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Abstract

The remarkable universality observed in period-doubling cascades for families of uni-

modal maps with integer degree critical point has been studied extensively. Feigen-

baum offered an explanation in terms of a renormalisation operator. In this thesis we

begin by examining one-parameter families of unimodal maps with quadratic critical

point. Using rigorous computer-assisted methods we calculate tight bounds on the

renormalisation fixed point relevant for period doubling, by using a contraction map-

ping argument in a space of analytic functions, also leading to rigorous bounds on the

universal scaling constant, α.

Bounds on the spectrum of the derivative of the renormalisation operator at the

fixed point are used to prove hyperbolicity in the function space and to provide bounds

on the eigenvalues. We explore analytical solutions to the associated eigenproblem

and the relationship between the eigenfunctions corresponding to different choices of

normalisation-preserving scale factor in the definition of the renormalisation operator.

We use a novel application of the contraction mapping method to provide rigorous

bounds on the eigenvalue-eigenfunction pair for the universal constant δ controlling

the asymptotic rate of accumulation of period-doublings, and also to provide rigorous

bounds on a particular eigenvalue-eigenfunction pair for the operator corresponding to

the universal scaling of added uncorrelated noise. We also explore analytical solutions

to the noise eigenproblem.

We extend this rigorous work to cover families with quartic and cubic critical points

and apply the method numerically for higher integer degrees.

Further, by casting the attractor at the accumulation of period-doublings as the

limit set of an iterated function system we use a rigorous method to bound its Hausdorff

dimension in the case of quadratic, quartic and cubic critical points.

We explore universality in two-variable, unidirectionally-coupled systems using the

corresponding renormalisation operator via numerical calculations, and take steps to-

wards a rigorous, computer-assisted proof of existence of a fixed point and rigorous

bounds on associated constants. Using the knowledge gained and methods developed

for the single variable system, we suggest a direction for future work in this area.
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Figure 1: Universal bi-critical renormalisation fixed point
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Chapter 1

Introduction

1.1 Dynamical Systems

Dynamical systems are fundamental to the the study of the world around us with

applications as broad as planetary orbits, biological, and economic systems. A dy-

namical system is a group of transformations on a topological space or manifold. We

use differential equations (and flows) and difference equations (and maps) to describe

the behaviour of these systems over time. We are usually interested in the long-term

behaviour of a system, for example steady state, periodic cycle, quasi-periodic orbit or

chaotic behaviour.

Chaos denotes behaviour so complex and unpredictable that it appears to be ran-

dom; but in fact, it is the consequence of deterministic nonlinear equations, for which,

in principle, the present situation exactly predicts the future behaviour. In practice, the

sensitivity of chaotic systems means that the slightest change in the present situation

can produce enormous changes in the subsequent behaviour, and thus the long-range

future is, for practical purposes, unpredictable. Phenomena such as turbulence in flu-

ids, including the weather, obey equations that are predictable for short times but not

so for long ones, as small perturbations are magnified rapidly.

James Gleick’s popular book, Chaos [26], describes how scientists studying disorder

in nature in the 1970s found links between the patterns made by rising smoke, a

dripping tap and the weather system. Each of these has chaotic behaviour which,

mathematically, contains ordered behaviour of all periods. The modern study of chaos

had begun in earnest. Edward Lorenz played with a toy weather system - a system

of differential equations found by truncating a series expansion of the Navier Stokes

equations for fluid flow applied to convection in a column of air. The system determines

an ever-changing ‘weather forecast’ that, for typical initial conditions, never repeats

itself exactly, yet enters and remains trapped inside a finite region in the phase space.

The motion approaches what he called a strange attractor: ‘locally unpredictable,

globally stable’. See figure 1.1(a). Chaos [26] goes on to describe fractals and the

beautiful Mandelbrot set, figure 1.1(b), which shares characteristics with the logistic
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map, a highly simpified model of population dynamics.

An accessible background to the mathematics of chaos may be found in Chaos and

Fractals - New Frontiers of Science, [35], where chapters 10 and 11 are of particular

interest. Chapter 10 introduces the three conditions required for chaos (often described

as Devaney’s definition of chaos [34]): sensitivity to initial conditions - the smallest

difference in starting point can lead to a wildly different trajectory; mixing - given

enough time (iterations) every point within the chaotic region can be attained from any

other; and denseness - all intervals within the chaotic range are reached in an ergodic

manner. In Chapter 11 of [35], Order and Chaos: Period-doubling and its Chaotic

Mirror, the authors describe the period-doubling route to chaos with several graphical

illustrations. We will demonstrate this period-doubling cascade in the following section.
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Figure 1.1: (a) The Lorenz attractor illustrates Sensitive Dependence on Initial Con-
ditions. Each of four colours in this plot traces a different trajectory using the same
three equations but a starting point a very small distance from the others. (b) The
Mandelbrot Set is a representation of escape times (from a circle, radius = 2) using
the iterative function zn+1 = z2

n + c where c = z0, in the complex plane.

1.2 Logistic map

The logistic population model

fr(x) = rx(1− x), (1.1)

expressed as a difference equation

xn+1 = rxn (1− xn) , (1.2)
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can be applied to populations in an environment with limited resources where there is

little or no outside influence. Loosely-speaking, the parameter r denotes the reproduc-

tion rate or fecundity and x denotes the size of the population as a proportion of the

largest that the environment can support.
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Figure 1.2: At r < 3 the population level is asymptotic to a fixed point as n→∞.

0 10 20 30 40 50
step

0.0

0.2

0.4

0.6

0.8

1.0

po
pu

la
tio

n 
as

 p
ro

po
rti

on
 o

f c
ap

ac
ity

reproductive rate = 3.2

0 10 20 30 40 50
step

0.0

0.2

0.4

0.6

0.8

1.0

po
pu

la
tio

n 
as

 p
ro

po
rti

on
 o

f c
ap

ac
ity

reproductive rate = 3.5

0 10 20 30 40 50
step

0.0

0.2

0.4

0.6

0.8

1.0

po
pu

la
tio

n 
as

 p
ro

po
rti

on
 o

f c
ap

ac
ity

reproductive rate = 3.55

Figure 1.3: At r > 3 there are successive windows of the parameter r in which the population
is asymptotic to periodic orbits of periods 2, 4, 8, and so on, in a period-doubling bifurcation
cascade.

Thus, the population x in a state space, varies between 0 representing ‘empty’

and 1 representing ‘full’ and the system depends on only one other parameter, r,

representing the ‘reproduction rate’ on a scale from 0 to 4. When under-populated,

the animals reproduce in proportion to the current population. When over-populated,

the population at the next iteration depends on the spare capacity in the system,

(1− x). For values of r less than 1 the population dies to 0 after a few iterations.

For 1 < r < 3 the population settles down towards a fixed value of x, an equilibrium

or fixed point. A bifurcation occurs at r = 3 resulting in a 2-cycle. It is quickly followed

by another at around 3.4, and a period-doubling cascade interspersed with new periodic

cycles, to chaos. Figures 1.2 and 1.3 show the behaviour of the population at particular

values of the reproductive rate, r.

In figure 1.4 we can see that each bifurcation leads to a rescaled, asymptotically

(with higher and higher period-doublings) self-affine version of the whole picture (from

r = 1). The horizontal scaling converges to δ = 4.669201609102.... The vertical scaling

factor α = −2.502907875095... where the negative sign represents a reflection. These

are the Feigenbaum constants discovered in 1975 [4]. For a comprehensive review of

this remarkable discovery see the collection of papers and overview in Cvitanovic’s
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Universality in Chaos [12]. These constants appear naturally in a variety of systems

and may be as important to period-doubling as π is in geometry and calculus.

Mitchell Feigenbaum, while examining the period-doubling characteristics of eco-

logical data including gypsy moth populations in 1975, in calculating the exact bifur-

cation points, noticed that these critical values converged geometrically with a ratio

of approximately 4.669. He experimented with other iterative formulae, for example

xn+1 = r sin πxn, and found that the same ratio seemed to be common across a very

broad class of maps. This universal phenomenon was discovered independently by

Coullet and Tresser around the same time [3]. Feigenbaum realised the constant is uni-

versal, and that not only could he predict the next bifurcation point with increasing

accuracy in subsequent period-doublings (‘horizontal’ scaling) but also that there was

a universal scaling constant associated with the size of the populations at that point

(‘vertical’ scaling). Feigenbaum provided an explanation for this phenomenon in his

papers Quantitative Universality for a Class of Nonlinear Transformations [2] and The

Universal Metric Properties of Nonlinear Transformations [4] in the late 1970s, using

the concept of renormalisation.

In [5], Feigenbaum details functional iterations and their fixed point behaviour.

For a simple prototypical family of maps, fixed points can easily be found analytically

by letting xn+1 = xn. In the logistic model, we have fixed points at x = 0 and

x = r−1(r − 1). At 1 < r < 3, the fixed point x = r−1(r − 1) is stable (an attractor of

period 1) and the fixed point x = 0 is unstable (repellor). At r = 3, the first bifurcation

point, the fixed point x = r−1(r−1) becomes unstable (repelling) via a period-doubling

bifurcation that gives rise to a stable 2-cycle. It is a relatively straightforward task to

approximate the parameter values for superstable points which converge to a critical

value, rc = 3.5699456.... For meaningful dynamics, we impose 1 < r ≤ 4. If we allow

r > 4, the population always exceeds the specified maximum with the escape times

varying in a Cantor pattern, see Appendix A.1.

1.3 Renormalisation

Renormalisation can be considered as a simplifying transformation. Using systematic

changes of scale, together with compositions that simplify periodic orbits (by halving

their periods), we make an operator that preserves features of interest of the original

system. It can be used to study asymptotic self-similarity of the kind observed in

the period-doubling cascade. Renormalisation techniques were initially developed in

quantum physics but have since been used in studying dynamical systems, notably in

the work of Feigenbaum in the 1970s.

Renormalisation can expose “universal” behaviour in classes of systems, measured

in part by observable constants. Universal constants found in theoretical systems have

been observed in complicated, physical, naturally occurring systems and allow us to
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Figure 1.4: Bifurcation diagram for the logistic map model, which is often used in the study
of populations. The period-doubling cascade accumulates at 3.5699456...

make predictions across the whole universality class. Applications of Renormalisation

can be found in works such as Renormalisation in Area-Preserving Maps by R MacKay

[36].

In what follows, for mathematical convenience, we study iterations of the one-

parameter family

fµ(x) = 1− µx2, (1.3)

leading to the difference equation

xn+1 = 1− µx2
n, (1.4)

which has symmetry about the origin. In fact, this family is just the previous logistic

family under a change of variables. Thus, as before, there is a range of values of param-

eter µ for which the behaviour is attraction to a periodic orbit. As µ increases there

will be a period-doubling bifurcation (see figure 1.5) as the orbit becomes unstable and

gives rise to a stable periodic orbit with twice the period. Between the bifurcations we

have superstable period 2n orbits (for which the critical point, 0 is on the orbit) at pa-

rameter values µn. Asymptotically, as we undergo successive period-doublings, the size

of the parameter change needed to induce the next period-doubling bifurcation reduces

geometrically, accumulating at a critical µ value. For a large class of one parameter

functions the bifurcations and superstable fixed points both converge geometrically at
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Figure 1.5: Bifurcation diagram clearly showing horizontal scaling in the parameter space.

a rate that tends to a universal constant:

δ = lim
n→∞

µn+1 − µn
µn+2 − µn+1

≈ 4.669201609102. (1.5)

We also have α as vertical scaling between “branches” around the origin, where

α = lim
n→∞

f 2n−1

µn (0)

f 2n
µn+1

(0)
≈ −2.502907875095. (1.6)

Note, for the logistic map, centred on critical xc = 0.5, we would write

α = lim
n→∞

f 2n−1

rn (xc)− xc
f 2n
rn+1

(xc)− xc
≈ −2.502907875095. (1.7)

The universal scaling constants α and δ are responsible for the (asymptotic) self-affinity

of the system seen in the bifurcation diagram. These constants are universal in the

sense that they are shared by all maps in a broad class determined by the nature of

the map at the critical point.

Classes of systems with a cubic or quartic critical point also exhibit similar universal

behaviour, with different values for α and δ consistent throughout their class, although

these are less likely to appear in a pure form in nature.

Feigenbaum explained this scaling phenomenon by use of the renormalisation op-

erator,

R : g(x) 7→ αg(g(α−1x)). (1.8)
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We are primarily concerned with even functions. For convenience, we normalise so

that g(0) = 1, with a local maximum at the origin so that g′(0) = 0. A scale change

α = g (1)−1 ensures that if g(0) = 1 then R(g)(0) = 1. Renormalisation is preserved

under R. We are concerned with fixed points of R such that

g(x) = αg(g(α−1x)). (1.9)

We notice in general that R(g) at µn+1 resembles g at µn. The operator, R, maps a

period 2n+1 orbit to a period 2n orbit with the same stability, so, if g has period 2n+1,

R(g) has two period 2n orbits.
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(a) f(x) = 1− µnx2 (b) f 2(x) : f(x) = 1− µn+1x
2

Figure 1.6: Renormalisation maps a period 2n+1 orbit to two period 2n orbits. In (a)
µn ≈ 1.31 is the fixed point of the period 2 orbit. In (b) µn+1 ≈ 1.38 is the fixed point of the
period 4 orbit. The green box in (b) highlights the area of self-similarity to (a). The smaller,
red box shows the second orbit.

For example, if g has a period 2 orbit:

x0, x1, x0, x1, ... (1.10)

the doubling operator g 7→ g ◦ g has the effect of splitting the orbit into :

x0, x0, x0, x0, ... (1.11)

and

x1, x1, x1, x1, ... (1.12)

Note, both x0 and x1 are period 1 points of g◦g. More generally, period 2n+1 −→ 2×2n.

Under scaling both x and y by α−1, y = g(x) = αg(α−1x). Figure 1.6 illustrates the

behaviour of maps under R. Each renormalisation step involves functional composition

(with itself) and applies a scaling (by α). R(g) is a scaled copy of g composed with

itself. This is the key to understanding universality of period-doubling.
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The existence of a renormalisation fixed point and the universality of constants

α and δ were conjectured by Feigenbaum and soon established by computer-assisted

means by Lanford [10] in 1982, analytic proofs of existence by Campanino and Epstein

[8], a new proof by Epstein in 1986 [18] and the first computer-free proof of the universal

parameter scaling laws by Lyubich in 1999 [40].

Feigenbaum’s δ can be shown to be related to DR(g). More precisely, δ is the only

relevant eigenvalue of DR(g) with modulus greater than one. To understand this we

take the derivative of R at the fixed point g∗. We consider a perturbation, h, of g and,

for ease of understanding in what follows immediately below, we will suppose that α

is constant and refer to the corresponding linear operator as L(g) rather than DR(g).

The full Fréchet derivative, in which α is allowed to vary with g is given in Appendix

C.1. We have

R (g + h) (x) = α (g + h)
(
(g + h)

(
α−1x

))
= α (g + h)

(
g
(
α−1x

)
+ h

(
α−1x

))
= α

(
g
(
g
(
α−1x

)
+ h

(
α−1x

))
+ h

(
g
(
α−1x

)
+ h

(
α−1x

)))
. (1.13)

Then, using Taylor expansions and working to first order in h, we have:

R (g + h) (x) = α
(
g
(
g
(
α−1x

))
+ h

(
α−1x

)
g′
(
g
(
α−1x

))
+ ...+ h

(
g
(
α−1x

))
+ ...

)
= αg

(
g
(
α−1x

))
+ α

(
g′
(
g
(
α−1x

))
h
(
α−1x

)
+ h

(
g
(
α−1x

)))
, (1.14)

where we omit higher-order terms in h.

Hence,

R (g + h) (x) = Rg (x) + α
(
g′
(
g
(
α−1x

))
h
(
α−1x

)
+ h

(
g
(
α−1x

)))
(1.15)

R (g + h) (x)−Rg (x) = α
(
g′
(
g
(
α−1x

))
h
(
α−1x

)
+ h

(
g
(
α−1x

)))
. (1.16)

This left hand side is L (g)h (x), i.e. the linear operator L (g) acting on an increment

h (x):

L (g)h (x) = αg′
(
g
(
α−1x

))
h
(
α−1x

)
+ αh

(
g
(
α−1x

))
. (1.17)

In section 2.5 we shall investigate the eigenproblem associated with DR(g). We

find one non-trivial eigenvalue, namely δ, greater than 1. This explains the previously

observed behaviour in parameter space.

Following Lanford’s [10] proof of existence of the renormalisation fixed point and

its hyperbolicity (by bounding the expanding eigenvalue of the derivative of the renor-

malisation operator there), including the uniqueness of δ as a positive, expanding

eigenvalue, Briggs [31] published 109 non-rigorous digits of α and 86 non-rigorous dig-

its of δ in 1991. More digits followed in his thesis. In 1999, Broadhurst [39] calculated

1019 non-rigorous digits of each constant, correcting Briggs. In 2010, Mathar [47] used
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Chebyshev polynomials to produce detailed coefficient values of g, but did not give

bounds on α and δ in that document. Most recently to our knowledge, Molteni [51],

using Chebyshev polynomials, claimed 10000 non-rigorous digits of each constant in

2016. We provide over 400 confirmed, rigorous digits for each constant in section 3.8,

which are consistent with Broadhurst’s and Molteni’s figures.

1.4 Outline of this thesis

In this thesis we thoroughly explore Feigenbaum’s well-known single variable system,

first, numerically in Chapter 2. Non-rigorous approximations of Feigenbaum’s con-

stants, α and δ, are obtained by locating period-doubling bifurcations (in fact, more

conveniently, locating parameter values that give rise to super-stable periodic orbits of

periods 2n) numerically. In addition, we introduce the appropriate renormalisation op-

erator and find numerical approximations to the renormalisation fixed point function,

thereby providing another approximation to α and, by examining the Fréchet derivative

numerically, to δ (and the corresponding eigenfunction). In Chapter 3, using rigorous

computer-assisted techniques we offer a proof of existence and rigorous bounds on the

renormalisation fixed point function (performed slightly differently to previous proofs).

More precisely, we work in a Banach space in which completeness allows us to use

the mean value theorem (MVT) and the contraction mapping theorem (CMT). We

discuss the nature of the solution to the fixed point problem in the next chapter, and

for the rigorous proofs in Chapter 3, work with a reduced representation of analytic

functions, making use of the symmetric property of the unimodal maps we choose. For

the rigorous computer-assisted work we place finite, machine-representable bounds on

objects by the use of interval arithmetic and ‘function ball algebra’, using truncated

series with bounds on higher-order terms.

Rigorous bounds on Feigenbaum’s constant α follow as a consequence and we offer

a new rigorous proof of bounds on the eigenvalue-eigenfunction pair for δ, and for the

eigenvalue-eigenfunction pair for γ for the operator corresponding to scaling of additive

noise. We extend this work to suitable maps with critical points of higher integer degree

in Chapter 4.

In Chapter 5 we provide rigorous bounds on the Hausdorff dimension of the attractor

at the accumulation of the period-doubling cascade for families of maps with quadratic,

quartic and cubic critical points.

In Chapter 6 we explore the uni-directionally coupled, two-variable system which

is more complex and for which the corresponding renormalisation fixed point is more

difficult to approximate. We discuss difficulties in dealing in two variables and in

particular finding a useful domain of analyticity.



Chapter 2

Non-rigorous exploration of

period-doubling - degree 2 fixed

point and eigensystem

2.1 The Feigenbaum Conjectures

Feigenbaum conjectured that there is a universal function, g, with g′(0) = 0 and

g′′(0) 6= 0 that is a fixed point of a renormalisation operator, R, in a suitable space

of functions. He said that g and the scaling factor α correspond to a solution of the

functional equation

g(x) = −αg
(
g
(
−α−1x

))
.

It is more common to express α as a negative value, which makes sense as there is a

reflection, and, for even degrees, to omit the negatives, leaving the functional equation

as stated earlier in (1.8).

If x 7→ g(x) is a solution, so is x 7→ a−1g(ax) with a 6= 0.

To find a particular solution we set an absolute scale by choosing a normalisation

condition g(0) = 1 which is preserved by setting α = g(1)−1 in the definition of the

operator (we note that this choice preserves the normalisation but does not enforce it).

Feigenbaum further conjectured that at the fixed point, DR(g) (the Fréchet deriva-

tive of the operator) has a single (non-scaling) eigenvalue with modulus greater than

one, which he called δ, and the rest of the spectrum is contained in the open unit disc

(i.e. contracting, stable directions).

The renormalisation operator, R, has a hyperbolic (i.e., saddle-type) fixed point.

Feigenbaum indicated how the relationship of this fixed point to the surfaces in the

function space that correspond to maps with period 2n orbits (of some given stability)

implies interesting behaviour for a whole universality class: In a suitable space of

analytic functions, the fixed point, g, has a one-dimensional unstable manifold under

R, which intersects a co-dimension-one surface that contains all functions having a

18
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super-stable 2-cycle. These conjectures account for the universality of δ.

2.2 The function space

Suppose the fixed point function, g∗, is a polynomial, then we notice that composition

with itself in the renormalisation equation results in the order of the right hand side

being the square of the left hand side, meaning only degree 0 and 1 are possible.

We see g∗(x) = 1 is a fixed point of R, but has scaling constant α = 1 and is a

trivial solution which does not explain the behaviour observed.

A degree 1 solution g∗(x) = x+ 1 is possible but results in α = 1/2 which is again

trivial and not relevant in describing the period-doubling behaviour.

We seek a power series solution to be a fixed point of R and therefore need to pay

attention to the domain of analyticity.

We first define the space in which we work:

Definition 2.1 .

• Let A be the Banach space of functions analytic on the open unit disc, D(0, 1),

continuous and bounded on its closure, with finite `1 norm, the sum of absolute

values of the coefficients.

• Let Ω be a domain in the complex plane, which we take to be a disc with centre

and radius specified as appropriate:

Ω = D(c, r) , {z ∈ C : |z − c| < r}. (2.2)

• Let ψ be the map from Ω to the open unit disc:

ψ : x 7→ x− c
r

. (2.3)

• Let AΩ be the Banach space of functions analytic on the open disc Ω, continuous

and bounded on its closure. This space can be written as:

AΩ = {f = fu ◦ ψ|fu ∈ A}, (2.4)

which simplifies the implementation of the rigorous computations by representing

each map as the composition of a corresponding map, fu (where ‘u’ stands for

‘unit disc’), analytic on the unit disc D(0, 1), with the affine map ψ : Ω→ D(0, 1)

(thus we can design the rigorous computations to work with functions on the unit

disc in the first instance, and then we work with the composition above).
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A function, f ∈ AΩ may be written as a power series expansion

f(x) =
∞∑
k=0

ak

(
x− c
r

)k
, (2.5)

convergent on Ω. Note that the `1-norm is then

‖f‖ :=
∞∑
k=0

|ak|. (2.6)

The resulting function space is infinite dimensional; a (Schauder) basis is given by the

monomials

ej(x) =

(
x− c
r

)j
. (2.7)

We let PA denote the canonical projection onto the polynomial part, and HA denote

the canonical projection onto the high-order part of the space. Specifically, we write

f ∈ A as f = fP + fH with fP ∈ PA and fH ∈ HA, where

fP (x) = (Pf)(x) :=
N∑
k=0

ak

(
x− c
r

)k
, (2.8)

where N is referred to as the truncation degree, and H := (I − P ). For notational

simplicity, we regard N as fixed and suppress it, writing simply P and H, rather than,

for example PN and HN , for the corresponding operators.

For numerical calculations it is sufficient to work with such truncated polynomials

in PA. In section 3.3 we introduce ‘function balls’ in the space A with a bounded

high-order part and a general radius.

2.3 Newton’s method in function space

For the rigorous proof, in the next chapter, we will work with an ‘even representation’

of functions described in the next chapter with corresponding renormalisation operator,

T , but for ease of understanding we describe here the process for operator R.

Having one, non-scaling expanding eigenvalue, δ, the operator R is not contractive

near the desired fixed point and thus repeated direct iteration of R is not useful (one

would need an initial function lying exactly on the stable manifold of the fixed point

and exact operations in order to converge to it). Instead, we use a Newton-like operator

to converge towards the fixed point.

Newton’s method for finding zeroes of an operator F is given by

N : g 7→ g − [DF (g)]−1F (g). (2.9)
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For finding fixed points of R, we let

F (g) = R(g)− g.

The presence of DF (g) (which varies with g) makes the Newton operator inconvenient

to deal with. Instead, we define Φ, as follows

Φ : g 7→ g − ΛF (g), (2.10)

where

Λ ≈ [DR(g)− I]−1. (2.11)

Then Φ is a Newton-like operator that shares the same fixed points as R and, close

enough to the fixed point, whose derivative DΦ has no expanding directions.

We choose Λ to be a fixed, linear operator, an approximation to the inverse of the

derivative of F . Using this approximation is sufficient for Newton’s method, and avoids

the need for a second derivative of R in DΦ.

In order to implement Λ, we form a linear operator ∆ whose action on the poly-

nomial part of the space is a matrix ∆PP , where PP indicates the polynomial part,

with action zero on the high-order part, using the formal expression for the Fréchet

derivative (see Appendix C.1) evaluated on the basis elements of PA:

∆PP ≈ DR(g). (2.12)

Specifically we take

[∆PP ]jk ≈ φj(DR(g0)ek), (2.13)

where φj is the j-th coordinate functional and ek denotes the k-th basis element, with

0 ≤ k ≤ N , and g0 denotes an approximate fixed point.

This corresponds to ‘taking the derivative in every possible direction’. Then

Λ = [∆− I]−1, (2.14)

which, because ∆ is block-diagonal, leads to the following polynomial part, ΛPP , for

Λ:

ΛPP = [∆PP − I]−1. (2.15)

Provided ΛPP is well defined and invertible, then Φ has the same fixed point as R.

(Alternatively, we can use a finite difference approximation based on small pertur-

bations of g to form the Jacobian matrix that approximates DF (g) on PA.)

In section 3.4 we describe how we use Newton’s method rigorously (i.e., for function

balls) and will give the corresponding formulation of the operator ΛPP .



CHAPTER 2. NON-RIGOROUS EXPLORATION OF PERIOD-DOUBLING 22

2.4 Finding the renormalisation fixed point func-

tion numerically

Feigenbaum derived the renormalisation operator R, equation (1.8), to help explain

the period-doubling phenomenon. We have studied the symmetric one-variable system

and replicated results for the Feigenbaum constants, α and δ. These constants are

observed in the bifurcation diagram (figure 1.5) which shows the asymptotic (‘long

time’) behaviour of orbits. Starting with −1 < x0 < 1 and iterating the equation

xn+1 = 1− µx2
n, (2.16)

1000 times (and discarding the first 900 results) across the range 0 < µ < 2 we can

plot the diagram, which clearly shows the period-doubling cascade and the self-affine

pattern of scaling by the different horizontal and vertical constants. As µ reaches

critical values two new stable branches are born for every existing stable branch, which

becomes unstable but continues on its trajectory (unseen in the diagram since it is

non-attractive).

Using Aitken’s ∆2 extrapolation (see for example [50]):

δ∞ = δi−2 +
(δi−1 − δi−2)2

2δi−1 − δi−2 − δi
, (2.17)

we were able to confirm previously published figures for Feigenbaum’s α and δ.

