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We examine the shape of the primordial black hole mass distribution arising from a peak in the
primordial power spectrum. In light of improvements to the modeling, we revisit the claim that the effects
of critical collapse produce a distribution that is not described by the commonly assumed lognormal,
showing that this conclusion remains valid, particularly for narrow peaks where the shape of the mass
distribution is insensitive to the peak properties and critical collapse determines a minimum width. We
propose some alternative models that may better describe the shape, both for the narrow peak case and for
much broader peaks where the effect of the peak shape is significant. We highlight the skew-lognormal and
a generalized model motivated by the physics of critical collapse as the best of these possible alternatives.
These models can be used as an accurate and fast approximation to the numerically calculated mass
distribution, allowing for efficient implementation in an MCMC analysis. We advocate the use of one of
these two models instead of the lognormal with sufficiently accurate data, such as future LIGO–Virgo
observations, or when considering strongly mass dependent constraints on the PBH abundance.
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I. INTRODUCTION

Since the idea of primordial black holes (PBHs) was first
postulated half a century ago [1–3], a lot of progress has
been made in studying constraints on their abundance as
well as possible signs that they have been detected. Until
quite recently, most constraints on the PBH abundance
assumed a monochromatic mass distribution which has the
advantage of simplicity, since this is the unique case where
a constraint at any given mass can be made without
considering the constraints on other, similar masses. See,
e.g., [4–8] for reviews. However, the phenomenon of
critical collapse means that a range of PBH masses are
generated from large amplitude perturbations reentering the
horizon even if the perturbation spectrum has power at only
one wave number [9–12], due to the spread in amplitudes of
modes at that scale. Therefore, as one would intuitively
expect, a monochromatic mass distribution is not physi-
cally realistic, no matter how narrowly peaked the primor-
dial power spectrum might be.1

While the community was focused on making order-of-
magnitude constraints to the PBH abundance and simple

“yes/no” answers to whether PBHs of a given mass could
constitute the entirety of dark matter, the approximation
of a monochromatic mass distribution was adequate.
However, in recent times there has been a vigorous debate
about exactly what fraction of the dark matter could be
contained in PBHs with a mass of order the solar mass, for
example to fit to lensing surveys or the LIGO–Virgo
detection of gravitational waves. Many, but not all, con-
straints allowed an order one fraction of PBHs to be in dark
matter. See, e.g., [20,21] for very recent reviews. These
constraints come from a wide range of methods as well as
probing a wide range of redshifts, and there is the
possibility that accretion makes the constraints time de-
pendent in a mass dependent manner [22–24]. Finally there
are some hints that LIGO–Virgo may have detected PBHs,
for example due to the low spin of most of the detected
events [25,26] as well as some objects which fall into or
close to the lower and upper mass gaps commonly
considered for astrophysical formation channels [27–31],
although these can be explained with specific astrophysical
models [32,33].
For all of the above reasons, it has now become

commonplace to consider extended mass distributions.
By far the most commonly considered case is the lognormal
mass distribution, and constraints for this distribution were
made by e.g., [34,35] (see [36] for the first related reference
to this mass distribution in the PBH context). Broad mass
distributions, such as a power law, or one with a spike at
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1In practice there is also a limit to how narrow the primordial

power spectrum can be, with the limits depending on the model of
inflation, see, e.g., [13–19].
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around one solar mass motivated by the QCD transition
have also been considered [37,38], but in this paper we will
focus on the more commonly studied case of a mass
distribution generated by a single symmetric peak in the
primordial power spectrum.
The lognormal mass distribution is frequently applied

irrespective of its width, either in the form of priors
allowing narrow widths (see e.g., [39–41]), or in the case
of explicitly considering a very narrow case (see e.g., [42]).
However, it has been known for almost 25 years that for
sufficiently narrow peaks in the power spectrum, the effects
of critical collapse dominate. This creates a minimumwidth
for the mass distribution, as discussed in [43]; Table II in
that work gives a minimum lognormal width of 0.37 based
on a simple least squares fit to the numerical mass
distribution calculated for a delta function peak in the
power spectrum.2 Additionally, it is known that critical
collapse causes the mass distribution shape to be signifi-
cantly nonlognormal [9,10]. A large amount of work has
been carried out on the mass distribution calculation since
this deviation was first demonstrated, including the inte-
gration over all formation epochs mentioned but not
pursued in [9] ([38], see e.g., [43–49] for further discussion
of the calculation). This leads to two questions: does the
conclusion of nonlognormality for narrow power spectrum
peaks still hold and if so, is there a model for the PBH mass
distribution that can accurately describe its behavior for a
broad range of power spectrum peak widths?
While the most rigorous choice is carrying out the full

