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Abstract

In 1973, Lawvere observed that a metric space is nothing more than an en-
riched category. This has led to numerous and varied investigations that
attempt to clarify and expand this link between metric analysis and cate-
gory theory. This thesis addresses three fundamental concepts from analysis
from an enriched categorical perspective: the topology induced by a metric,
Lipschitz constants, and what might a “topology” induced by an enriched cat-
egory in general be. A generalisation of Grothendieck fibrations is introduced
to conveniently phrase an answer to the third question.
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Chapter 1

Introduction

1.1 Motivation

1.1.1 Metrisation

The use of category theory to study topology has an interesting, but dis-
parate, recent history. In fact one might say that topology, whilst not foun-
dational to, is responsible for the existence of category theory due to the
work of Eilenberg and Mac Lane in algebraic topology. The first mentions of
functor in [28] in 1942 as a convenient way to describe the actions of groups,
led to a fully fledged language three years later in [29] to clean up and clarify
the earlier work. The convenience of the language of category theory was
slow (in some circles) to be adopted and it was not until Grothendieck [39]
that it started to be employed outside of algebraic topology (in this case for
algebraic geometry).

Fast forward a few years to the realisation that a natural generalisation of
category theory is that of enriched category theory, where a set of morphisms
is replaced by an object in a monoidal category. Enter now Lawvere and his
ground breaking paper [57], in which he demonstrated the power of enriched
category theory. Rewinding to 1906, in [34] Fréchet introduces the concept of
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CHAPTER 1. INTRODUCTION 2

a metric space as a pair (X, d) of a set X and a distance function d : X×X →
[0,∞) that satisfy the axioms

1. d(x, y) = 0 ⇐⇒ x = y (separation);

2. d(x, y) = d(y, x)

3. d(x, z) ≤ d(x, y) + d(y, z)

for all x, y, z ∈ X. Lawvere noticed that, by extending the metric codomain
to the set [0,∞] viewed as a monoidal category, the axioms of a metric space
closely match those of a category enriched in [0,∞) (minus the separation of
axiom 1 and axiom 2), where the function d is merely a choice of an object
d (x, y) for each pair x, y ∈ X ×X that renders (X, d) an enriched category.

To see the utility of this observation consider the following construction.
Most who have studied metric spaces and topology are familiar with the open
ball topology. For any metric space X the set

Br (x) = {y ∈ X | d (x, y) < ε}

for any x ∈ X is known as the open ball of radius r around x. The collec-
tion then forms a basis for a topology (X,O (X, d)), called the open ball or
induced topology, where a set U ∈ O (X, d) if for each x ∈ U there is some
radius r so that Br (x) ⊆ U . That this construction yields a functor

O : Metcont → Top

is merely the statement that an ε− δ continuous function of metric spaces is
also continuous between the open ball topologies (so that the inverse image
of an open set is open). Now consider the concept of metrisation. This is the
attempt, given a category of metric spaces, to capture the essential image of
the functor O, i.e. defining those topological spaces that exist as the open
ball topology of some metric space. Obviously, by relaxing the axioms of a
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metric space this essential image forms a larger part of Top. This has been
studied at great length and there are many famous metrisation theorems. An
enriched category approach, however, allows the other side of this question
to be asked. Can the category Metcont be sufficiently enlarged so that O
forms an equivalence of categories?

By introducing value semigroups in 1988, Kopperman in [54] provides a
potential solution to this problem. Indeed it is true that, given any topolog-
ical space (X, τ), there is value semigroup Kτ such that there is an enriched
category (X, d) with O (X, d) = τ . This approach fails, however, to answer
the metrisation problem because a continuous function between such enriched
categories is not necessarily topologically continuous and so O cannot be full
(for details see [24]). The problem arises from the fact that, for a value
semigroup-enriched category, the open balls are not necessarily open sets. It
is also the case that, for classical metric spaces, there are four methods of
inducing a topology which are all equivalent. These are via the open sets,
closed sets (where S being closed means that Sc is open), interior operators
and closure operators. For value semigroup-enriched categories, however, the
closure, being the function cl : P (X)→ P (X) defined by

cl (S) = {x ∈ X | d (x, S) = 0}

does not agree with the point-to set distance d (x, S) =
∧
s∈S d (x, s) and

so is not consistent with the open ball topology. Hence, without properly
considering the morphisms in the category Metcont, any metrisation attempt
is likely to be hopeless. This does not arise for classical metrisations as
any continuous function between metric spaces is inherently topologically
continuous.

As a response to this, a more successful approach was taken by Flagg
in [32] by introducing value quantales as the enriching categories. So now
for each topological space (X, τ) there is a value quantale Fτ and an en-
riched category (X, d) with O (X, d) = τ . This time, however, the functor
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O : FCatcont → Top from the category of value quantale-enriched categories
is an equivalence as noted in [82]. An account of this solution and why it
works will given in Chapter 4.

A reasonable question to pose at this point, however, is are value quantales
the optimal solution to this metrisation problem? In other words, is the
category of value quantales the largest possible category for which the open
ball functor is an equivalence? It would be safe to assume that they are not
and the quest for less stringent sufficient conditions forms the inspiration for
a large part of this work.

1.1.2 A constructive approach to topology

Topology is, in essence, the study of continuity. Hence, when adopting a
constructive approach to topology, care needs to be taken when defining
what it means for a function of spaces to be continuous. In Bishop’s theory
of constructive mathematics (first documented in [8] and revised in [9] with
Bridges), which attempts to lose any choice principle, the idea of pointwise
continuity is rejected in favour of local uniformity. This approach is well
behaved when considering functions R → R, but less so when considering
spaces other than R.

The use of locales instead of topologies, thus adopting a point-free per-
spective, is a more modern constructive approach (see [48, 49, 51]). Locales
are frames, i.e. ordered sets that have all joins and finite meets (much as the
poset of open sets of a topological space) that satisfy an infinite distributive
law of finite meets over all joins. The category of locales is then the opposite
of the category of frames, so that a continuous function f ∗ : X → Y be-
tween locales is a frame homomorphism f : Y → X. In this sense the locale
morphisms R → R coincide with the locally uniform maps but are much
more well behaved when regarding maps between other spaces, such as being
closed under composition. Formal topology (introduced in [33] with further
developments due to [68,69]) then furthers this by considering a predicative
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formalism of locales. Such objects are then sets with certain binary relations
that can be used to recreate the theory of locales. This is the approach taken
by Palmgren [64]. In this formalism the category FTop of formal topologies
is equivalent to Loc, the category of locales.

Taking this into account, it is natural to ask whether enriched category
theory could be used as for a constructive approach to topology. Category
theory is well known to be closely linked to constructivity, but it is not the
case that it is constructive. Take for instance, the existence of a left adjoint
to a functor. This requires a strong form of the axiom of choice, which is
highly non-constructive. The work in this thesis will investigate some aspects
of this question. It is worth noting however, that it is not formal topology.
Rather, the core of the thesis tackles the question of what is the topology
on a quantale-enriched category. In taking this approach, continuity and
Lipschitz constants are studied from an enriched category perspective. This
question is then expanded to a topology on a category enriched in a general
monoidal category. This approach is mindful of constructive reasoning, but
the results themselves are not necessarily constructive.

1.2 Relation to other works

Attempts to generalise a concept through equivalent definitions often lead
to wildly different concepts that are often themselves no longer equivalent.
Indeed, the field of categorical topology [59] is a varied collection of different
approaches and techniques. When it comes to classical topology, one can
talk of open and closed sets, as well as interior and closure operators, all of
which are equivalent. As mentioned above, the pointless topology studied via
locales was motivated by the structure of the open sets of a topology [49].

Viewing a classical topology as an interior operator on a set leads to
considering interior operators [2, 16, 80] on a category. On the other hand,
the closure operator approach, which is the more developed theory, leads to
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closure operators on a category [17, 20, 27]. To demonstrate the bifurcation
of these approaches in general interior and closure operators in categories are
not dual and so rarely studied together.

From a lattice theory point-of-view, the lattice of topologies has been
extensively studied from a topological perspective [11, 55]. Closure systems
have also received a fair amount of attention as well but from different angles
[13–15]. This again demonstrates the rich structure that can be obtained form
different generalisations.

The work of Lawvere [57] in making the fundamental connection between
metric space theory and enriched categories raises the question as to the pre-
cise role of [0,∞] in the definition of a metric space, as opposed to any other
monoidal category. This is a question that has not been directly attacked,
but is hiding in the background of much modern work on quantale-enriched
category theory [11,12,18,32,42,44,45,79,82–87]. Much of the work in Chap-
ters 4 and 5 of this thesis is a direct continuation of this quantale-enriched
line of thinking.

The functional approach to general topology is presented in great detail
in [19] and further developed in [60] is related. The work of Manes [63] shows
that compact Hausdorff spaces are monadic over Set, so that topology be-
comes synonymous with the category of algebras for a suitable monad. Tak-
ing an axiomatic approach to the monad, while no longer requiring its carrier
category to be Set, allows for a significant generalisation. This approach has
been subsequently developed by many authors and is more commonly known
as monoidal topology [43]. This could be considered the most developed form
of categorical topology at present. Alternatively, a topology can be viewed
as a substructure of the power set of its points. Hence a topology enriched
in a quantale can be considered, by allowing the quantale to interact with
the power set construction [35]. Finally, Grothendieck topologies led [7] to
consider a notion of topology for bicategories. The approach taken in Chap-
ter 6, however, differs from these as no proposal for a notion of topology is
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made. Instead, enriched categories are each equipped with an intrinsically
defined monad that forms its topology.