We can find a truncated approximation to the solution analytically, see Appendix

A.2, however, we need many more coefficients for an accurate approximation.

To find an approximate, computer-assisted solution we work with polynomials to a

fixed truncation degree. We use equation

xn+1 = 1− µ∞x2
n, (2.18)

as a starting point, where µ∞ is the period-doubling accumulation point, found numer-

ically,

µ∞ ≈ 1.401155189092, (2.19)

which is consistent with the accepted figure in all digits quoted here. In this way we

approach the fixed point close to the stable manifold and may iterate the function a

couple of times then use the function space version of Newton’s method described in

section 2.3. Note that performing too many renormalisations can evoke the expanding

direction of the derivative of R.

Approximating the fixed point in this way, with, for example, 101 coefficients, we

easily converge to a polynomial approximation to a series solution:

g(x) = 1− 1.527x2 + 0.104x4 + 0.026x6 − 0.003x8 + ... (2.20)
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with the size of the coefficients quickly diminishing beyond the truncation level given

here. Individual coefficients have been truncated at three decimal places here for ease

of reading.

For the rigorous proof it is important to consider on what domain the fixed point

is defined. Indeed, we consider the domain in the complex plane in Chapter 3. In due

course we place a function ball around an approximation in a particular domain and

using a rigorous framework we prove the ball contains a fixed point.

We also experimented using the sequence of Chebyshev polynomials, T0, T1, ... as a

(Schauder) basis. Using this basis our Newton method converged very quickly. This is

particularly useful for finding fixed points in higher dimensions but ultimately unlikely

to be useful for a rigorous proof. Chebyshev polynomials are defined by the recurrence

relation: 
T0(x) = 1,

T1(x) = x,

Tn+1(x) = 2xTn(x)− Tn−1(x).

(2.21)

Having found an approximation to the Feigenbaum renormalisation fixed point

function we are able to plot it. Points outside of the domain of convergence of the

power series for g have to be handled carefully; we utilise the fixed point equation (1.9)

to evaluate g recursively where necessary. For a detailed explanation of this see section

3.5.1.

Figure 2.1 illustrates the scaling: (b) is plotted over a range α2 times the range

of (a), the overall shape is the same but (b) has much more fine detail. Both exhibit

multiple copies of the same pattern. Figure (a) is a small part of figure (b).
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(a) g over range −20 < x < 20 (b) g over range −125 < x < 125

Figure 2.1: The Feigenbaum fixed point function, shown here over different ranges - the
range of (b) is α2 times the range of (a). Note the scaling, and the beautiful fractal details
in (b).

As a simple bi-product of an accurate approximation for g, we can calculate an

approximation to α:

α = g(1)−1 ≈ −2.5029078750958926. (2.22)
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In the next chapter we provide tight rigorous bounds on α. It turns out that our

approximation above, calculated with 101 coefficients of x is accurate in all but the

last digit.

2.5 Eigenvalues and Eigenfunctions of DR(g)

We explore the eigenvalues and eigenfunctions (affectionately known locally as Feigen-

values and Feigenfunctions) of DR(g) at the fixed point.

We use the Fréchet derivative of R, with respect to function g, to obtain the eigen-

problem. From the renormalisation equation

R(g)(x) = αg(g(α−1x)), (2.23)

with the definition

α := g(1)−1, (2.24)

we obtain

DR(g)h(x) =− α2h(1)g
(
g
(
α−1x

))
(2.25)

+ αh
(
g
(
α−1x

))
(2.26)

+ αg′
(
g
(
α−1x

))
h
(
α−1x

)
(2.27)

+ αg′
(
g
(
α−1x

))
g′
(
α−1x

)
xh(1). (2.28)

Details of the calculation of the above Fréchet derivative can be found in Appendix

C.1.

Although we have chosen an operator using the definition α = g(1)−1, which pre-

serves the normalisation g(0) = 1, other choices for α occur in the literature, including

setting α equal to the universal value (or some other constant value) a priori (resulting

in our earlier expression for L(g) (equation (1.17)), and others, which are described in

detail by Varin, [48]. The choice of scaling has a subtle (but largely immaterial) effect

on the spectrum, as we will see later on.

In what follows, we will first consider the case where α is constant, and refer to the

derivative of the corresponding operator R with this assumption as L(g), as we did in

the previous chapter.

In this case, the first and fourth terms of the Fréchet derivative (2.25) and (2.28)

vanish, leaving

L(g)h(x) = αh
(
g
(
α−1x

))
+ αg′

(
g
(
α−1x

))
h
(
α−1x

)
, (2.29)

and hence,

DR(g)h(x) = L(g)h(x) + αh(1)
[
g′
(
g
(
α−1x

))
g′
(
α−1x

)
x− αg

(
g
(
α−1x

))]
. (2.30)
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In section 2.5.2 we will consider the case where α = g(1)−1, thus the scaling α in the

definition of the operator varies with g. We refer to the full derivative of R as DR(g).

A third alternative, α = g (0) g (g (0))−1 is used by Vul, Sinai and Khanin in [14], but

we shall not analyse that variant. We note that the different variants of the operator

share the same nontrivial fixed point.

2.5.1 L(g) Feigenfunctions

20 15 10 5 0 5 10 15 20

4

2

0

2

4

6

Figure 2.2: The Feigenfunction corresponding to δ when α is assumed constant.

Major Feigenvalues of L(g) from numerical calculations are shown in table 2.1,

and their Feigenfunctions are shown in figure 2.3. These are calculated by finding

the eigenvalues and associated eigenvectors of a matrix whose columns are formed by

evaluating the expression for the operator L(g) on all basis elements of PA. Several

are associated with change of scale. In the table, we give analytical expressions for

such eigenfunctions. These will be derived in detail in what follows.

Feigenvalue interpretation Feigenfunction

4.66920161 δ
−2.50290788 α e0(x) = g′(x)− 1

1.00000000 α0 e1(x) = xg′(x)− g(x)
−0.39953528 α−1 e2(x) = x2g′(x)− (g(x))2

0.15962844 α−2 e3(x) = x3g′(x)− (g(x))3

−0.12365271 λ6, not scaling
−0.06377719 α−3 e4(x) = x4g′(x)− (g(x))4

−0.05730702 λ8, not scaling

Table 2.1: Major eigenvalues associated with the L(g) version of the derivative.

Note the presence of non-scaling eigenvalues with modulus less than one. Depend-

ing on the degree of the fixed point approximation used, and the domain, numerical
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(a) eigenfunction corresponding to δ (b) eigenfunction corresponding to α
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(c) eigenfunction corresponding to 1 (d) eigenfunction corresponding to α−1
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(e) eigenfunction corresponding to α−2 (f) eigenfunction corresponding to λ6
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(g) eigenfunction corresponding to α−3 (h) eigenfunction corresponding to λ8

Figure 2.3: Feigenfunctions in the L(g) system. In all cases the blue lines are produced
from numerical calculations, from the Feigenfunctions associated with Feigenvalues.
Where they exist, the orange lines are from the analytic formula given in table 2.1, and
exactly superimpose the blue. All have been normalised to have value 1 at 0.

artefacts can also appear in the spectrum. For this non-rigorous exploration of the

fixed point we used a polynomial with a constant and 100 coefficients, on a domain

with centre 0 and radius 1. This is considered to give results (101 feigenvalues) accu-

rate to several decimal places without taking an excessive time to compute. We have

excluded the numerical artefacts from the table.

Eigenvalues outside the unit disc correspond to unstable directions under the renor-

malisation operator. The only significant one being δ, with α and α0 = 1 corresponding

to scale changes.

In order to obtain the analytic solutions we have to solve the eigenproblem:

L(g)v = λv. (2.31)
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Definition 2.32 Given a fixed point, g, of the renormalisation operator

R(g) = αg(g(α−1x)),

we define

ek(x) := xkg′(x)− g(x)k. (2.33)

Proposition 2.34 The function, ek(x), is an eigenfunction of L(g), with eigenvalue

α1−k. In particular, e1(x) is an eigenfunction of L(g) with eigenvalue 1.

Proof Substituting ek into equation (2.29) gives

L(g)ek(x) =α
[
g
(
α−1x

)k
g′
(
g
(
α−1x

))
− g

(
g
(
α−1x

))k]
+ αg′

(
g
(
α−1x

)) [(
α−1x

)k
g′
(
α−1x

)
− g

(
α−1x

)k]
. (2.35)

The first and last terms cancel to leave

L(g)ek(x) = −αg
(
g
(
α−1x

))k
+ αg′

(
g
(
α−1x

)) (
α−1x

)k
g′
(
α−1x

)
. (2.36)

We note that at the fixed point we can differentiate g

g(x) = αg
(
g
(
α−1x

))
, (2.37)

with respect to x:

g′(x) = g′
(
g
(
α−1x

))
g′
(
α−1x

)
. (2.38)

Since we are at the fixed point we can substitute g and g′ from (2.37) and (2.38), and

simplify to get

L(g)ek(x) = α1−k [xkg′(x)− g(x)k
]

= α1−kek(x), (2.39)

as required. �

These eigenfunctions are shown in table 2.1. We note in particular that

L(g)e1 = e1, (2.40)

has consequences for DR(g), as proposition 2.47 shows.

In figure 2.3 we plot the Feigenfunctions corresponding to the Feigenvalues listed in

table 2.1, both numerically from the eigensystem, in blue, and we plot those identified
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as associated with coordinate changes from the analytical solution, in orange. Where

they exactly superimpose, only the analytic solution shows.

As for the graphs of function g in figure 2.1, the functions are calculated recursively

for points outside the domain of convergence, using the equation

h(x) =
α

λ

[
h
(
g
(
α−1x

))
+ g′

(
g
(
α−1x

))
h
(
α−1x

)]
, (2.41)

and also using the recurrence relations for g and g′.

At first glance the functions have either an odd or even appearance, however, as

can be seen on closer examination, the eigenfunctions corresponding to 1 and α−2 are

even and the other functions shown are neither. Functions corresponding to α−2k are

all even, while e0 for example is neither, being an odd function plus a constant. The

eigenfunction corresponding to δ appears even, but has no known analytic form.

2.5.2 DR(g) Feigenfunctions

For the true operator derivative DR(g), we no longer assume that α is constant. In-

stead, we allow it to vary with g and have all four terms of the Fréchet derivative shown

in equations (2.25) to (2.28). For non-rigorous calculations, one can alternatively use

a finite difference approximation.

The major Feigenvalues obtained from DR(g) follow in table 2.2, and the corre-

sponding Feigenfuctions are shown in figure 2.4.

Feigenvalue interpretation Feigenfunction

6.26454888 α2 α2e1(x)
4.66920002 δ
−2.50290787 α e0(x)− e1(x)
−0.39953528 α−1 e2(x)− e1(x)

0.15962878 α−2 e3(x)− e1(x)
−0.12365284 λ6, not scaling
−0.06377719 α−3 e4(x)− e1(x)
−0.05730720 λ8, not scaling

Table 2.2: Major eigenvalues of the Feigenbaum fixed point function.

Having examined eigenfunctions of L(g) and DR(g) separately, we now explain how

they are related.

To this end, we let M(g) represent the first and fourth terms of the Fréchet deriva-

tive, so that

DR(g) = L(g) +M(g), (2.42)

and

M(g)h(x) = −α2h(1)g(g(α−1x)) + αg′(g(α−1x))g′(α−1x)xh(1). (2.43)
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Figure 2.4: Feigenfunctions produced by the finite difference method of differentia-
tion. In all cases the blue lines are produced from numerical calculations, from the
Feigenfunctions associated with Feigenvalues. Where they exist, the orange lines are
from the analytic formula given in table 2.2, and exactly superimpose the blue. All
functions are normalised.

In order to obtain the analytic solutions for DR(g) we have to solve the eigenprob-

lem:

DR(g)v = λv. (2.44)

Definition 2.45 Given a fixed point, g, of the renormalisation operator

R(g) = αg(g(α−1x)),

we define

êk(x) := ek(x)− e1(x), (2.46)
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where ek is as stated in definition 2.32.

Proposition 2.47 (i) The function e1(x) is an eigenfunction of DR(g) with eigenvalue

α2.

(ii) The function, êk(x), is an eigenfunction of DR(g), with eigenvalue α1−k for

k 6= 1.

Proof Part (i):

We substitute ek, using definition (2.32), into the DR(g) Fréchet derivative, equa-

tions (2.25) to (2.28) with k = 1, noting that

e1(1) = α− α−1. (2.48)

DR(g)e1(x) =− α2[α− α−1]g(g(α−1x))

+ α[g(α−1x)g′(g(α−1x))− g(g(α−1x))]

+ αg′(g(α−1x))[(α−1x)g′(α−1x)− g(α−1x)]

+ αg′(g(α−1x))g′(α−1x)x[α− α−1]. (2.49)

Making use of the functional equations already derived, (2.37) and (2.38) at the

fixed point, and cancelling terms, we have

DR(g)e1(x) = −α(α− α−1)g(x)− g(x) + xg′(x) + αx(α− α−1)g′(x)

= −α2g(x) + α2xg′(x)

= α2(xg′(x)− g(x))

= α2e1(x), (2.50)

as required. �

Proof Part (ii) k 6= 1:

In proposition 2.34 and the subsequent proof we showed that ek is an eigensolution

for L(g).

Moreover,

M(g)ek(x) = −α2ek(1)g
(
g
(
α−1x

))
+ αg′

(
g
(
α−1x

))
g′
(
α−1x

)
xek(1). (2.51)

Making use of the functional equations already derived (2.37) and (2.38) at the fixed
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point, we have

M(g)ek(x) = −αg(x)ek(1) + αxg′(x)ek(1)

= α[xg′(x)− g(x)]ek(1)

= αe1(x)ek(1). (2.52)

So the full derivative is

DR(g)ek(x) = L(g)ek(x) +M(g)ek(x) = α1−kek(x) + αe1(x)ek(1). (2.53)

In order to give the reader an intuitive feeling for êk we let

êk = ek + ξe1. (2.54)

For the form of êk, we write

DR(g)êk = DR(g) [ek + ξe1]

= DR(g)ek +DR(g)ξe1. (2.55)

Then, substituting our known solutions for DR(g)ek and and DR(g)e1, equations (2.53)

and (2.50) respectively,

DR(g)êk(x) = α1−kek(x) + αe1(x)ek(1) + ξα2e1(x). (2.56)

Noting that ek(1) = α− α−k, we have

DR(g)êk = α1−kek + αe1[α− α−k] + ξα2e1

= α1−kek + α2e1 − α1−ke1 + ξα2e1. (2.57)

We set this equal to the desired α1−kek + ξα1−ke1. and solve for ξ. So the solution is

DR(g)êk(x) = α1−k[ek(x)− e1(x)] k 6= 1

= α1−kêk(x), (2.58)

and we conclude the proof. �

These eigenfunctions are shown in table 2.2.

In fact, all eigenvalues (except α2 and 1 which interchange) are common to both

L(g) and DR(g) and each eigenfunction of L(g) corresponds to an eigenfunction of

DR(g). This can be shown by adapting the proof given above. In particular, δ is an

eigenvalue of both L(g) and DR(g). In section 3.6 we gain rigorous bounds both on

the value of eigenvalue δ and on the associated eigenfunction.
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2.6 Spectrum for operator corresponding to scaling

of added noise

This section explores the effect of the addition of a small amount of noise, in the form

xn+1 = 1− µx2
n + εσn, (2.59)

where σn are independent and identically distributed (iid) random variables with unit

standard deviation from mean 0, and ε is a small parameter > 0.

The effect of uncorrelated noise has been studied by others including Crutchfield et

al. [6] and Shraiman et al. [7]. See also Kapustina et al. [42]. Without deriving the

equation for the eigenproblem we give a general overview and accept Crutchfield’s

κD(αx) = α
(

[g′ (g (x))D (x)]
2

+ [D (g (x))]2
)1/2

, (2.60)

which we restate as

λh(x) = α2
((
g′
(
g
(
α−1x

)))2
h
(
α−1x

)
+ h

(
g
(
α−1x

)))
=: N(g)h(x), (2.61)

for any eigenvalue, λ, preferring to work without the square root. Fiel [23] derives the

corresponding operator in the case where correlation is allowed amongst the σn.

We wish to find γ, the scaling constant related to the variance of the added noise.

In section 3.7 we provide a proof and rigorous bounds on γ. Figure 2.5 shows the effect

of γ on the noise level. Asymptotically, the variance of the noise observed in successive

bifurcations scales by γ2.
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(a) ε = 0.01 (b) ε = 0.01/γ (c) inset of (b)

Figure 2.5: Bifurcation diagram showing the ‘fuzziness’ of noise and the effect of scaling
noise down by γ - to see the same proportion of noise we need to move one bifurcation
to the right. (b) shows bifurcations with noise scaled down by γ. (c) shows the inset
box of (b) scaled up by δ in the horizontal direction and α in the vertical direction.
We can observe that the amount of ‘fuzziness’ in (a) and (c) is approximately equal.

Figure 2.6 shows the eigenfunction corresponding to eigenvalue γ2, the eigenvalue

associated with period-doubling in the presence of noise. The eigenfunction for large

x is evaluated using equation (2.61) recursively and within this, recurrence relations

are also used for g and g′, as we originally did for the function g in figure 2.1 and
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repeated for eigenfunctions in the previous sections. We note that this eigenfunction is

positive everywhere (which should be anticipated from its interpretation as a function

that scales the distribution of noise).

20 15 10 5 0 5 10 15 20
0

1

2

3

4

Figure 2.6: The eigenfunction corresponding to γ2 associated with period-doubling
with additive noise.

Using our approximation for the fixed point function, g, with 101 coefficients, cal-

culated in section 2.4 (see figure 2.1), we find the major eigenvalues using the modified

derivative N(g). We show the major eigenvalues in table 2.3, and plot their corre-

sponding eigenfunctions in figure 2.7.

eigenvalue interpretation analytical form

43.8116443 γ2

−15.6795861 α3 see separate comments
6.26454783 α2 n0 = g′(x)2 − 1

− 2.50290788 α n1 = xg′(x)2 − g(x)
1.00000000 α0 n2 = x2g′(x)2 − g(x)2

− 0.39953528 α−1 n3 = x3g′(x)2 − g(x)3

0.39238538 λ7, not scaling
0.15962844 α−2 n4 = x4g′(x)2 − g(x)4

Table 2.3: Major eigenvalues associated with period-doubling with additive noise.

A family of these eigenfunctions is known [23] as follows:

Definition 2.62 Given a fixed point, g, of the renormalisation operator

R(g) = αg(g(α−1x)),

we define

nk(x) := xkg′(x)2 − g(x)k. (2.63)

Proposition 2.64 The function nk(x) is an eigenfunction of N(g) with eigenvalue

α2−k for k ≥ 0.
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Figure 2.7: Major eigenfunctions for the operator corresponding to additive noise. In
all cases the blue lines are produced from numerical calculations, from eigenfunctions
associated with eigenvalues. Where they exist, the orange lines are from the analytic
formula given in table 2.3, and exactly superimpose the blue. All have been normalised
so f(0) = 1.

Proof: Substituting nk(x) into equation (2.61), we have

N(g)nk(x) =α2
(
g′
(
g
(
α−1x

)))2
[(
α−1x

)k
g′
(
α−1x

)2 − g
(
α−1x

)k]
+ α2

[
g
(
α−1x

)k
g′
(
g
(
α−1x

))2 − g
(
g
(
α−1x

))k]
. (2.65)

Multiplying out

N(g)nk(x) =α2−kxk
[
g′
(
g
(
α−1x

))
g′
(
α−1x

)]2 − α2
(
g′
(
g
(
α−1x

)))2
g
(
α−1x

)k
+ α2g′

(
g
(
α−1x

))2
g
(
α−1x

)k − α2g
(
g
(
α−1x

))k
, (2.66)
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then, cancelling terms and making use of the functional equations (2.37) and (2.38) for

g and g′ respectively, at the fixed point we have:

N(g)nk(x) = α2−k[xkg′ (x)2 − g (x)k]

= α2−knk(x), (2.67)

as required. �

These analytic solutions are approximated by polynomials and plotted in figure 2.7.

Eigenfunctions corresponding to eigenvalues which are even powers of α, and the

eigenfunction corresponding to δ, are even functions. Others are neither even nor odd.

We remark that the function n−1(x) is an eigenfunction corresponding to eigenvalue

α3. However, as can be seen from its functional form in equation (2.63), n−1(x) has

singularities and is therefore not analytic on the real line. We note that, since we are

working in space A of analytic functions (and, for the numerics in PA), this function

is not the one that we found earlier, indicated in the table 2.3. There is no known

analytical expression for the latter eigenfunction.



Chapter 3

Rigorous proof of the existence of

the Feigenbaum degree 2

renormalisation fixed point function

In this chapter we document a rigorous, computer-assisted proof of the existence of a

fixed point function of the renormalisation operator

T (G)(X) = αG(Q(G(α−2X))),

with α = G(X)−1 and Q(x) = x2 = X, using ideas and a non-rigorous fixed point

estimate developed in the previous chapter. We discuss the operator, T in section 3.4.

As a corollary, the existence of a fixed point function of

R(g)(x) = αg(g(α−1x)),

follows. The existence and rigorous bounds on the eigenvalue α follow naturally. We

provide rigorous bounds on Feigenbaum’s eigenvalue δ, and the universal constant γ,

associated with noise.

Existence of the fixed point has been proven before by Lanford [10] and others. We

use a slightly different method to prove existence, then use an original method to give

new rigorous bounds on the eigenvalues δ and γ2.

3.1 Working towards the rigorous proofs

In 1982, Lanford [10] provided a computer-assisted proof of the Feigenbaum conjec-

ture including the existence of the Feigenbaum constants, α and δ, in the one-variable

system with one parameter, µ. Others have improved the numerical accuracy of calcu-

lations (more decimal places) since then, including Mathar [47] in 2010. Mathar used

Chebyshev polynomials to find the renormalisation fixed point because of the inherent

numerical stability of this method.

36
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So far, we have convinced ourselves in a non-rigorous environment of the existence

of a fixed point, g, of the renormalisation operator (1.8) and the major eigenvalues

α and δ. Numerical calculations and simple bifurcation diagrams support the scaling

factors. For a rigorous proof there are several issues we need to overcome:

• Domain extension: we need an accurate approximation, g, to the fixed point

on a suitable domain such that α−1Ω and g(α−1Ω) map within the domain,

ensuring that the operator is well defined, is differentiable, and its derivative is

well behaved. We discuss this further in section 3.4.

• The function space is infinite-dimensional. The actual fixed point, g∗ is an an-

alytic function with an associated power series. We need to add a higher-order

term to our (truncated) polynomial to capture all the terms that we would lose

in a non-rigorous environment every time we multiply or compose functions.

Following Eckmann, Koch and Wittwer [13] we develop a framework to ensure

computations are bounded correctly.

• Unable to find the fixed point exactly, we need to work with a function ball, B,

and prove that g∗ exists within that ball. This involves bounding all intermediate

computations within function balls and performing all numerical computations

on bounds by using interval arithmetic to guarantee containment of the exact

solution.

• Computer arithmetic has limited precision. Not all numbers are machine repre-

sentable. We employ directed rounding up and down modes within the interval

arithmetic to ensure that genuine representable bounds are produced at every

step.

3.1.1 Contraction Mapping Theorem

We repeat Lanford’s proof using a slightly different method, and go on to provide new

proofs. We choose to work in a Banach space which allows us to rely on relevant

theorems, specifically the Contraction Mapping Theorem [CMT], and the Mean Value

Theorem [MVT] extended to function space. The contraction mapping theorem re-

quires an operation Φ which maps a complete metric space into itself and that Φ is a

uniform contraction. See figure 3.1.

We bound the norm of the movement of the approximate fixed point function,

g0 ∈ B0 := B(g0, 0) := {g0}, under one application of operator Φ:

||Φ
(
g0
)
− g0|| ≤ ε. (3.1)

We choose a radius ρ > ε, and consider the ball

B1 := B(g0, ρ) := {f ∈ A | ‖f − g0‖ ≤ ρ}. (3.2)
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B1 = B(g0, )

B0 = B(g0, 0)(B1)

(B0)

 

g *

Figure 3.1: Schematic to illustrate the contraction mapping theorem in function ball
proof of existence of a fixed point. The black arrow shows the movement of function
g0 under one operation of Φ.

We bound the uniform contractivity of Φ on B1.

The mean value theorem gives us

|f(b)− f(a)| = |f ′(c)| · |b− a|, (3.3)

with c ∈ [a, b] on the real line. Extending this to function space, where f and g are

functions,

∀f, g ∈ B1, ||Φ(f)− Φ(g)|| ≤ κ||f − g||, where 0 < κ < 1. (3.4)

So we may bound the uniform contractivity of operator Φ by bounding its derivative

sup
f∈B1=B(G0,ρ)

||DΦ(f)|| ≤ sup
k
||DΦ(f)ek||1 ≤ κ. (3.5)

Put simply, any pair of functions in B1 gets closer together under Φ. Intuitively (see

figure 3.1), existence of the fixed point is then proven if

ε < ρ(1− κ). (3.6)

Proposition 3.7 Under conditions 3.1, 3.4, and 3.6, the function ball B1 maps into
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itself contractively.

Proof By the triangle inequality, then using the bounds described above,

∀g ∈ B(g0, ρ), ||Φ(g)− g0|| = ||Φ(g)− Φ(g0) + Φ(g0)− g0||
≤ ||Φ(g)− Φ(g0)||+ ||Φ(g0)− g0||
≤ κ||g − g0||+ ε

≤ κρ+ ε

< κρ+ ρ(1− κ)

= ρ, (3.8)

as required. �

3.2 Interval Arithmetic and Computer Rounding

We will now indicate how we perform computations in order to establish the above

bounds rigorously. We begin with operations on numbers and progress to operations

on functions.

We cannot represent most real numbers exactly in the computer, e.g. π. It is

not only irrational numbers that give rise to problems; just as 1
3

cannot be accurately

represented in a finite number of decimal places, 0.1 cannot be accurately represented in

a finite number of binary places (0.110 = 0.000110011...2), so we instruct the computer

to take the nearest representable number below, and the nearest representable number

above, to bound the number we want to work with.

For the rigorous calculations, rather than performing calculations with individual

quantities we work with sets, e.g., an interval like [3,4], whose boundaries are exactly

representable and we need to bound the results of operations to ensure that the resulting

intervals contain the exact results.

Let J be the set of all closed intervals.

J = {[a, b] : a, b ∈ R, a ≤ b}.

Given x ∈ R we contain it in an interval I1 ∈ J , then bound calculations involving x

by calculations involving I1, in particular the bounds on I1, which are a, b.

x ∈ J (a, b) := [a, b],

where (a, b) is an ordered pair of real numbers. For example, considering addition, if

x ∈ I1 and y ∈ I2, and I1, I2 ∈ J then we require that

x+ y ∈ I1 +I I2,



CHAPTER 3. RIGOROUS PROOF - RENORMALISATION FIXED POINT 40

where + is the addition operation on R and +I is the interval addition operation on J .

Mathematically, I1 + I2 = {z = x+ y|x ∈ I1, y ∈ I2}.
We implement +I so that:

x+ y ∈ I1 +I I2 ⊆ J ((a, b) +IC (c, d)) ,

in which +IC denotes an operation on interval bounds that adds using directed com-

puter rounding:

(a, b) +IC (c, d) := (a+↓ c, b+↑ d), (3.9)

where the operation +↓ (respectively, +↑) is guaranteed to produce a computer- rep-

resentable lower (respectively, upper) bound on the true mathematical result of the

addition.