calculation of the mass distribution from the power
spectrum, this can be computationally expensive, making
it unsuitable for e.g., Bayesian model selection calcula-
tions. Therefore, it is necessary to use models which allow
an approximate capturing of the numerical mass distribu-
tion. Different constraints require the mass distribution to
be narrow or broad, so it is essential to use a model that
describes the numerical mass distribution for all these
cases. In the following, we show that the lognormal
assumption does indeed still break down for the narrowest
widths, and propose some alternative models that can
achieve a better fit over a large range of widths.

II. THE NUMERICAL MASS DISTRIBUTION

In order to test the validity of the lognormal mass
distribution, we need a robust method of determining the
PBHmass distribution corresponding to a particular peak in
the primordial power spectrum. For this purpose, we use an
accurate model for PBH formation described in Gow et al.
[43]. The procedure is to first relate the power spectrum

peak to the PBH abundance ΩPBHðmÞ, and then determine
the mass distribution, given by

ψðmÞ ¼ 1

ΩPBH

dΩPBH

dm
: ð1Þ

This is a probability distribution, and hence satisfies the
condition

R
dmψðmÞ ¼ 1, as will all the models we

consider later.
The procedure to obtain the mass distribution is described

in detail in Sec. II of [43]. It incorporates the effects of
critical collapse, and is robust to modeling choices at the
10% level. In this paper, we will use the traditional peaks
theory method with the modified Gaussian window function
stated in Eq. (15) of [43] [arXiv version]. We additionally
choose the same lognormal form for the primordial power
spectrum peak,

Pζ ¼ A
1ffiffiffiffiffiffi
2π

p
Δ
exp

�
−
ln2ðk=kpÞ

2Δ2

�
; ð2Þ

which has a peak at kp and a width Δ. The normalization is
chosen such that

R
dk
k PζðkÞ ¼ A, and means that this peak

matches the case of a (Dirac) delta function Aδðlnðk=kpÞÞ in
the limit Δ → 0. The peak position is chosen such that the
mass distribution peaks at ∼35 M⊙. As noted in [43], a
broader power spectrum peak not only results in a broader
mass distribution, but also a shift of the peak to lower
masses. To ensure that the calculated mass distributions all
peak at approximately the same mass, the position of the
power spectrum peak is shifted accordingly. For the delta
function case, kp ¼ 1.6 × 106 Mpc−1, corresponding to a
horizon mass ofMH ¼ 7 M⊙. It should also be noted that in
the LIGOmass range, there is an enhancement caused by the
softening of the equation of state during the QCD phase
transition [38,50–52]. We have neglected this effect so that
the results regarding the optimal models are reliable at other
mass scales. When considering a given mass range, any
relevant thermal effects should be taken into account,
which may mean that the models presented here need to
be modified, but the relative ability of these models to fit the
underlying distribution are not expected to change.
We can see from Fig. 1 that, taking into account the

changes to the mass distribution calculation over the last
25 years, the nonlognormality seen in [9,10] is still valid,
with the narrowest peaks showing significant deviation
from the symmetric shape expected for a lognormal mass
distribution.

A. Narrow peaks and critical-collapse domination

Figure 1 shows that a significant asymmetry arises from
the effects of critical collapse for narrow peaks in the
primordial power spectrum. Additionally, we can see
that the three narrowest mass distributions look virtually

2A different value of 0.26 was stated in [34], although this did
not involve a full calculation of the mass distribution from a
power spectrum peak, instead applying a method of moments
approach to compare the lognormal with the critical collapse
motivated shape in [10].
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identical, indicating that below a certain width, the shape of
the mass distribution is dominated by critical collapse and
is insensitive to the details of the power spectrum peak. We
can examine this in more detail by considering a larger
number of narrow cases for the lognormal. This is done in
Fig. 2, where we show the power spectra on the left and the
corresponding mass distributions on the right.
It is immediately obvious that despite a significant

change in the power spectrum peak, the resulting mass
distribution remains essentially unchanged, confirming that
the shape is being set by critical collapse rather than the
power spectrum peak. This implies two interesting con-
clusions. First, since the mass distribution is dominated by
critical collapse effects, we expect the shape to remain
identical even for significantly different power spectrum
peaks, such as a power-law or a Gaussian, provided that
they are sufficiently narrow. Second, and following from
this first conclusion, it may be impossible to completely

describe a power spectrum peak that generates primordial
black holes, even if the abundance and mass distribution are
measured with infinite precision. Instead, the mass distri-
bution shape will only be able to confirm the physics of
critical collapse. Nonetheless, it is important to have a
model that can describe this critical collapse shape as well
as the broader cases where the peak shape does become
important, such that a general fit can be made that can
discriminate between these different cases.