The study of the category Top as presented in [10] is worthwhile from a
pedagogic viewpoint, but is of no relation here.

1.3 Structure of the thesis

In this thesis we will examine a more constructive approach to topology
by using enriched category theory as a foundation. Throughout the thesis
plenty of examples are provided both for information and motivation. We
will proceed as follows.

Chapter 2 introduces the perhaps unfamiliar areas of fibred category the-
ory and complete lattice theory. Fibrations are a particular type of functor
that encodes certain lifting properties, so we first take time to define the rele-
vant notions, such as cartesian morphisms, before demonstrating a number of
classical results. We proceed to define a few further properties of fibrations,
such as the choice of a cleavage, and examine some categories of fibrations.
We conclude the first section with the Grothendieck construction (which will
be of great use in Chapter 5) and its associated equivalence between certain
diagrams of categories and fibrations. The second section then introduces
the idea of fibred adjunction and fibred monads. These are properties of
the domains of fibrations, but interact in interesting ways with the fibred
structure. We also introduce the concept of a fibrewise monad, a less strict
version of a fibred monad, which will be used in both Chapters 3 and 6. We
use these to pick out a particular class of morphisms from the codomain,
which we call continuous. The chapter concludes with a section on complete
lattice theory, in particular those parts that will be of use in Chapter 4. We
first examine complete lattices and the totally below relation on a lattice, a
natural way of defining distributivity. We then look at the tensor product
of complete lattices, which has a particularly nice model associated with it.
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We conclude with coproducts of complete lattices which, interestingly, have
the same underlying sets as their products.

Chapter 3 introduces a new, as far as the author is aware, abstraction of
the fibred category theory from Chapter 2, namely comma fibrations. These
arise as a convenient vector for continuous morphisms in the sense of fibrewise
monads and are used in Chapter 6, but are introduced at a far greater level of
detail than needed there. The structure of this chapter follows the structure
of the first two sections from Chapter 2 closely. We start by first defining
comma fibrations and their comma-cartesian morphisms, before proceeding
to prove a similar range of results as the preceding chapter. Following this
cleavages are defined and categories of comma fibrations are examined. We
note that there is an inclusion functor from classical fibrations into a category
of comma fibrations, and that many of the results from Chapter 2, are a
specific case of results in this chapter. The final section then comes to the
most important use of comma fibrations in this thesis. By allowing a monad
structure on them we can define a concretification process on them, and pick
out the continuous morphisms as in Chapter 2. This is used in Subsection
6.3.3 to define (topologically) continuous morphisms.

In the first section of Chapter 4 we examine the area of quantale-enriched
topology. As mentioned above, there is a lot of work on this subject, but the
approach taken here is more geometric in nature. We begin by defining what
quantales are and investigate the structures of three categories of quantales
based on the strictness of their morphisms, as their hom-sets have some inter-
esting order-theoretic properties. We also take a deeper look at Flagg’s value
quantales that were mentioned above, and see how their extra structure re-
quires some of the lattice theory introduced in Chapter 2. Quantale-enriched
categories complete the section where we see that, not only are some famil-
iar metric space concepts recovered (such as probabilistic metric spaces) and
that such categories have well-defined topologies, but also that quantale-
enrichment provides a model for Top. The second section examines some
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of the order-theoretic properties the underlying lattice of a quantale might
have, and how this impacts on the topology induced by a quantale-valued
metric space. In particular we see that, under certain conditions, the four
methods of inducing a topology on a quantale-enriched category agree. The
final section then examines the conditions under which the closure and inte-
rior operators induced by a quantale-enriched category are, in fact, monads
allowing us to define a category of topological quantales. Tensor products
and coproducts of such topological quantales are then presented. This allows
the conclusion of the chapter wherein the category of topological quantale-
enriched categories is shown to be complete, independently of the fact that
(as is well known) Top is complete.

Chapter 5 introduces a constructive method for classifying Lipschitz func-
tions. We start by first defining a version of the Grothendieck construction
that uses diagrams of concrete categories as input, as opposed to diagrams of
categories. The cost of this, however, is that the output is no longer an object
in a slice category, but an object in a lax slice category. We proceed to then
investigate diagrams of quantales and note that there is a natural functor
that renders any such diagram a diagram of concrete categories. Using this
with the previously defined concrete Grothendieck construction results in a
category whose morphisms can be thought of as Lipschitz functions. We then
note that, under certain order-theoretic properties of the diagram of quan-
tales, we can define a Lipschitz norm (best Lipschitz constant). Further,
after using a particular diagram, we recover the case of classical Lipschitz
constants and norms. We conclude the chapter by examining some examples
of different diagrams of quantales and interpret their associated Lipschitz
functions.

Chapter 6 is the final chapter and attempts a different approach to con-
structing Top by not proposing a notion of a topology. Instead we im-
pose a canonical monad structure on an enriched category which forms its
topology. We start by defining semi-cartesian cosmoses, and showing that
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they are reflective in all cosmoses. Hence every cosmos has a semi-cartesian
mate. Using this we are then able to define a Yoneda construction, similar
to the Grothendieck construction, and its left adjoint. The second section
then shows that these adjunctions form the Yoneda monads on the fibres
of a codomain fibration. We proceed to see that they do indeed assem-
ble into a fibred monad. The final section then introduces cosmos con-
texts, being certain diagrams of cosmoses, each of which has a canonical
comma fibration associated to it. This comma fibration is then shown to be
a comma-fibrewise-monad. Using the concretification result from Chapter
3, this comma-fibrewise-monad is used to form a category, each morphism
of which is continuous. We conclude by showing that a particular choice of
context yields a category equivalent to Top.

As an addendum to the text, a guide to some of the notation in the
thesis is provided to provide clarity for the reader who may be familiar with
alternative notation. In addition, a list of the categories used, as well as their
morphisms, is given to aid those who may be unfamiliar with them.



Chapter 2

Preliminaries

For the approach towards constructing topological notions via enriched cat-
egory theory in this thesis, there are two areas that are foundational that
the reader may not be familiar with. Fibred category theory is the study
of fibrations, a particular class of functors that was first introduced by
Grothendieck [38]. Such a functor serves to model a family of categories
{EB}ob(B), known as fibres, indexed by some base category B, whereby the
morphisms in B allow transmission of information, contravariantly, between
the fibres. If we consider the functor cod : Cat→ → Cat that projects a
functor to its codomain, we can see that Cat→ can be broken up into the
slice categories Cat/B. Then given a functor F : B′ → B we can, using pull-
backs, generate a functor F ∗ : Cat/B → Cat/B′. This functor is, in fact,
a fibration and the general idea of fibred category theory encapsulates this.
Section 2.1 introduces the basic definitions for fibrations and some common
results. These will be of use in Chapter 3, where the generalisation of comma
fibrations is introduced. There are, as is to be expected, fibred analogs of
categorical notions such as fibred adjunctions and fibred monads and these
two are of particular interest for the purposes of this thesis. The family of
monads that we introduce in Subsection 6.2.1, the Yoneda monads, to de-
scribe a topology on an enriched category form a fibred monad, and this is
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proved using the Beck-Chevalley conditions from Theorem 2.2.2. Section 2.2
provides the background theory for these.

The second area that may be unfamiliar is that of lattice theory, in par-
ticular complete lattices. These are ordered sets with well-defined infima and
suprema for certain sizes of subsets (finite for lattices and all for complete
lattices). In Chapter 4 we will introduce quantales as a convenient source of
enriching categories but the results we examine there require knowledge of
their underlying objects, which are complete lattices. Section 2.3, therefore,
provides all of the necessary definitions and results to interpret these results.
Of note is the model of tensor products of complete lattices in the form of
order-reversing functions and the coproduct of complete lattices. These will
be of use in Chapter 4, the former in terms of defining a particular family
of quantales and the latter when forming the product of quantale-enriched
categories.

A familiarity with basic category theoretic notions (limits, colimits, monoidal
categories etc.) as well as the basic definitions of enriched category theory
(enriched categories, enriched functors, etc.) are assumed throughout this
thesis. For the former there are any number of texts such as [61,66] and the
latter is well served by [53].

2.1 Grothendieck Fibrations and Construction

As mentioned above, this section provides all of the basic definitions, ter-
minology, and results of fibrations. In particular we provide a battery of
results for cartesian morphisms (these are the analogues for pullbacks in the
codomain fibration) that are often stated, but rarely proved in texts. The
large part of these definitions and results can be found in [46, Chapter 1] but
the majority of proofs are left for the reader. They are provided here as they
will then be seen to be specific cases of the results of Chapter 3. Of particular
interest in this section are Theorem 2.1.10 that shows that a choice of cleav-
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age (which is analogous to the choice of a pullback) is equivalent to a specific
adjunction and the results of Subsection 2.1.3 that details the classical result
that a fibration can equivalently be viewed as a certain indexed collection of
categories.

2.1.1 Cartesian morphisms

We first fix our terminology. Let p : E → B be a functor. An object E of E
can be thought of as over an object B in B if pE = B, in which case we say
that E is a lift of B. Likewise, a morphism e in E can be thought of as lying
over an morphism b of B if pe = b, when we again say that e is a lift of b.
Fixing an object B in B we can form the subcategory EB of E of all objects
that are lifts of B, and all morphisms that are lifts of idB. This subcategory
is called the fibre over B, and the morphisms of EB are called vertical.

