absolute hydration free energies of twelve small organic molecules.

3.1 Effect of the (Suboptimal) Choice of the Energy Offset

3.1.1 Shifted Harmonic Oscillators

To demonstrate the effect of the energy offset, a test system was chosen where the analytical

free energy difference is approximately zero except for a small contribution from the Jacobian

term,40,52,53,63 i.e. the exact result is known analytically. Similarly, the energy offset should

ideally be zero. By choosing E > 0, the sampling is biased in favor of the final state, and thus

the influence of the correct choice of energy offset on the estimate ∆G can be assessed. In

particular, free energy differences were calculated between harmonic oscillators with reference

bond lengths that are shifted by ∆r with respect to each other. The transformation mimics

relative free energy calculations involving bond length or bond angle changes, or umbrella

sampling64 with harmonic biasing potentials. The chosen force constant of the harmonic

oscillators corresponds to a carbon-carbon bond, and three different reference bond length

changes ∆r of 0.03, 0.05 and 0.07 nm are considered.

The results with λ-EDS are reported in Table 1 for different s-values and energy off-

sets. The analytical free energy differences are 0.3, 0.4, and 0.6 kBT for the increasing

∆r-values. Small errors and standard deviations for large ∆r-values indicate efficient free

energy schemes. As seen previously in Ref. 28, λ-EDS simulations with s = 1.0 give reason-
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Table 1: Two harmonic oscillators shifted by ∆r: Average error in ∆G relative to the
analytical result and standard deviation over ten repetitions for different λ-EDS settings
(s-value and energy offsets E). A three-point λ-EDS protocol with λ = 0.0, 0.5 and 1.0
was used, and ∆G was calculated using BAR. Absolute errors greater than 0.5 kBT are
highlighted in red. Simulations with average errors below 0.5 kBT, but standard deviations
above 0.5 kBT are marked in orange. All values are in units of kBT at 300 K.

∆r [nm] 0.03 0.05 0.07
λ-EDS s = 1.0

E = 0kBT −0.2± 1.1 14.6± 0.3 14.9± 0.6
E = 2kBT −0.9± 1.7 16.8± 0.3 16.9± 0.6
E = 4kBT −1.3± 1.8 18.3± 0.5 18.9± 0.6
E = 8kBT −0.8± 1.3 22.0± 1.7 22.9± 0.6
E = 16kBT −0.4± 1.4 28.1± 5.4 30.9± 0.6

λ-EDS sest
a

E = 0kBT 0.0± 0.0 0.0± 0.1 0.0± 0.1
E = 2kBT 0.0± 0.1 0.0± 0.1 0.0± 0.2
E = 4kBT 0.0± 0.1 0.0± 0.2 0.0± 0.1
E = 8kBT −0.1± 0.3 −0.1± 0.3 −0.1± 0.4
E = 16kBT −0.3± 0.6 −1.2± 2.2 −3.5± 2.9

λ-EDS s = 0.01
E = 0kBT 0.0± 0.1 −0.1± 0.2 −0.1± 0.4
E = 2kBT 0.0± 0.1 −0.1± 0.3 −0.3± 0.3
E = 4kBT 0.0± 0.1 −0.1± 0.3 −0.2± 0.4
E = 8kBT 0.0± 0.1 −0.2± 0.3 −0.2± 0.2
E = 16kBT 0.0± 0.1 −0.3± 0.3 −0.8± 1.9

a sest = 0.080, 0.029, and 0.015 for the increasing ∆r values.
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able ∆G estimates for ∆r up to 0.035 nm. Choosing a suboptimal energy offset (E > 0),

the performance worsens. For larger ∆r, the simulation remains trapped in the energy well

of the initial state and the resulting ∆G deviate substantially from the analytical result. In

Ref. 28, the best results were observed with s = 0.01 and sest (tested up to ∆r = 0.05 nm).