III. MODELING THE PBH MASS DISTRIBUTION

A. Fitting procedure

To find the best fitting mass distribution model, we use a
χ2 statistic,

χ2 ¼ 1

ψ2
peak

X
i

½ψnumðmiÞ − ψmodelðmiÞ�2wi; ð3Þ

with the weightings given by

wi ¼
�
ψnumðmiÞ
ψpeak

�
2

: ð4Þ

We make this choice such that the peak receives more
weight than the tails, since the majority of observational
techniques are most sensitive to the masses around the
peak. The squared power is motivated by considering a fit
to the LIGO merger rate data, where the merger rate is
(roughly) proportional to ψ2. The overall normalization by
ψ2
peak is similar to fitting ψ=ψpeak, and ensures that the χ2

values can be compared not only between models, but also
for the same model with different widths.
The data are drawn from the numerical mass distribution,

and consist of 100 values spaced equally in log mass. We
choose a log-spacing because the constraints on the mass
distribution stretch over many orders of magnitude, and the
low-mass tail must be fitted with comparable weight to the

FIG. 2. Narrow lognormal peaks in the power spectrum (left) and the PBH mass distributions they generate (right). The power
spectrum peaks have amplitudes chosen to produce the same fPBH, and their locations coincide to highlight the variation in their widths.
The mass distributions are constructed to peak at ∼35 M⊙.

FIG. 1. The numerical mass distribution calculated for a range
of power spectrum peak widths. The peak positions are chosen
for each width such that the resulting distribution peaks at
∼35 M⊙. The black curve shows a representative lognormal
with a peak mass and width chosen such that its high-mass tail
coincides with that of the narrowest numerical mass distributions.
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high-mass tail in order to ensure that relevant constraints
are not missed. The lower mass tail is especially relevant
for, e.g., microlensing constraints if we want a peak in the
LIGO range, or evaporation constraints for a peak in the
asteroid mass band. The limits are set arbitrarily to
encompass the top four orders of magnitude of the
distribution. The weighting applied to the χ2 statistic should
mean that any part of the mass distribution outside of these
limits will contribute negligibly to the best fit.

B. Models

In this section, we present various parametrizations
considered for the PBH mass distribution.

1. Lognormal

The de-facto standard mass distribution considered
for PBHs generated from a reasonably narrow, smooth,
symmetric peak in the power spectrum is the lognormal,
given by

ψLðmÞ ¼ 1ffiffiffiffiffiffi
2π

p
σm

exp

�
−
ln2ðm=mcÞ

2σ2

�
; ð5Þ

where mc is the mean of mψðmÞ and σ is the width. There
are a number of alternative distributions to the lognormal
that may fit the numerical mass distribution better over
the whole range of power spectrum peak widths. The ones
chosen for testing in this work are described in the
following sections.

2. Gaussian

This is simply a standard Gaussian distribution, given by

ψGðmÞ ¼ 1ffiffiffiffiffiffi
2π

p
σ
exp

�
−
ðm −mcÞ2

2σ2

�
; ð6Þ

with mc the mean and σ the width. It should be noted that
this distribution allows for negative masses, which are
clearly unphysical. However, if the fit is good, the fraction
of negative masses should be negligible.

3. Skew-normal

The skew-normal is a modification to the Gaussian
distribution which introduces skewness by multiplying
the Gaussian PDF with a Gaussian CDF modified with a
parameter α. The definition is

ψSNðmÞ¼ 1ffiffiffiffiffiffi
2π

p
σ
exp

�
−
ðm−mcÞ2

2σ2

��
1þerf

�
α
m−mcffiffiffi

2
p

σ

��
:

ð7Þ

As for the Gaussian, this distribution can produce negative
masses, although the fraction is expected to be small for a
good fit.