Consider the diagram

E E2 E1

B B2 B1

∃!g e

∀t b

pf

∀f

where objects and morphisms are drawn over their projections, e.g. pE1 = B1

and pe = b. This diagram describes the following property of the morphism
e: for any morphism f : E → E1 and any t : B → B2 that solves the
problem pf = b ◦ −, there is a unique g : E → E2 such that p (g) = t with
f = e ◦ g. Such a morphism e is called cartesian and, in accordance with our
terminology, we say that e is a cartesian lift of b.

Cartesian morphisms are vital in defining fibrations as follows.

Definition 2.1.1. A functor p : E → B is a (Grothendieck) fibration if for
all morphisms b : B2 → pE1, there exists at least one cartesian lift of b.

For a fibration p : E → B, we say that E is the total category fibred over
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the base category B. A choice of a lift for each morphism in B of the form
b : B → pE in B is called a cleavage.

Example 2.1.2. (The codomain fibration.) For any category B we have the
functor cod : B→ → B from the arrow category of B that maps an object
b1 : B′1 → B1 to B1 and maps a morphism

B′1 B′2

B1 B2

b1 b2

b′

b

to b. If B has pullbacks, then cartesian morphisms coincide with pullback
squares and cod is indeed a fibration. A cartesian lift of a morphism b : B1 →
B2, given a lift b2 : B′2 → B2, of B2 is the same as a pullback

• B′2

B1 B2

s b2

r

b

y

where the lift of b is (r, b). Note that all lifts here are isomorphic to each
other (due to pullbacks being isomorphic), but not necessarily unique. To
see that this lift is cartesian note that the dotted morphism in

B′0 • B′2

B0 B1 B2

s b2

r

b

y

f

f ′

b0

a

∃!

is unique due to the universal property of the pullback. We can also see that
the fibre over an object B is precisely the slice category B/B.
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Example 2.1.3. (The family fibration.) Consider the category Fam (C) for
a (small) category C, an object of which is a collection {Xi}I , indexed by
a set I, of objects Xi of C. Objects of Fam (C) may thus be seen as pairs
(I,X) where X : I → ob (C) is a function when C is small. A morphism
{Xi}I → {Yj}J is a function u : I → J together with a family {fi}I of
morphisms fi : Xi → Yui for each i ∈ I. Composition of the two morphisms

{Xi}I {Yj}J {Zk}K
(u,{fi}I) (v,{gj}J )

is given by (v ◦ u, {gui ◦ fi}I). There is a projection functor p : Fam (C) →
Set that sends a collection to its indexing set, explicitly given by {Xi}I 7→ I

and (u, {fi}I) 7→ u. We claim that this is a fibration, i.e. that for each
function u : J → I with {Xi}I an object of Fam (C) over I there is a cartesian
morphism over u with codomain {Xi}I . We construct this as the morphism

{Xuj}J {Xi}I

J Iu

(u,{idXuj }J )

over u. The universal property

{Yk}K {Xuj}J {Xi}I

K J Iu

(u,{idXuj }J )

v

w

(w,{fk}K)

∃!

is satisfied by the morphism
(
v, {fk}k∈K

)
, with fk : Yk → Xwk = Xuvk.

The fibre over a set I is the subcategory of pairs (I, {Xi}I) together with
all morphisms of the form (idI , {fi}I). As an aside, this particular fibration
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is heavily used by Benabou in [6] where a case is made that fibred category
theory could be used a foundation for category theory in general.

Example 2.1.4. (The predicate fibration.) The category SubSet has as
objects pairs (S,X) of a set X and a subset S ⊆ X. A morphism f :

(S,X) → (T, Y ) is a function f : X → Y such that f→ (S) ⊆ T where f→
is the direct image function of f . The functor pred : SubSet → Set that
forgets the subset, i.e. maps an object (S,X) 7→ X and f 7→ f on morphisms,
is a fibration. The fibre over a set X is isomorphic to the power set P (X).
Given a morphism f : X → Y in Set and a subset T ⊆ Y , we have the lift
f : (f← (T ) , X)→ (T, Y ) where f← is the inverse image function of f . The
universal property

(S,X) (g←(T ), Y ) (T, Z)

X Y Zgf

g

h

h

∃!

is satisfied by the function f .

We now examine some standard properties of a fibration p : E → B.
Many of the proofs here are straightforward, but details are provided for
reference. They will be useful in comparison to the proofs of similar results
given in Chapter 3 for a different kind of categorical structure.

Claim 2.1.5. Cartesian lifts are unique up to isomorphism.

Proof. Let f : X → E2 and g : Y → E2 be two cartesian lifts of b : B1 → B2.
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By the universal properties of f and g the lifting problems

X Y E2

B1 B1 B2bidB1

b

g

f

give a pair of solutions that we claim form an isomorphism. Noting that both
the composition X 99K Y 99K X and idX are solutions to the lifting problem

X X E2

B1 B1 B2bidB1

b

f

f

the universal property of f means that they are equal. Similar reasoning gives
that Y 99K X 99K Y and idY are equal, and so we have an isomorphism.

Claim 2.1.6. Every morphism in E is the composition of a vertical morphism
and a cartesian morphism.

Proof. Let e : E2 → E1 be a morphism in E . We set up the factorisation
problem

E2 X E1

pE2 pE2 pE1

e

g

pe

pe

idpE2
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where g : X → E1 is the cartesian lift of pe. Since g is cartesian the dashed
line is a vertical morphism.

Claim 2.1.7. Let e be cartesian and let e1 and e2 be lifts of the same morphism
in B. If e ◦ e1 = e ◦ e2, then e1 = e2.

Proof. If e1 and e2 are lifts of the same morphism, then pe1 = pe2. Hence,
both e1 and e2 are solutions to the factorisation problem

E3 E2 E1

pE3 pE2 pE1pe1=pe2 pe

e∃!

p(e◦e1)=p(e◦e2)

e◦e1=e◦e2

and e1 = e2 by the universal property of e.

Claim 2.1.8. The composition of two cartesian morphisms is cartesian.

Proof. Let e : E2 → E1 and e′ : E3 → E2 be cartesian morphisms. The
morphism h in the lifting problem

E4 E3 E2 E1

pE4 pE3 pE2 pE1

ee′g

e′′

h

pepe′

pe′′

t

is the unique solution E4 → E2 given by the universal property of e, whilst
g is the unique solution E4 → E3 given by the universal property of e′. We
claim that g is the unique solution to e′′ = (e ◦ e′) ◦ − over t. To see this
assume there is another lift g′ : E4 → E3 of t that is such a solution. The
result from Claim 2.1.7 then says that, since (e ◦ e′) ◦ g = (e ◦ e′) ◦ g′ and e is
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cartesian, e′ ◦ g = e′ ◦ g′. Using the same result on this equality then yields
g = g′ due to e′ also being cartesian.

Claim 2.1.9. (The pullback lemmas). If e′ and e are composable morphisms
in E such that both e ◦ e′ and e are cartesian, then e′ is cartesian.

Proof. Let e : E2 → E1 and e′ : E3 → E2 be morphisms in E . We claim that,
for any e′′ : E4 → E2 such that pe′ ◦ − = pe′′ has a solution t : pE4 → pE3

in B, then there is a unique morphism h : E4 → E3 over b with e′′ = e′ ◦ h.
Using the cartesian properties of e◦e′ the dashed morphism h in the diagram

E4 E3 E1

pE4 pE3 pE1
pe◦pe′t

pe◦pe′′

e◦e′

e◦e′′

h

is the unique solution to (e ◦ e′) ◦− = e ◦ e′′ over t. But, since e is cartesian,
e′ ◦ h = e′′. To see that h is the unique solution over t, assume there is
another h′ : E4 → E3 so that e′ ◦ h = e′ ◦ h′. Precomposing with e gives
(e ◦ e′) ◦ h = (e ◦ e′) ◦ h′ so that h = h′ since e ◦ e′ is cartesian.

2.1.2 Cloven fibrations

For a functor p : E → B, the information of all morphisms of the form
b : B → pE in B is given by the pullback

• E

B→ B
cod

p
y
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where objects are morphisms b : B → pE and a morphism

B1 B2

pE1 pE2

b

pe

b1 b2

is a commuting square in B. Lifting a morphism b : B → pE amounts to
a functor • → E→. We note that, since the functors cod : E→ → E and
p→ : E→ → B→ commute with cod and p from the pullback diagram above,
there is a functor F : E→ → •. If a cleavage has been chosen then we call
the fibration cloven. We show that a cloven fibration p is precisely the same
as F having a right adjoint right inverse denoted in the diagram

E→

• E

B→ B

p

cod

y

cod

p→

F

G

a

by G : • → E→.

Theorem 2.1.10. (Chevalley representation.) A fibration is cloven if and
only if the functor F in the above diagram has a right adjoint right inverse.

Proof. Explicitly, the functor F : E→ → • maps an object e : E → E ′ to the
pair (pe : pE → pE ′, E ′) and a morphism

E1 E2

E ′1 E ′2

e

e′

e1 e2
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to
pE1 pE2

pE ′1 pE ′2

pe

pe′

pe1 pe2

in B.
First, we show that the existence of G gives a cleavage on p. Let G

be a right adjoint, right inverse to the functor F . G being right inverse, i.e.
FG = 1•, means that FG (b : B → pE) = b : B → pE, i.e. G (b : B → pE) =

Gb : X → E such that pGb = b. Hence Gb is a lift of b. G being right adjoint
means we have the isomorphism

• (F (e : E → E ′) , b : B → pE ′′) ∼= E→ (e : E → E ′, G (b : B → pE ′′)) .

So
pE B E X

pE ′ pE ′′ and E ′ E ′′

E ′ E ′′

pe b

b̂

pê

ê

e Gb

e′

ê

have the same information. By taking ê = idE′′ , we see that Gb is a cartesian
lift of b due to the uniqueness of e′ in the diagrams.