We note that other operations on real numbers can be similarly bounded and by

taking intervals for the real and imaginary parts, operations on complex numbers can

also be bounded by using ‘rectangle arithmetic’.

3.3 Function ball algebra

Having outlined how computations involving Reals can be bounded rigorously using a

computer, via interval arithmetic and directed rounding, we now show how this idea is

extended to computations with functions.

To this end, we work with function balls ; sets of functions f which can be written

as the sum of a polynomial part, fP , a higher-order part, fH , and general part, fG.

The polynomial part will have a fixed truncation degree N and will be represented by

a vector of intervals that bound the coefficients. The high-order part and general part

will be represented by bounds on their norms.

Working in space A, (see definition 2.1) we have real, analytic, continuous functions

with a finite `1 norm.

Given g ∈ A we contain it in a function ball, A (v) specified by bounds

v = (vP , vH , vG) ∈ B, (3.10)

where B is the set of all bounds, whose form we will give below. Think of the bounds

v as a set of data that will be used to specify a set of functions A(v). We then bound

calculations involving g by calculations involving the ball A(v) 3 g (in turn specified

by calculations involving the bounds v ∈ B).

Let

A (v) = {f ∈ A | f = fP + fH + fG} , (3.11)
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such that fP ∈ PA with vP ∈ JN+1, a vector of N + 1 intervals, such that

fP (x) =
N∑
i=0

aix
i, ai ∈ (vP )i , (3.12)

and fH ∈ HA is a ‘higher-order function’ with

‖fH‖ ≤ vH , (3.13)

and, finally, fG ∈ A is a ‘general function’ such that

‖fG‖ ≤ vG. (3.14)

So, for example, if f, g ∈ A, with f ∈ A (u), and g ∈ A (v) then we note that

h = f + g ∈ A (u) +A A (v) , (3.15)

where +A represents function ball addition

A(u) +A A(v) = {r = p+ q | p ∈ A(u), q ∈ A(v)}, (3.16)

and we want to implement +B, the corresponding operation on bounds, so that:

A (u) +A A (v) ⊆ A (u+B v) . (3.17)

Addition of function balls, for example, is relatively straightforward, with each term

being the sum of the individual equivalent terms: Suppose f, g ∈ A are functions (each

bounded in its own ball) and we want to bound h = f + g: we have, e.g.,

f = fP + fH + fG ∈ A(uP , uH , uG), (3.18)

and likewise,

g = gP + gH + gG ∈ A(vP , vH , vG), (3.19)

where uP and vP are vectors of interval coefficients of truncated polynomial parts

fP =
N∑
k=0

akx
k and gP =

N∑
k=0

bkx
k, (3.20)

and uH and uG give bounds on the higher-order and general parts: ||fH || ≤ uH ,

||fG|| ≤ uG, ||gH || ≤ vH , and ||gG|| ≤ vG. Then, letting

f + g = h, (3.21)
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we need to find bounds w = (wP , wH , wG) ∈ B that guarantee that

h ∈ A(w) ⊂ A. (3.22)

We can take

h ∈ A(uP + vP , uH + vH , uG + vG). (3.23)

To see why, note that coefficients of the polynomial part are added elementwise

hP (x) =
N∑
k=0

(ak + bk)x
k, (3.24)

(we can bound the coefficient addition using interval arithmetic) and bounds on ||hH || ≤
wH are obtained via the triangle inequality

||hH || = ||fH + gH || ≤ ||fH ||+ ||gH || ≤ uH + vH =: wH , (3.25)

and similarly for the general term.

Table 3.2 shows how an operation such as multiplication of two function balls may

result in multiple contributions to the three terms in the answer.

P G H

P P and H G H
G G G H
H H H H

Figure 3.2: Polynomial, general and higher-order terms. This table shows the results
of multiplying two function balls.

Suppose h is the product of functions f and g bounded as above:

h = f · g = (fP + gH + fG) · (gP + gH + gG). (3.26)

We now wish to find bounds (wP , wH , wG) ∈ B to ensure that

h ∈ A(wP , wH , wG). (3.27)

The components of h are made up as follows

hP (x) =
∑

0≤j,k≤N,j+k≤N
(ajbk)x

j+k, (3.28)

hH =
∑

0≤j,k≤N,j+k>N
(ajbk)x

j+k + fHgP + fHgH + fHgG + gHfP + gHfG, (3.29)
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hG = fP · gG + fG · gP + fG · gG, (3.30)

with sums and products complying with the requirements for intervals and, for example,

‖hG‖ ≤ ‖fP‖ · vG + uG · ‖gP‖+ uG · vG =: wG. (3.31)

To see this,

‖hG‖ = ‖fP · gG + fG · gP + fG · gG‖
≤ ‖fP · gG‖+ ‖fG · gP‖+ ‖fG · gG‖
≤ ‖fP‖ · ‖gG‖+ ‖fG‖ · ‖gP‖+ ‖fG‖ · ‖gG‖
≤ ‖fP‖ · vG + uG · ‖gP‖+ uG · vG
=: wG, (3.32)

where the first step follows from the triangle inequality for the norm of the Banach

space A and the second step follows because A is also a Banach algebra with respect

to the product of functions, (f · g)(x) := f(x) · g(x), that is ‖f · g‖ ≤ ‖f‖ · ‖g‖. Bounds

on the norms of the polynomial parts are simply computed using interval arithmetic

and the bounds on the individual coefficients.

For all operations, in the case of two variables, please see Eckmann, Koch and

Wittwer [13] from which the results can be simplified to functions of one variable,

providing bounds on the following operations: addition f + g, scalar multiplication af ,

product f · g, composition f ◦ g (given suitable restrictions on g), ‘derivative followed

by composition’ f ′ ◦ g (also given suitable restrictions on g), evaluation f(x) (with

suitable restrictions on x), and the norm ‖f‖.

3.3.1 Choice of language for computer implementation

Python [37] was used for the implementation of the rigorous framework, described

above, that was written with my collaborator, Dr. Andrew Burbanks. It was also used

for the computations themselves, which were performed in Jupyter notebooks [52] to

allow LATEX documentation to be combined with code and the resulting outputs and

plots.

The language supports object orientation, that allows us to define various classes

of object (interval, rectangle, truncated series, standard function ball, disc domain,

general function ball, etc.). Each instance of a class (e.g., each individual interval)

then has its own separate bounds and we can design operations for each class to work

with these bounds in a consistent way.

Operator overloading allows us to define the meaning of the various operators be-

tween these objects, e.g., we can overload the meaning of + between function balls to

implement function ball addition, and between truncated series to implement polyno-
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mial addition, and the meaning of () (parentheses) to provide function ball evaluation

(at an interval or rectangle) and composition (with another function ball).

To help ensure correctness, each operation produces a new object, rather than

mutating (changing the bounds within) an existing one. This has drawbacks in terms

of speed and memory usage but advantages in making the code easier to read and to

reason about.

Python provides a built-in decimal arithmetic module that supports multi-precision

arithmetic with the correct industry-standard (IEEE [46]) directed rounding modes to

implement operators like +↓ and +↑ in equation (3.9). This enables us to guarantee

the required inclusions, such as that in equation (3.17), and for the resulting bounds

to be quoted directly in publications without having to convert from binary floating

point to a nearby decimal.

For parallel processing, for example when evaluating the Fréchet derivative DΦ(G)

on all basis elements (e.g. equation (3.78)), the standard multiprocessing module was

used because the directed rounding modes for the arithmetic apply within a process,

so it’s important to keep separate calculations in separate processes.

Python’s built-in unit-testing framework was used to help ensure correctness of the

code by testing that various identities and inclusions hold.

A drawback of Python implementation, and of the decimal module, is that the

code runs slower than in other available languages and arithmetic implementations.

(A second implementation, in Julia [53], by my collaborators, was used for very high

precision and high truncation degree computations, see Section 3.8 for example. Julia

has the advantage of speed, a fast binary multi-precision arithmetic with the correct

directed-rounding modes, and parallel processing using a ‘Distributed’ module.)

In due course we plan to publish the source code with journal papers resulting from

this work, and a more general version of the rigorous framework.

3.4 Renormalisation operator, T , in the reduced,

even representation

Following Lanford [10], for the rigorous proof of existence we need to find an accurate

approximation to the fixed point function on a suitable disc domain that needs to

satisfy certain requirements, called ‘domain extension’, that we will give below.

For the original operator, R, we were not able to find a single disc that works.

Instead we work with a ‘reduced’ representation G of even functions g, and with the

corresponding operator, which has the advantage of first scaling the domain by α−2 in

place of α−1 and allows for a suitable disc domain for the function G to be found.

Definition 3.33 (‘Reduced representation’ of even functions.) Let

X = Q(x) := x2, (3.34)
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and write g = G ◦Q. Thus

g(x) = G(x2) = G(Q(x)) = G(X). (3.35)

We define the corresponding renormalisation operator acting on the reduced represen-

tation:

TG(X) := αG(Q(G(α−2X))), (3.36)

with α = G(1)−1.

The Fréchet (functional) derivative, DT , of the reduced space renormalisation op-

erator with respect to G is:

DT (G) : H(X) 7→ − α2H(1)G
(
Q
(
G
(
α−2X

)))
+ αH

(
Q
(
G
(
α−2X

)))
+G′

(
Q
(
G
(
α−2X

)))
2αG

(
α−2X

)
H
(
α−2X

)
+G′

(
Q
(
G
(
α−2X

)))
2G
(
α−2X

)
G′
(
α−2X

)
2XH(1). (3.37)

Details of such computations are provided in section C.1.

There is also a computational benefit of working in the reduced representation, with

G, since the odd-numbered coefficients of the fixed point g∗ = G∗ ◦ Q itself are zero,

and we know that the non-trivial renormalisation fixed point can be written in this

way.

Figure 3.3 demonstrates the effect of transformations on our chosen domain, the

disc D(1, 2.5), for an approximate fixed-point function G.

3.4.1 Domain Extension

We have previously found a polynomial approximation to the renormalisation fixed

point function in the form

G(X) = 1− 1.5276X + 0.1048X2 + 0.0267X3 + ..., (3.38)

with domain D(0, 1), centred at the origin. The constant term 1 causes concerns:

For f, g ∈ A, f(x) is only well defined when |x| < 1.

Further, composition of functions f ◦g is only well-defined when ||g|| < 1, where the

`1 norm is the sum of the absolute values of the coefficients. Additionally, the bounds

that can be computed in general on f ◦ g using this particular formulation of function

balls tend to be rather loose if g has a large constant term. See [13] for a detailed

exposition.

In order to confirm the existence of the fixed point function we need to establish

a suitable domain Ω. Changing this domain changes the coefficients of the power

series and thus changes the norm. We require a domain that enables us to find a
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Figure 3.3: Non-rigorous domain extension: This diagram illustrates how a sample disc,
centre 1, radius 2.5, behaves under successive transformations present in the reduced operator,
first contracting under multiplication by α−2.

ball in the function space on which the renormalisation operator (3.36) is well-defined,

differentiable and the derivative is compact. We follow Lanford in using a disc of

centre 1 and radius 2.5 which works well for the rigorous proof which follows in the

next section.

Firstly, we recall the role that the domain Ω plays. Recall that we let AΩ denote

the Banach space of functions analytic on open disc Ω and note that each function, f ,

in this space can be written as one, fu, from space A, composed with the affine map

ΨΩ from our domain Ω = D(c, r) to the unit disc D(0, 1) given by

ΨΩ : X 7→ X − c
r

, (3.39)

and then write

AΩ = {f = fu ◦ΨΩ | fu ∈ A}. (3.40)

We also need to adapt the definition of a function ball, by saying

AΩ(vP , vH , vG) = {f = fu ◦ΨΩ | fu ∈ A(vP , vH , vG)}. (3.41)

We note that the inverse of the map to the unit disc, X 7→ c+ rX, can be used to
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express a low-degree polynomial approximation to the fixed point in the new basis,

G(X) =
N∑
k=0

ak

(
X − c
r

)k
, (3.42)

where N is the chosen truncation degree. Doing this for our chosen disc yields

G(X) = Gu(U) ≈ −0.3995− 3.1286U + 1.0307U2 + 0.2160U3 + ..., (3.43)

where U = ΨΩ(X).

3.4.2 Function ball composition and the choice of domain

Let fu, gu ∈ A (where the superscript u reminds us that the space A contains functions

analytic on the unit disc). Note that the composition f ◦g is well-defined when ‖g‖ < 1

(see Eckmann, Koch and Wittwer [13]).

The corresponding functions f, g ∈ AΩ, are written

f = fu ◦ ψΩ, g = gu ◦ ψΩ,

with fu, gu ∈ A. Writing the composition f ◦ g in this form yields

h = f ◦ g = (fu ◦ ψΩ) ◦ (gu ◦ ψΩ) (3.44)

= [fu ◦ (ψΩ ◦ gu)] ◦ ψΩ (3.45)

=: hu ◦ ψΩ. (3.46)

Note that the composition ψΩ ◦gu in the expression for hu is always well-defined, being

the composition of an affine map with an analytic function. However, to guarantee

that the leftmost composition in equation (3.45) is well-defined, we require that

‖ψΩ ◦ gu‖ < 1.

The domain Ω must to chosen to ensure that this is the case for crucial compositions

occurring on the right-hand side of the renormalisation operator.

Equivalently, we need to show that renormalisation is a well-defined operator on our

function ball. Multiplication by α, division by α2 and squaring are always well-defined,

so for renormalisation equation (3.36) we check that our domain maps into itself under

the important functions

Ω 7→ α−2Ω and Ω 7→ Q(G(α−2Ω)) where α = G(1)−1. (3.47)

To do this, we construct a covering of the boundary of the disc Ω by a set of small

rectangles, using intervals to bound the real and imaginary parts of complex numbers,
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and map the rectangles, as shown in figure 3.4, using function ball operations for a

suitable ball B1 3 G.

If the corresponding ‘domain extension’ properties hold,

α−2Ω ⊂ Ω, (3.48)

Q(G(α−2Ω)) ⊂ Ω, (3.49)

then the operator is well defined on the ball B1, it is differentiable there, and the

derivative is compact, which means that the spectrum of DT (G∗) consists of the point

0 and a countable set of isolated eigenvalues of finite multiplicity (see MacKay [36]).

−1 0 1 2 3

Re

−2

−1

0

1

2

I
m

Ω

α−2Ω

Q(G(α−2Ω))

c

Figure 3.4: Domain extension confirmed rigorously for the even representation

We ‘intervalise’ the coefficients of our approximate fixed point G0(X), bounding

them within trivial intervals, ak ∈ [ak, ak], and using function ball operations to ensure

that any future calculations produce rigorous bounds on the results.

As outlined earlier, in producing a bound on ‖Φ(G0)−G0‖ ≤ ε, we will use a trivial

function ball (containing only the approximate fixed point)

B0 := B(G0, 0) = AΩ([a0, a0], [a1, a1], . . . , [aN , aN ]), 0, 0), (3.50)

and will then form a small ball of radius ρ > ε around our approximate fixed point,

giving a ball

B1 := B(G0, ρ) = AΩ(([a0, a0], [a1, a1], . . . , [aN , aN ]), 0, ρ), (3.51)
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on which we will use the contraction mapping theorem. We therefore verify the domain

extension conditions using B1 3 G to check that they hold for all functions in B1. Of

course, the actual fixed point must also fall within this ball if the final proof is to

succeed.

3.4.3 Newton’s method

We introduced Newton’s method for functions in section 2.3 and applied it non-

rigorously. We now describe how to implement the Newton method rigorously, starting

with the linear operator ∆ that approximates the Fréchet derivative.

We use a matrix ∆PP that approximates the Fréchet derivative of T at G on the

polynomial part, PAΩ. In the rigorous framework, we need to think about the high-

order terms. We choose ∆ to be a linear operator with action ∆PP on PAΩ and action

0 on HAΩ. In other words, we choose the block-diagonal operator written has

∆ =

(
∆PP 0

0 0

)
, (3.52)

i.e., with a slight abuse of notation, we view the action of ∆ on f ∈ AΩ as

∆f = ∆(fP + fH + fG) =

(
∆PP 0

0 0

)(
fP + PfG

fH +HfG

)
. (3.53)

We need to invert

∆− I =

(
∆PP − I 0

0 −I

)
, (3.54)

to produce a linear operator Λ for Newton’s method. The action of this operator on

the polynomial part of the space is therefore

ΛPP = (∆PP − I)−1, (3.55)

and on the high-order part of the space is −I since −I is self-inverse. (Note that, in

practice, we can verify invertibility of ΛPP , and hence Λ by inverting it via interval

Gauss elimination, for example.)

Λ =

(
∆PP − I 0

0 −I

)−1

=

(
(∆PP − I)−1 0

0 (−I)−1

)
=

(
ΛPP 0

0 −I

)
. (3.56)
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Then,

Λf = Λ(fP + fH + fG) =

(
ΛPP 0

0 −I

)(
fP + PfG

fH +HfG

)
=

(
ΛPP (fP + PfG)

−(fH +HfG)

)
.

(3.57)

Note that the only information available concerning the general term fG is that ‖fG‖ ≤
uG; we don’t know how this (total) norm is distributed between the coefficients of PfG

and HfG. We must, therefore, add contributions from the maximum possible norm,

i.e., ‖PfG‖ ≤ uG, in particular a symmetric interval [−a,+a] (formed from examining

how the rows of ΛPP multiply PfG), to every coefficient in the polynomial part of

the answer, as the worst possible case. We must also via ‖HfG‖ ≤ uG modify the

high-order norm of the answer, to give high-order bound ‖− (fH +HfG)‖ ≤ uH + uG.

We have therefore seen how to implement the quasi-Newton operator

Φ : G 7→ G− Λ [TG−G] . (3.58)

We need to bound the derivative of Φ. Specifically, we require a bound on a suitable

norm (the maximum column-sum norm)

κ > ||DΦ (G) ||, (3.59)

where DΦ(G) acts on perturbations δG by

DΦ (G) (δG) = δG− Λ [DT (G) (δG)− δG] , (3.60)

where we can implement the Fréchet derivative DT (G) using the formal expressions

that we gained earlier, equations (2.25) to (2.28), using function ball operations.

3.4.4 Dependency problem.

It is well-known that in interval arithmetic, only trivial intervals x obey x− x = [0, 0].

For example,

[2, 3]− [2, 3] = [−1, 1], (3.61)

because all possible pairwise combinations of the operands must be considered

[a, b]− [c, d] = {x− y | x ∈ [a, b], y ∈ [c, d]}, (3.62)

with x, y varying independently.

An analogous problem occurs with function balls. Since the action of Λ on the

high-order perturbation δGH ∈ HAΩ is −I, the derivative of operator Φ acting on a
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high-order perturbation gives

DΦ(G)(δGH) = δGH − ΛDT (G)(δGH)− δGH (3.63)

= −ΛDT (G)(δGH). (3.64)

It is therefore essential to use the simplified form (3.64) to avoid an overestimated

norm of DΦ in (3.63): using function ball operations, in which each operand varies

independently, we would have ‖δGH− δGH‖ ≤ 2‖δGH‖. Since we evaluate the Fréchet

derivative over all basis elements (corresponding to unit vectors), failure to do so will

result in the bound on the norm of the right-hand side of (3.63) exceeding 2.

3.5 Existence of fixed point and rigorous bounds on

the universal constant, α

In this section, we bring the elements outlined above together, stating the bounds

achieved. In addition to the definition 2.1 of the function space in the previous chapter,

we define:

Definition 3.65 (Function balls B0, B1) We define the following.

• Let Ω = D(1, 2.5) ⊂ C.

• Let G0 be an approximate fixed point of the renormalisation operator T , with

domain Ω, whose major coefficients we define in table 3.1.

• Let B0 = B(G0, 0), B0 ⊂ AΩ.

• Let B1 = B(G0, ρ = 10−11), B1 ⊂ AΩ.

Theorem 3.66 There exists a locally unique, non-trivial, real, analytic fixed point

function, G∗ ∈ B1, of the renormalisation operator

T : G(X) 7→ αG
(
Q
(
G
(
α−2X

)))
, (3.67)

with α = G(1)−1 and Q(x) = x2 = X.

Corollary 3.68 As a corollary of Theorem 3.66, there exists a locally unique, real,

analytic fixed point function, g∗ = G∗ ◦Q, of the renormalisation operator

R : g(x) 7→ αg
(
g
(
α−1x

))
. (3.69)
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Term in (G0)u(U) Coefficient

U0 -0.399535
U1 -3.128635
U2 1.030673
U3 0.216018
U4 -0.110662
U5 0.017343
U6 0.001681
U7 -0.001480
U8 0.000165
U9 0.000056
U10 -0.000018

Table 3.1: Table of coefficients of the function (G0)u where the approximate fixed
point, G0, of the d = 2 renormalisation fixed point function, G∗, may be written
G0(X) = (G0)u(U) where U = ψΩ(X) = (X−c)/r. Thus g0 = (G0)u ◦ψΩ ◦Q = G0 ◦Q.
Thus (G0)u is the corresponding function analytic on the unit disc, and G0 is analytic
on the domain Ω, as described in sections 3.4.1 and 3.4.2. Coefficients are rounded to
6 decimal places.

Proof of Theorem 3.66 Note that we choose to use a relatively small number of

coefficients for the initial proof of existence. We provide a greater degree of accuracy,

a higher number of known decimal places for α, δ and γ at the end of the chapter.

• Recall that we let F = T − I noting that fixed points of T are zeros of F .

• Let Φ be the quasi-Newton operator defined earlier

Φ : G 7→ G− Λ(T (G)−G), (3.70)

see equation (3.55).

• Let ε be a bound on the distance moved by B0 = B(G0, 0) under one operation

of Φ,

||Φ(B0)−B0|| ≤ ε. (3.71)

• Let κ be a bound on the contractivity of Φ on B1 = B(G0, ρ). By the Mean

Value Theorem extended to function space the contractivity may be bounded by

the maximum column-sum norm of the derivative of the Newton-like operator Φ.

We use the fixed, linear operator Λ, equation (3.55), to form operator Φ, and

perform the following computations using function balls.

Taking a polynomial approximation to the fixed point that was calculated using 80

coefficients in the space of even powers of x, truncating to 20 coefficients in the reduced

representation, G0 (equivalent to order 40 for g0), we then form the function ball B0
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and perform one operation of Φ, we find this point moves a distance bounded by,

||Φ(B0)−B0|| ≤ ε = 8× 10−12. (3.72)

We then form the ball B1 around G0 with radius ρ > ε, specifically

B1 = B(G0, 10−11). (3.73)

We confirm that domain extension holds for all G ∈ B1, and then seek to bound the

contractivity of the operator Φ on B1. We bound the contractivity of Φ by taking the

supremum of the norm of the Fréchet derivative applied to all basis elements in the

space. Each polynomial basis element (unit vector) uk is bounded first by a trivial ball

uk ∈ Uk := AΩ(([0, 0], . . . , [1, 1], . . . , [0, 0]), 0, 0), for k = 0, 1, . . . , N, (3.74)

after which the high-order basis elements are all captured in a single ball, UH given by

uk ∈ UH := AΩ(([0, 0], . . . , [0, 0]), 1, 0), for k > N. (3.75)

Since the function ball around G0 is a convex set, any line segment joining two points

within the ball is also in the ball and the Mean Value Theorem therefore implies that

having

||DΦ(B1)|| ≤ κ < 1, (3.76)

for a suitable norm, provides an upper bound on all the pairwise contractivities in B1.

From the equation for Φ (3.70), the Fréchet derivative, calculated for each basis

element δh ∈ {U0, U1, . . . , UN , UH}, is given by

DΦ(B1)(δh) = δh− Λ[DT (B1)δh− δh], (3.77)

with Λ being the fixed, linear operator used to find the fixed point in the previous

section, equation (3.55).

We adjust for the dependency problem which manifests itself as a ‘contractivity’ of

(just over) 2 in the higher-order part due to the bound ||δhH || ≤ 1. We then bound

the uniform contractivity of Φ: for all G ∈ B1 and all u ∈ {U0, U1, . . . , UN , UH}

‖DΦ(G)‖ ≤ sup ‖DΦ(G)(u)‖ ≤ κ = 0.024 < 1. (3.78)

Finally, for the proof of existence, we test to make sure that

ε < ρ(1− κ). (3.79)

This ensures that the function ball, B1, is mapped strictly inside itself by Φ, and

therefore, under the contraction mapping theorem a fixed point exists within B1 (see
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the schematic figure 3.1). Substituting the bounds actually computed for ε and κ (with

N = 20 and ρ chosen to be 10−11), yields

8× 10−12 < 10−11(1− 0.024). (3.80)

Result The proof is successful. A fixed point of renormalisation operator T exists

within B1, and by corollary 3.68, a fixed point of renormalisation operator R also

exists. �

Following the successful proof that B1 contains the local fixed point we can provide

rigorous bounds on universal constant, α:

α = G∗(1)−1 ∈ B1(1)−1, (3.81)

−2.50290787515854 ≤ α ≤ −2.50290787503324, (3.82)

giving 10 confirmed digits.

We note that this is consistent with the many proofs already available, including

[10]. The purpose here is to establish a procedure that we can then build upon. In

table 3.3 we give over 400 confirmed digits of α, rigorously computed using the same

method.

Examining the spectrum of DT (G∗) (numerically) we notice immediately that α2

and δ are the only eigenvalues greater than 1, and α does not appear - this is due to

the operator T acting on even powers of x only, and the division by α2. Non-rigorous

results:

α2 = 6.2645478... (3.83)

δ = 4.669201... (3.84)

truncated at 7 and 6 decimal places respectively, the extent to which they turn out to

be correct. We provide rigorous bounds on δ in section 3.6.

The major eigenvalues arising from the derivative of the reduced renormalisation

operator are shown in table 3.2. A proof that the expressions given in the third column

of the table are indeed eigenfunctions follows from the proof of propositions 2.34 and

2.47 in section 2.5. The values given are from non-rigorous calculations, using the

approximate fixed point of degree 20 in the even representation (equivalent to degree

40), which was the lowest truncation degree at which we could get a successful existence

proof. Some of the eigenfunctions are shown in table 3.5.
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Feigenvalue interpretation Feigenfunction

6.264547... α2 E1(X)
4.669201... δ
0.159628... α−2 E3(X)− E1(X)
−0.123652... λ6, not scaling
−0.057307... λ8, not scaling

0.025481... α−4 E5(X)− E1(X)
−0.010145... λ10, not scaling

0.004067... α−6 E7(X)− E1(X)

Table 3.2: Major eigenvalues (non-rigorous) of the derivative of the reduced version
of Feigenbaum’s renormalisation operator, truncated at 6 decimal places, with their
analytic function where available.
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Figure 3.5: Eigenfunctions of the reduced operator, T , evaluated at x2 so they show
the R equivalent, evaluated by computing analytic extensions of the function to larger
domains (outside the preimage of Ω under Q) by using the fixed-point equation, the
derivative of the fixed-point equation, and the eigenproblem equation itself, recur-
sively C.2. In all cases the blue lines are produced from numerical calculations, from
the eigenfunctions associated with eigenvalues. Where they exist, the orange lines are
from the analytic formula given in table 3.2, and exactly superimpose the blue. All
have been normalised.
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3.5.1 Analyticity of the Feigenbaum fixed point function

Once the function ball B1 has been verified to contain the renormalisation fixed point

G∗, it may be used to perform other computations. Figure 3.6 illustrates part of the

domain of analyticity of the fixed point function g∗ about 0 in the complex plane.