4. Skew-lognormal

The skew-lognormal is virtually identical to the skew-
normal, but with the mass terms switched for log-mass
terms, and an additional factor of 1=m to preserve the
normalization over mass, i.e.,

ψSLðmÞ ¼ 1ffiffiffiffiffiffi
2π

p
σm

exp

�
−
ln2ðm=mcÞ

2σ2

�

×

�
1þ erf

�
α
lnðm=mcÞffiffiffi

2
p

σ

��
: ð8Þ

It can be seen that, excluding the last bracket, this is
simply the lognormal mass distribution, hence the name
skew-lognormal. Since this is defined in log-space, it is
superior to the skew-normal in that it avoids producing
negative masses.

5. Critical collapse models

Motivated by the mass distribution dominated by critical
collapse effects calculated in [9,10], and later models based
upon this form [34,53], we introduce a critical collapse
model class, given in general by

ψCCðmÞ ¼ β

mf

�
Γ
�
αþ 1

β

��
−1
�
m
mf

�
α

exp

�
−
�
m
mf

�
β
�
;

ð9Þ

where the PBH mass is given by the critical collapse
equation

m ¼ KMHðδ − δcÞγ; ð10Þ

where MH is the horizon mass at formation, K is a
dimensionless constant, γ ≃ 0.36 is a universal scaling
exponent which is independent of the initial shape of the
density fluctuations and δc is the minimum overdensity
required for PBH formation [11]. In this class, we consider
three models, defined as follows:

(i) CC1: α ¼ β ¼ γ−1, γ ¼ 0.36
This is the most simple model, motivated entirely

by the critical collapse calculations. It is identical to
the form stated in [10], and has been numerically
checked for small δ − δc in [11]. It has just one
parameter, to fit the location of the distribution.

(ii) CC2: α ¼ β ¼ γ−1, γ variable
The shape of this model is identical to the above

case, in that both tails are described by γ. However,
in this case, we allow γ to float to find the best fit.
This is motivated by the demonstration in [54] that
the value γ ¼ 0.36 does not hold for larger values of
δ − δc, and a modification to the critical collapse
parameters K and γ could yield a better fit across the
whole range. This model has two parameters, to fit
the location and shape of the distribution.
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(iii) CC3: α, β variable
This is a generalization of the critical collapse

model, disconnecting the behavior of the two tails. It
has three parameters, to fit the location and the shape
of each tail.

6. Location parameter

The location parameters stated in the parametrizations
above can be extremely sensitive to the width of the mass
distribution, causing problems in the fitting procedure.

To overcome this, we reparametrize most of the models
in terms of their peak mass mp, which we have held
approximately fixed for all of the numerical mass distri-
butions. The transformations between the peak mass and
the location parameters defined above are given in Table I.
For the skew-normal and skew-lognormal there is no

analytical form for the peak mass. There is an approximate

TABLE I. Transformation of location parameter to peak mass
mp for each model.

Model Transformation

Lognormal mc ¼ mpeσ
2

Gaussian mc ¼ mp

Skew-normal Not applicable
Skew-lognormal Not applicable
CC1 and CC2 mf ¼ mp

CC3 mf ¼ mpðβαÞ1=β

FIG. 3. Optimal model fits to the numerical mass distribution for three representative power spectrum widths Δ ¼ 0 (delta function),
Δ ¼ 1, andΔ ¼ 5. The mass limits are chosen to contain the top 10% of the numerical mass distribution, to highlight the deviation of the
models near the peak.

FIG. 4. Reduced χ2 values for the models and widths consid-
ered. Lower (more negative) values indicate a better fit.
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transformation derived from numerical fits [55], but this
does not hold for the broadest cases. Therefore, for the
skew-normal and skew-lognormal we retain the location

parameters mc and lnðmcÞ defined above. For these two
models these location parameters are stable enough to
avoid numerical errors during fitting.

FIG. 5. Plots of the lognormal (red, long-dashed), skew-lognormal (blue, mid-dashed), and generalized critical collapse (green, short-
dashed) fits to the numerical mass distribution generated by a lognormal peak in the power spectrum (black, solid). The mass limits are
chosen to contain the top 10% of the numerical mass distribution, to highlight the deviation of the models near the peak.
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C. Fit results