Now assume we have chosen a cleavage, so for each morphism b : B → pE

there is a specified cartesian lift. We construct a right adjoint right inverse
G. On objects, we map b : B → pE onto its specified lift Gb : GB → E.
A morphism

(
b̂ : B → B′, e : E → E ′

)
is mapped onto (ê, e) where ê is the
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unique solution to the factorisation problem

GB GB′ E ′

B B′ b′

Gb′

e◦Gb

ê

b̂ b′

pe◦b

since Gb′ is cartesian. This is clearly a right inverse. To show it is a right
adjoint we use the unit and counit. The counit ε : FG → 1• is the identity
natural transformation (since FG = 1•). The components of the unit η :

1E→ → GF are the solutions to a factorisation problem. In detail, for an
object e : E → E ′, with GFe : GFE → E ′ the lift of pe : PE → PE ′, ηe is
given by

E GFE E ′

pE pE pE ′

GFe

e

ηe

idpE pe

pe

since GFe is cartesian. Since ηe is vertical, i.e. pηe = idpE, εF ◦ Fη = 1F .
Likewise, since GFG = G, Gε ◦ ηG = 1G.

Having chosen a cleavage for a fibration p : B → E , each morphism b :

B → B′ in B induces a reindexing functor b∗ : EB′ → EB. Given E ∈ ob (EB′)
we define b̄ (E) : b∗ (E) → E as the chosen cartesian lift of b : B → pE

thus giving the object part of b∗. Given e : E → E ′ in EB′ the morphism
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b∗ (e) : b∗ (E)→ b∗ (E ′) is the dashed morphism in

E

b∗(E) b∗(E ′) E ′

B′

B B B′
bidB

eb̄(E)

b̄(E′)b∗(e)

idB′b

the existence of which is given by the universal property of b̄ (E ′). For ease of
notation, a chosen cartesian lift b̄ (E) : b∗ (E)→ E will usually be unlabeled
when the context is clear.

Example 2.1.11. In the case of cod : B→ → B recall that the fibre B→B is
the slice category B/B. If we have chosen pullbacks in B, i.e. we have chosen
a cleavage, then for each morphism b : B → B′ in B we have the pullback
functor B/B′ → B/B given by

b∗(b′) B′′

B B′
b

b′
y

for an object b′ : B′′ → B′ of B/B′.

Definition 2.1.12. Given two fibrations p : E → B and q : E ′ → B′ a
morphism of fibrations is a commuting square

E E ′

B B′

F

G

p q



CHAPTER 2. PRELIMINARIES 24

where F preserves cartesian morphisms. A functor that preserves cartesian
morphisms is called fibred. These morphisms form the category Fib.

The category Fib also has a 2-category structure where a 2-cell consists
of a pair of natural transformations

E E ′

B B′

F

p

G′

p′
F ′

G

θ

ϕ

where each component θE is a lift of ϕpE. Since Fib is itself a subcategory
of Cat→, we can postcompose the codomain functor with the inclusion. We
have the following claim.

Claim 2.1.13. The functor Fib → Cat that sends a fibration to its base
category is a fibration.

Proof. Cartesian lifts are given by the change of base construction in the
following Lemma.

Lemma 2.1.14. (Change of base.) If p : E → B is a fibration and G : B′ → B
is a functor then the morphism p in the pullback

E ′ E

B′ B

F

G

pp′
y

is a fibration and the pair (F,G) is a morphism in Fib.

Proof. Let b : B → B′ be a morphism in B′ and e : X → E ′ be a cartesian lift
of Gb along p. Then the pair (e, b) is a cartesian morphism in E ′. To see that
F preserves cartesian morphisms let (e : E → E ′, b : B → B′) be cartesian in
E ′. Then the fact that e is cartesian along p stems from e being isomorphic
to a lift (pe)∗ (E ′)→ E ′ along p due to the cartesian property of (e, b).
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If we fix a category B, then the fibre FibB of the fibration Fib→ Cat is
the 2-category of fibrations with the fixed base B with a 2-cell

E E ′

B

F

p

F ′

p′

θ

between two fibred functors F and F ′ being a natural transformation θ whose
components are vertical. Such a 2-cell is called a fibred natural transforma-
tion.

2.1.3 The Grothendieck correspondence

If p : E → B is a cloven fibration then, given two composable morphisms

B
b−→ B′

b′−→ B′′

in B we can compare the two functors EB′′ → EB given by

EB′

EB′′ EB
(b′◦b)∗

b′∗ b∗

utilising the induced reindexing functors. Since cartesian morphisms are
closed under composition (by Claim 2.1.8) we will have a vertical isomor-
phism

b∗b′∗(E) b′∗(E)

(b′ ◦ b)∗(E) E

B B′ B′′b b′

∼=
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by the universal properties of the two cartesian liftings of b′◦b at E. Similarly,
we will have an isomorphism

E

id∗B(E) E

B B′
idB

∼=

since identities are trivially cartesian. These isomorphisms assemble to form
the two natural isomorphisms (b′ ◦ b)∗ ∼= b∗b′∗ and idEB

∼= (idB)∗.

Definition 2.1.15. A B-indexed category is a pseudofunctor ρ : Bop → Cat.
Explicitly, ρ is a (weak) 2-functor where the functor axioms hold up to spec-
ified coherent (2-) isomorphisms. Hence ρ (idB) ∼= idρB and, for composable
morphisms b : B → B′ and b′ : B′ → B′′, ρ (b′ ◦ b) ∼= ρ (b) ◦ ρ (b′).

Note that, in this work, we do not investigate the full 2-categorical nature
of pseudofunctors. The isomorphisms merely capture the effect seen above
that cartesian lifts are not unique, but will always be isomorphic. Instead
we consider them as objects of a category of pseudofunctors. It is clear that
every choice of a choice of a cleavage on a fibration p : E → B yields a
B-indexed category by the assignment B 7→ EB on objects and b 7→ b∗ on
morphisms with the specified isomorphisms being those demonstrated above.
The classical Grothendieck construction we now present provides a method
of constructing cloven fibrations (so that the choice of cleavage is determined)
and, in fact, can be shown to provide an equivalence between the category
of fibrations over a base B and Bop-indexed diagrams of categories.

Definition 2.1.16. TheGrothendieck construction is the functor Gr : [B,Cat]→
Cat/B whose action on a functor C : B → Cat gives a category with objects

ob (Gr (C )) = {(B, x) | B ∈ ob (B) , x ∈ ob (CB)} .
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A morphism (b, f) : (B, x)→ (B′, x′) in Gr (C ) is a pair (b, f) of a morphism
b : B → B′ in B and f : Cb (x) → x′ in CB′ . The identity id(B,x) is the pair
(idB, idx) and the composition

(B, x) (B′, x′) (B′′, x′′)
(b,f) (b′f ′)

is the pair (b′ ◦ b, f ′ ◦ Cb (f)). There is a canonical projection functor p :

Gr (C ) → B given by p (B, x) = B and p (b, f) = b. For a natural transfor-
mation θ : C → D we obtain the functor Gr (θ) : Gr (C ) → Gr (D) which
maps (B, x) 7→ (B, θBx) and (b, f) 7→ (b, θB′f).

Remark 2.1.17. We note here that the projection functor p is an op-fibration
in that, for any morphism b : B → B′ in B and a lift (B, x) of the domain we
create the cocartesian lift, i.e. cartesian in Eop,

(
b, idCb(x)

)
. However, given

a contravariant functor C : Bop → Cat we obtain the category Gr (C ) which
has the same objects as before but now a morphism (b, f) : (B, x)→ (B′, x′)

is a pair (b, f) of a morphism b : B → B′ in B and f : x→ Cb (x′) in CB. The
projection functor p : Gr (C )→ B is then a fibration in the following manner.
Given a morphism b : B′ → B in B with a lift (B, x) of the codomain we
create the cartesian lift

(
b, idCb(x)

)
.

From the observation that the category Gr (C ) is in fact an (op)fibration
over B we see that the Grothendieck construction is fact a functor Gr :

[Bop,Cat]ps → FibB from the category of pseudofunctors Bop → Cat and
provides an equivalence between B-indexed categories and (cloven) fibrations
over B (the functor in the opposite direction being the assignment given after
Definition 2.1.15). It also provides the equivalence between pseudofunctors
B → Cat and opfibrations, and indeed p : E → B is an opfibration if
pop : Eop → Bop is a fibration.
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2.2 Fibred adjunctions and monads

When considering categorical properties with respect to fibrations, there are
two possible paths to follow. The classical approach (see [46, 1.8]) is to ex-
amine the 2-category Fib (or FibB) where any property expressed in the
2-category Cat can be interpreted in terms of fibrations. In general this
relies on all such structures and properties being fibred in the sense that it is
imposed on the total category and required to have vertical components, pre-
serve cartesian morphisms, etc.. A different approach is to consider properties
on each fibre and require the reindexing functors determined by a choice of
cleavage to preserve these properties. In this section we consider adjunctions
and monads and examine both possibilities. In particular we introduce the
idea of a fibrewise monad, whereby a monad is imposed on each fibre but not
necessarily on the total category. This approach that, to the best knowledge
of the author, is new will play a role in Subsection 3.3.2 in relation to the
generalised concept of comma fibrations.

2.2.1 Fibred adjunctions

We now concern ourselves with adjunctions between fibrations. If we fix a
category B we have the following definition of a fibred adjunction.