This replicates a plot in [41] and shows a section of the beautiful fractal analytic

region. We used the fixed point equations G∗ = T (G∗) and g∗ = R(g∗) to find analytic

continuations of g∗ to larger domains than the preimage of Ω under Q, coloured in

blue/purple. We note that g∗ itself is analytic on the whole real axis. The function g∗

is evaluated at points z for which Q(z) ∈ Ω directly, using the function ball B1. Points

for which Q(z) 6∈ Ω are evaluated using the fixed point equation recursively up to some

maximum permitted number of times, with the darkest shades indicating the smallest

number of recursive steps to reach the domain. The yellow areas indicate points at

which the maximum recursion depth was exceeded and which, therefore, cannot be

confirmed to lie within the domain of analyticity.

Recurrence relations. Specifically, we use the fixed-point equation G∗ = T (G∗) to

define the following recursive function G

G(Z) :=

{
G∗(Z) if Z ∈ B1,

αG(Q(G(Q(α−1)Z))) otherwise.
(3.85)

Equivalently, we define the recurrence relation

G0(Z) := G∗(Z), (3.86)

Gk+1(Z) := αGk(Q(Gk(Q(α−1)Z))), (3.87)

for which the domain extension conditions of Section 3.4.2 ensure that the functions

Gk are defined on ever larger domains as k → ∞. Correspondingly, one can define a

recurrence relation for g∗ using the fixed-point equation g∗ = R(g∗) or use the fact

that g∗(x) = G∗(Q(x)) together with the recurrence relation for G∗. (We generalise

this technique to the derivatives (g∗)′ and (G∗)′, for details see Appendix C.2, and to

enable plotting eigenfunctions throughout this thesis.)
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Figure 3.6: Illustration of part of the domain of analyticity of the fixed point function
calculated recursively using equation (3.85). The shades of blue/purple show how many
iterations were needed. The yellow areas are non-convergent. Note that G∗ directly
encodes the values of g∗ on various rays in the complex plane as follows. The value
g∗(z) for z = ξeikπ/2 for ξ ≥ 0 and k even, i.e., for z lying on the positive and negative
real axis, corresponds to G∗(Z) = G∗(ξ2), i.e., the values of G∗(Z) for real Z ≥ 0, and
for k odd, i.e., for z lying on the positive and negative imaginary axis, corresponds to
G∗(Z) for real Z ≤ 0.
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3.6 Rigorous bounds on the universal constant, δ

Expanding eigenvalues of the operator DR(g∗) are α2, δ and α, with values of approxi-

mately 6.265, 4.669 and -2.503, respectively. Operator DT (G∗) has only α2 and δ with

modulus greater than one. All other eigenvalues (including any genuinely complex

eigenvalues) reside within the open unit disc. Since α and α2 correspond to coordinate

changes we are concerned mainly with δ, the eigenvalue responsible for universal scaling

in the bifurcation parameter.

The earlier non-rigorous calculations of δ used a numerical approach, however, a

different method is needed now we are working with function balls and intervals.

Theorem 3.88 The spectrum of DT (G∗) includes an expanding, universal scaling

eigenvalue, δ ≈ 4.669.

Corollary 3.89 As a corollary of theorem 3.88, the spectrum of DR(g∗) includes an

expanding, universal scaling eigenvalue, δ ≈ 4.669.

Proof of theorem 3.88 The proof relies on the Contraction Mapping Theorem and

follows the form of the proof of existence of the fixed point in Chapter 3.5. We use the

ˆnotation to denote that Λ̂, Φ̂, ε̂, ρ̂ and κ̂ are different operators or values to those in

the existence proof.

We want to solve the eigenproblem

DT (G∗)v = λv, (3.90)

in which λ denotes an eigenvalue and v an associated eigenfunction. For brevity we

denote L = DT (G∗) in what follows,

Lv = λv. (3.91)

We use Newton’s method to solve

F (v, λ) = Lv − λv = 0. (3.92)

We would prefer to work with a function of one variable only. Since v and λ are

related, and v is an eigenfunction and therefore defined only up to some normalisation,

we combine them to produce V , a scaled version of v such that the first coefficient of

V is V0 = λ using V = λv/v0. We can then express λ in terms of V , via a coordinate

functional that extracts the corresponding coefficient, φ(V ) = V0, and hence rewrite

the eigenproblem in terms of V as

F (V ) = DT (G∗)V − φ(V ) · V. (3.93)
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Since DT (G∗) has two expanding directions, α2 and δ, we again use a quasi-Newton

operator, Φ̂, which we will need to prove is contractive on a suitable ball. For this, we

will need the Fréchet derivative, DF :

DF (V )(δV ) = DT (G∗)(δV )− (φ(V )δV + φ(δV )V ). (3.94)

We want a fixed linear operator, Λ̂ ≈ [DF (V 0)]−1, where V 0 is the approximate

eigenfunction, then our modified Newton is :

Φ̂ : V 7→ V − Λ̂F (V ). (3.95)

In order to form the linear operator Λ̂ in the above, we use the linear operator ∆, defined

previously in equation (3.52), in which ∆PP approximates the action of DT (G0). Recall

that, written in ‘block diagonal form’,

∆ =

(
∆pp 0

0 0

)
. (3.96)

We want to approximate DF (V ) ≈ DF (V 0), defined in (3.94), by a block diagonal

operator that we can therefore invert. The diagonal of ∆ must be adjusted by φ(V 0)I
(for φ(V )δV ) and the first column of ∆ must be adjusted by V 0 (for φ(δV )V ).

The operator looks as follows:

DF (V ) ≈



∆00 − 2V 0
0 ∆01 · · · ∆0N 0

∆10 − V 0
1 ∆11 − V 0

0 · · · ∆1N 0
...

...
. . .

...
...

∆N0 − V 0
N ∆N1 · · · ∆NN − V 0

0 0

0 0 · · · 0 −V 0
0 I


, (3.97)

where the high-order part in the first column is zero because we choose V 0 ∈ PAΩ.

In order to get Λ̂, we invert the upper left block, then note that the action on the

high-order part will be given by

Λ̂HH = − 1

V 0
0

I. (3.98)

We note that the Fréchet derivative of Φ̂ is given by

DΦ̂(V )δV = δV − Λ̂[DT (G∗)δV − (φ(V )δV + φ(δV )V )]. (3.99)

We again adjust for the dependency problem in the higher-order calculation to avoid

an overstated norm of DΦ̂. Only the first column is affected by the final term above.
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The action on a high-order perturbation δVH ∈ HAΩ is

DΦ̂(V )δVH = δVH − Λ̂ [DT (G∗)(δVH)− φ(V )δVH ] , since φ(δVH) = 0

= δVH − Λ̂DT (G∗)(δVH) + Λ̂φ(V )δVH

= δVH − Λ̂DT (G∗)(δVH)− 1

φ(V 0)
φ(V )δVH

=

(
1− φ(V )

φ(V 0)

)
δVH − Λ̂DT (G∗)(δVH)

=

(
1− V0

V 0
0

)
δVH − Λ̂DT (G∗)(δVH), (3.100)

where we have used φ(δVH) = 0 because δVH ∈ HAΩ and V0 is the zeroth coeffi-

cient of V (and therefore varies with V ), and V 0
0 is the zeroth coefficient of our fixed

approximation to V . With V0 close to V 0
0 , the first term is near zero.

Our first aim, now, using the same method as for the renormalisation fixed point,

is to bound the movement of the approximation under Φ̂:

‖Φ̂(V 0)− V 0‖ ≤ ε̂, (3.101)

by operations on a function ball F 0 := B(V 0, 0)

‖Φ̂(F 0)− F 0‖ ≤ ε̂, (3.102)

and form a larger ball F 1 := B(V 0, ρ̂) on which to bound the derivative of Φ̂. We want,

for all V ∈ F 1,

||DΦ̂(V )|| ≤ sup
k
||DΦ̂(V )(uk)||1 ≤ κ̂, (3.103)

which we bound by function ball operations using F 1 and the Uk:

||DΦ̂(F 1)|| ≤ sup
k
||DΦ̂(F 1)(Uk)||1 ≤ κ̂, (3.104)

where, recall, the uk are the basis vectors.

Then, if ε̂ < ρ̂(1 − κ̂) we have a proof that the eigenfunction corresponding to

eigenvalue, δ, lies within the Ball with radius, ρ̂ around our estimate B(V 0, ρ̂).

In calculating ε̂, we want to know how far our approximate fixed point moves under

one operation of Φ̂, and bound ε̂ using function ball operators, equation (3.102):

||Φ̂(B(V 0, 0))−B(V 0, 0)|| ≤ ε̂ = 9.024× 10−8. (3.105)

For bounding the derivative, we need to use the ball F 1 of radius ρ̂ which we set to be

something bigger than ε̂.

Amazingly, ρ̂ can be as large as 0.14 and the proof still works, giving rigorous bounds

on delta: 4.529 < δ < 4.809, a range of approximately 2ρ̂ and in the corresponding
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bound on the derivative, κ̂ = 0.9888 the supremum is achieved by the action of the

derivative on the first basis element. (For very small values of ρ̂, the supremum is

achieved by the ball bounding the high-order basis elements).

However, we choose ρ̂ = 10−7 and expect a bound on δ with a range of approximately

2ρ̂. We bound the derivative, κ̂, using equation (3.103):

||DΦ̂(B(V 0, ρ̂))|| ≤ κ̂ = 6.2× 10−3. (3.106)

We then confirm that

ε̂ < ρ̂(1− κ̂) (3.107)

9.024× 10−8 < 10−7(1− 6.2−3) (3.108)

0.9024 < 0.9938. (3.109)

Result The proof is successful, giving 7 confirmed digits. As expected, the range is

approximately 2ρ̂. We have rigorous bounds on δ:

4.66920150821495 ≤ δ ≤ 4.66920170821496, (3.110)

as required. �

These bounds are consistent with many published approximations, including Feigen-

baum’s original discoveries. Lanford [10] proved that δ is an expanding eigenvalue. In

table 3.3 we give over 400 confirmed digits of δ, rigorously computed using the same

method.

It can be shown that δ is a unique non-coordinate-change, expanding eigenvalue

by the method of contracted matrices, showing that exactly one eigenvalue exists in a

disc around δ and exactly one in a disc around α2 and that all other eigenvalues reside

within the unit disc (see figure 3.7). We note that the spectrum of T is a strict subset of

0 1 alpha2

alpha2

other eigenvalues
open unit circle
ball around 
ball around alpha2

Figure 3.7: Schematic showing eigenvalues in the complex plane.

the spectrum of R. However, the spectrum of DR(g∗) may be bounded directly using

a union of two discs as the domain for g∗. These two claims are covered in principle in

our joint paper [57] for maps with a degree 4 critical point.
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In order to plot a meaningful representation of the bounds of the function corre-

sponding to δ i.e., one with any interesting detail, we need to use the eigenproblem

equation recursively on points X outside our domain. We let v(x) = V (Q(x)) = V (X)

and for X ∈ Ω we use

V (X) ∈ F 1(X). (3.111)

For X 6∈ Ω we perform the following recursive evaluation

V (X) = φ(V )−1DT (G)(V )(X), (3.112)

via function ball operations using B1 3 G and F 1 3 V .

Comment 3.113 For evaluating DT (G), we already have a rigorous function ball that

bounds G. Note that the form of the expression for DT (G) also contains G′. It is not

possible to bound G′ directly using another function ball, because the corresponding

differential operator is unbounded. (For example, (x 7→ xm) ∈ UH for all m > N ,

i.e., all high-order basis elements; but the derivative of such a function with respect

to x is (x 7→ mxm−1) with `1-norm ‖m‖, which is therefore unbounded when taking

all m > N .) However, G′ only appears as a composition with other functions and

providing that the corresponding composition norms are small enough (which is assured

by domain extension, see section 3.4), we can bound the operation ‘derivative followed

by composition’.

However, for evaluation at a particular point, X, we gain tighter bounds by differ-

enting the fixed-point equation with respect to X to gain another recurrence relation

for G′ as follows. Working in the even representation we have the renormalisation

equation:

G(X) = αG
(
Q
(
G
(
α−2X

)))
, (3.114)

which we differentaiate to get

G′(X) = α−1G′
(
Q
(
G
(
α−2X

)))
· 2G

(
α−2X

)
·G′

(
α−2X

)
. (3.115)

Figure 3.8 shows rigorous bound on the eigenfunction associated with δ, with func-

tion values calculated recursively for points outside the domain.
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Figure 3.8: Rigorous bounds on the eigenfunction associated with δ for the operator R
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3.7 Rigorous bounds on universal noise constant, γ

Following from section 2.6 we seek rigorous bounds on the eigenvalue γ and eigenfunc-

tion associated with added, uncorrelated noise.

In what follows, we will use the symbol L to represent the operator defined in 2.6:

Theorem 3.116 The spectrum of L(G), the operator in the presence of additive noise,

includes an expanding, universal scaling constant, γ ≈ 6.619, where the eigenfunction

K(X) satisfies

LK(X) = α2
((
G′
(
Q
(
G
(
α−2X

)))
· 2G

(
α−2X

))2
K
(
α−2X

)
+K

(
Q
(
G
(
α−2X

))))
.

(3.117)

Corollary 3.118 As a corollary of theorem 3.116, the spectrum of N(g) (discussed

in section 2.6), the operator in the presence of additive noise, includes an expanding,

universal scaling constant, γ ≈ 6.619, where the eigenfunction h(x) satisfies

N(g)h(x) = α2
((
g′
(
g
(
α−1x

)))2
h
(
α−1x

)
+ h

(
g
(
α−1x

)))
. (3.119)

Note, strictly speaking, the spectra contain the eigenvalue γ2.

Proof of theorem 3.116 The proof follows the form of the proof for constant δ,

using the eigenvalue-eigenvector relationship. We want

LK = γ2K. (3.120)

We use Newton’s method to solve

F (K, γ) = LK − γ2K = 0, (3.121)

As before, we write γ = φ(K) = K0, then we aim to find a zero of

F (K) = LK − φ(K)2 ·K, (3.122)

whose Fréchet derivative is:

DF (K)(δK) = LδK − 2φ(K)φ(δK)K − φ(K)2δK. (3.123)

We need a Newton-like contraction mapping on B(K0, ρ), of the form

Ψ : K 7→ K − [DF (K)]−1F (K). (3.124)

We want Λ ≈ [DF (K0)]−1 where we fix K0 ∈ PAΩ, then our modified Newton operator
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is

Ψ : K 7→ K − Λ̃F (K). (3.125)

For Λ̃ we form a block-diagonal operator, making two adjustments similar to those

for Λ̂:

• the term −2φ(K)φ(δK)K affects only the first column of the block-diagonal

form due to the φ(δK) which contributes 1 when acting on basis element u0 and

0 otherwise

• the term −φ(K)2δK affects only the diagonal due to δK.

DF (K) ≈



∆00 − 2K0
0K ∆01 · · · ∆0N 0

∆10 − (K0
1)2 ∆11 − 2K0

0K · · · ∆1N 0
...

...
. . .

...
...

∆N0 − (K0
N)2 ∆N1 · · · ∆NN − 2K0

0K 0

0 0 · · · 0 −(K0
0)2I


.

(3.126)

We invert the upper left block and note that the action of the inverse operator on

high-order terms is given by

Λ̃HH = − 1

(K0
0)2

I. (3.127)

Now that we have formed the quasi-Newton operator, our first aim is to bound the

movement of the approximation under Ψ:

||Ψ(B(K0, 0))−B(K0, 0)|| ≤ ε̃, (3.128)

set ρ̃ > ε̃ and bound the derivative of Ψ

sup
k
||DΨ(F1)(Uk)||1 = ||DΨ(B(K0, ρ))|| ≤ κ̃. (3.129)

Then, if ε̃ < ρ̃(1−κ̃) we have a proof that the eigenfunction corresponding to eigenvalue,

γ, lies within the Ball with radius, ρ̃ around our estimate.

The bounds that we are able to obtain are

||Ψ(B(K0, 0))−B(K0, 0)|| ≤ ε̃ = 3.3× 10−6, (3.130)

and choose

ρ̃ = 10−5, (3.131)

and anticipate a rigorous bound on δ with a range of approximately 2ρ̃.
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The next step is to bound the derivative of Ψ(K) = K − ΛF (K). We obtain

DΨ(K)δK = δK − ΛDF (K)δK

= δK − Λ[LδK − 2φ(K)φ(δK)K − φ(δK)2δK]. (3.132)

We again adjust for the dependency problem in the higher-order calculation, equation

(3.123) to avoid an overstated norm of DΨ(K)(δK). The action of the derivative of

the quasi-Newton operator,

DΨ(K) : δK 7→ δK − Λ̃DF (K)δK, (3.133)

on a high-order perturbation δKH ∈ HAΩ is, using (3.123),

DΨ(K)(δKH) = δKH − Λ̃[LδKH − 2φ(K)φ(δKH)K − φ(K)2δKH ]

= δKH − Λ̃[LδKH − φ(K)2δKH ] since φ(δKH) = 0

= δKH − Λ̃[LδKH ] + Λ̃[φ(K)2δKH ]

= δKH − Λ̃[LδKH ]− 1

(K0
0)2

I[φ(K)2δKH ]

=

(
1−

(
K0

K0
0

)2
)
δKH − Λ̃LδKH , (3.134)

where K0 is the zeroth coefficient of K (and thus varies with K), and K0
0 is the zeroth

coefficient of our fixed approximation to K. Note that when K is close to K0, the first

term above is near zero.

For K ∈ B(K0, ρ̃), we bound derivative DΨ with κ̃ and find

||DΨ(B(K0, ρ̃))|| ≤ κ̃ = 1.5× 10−3. (3.135)

We confirm that

ε̃ ≤ ρ̃(1− κ̃), (3.136)

3.3× 10−6 ≤ 10−5(0.9985). (3.137)

Result The proof is successful, giving 5 confirmed digits. As expected, the range is

approximately 2ρ̃. We have rigorous bounds on γ:

6.61902651081793 ≤ γ ≤ 6.61904651081794, (3.138)

as required. �

Previously published non-rigorous figures include: γ ≈ 6.61903 [6], γ ≈ 6.619036513

[42] and γ ≈ 6.61903651081803 [43]. In table 3.3 we give over 400 confirmed digits of

γ, rigorously computed using the same method.
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Figure 3.9: Rigorous bounds on the eigenfunction associated with γ of noise operator
N(g)

We show rigorous bounds on the eigenfunction associated with γ in figure 3.9. This

is calculated recursively as we have done previously for other functions, using equations

for N(g), g and g′.
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3.8 Tight rigorous bounds on the Feigenbaum con-

stants

Table 3.3 is published in the joint paper [59] and reproduced here by kind permission

of Dr Andrew Burbanks.

a = -0. 3995352805 2313448985 7580468633 6937194335 4428046695
2727517073 0449124380 1660883804 2981844594 8741812667
6179406484 6838366714 0945404846 1643643736 0947557018
4545976789 4023268702 2548579773 5028209746 4775103925
5797877507 3697474932 3269755137 3492308212 2088541722
2413083309 4802739189 0574703944 6460416066 9938415778
2298900077 7299013544 2121397192 4552385259 4449033723
7697553775 0905488329 7544336726 9368114050 5788840461
79344018. . .

α = -2. 5029078750 9589282228 3902873218 2157863812 7137672714
9977336192 0567792354 6317959020 6703299649 7464338341
2959523186 9995854723 9421823777 8544517927 2863314993
3725781121 6359487950 3744781260 9973805986 7123971173
7328927665 4044010306 6983138346 0009413932 2364490657
8899512205 8431725078 7337746308 7853424285 3519885875
0004235824 6918740820 4281700901 7148230518 2162161941
3199856066 1293827426 4970984408 4470100805 4549677936
7608881. . .

δ = +4. 6692016091 0299067185 3203820466 2016172581 8557747576
8632745651 3430041343 3021131473 7138689744 0239480138
1716598485 5189815134 4086271420 2793252231 2442988890
8908599449 3546323671 3411532481 7142199474 5564436582
3793202009 5610583305 7545861765 2222070385 4106467494
9428498145 3391726200 5687556659 5233987560 3825637225
6480040951 0712838906 1184470277 5854285419 8011134401
7500242858 5382498335 7155220522 3608725029 1678860362
67. . .

Rγ = +6. 6190365108 1792804532 3808905147 4666014364 4298809101
1980889058 1539120755 2294388390 1250134543 0103013791
0116621507 6680991461 7111062123 4676765967 2263346641
5349015651 5469980646 2621251411 3242709973 9377082075
2957874751 6962711711 6928533607 9067798211 8951469414
0224500385 6708624240 5473933494 6093414214 2285269246
7145643730 8826640353 2825154865 5386124267 3930589439
2213420488 3953151516 3766198410 1165280871 0270346725
. . .

Table 3.3: Digits proven correct of a = α−1 = G∗(1) (409 digits), α (408 digits), δ = ϕ(V ∗)
(403 digits), and γ = ϕ(K∗) (401 digits) obtained from a proof with truncation degree
N = 640 for G∗, V ∗, K∗ (corresponding to degree 2N = 1280 for g∗, v∗, k∗).



Chapter 4

Rigorous proof - renormalisation

fixed point function in maps with

higher degree critical point

In this chapter we extend the work of the last chapter to maps with a higher degree

critical point, providing a new proof for the quartic family of equations in section 4.1

and then for the cubic family of equations in section 4.2. We note that it becomes more

difficult to find a satisfactory domain and that the Fréchet derivative is more complex

as we increase the degree. Additional complications arise for families of maps with odd

degree critical point.

Section 4.1 covers the work contained in a paper [57].

Section 4.2 covers work we plan to publish in the future.

4.1 Even degree critical points

The principles in this section apply to maps with critical points of all even degrees.

Unless otherwise stated quantities apply to maps with quartic critical point.

Equations of the form

xn+1 = 1− µ|xn|d, (4.1)

have been studied by others, including [22], however, we believe this is the first rigorous

computer-assisted proof of existence of the associated fixed point and rigorous bounds

on eigenvalues of the derivative of the renormalisation operator, for even degrees d

higher than 2.

This section is concerned with families of maps with degree 4 critical point, for

example

xn+1 = 1− µx4
n. (4.2)

This map has similar properties and behaviour to Feigenbaum’s quadratic equivalent,

but belongs to a different, wide class of functions which display different, universal

69
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scaling constants α4 and δ4. In this chapter we may refer to these simply as α and δ.

The renormalisation operator

R(g)(x) = αg(g(α−1x)), (4.3)

is the same as in the quadradic case and the renormalisation fixed point will be given

in the form

g(x) = 1 + a1x
4 + a2x

8 + a3x
12 + .... (4.4)

In this chapter we work with reduced representation of functions and define:

• Q(x) = x4 = X,

• TG(X) = αG(Q(G(α−4X))).

Following the procedure adopted for the quadratic equation:

We plot the bifurcation diagram for equation (4.2), in figure 4.1. From this we

obtain an estimate for the period-doubling accumulation point, µ∞, which can be

verified by numerical calculations

µ∞ ≈ 1.59490135. (4.5)

The numerical calculations use Newton’s method to find fixed points of the equation

after each bifurcation, and give estimates for the eigenvalues α and δ, the scaling factors

also seen in the bifurcation diagram:

α ≈ −1.69030297, (4.6)

δ ≈ 7.284686. (4.7)

The digits given above for α and δ are proven to be correct with a higher degree fixed

point polynomial.

An approximation to the fixed point function, g∗, is easily found, starting with the

equation

g(x) = 1− 1.59490135x4, (4.8)

on the circular domain with centre 0 and radius 1, in the form

g(x) ≈ 1− 1.834x4 + 0.013x8 + 0.312x12 − 0.062x16 − 0.038x20 + ..., (4.9)

and can been seen in figure 4.2.

Evaluation of the function g at 1 confirms

α =
1

g(1)
≈ −1.69030297. (4.10)

Calculating the approximate fixed point of the operator R with 80 coefficients yields the
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0.25
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0.25
0.50
0.75
1.00

f(x
)

Bifurcations and Period Doubling in f(x) = 1 x4

Figure 4.1: Map of period-doubling and bifurcations for the quartic equation. The
horizontal scaling of δ is shown by the vertical green lines.

“eigenvalue” interpretation

-409482.122
6505.129
-222.653

12.443
8.163 α4

7.284 δ
-4.829 α3

2.857 α2

-1.690 α
-1.020
-0.592 α−1

Table 4.1: Four large (and one small) spurious values appear in the eigensystem of operator
R for the Quartic equation on domain centre 0, radius 1 (3dp). We recognise δ and powers
of α.

eigenvalues of the derivative of the renormalisation operator shown in table 4.1. The

same four large eigenvalues appear with either finite difference or Fréchet derivative and

are an artefact of the choice of domain (c = 0, r = 1), on which domain extension fails,

implying that a rigorous proof cannot be found using our technique on this domain.

Figure 4.3 shows how the necessary condition test 2 (described later) fails on the domain

centre 0, radius 1.

In what follows, we make a systematic numerical exploration to find suitable do-

mains. Looking for a suitable domain for the rigorous existence proof it seemed initially

that centre 1 would be appropriate as in Feigenbaum’s quadratic system, where having

a constant coefficient of 1 is immediately problematic. However, although the very

large ‘artefact’ eigenvalues disappear when we use centre 1 we were unable to find a

radius that enables us to satisfactorily bound the contractivity. We plot domain exten-

sion diagrams which show the boundary of the domain Ω, the boundary of α−4X (test
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Centre Radius ||a4X|| ||Q(G(a4X))||
1.0 1.3 0.798 1.211
1.0 1.5 0.708 1.206
1.0 1.7 0.638 1.220
0.5 0.7 0.749 0.989
0.7 0.9 0.805 0.981
0.9 1.1 0.840 1.164

Table 4.2: Norms corresponding to the domain extension diagrams above. Images
within the domain do not guarantee a norm less than one even in the non-rigorous
domain.

1), and the boundary of Q (G (α−4X)) (test 2) in figure 4.4, which shows that although

a smaller radius produces smaller test regions, it also moves these critical values closer

to the domain boundary.

Domain Extension: if test 1 and test 2 boundaries fall within the domain boundary,

then domain extension holds. That is, T is well defined, differentiable, and the deriva-

tive is compact on B1. If domain extension fails, we don’t know if the operator is well

defined. Domain extension does not guarantee composition will succeed in the presence

of the loose bounds that the rigorous framework can produce. Function composition

is used in order to bound the contractivity of Φ (equation (3.70)), and requires the

argument to have a norm less than one. Composition can fail because, in certain parts

of the operation, we are required to add the general bound to every coefficient as the

worst possible case.

Successful composition is heavily influenced by domain, so a wide margin is needed.