Here also, accurate results are obtained for these s-values with E = 0kBT, even up to

∆r = 0.07 nm. With sest, the standard deviation over the repeats is about 0.1 kBT. Thanks

to the three-point λ-EDS protocol (λ = 0.0, 0.5 and 1.0), the performance is largely insen-

sitive to the (incorrect) choice of the energy offset (except for the most extreme choice at

large ∆r). Interestingly, using an s-value slightly below sest (i.e. s = 0.01) yields slightly

more robust results with suboptimal energy offsets.

3.1.2 Mutation of a Two-Dimensional Dihedral Potential

A similar effect can be seen for a second test system, which consists of shifted two-dimensional

dihedral potentials. Such a test system mimics the sampling problems observed with high

energy barries along dihedral degrees of freedom in biomolecules.65–72 In our test system,

the two end states exhibit energy surfaces with almost no phase space overlap (Fig. 3). The

energy minima of one state are the energy maxima of the other state, but ∆G is zero by

symmetry. The selected barrier height ∆Vbarrier in the system is 20kBT, which corresponds to

energy barriers encountered in some amino acid side chains.50,65,72,73 Three different s-values

of 0.5, sest = 0.03, and 0.01 are tested with energy offsets E = 0, 5, 10, and 20 kBT.

As seen in Ref. 28 and also similar to the observations for the first test system, the

energy barrier of 20 kBT is too high to be crossed with s = 1.0, resulting in large errors in

the ∆G estimate (Table 2). Using sest = 0.03 lowers the energy barriers between regions

that correspond to the two end states. This is shown by the accurate free energy results

and the p0 value of 50% (i.e. equal sampling of both end states) obtained with E = 0 kBT.

When the choice of E becomes increasingly incorrect (E > 0), the sampling is again biased

towards the final state and the resulting ∆G values become inaccurate. As seen with the
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Figure 3: Effect of the E-value in λ-EDS with s = 1.0 on shifted two-dimensional dihedral
potentials. Each plot shows the color-coded potential energy as a function of the φ and ψ
dihedral angles. The first row illustrates the two end states A and B, which exhibit opposite
phases and contain four energy minima (black). The potential energy barriers between the
minima are 20 kBT. The bottom row shows the effect of using E = 0, 5, 10, and 20 kBT
in λ-EDS(0.5). As the energy offset increases, the well depths of the energy minima that
correspond to the initial state decrease. Simultaneously, the energy barriers that separate
the minima of the initial and final states increase. All potential energies are in units of kBT.
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first test system, choosing an s-value slightly below sest provides slightly more robust results

with suboptimal energy offsets.

Table 2: Mutation of a two-dimensional dihedral potential: Average error in ∆G relative to
the analytical result and standard deviation over ten repetitions for different λ-EDS settings
(s-value and energy offsets E). A three-point λ-EDS protocol with λ = 0.0, 0.5 and 1.0
was used, and ∆G was calculated using BAR. Absolute errors greater than 0.5 kBT are
highlighted in red. Simulations with average errors below 0.5 kBT, but standard deviations
above 0.5 kBT are marked in orange. All values are in units of kBT at 300 K. The last column
gives the percentage p0 of the time that the λ-EDS simulation at λ = 0.5 spent in the low
energy region of the initial state.

Error [kBT] p0 [%]
λ-EDS s = 1.0

E=0 kBT 1.1 ± 3.0 44
E=5 kBT −1.2 ± 3.0 18
E=10 kBT 1.2 ± 3.9 1
E=20 kBT −1.1 ± 2.3 0

λ-EDS sest = 0.03
E=0 kBT 0.0 ± 0.3 50
E=5 kBT 0.9 ± 0.3 32
E=10 kBT 2.1 ± 0.6 21
E=20 kBT 2.8 ± 1.1 7

λ-EDS s = 0.01
E=0 kBT 0.2 ± 0.4 51
E=5 kBT 0.1 ± 0.5 45
E=10 kBT 0.3 ± 0.4 40
E=20 kBT 0.4 ± 0.7 31