Definition 2.2.1. An adjunction

E E ′

B

L

p

R

p′

a

between the total categories of two fibrations in FibB is fibred if both L and
R are themselves fibred functors and all components of the unit and counit
are vertical.

Note that, given such a fibred adjunction L : E � E ′ : R in FibB and for
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any object B of B, it restricts to an adjunction LB : EB � E ′B : RB between
the fibres. Conversely, if we have a family of adjunctions between the fibres
then these lift, under certain conditions, to a fibred adjunction.

Theorem 2.2.2. Let F in

E E ′

B

F

p p′

be a fibred functor between the fibrations p and p′. F has a left (or right)
adjoint if, and only if,

1. for any object B of B the restricted functor FB : EB → E ′B has a left
(or right) adjoint denoted GB; and

2. for any morphism b : B → B′ in B and any pair of reindexing functors
b∗ : EB′ → EB and b] : E ′B′ → E ′B the canonical natural transformation

GBb
] ⇒ b∗GB′ (or b∗GB′ ⇒ GBb

])

is an isomorphism (this is the Beck-Chevalley condition).

Proof. This is sketch of the proof. The full workings can be found in [46].
If F has a fibred (left or right) adjoint G then, since the components of the
unit and counit are vertical, the adjunction restricts appropriately. That
the adjunction provides the required isomorphism is merely the cartesian
property of the lifts along with the fibred nature of the adjunction.

To prove the converse, it suffices to show that the restricted units (resp.
counits) ηE : E → FBGBE, for E over B, are universal with respect to F .
To do this, let e : E → FE0 be a morphism in E ′ over b : B → B′. Then, by
Claim 2.1.6, we can write e as the composition F (f)◦ ê where f : b∗E0 → E0
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is a cartesian lift of b along p and ê is vertical. The diagram

FBGBE

E F (b∗E0) FE0

ηE

ê F (f)

F (f◦g)
FB(g)

e

then demonstrates the required global universal property where g is uniquely
given by the universal property of GB a FB and f ◦ g is the required unique
solution to F (−) ◦ ηE = e. That this extends to a fibred left adjoint G :

E ′ → E is straightforward.

Example 2.2.3. Recall the family fibration from Example 2.1.3. Any ad-
junction F : C � D : G lifts to an adjunction Fam (F ) : Fam (C ) �

Fam (D) : Fam (G) and this is fibred over Set. This is easily seen since each
functor restricts to fibrewise adjunctions Fam (F )I a Fam (G)I and the Beck-
Chevalley conditions are met since both the reindexing and adjunctions act
componentwise on the set-indexed collections of objects.

2.2.2 Fibred monads

In similar fashion to fibred adjunctions, we can consider how monads interact
with fibrations.

Definition 2.2.4. A monad T : E → E on the total category of a fibration
p : E → B is fibred (over B) if T is fibred and the unit η : idE → T and
multiplication µ : T 2 → T are both fibred natural transformations, i.e. the
components of each are vertical.

The standard relationship between monads and adjunctions survives this
translation to fibred monads and adjunctions. Clearly, if L a R is a fibred
adjunction then RL is a fibred monad. It is also clear that for a fibred monad
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T on a total category E , it restricts to a monad TB on each fibre EB. When
considering the algebras for fibred monads there is no reason, a-priori, for an
algebra for the monad T to be a fibred algebra on TB for some object B of B,
where fibred in this case means that the algebra morphism is vertical. This
is guaranteed by the unit condition on the algebra since the unit components
are vertical.

If ET denotes the Eilenberg-Moore category of algebras of a monad T ,
we denote by ETB the subcategory of ET consisting of those algebras whose
carrier object E is a lift of B, and whose algebra structures are carried by
vertical morphisms. This leads to the following observation.

Proposition 2.2.5. Let T be a fibred monad on the total category of the
fibration p : E → B. If B is an object in B then (EB)TB is the wide subcategory
of ETB spanned by the algebra morphisms whose carrier is vertical.

Recall the definition of a morphism of monads, referred to as monad
functors in [74].

Definition 2.2.6. Let (T,C ) be a pair of a category C and a monad T :

C → C . A morphism of monads (F, θ) : (T,C ) → (T ′,C ′) is a pair of a
functor F : C → C ′ and a natural transformation θ : T ′ ◦ F ⇒ F ◦ T that
make the diagrams

T ′F T ′FT FT 2

F and T ′2F

FT T ′F FT

θ

ηT ′F

FηT

T ′θ

µF

θT

θ

Fµ

commute. An op-morphism of monads (F, ρ) : (T,C )→ (T ′,C ′) is a pair of
a functor F : X → Y and a natural transformation ρ : F ◦ T ⇒ T ′ ◦ F that
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make the diagrams

T ′F T ′FT FT 2

F and T ′2F

FT T ′F FT

ρ

ηT ′F

FηT

T ′ρ

µF

ρT

ρ

Fµ

commute.

Proposition 2.2.7. Let p : E → B be a fibration. If T is a fibred monad on E
and a cleavage has been chosen then, for all morphisms b : B → B′ in B, the
substitution functor b∗ : EB′ → EB carries a canonical natural transformation
θ : TB ◦ b∗ ⇒ b∗ ◦ TB′, forming the monad morphism (b∗, θ).

Proof. The component of θ at an object E of EB′ is the dashed morphism in

TBb
∗E b∗TB′E TB′E

B B B′
bidB

b

gθE

Tf

where f and g are the chosen cartesian lifts of b at TB′E and E respectively.
Since g is cartesian and both b∗ηE and θE ◦ ηb∗E are solutions to g ◦ − =

Tf ◦ ηb∗E over idB, then θE ◦ ηb∗E = b∗ηE. Since the components of the
multiplication are similarly vertical, a similar argument shows that θE◦µb∗E =

b∗µE ◦ θTE ◦ TθE.
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2.2.3 Fibrewise monads

Being a fibred monad is a property of a monad whose carrier category is
the total category of a fibration. If we now consider the domain category of
a functor, however, we can imbue each fibre with a monad. If this functor
then happens to be a (cloven) fibration p : E → B then we call a base
morphism b : B → B′ continuous if the substitution functor b∗ : EB′ → EB
can be equipped with an appropriate natural transformation θ such that
(b∗, θ) becomes a morphism of monads. Note that this ability to furnish b∗

with a natural transformation is independent of the choice of a cleavage on p.
If a different choice of cleavage gives the substitution functor b? : EB′ → EB
then b∗ and b? are naturally isomorphic, so we can transport the natural
transformation θ along this.

Definition 2.2.8. Let p : E → B be a fibration. We say that E has a pre-
fibrewise monad if, for each fibre EB, there is a monad TB on EB. Further,
if each base morphism b : B → B′ is continuous, then we say that E is a
fibrewise monad.

Proposition 2.2.9. Let p : E → B be a fibration. If E has a fibred monad T ,
then E has a pre-fibrewise monad where the monad TB on EB is T restricted
to the fibre.

Proof. This is mentioned above, but we present the proof here. The unit
η : idE ⇒ T of T yields the commuting diagram

E E ′

TE TE ′

e

Te

ηE ηE′

for any e : E → E ′ in E . The left leg is the component at E of the restricted
monad TpE and the right is the component at E ′ of the restricted monad
TpE′ . A similar argument holds for the multiplication µ : T 2 → T .
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This result combined with Theorem 2.2.7 then tells us that each fibred
monad on a cloven fibration is a fibrewise monad via the canonical natural
isomorphism.

If we fix a category B then we define the category pFibMon (B) to be the
category of pre-fibrewise monads over B. Explicitly the objects are fibrations
p : E → B together with a collection of monads {TB : EB → EB}ob(B), one for
each fibre. A morphism (F, {θB}) : (p, {TB})→ (p′, {UB})

E E ′

B
p

F

p′

is a fibred functor F such that each restricted functor FB : EB → E ′GB has
a natural transformation θB : UGB ◦ FB ⇒ FB ◦ TB, i.e. is a morphism of
monads. The category FibMon (B) is the full subcategory of pFibMon (B)

spanned by the fibrewise monads. Given any pre-fibrewise monad p : E → B
with collection of monads {TB}ob(B), we can define the functor pcont : Econt →
Bcont where Bcont is the wide subcategory of B spanned by the continuous
morphisms and Econt is the wide subcategory of E such that pe is continuous.

Theorem 2.2.10. If the fibration p : E → B is a pre-fibrewise monad, then
the functor pcont : Econt → Bcont is a fibration.

Proof. For any continuous morphism b : B → pE in B, a cartesian lift is a
morphism in Econt. The unique solution ê provided by p to the lifting problem

E0 b∗E E

pE0 B pE
b=pe

e

e0

ê

pe0

b̂
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in pcont satisfies the property pê = b̂ for b̂ in Bcont. Hence ê is in Econt.

Corollary 2.2.11. pcont is a fibrewise monad on Econt.

Example 2.2.12. Consider the category Metall of metric spaces and all
functions of the underlying sets. Since Metall is equivalent to Set we can
consider the functor pred : SubMetall →Metall, where SubMetall is defined
in Example 2.1.4. This is a fibration and the fibre over a metric space X
is again the power set P (X) of its underlying set. Because X now has a
metric, each fibre can be imbued with the classical closure operator monad
that maps S 7→ S̄ with x ∈ S̄ precisely when

∧
s∈S X (x, s) = 0. Hence pred :

SubMetall → Metall has a pre-fibrewise monad. The above construction
yields the fibration SubMetcont → Metcont between the categories with
continuous functions. The closure operator monads then assemble into a
fibrewise monad, which is the property that the preimage of a closed set
is closed. If we restrict the fibration to the short mappings, i.e. pred :

SubMet → Met, then we see that this has a fibred monad and hence, by
Proposition 2.2.7, has a fibrewise monad. This is precisely the claim that
short maps are continuous.