Even a norm less than one does not guarantee that composition is possible. Generally,

it seems a norm less than 0.9 is needed. The centre of the domain determines the first,

constant coefficient of G, which needs to be small. Clearly, the radius must exceed the

distance between the centre and the origin since the domain must include the origin

(and must also contain 1, since g(0) = 1). Being close to the Ω boundary does not

prevent composition (in itself), but it is likely the bound on derivative (contractiveness)

would fail (i.e. κ ≥ 1).

Table 4.2 shows the calculated norms for the six domain extension diagrams in

figures 4.4 and 4.5. Some (non-rigorous) norms exceed 1 even though the pictures

show domain extension is satisfied. Even those with non-rigorous norm less than one

can fail composition due to norm size in the rigorous calculation and we were therefore

unable to bound the derivative of Φ on these domains.

As we increase the critical degree it becomes harder to find a single disc domain

that satisfies the requirements.

For the quartic case we finally settled on the domain with centre 0.625, radius

0.75, which yields norms of 0.854 and 0.866 and satisfies the conditions in the proof of

existence, working to 80 (quartic) coefficients, equivalent to degree 320.
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Using Newton’s method we find a polynomial approximation to the fixed point

function in the form

Gu(X) ≈ −0.077− 1.149X + 0.225X2 + 0.040X3 + ..., (4.11)

equivalent to

gu(x) ≈ −0.077− 1.149x4 + 0.225x8 + 0.040x12 + ..., (4.12)

where G = Gu ◦ ψΩ for the domain Ω = D(0.625, 0.75).

This non-rigorous estimate gives

α4 =
1

G(1)
≈ −1.690302971405244, (4.13)

and numerical examination of the eigenvalues gives

δ4 ≈ 7.284. (4.14)

The Fréchet derivative for the renormalisation equation

T (G) = αG
(
Q
(
G
(
α−4X

)))
, (4.15)

with respect to the function G is:

DT (G) : H(X) 7→
− α2H(1)G

(
Q
(
G
(
α−4X

)))
+ αH

(
Q
(
G
(
α−4X

)))
+ αG′

(
Q
(
G
(
α−4X

)))
· 4
(
G
(
α−4X

))3 ·H
(
α−4X

)
+ αG′

(
Q
(
G
(
α−4X

)))
· 4
(
G
(
α−4X

))3 ·G′
(
α−4X

)
· 4X (G(1))3H(1). (4.16)

For details of the Fréchet derivative including the general even degree, see Appendix

C.1. For the rigorous proof we truncate our approximation to 40 coefficients (equivalent

to degree 160). Figure 4.6 shows that domain extension holds. We set ρ = 10−10.

4.1.1 Existence of fixed point and bounds on universal con-

stant, α4

For the quartic family of maps, equation (4.2), following the method used for the

quadratic case, in addition to the definition 2.1 of the function space in section 2.2, we

define:

• Let Ω = D(0.625, 0.75) ⊂ C.



CHAPTER 4. RIGOROUS PROOF; HIGHER DEGREE CRITICAL POINTS 74

Term in (G0)u(U) Coefficient

U0 -0.077086
U1 -1.114859
U2 0.225481
U3 0.039535
U4 -0.026648
U5 0.003599
U6 0.001075
U7 -0.000545
U8 0.000055
U9 0.000028
U10 -0.000011

Table 4.3: Table of coefficients of the function (G0)u where the approximate fixed
point, G0, of the quartic renormalisation fixed point function, G∗, may be written
G0(X) = (G0)u(U) where U = ψΩ(X) = (X−c)/r. Thus g0 = (G0)u ◦ψΩ ◦Q = G0 ◦Q.
Thus (G0)u is the corresponding function analytic on the unit disc, and G0 is analytic
on the domain Ω, as described in sections 3.4.1 and 3.4.2. Coefficients are rounded to
6 decimal places.

• Let G0 be an approximate fixed point of the renormalisation operator T , with

domain Ω, whose major coefficients we define in table 4.3.

• Let B0 = B(G0, 0), B0 ⊂ AΩ.

• Let B1 = B(G0, ρ = 10−15), B1 ⊂ AΩ .

Theorem 4.17 There exists a locally unique, non-trivial, real, analytic fixed point

function, G∗ ∈ B1, of the renormalisation operator

T : G(X) 7→ αG
(
Q
(
G
(
α−4X

)))
, (4.18)

with α = G(1)−1 and Q(x) = x4 = X.

Corollary 4.19 As a corollary of theorem 4.17, there exists a locally unique, real,

analytic fixed point function, g∗ = G∗ ◦Q, of the renormalisation operator

R : g(x) 7→ αg
(
g
(
α−1x

))
. (4.20)

Proof of theorem 4.17 Note that we choose to use a relatively small number of

coefficients for the initial proof of existence. In our paper [57] we provide over 300

confirmed digits of these universal constants (see section 4.1.6). These calculations use

the same method, but are not the subject of this thesis.

We follow the process detailed for the quadratic family of maps in Chapter 3.

Working with our 40 coefficient fixed point approximation to the fixed point for the
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quartic map we obtain

||Φ(B0)−B0|| ≤ ε = 8.3× 10−17. (4.21)

We set ρ = 10−15 > ε and achieve

||DΦ(B1)|| ≤ κ = 0.896. (4.22)

Together these bounds are used to establish the crucial inequality

ε < ρ(1− κ), (4.23)

8.3× 10−17 < 10−15(0.104),

0.083 < 0.104. (4.24)

Results This result proves that the ball of functions B1 is mapped into itself contrac-

tively by Φ. Hence, by the contraction mapping theorem, there exists a locally unique

fixed point G∗ of Φ in B1. Since the fixed points of Φ are exactly those of T this con-

cludes the proof. By corollary (4.19) a fixed point g∗ = G∗ ◦Q of the renormalisation

operator R also exists. �

Calculating an approximation to G∗ working to truncation degree 80 and then

truncating to degree 40 for the polynomial part, G0
P , we obtain a rigorous proof of

existence of the renormalisation fixed point and confirm that the universal scaling

factor α4 lies in the range:

−1.69030297140525 ≤ α4 ≤ −1.69030297140524. (4.25)

In our paper [57] we give over 300 confirmed digits of α4, which can also be seen in

table 4.6. These bounds are consistent with the non-rigorous figure given in [31].

4.1.2 Spectrum of the Fréchet derivative (degree 4)

The major eigenvalues arising from the reduced representation renormalisation operator

T are shown in table 4.4. Note the absence of powers of α not divisible by 4. As

expected, α−12, α−16 etc. also appear, interspersed with non-scaling eigenvalues. Proof

that the expressions given in the table are indeed eigenfunctions follows from the proof

of proposition 2.64 in section 2.6.

The eigenfunction corresponding to α4 is

E1(X) = 4XG′(X)−G(X), (4.26)
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eigenvalue interpretation eigenfunction

8.1631 α4
4 E1(X)

7.2847 δ
0.2918 λ, not scaling
−0.2557 λ, not scaling
−0.1556 λ, not scaling

0.1225 α−4
4 E5(X)− E1(X)

−0.0737 λ, not scaling
0.0150 α−8

4 E9(X)− E1(X)

Table 4.4: Major eigenvalues of the derivative of the reduced version of Feigenbaum’s
renormalisation operator, rounded to 4 decimal places.

and the eigenfunctions corresponding to other powers of α are

Ek(X)− E1(X), (4.27)

Ek(X) = 4X(k+3)/4G′(X)−G(X)k, (4.28)

for the eigenfunction corresponding to eigenvalue α1−k and generally, for any even

degree, d, the eigenfunctions corresponding to eigenvalues in powers of α are

Ek(X) = dX(k+d−1)/dG′(X)−G(X)k. (4.29)

Table 4.8 shows some eigenfunctions plotted in the full representation, with the analytic

functions where available. Function values are calculated recursively.

4.1.3 Rigorous bounds on universal constant, δ4

In order to obtain tight bounds on the δ eigenvalue we can repeat the procedure used

for the quadratic case in section 3.6, for clarity we repeat the description in outline

form.

• Take the eigenvalue-eigenfunction pair (λ, V ) and the corresponding eigenprob-

lem

(DT (G∗)− λI)V = 0. (4.30)

• Normalise V so that the first coefficient is δ, with φ(V ) = δ.

• We then have an eigenproblem in one variable only. We use Newton iterations

to refine the approximate V :

F (V ) = (DT (G∗)− φ(V ))V = 0, (4.31)
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with Fréchet derivative

DF (V )δV = DT (G∗)δV − φ(δV )V − φ(V )δV. (4.32)

• Form an invertible linear operator, Λ̂, which approximates the inverse of the

functional derivative of F (V ),

Λ̂δV ≈ [DT (G∗)δV − φ(δV )V 0 − φ(V 0)δV ]−1. (4.33)

• Solve the quasi-Newton operator

Ψ : V 7→ V − Λ̂[DT (G∗)V − φ(V )V ]. (4.34)

• Bound the movement of V under one operation of Ψ

||Ψ(V 0)− V 0|| ≤ ε. (4.35)

• Let ρ > ε, so that ρ becomes the general bound.

• Bound the derivative of the quasi-Newton operator, Ψ:

||DΨ(V )δV || = ||δV − Λ̂[DT (G∗)δV − φ(δV )V − φ(V )δV ]|| ≤ κ < 1, (4.36)

for all V ∈ B(V 0, ρ), where we are careful to allow for the dependency problem

identified in the quadratic case.

• Check to ensure that

ε < ρ(1− κ). (4.37)

Theorem 4.38 The spectrum of DT (G∗) includes an expanding, universal scaling

eigenvalue, δ4 ≈ 7.2846.

Corollary 4.39 As a corollary of theorem 4.38, the spectrum of DR(g∗) includes an

expanding, universal scaling eigenvalue, δ4 ≈ 7.2846.

Proof of theorem 4.38 Following the procedure adopted for the degree 2 proof for

the eigenfunction corresponding to eigenvalue δ in section 3.6, performing computations

on our function ball with truncation degree 40 (taking into account higher and general

bounds) yields the following bounds:

||Φ(B(V 0, 0))−B(V 0, 0)|| ≤ ε = 3.8× 10−11, (4.40)

ρ = 10−10, (4.41)

||DΦ(B(V 0, ρ))|| ≤ κ = 0.15. (4.42)
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Together these bounds are used to establish the crucial inequality

ε < ρ(1− κ), (4.43)

3.8× 10−11 < 10−10(0.85). (4.44)

Result The proof is successful and confirms that δ4 lies in the range

7.28468621697298 ≤ δ4 ≤ 7.28468621717299, (4.45)

confirming the first 9 digits. �

In our paper [57] we give over 300 confirmed digits of δ4, which can also be seen in

table 4.6. These bounds are consistent with the non-rigorous figure given in [31].

4.1.4 Rigorous bounds on universal constant, γ4, in the pres-

ence of noise

Theorem 4.46 The spectrum of L(G) includes an expanding, universal scaling con-

stant, γ4 ≈ 8.2439 in the presence of additive noise.

Corollary 4.47 As a corollary to theorem 4.46, the spectrum of N(g) includes an

expanding, universal scaling constant γ4 ≈ 8.2439 in the presence of additive noise.

Note, strictly speaking, the spectra contain the eigenvalue γ2.

Proof of theorem 4.46 In order to obtain tight bounds on the γ eigenvalue we can

repeat the procedure used for the quadratic case, using the operator and derivatives

for the higher-order map.

The eigenproblem is again

γ2K = LK, (4.48)

with

LK = α2
[(
G′(Q(G(α−dX)))d ·G(α−dX)

)2
K(α−dX) +K(Q(G(α−dX)))

]
, (4.49)

leading to operator

F (K) = LK − φ(K)2K. (4.50)

The Fréchet derivative acting on a perturbation δK yields

DF (K)δK = LδK − 2φ(K)φ(δK)K − φ(K)2δK. (4.51)

Performing these computations on our 40-coefficient truncated function ball (with

higher and general bounds) we obtain

||Φ(B(K0, 0))−B(K0, 0)|| ≤ ε = 2.21× 10−10. (4.52)
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We set ρ = 10−9 and achieve

||DΦ(B(K0, ρ))|| ≤ κ = 0.103. (4.53)

Together these bounds are used to establish the crucial inequality

ε < ρ(1− κ), (4.54)

2.21× 10−10 < 10−9(0.897). (4.55)

Result The proof is successful and confirms that γ4 in the presence of additive noise

lies in the range

8.24391085325258 ≤ γ4 ≤ 8.24391085525259, (4.56)

confirming the first 9 digits. �

In our paper [57] we give over 300 confirmed digits of γ4, which can also be seen

in table 4.6. These bounds are consistent (to 9 digits) with the previously published

figure γ4 ≈ 8.243910853 in [43].

The eigenfunction associated with γ4 is pictured in figure 4.9.

4.1.5 Domain of the renormalisation operator (degree 4)

Figure 4.10 shows the domain of the renormalisation operator in the quartic reduced

space.
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Figure 4.2: Approximations to the fixed point function g∗ corresponding to maps with
quartic critical point, plotted over different intervals, with g∗ evaluated recursively.
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Figure 4.3: Domain extension fails on the unit disc domain.
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Figure 4.4: Non-rigorous domain extension for the quartic system appears satisfied with
centre 1, however the proofs fail. The cardioid shape arises from the ‘angle-multiplying
action’ of Q at 0.
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Figure 4.5: Non-rigorous domain extension for the quartic system. These three dia-
grams show the effect of changing the radius on the position of the images within the
domain.
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Figure 4.6: Non-rigorous domain extension for the quartic system with centre 0.625,
radius 0.75, which results in a successful proof of existence of the fixed point.
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Figure 4.7: Rigorous domain extension for the quartic system with centre 0.625, radius
0.75, which results in a successful proof of existence of the fixed point.
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Figure 4.8: Eigenfunctions of the reduced operator, evaluated at x4 so they show the
full operator equivalent, evaluated using the recursive method for meaningful graphs.
In all cases the blue lines are produced from numerical calculations, from the eigen-
functions associated with eigenvalues. Where they exist, the orange lines are from the
analytic formula given in table 4.4, and exactly superimpose the blue. All have been
normalised.
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Figure 4.9: Eigenfunction γ4 in the presence of noise
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Figure 4.10: Part of the domain of analyticity of the renormalisation fixed point func-
tion g∗ for maps with a quartic critical point approximated using the approximate fixed
point function g0. Note that G∗ directly encodes the values of g∗ on various rays in
the complex plane as follows. The value g∗(z) for z = ξeikπ/4 for ξ ≥ 0 and k even,
i.e., for z lying on the real and imaginary axes, corresponds to G∗(Z) = G∗(ξ4), i.e.,
the values of G∗(Z) for real Z ≥ 0, and for k odd, i.e., for z lying on the diagonal and
anti-diagonal, corresponds to G∗(Z) for real Z ≤ 0. Yellow areas do not map into the
unit disc after successive applications of the renormalisation operator.
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4.1.6 Tight rigorous bounds for degree 4 constants

Tables 4.5 and 4.6 are published in the joint paper [57] and reproduced here by kind

permission of Dr Andrew Burbanks.

Fixed point (G∗)
N #bits ε ρ κ

40 132 1.59 · 10−21 10−20 6.88 · 10−3

80 265 3.75 · 10−42 10−41 1.01 · 10−6

160 531 7.84 · 10−84 10−83 1.36 · 10−12

320 1063 2.89 · 10−166 10−165 3.01 · 10−24

480 1594 4.14 · 10−249 10−248 7.28 · 10−36

640 2126 5.01 · 10−332 10−331 1.85 · 10−47

Delta eigenfunction (V ∗)
N #bits ε̂ ρ̂ κ̂

40 132 3.17 · 10−16 10−15 1.17 · 10−3

80 265 4.88 · 10−37 10−36 1.39 · 10−7

160 531 8.37 · 10−79 10−78 1.87 · 10−13

320 1063 1.52 · 10−160 10−159 4.12 · 10−25

480 1594 2.21 · 10−243 10−242 9.99 · 10−37

640 2126 2.90 · 10−326 10−325 2.53 · 10−48

Noise eigenfunction (K∗)
N #bits ε̃ ρ̃ κ̃

40 132 2.35 · 10−16 10−15 7.85 · 10−3

80 265 7.33 · 10−37 10−36 1.90 · 10−7

160 531 8.57 · 10−78 10−77 4.32 · 10−14

320 1063 6.24 · 10−160 10−159 9.56 · 10−26

480 1594 5.31 · 10−242 10−241 2.32 · 10−37

640 2126 1.36 · 10−324 10−323 5.87 · 10−49

Table 4.5: Parameters and bounds valid for rigorous proofs of existence for the renor-
malisation fixed point, G∗, the eigenfunction, V ∗, corresponding to δ, and the eigen-
function, K∗, corresponding to the scaling of additive noise. In all cases, the number
of digits P in the significand, for the decimal floating-point versions of the proofs, was
chosen to be equal to the truncation degree N .

We note that an `1-bound, ‖G∗ − G0‖ ≤ ρ, with ρ = 10−331, on the fixed point

function means that every power series coefficient G∗j of the polynomial part, G∗P is

bounded to at least that accuracy, in that

|G∗j −G0
j | ≤

N∑
k=0

|G∗k −G0
k| = ‖G∗P −G0

P‖ ≤
∞∑
k=0

|G∗k −G0
k| = ‖G∗ −G0‖ ≤ ρ.

Note, also, that the higher-order part, G∗H , is bounded by ‖G∗H‖ = ‖G∗H − G0
H‖ ≤ ρ,

since HG0 = 0.
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a4 = -0. 5916099166 3443815013 9624354381 6289537902 2298919075
5829639056 2608082701 6110024444 6553096873 1159671843
1035214180 0643269743 8637238931 2068288207 7993159616
2409259411 5430529642 7613470988 2939926870 4915779588
8740837617 0145437404 8090852176 8119211417 0711171042
5330824210 0970358064 2260084834 3287080164 7846778564
3980486155 4138928900 8050440114 . . .

α4 = -1. 6903029714 0524485334 3780150324 1613482282 7805970956
1966682423 2634497392 1908881055 1432766085 7861529191
5193152630 8212594164 1050775616 3090857294 0573192526
2783102042 4401895602 5177655047 9352262368 7664454132
1907107192 6768349355 4697194567 2766866785 1484514531
8901391119 4135568528 2120804754 6969604755 8987391859
3295066623 5922528661 8546743362 . . .

δ4 = +7. 2846862170 7334336430 8930567995 5530694780 4661979979
0659072121 2901883462 1435067620 0657264503 1360371147
0784357866 9255573693 3221121594 9170167056 0272610414
2834709598 2287873290 2387885867 2064166568 1895073101
1658106317 3127916581 6323366267 7746542527 7844194832
0362437902 4983698686 8146702404 9663158059 7051641021
9527093166 3172744588 9929. . .

γ4 = +8. 2439108542 5258681839 8462365029 2376160673 1776662405
8409262192 5682565366 3924142562 6899642047 2075784242
2300873689 8322349635 1071732825 3743947119 1666888923
2401827811 4543435570 5947708003 7798523831 6683467659
8572907048 7598764245 8476648182 5677074055 9568984297
6849327088 1184491967 8812146275 7670908015 1177052580
3233041606 2789993350 21. . .

Table 4.6: Digits proven correct of a4 = G∗(1) (331 digits), α4 = 1/a4 (331 digits),
δ4 = ϕ(V ∗) (325 digits), and γ4 = ϕ(K∗) (323 digits) obtained from the proof with
truncation degree N = 640 for G∗, V ∗, K∗ (corresponding to degree 4N = 2560 for
g∗, v∗, k∗).
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4.1.7 Other higher, even degrees

It becomes more difficult to find a domain of a single disc that satisfies the domain

extension requirements as the degree d of the critical point of the maps is increased.

For higher d it may be necessary to employ a union of two discs for a successful rigorous

proof. We offer here non-rigorous explorations into degree d = 6 and degree d = 8.

The case d = 6 The universal behaviour observed in period-doublings of families

with degree d = 6 critical point is exemplified by the prototypical family

xn+1 = 1− µx6
n, (4.57)

for which the doublings accumulate at µ∞ ≈ 1.68326019. For this case, we calculated

approximate values for the corresponding universal constants:

α6 ≈ − 1.46774245031990, (4.58)

δ6 ≈ 9.29624683277137, (4.59)

γ6 ≈ 10.03788641031105. (4.60)

We note that our approximations for α6 and δ6 are consistent with Briggs [31]. Our

approximation for γ6 is consistent with Kuznetsov and Osbaldestin [43].

We show the bifurcation diagram, the approximate fixed point function g6(x) (eval-

uated recursively) and the approximate domain of analyticity in figure 4.11.

The case d = 8 For the universality class corresponding to the degree 8 family

xn+1 = 1− µx8
n, (4.61)

for which µ∞ ≈ 1.73645237, we calculated approximate figures:

α8 ≈ − 1.3580172791380503, (4.62)

δ8 ≈ 10.94862426594159, (4.63)

γ8 ≈ 11.59386213849996. (4.64)

We note that our approximations for α8 and δ8 are consistent with [31]. Our approxi-

mation for γ8 is consistent with [43].

We show the bifurcation diagram, the approximate fixed point function g8(x) (eval-

uated recursively) and the approximate domain of analyticity in figure 4.12.
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(a) Bifurcation diagram for the prototype family for d = 6.
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(c) Part of the domain of analyticity of g6.

Figure 4.11: Bifurcation diagram, renormalisation fixed point function and domain of
analyticity (approximate) for d = 6.
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(a) Bifurcation diagram for the prototype family for d = 8.
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(c) Part of the domain of analyticity of g8.

Figure 4.12: Bifurcation diagram, fixed point function and domain of analyticity (ap-
proximate) for d = 8.
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4.2 Odd degree critical points

The principles in this chapter apply to all odd degrees. Unless otherwise stated, we

refer to maps with degree 3 critical point, exemplified by:

xn+1 = 1− µ|xn|3. (4.65)

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
1.00
0.75
0.50
0.25
0.00
0.25
0.50
0.75
1.00

f(x
)

Bifurcations and Period Doubling in f(x) = 1 |x|3

Figure 4.13: Bifurcation diagram for prototype family for d = 3. Period-doublings
accumulate at µ ≈ 1.52

Note that for a unimodal map and meaningful results we need to use absolute values

of x only, and the map is therefore not analytic at the origin. We define separate

functions for use with positive and negative operands:

g(x) =

g+(x) x ≥ 0,

g−(x) x < 0,
(4.66)

where g−(x) = g+(−x). The renormalisation operator R becomes:

R(g)(x) :

g+(x) 7→ αg+(g−(α−1x)) x ≥ 0,

g−(x) 7→ αg+(g+(α−1x)) x < 0,
(4.67)

since α < 0. The above definition induces a corresponding operator R+ acting on g+

only, given by:

R+(g+)(x) : g+(x) 7→ αg+(g+(−α−1x)). (4.68)

We then note that g(x) = g+(|x|).
We will see in Chapter 5.5 that the fixed point g is not an analytic function, having

a discontinuity at the origin in the second derivative.

With the help of the bifurcation diagram in figure 4.13 and a numerical method of
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finding superstable fixed points, we estimate

µ∞ ≈ 1.521878791, (4.69)

α ≈ −1.927690963, (4.70)

δ ≈ 6.0846. (4.71)

This figure for δ differs from the 5.96... quoted by Briggs [31], but agrees with

Delbourgo and Kenny [19] (which Briggs also quotes without commenting on the dif-

ference) and also agrees with the recent note of McCartney [56]. Our figure for α is in

agreement with all of those.

We proceed to find a fixed point function for the renormalisation operator, R+, by

writing g+(x) = G(X) and using initial approximation

G(X) = 1− 1.5219X, with X = Q(x) = x3, (4.72)

and a modified version of the operator T to mitigate the uncancelled negative of α:

T (G) = αG
(
Q
(
G
(
−α−dX

)))
, (4.73)

which also affects the Fréchet derivative. In the quadratic and quartic cases we could

ignore the unary minus of α.
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Q(G(−a3Ω))

c

Figure 4.14: Rigorous domain extension property is satisfied by the disc Ω = D(c, r),
with centre, c = 0.625 and radius, r = 1, and results in a successful proof of existence
of the renormalisation fixed point function.
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4.2.1 Existence of fixed point and bounds on universal con-

stant, α3

We work on domain centre 0.625 and radius 1.0. This centre gives a fixed point

approximation with a conveniently small first coefficient −0.0104... and critical (non-

rigorous) norms of approximately 0.677 and 0.695. We follow the procedure described

earlier, but note that the Fréchet derivative for odd degrees in the reduced space is

DT (G) : h(X) 7→
− α2h(1)G

(
Q
(
G
(
−α−dX

)))
+ αh

(
Q
(
G
(
−α−dX

)))
+ αG′

(
Q
(
G
(
−α−dX

)))
· d
(
G
(
−α−dX

))d−1 · h
(
−α−dX

)
− αG′

(
Q
(
G
(
−α−dX

)))
· d
(
G
(
−α−dX

))d−1 ·G′
(
−α−dX

)
· dX (G(1))d−1 h(1).

(4.74)

This adjustment is also made in the recursive formula for plotting graphs of the function

g and its derivatives.

In addition to the definition 2.1 of the function space in section 2.2, we define:

Definition 4.75 function balls:

• Let Ω = D(0.625, 1) ⊂ C.

• Let G0 be an approximate fixed point of the renormalisation operator T , with

domain Ω, whose major coefficients we define in table 4.7.

• Let B0 = B(G0, 0), B0 ⊂ AΩ.

• Let B1 = B(G0, ρ = 10−15), B1 ⊂ AΩ.

Theorem 4.76 There exists a locally unique, non-trivial, real, analytic, fixed point

function, G∗ ∈ B1, of the renormalisation operator

T : G(X) 7→ αG
(
Q
(
G
(
−α−3X

)))
, (4.77)

with α = G(1)−1 and Q(x) = x3 = X.

Corollary 4.78 As a corollary of theorem 4.76, there exists a unique, real, analytic

fixed point function, g∗+(x) = G∗(Q(x)) = G∗(x3), relevant for x ≥ 0, of the renormal-

isation operator

R+ : g(x) 7→ αg(g(−αx)). (4.79)

Note that the corresponding universal function (not analytic at the origin) is given by

g∗(x) = g∗+(|x|).
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Term in (G0)u Coefficient

U0 -0.010424
U1 -1.467880
U2 0.283608
U3 0.053181
U4 -0.029841
U5 0.003372
U6 0.000965
U7 -0.000429
U8 0.000039
U9 0.000016
U10 -0.000005

Table 4.7: Table of coefficients of (G0)u, an approximation to the cubic renormalisation
fixed point function, G∗ expanded with respect to domain Ω, rounded to 6 decimal
places. Recall that g∗(x) = g∗+(|x|) = G∗(Q(|x|)).

Proof of theorem 4.76 We use a relatively small number of coefficients to achieve

the proof. Further digits of the constants may be confirmed by using a polynomial

approximation of higher accuracy.