We obtain fits to the numerical mass distribution
calculated from a peak in the power spectrum by mini-
mization of Eq. (3). We consider a large range of power
spectrum peak widths, from the limiting case of a delta
function up to a very broad case of Δ ¼ 5. The optimized
model fits are shown in Fig. 3 for three representative cases:
a delta function, Δ ¼ 1, and Δ ¼ 5. It is immediately
apparent that the lognormal is outperformed by the vast
majority of the models for the narrowest case. However,
it can be seen that many of these models begin to fail as
the width increases, and are completely wrong for the
broadest case.
We can compare the models more carefully by examin-

ing their reduced χ2 values. Figure 4 shows the χ2ν values for
all the models and widths considered. Here we can see
again that, while there are many models that outperform the
lognormal for the narrowest cases, a large number of them
fail as the width increases, where they cannot generate the
appropriate skewness. However, it can be seen that two
models, the skew-lognormal and the generalized critical
collapse model, consistently provide a more accurate fit
than the lognormal. These models also have the benefit of
not producing negative masses, although the models which
do allow this are deemed irrelevant by their failure to fit the
broadest cases anyway. The reduced χ2 values are provided
in Table III.
The comparison between the lognormal and the two

models that consistently outperform it can be seen graphi-
cally in Fig. 5, where the best fit lognormal is shown with a
long-dashed red line, the skew-lognormal with a mid-
dashed blue line, and the generalized critical collapse
model with a short-dashed green line. The numerical
distribution calculated from the power spectrum is shown
with a solid black line.
It is evident from these plots that modeling the PBHmass

distribution across a broad range of widths is a challenging
task, as it requires negative skewness in log-space for the
narrowest cases, before a change to symmetrical and then
positively skewed distributions. The model best suited for
the job is the generalized critical collapse model, which can
produce the negative skewness exceptionally well, but
begins to fail when positive skewness is required. The
skew-lognormal acts oppositely, with a failure to produce
enough negative skewness, but an improvement for the
positive skewness regime.
Of course, there is a price to pay for achieving this

matching, and that is the introduction of an additional
parameter. Both of the best-fitting models have three
parameters, as opposed to the two required for the
lognormal. However, the importance of accurately describ-
ing the shape of the tails of the distribution cannot be
overstated. Failure to capture this shape can result in
incorrect conclusions about the acceptability of a particular
model. For example, if we are looking for PBHs in the

LIGO mass range, we must ensure that the tails of the
distribution do not conflict with the microlensing con-
straints on the low-mass side and the CMB anisotropy
constraints on the high-mass end. Similarly, for PBHs in the
recently reopened asteroid mass window, a significant
underfitting of the low-mass tail, such as that displayed
by the lognormal model for the narrower widths, could
suggest that PBHs can evade all the constraints, whereas a
more accurate model would show that they are in tension
with the evaporation limits. In Table II, we provide the
optimal model parameters for the best two models, the
skew-lognormal and the generalized critical collapse
model, for the widths considered. This allows fits of these
analytical approximations to be crudely compared to the
power spectrum details without the necessity of recalculat-
ing the full mass distribution. However, it should be noted
that although these more accurate models provide a
significant improvement over the lognormal, even they
fail to capture the detailed shape deep into the tails, and the
only truly rigorous way to determine whether PBHs are
not excluded in a given range is to calculate the mass
distribution from the power spectrum peak.

IV. CONCLUSIONS

We have carried out a thorough examination of the PBH
mass distribution arising from a peak in the primordial
power spectrum, reevaluating the validity of the lognormal
approximation to the mass distribution. We confirm that the
modifications to the PBHmass distribution calculation over
the last 25 years do not change the conclusion that the
lognormal model is still unable to accurately capture the
shape of the distribution generated from sufficiently narrow
peaks, with Δ < 1. We compare a set of alternative models
using a weighted χ2 statistic, and show that over a large

TABLE II. Fitted parameter values for the skew-lognormal and
generalized critical collapse distributions with different power
spectrum widths. For the skew-lognormal model, we also provide
the peak mass mp determined by numerical maximization. It
should be noted that lnðmcÞ and mp are not independent and only
lnðmcÞ is determined by the fit for the skew-lognormal model.
The peak mass is included only for comparison to the fitted
parameter in the critical collapse model.