2.3 Complete lattice theory

As stated above, Chapter 4 requires knowledge of some lattice theory. In
particular we will require an auxiliary definition to the usual ordering known
as totally below. This is closely related to the idea of a lattice being construc-
tively completely distributive which is a property required later on. Following
this we present the model for the tensor product in terms of order-reversing
functions as presented in [51] which also proves convenient later in the thesis.
Finally, we examine the construction of products and coproducts (which in-
terestingly turn out to have the same underlying lattice) and tensor products
rendering the category of complete lattices monoidal.
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2.3.1 Complete lattices and the totally below relation

Recall that a complete lattice L is a poset for which each subset S ⊆ L

has a join (supremum) denoted
∨

and a meet (infimum) denoted
∧
. In

particular, note that each lattice will have a bottom (initial) element ⊥ given
by the empty join and a top (terminal) element > given by the empty meet.
The category CJLat has as objects complete lattices and morphisms are
join-preserving functions. Similarly there is a category CMLat of meet-
preserving functions, but that is not of interest in this work. If D (L) is the
lattice of down-closed subsets of L, i.e. all sets such that if a ≤ b and b ∈ S
then a ∈ S, then we have the functor

y(−) : L→ D (L) where

y(x) = {y ∈ L | y ≤ x}

for any x ∈ L. This functor has a left adjoint given by taking joins, hence
we have an adjunction

∨
a↓. Further to this we can define the totally below

relation.

Definition 2.3.1. We say that y is totally below x, denoted y � x, if for
any subset S ⊆ L such that x ≤

∨
S then there exists some s ∈ S such that

y ≤ s.

This yields a second functor
w�(−) : L → D (L) where, as one would

expect, w�(x) = {y ∈ L | y � x}

for any x ∈ L. If we define the functor
⊔

: D (L)→ L by⊔
S =

∨{
x ∈ L |

w�(x) ⊆ S
}

we can provide a condition under which the totally below relation is refined.

Remark 2.3.2. There is the obvious dual relation of x being totally above y,
denoted x � y. Hence, x � y if for any subset S ⊆ L such that

∧
S ≤ y
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then there exists some s ∈ S such that s ≤ x. This yields the functor
⇑ (−) : L → U (L), where U (L) is the lattice of up-closed subsets of L, i.e.
all sets such that if a ≤ b and a ∈ S then b ∈ S.

Proposition 2.3.3. If L is a complete lattice then the following are equiva-
lent:

1. for all a� b, if b ≤
∨
S then there exists some s ∈ S such that a� s;

2. the functor
w�(−) is a left adjoint.

Proof. We first show that
w�(−) a

⊔
, which we demonstrate via the unit

and counit. The unit condition, being x ≤
⊔w�(x) for any x ∈ L, is trivial.

The counit condition reads as
w�(
⊔
S) ⊆ S for any down-closed S ⊆ L. If

x�
∨{

y ∈ L |
w�(y) ⊆ S

}
then, by the assumed condition, there is some y

with
w�(y) ⊆ S such that x� y. Hence x ∈ S. Conversely, if

w�(−) is a left
adjoint and b ≤

∨
S then

w�(b) ⊆
ww�(∨S

)
=
⋃{w�(S) | s ∈ S

}
since left adjoints commute with joins (colimits).

If we assume the axiom of choice, then this proposition tightens to the fact
that

w�(−) is always a left adjoint.

Proposition 2.3.4. If the underlying set theory admits the axiom of choice
then, for any complete lattice L,

w�(−) is a left adjoint.

Proof. We prove this by showing that condition 1 of Proposition 2.3.3 holds,
and proceed by generating a contradiction. Assume that a� b and b ≤

∨
S

for some down-closed set S, but there is no s ∈ S for which a � s. For
each s ∈ S we can choose a set Ts with s ≤

∨
Ts such that a � t for all

t ∈ Ts. But then the set T =
⋃
s∈S Ts satisfies

∨
S ≤

∨
T which contradicts

a�
∨
S.
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This allows us to relate the pair of adjunctions given above as follows, as-
suming that either the axiom of choice holds, or that the complete lattices we
are studying are sufficiently constructive. We proceed under the assumption
that

w�(−) is a left adjoint.

Theorem 2.3.5. If L is a complete lattice then the following conditions are
equivalent:

1.
∨

has a left adjoint;

2.
∨

=
⊔
;

3. x =
∨w�(x) for all x ∈ L.

Definition 2.3.6. If a complete lattice L satisfies any of the equivalent
conditions of Theorem 2.3.5 then it is constructively completely distributive
(CCD) [31].

We can display this information visually in the diagram

L D(L)

⇓(−)

↓(−)

⊔∨

a
a

where the 2-cell indicates the fact that
∨
S ≤

⊔
S. To see this, if we fix

some s ∈ S then clearly s ≤
∨{

y |
w�(y) ⊆ S

}
since

w�(s) ⊆ S. If this 2-cell
is the identity then L is CCD.

Remark 2.3.7. Note that condition 3 in Theorem 2.3.5 is often taken as an
equivalent condition for complete distributivity of a lattice. But, as noted
in [31], these two definitions are only equivalent under the axiom of choice.

2.3.2 Tensor products of complete lattices

It is well known that the category CJLat of complete join lattices is a sym-
metric closed monoidal category [51,72]. Explicitly, for two complete lattices
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L1 and L2, their tensor product is defined by the function β : L1 × L2 →
L1 ⊗ L2 that is universal in the sense that there is a unique f̂ that renders
the diagram

L1 × L2 L1 ⊗ L2

L
f

β

f̂

commutative for any f : L1×L2 → L that is join-preserving in both variables.
We denote β (x, y) by x⊗y and refer to such elements of L1⊗L2 as elementary
tensors. Every element of L1⊗L2 can be expressed as a join of such elemen-
tary tensors. Clearly, for all x 6= ⊥ and y 6= ⊥, x⊗ y ≤ x′⊗ y′ if, and only if,
x ≤ x′, y ≤ y′,

∧
i (xi ⊗ yi) =

∧
i xi⊗

∧
i yi, and x⊗

∨
S =

∨
{x⊗ s | s ∈ S}.

Hence meets are computed pointwise in L1⊗L2, but there is no easy way to
compute joins. The following result is due to [67, Lemma 37].

Theorem 2.3.8. If L1 and L2 are CCD, then L1 ⊗ L2 is CCD.

This result is not sufficient for our requirements, however. We need a
relation between the totally below relations of two lattices and their tensor
product. We will make use of the model for the tensor product thanks to [51]
given by

L1 ⊗ L2
∼= CJLat (L1, L

op
2 )op

where CJLat (L1, L
op
2 ) is the complete lattice of join-preserving functions

L1 → Lop
2 (a full account can be found in [36]). Elementary tensors are then

given by

(x⊗ y) (a) =


> if a = ⊥,

y if ⊥ < a ≤ x,

⊥ if a � x,

and an arbitrary element f ∈ L1 ⊗ L2 can be canonically represented as the
join

f =
∨
x∈L1

x⊗ f (x)
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of elementary tensors. Clearly, if a ⊗ b � x ⊗ y, then a � x and b � y.
However, the converse of this statement is what we will require and the
remainder of this subsection will be devoted to finding conditions for it. For
a complete lattice L, we define the set

CCD (L) =
{
x ∈ L | x =

∨w�(x)
}

and say that the complete lattice L is CCD at x if x ∈ CCD (L).

Remark 2.3.9. Throughout this thesis we will adopt the convention as in [30]
where the internal hom in a monoidal category V is denoted by V (A,B) for
any two V-objects A and B. This is as opposed to the classical notation
of Hom (A,B), or even just [A,B], which can be unclear when dealing with
multiple monoidal categories.

Lemma 2.3.10. Let L1 and L2 be complete lattices. For S ⊆ L1 ⊗ L2 we
define the function

f (x) =
∧
x′�x

∨
g∈S

g (x′)

in L1 ⊗ L2. The following properties hold.

1. f ≥ s for all s ∈ S;

2. If h ≥ s for all s ∈ S, then f(x) ≤ h(x) for all x ∈ CCD(L1).

3. (
∨
S)(x) = f(x) for all x ∈ CCD(L1).

Proof. Let G be the pointwise join of S, i.e. G (x) =
∨
g∈S g (x), and recall

that
w�(−) is a left adjoint. Clearly f ∈ L1 ⊗ L2 since

f
(∨
A
)

=
∧

x′�
∨
A

G (x′) =
∧
a∈A

∧
x′∈⇓(a)

G (x′) =
∧
a∈A

f (a)

by noting that
w�(
∨
A) =

⋃
a∈A

w�(a) , so f preserves joins. If g ∈ S and
x′ � x, then g (x) ≤ g(x′) ≤ G (x′) and so g (x) ≤ f (x) pointwise. Hence f
is an upper bound of S.
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If h is an upper bound of S, then G (x′) ≤ h (x′). Further, if x ∈ CCD (L1),
then

f (x) ≤
∧
x′�x

h (x′) = h

( ∨
x′�x

x′

)
= h (x) .

It immediately follows that f coincides with the join if x ∈ CCD (L1).

The following result provides a sufficient condition for the converse state-
ment we require.

Proposition 2.3.11. Let L1 and L2 be complete lattices with a � x in L1

and b� y in L2. If x ∈ CCD (L1) then a⊗ b� x⊗ y.