We follow the process already detailed for the quadratic and quartic maps, noting

the changes necessary for the negative sign in the renormalisation equation, and obtain

the following bounds:

||Φ(B0)−B0|| ≤ ε = 9× 10−16, (4.80)

ε < ρ = 10−15, (4.81)

||DΦ(B1)|| ≤ κ = 6× 10−5. (4.82)

We confirm the crucial inequality

ε < ρ(1− κ), (4.83)

9× 10−16 < 10−15(0.99994). (4.84)

Result This result proves that the ball of functions B1 is mapped into itself con-

tractively by Φ. Hence, by the contraction mapping theorem, there exists a locally

unique fixed point G∗ of Φ in B1, as required. By corollary a fixed point g∗+ = G∗ ◦Q
of the renormalisation operator R+ also exists. Finally, this yields the (non-analytic)

fixed-point function g∗(x) = g∗+(|x|). �

From this we easily prove that universal scaling factor α3 lies in the range:

−1.927690963847644 ≤ α3 ≤ −1.927690963847636, (4.85)
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confirming the first 14 digits. These bounds are consistent with [31].

4.2.2 Spectrum of the Fréchet derivative (degree 3)

The major eigenvalues arising from the reduced renormalisation operator are shown in

table 4.8. As expected, powers of α not divisible by 3 do not appear in the spectrum

of DT (G∗), however, we note with interest that α−3 does not appear either.

eigenvalue interpretation eigenfunction

7.1632 −α3
3 E1(X)

6.0847 δ
0.2371 λ, not scaling
−0.1985 λ, not scaling
−0.1150 λ, not scaling

0.0733 λ, not scaling
−0.0382 λ, not scaling

0.0195 α−6
3 E7(X)− E1(X)

Table 4.8: Major eigenvalues of the derivative of the reduced version of Feigenbaum’s
renormalisation operator, rounded to 4 decimal places.

4.2.3 Rigorous bounds on universal constant, δ3

In order to obtain tight bounds on the δ eigenvalue we can repeat the procedure used

for the quadratic case, which is summarised in degree 4.

Theorem 4.86 The spectrum of DT (G∗) includes an expanding, universal scaling

eigenvalue, δ3 ≈ 6.0846.

Corollary 4.87 As a corollary to theorem 4.86 the spectrum of DR(g∗) includes an

expanding, universal scaling eigenvalue, δ3 ≈ 6.0846.

Proof of theorem 4.86 Following the procedure adopted for δ in the quadratic

and quartic maps, using appropriately modified renormalisation operator, T , equation

(4.77) evaluated for positive x, and modified Fréchet derivatives, performing computa-

tions on our 40-coefficient truncated polynomial in a function ball with rigorous bounds

we obtain the following:

||Φ(B(V 0, 0))−B(V 0, 0)|| ≤ ε = 2× 10−11, (4.88)

ρ = 10−10, (4.89)

||DΦ(B(V 0, ρ))|| ≤ κ = 1.2× 10−5. (4.90)
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Together these bounds are used to confirm the crucial inequality

ε < ρ(1− κ), (4.91)

2× 10−11 < 10−10(0.999988). (4.92)

Result The proof is successful and confirms that δ3 lies in the range

6.08468907416191 ≤ δ3 ≤ 6.08468907436192, (4.93)

confirming the first 10 digits. �

We note that these bounds are consistent with [19] and [56] but not with [31].

4.2.4 Rigorous bounds on universal constant, γ3

Theorem 4.94 The spectrum of L(G) includes an expanding, universal scaling con-

stant, γ2
3 where γ3 ≈ 7.305.

Corollary 4.95 As a corollary to theorem 4.94 the spectrum of N(g) includes an ex-

panding, universal scaling constant, γ2
3 where γ3 ≈ 7.305.

Proof of theorem 4.94 We follow the procedure set out in detail for degree 2 in

Chapter 3.7, using appropriately modified renormalisation operator, T , equation (4.77)

and modified Fréchet derivatives.

The eigenproblem is again

γ2K = LK, (4.96)

but LK is adjusted for negatives in the Fréchet derivative and becomes

LK = α2
[(
G′(Q(G(−α−dX)))d ·G(−α−dX)

)2
K(−α−dX) +K(Q(G(−α−dX)))

]
,

(4.97)

leading to the operator

F (K) = LK − φ(K)2K. (4.98)

The Fréchet derivative acting on a perturbation δK yields

DF (K)δK = LδK − 2φ(K)φ(δK)K − φ(K)2δK. (4.99)

We obtain

||Φ(B(K0, 0))−B(K0, 0)|| ≤ ε = 9.8× 10−12. (4.100)

We set ρ = 10−11 and achieve

||DΦ(B(K0, ρ)|| ≤ κ = 8× 10−6. (4.101)
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We confirm that

ε < ρ(1− κ), (4.102)

9.8× 10−12 < 10−11(0.999992). (4.103)

Result The proof is successful, giving rigorous bounds on γ3:

7.30577497688237 ≤ γ3 ≤ 7.30577497690238, (4.104)

confirming the first 10 digits. �

We are not aware of any published figures for γ3.

The eigenfunction associated with γ3 is pictured in figure 4.16, evaluated at absolute

value of x.

4.2.5 Domain of analyticity of g (degree 3)

We are again able to plot a representation of part of the domain of analyticity, figure

4.17.
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Figure 4.15: Approximations to the fixed point function g∗ for maps with cubic critical
point, over different intervals for x, plotted using recursive evaluations and the absolute
value of x.
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Figure 4.16: The eigenfunction K∗(|x|3) corresponding to γ3.
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Figure 4.17: Part of the domain of analyticity of g+ for d = 3, calculated with maximum
recursion depth 10. The disconnected appearance of this form is a feature of the method
used to calculate the domain. The ‘arms’ extend outwards and bulbs are filled in as
more recursions are used, but the basic shape remains.
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4.2.6 Other higher, odd degrees

It becomes more difficult to find a domain of a single disc that satisfies the domain ex-

tension requirements as the degree at the critical point is increased. For higher degrees

it may be necessary to employ a union of two discs for a successful rigorous proof.

It is also likely that more coefficients are required, and therefore greater processing

time. We offer here rigorous, proven universal constants for degree 5 and non-rigorous

explorations into degree 7.

The case d = 5 The following theorems and corollaries relate to maps with degree

5 critical point exemplified by

xn+1 = 1− µ|xn|5. (4.105)

Theorem 4.106 There exists a locally unique, non-trivial, real, analytic, fixed point

function, G∗ ∈ B1 for a suitable ball B1, of the renormalisation operator

T : G(X) 7→ αG
(
Q
(
G
(
−α−5X

)))
, (4.107)

with α = G(1)−1 and Q(x) = x5 = X, of maps with a quintic critical point.

Corollary 4.108 As a corollary of theorem 4.106, there exists a unique, real, analytic

fixed point function, g∗+ = G∗ ◦Q, defined for positive x values, of the renormalisation

operator

R+ : g(x) 7→ αg(g(−αx)), (4.109)

with corresponding universal function g∗(x) = g∗+(|x|), of maps with a quintic critical

point.

Theorem 4.110 The spectrum of DT (G∗) includes an expanding, universal scaling

eigenvalue, δ5 ≈ 8.34.

Corollary 4.111 As a corollary to theorem 4.110 the spectrum of DR(g∗) includes an

expanding, universal scaling eigenvalue, δ5 ≈ 8.34.

Theorem 4.112 The spectrum of L(G) includes an expanding, universal scaling con-

stant, γ5 ≈ 9.17.

Corollary 4.113 As a corollary to theorem 4.112 the spectrum of N(g) includes an

expanding, universal scaling constant, γ5 ≈ 9.17.

Proof of Degree 5 theorems For maps with degree 5 critical point we use the same

method as for degree 3. The proofs are successful and we provide the results: A fixed

point G∗ of the renormalisation operator T exists in B1. By corollary a fixed point g∗

of the renormalisation operator R also exists;
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µ∞ ≈ 1.64553396, (4.114)

α5 = −1.5557712501965..., (4.115)

δ5 = 8.34438474..., (4.116)

γ5 = 9.16863442..., (4.117)

using the domain Ω = D(0.5625, 0.703125). The digits given above for the universal

constants are rigorously proven correct.

We note that our rigorous bounds for α5 contain the precise figure given in [31],

however, we agree only the first three digits of δ5 in the same publication. Our proven

bounds on δ5 are consistent with [56]. To our knowledge, the calculation of γ5 is

original.

We show the bifurcation diagram, the approximate fixed point function g5(x) (eval-

uated recursively) and the approximate domain of analyticity in figure 4.18.

The case d = 7 For maps with degree 7 critical point, exemplified by the family:

xn+1 = 1− µ|xn|7, (4.118)

for which µ∞ ≈ 1.71270375, we calculated approximate figures:

α7 ≈ − 1.4051107883168317, (4.119)

δ7 ≈ 10.159779867906423, (4.120)

γ7 ≈ 10.845487592295731. (4.121)

We note that our approximation for α7 is entirely consistent with [31], however, we

agree only the first two digits of δ7 in the same publication. Our approximation for δ7

is consistent with [56]. To our knowledge, the calculation of γ7 is original.

We show the bifurcation diagram, the approximate fixed point function g7(x) (eval-

uated recursively) and the approximate domain of analyticity in figure 4.19. We believe

a rigorous proof could follow, subject to finding a suitable domain, which may need to

be a union of discs.
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(a) Bifurcation diagram for prototype family for d = 5.
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(c) Part of the domain of analyticity for g+ for d = 5.

Figure 4.18: Bifurcation diagram, fixed point function, and domain of analyticity (ap-
proximate) for d = 5, calculated with maximum recursion depth 10.
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Figure 4.19: Bifurcation diagram, fixed point function and domain of analyticity (ap-
proximate) for d = 7, calculated with maximum recursion depth 10



Chapter 5

Rigorous bounds on the Hausdorff

dimension of the Feigenbaum

attractor

5.1 Introduction to Hausdorff dimension

The Hausdorff dimension of a geometric set is a quantitative way of describing its com-

plexity. The kind of object we will consider is often referred to as a fractal. An excellent

overview of Hausdorff and other so-called fractal dimensions is given in Falconer’s book

Fractal Geometry [28].

We wish to calculate rigorous bounds on the Hausdorff dimension of the Feigenbaum

attractor at the accumulation of the period-doubling cascade (µ ≈ 1.4 in figure 1.5).

The Feigenbaum attractor can be expressed as the limit set of an Iterated Function

System.

Definition 5.1 Iterated Function System - An IFS is a finite set of contraction maps,

Si, for i = 1, 2, ...,m, each with an associated contractivity factor 0 < ci < 1, which

map a compact metric space to itself.

The IFS has an attractor F satisfying

m⋃
i=1

Si(F) = F . (5.2)

Let Ω be a closed subset of R. Note, this definition can be extended to any metric space,

however, for our purposes subsets of R suffice.

A mapping S : Ω→ Ω is a contraction on Ω if there is a real constant, c, with 0 < c < 1

such that

|S(x)− S(y)| ≤ c|x− y| ∀x, y ∈ Ω. (5.3)

Likewise, a mapping S : Ω → Ω is said to be coercive on Ω if there is a real constant,

104
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d, with 0 < d < 1 such that

|S(x)− S(y)| ≥ d|x− y| ∀x, y ∈ Ω. (5.4)

In the special case where equality holds:

|S(x)− S(y)| = c|x− y| ∀x, y ∈ Ω, (5.5)

then S is a similarity. In the case where all of the maps, Si, are similarities with

corresponding contractivities, ci, the Hausdorff dimension, s, satisfies

m∑
i=1

csi = 1. (5.6)

A simple, non-trivial fractal is the classic “middle third” Cantor Set which is the

limit set of an IFS defined by:

f1(x) =
x

3
and f2(x) =

x+ 2

3
. (5.7)

These are similarities and the derivative (contractivity factor) on a closed interval for

both is

f ′1(x) = f ′2(x) =
1

3
. (5.8)

From equation (5.6) for the middle third Cantor set we therefore solve the following

partition function equation for the Hausdorff dimension, s:

2

(
1

3

)s
= 1, (5.9)

s =
log (2)

log (3)
= 0.6309.... (5.10)

Since the maps are similarities, the dimension calculation is exact.

In the case where the Si are not similarities, we can give upper and lower bounds

on the Hausdorff dimension, dimH F , as described by Falconer’s propositions 9.6 and

9.7 [28].

If ∀i = 1, ..., n we have

|Si(x)− Si(y)| ≤ ci|x− y|, (5.11)

with x, y in a closed subset of R, then the upper bound, dimH F ≤ s, where s satisfies

the partition function equation:
m∑
i=1

csi = 1. (5.12)
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Further, if ∀i = 1, ..., n we have

|Si(x)− Si(y)| ≥ di|x− y|, (5.13)

with x, y in a closed subset of R, then the lower bound, dimH F ≥ r, where r satisfies

the partition function equation:
m∑
i=1

dri = 1. (5.14)

We gain bounds on the ci and di (for the case where the maps Si are at least once

continuously differentiable) using the mean value theorem: if Ω is convex (an interval)

then

∀x, y ∈ Ω ∃z ∈ Ω :
|Si(x)− Si(y)|
|x− y| = |S ′i(z)|, (5.15)

taking the infimum and supremum

inf
w∈Ω
|S ′i(w)| ≤ |Si(x)− Si(y)|

|x− y| ≤ sup
w∈Ω
|S ′i(w)|. (5.16)

We can improve the bounds by considering the images of the initial interval, I, under

successive applications of the maps of the IFS. This results in an iterative scheme in

which, at ‘generation n’ one considers n-fold compositions of the IFS maps, as follows.

For the case, m = 2, maps S1 and S2 act on an initial interval, I. At generation n, there

are 2n subintervals. Each subinterval corresponds to a symbol sequence σ ∈ {1, 2}n
where

σ = σnσn−1...σ2σ1, (5.17)

such that the interval Iσ is given by

Iσ = fσ(I) = (fσn ◦ fσn−1 ◦ ... ◦ fσ2 ◦ fσ1)(I), (5.18)

and bounds on the derivative

dσ ≤ f ′σ(z) ≤ cσ ∀z ∈ I. (5.19)

At generation n+ 1,

Iσn+1σ = (fσn+1 ◦ fσ)(I) = fσn+1(Iσ), (5.20)

f ′σn+1σ
= (fσn+1 ◦ fσ)′ = (f ′σn+1

◦ fσ) · f ′σ, (5.21)

by the chain rule.

We shall now explore the more relevant and interesting result from [28] that occurs
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with a nonlinear Cantor set whose IFS is defined by:

f1(x) = 1 + 1/x and f2(x) = 2 + 1/x, (5.22)

on an initial interval, I =
[

1+
√

3
2
, 1 +

√
3
]
. This problem arises from the study of

continued fractions, in particular, the Hausdorff dimension of the set of real numbers

whose continued fraction entries consist entirely of number 1 or 2, see [1, 11, 16]. The

derivative of both functions is

f ′k(x) =
−1

x2
. (5.23)
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f2(f1(x))
f1(f2(x))
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(a) nonlinear Cantor set IFS (b) nonlinear Cantor set first iteration

Figure 5.1: The IFS of the nonlinear Cantor set and the function derivatives are clearly
monotonic.

Since the derivative varies with x, the contraction maps are not similarities and

we will obtain upper bounds for the contractivities and lower bounds for coercivities

for the Hausdorff dimension instead of an exact figure. These contractivities (respec-

tively, coercivities) are then used to form the left-hand side of the partition function

equation which is solved to give upper (respectively, lower) bounds on dimension. As

we progress through the iterations shown below we see the upper and lower bounds

converge towards the known dimension of the attractor, D ≈ 0.531 as seen in figure

5.2. Since both the functions and their derivatives are monotonic over the domain

(figure 5.1), the maxima and minima occur at the end points, and we can calculate the

bounds considering only these points. The first iteration may be performed by hand

as follows:

• Let the initial interval be I = [a, b].

• At generation, n = 1, the 21 = 2 maps Sσ are given by S1 and S2.
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• Since the maps and their derivatives are monotonic we can bound the derivatives

|f ′(z)|∀z ∈ I by evaluating them at the end points:

u1 = |f ′1(a)|, v1 = |f ′1(b)|, (5.24)

u2 = |f ′2(a)|, v2 = |f ′2(b)|. (5.25)

• Taking the lower value, di, from each (u, v) pair i.e. the v for monotonically

decreasing derivatives, to form the lower bound partition function equation (5.14)

vr1 + vr2 = 1, (5.26)

we have

2

(
2−
√

3

2

)r

= 1. (5.27)

Hence,

r =
log(1/2)

log(2−
√

3
2

)
≈ 0.345. (5.28)

For the nonlinear Cantor set shown, f ′1 = f ′2 so u1 = u2 and v1 = v2, however

this is not the case for the Feigenbaum attractor.

• Taking the higher value, ci = ui, from each (u, v) pair to form the upper bound

partition function equation (5.12)

us1 + us2 = 1, (5.29)

we have

2
(

4− 2
√

3
)s

= 1. (5.30)

Hence,

s =
log(1/2)

log(4− 2
√

3)
≈ 1.111. (5.31)

This upper bound above one is true but vacuous since the attractor is a subset of

the reals, so we perform further iterations to refine the bounds. Further iterations

have to be performed numerically as they become more complex.

• At generation n = 2, the 2n = 4 maps Sσ are given by S11, S12, S21 and S22.

• we calculate:

a1 = f1(a), b1 = f1(b), (5.32)

a2 = f2(a), b2 = f2(b), (5.33)

as the new end points of two subintervals I1 and I2.
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• We require the derivatives f ′ij evaluated at the original end points for i, j ∈ {1, 2}.
From equation (5.21)

f ′ij = (fi ◦ fj)′ = (fi ◦ fj) · f ′j, (5.34)

where fj and f ′j have already been calculated in generation 1.

Then

uij = |f ′ij(a)| = |((f ′i ◦ fj) · f ′j)(a)| = |f ′i(fj(a))| · |f ′j(a)| = |f ′i(aj)|uj, (5.35)

and likewise

vij = |f ′ij(b)| = |((f ′i ◦ fj) · f ′j)(b)| = |f ′i(fj(b))| · |f ′j(b)| = |f ′i(bj)|vj. (5.36)

• Again we take the lower absolute value from each (u, v) pair to form the partition

function equation for the lower bound, r, at this generation:

2
(

7− 4
√

3
)r

+ 2

(
7− 4

√
3

3

)r

= 1, (5.37)

which we solve numerically to give

r ≈ 0.445. (5.38)

• We take the higher absolute value from each (u, v) pair to form the partition

function equation for the upper bound, s, at this generation:

2

(
4− 2

√
3

3

)s

+ 2
(

7− 4
√

3
)s

= 1, (5.39)

which we solve numerically to give

s ≈ 0.657. (5.40)

Since the absolute values of the derivative are largest at the left-most point, this is

the correct location at which to evaluate the whole chain-rule expression in order to

get an upper bound contractivity for a composition of the maps, and the right-most

point is the correct location to use in order to get a lower bound on contractivity for

a composition of the maps.

Table 5.2 shows the convergence of the bounds over 20 iterations of this (non-

rigorous) dimension calculation for the nonlinear Cantor set and figure 5.2 shows the
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n σ endpoints (unordered) of interval Iσ dσ cσ

0 1+
√

3
2
, 1 +

√
3 1 1

1 1
√

3, 1+
√

3
2

2−
√

3
2

4− 2
√

3

2 1 +
√

3, 3+
√

3
2

2−
√

3
2

4− 2
√

3

2 11 3+
√

3
3
,
√

3 7− 4
√

3 4−2
√

3
3

12 1+
√

3
2
, 6−

√
3

3
7−4
√

3
3

7− 4
√

3

21 6+
√

3
3
, 1 +

√
3 7− 4

√
3 4−2

√
3

3

22 3+
√

3
2
, 9−

√
3

3
7−4
√

3
3

7− 4
√

3

Table 5.1: Table showing the iterative calculation of bounds on the Hausdorff dimen-
sion for the nonlinear Cantor set. Shown are: the generation number, n, the symbol
sequences σ (corresponding to particular n-fold compositions of the IFS maps), the
endpoints of the image of the intitial interval I under the maps, and the corresponding
coercivity and contractivity of the maps bounded over I.

same graphically, ending with

0.5200581330479412 < D < 0.5427312399226687. (5.41)
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Figure 5.2: Iterations of the Hausdorff dimension estimate converge towards the true dimen-
sion of the nonlinear Cantor Set (approximately 0.531).

In principle we could make this calculation rigorous by using interval arithmetic as

we do for the Feigenbaum attractor in section 5.3.



CHAPTER 5. HAUSDORFF DIMENSION OF FEIGENBAUM ATTRACTOR 111

Iteration Lower bound Upper bound

1 0.3448313166927959 1.1111498446181203
2 0.4447848640747416 0.6567118760654744
3 0.4632235748709409 0.6208767883362147
4 0.4801574491629579 0.5932066714901811
5 0.4890963287514964 0.5803379014511234
6 0.4957489329382127 0.5713960279299799
7 0.5004833325766809 0.5653462145354560
8 0.5041346146726444 0.5608441228380194
9 0.5070030550423810 0.5574036750026310
10 0.5093256952746470 0.5546774774879353
11 0.5112419561249026 0.5524673661491801
12 0.5128507509819866 0.5506385016373545
13 0.5142203425568348 0.5491003521708895
14 0.5154004632271196 0.5477886222235118
15 0.5164278670288349 0.5466567697568312
16 0.5173304040983973 0.5456701622862734
17 0.5181295330077285 0.5448025300399151
18 0.5188420639079732 0.5440335755270149
19 0.5194813498876962 0.5433473706044789
20 0.5200581330479412 0.5427312399226687

Table 5.2: Convergence of Hausdorff dimension bounds of the nonlinear Cantor set,
towards 0.531

Jenkinson and Pollicott [54] have published a non-rigorous dimension figure of 150

digits, the first 20 being

D ≈ 0.53128050627720514162. (5.42)

Their method cannot be applied to the Feigenbaum attractor.
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5.2 The Feigenbaum attractor (non-rigorous explo-

ration)

Finding the Hausdorff dimension of the “Feigenbaum attractor” associated with the

accumulation of the first period-doubling cascade is much more complicated than the

example in the previous section. It can be shown [25] that the Feigenbaum attractor

can be represented as the limit set of an IFS defined by the two maps:

Ψ0 : x 7→ α−1x, (5.43)

Ψ1 : x 7→ g−1(α−1x), (5.44)

on the interval [α−1, 1], with α = g(1)−1, where g−1 is the functional inverse of the

Feigenbaum fixed point function, g, restricted to the interval [g(g(1)), 1] on which it

is injective. The initial interval is determined from the points along the orbit of the

critical point x0 = 0 under g: {0, 1, α−1, g(α−1), α−2, ...}. The end points of subintervals

in successive IFS generations make up the orbit of the critical point. The IFS maps are

shown in figure 5.3c. Figure B.1 shows the subintervals of the first seven generations

of the Feigenbaum attractor.

Estimates for the Hausdorff dimension of the attractor in the case of maps with

critical point of degree 2 have been provided by Grassberger [9, 17], Bensimon, Jensen

and Kadanoff [21], Kovacs [27] and Christiansen [29], amongst others. Before intro-

ducing the complexities of rigorous computations (function balls, interval arithmetic,

directed rounding) we will calculate an approximation to the Hausdorff dimension, fol-

lowing the procedure detailed for the nonlinear Cantor set in the previous section. It

is interesting to observe how close the non-rigorous bounds are to the rigorous bounds

we will produce in the next section. For the non-rigorous calculation purposes we can

use an algorithm based on a design by Cook [55], using a finite number of coefficients

of a g approximation to obtain an approximate inverse of g with the same number of

coefficients. For details regarding the approximation to g∗, please refer to section 2.4.

Unlike the nonlinear Cantor set, the derivatives of the two IFS mappings of the

Feigenbaum attractor are not the same, so uij 6= vij:

Ψ′0 : x 7→ α−1, (5.45)

Ψ′1 : x 7→ α−1(g−1)′(α−1x). (5.46)

Since Ψ1 is calculated from a list of coefficients it is a simple operation to calculate its

derivative Ψ′1 for the non-rigorous calculation. These derivatives will be used to bound

the contractivities and coercivities of the dimension.

Following the established procedure:

• Let I be the initial domain [α−1, 1]. We restrict our study to a domain where
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the Feigenbaum fixed point function is invertible, as shown by figure 5.3a. These

mappings are then used in the same way as for the nonlinear Cantor set to bound

the Hausdorff dimension of the Feigenbaum attractor.

• In Appendix B, figure B.1 shows the paths taken by the initial domain through

iterations under Ψ0 and Ψ1. These diagrams illustrate that after a few iterations a

Cantor-like pattern emerges. Both maps are clearly contractions. Going from one

generation to the next doubles the amount of data and the number of calculations.

Note that Ψn
0 (I)→ 0 and the map Ψ0 flips with every iteration on division by α,

and Ψn
1 (I)→ 1 as n→∞.

• Ideally, we would like both derivative maps to be monotonic over the initial

interval, then we may bound the derivative by looking only at the limits. We

note that ψ0 is monotonically decreasing, ψ1 is monotonically increasing, ψ′0 is a

constant, and ψ′1 is monotonically decreasing and therefore we can again calculate

the contractivities and coercivities by evaluating the composition of derivatives

only at the limits of the initial interval.

• All partition function equations are solved numerically to give new upper and

lower bounds on the Hausdorff dimension of the attractor at each iteration.

After 25 iterations we have non-rigorous bounds:

0.5372474813726915 < D < 0.5389456137509112. (5.47)

The convergence of these non-rigorous results is shown in table 5.3 and graphically

in figure 5.4.
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Iteration Lower bound Upper bound

1 0.5244991981841458 0.5543508869415490
2 0.5288254076409162 0.5489139275891428
3 0.5315826787402431 0.5455348233004931
4 0.5331256279071028 0.5437093363157215
5 0.5340921345491803 0.5425787372300168
6 0.5347447123831253 0.5418208993288889
7 0.5352131847051702 0.5412790438838264
8 0.5355653068419906 0.5408729154003238
9 0.5358395262981925 0.5405572926385309
10 0.5360590920640693 0.5403049842796124
11 0.5362388564052549 0.5400986814377342
12 0.5363887407804655 0.5399268541504267
13 0.5365156230507058 0.5397815272742008
14 0.5366244208275632 0.5396570091909834
15 0.5367187432484883 0.5395491292233814
16 0.5368012989949624 0.5394547614448326
17 0.5368741606192671 0.5393715168303659
18 0.5369389409287015 0.5392975381987424
19 0.5369969137659498 0.5392313600170864
20 0.5370490986140171 0.5391718103313068
21 0.5370963210654369 0.5391179407592295
22 0.5371392568239737 0.5390689756044307
23 0.5371784642436570 0.5390242742632616
24 0.5372144087439117 0.5389833030427416
25 0.5372474813726915 0.5389456137509112

Table 5.3: Non-rigorous conversion of the lower and upper bounds of the Hausdorff
dimension of the Feigenbaum attractor, using approximate functions.
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Figure 5.3: (a) shows Feigenbaum’s familiar renormalisation fixed point function. The
function over g(g(1))(≈ 0.76) < x < 1 is highlighted in red. (b) shows αx and αg(x) where
the thick red line is again plotted over g(g(1)) < x < 1. α ≈ −2.5. (c) shows the IFS
mappings of Feigenbaum’s attractor (d) shows the derivatives of the IFS mappings used in
calculating the Hausdorff dimension of the fixed point function.
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Figure 5.4: Numerical convergence towards the Hausdorff Dimension of Feigenbaum’s renor-
malisation fixed point function.
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5.3 The Feigenbaum attractor; rigorous proof

For convenience, we restate the IFS maps and their derivatives:

Ψ0 : x 7→ α−1x, (5.48)

Ψ1 : x 7→ g−1(α−1x), (5.49)

Ψ′0 : x 7→ α−1, (5.50)

Ψ′1 : x 7→ α−1(g−1)′(α−1x), (5.51)

defined on the interval [α−1, 1], with α = g(1)−1.