3.2 Testing the Automatized Procedure to Estimate Optimal E

3.2.1 Charging of an Atom in Water

A simple system with large energy differences between the end states is charging of a neutral

particle (of the size of a chlorine atom) in water. Many applications of free energy simulations,

such as relative protein-ligand binding calculations, involve changes of partial charges in

aqueous solution. The introduction of the charge induces a structural rearrangement of

the surrounding water dipoles, which is characterized by a shift of the underlying Gaussian
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probability distributions of the potential energy difference.74 As this transformation bears

some resemblance with the shifted harmonic oscillator system, only the two best-performing

s-values from Section 3.1.1, s = 0.01 and sest, are considered here. Table 3 gives the average

error relative to the reference calculation and standard deviation over ten repetitions for

λ-EDS protocols with different energy offsets.

Table 3: Charging of a neutral particle in water: Average error relative to the reference
calculation and standard deviation over ten repetitions for different λ-EDS settings (s-value
and energy offsets E). A three-point λ-EDS protocol with λ = 0.0, 0.5 and 1.0 was used,
and ∆G was calculated using BAR. Average errors larger than 0.5 kBT are highlighted in
red. Simulations with average errors below 0.5 kBT but standard deviations above 0.5 kBT
are marked in orange. All values are in units of kBT at 300 K.

Charge change [e] 0.0→ +0.5 0.0→ −0.5 0.0→ +1.0 0.0→ −1.0
λ-EDS E = 0.0

sest
a 0.1± 0.4 1.8± 1.2 20.1± 4.0 50.2± 3.6

s = 0.01 0.0± 0.1 0.0± 0.2 2.0± 0.8 25.2± 2.3
λ-EDS E = ∆HBA

sest
a 0.0± 0.0 0.0± 0.2 0.0± 0.2 0.8± 1.3

s = 0.01 0.0± 0.2 0.0± 0.2 0.1± 0.6 −1.0± 1.1
λ-EDS E = ∆GLIE

BA

sest
a 0.0± 0.1 0.1± 0.1 0.3± 0.7 −0.9± 0.9

s = 0.01 −0.1± 0.1 0.0± 0.1 0.1± 0.8 0.2± 1.0
λ-EDS E = ∆Gref

sest
a −0.1± 0.1 0.0± 0.1 0.1± 0.2 0.2± 0.2

s = 0.01 −0.1± 0.1 0.0± 0.2 −0.1± 0.4 −0.5± 0.8

a sest = 0.200, 0.107, 0.043, and 0.024 for the four successive charge changes.

Interestingly, the results for creating a positive or negative charge of the same magnitude

are not symmetric, reflecting the intrinsic charge asymmetry of the water molecule.75 The

perturbation with a negative charge is larger (i.e. more difficult to converge) than with a

positive charge. Employing no energy offset (E = 0.0) only leads to converged results for

a charge change of +0.5 e. With a slightly lower s-value, a converged ∆G is also obtained

for −0.5 e. The convergence issues with larger charge changes are due to the fact that the

two end states exhibit very different free energies, which leads to sampling problems within

the λ-EDS potential energy surface. The ideal energy offset should approximate the free
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energy difference associated with the transformation as closely as possible. One possibility,

which requires no additional computational time, is to use the enthalpy difference between

the end states, extracted from the equilibration stage, as a rough estimate of ∆G for the

energy offset. With (E = ∆HBA), the convergence of the λ-EDS simulations is improved

drastically. The mutations to ±0.5 e and +1.0 e now yield the correct result. An equally

efficient alternative is to employ the LIE36,37 approach to estimate the energy offset based

on the equilibration stage. With E = ∆GLIE
BA , accurate free energy results were obtained for

charge changes of ±0.5 e.

To assess how small the error can become, we performed a λ-EDS simulation with energy

offset set to the true free energy difference ∆Gref from the reference calculations. Theoreti-

cally, this is supposed to be the most efficient energy offset. As expected, this scheme leads

to accurate and precise free energy estimates in all cases when employing sest. However, the

errors with E = ∆GLIE
BA are not much higher, which suggests that using rough approximations

of the true free energy difference as energy offsets can already lead to a good performance

in λ-EDS calculations.