Proof. Let S ⊆ L1 ⊗ L2 and assume that x ⊗ y ≤
∨
S. By Lemma 2.3.10

and the model of x⊗ y

b� y ≤
(∨

S
)

(x) = f (x) ≤
∨
g∈S

g (a)

by the assumed conditions. Hence b ≤ g0 (a) for some g0 ∈ S and so a⊗ b ≤
g0 from the definition of a ⊗ b, recalling that g0 is order-reversing and so
g0 (⊥) = >.

2.3.3 Products and coproducts of complete lattices

The final part of this section concerns defining products, and therefore co-
products by self-duality, of complete lattices. The fact that CJLat is a
strongly self-dual category can be expressed via the contravariant endofunc-
tor CJLatop → CJLat defined by X 7→ Xop (where Xop is the lattice X
with the ordering reversed) and f : X → Y is mapped to the right adjoint
g : L2 → L1 which is given by

g (y) =
∨
{x ∈ X | f (x) ≤ y}
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for all y ∈ Y and is meet-preserving. If this is instead written as gop : Lop
2 →

Lop
1 then it is join-preserving. For an indexed family {Lk}k∈I of complete

lattices, the product L is the usual Set-product of the underlying sets with
joins and meets computed componentwise. The projections πk : L→ Lk are
meet-preserving, hence each admits a left adjoint ιk : Lk → L computed as
ιk (x) = (zi)I where

zi =

⊥ if i 6= k

x if i = k

and πk ◦ ιk = idLk . Clearly

x =
∨
k∈I

ιkπk (x)

for any x ∈ L. Hence L, together with the left adjoints ιk, is also the
coproduct of {Lk}k∈I .

Proposition 2.3.12. Let {Lk}k∈I be an indexed collection of complete lat-
tices with coproduct L. Then x � y in L if, and only if, there exists k0 ∈ I
and x0 ∈ Lk0 such that x0 � πk0 (y) and x = ιk0 (x0).

Proof. Since y =
∨
k∈I ιkπk (y), if x� y in

∐
Lk the required k0 is obtained

via Proposition 2.3.4. For the converse, the given conditions are clearly
sufficient.



Chapter 3

Comma Fibrations

In Chapter 6, we will consider a fibrewise monad on a codomain fibration of
the form

cod : VCat→ → VCat

for a monoidal category V . As seen in the previous chapter, the continuous
morphisms are those V-functors that induce a morphism of monads. How-
ever, suppose there exists a lax monoidal functor V → W which induces a
functor VCat→WCat. Composing this with cod we have a functor

VCat→ →WCat

which leads to the question of whether any of the W-functors can be con-
sidered continuous. In classical theory this question makes little sense as, a
priori, this functor is not even a fibration so cannot be a pre-fibrewise monad.
However suppose that V = [0,∞] and W = ?, a terminal monoidal category,
then this functor amounts to

Met→ → Set

43
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taking a short map to the underlying set of its codomain. In this case the
fibrewise monad introduced in Subsection 6.2.1 recovers the closed sets of a
metric space. Hence it might now make sense to ask which functions between
metric spaces are continuous since these are those that are topologically
continuous (with respect to closed sets). However, given a function f : X →
Y in Set we still do not have a reindexing functor between the fibres. In
this chapter we introduce comma fibrations as a convenient vector for such
considerations. These are diagrams of the shape

• • •

• • •

in Cat so that, if the left- and right-hand functors are fibrations, then certain
morphisms in the bottom-centre category can be used for reindexing. We will
examine them in more detail than is needed for the purposes of this thesis,
as they have a rich structure that deserves to be investigated in their own
right.

The structure closely follows that of Sections 2.1 and 2.2. The first section
establishes the concept of being a cartesian morphism in such a diagram and
proves results analogous to those that appear in Subsection 2.1.1. Examples
of comma fibrations are then provided to give some context. The section
concludes by defining what it means for a cleavage to be chosen and a similar
concept to the Chevalley representation from Theorem 2.1.10. This allows
the observation that such a cleavage defines a reindexing functor.

The second section then gives perspective as to the categories that comma
fibrations form and some properties therein. In particular, we see that ideas
such as change of base and composition survive the translation to comma
fibrations. The fact that every (classical) fibration has a canonical comma
fibration associated with it then shows that comma fibrations can be consid-
ered as a generalisation of fibrations.
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Finally, we investigate the ways in which a monad structure can be im-
posed on a comma fibration and discover that this is subtle due to the extra
information present. Crucially, and the main reason for introducing comma
fibrations is the definition of a comma-fibrewise monad and, therefore, how
to define a base morphism as continuous.

To the author’s knowledge the material in this chapter is new, although
some results will appear in [25].

3.1 Cartesian morphisms and comma fibrations

This section serves as an introduction to comma fibred category theory. After
defining the objects and the terminology surrounding them, we prove results
analogous to those in Subsection 2.1.1 for comma cartesian morphisms. We
then proceed to examine some examples of comma fibrations, including a
version of the codomain fibration. We conclude with defining cleavages on
comma fibrations and demonstrate a comma fibred Chevalley representation
analogous to Theorem 2.1.10.

3.1.1 Comma cartesian morphisms

Consider the category Cat→← whose objects are cospans ldE : Ed → E ← Ec :

lcE in Cat and a morphism

Ed E Ec

Bd B Bc

ldE lcE

ldB
lcB

pd p pc

is a triple
(
pd, p, pc

)
of functors that makes the diagram commute. If we were

to consider fibres in such a morphism we now have more than one type to
consider. With reference to the classical terminology, the fibre over an object
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B ∈ ob
(
Bd
)
is the ordinary fibre Ed

B. Similarly for an object B ∈ ob (Bc) we
have the fibre Ec

B. For an object B ∈ ob (B), however, we have two fibres of
interest, namely Ed

B via the composition p ◦ ldE and Ec
B via the composition

p ◦ lcE .For such a diagram, we call the cospan Ed → E ← Ec the total and
cospan Bd → B ← Bc the base, again in accordance with the classical theory.
When considering a cartesian property for morphisms in E , there are three
types of morphism that we take into account.

Definition 3.1.1. A comma object in Cat→← is an ordered pair of functors(
ldE : Ed → E , lcE : Ec → E

)
with common codomain, where ldE is specified as

the domain portion and lcE is specified as the codomain portion. A morphism
in E is called tight if it is in the image of either the domain or codomain
portion, i.e. it is of the form ldEe : ldEE2 → ldEE1 or lcEe : lcEE2 → lcEE1. A
morphism in E is called loose if its domain is is in the image of the domain
portion and codomain is in the image of the codomain portion, i.e. it is of
the form e : ldEE2 → lcEE1. (Note that the loose morphisms are precisely the
objects of the comma category

(
ldE ↓ lcE

)
, hence the chosen terminology.)

For ease of notation we adopt the following convention. For a tight mor-
phism ldEe : ldEE2 → ldEE1 or lcEe : lcEE2 → lcEE1 we simply write e : E2 → E1.
Context will usually dictate whether e is from the domain or codomain por-
tion, but if that is not the case then we will be explicit. For a loose morphism
e : ldEE2 → lcEE1 we will write e : E2  E1 (thus implying E2 is from the
domain portion and E1 is from the codomain portion). When graphically
displaying a comma object, e.g. ldE : Ed → E ← Ec : lcE , the domain portion
will always placed on the left and the codomain portion on the right.

Remark 3.1.2. As we will be considering comma fibrations as a means to
transport information between two fibrations via a mediating carrier functor,
the general morphisms of E and B are if no interest here.

For the remainder of this subsection, we fix the comma object ldE : Ed →
E ← Ec : lcE as specified above. The following is an elementary, but important,
property of loose and tight morphisms.
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Claim 3.1.3. The composition of a tight and a loose morphism is loose.

Proof. This is straightforward since the composition of a loose and tight
morphism (in either order) will have domain from Ed and codomain from Ec

and so must, by definition, be loose.

Definition 3.1.4. A tight or loose morphism is cartesian if:

1. it is a tight morphism e : E2 → E1 from Ed that is cartesian in the
usual sense with respect to pd; or

2. it is a tight morphism e : E2 → E1 from Ec that is cartesian in the
usual sense with respect to pc and for any factorisation problem of the
form

E3 E2 E1

pE3 pE2 pE1b pe

e∃!

pe′

e′

has a unique loose solution; or

3. it is a loose morphism e : E2 → E1 that for any factorisation problem
of the form

E3 E2 E1

pE3 pE2 pE1b pe

e∃!

pe′

e′

has a unique tight solution from Ed.

We will often refer to such morphisms as tight cartesian morphisms (those
that are both tight and cartesian) and loose cartesian morphisms (those that



CHAPTER 3. COMMA FIBRATIONS 48

are both loose and cartesian). In a similar fashion to classical fibrations, for
a loose morphism b : B  pcE in B a loose cartesian lift of b is a loose
cartesian morphism e : E ′  E such that pe = b. A tight cartesian lift for a
morphism b : B → pE occurs along its respective functor. This definition of
cartesian morphisms allows us to define a comma fibration.

Definition 3.1.5. A comma fibration is a morphism

Ed E Ec

Bd B Bc

ldE lcE

ldB
lcB

pd p pc

between comma objects inCat→←, with pd and pc both being fibrations, such
that every loose morphism b : B  pE in B has a loose comma cartesian
lift e : X  E and every (classical) cartesian lift of a morphism from Bc is
comma cartesian. In accordance with the terminology introduced above we
call the left-hand square the domain portion and the right-hand square the
codomain portion of the comma fibration.