For the rigorous proof of the bounds on the dimension we have additional challenges

to overcome:

• We need to work with function balls in our rigorous framework, with interval

arithmetic and directed rounding.

• We work in the reduced representation, with a function ball proven (in Chapter

3) to contain the renormalisation fixed point function, G∗.

• We can no longer use an approximate inverse function and need to ensure that

we bound the action of the inverse of the actual fixed point function, G∗. We

implement a rigorous inverse using the bisection method, interval arithmetic, and

the Intermediate Value Theorem.

• Note that if a function ball, F = AΩ(u), is bounded by bounds u, it is not

guaranteed that its derivative, F ′ := {f ′ ‖ f ∈ F}, is bounded by any function

ball (see schematic figure 5.5a and comment 3.113).

To overcome this, we use the right hand side of the fixed point equation (see

Appendix C.2). The operation of derivative and composition may be bounded

by a function ball.

• We need to show that our function ball used in Ψ′1 includes the derivative of the

inverse of the actual fixed point function, g∗.

We will solve this problem by first noting that the derivative of an inverse is the

reciprocal of the derivative:

(g−1)′(y) =
1

g′(g−1(y))
=

1

g′(x)
, (5.52)

for x with y = g(x). Thus we can deal with g′(x) instead of (g−1)′(y), provided

that we have a means to solve y = g(x) for x in a rigorous manner. See schematic

figure 5.5b.
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Figure 5.5: Schematic diagrams to illustrate the ideas behind the calculation for Ψ′1.

Figure 5.6 shows rigorous bounds on functions g, g′ and g′′. In general, we cannot

bound the derivative of a function ball, however, we can bound the derivative with

composition as we first saw in Chapter 3. The boxes show the boundary of the function

ball of the respective function evaluated over small ranges of x. Along the x axis they

overlap slightly to allow for machine rounding to representable figures. The lower and

upper edges of each box may show a larger overlap, particularly where the gradient is

steep or |x| is larger.

We need to show that ψ1(x) is monotonic on the initial interval [α−1, 1]. Since

ψ1(x) = g−1(α−1x), we may consider g−1(x) on [α−1, α−2]. From the orbit, this is

equivalent to g([g(α−1), 1]) or g([g(g(1)), 1]). It can be seen that the derivative, g′, is

monotonic (g′′ strictly negative), and bounded away from 0 therefore g is monotonically

decreasing over the domain of interest, [g(g(1)), 1], as required, and so we can bound

the derivatives by the rigorous calculations at the extremes of the initial interval in

each iteration.

Figure 5.7 shows how we rigorously bound the inverse of a function using the bisec-

tion method. Suppose f(x) = y and we wish to find x. We start with values L and R

which may themselves be trivial intervals and bracket the interval on the x axis where x

must be. We evaluate f at L and R and the midpoint M , observing directed rounding,

producing intervals with ‘hi’ and ‘lo’ bounds. Then if yhi < f(M)lo, we replace L with

a trivial interval of [Mhi,Mhi]. If ylo > f(M)hi then we replace R with [Mlo,Mlo]. We

continue with this scheme as far as possible. If the midpoint doesn’t give closer bounds

we may place M at a different position between L and R. We end with an interval

x = [Llo, Rhi] that definitely contains f−1(y) by the Intermediate Value Theorem.

Theorem 5.53 The Feigenbaum attractor of unimodal maps of degree 2 has Hausdorff

dimension between 0.537052 and 0.539175 at the accumulation of period-doublings.

As for the non-rigorous version, we need four functions:

• Let Ψ0 : x 7→ α−1x. Multiplication by constant α−1 is well-defined.
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• Let Ψ1 be the inverse of the Feigenbaum fixed point function, centred on 1,

evaluated at α−1x where α−1 = G(1) ≈ −0.3995.

Ψ1 : x 7→ g−1(α−1x), (5.54)

where g−1 represents functional inverse, rather than reciprocal.

• Let Ψ′0 be the derivative of Ψ0. Ψ′0 : x 7→ α−1. This is well-defined.

• Let Ψ′1 be the derivative of Ψ1. We would like

Ψ′1 : x 7→ α−1
(
g−1
)′ (

α−1x
)
. (5.55)

However, we cannot simply differentiate Ψ1 as we cannot be certain that the

derivatives of every function in the function ball can be bounded within another

ball, see schematic diagram 5.5 (a). Instead, we will calculate the derivative of

the inverse as the reciprocal of the derivative of the function evaluated at the

inverse. In schematic 5.5 (b), f and h are functional inverses:

f ′(x1) =
1

(f−1)′(y1)
=

1

h′(x2)
=

1

h′ (f (x1))
. (5.56)

Then, with y = ψ1(x) = g−1(α−1x) and ψ−1
1 (y) = αg′(y):

Ψ′1(x) =
1

(ψ−1
1 )′(y)

=
1

(ψ−1
1 )′(ψ1(x))

=
1

αg′ (g−1 (α−1x))
. (5.57)

This Hausdorff dimension has previously been approximated to high precision, no-

tably by Christiansen et al. in 1990, using a method of cycle expansions of the Fredholm

determinants [29] obtaining the result

D = 0.538045143580549911671415567... (5.58)

but we believe ours is the first rigorous proof of bounds.

The rigorous bounds on the derivative are calculated using the same principals

as the non-rigorous method, but using the function balls and the new methods for

calculating Ψ1 and Ψ′1. The new bounds differ only very slightly from the estimates,

however, they are computationally much more expensive to obtain. After 20 iterations,

we have rigorous bounds and can say with certainty that the Hausdorff dimension of

the Feigenbaum attractor lies within bounds

0.5370523555103920147606639205 < D2 < 0.5391744736510156113653618025 (5.59)

(see table 5.4 and figure 5.9) as required [58]. �
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Iteration Lower bound Upper bound
1 0.5245083042812828166321087675 0.5543509807648872062474787675
2 0.5288319384055594482569905386 0.5489149939211780224748564707
3 0.5315881200333491259029660006 0.5455363988290714826865159442
4 0.5331304511066711932472301634 0.5437112190114063592882523028
5 0.5340965732845633301428768807 0.5425808132987183053378982080
6 0.5347488912470243654586524136 0.5418231058894521769266140585
7 0.5352171765919039586024450150 0.5412813440135654509807342622
8 0.5355691581307208842049410142 0.5408752855717042386861518249
9 0.5358432679239292055967251427 0.5405597172765320526053213531
10 0.5360627458502895286242530133 0.5403074524105856248997788296
11 0.5362424382101393542928298608 0.5401011851368587237869834219
12 0.5363922625471725651375849452 0.5399293874548543528408347565
13 0.5365190939657333894914329924 0.5397840856176181969865648149
14 0.5366278481251110447985549794 0.5396595889802689385720237815
15 0.5367221327183442407282702995 0.5395517275911893720279251436
16 0.5368046553477952946543821893 0.5394573760606097104195978737
17 0.5368774877362699142420978562 0.5393741457773586980859197853
18 0.5369422420472472139059320592 0.5393001798799601556658403861
19 0.5370001916134512546950661620 0.5392340130885494400940703157
20 0.5370523555103920147606639205 0.5391744736510156113653618025

Table 5.4: Table showing the convergence of rigorous bounds on the Hausdorff dimen-
sion of Feigenbaum’s attractor (degree 2)
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(a) Rigorous covering of the graph of the function g.
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(b) Rigorous covering of the graph of the first derivative of the function g.
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(c) Rigorous covering of the graph of the second derivative of the function g.

Figure 5.6: Rigorous bounds on the graphs of functions, computed by evaluating the
corresponding function balls on a covering of the interval. Note that (b) shows that
the derivative of g(x) is strictly negative on the domain [g(g(1)), 1], and (c) shows
clearly that the second derivative of g(x) is strictly negative on the domain [g(g(1)), 1],
showing that g′(x) is monotonically decreasing and bounded away from 0, therefore
g(x) is monotonically decreasing on this domain.
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Figure 5.7: Schematic to show how we rigorously bound the inverse of a function
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Figure 5.8: These two graphs show the rigorous bounds on Ψ0, Ψ1 and their derivatives,
all required to calculate the Hausdorff dimension of the Feigenbaum attractor.
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Figure 5.9: Graph illustrating the convergence of the bounds on the dimension of
the Feigenbaum fixed point function (degree 2) achieved by rigorous and non-rigorous
methods.
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5.4 Higher even degrees (degree 4)

We now extend the procedure to higher, even degrees. Unless otherwise stated, this

section refers to degree 4.

Theorem 5.60 The fractal attractor (at the accumulation of period doubling) relevant

to unimodal maps of degree 4 has Hausdorff dimension between 0.639513 and 0.647316.

Proof Following the procedure set out for the degree 2 dimension, we are able to

calculate rigorous bounds on the degree 4 dimension, taking care with the more complex

derivatives (see Appendix C.1). The principle of this procedure is expected to be valid

for any even degree, given sufficient coefficients and processing power, however, it would

have to be adapted as Ψ′1 is not monotonic over the domain needed, for degrees higher

than 4.

Figure 5.10 illustrates the results. 5.10b shows that g′ is strictly negative on the

domain [g(g(1)), 1] and that g is therefore monotonically decreasing on this domain.

5.10c does not show that g′′ is strictly negative, however we can show this numerically

by reducing the interval of the rigorous checks, thus proving that g′ is monotonically

decreasing. A rigorous calculation gives g′′(1) < −0.27. The significance of this is that

we need only check the derivatives at the limits of the domain. Crucially, Ψ0, Ψ1, Ψ′0
and Ψ′1 are all contractions.

Figure 5.10e shows the convergence of the rigorous Hausdorff dimension bounds

with each step. The bounds produced support the previously published and accepted

non-rigorous value for the degree 4 dimension [43]:

D4 ≈ 0.642575065.

Using a function ball around an approximation to G∗ with just 40 coefficients, with

radius, ρ = 10−9 (that we separately proved to contain the fixed point in Chapter 4)

we obtain rigorous bounds on the Hausdorff dimension of the quartic attractor:

0.6395131468772885957851829075 < D4 < 0.6473156929016111051417422795, (5.61)

after 20 iterations of the IFS, as required [58]. �
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Iteration Lower bound Upper bound
1 0.6139833108606073350006114575 0.6985538929844217611974722155
2 0.6182223181444598486859904125 0.6853528356574192652121294735
3 0.624257130750824807123204063 0.6731381623171548399921419285
4 0.6279881454176793998591970715 0.6662556729394117896571589675
5 0.6306346462833037235709596925 0.6616590730377601020397842385
6 0.6325116430736410942410517585 0.6585200508600046893919377965
7 0.6339044050469826438874404895 0.6562360061429784327350353105
8 0.6349670194322630575741378845 0.6545174503757892989935271245
9 0.6358016737652519175785829015 0.6531782327475458936635261555
10 0.6364727537416110521768124545 0.6521079235738118639356530225
11 0.6370234955819877860522883505 0.6512331422240420486175450225
12 0.6374832970983208997526817705 0.6505052202133558825235761315
13 0.6378728649259863376924073955 0.6498900852663718630630376125
14 0.6382070982350418026747993555 0.6493634780492706138430977865
15 0.6384969875471604434335754925 0.6489075793896497124972503415
16 0.6387508630752561251220223125 0.6485091686248777066416716915
17 0.6389750957489011446415164205 0.6481577455997464810741583160
18 0.6391741693019864717795170520 0.6478456974029538785514556285
19 0.6393525362014768282154782755 0.6475667476654050504410801815
20 0.6395131468772885957851829075 0.6473156929016111051417422795

Table 5.5: Table showing the convergence of rigorous bounds on the Hausdorff dimen-
sion of Feigenbaum’s attractor (degree 4)
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Figure 5.10: Hausdorff dimension - degree 4. Rigorous bounds on the graphs of func-
tions, computed by evaluating the corresponding function balls on a covering of the
interval. Note that (b) shows that the derivative of g(x) is strictly negative on the
domain [g(g(1)), 1], and (c) shows that the second derivative of g(x) is strictly negative
on the most of the domain; the inset shows the smaller rigorous intervals needed for
the rightmost subinterval, to prove that g′(x) is monotonically decreasing, proving that
g(x) is monotonically decreasing on this domain.
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5.5 Odd degrees (degree 3)

In this section we calculate rigorous bounds for the Hausdorff dimension of the Feigen-

baum attractor for the degree 3 fixed point function, g3. We work with the function

ball proven to contain the fixed point of the renormalisation operator in Chapter 4.2.

We are interested in unimodal maps of odd degree, so we have to make an adjust-

ment and consider separately the positive and negative values of x, particularly in the

derivatives, as we established for the fixed point proof.

Theorem 5.62 The fractal attractor of unimodal maps of degree 3 has Hausdorff di-

mension between 0.604088 and 0.609099 at the accumulation of period-doublings.

Proof Following the procedure set out for the degree 2 dimension, we are able to

calculate rigorous bounds on the degree 3 dimension, taking care with the more complex

derivatives (see Appendix C.1) and since our fixed point contains only the coefficients

of the reduced (cubic) operator we need to convert to the R operator equivalent.

This principle of this procedure for finding the Hausdorff dimension is expected to

be valid for any odd degree, given sufficient coefficients and processing power, adjusted

due to Ψ′1 not being monotonic in higher degrees.

Figure 5.11 illustrates the results. 5.11b shows that g′ is strictly negative on the do-

main [g(g(1)), 1] and that g is therefore monotonically decreasing on this domain. 5.11c

shows that g′′ is strictly negative on the same domain, thus proving that g′ is mono-

tonically decreasing. The significance of this is that we need only check the derivatives

at the limits of the domain. Crucially, Ψ0, Ψ1, Ψ′0 and Ψ′1 are all contractions.

Figure 5.11e shows the convergence of the rigorous Hausdorff dimension bounds

with each step. The bounds produced support the previously published numerical

value for the degree 3 dimension [24]:

D3 ≈ 0.606.

Using a function ball proven to contain the fixed point, G∗, with just 40 coefficients,

(degree 120), with radius, ρ = 10−9 we obtain rigorous bounds on the Hausdorff di-

mension of the cubic attractor:

0.6040883004665372548689708590 < D3 < 0.6090988814830777819500301340, (5.63)

after 20 iterations of the IFS, as required [58]. �
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Iteration Lower bound Upper bound
1 0.5824040898034057469832079590 0.6431738761729472557139547665
2 0.5878696039706335718230269495 0.6329587795891872923720345715
3 0.5928297887637421067802214715 0.6250323725407275878915898455
4 0.5958073481304385872046882925 0.6206241901447783431311142605
5 0.5977856055551574970746226030 0.6177853887411314920952413280
6 0.5991540586898941993841251265 0.6158638450394040571464625265
7 0.6001493325084737333406227085 0.6144803288996640419140588885
8 0.6009016536901131481610680555 0.6134420706025211619862030280
9 0.6014891844265310109280589975 0.6126348635518296790095000335
10 0.6019602632857816285575590645 0.6119898765857717757551406920
11 0.6023462532920758963662572975 0.6114627691663497631142559285
12 0.6026682466582605105097507085 0.6110239930134181661406505465
13 0.6029409247371849037144951735 0.6106530731932193321996072955
14 0.6031748052117776662128440315 0.6103354054307251540532376100
15 0.6033776166227350148722922425 0.6100602914110684348456765355
16 0.6035551846027372060687956300 0.6098197519779203112091119125
17 0.6037119060754773794004229125 0.6096075892448423082905475115
18 0.6038514614105222402329501670 0.6094192981719968493160440845
19 0.6039760231971738515545447415 0.6092505335807798083092669395
20 0.6040883004665372548689708590 0.6090988814830777819500301340

Table 5.6: Table showing the convergence of rigorous bounds on the Hausdorff dimen-
sion of Feigenbaum’s attractor (degree 3)
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Figure 5.11: Hausdorff dimension - degree 3. The boxes around these functions show
the rigorous bounds of the function ball. (b) shows clearly that the derivative of
g(x) is strictly negative on the domain [g(g(1)), 1], proving that g(x) is monotonically
decreasing on this domain. (c) shows clearly that the second derivative of g(x) is strictly
negative on the domain [g(g(1)), 1], proving that g′(x) is monotonically decreasing on
this domain.



Chapter 6

Bi-critical (Uni-directionally

coupled) period-doubling

universality

The dynamics of the one-dimensional system have been found in real systems as diverse

as the human kidney, heart and brain, and plasma diodes. Knowledge of the universal

constants helps us to predict when a dynamical system will turn chaotic. However,

most systems in life are not simple, one-dimensional, stand-alone systems.

Bi-critical (uni-directionally coupled) systems, involving two coupled transistors,

have been observed experimentally by Bezruchko et. al. and similar systems may

occur in the natural world. In the early 1990s, as a step towards a fully-coupled

system, Kuznetsov, Kuznetsov and Sataev [32, 33] studied the two-dimensional, bi-

critical system g(x) : xn+1 = 1− µx2
n,

f(x, y) : yn+1 = 1− Ay2
n −Bx2

n,
(6.1)

characterised by three parameters, A, B and µ, with g : R1 → R1 and f : R2 → R1.

They found so-called bi-critical points along curves in the parameter space of the

driven variable, y, which accumulate asymptotically at a rate determined by a new

universal constant. This behaviour has not been verified rigorously. Although the two-

dimensional system has been studied, there are still many mysteries surrounding its

dynamics. A proof of existence of the renormalisation fixed point, and tight, rigorous

bounds for the universal constants remain outstanding.

Although we have not yet provided any proofs for this coupled system, we have

investigated its dynamics and replicated some non-rigorous results produced by others.

With the lessons learned from our study of the one-parameter system over increasing

degrees we may be able to provide these proofs in the future.
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6.1 Exploring the bi-critical system

The function, g, in (6.1) is exactly the self-contained degree 2 function we studied

earlier. We are now interested in the behaviour of the function, f , with input from g.

Clearly, if B = 0, the coupling is eliminated and f is a copy of g. Figure 6.1 shows

the bifurcation diagrams for y at different values of µ. The number of parameters has

increased from one to three and it can easily be seen that the two-dimensional system

is far more complex than the 1D system. Coupling, B, is set at 0.6 for both.

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
A

1.5

1.0

0.5

0.0

0.5

1.0

y

Period-doubling in the driven system = 1

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6
A

1.5

1.0

0.5

0.0

0.5

1.0

y

Period-doubling in the driven system = 1.381547. . .

driver system in 2-cycle (µ = 1) driver system in 8-cycle

Figure 6.1: Iterating the two maps for the whole system 1000 times and keeping the last few
values only, to remove transients, produces the bifurcation diagrams above. The first is with
µ = 1, so the x-system is in 2-cycle, the second is with µ = 1.381... and x-system in 8-cycle.
The coupling, B, is set at 0.6 for both.

6.1.1 Bi-critical Renormalisation Operator

Given the pair of maps (6.1) the renormalisation operator is defined as

R :

g(x) 7→ αg(g(α−1x)),

f(x, y) 7→ βf(g(α−1x), f(α−1x, β−1y)),
(6.2)

with α = g(1)−1 and β = f(1, 1)−1.

There are different universality classes available, for example the quadratic-quartic

pair of functions studied by Kuznetsov et al., giving rise to a “tri-critical point” [38]

but we concentrate on the quadratic, bi-critical case only.

As for the single parameter, we may work in the reduced representation and for the

quadratic universality class let

g(x) = G(x2), (6.3)

f(x, y) = F (x2, y2). (6.4)
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Defining Q(u) = u2, we therefore have

g(x) = G(Q(x)), (6.5)

f(x, y) = F (Q(x), Q(y)). (6.6)

Defining X = x2 and Y = y2 we have the renormalisation operator, T in the reduced

representation:

T :

G(X) 7→ αG(Q(G(α−2X))),

F (X, Y ) 7→ βF (Q(G(α−2X)), Q(F (α−2X, β−2Y ))),
(6.7)

with α = G(1)−1 and β = F (1, 1)−1.

Using the reduced representation has two benefits: division of X and Y by α2 and

β2 respectively immediately improves the domain of analyticity of the functions; and

computational workload is reduced. Since we have chosen symmetric functions, half the

coefficients in a degree 2 single-parameter function are 0, three quarters for degree 4 etc.

In two dimensions, using only even-powered coefficients avoids the built-in redundancy

of up to three times as many zero-valued coefficients as non-trivial coefficients and is

clearly computationally beneficial. Imposing this symmetry also means any odd powers

of α and β will be omitted from the spectrum.

The coefficients of the Feigenbaum finite degree fixed point approximation, g, form

a vector. We have choices when working in two dimensions. We chose to use the coeffi-

cients of this pair of functions of two variables from an upper-left triangular matrix, by

considering homogeneous polynomials up to some total degree in X and Y . It is then

straightforward to alter the (total) truncation degree as required. The actual fixed

point function, G∗, can be written as

G∗(X, Y ) =
∞∑
i=0

∞∑
j=0

ai,j

(
X − cX
rX

)i(
Y − cY
rY

)j
. (6.8)

We work with the (truncated) approximation

G(X, Y ) =
N∑
n=0

n∑
j=0

an−j,j

(
X − cX
rX

)n−j (
Y − cY
rY

)j
, (6.9)

where N is the total truncation degree, and the outer sum totals the homogeneous

polynomials (corresponding to the anti-diagonals of the coefficient matrix).

The fixed point of the two-dimensional renormalisation operator R is empirically far

more difficult to approximate than the Feigenbaum fixed point function, with several

other trivial, locally attractive fixed points in the vicinity, and a greater number of

unstable directions. Working in two variables, we look for a suitable polydisc domain.

Using polynomials on the unit polydisc it was only possible to converge to a low degree
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fixed point approximation, however, using Chebyshev polynomials we achieved a good

approximation at a higher total degree. A plot of the renormalisation fixed point f

function with a total degree of 18 in the full representation is shown in figure 6.2, with

the function values calculated recursively for values of |x|, |y| > 1 as we have for the

one-dimensional fixed point functions throughout this document and first seen in figure

2.1.

Figure 6.2: Renormalisation fixed point function, f , calculated using Chebychev polynomials
to 18th degree total, with functions evaluated recursively using the fixed-point equation for
values of x and y outside the unit polydisc.

Solving as a composite system we calculated approximate values for the constants:

α ≈ −2.5029078751, (6.10)

β ≈ −1.5053237582. (6.11)

The figure for α agrees with the proven bounds in all but the last digit. The figure

for β is consistent with the first 5 digits of the figure published by Kuznetsov et al. in
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2005 [44].

We were unable to find a good, single polydisc domain for a rigorous proof. However,

following the additional work on higher degree single parameter functions it has become

clear that the domain should be chosen to minimise the magnitude of the function

constant. It may be possible to produce a rigorous proof using a domain that is the

union of two polydiscs.

Figure 6.3 is similar to Figure 5 in [33] except that Kuznetsov plots lines with µ

in the driver system at the bifurcation points, and we set µ at stable fixed points

of particular cycles. Each curve represents the accumulation in the (B,A) plane for a

stable cycle in the driver system, for example, the top, blue line has x in a stable 2-cycle,

with µ = 1, the next, orange line is with µ ≈ 1.3107. When parameter µ comes close

to the critical value µ∞ ≈ 1.401155, the lines in the (B,A) plane accumulate at the

bi-critical line. In this Lines of Accumulation plot we are able to plot eight lines, using

the continuation method developed by Sieber [45]. This method has the characteristic

that branches are followed regardless of whether they are stable or unstable. We know

the value of A at B = 0 is 1.401155... as with no linkage the y-system behaves like

the x-system which we have already studied extensively. We specify an approximate

starting vector, then taking very small steps, h = 0.0001, with 10000 iterations at each

step, given the approximate values of critical µ from the driver system calculations,

we use Newton’s method to find the location of the next point. The accumulations of

stable fixed points and bifurcations occur at the same place and we can visually verify

Kuznetsov’s claim that with coupling, B = 0.375, the accumulation of lines, that is

µ ≈ 1.401155, the critical value of A ≈ 1.125 [44]. The bi-critical point, the point at

which both accumulations meet is at

(B,A) ≈ (0.375, 1.125), (6.12)

for µ∞ ≈ 1.401155 and is marked with a small B.

Figure 6.4 is a replication of a picture published in [44]. We set B = 0.375 to

match the published paper, and for one million points on the (µ,A) parameter plane

allow the system to iterate one thousand times. If the system settles into a fixed

cycle we colour a pixel accordingly - purple is a stable fixed point, blue is a 2-cycle

etc. The black lines indicate that no cycle has been established after one thousand

iterations and correspond to bifurcations points. The four smaller pictures, in figure

6.5, are progressive magnifications of the larger picture and illustrate the scale change

by factors δ ≈ 4.669 and δ2 ≈ 2.39 along the µ and A axes respectively. The bi-critical

point, the point at which both accumulations meet is at

(µ,A) ≈ (1.401155, 1.125), (6.13)
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Lines of Accumulation
2-cycle in x
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Figure 6.3: Curves of critical points in the y-system. Each curve represents one value of µ at
an attractive fixed point value in the x-system. The blue (top) curve shows the x-system in
a period-2-cycle, orange is period-4-cycle etc. The gap between the curves appears to reduce
at a steady rate. The bi-critical curve is made up of bi-critical points B at the accumulation
of accumulations.

for B = 0.375 and is marked with a small B.

The renormalisation operator T in equation (6.7) describes a strictly uni-directional

coupling, with no opportunity for the driven system to feedback into the driver system.

We choose to work in a space of pairs, p :

p = (G,F ), (6.14)

where G is in the space of functions analytic in one variable already seen and F is in

a suitable space of functions analytic in two variables. There will be no perturbations

available that can break the uni-directionality of the coupling.

We choose α = G(1)−1 and β = F (1, 1)−1 to preserve the normalisation at 1. Other

alternatives could be chosen.

We experimented with both monomial basis and Chebychev polynomial basis nu-

merically. We found that the method converged more quickly and more reliably using

Chebyshev polynomials working on the unit polydisc D(0, 1) ×D(0, 1). Although we

were able to find an approximation to the fixed point function itself, the domain exten-

sion conditions failed. It is crucial to find a suitable domain for a rigorous proof. It may

be necessary to use a union of polydiscs. The two-variable rigorous framework detailed

by Eckmann, Koch and Wittwer [13] would be used to achieve a rigorous proof.
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Figure 6.4: This illustration of dynamical regimes is produced with a fixed coupling,
B = 0.375, by varying parameters A and µ. The colourbar shows the cycle (purple is
20 cycle, black represents unidentified cycle and white represents undefined). Vertical
black lines correspond to bifurcation points in the x-system. The bi-critical point is
marked with a small B.
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Figure 6.5: These four pictures are produced by progressively zooming in on the bi-
critical point in figure 6.4, using the same colours. Vertical black lines correspond to
bifurcation points in the x-system.