Table 4: Charge change from −1.0 to +1.0 e in water based on four-point protocols: Average
error relative to the reference calculation and standard deviation over ten repetitions for
different λ-EDS settings (s-value and energy offsets E). A four-point λ-EDS protocol was
used that employs λ = 0.0 and 0.5 of the transformation from −1.0 e to 0.0 e, as well as
λ = 0.5, 1.0 of the transformation from 0.0 e to +1.0 e. This corresponds to the use of the
physical end points (λ = 0, 1) and two intermediate states (λ = 0.5 of the two different
transformations). ∆G was calculated using BAR. All values are in units of kBT at 300 K.

Charge change [e] −1.0→ 1.0
Conventionala −15.2± 2.6

λ-EDS E = ∆HBA

sest
b −0.9± 1.2

s = 0.01 0.7± 7.8
λ-EDS E = ∆GLIE

BA

sest
b 1.1± 1.1

s = 0.01 −0.8± 4.8

a Conventional protocol using two intermediate states at −0.3 and +0.3 e.
b sest = 0.043, and 0.024 for the two transformations −1.0 e to 0.0 e and 0.0 e to +1.0 e.

20



The free energy results for performing the full charge inversion from −1.0 to +1.0 e

are listed in Table 4. The conventional free energy calculation (using the BAR estimator)

based on four approximately equidistant points (involving the charges of −1.0, −0.3, +0.3,

and +1.0 e) yields an error of −15.2 kBT and a standard deviation of 2.6 kBT. The λ-EDS

protocols combine two different alchemical transformations. The first two simulations use

λ = 0.0, and 0.5 of the transformation from −1.0 e to 0.0 e. The last two simulations employ

λ = 0.5, 1.0 of the transformation from 0.0 e to +1.0 e. The required potential energy

differences were obtained by post-processing the simulations from Table 3, followed by an

analysis with BAR. This is analogous to the use of “unorthodox” intermediate states in other

transformations based on BAR.49 Using λ-EDS with either of the two energy offset estimates,

more accurate results are obtained (average errors between −0.9 and 1.1 kBT) compared to

the conventional approach. Since the common end state of the two transformations was

not simulated explicitly in the λ-EDS protocol, this shows that the λ = 0.5 simulations

of the two different transformations still exhibit sufficient phase space overlap with each

other to achieve convergence. The superior convergence demonstrates the capability of λ-

EDS to bridge larger differences in alchemical space compared to conventional λ-protocols.

It also demonstrates that challenging transformations can be broken down into multiple

transformations with different sest and E values.

3.2.2 Absolute Hydration Free Energy

To evaluate the usefulness of λ-EDS for practical applications, the absolute hydration free

energies of twelve small organic molecules were calculated. While the related EDS and RE-

EDS methods have been successfully applied multiple times to calculate relative binding free

energies of different substituents,22,29–31 the absolute calculations here involve comparatively

large molecular changes as the whole molecule is annihilated. The benchmark compounds

cover both polar and apolar molecules of various sizes. The annihilation process in water is

broken down into removing the electrostatic charges of the solute (∆Gele), followed by turning
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Table 5: Hydration free energies and their standard deviations over five repetitions: The
components “uncharging” free energy (∆Gele) and the free energy costs of removing the van
der Waals interactions (∆GvdW ) for twelve small organic molecules in water. The reference
results (Ref) are based on conventional λ-intermediate states. Free energy differences were
estimated with BAR. All data are in kBT at 300 K.