Parameters

SL CC3

Width Δ lnðmcÞ σ α mp mp α β

δ 4.13 0.55 −2.27 40.9 40.8 3.06 2.12
0.1 4.13 0.55 −2.24 40.9 40.8 3.09 2.08
0.3 4.15 0.57 −2.07 40.9 40.7 3.34 1.72
0.5 4.21 0.60 −1.82 40.8 40.7 3.82 1.27
1.0 4.40 0.71 −1.31 40.8 40.8 5.76 0.51
2.0 4.88 0.97 −0.66 40.6 40.6 18.9 0.0669
5.0 5.41 2.77 −1.39 32.9 35.1 13.9 0.0206
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range of peak widths, the lognormal is outperformed by the
skew-lognormal and a generalized form motivated by the
effects of critical collapse.
This deviation between the lognormal assumption and

the PBH mass distribution calculated for a specific power
spectrum peak will have important consequences for
physical inferences made from accurate data, such as the
LIGO–Virgo observations. In a related previous paper [39],
we considered the skew-lognormal as part of a detailed
Bayesian analysis of the LIGO–Virgo O1O2 dataset. The
limited sample size means that the difference in the mass
distribution does not significantly affect the results, but the
difference will become increasingly important with the
accurate data in the O3 run and future runs.
An accurate model of the PBH mass distribution will

also be relevant in other areas, such as making accurate
constraints on the PBH abundance. These constraints are
typically presented for a monochromatic mass distribution,
but extended mass distributions have been considered, see
e.g., [34,35]. The constraints for extended mass distribu-
tions are typically similar to the monochromatic case, but
the differences become important when determining the
validity of specific extended mass distributions, particularly
in the case of fPBH ∼ 1, where the tails of the distributions
may be in tension with constraints. In these cases, an
accurate model of the mass distribution is essential, to
avoid drawing an incorrect conclusion about the validity of
the distribution. This is especially important in areas where
there are extremely tight constraints, such as those from
CMB anisotropies and evaporation, of particular interest for
the LIGO and asteroid mass windows respectively. For

cases involving fitting to accurate data or tight constraints,
we advocate the use of the skew-lognormal or generalized
critical collapse model, to ensure that the conclusions
drawn are valid.
If the shape of the power spectrum peak deviates from

that considered here, either by considering other sym-
metric peaks or nonsymmetric peaks, the shape of the
numerical mass distribution will naturally alter as well.
We have shown that for the case of narrow peaks, the
shape of the mass distribution is dominated by the effects
of critical collapse, and becomes insensitive to the details
of the power spectrum peak. Therefore, we do not expect
the conclusions on the fitted models to change in this
regime. Additionally, even a precisely measured mass
distribution may only be able to confirm the critical
scaling for PBHs, but not say anything about the under-
lying power spectrum peak. For much broader peaks, the
detailed shape of the peak will be important, and may
affect the results stated here. Nonetheless, we believe that
in general, a three-parameter model will be required to
capture the full shape of the mass distribution across a
broad range of widths.

ACKNOWLEDGMENTS

A. D. G. is funded by a Royal Society Studentship by
means of a Royal Society Enhancement Award. C. T. B.
acknowledges support from the Science and Technology
Facilities Council (Grant No. ST/T000473/1). A. H. is
supported by a Science and Technology Facilities
Council Consolidated Grant.

APPENDIX: REDUCED χ 2 VALUES

TABLE III. χ2ν values for different models and power spectrum widths.

Model

Width Δ Lognormal Gaussian Skew-normal Skew-lognormal CC1 CC2 CC3

δ 3.67 × 10−4 4.15 × 10−5 1.03 × 10−5 8.55 × 10−6 3.37 × 10−4 9.88 × 10−6 5.78 × 10−7

0.1 3.58 × 10−4 4.56 × 10−5 1.01 × 10−5 8.32 × 10−6 3.97 × 10−4 1.16 × 10−5 6.72 × 10−7

0.3 2.96 × 10−4 8.76 × 10−5 8.54 × 10−6 6.61 × 10−6 1.06 × 10−3 2.93 × 10−5 1.39 × 10−6

0.5 2.16 × 10−4 1.91 × 10−4 6.58 × 10−6 4.32 × 10−6 3.00 × 10−3 7.11 × 10−5 1.98 × 10−6

1.0 8.25 × 10−5 7.15 × 10−4 2.02 × 10−5 9.33 × 10−7 1.62 × 10−2 2.56 × 10−4 1.04 × 10−6

2.0 5.57 × 10−6 2.41 × 10−3 3.98 × 10−4 8.90 × 10−8 7.01 × 10−2 7.09 × 10−4 5.47 × 10−8

5.0 6.93 × 10−5 5.51 × 10−3 3.40 × 10−3 2.90 × 10−6 1.47 × 10−1 1.74 × 10−3 1.11 × 10−4
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