Chapter 7

Conclusion

7.1 Summary of the thesis

In this thesis we have established procedures that provide rigorous bounds on renor-

malisation fixed point functions. We have computed bounds on the corresponding

universal constants and on the spectra of the derivatives of renormalisation operators

at the fixed points. We have shown how these proofs may be extended to classes of

maps with higher degree critical points and to higher dimensions (coupled systems). We

have used proven fixed points to calculate rigorous bounds on the Hausdorff dimension

of attractors.

In Chapter 1 we gave an introduction to renormalisation in dynamical systems

which set the scene for our work. We briefly discussed the advancements made to date

that show the ongoing interest in this area of dynamical systems.

In Chapter 2 we explored the Feigenbaum conjectures concerning a renormalisation

operator, R, and introduced the quasi-Newton operator used to find a fixed point

of R in a suitable function space. We empirically calculated approximate values for

the major eigenvalues, the well-known universal constants of the degree 2 system,

and explored analytic solutions for the eigenfunctions of scaling eigenvalues, and the

eigenvalue associated with additive noise.

In Chapter 3 we described the challenges of rigorous calculations. We discussed the

operator T (equivalent to R, but acting on a ‘symmetry-reduced representation’), and

the corresponding quasi-Newton operator. We implemented a rigorous framework to

handle computations involving balls of functions. Using this framework we replicated a

proof of existence of the renormalisation fixed point and used a novel method to provide

new rigorous bounds on the universal constants α, δ and γ (and associated universal

functions), which explain the universal scaling phenomena observed by Feigenbaum and

others. In preparation for extending the work to classes of maps with higher degree

critical points, we discussed domain extension, which becomes even more important

for higher degrees where fixed points are more difficult to approximate.
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Degree 2 Degree 3

existence of fixed point yes (*) yes
universal constant α -2.5029078750958 -1.9276909638476
universal constant δ 4.669201609 (*) 6.084689074
universal constant γ 6.6190365108 7.305774976
upper bound on dim 0.539174473651016 0.609098881483078
lower bound on dim 0.537052355510392 0.604088300466537

Degree 4 Degree 5

existence of fixed point yes yes
universal constant α -1.69030297140524 -1.5557712501965
universal constant δ 7.28468621 8.34438474
universal constant γ 8.24391085 9.16863442
upper bound on dim 0.647315692901612
lower bound on dim 0.639513146877288

Table 7.1: Summary of proofs provided for the Feigenbaum systems of equations for
maps with quadratic, cubic, quartic and quintic critical points. Digits quoted here for
the universal constants are those we have rigorously proven correct with a polynomial
of 40 (non-zero) coefficients. Rigorous dimension bounds are rounded to 15 decimal
places. * Proofs of existence and loose, rigorous bounds on δ in degree 2 are well-known.
For items marked with an asterisk we have replicated the work of others.

In Chapter 4 we extended our work from Chapter 3 to degrees 3 and 4 and discussed

the changes needed to work in higher even and odd degrees. We provided proofs of

existence of renormalisation fixed points and new rigorous bounds for the associated

universal constants α, δ and γ in degrees 3 and 4.

In Chapter 5 we introduced the Hausdorff dimension, first calculating the dimension

of a simple Cantor set, then using theorems developed by Falconer [28] we illustrated

the mechanics of the calculations with a nonlinear Cantor set before applying the

method to the Feigenbaum attractor. Using the function balls proven in Chapters 3

and 4 to contain the renormalisation fixed point function we calculated rigorous bounds

on the Hausdorff dimension for the Feigenbaum attractors for degrees 2, 3 and 4.

The results of our rigorous calculations are summarised in table 7.1. In our paper

[57] we have published over 300 confirmed digits for each of α, δ and γ for maps with

degree 4 critical point. In addition, we provide in table 7.2 non-rigorous approximations

for degrees 6,7, and 8.

Early on in this project we explored bi-critical systems where one system is partly

driven by a ‘driver’ or ‘upstream’ system, which results in more interesting dynamics.

This area has been extensively covered numerically by Kuznetsov et al. for example

[33, 44]. Other variations such as alternating period-doubling cascades where forward
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Degree 6 Degree 7 Degree 8

univ constant α -1.46774245031990 -1.4051107883168317 -1.3580172791380503
univ constant δ 9.29624683277137 10.159779867906423 10.94862426594159
univ constant γ 10.03788641031105 10.845487592295731 11.59386213849996

Table 7.2: Summary non-rigorous approximations for universal constants of maps with
degree 6, 7 and 8 critical points. The figures for α are entirely in agreement with [31],
as are even degree δ figures. We are not aware of any other published figures for high
degree γ.

and backward couplings alternate [49] and fully coupled systems have also been studied.

An overview of our work on uni-directionally coupled systems is shown in Chapter 6 and

we suggest that the framework and processes we have developed for the one variable

systems will be useful in providing rigorous proofs for the universal constants of the

coupled system.

7.2 Future work

Following on from the work detailed in this thesis, extension of the rigorous proofs

provided to yet higher degrees should be possible, although adaptations may be needed.

For example, for the degree 6 renormalisation fixed point it may be necessary to use

a union of two discs for the domain, for the Hausdorff dimension of the degree 5

attractor (because the derivative of one of the maps of the Iterated Function System is

not monotonic in higher degrees) it may be necessary to calculate bounds on multiple

subintervals (on each of which the derivative of the map is monotonic).

It is probably in the study of bi-critical systems (Chapter 6) that there is most

potential for future advances. There remains much to explore and prove for bi-critical

systems. We have learned many lessons from the work on single-variable maps that

will be useful in the coupled system, and hope that a proof of existence of the renor-

malisation fixed point and rigorous bounds on the associated universal constants will

soon be forthcoming.

We note that as dynamical systems become more complex the fixed points become

more difficult to approximate, with more expanding eigenvalues and trivial fixed points

in the vicinity.

We recommend that the following steps are useful in future work of this nature: (1)

choose the form of the operator, including normalisation, (2) find a suitable (polydisc

or union of polydiscs) domain to define a suitable space to work in, (3) select a suitable

basis, (4) verify domain extension, (5) find a good approximate fixed point and improve

it iteratively by improving the truncation degree and refining the domain, (6) non-

rigorous calculations (including the spectrum), and (7) finally implement and switch

to a rigorous framework to bound operations for pairs of functions of two variables
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with respect to the chosen basis and domain in order to complete the proofs.
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Appendix A

Further explorations of single

variable dynamics

A.1 Logistic model experiments

Part of understanding the dynamics of the simple population model

xn+1 = rxn (1− xn) ,

included examining what happens if we step outside the parameter limits we have

imposed. If x can vary between 0 and 1, representing empty and full population

Figure A.1: Population model xn+1 = rxn (1− xn) requires 1 < r ≤ 4 for meaningful
dynamics. After 500 iterations only the last 25 are kept and plotted here to show the “final
state” of population at various reproduction rates.

capacity, then we can see that r must remain in the range 0 < r ≤ 4, and for the

population not to die out we restrict it further to 1 < r ≤ 4. It is interesting to

note that r > 4 almost always leads to an “escape” with the population exceeding its

theoretical maximum of 1 = full. The escape times vary in a Cantor-set-like pattern,
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Figure A.2: With reproduction rate, r = 4.5, plotting the escape time depending on starting
population, x0, in intervals of 0.00001. x0 = 0.67801 “escapes” in 31 steps. The plot should
be exactly symmetrical, but is limited by the machine representation of decimals which causes
some rounding errors, which is visible if the intervals of x0 are reduced too far.

shown in figures A.2 and A.3, depending on the starting population, x0. It is fascinating

that such an interesting pattern derives from the simple population equation.
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Logistic model: reproduction rate = 4.5

Figure A.3: In the logistic model, x0 = 0.67801 “escapes” after 31 steps with r = 4.5.

A.2 Analytical derivation of an approximate renor-

malisation fixed point

Note: coefficients have been truncated for ease of reading.

Starting with the equation

xn+1 = 1− µx2
n, (A.1)
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we apply the renormalisation equation:

αg
(
g
(
α−1x

))
= g (x) , (A.2)

where α = 1
g(1)

= 1
1−µ .

This becomes:

α

(
1− µ

(
1− µx

2

α2

)2
)
−
(
1− µx2

)
= 0. (A.3)

Then, since |x| < 1 we ignore terms of order > 2 in x and solve, giving solutions

µ ≈ 1.366,−0.366. The positive root gives α ≈ −2.732 and a quadratic approximation

to the fixed point function:

g̃(x) = 1− 1.366x2. (A.4)

In fact, this fixed point function is Newton-convergent (when working with power

series truncated to quadratic and lower-order terms) for any starting value of the x2

coefficient between -30 and -0.9 (coefficient for first order of x is a trivial zero). However,

it loses its attractiveness as the number of coefficients increases.

A.3 Newton-attractiveness of Feigenbaum’s fixed

point function

When exploring the attractiveness of self-consistent solutions in three non-trivial coef-

ficients (i.e. total five coefficients) by Newton’s method, we obtain figure A.4 where the

first coefficient has a fixed value of 1, A is the x2 coefficient and B is the x4 coefficient.

The self-consistent solution is

ĝ(x) = 1− 1.522x2 + 0.127x4. (A.5)

This is the loose approximation to the fixed point obtained when using polynomials

truncated to the fourth order. This illustration shows that the fixed point is attractive

for −1.8 < A < −1 with B = 0. In other words, if we draw a horizontal line through

the figure at B = 0 the range −1.8 < A < −1 is within the red, convergent patch,

and if we started with only the A coefficient, Newton’s method would converge to the

appropriate self-consistent solution provided that A starts within the range given. On

a small scale this shows the domain issues and that care is needed to select a suitable

starting point for the Newton iterations. The coefficients A and B corresponding to

the vast green area of the figure will converge to the trivial fixed point ĝ(x) = 1.
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Figure A.4: Illustrating the Newton-attractive region (red) of the x2 coefficient A = −1.522
and x4 coefficient B = 0.127 in the 5-coefficient version of Feigenbaum’s renormalisation
fixed point, and the existence of alternative solutions in the vicinity. A small square marks
the required solution. The scale shows the value of coefficient A by colour region. The
red diagonal of attractiveness from top left to near-bottom right corresponds to the stable
manifold.



Appendix B

Additional dimension diagram

Figure B.1 shows the paths followed by the end points of the initial interval under the

action of the Iterated Function System (IFS) functions Ψ0 and Ψ1 of the Feigenbaum

attractor. For clarity, B.1a shows the paths taken under exclusively Ψ0 or Ψ1. The

dashed lines added in B.1b show the paths followed by end points acted on by first

one of the IFS functions and then the other for the second iteration. The dotted lines

added in B.1c show paths taken where the IFS function changes for the third iteration.
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Figure B.1: Illustration of the paths followed by the initial domain under the actions
of Ψ0 (blue/green) and Ψ1 (red/orange) for the Feigenbaum attractor.



Appendix C

Derivatives

The derivations in this section are performed with the aim of clarity of understanding

the steps, correspondingly the resulting expressions are not necessarily put into the

simplest ‘canonical’ form.

C.1 Fréchet Derivative

We use the Fréchet derivative when we want to differentiate an operator with respect

to a function, see [30].

Given an operator, R, on a suitable space, if we can write

R(g + δg) = R(g) + Lδg + o(‖δg‖) as ‖δg‖ → 0, (C.1)

where L is a (bounded) linear operator, then we write L = DR(g), the Fréchet deriva-

tive of R at g. In other words, the Fréchet derivative is the “linear part” of the operator

R at g. (The finite-dimensional analogue, for the case R : RN → RM would be, when

represented in coordinates with respect to a suitable basis, the Jacobian matrix.)

We consider the renormalisation equation

R(g)(x) = αg
(
g
(
α−1x

))
. (C.2)

In the simplest case, we take the view that α = g∗(1)−1 is fixed, as at the fixed point

g∗, and so does not vary with g in the expression for R(g).

For clarity of exposition, we will define a formal operation δ, which we call ‘tak-

ing the variation’, that can be applied to expressions involving operations on functions,

with the property that, for any ‘perturbation’, δg, of the function g, the Fréchet deriva-

tive DR(g) of an operator R at g acts (formally) as follows:

DR(g) : δg 7→ δ[R(g)]. (C.3)
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We define δ by the following identities. Firstly, the variation of a constant, c, is zero

δc = 0, (C.4)

Secondly, the variation is linear,

δ[af + bg] = aδf + bδg, (C.5)

where a and b are constants and f and g are functions. Thirdly, the product rule holds:

δ[f · g] = δf · g + f · δg. (C.6)

Finally, the following chain rule holds:

δ[f ◦ g] = δf ◦ g + (f ′ ◦ g) · δg. (C.7)

Then, we have

DR(g)δg = δ
[
αg
(
g
(
α−1x

))]
. (C.8)

If we treat α as a constant, then by C.5

DR(g)δg = αδ
[
g
(
g
(
α−1x

))]
. (C.9)

then by C.7, using the identity on the leftmost g,

DR(g)δg = α
(
δg
(
g
(
α−1x

))
+ g′

(
g
(
α−1x

))
· δ
[
g
(
α−1x

)])
. (C.10)

By C.7 again as the variation acts on the second g

DR(g)δg = α
(
δg
(
g
(
α−1x

))
+ g′

(
g
(
α−1x

))
·
(
δg
(
α−1x

)
+ g′

(
α−1x

)
δ
[
α−1x

]))
.

(C.11)

However, in this case, α in the term α−1x is constant, so we are left with

DR(g)δg = α
(
δg
(
g
(
α−1x

))
+ g′

(
g
(
α−1x

))
· δg

(
α−1x

))
. (C.12)

Thus, using a single symbol, h, for the perturbation function, δg, for clarity then the

action of the Fréchet derivative is given by

DR(g) : h(x) 7→ αh
(
g
(
α−1x

))
+ αg′

(
g
(
α−1x

))
h
(
α−1x

)
, (C.13)

in the case where α in the definition of the operator R is treated as a constant. We

refer to the operator above as L(g) or ‘terms 2 and 3 of the full DR(g)’ (terms 1 and

4 appear only in the ‘full’ Fréchet derivative that we now compute below).
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Consider now the version where α varies with g:

α :=
1

g(1)
.

We will then ‘feel the effects of’ the variation, δg, in four places in the expression for

R(g) (at each occurrence of α and g), and we add the fact that

δα = δ

[
1

g(1)

]
=
−1

g(1)2
· δ[g(1)] = −α2δg(1), (C.14)

where we have used δ[g(c)] = δg(c) + g′(c) · δc = δg(c) in the case where c is constant

(since, then, δc = 0). By C.6, as the variation acts on the initial product with α, the

first term of the Fréchet derivative (2.25) appears:

DR(g)δg = δα · g
(
g
(
α−1x

))
+ αδ

[
g
(
g
(
α−1x

))]
. (C.15)

We use C.14 to complete the first term, and C.7 as the variation acts on the first g

DR(g)δg =− α2δg(1)g
(
g
(
α−1x

))
+ α

(
δg
(
g
(
α−1x

))
+ g′

(
g
(
α−1x

))
· δ
[
g
(
α−1x

)])
. (C.16)

Multiplying-out:

DR(g)δg =− α2δg(1)g
(
g
(
α−1x

))
+ αδg

(
g
(
α−1x

))
+ αg′

(
g
(
α−1x

))
· δ
[
g
(
α−1x

)]
. (C.17)

By C.7 again as the variation acts on the second g, the fourth term of the Fréchet

derivative appears, which is non-zero this time as α is not constant (it varies with g):

DR(g)δg =− α2δg(1)g
(
g
(
α−1x

))
+ αδg

(
g
(
α−1x

))
+ αg′

(
g
(
α−1x

))
·
(
δg
(
α−1x

)
+ g′

(
α−1x

)
· δ
[
α−1x

])
. (C.18)

Splitting into four distinct terms and using C.14

DR(g)δg =− α2δg(1)g
(
g
(
α−1x

))
+ αδg

(
g
(
α−1x

))
+ αg′

(
g
(
α−1x

))
· δg

(
α−1x

)
+ αg′

(
g
(
α−1x

))
· g′
(
α−1x

)
· −α−2δαx. (C.19)
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Finally, writing the perturbation function δg as simply h for clarity, we have

DR(g) : h(x) 7→ − α2h(1)g
(
g
(
α−1x

))
+ αh

(
g
(
α−1x

))
+ αg′

(
g
(
α−1x

))
· h
(
α−1x

)
+ αg′

(
g
(
α−1x

))
· g′
(
α−1x

)
· h(1)x. (C.20)

The Fréchet derivative is further complicated when we work only in the even rep-

resentation G(X) and use the squaring operator

Q(x) = x2 = X. (C.21)

In the even representation we have the renormalisation operator

T (G) = αG
(
Q
(
G
(
α−2X

)))
, (C.22)

with α := 1/G(1) and will make use of

δ

[
1

α2

]
= δ[G(1)2] = 2G(1) · δG(1). (C.23)

We note there are four dependencies on G, starting with the leading α. By C.6,

DT (G)δG = δα ·G
(
Q
(
G
(
α−2X

)))
+ α · δ

[
G
(
Q
(
G
(
α−2X

)))]
. (C.24)

As before, by C.7,

DT (G)δG =− α2δG(1)G
(
Q
(
G
(
α−2X

)))
+ αδG

(
Q
(
G
(
α−2X

)))
+ αG′

(
Q
(
G
(
α−2X

)))
· δ
[
Q
(
G
(
α−2X

))]
. (C.25)

Now we differentiate the squaring function, Q, and using C.7 on the second G,

DT (G)δG =

− α2δG(1)G
(
Q
(
G
(
α−2X

)))
+ αδG

(
Q
(
G
(
α−2X

)))
+ αG′

(
Q
(
G
(
α−2X

)))
· 2
(
G
(
α−2X

)) (
δG
(
α−2X

)
+G′

(
α−2X

)
δ
[
α−2X

])
. (C.26)

So again we have four terms and use C.23 to complete the Fréchet derivative in the
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even representation. Writing the perturbation δG as simply H, we have

DT (G) : H(X) 7→ − α2H(1)G
(
Q
(
G
(
α−2X

)))
+ αH

(
Q
(
G
(
α−2X

)))
+ αG′

(
Q
(
G
(
α−2X

)))
· 2G

(
α−2X

)
·H
(
α−2X

)
+ αG′

(
Q
(
G
(
α−2X

)))
· 2G

(
α−2X

)
·G′

(
α−2X

)
· 2G(1)H(1)X.

(C.27)

We can extend this further for dealing with classes of maps with even degree critical

point such as

xn+1 = 1− µx4
n, (C.28)

or even the broader case

xn+1 = 1− µxdn, (C.29)

with degree, d = 2, 4, 6, ... for which we now give the Fréchet derivative using the

corresponding renormalisation operator

T (G) = αG
(
Q
(
G
(
α−dX

)))
, (C.30)

with

Q(x) = xd = X. (C.31)

We note that with α := 1/G(1)

δ
[
α−d

]
= δ[G(1)d] = dG(1)d−1δG(1). (C.32)

There are four dependencies on G, starting with the leading α. By C.6,

DT (G)δG = δα ·G
(
Q
(
G
(
α−dX

)))
+ α · δ

[
G
(
Q
(
G
(
α−dX

)))]
. (C.33)

As before, by C.7,

DT (G)δG =− α2δG(1)G
(
Q
(
G
(
α−dX

)))
+ αδG

(
Q
(
G
(
α−dX

)))
+ αG′

(
Q
(
G
(
α−dX

)))
· δ
[
Q
(
G
(
α−dX

))]
. (C.34)
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Now we differentiate the ‘powering function’, Q, and using C.7 on the second G,

DT (G)δG =

− α2δG(1)G
(
Q
(
G
(
α−dX

)))
+ αδG

(
Q
(
G
(
α−dX

)))
+ αG′

(
Q
(
G
(
α−dX

)))
· d
(
G
(
α−dX

))d−1 (
δG
(
α−dX

)
+G′

(
α−dX

)
δ
[
α−dX

])
.

(C.35)

Again we have four terms and use C.32 to complete the Fréchet derivative in the even

representation. Writing the perturbation δG as simply H, we have

DT (G) : H(X) 7→
− α2H(1)G

(
Q
(
G
(
α−dX

)))
+ αH

(
Q
(
G
(
α−dX

)))
+ αG′

(
Q
(
G
(
α−dX

)))
· d
(
G
(
α−dX

))d−1 ·H
(
α−dX

)
+ αG′

(
Q
(
G
(
α−dX

)))
· d
(
G
(
α−dX

))d−1 ·G′
(
α−dX

)
· d (G(1))d−1H(1)X. (C.36)

Odd degree, d. We note that for even degrees we could ignore a negative α as any

squaring eliminated the sign. For odd degree, d, critical point, with renormalisation

equation:

T (G) = αG
(
Q
(
G
(
−α−dX

)))
, (C.37)

the ‘full’ Fréchet derivative (taking into account the variation δα) is given by

DT (G) : H(X) 7→
− α2H(1)G

(
Q
(
G
(
−α−dX

)))
+ αH

(
Q
(
G
(
−α−dX

)))
+ αG′

(
Q
(
G
(
−α−dX

)))
· d
(
G
(
−α−dX

))d−1 ·H
(
−α−dX

)
− αG′

(
Q
(
G
(
−α−dX

)))
· d
(
G
(
−α−dX

))d−1 ·G′
(
−α−dX

)
· d (G(1))d−1H(1)X.

(C.38)

Note that the sign on the fourth term is now negative (as well as on the first).

For the renormalisation operator

R(g) = αg
(
g
(
−α−1x

))
, (C.39)
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the ‘full’ Fréchet derivative is given by

DR(g) : h(x) 7→ − α2h(1)g
(
g
(
−α−1x

))
+ αh

(
g
(
−α−1x

))
+ αg′

(
g
(
−α−1x

))
h
(
−α−1x

)
− αg′

(
g
(
−α−1x

))
g′
(
−α−1x

)
h(1)x. (C.40)

Again, the sign on the fourth term is now negative (as well as on the first).

C.2 Derivative at the Fixed Point

AT THE FIXED POINT we can make use of the fixed-point equation and differ-

entiate it with respect to x. (Note that the emphasis on the previous point is important;

the following expressions should not be used, for example, to simplify the expression

for the Fréchet derivative used in the existence proofs; the expressions only hold for

the fixed point function g∗ itself.) For the ‘even degree version’ of the operator R:

g(x) = αg
(
g
(
α−1x

))
, (C.41)

g′(x) = αg′
(
g
(
α−1x

))
g′
(
α−1x

)
α−1

= g′
(
g
(
α−1x

))
g′
(
α−1x

)
, (C.42)

g′′(x) = u′v + uv′, (C.43)

where

u = g′
(
g
(
α−1x

))
, (C.44)

u′ = g′′
(
g
(
α−1x

))
g′
(
α−1x

)
α−1, (C.45)

v = g′
(
α−1x

)
, (C.46)

v′ = g′′
(
α−1x

)
α−1. (C.47)

For the ‘odd degree version’ of the operator R:

g(x) = αg
(
g
(
−α−1x

))
(C.48)

g′(x) = −g′
(
g
(
−α−1x

))
g′
(
−α−1x

)
, (C.49)

g′′(x) = u′v + uv′, (C.50)
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where

u = −g′
(
g
(
−α−1x

))
, (C.51)

u′ = g′′
(
g
(
−α−1x

))
g′
(
−α−1x

)
α−1, (C.52)

v = g′
(
−α−1x

)
, (C.53)

v′ = g′′
(
−α−1x

)
α−1. (C.54)

Degree 2, even reduced representation, Q(x) = x2 = X:

G(X) = αG
(
Q
(
G
(
α−2X

)))
, (C.55)

G′(X) = αG′
(
Q
(
G
(
α−2X

)))
· 2G

(
α−2X

)
·G′

(
α−2X

)
α−2

= G′
(
Q
(
G
(
α−2X

)))
· 2G

(
α−2X

)
·G′

(
α−2X

)
α−1, (C.56)

G′′(X) = α−1(u′vw + uv′w + uvw′), (C.57)

where

u = G′
(
Q
(
G
(
α−2X

)))
, (C.58)

u′ = G′′(Q(G(α−2X)))2G(α−2X)G′(α−2X)α−2, (C.59)

v = 2G
(
α−2X

)
, (C.60)

v′ = 2G′(α−2X)α−2, (C.61)

w = G′
(
α−2X

)
, (C.62)

w′ = G′′(α−2X)α−2. (C.63)

Any even degree, d, reduced representation, Q(x) = xd = X:

G(X) = αG
(
Q
(
G
(
α−dX

)))
, (C.64)

G′(X) = αG′
(
Q
(
G
(
α−dX

)))
d ·G

(
α−dX

)d−1
G′
(
α−dX

)
α−d, (C.65)

G′′(X) = α(u′vw + uv′w + uvw′), (C.66)

where

u = G′
(
Q
(
G
(
α−dX

)))
, (C.67)

u′ = G′′(Q(G(α−dX)))d ·G(α−dX)d−1G′(α−dX)α−d, (C.68)

v = d ·G
(
α−dX

)d−1
, (C.69)

v′ = d(d− 1)G(α−dX)d−2 ·G′(α−dX)α−d, (C.70)

w = G′
(
α−dX

)
α−d, (C.71)

w′ = G′′(α−dX)α−2d. (C.72)
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Finally, for any odd degree, d, reduced representation, Q(x) = xd = X:

G(X) = αG
(
Q
(
G
(
−α−dX

)))
, (C.73)

G′(X) = −α1−dG′
(
Q
(
G
(
−α−dX

)))
· d ·G

(
−α−dX

)d−1
G′
(
−α−dX

)
, (C.74)

G′′(X) = −α(u′vw + uv′w + uvw′), (C.75)

where

u = G′
(
Q
(
G
(
−α−dX

)))
, (C.76)

u′ = −G′′(Q(G(−α−dX)))d ·G(−α−dX)d−1G′(−α−dX)α−d, (C.77)

v = d ·G
(
−α−dX

)d−1
, (C.78)

v′ = −d(d− 1)G(−α−dX)d−2 ·G′(−α−dX)α−d, (C.79)

w = G′
(
−α−dX

)
α−d, (C.80)

w′ = −G′′(−α−dX)α−2d. (C.81)

C.3 Maps of derivatives from reduced representa-

tion to full representation

This conversion is used for plotting graphs in the more recognisable R operator format.

Degree 2:

g(x) = G(x2), (C.82)

g′(x) = G′(x2)2x, (C.83)

g′′(x) = G′′(x2)4x2 +G′(x2)2. (C.84)

For any even degree, d, with X = xd:

g(x) = G(X), (C.85)

g′(x) = G′(X)d · xd−1, (C.86)

g′′(x) = G′′(X)d2 · x2d−2 +G′(X)d(d− 1)xd−2. (C.87)

For any odd degree, d, with X = xd, for our purposes, where a uni-modal map is

required, it is sufficient to take the absolute value of x for g:

g(x) = G(|x|d). (C.88)

For the first derivative it is necessary to apply different treatments to positive and
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negative values of x:

x ≥ 0 : g′(x) = G′(xd)dxd−1, (C.89)

x < 0 : g′(x) = −G′(−xd)d(−x)d−1. (C.90)

For the second derivative:

x ≥ 0 : g′′(x) = G′′(xd)d2x2d−2 +G′(xd)d(d− 1)xd−2, (C.91)

x < 0 : g′′(x) = G′′(−xd)d2(−x)2d−2 +G′(−xd)d(d− 1)(−x)d−2. (C.92)
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