∆Gele ∆GvdW

Ref a λ-EDS b Ref c λ-EDS d

Water 16.09 ± 0.04 16.06 ± 0.04 −3.39 ± 0.03 −3.45 ± 0.05
Methanol −11.84 ± 0.03 −11.91 ± 0.03 −2.80 ± 0.06 −2.80 ± 0.07
Ethane −13.47 ± 0.01 −13.47 ± 0.00 −3.39 ± 0.08 −3.54 ± 0.08
Benzene 0.34 ± 0.02 0.35 ± 0.02 −21.81 ± 0.16 −21.79 ± 0.18
Phenol 27.22 ± 0.03 27.24 ± 0.02 −21.41 ± 0.14 −21.15 ± 0.20
Cyclohexane −3.61 ± 0.01 −3.61 ± 0.01 −1.32 ± 0.20 −1.35 ± 0.14
Hexane −6.85 ± 0.02 −6.91 ± 0.02 −5.00 ± 0.13 −5.02 ± 0.24
Ethanol 19.67 ± 0.05 19.73 ± 0.04 −3.04 ± 0.09 −3.04 ± 0.08
Methanethiol −5.51 ± 0.01 −5.49 ± 0.02 −1.33 ± 0.07 −1.35 ± 0.09
Aniline 41.24 ± 0.04 41.23 ± 0.03 −21.40 ± 0.17 −21.32 ± 0.14
Acetamide 136.30 ± 0.04 136.25 ± 0.04 −2.07 ± 0.10 −2.07 ± 0.11
Tetrahydrofuran 7.79 ± 0.03 7.99 ± 0.02 −1.70 ± 0.17 −1.75 ± 0.11
MSE e 0.01 0.00
RMSE f 0.07 0.09

a Reference results based on 10 equidistant λ-points with EI (i.e., λ=0.0, 0.1, 0.2, 0.3, 0.4,
0.5, 0.6, 0.7, 0.8, 0.9, 1.0)
b λ-EDS results based on the average sest of all molecules (sest = 0.05), E set to the
average enthalpy difference ∆HBA during equilibration, and using 10 equidistant steps (i.e.,
λ=0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0)
c Reference results based on 10 equidistant λ-steps with soft core potentials (i.e., λ=0.0,
0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0)
d λ-EDS results based on the s = 0.00005, E set to the average enthalpy difference ∆HBA

during equilibration, and 10 approximately equidistant steps in terms of the effective
volume (i.e., λ= 0.0000, 0.2878, 0.7782, 0.9141, 0.9658, 0.9872, 0.9960, 0.9990, 0.9995,
0.9999, 1.0000)
e Mean signed error of λ-EDS with respect to the reference results
f Root mean square error of λ-EDS with respect to the reference results
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off its van der Waals interactions (∆GvdW ). The corresponding free energy differences are

reported in Table 5. The reference calculations were performed with conventional EI for

∆Gele and with soft-core potentials for ∆GvdW . All protocols employ eleven λ-points with

the BAR free energy estimator.

To calculate ∆Gele with λ-EDS, the average sest over all molecules (sest = 0.05) was

used. For each transformation, the energy offset was set to the average enthalpy difference

∆HBA between the end states extracted from the equilibration stage. Thus, no additional

simulations were required to estimate the parameters for λ-EDS. The results with λ-EDS for

∆Gele agree very well with the reference results, with both accuracy and precision remaining

within the limit of 0.5 kBT. The mean signed error (MSE) and the root mean square error

(RMSE) relative to the reference results are 0.01 and 0.07 kBT, respectively.

For turning off the van der Waals interactions between the solute and solvent, the same

sest = 0.05 and λ-spacing cannot be used as it would lead to poor results for the more bulky

molecules (overall RMSE of 3.5 kBT, data not shown). This can be rationalized looking at

Fig. 2c. High s-values mostly tune the softness of the entire molecule, without significantly

modifying the effective van der Waals radii. Therefore, the radius-scaling strategy depicted

in Fig. 2d was employed here. The value s = 0.00005 was empirically found to be the lowest

s-value that still leads to stable trajectories for λ-values up to 0.999999999 for all molecules.

Using s = 0.00005 allows for the scaling of the effective van der Waals radii via λ, while

still exhibiting a finite potential energy at zero distance. The energy offset was again set to

the average enthalpy difference ∆HBA between the end states. The resulting ∆GvdW agree

very well with the reference results based on soft-core potentials (Table 5). The MSE and

RMSE are 0.00 and 0.09 kBT, respectively. The errors for ∆GvdW are slightly higher than the

ones observed for ∆Gele, mostly reflecting the increased standard deviations of the reference

calculations with soft-core potentials. Nevertheless, all λ-EDS results are well within the

accuracy and precision criteria of 0.5 kBT. Thus, the conventional and the λ-EDS protocols

lead to equivalent results.
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4 Conclusions

λ-EDS is a generalization of the EDS and the MVP methods. Like soft-core potentials, it

can address the van der Waals end point problem. However, only the potential energies of

the physical end states are required to calculate the potential energies of all λ-states with

λ-EDS. This separability in λ means that there are no additional computational costs to

determine the potential energies of neighboring λ-points for free energy simulations with the

BAR or MBAR estimators, or when using Hamiltonian replica exchange. Another benefit

is that the post-processing can be performed with only the potential energy data (i.e. no

coordinates needed), thus requiring almost no hard disk space. This simplifies the analysis

and, depending on the number of frames and λ-points, can lead to sizeable savings of com-

puter time. Since no dedicated non-bonded routines for soft-core potentials are required, it

is also possible to use highly optimized implementations to calculate potential energies (e.g.,

on GPUs). Importantly, this advantage also extends to methods where it is inherently not

possible to modify the treatment of the non-bonded interactions, like in quantum-mechanical

or semi-empirical simulations. Thus, λ-EDS opens the way to alchemical transformations

for a variety of approaches. Furthermore, in the limit of very low s-values, it is equivalent

to conventional λ-intermediate states based on EI, which provides some backward compati-

bility. While it is possible to simply use a low s-value and a suitable number of λ-points to

reach converged free energy results, the optimal performance of λ-EDS can only be achieved

if the s- and E-parameters of λ-EDS are chosen appropriately. A scheme to estimate an

sest value was proposed previously. Here, we developed a procedure to obtain an energy

offset estimate based on the equilibration simulations, in the form of the enthalpy difference

∆HBA between the end states, or the free energy difference estimated with the LIE approach

∆GLIE
BA . Thus, no additional simulation time is necessary.

First, we assessed the influence of a suboptimal choice of the energy offset on two sim-

plified test systems, where the true free energy difference is known analytically. The results

for shifted harmonic oscillators and dihedral potentials demonstrate that relatively high de-
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viations in the choice of energy offset can be tolerated when an appropriate s-values is used.

Interestingly, an s-value slightly below sest was often found to give even more robust results.

Next, the use of ∆HBA or ∆GLIE
BA as energy offset was evaluated by calculating the free

energy differences of charging a neutral Lennard-Jones particle in water. In combination with

sest, reasonable results were obtained for both choices of energy offsets. The data for the

charge inversion process underlines that λ-EDS with approximate energy offsets and the use

of the sest value can outperform conventional λ-intermediate states. Similar findings were

also obtained when applying the λ-EDS protocol to calculate the absolute hydration free

energies of twelve small organic molecules. The annihilation process was performed in two

steps: (i) removing the electrostatic charges of the solute (∆Gele), and (ii) turning off its van

der Waals interactions (∆GvdW ). Using a single sest value averaged over all compounds and

E = ∆HBA, ∆Gele very close to the reference values were obtained. To calculate ∆GvdW ,

it was found that a radius-scaling strategy has to be employed with a very small s-value

(s = 0.00005), such that the effective van der Waals radii of the solute are scaled while still

exhibiting a finite potential energy at zero distance. The resulting accuracy and precision is

equivalent to that of free energy calculations with soft-core potentials.

In summary, our findings suggest that λ-EDS is a viable alternative to conventional λ-

intermediate states in alchemical free energy calculations. λ-EDS avoids the van der Waals

end point problem, while at the same time removing the need for postprocessing when using

the BAR and MBAR estimators, or the employment of dedicated non-bonded routines for

free energy calculations. Reasonable s and E-parameters can be estimated efficiently from

energy minimizations and equilibration simulations, respectively.

Supporting Information Available

Another benchmark system that tests the effect of different energy offsets in λ-EDS on free

energy differences of cavity creation in water can be found in the Supporting Information.
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