We now investigate some properties that are true of classical cartesian
morphisms in the case of tight and loose cartesian morphisms.

Claim 3.1.6. Every morphism is the composition of a tight vertical morphism
and a cartesian morphism.

Proof. Clearly if a morphism is tight, then it inherits this property from its
respective functor. If a morphism e : E2  E1 is loose, then we set up the
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factorisation problem

E2 X E1

pE2 pE2 pE1

e

g

pe

pe

idpE2

where g : X → E1 is the cartesian lift of pe. Since g is cartesian the dashed
line is a tight vertical morphism.

Claim 3.1.7. Let e be cartesian and let e1 and e2 be morphisms in E that are
precomposable with e such that pe1 = pe2. If e ◦ e1 = e ◦ e2 then e1 = e2.

Proof. If e, e1 and e2 are tight morphisms from Ed then they inherit this
property from the fibration pd. Likewise, if e, e1 and e2 are tight morphisms
from Ec then they inherit this property from the fibration pc. If e : E2 → E1

is a tight cartesian morphism from Ec and e1, e2 : E3  E2 are both loose
morphisms then they both solve the factorisation problem

E3 E2 E1

pE3 pE2 pE1pe1=pe2 pe

e∃!

p(e◦e1)=p(e◦e2)

e◦e1=e◦e2

loosely and hence e1 = e2. If e : E2  E1 is a loose cartesian morphism and
e1, e2 : E3 → E2 are both tight morphisms from Ec then they both solve the
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factorisation problem

E3 E2 E1

pE3 pE2 pE1pe1=pe2 pe

e∃!

p(e◦e1)=p(e◦e2)

e◦e1=e◦e2

tightly and again e1 = e2.

Claim 3.1.8. The composition of two cartesian morphisms is cartesian.

Proof. If e : E2 → E1 and e′ : E3 → E2 are tight cartesian morphisms in E
from Ed, then clearly e ◦ e′ is cartesian with respect to pd since both e and e′

are. Hence e ◦ e′ is tight cartesian.
Likewise, if e : E2 → E1 and e′ : E3 → E2 are tight cartesian morphisms

in E from Ec, then e ◦ e′ is cartesian with respect to pc. We need to show
that, for any loose e′′ : E4  E1 such that p (e ◦ e′) ◦ − = pe′′ has a loose
solution pE4  pE3 in B, then there is a unique loose morphism E4  E3.
Using the cartesian properties of e and e′ the two dotted morphisms in the
diagram

E4 E3 E2 E1

pE4 pE3 pE2 pE1

ee′

e′′

h

pee′

pe′′

are unique loose solutions E4  E2 and E4  E3 respectively, and the latter
is the one we require.

Similarly, we can have e : E2  E1 and e′ : E3 → E2 being composable
cartesian morphisms in E . Using the cartesian properties of e and e′ the two
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dashed morphisms in the diagram

E4 E3 E2 E1

pE4 pE3 pE2 pE1

ee′

e′′

pepe′

pe′′

are unique loose solutions E4 → E2 and E4 → E3 respectively, and the latter
is again the one we require.

Finally, we can have e : E2 → E1 and e′ : E3  E2 being composable
cartesian morphisms in E . Using the cartesian properties of e and e′ the
dotted and dashed morphisms in the diagram

E4 E3 E2 E1

pE4 pE3 pE2 pE1

ee′

e′′

pcepce′

pe′′

are unique loose and tight solutions E4  E2 and E4 → E3 respectively, and
once more the latter is the one we require.

Claim 3.1.9. (The pullback lemmas). If e′, e are composable morphisms in E
such that both e ◦ e′ and e are cartesian, then e′ is cartesian.

Proof. If e′ : E3 → E2 and e : E2 → E1 are tight morphisms from Ed then e′

inherits this property from the fibration pd. If e′ : E3 → E2 and e : E2 → E1

are tight morphisms from Ec, then e′ is cartesian with respect to pc. We
now show that, for any loose e′′ : E4  E2 such that pe′ ◦ − = pe′′ has a
loose solution b : pE4  pE3 in B, then there is a unique loose morphism
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k : E4  E3 over b with e′′ = e′ ◦ k. Using the cartesian properties of e ◦ e′

the dashed morphism k in the diagram

E4 E3 E2 E1

pE4 pE3 pE2 pE1

e′ e

e◦e′

pe′ pe

p(e◦e′)

b

e′′

k

pe′′

is the unique loose solution to (e ◦ e′) ◦− = e ◦ e′′ over b. Since e is cartesian
and e ◦ e′ ◦ k = e ◦ e′′ we have e′ ◦ k = e′′ from Claim 3.1.7, so k is a
solution for our lifting problem. Now since e ◦ e′ ◦ k = e ◦ e′′ and assuming
there is another such loose solution k′ : E4  E3 over b we see that, since
e ◦ e′ ◦ k = e ◦ e′′ = e ◦ e′ ◦ k′ and e ◦ e′ is cartesian, k = k′ by the property
of Claim 3.1.7.

Likewise, if e′ : E3 → E2 and e : E2  E1 are tight and loose morphisms
respectively, the dashed morphism k in the diagram

E4 E3 E2 E1

pE4 pE3 pE2 pE1

e′ e

e◦e′

pe′ pe

p(e◦e′)

e′′

k

pe′′

b

is the unique tight solution to (e ◦ e′) ◦ − = e ◦ e′′ over b. k is a solution to
e′ ◦ − = e′′ since e is cartesian. Uniqueness is again guaranteed due to e ◦ e′

being cartesian and Claim 3.1.7.
Lastly, if e′ : E3  E2 and e : E2 → E1 are loose and tight morphisms
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respectively, the dashed morphism k in the diagram

E4 E3 E2 E1

pE4 pE3 pE2 pE1

e′ e

e◦e′

pe′ pe

p(e◦e′)

e′′

k

pe′′

b

is the unique tight solution to (e ◦ e′) ◦ − = e ◦ e′′ over b with k being the
unique solution to e′ ◦ −e′′.

3.1.2 Examples of comma fibrations

Example 3.1.10. (Metric spaces.) Consider the diagram

Met→ Met all Met→

Met Metall Met

cod cod

where objects in Met all are the same as the objects of Met→ but mor-
phisms are commuting squares of functions (rather than short maps). We
will demonstrate that it is a comma fibration. We do this by first examining
the tight cartesian morphisms from the outer codomain fibrations, and then
the loose cartesian morphisms from the middle codomain functor. Clearly,
the cartesian morphisms from the left hand fibration are tight cartesian.
The cartesian morphisms from the right hand fibration are cartesian with
respect to tight lifting problems. Recall that a cartesian morphism with re-
spect to the codomain fibration is a pullback square. The forgetful functor
Met ↪→ Set has a left adjoint and so preserves limits. Thus the unique
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solution to a lifting problem

E0 E ′ E

B0 B′ B

y

is indeed a unique function, and so the cartesian morphisms are tight carte-
sian. Now consider a loose morphism f : B′  B, i.e. a function, with a lift
p : E → B of the codomain that is a short map. If we form the pullback

E ′ E

B′ B
f

p

s

r
y

in Set, we can endow E ′ with the metric

E ′ ((B,E) , (B′, E ′)) = B′ (B,B′)

which renders the function r a short map. We claim that this pullback square
is a loose cartesian morphism. The unique solution to the lifting problem

E0 E ′ E

B0 B′ Bf

p

s

r
y

g

p0

h

t

w

is a function, we need to demonstrate it is short. Given an object E0 ∈ E0,
w (E0) = (gp0 (E0) , t (E0)). Hence, for two objects E0, E1 ∈ E0,

E ′ (w (E0) , w (E1)) = B′ (gp0 (E0) , gp0 (E1)) .
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But both p0 and g are short so

E ′ (w (E0) , w (E1)) ≤ E0 (E0, E1)

and w is short. Thus the diagram is indeed a comma fibration.

Example 3.1.11. (Comma fibrations in N -categories.) Recall the monoidal
category N that has objects composable pairs of injections, or equivalently
a set S0 along with two nested subsets S2 ⊆ S1 ⊆ S0. Morphisms are pairs
of commuting squares

S2 T2

S1 T1

S0 T0

f2

f1

f0

that commute in all possible ways in Set, that is to say a morphism is a
function f2 : S2 → T2 of the smallest subsets, that extend to a morphism of
the mid subsets that itself extends to a morphism of the supersets. A (small)
category C enriched in N , an N -category, has a set of objects and, for each
pair of objects x and y, three nested sets of morphisms C2 (x, y) ⊆ C1 (x, y) ⊆
C0 (x, y). We call these morphisms strict, tight, and loose for the smallest,
middle, and superset respectively. Equivalently it is a category C0 with a
wide subcategory C1 of tight morphisms, which itself has a wide subcategory
C2 of strict morphisms.

Of course, N is itself an N -category, with the strict morphisms being
those outlined above, the tight being those that make the bottom square
commute, and the loose being just functions of the supersets.

Remark 3.1.12. The monoidal category SubSet introduced in Example 2.1.4
is closely related to N . Recall that the objects of SubSet are a set with a
single subset and a morphism is a function between subsets that extends
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to the superset. A SubSet-category is then a category with two types of
morphism, tight and loose, with the tight forming wide subcategory of the
loose morphisms. SubSet is also self enriched, with the tight morphisms
being those above, and the loose being any functions between the supersets.

This is part of a larger collection of categories whose objects are collec-
tions of nested subsets. These are related by a sequence of adjunctions. We
examine these by looking at the first three of these categories

Set SubSet N

and the adjunctions between them. The topmost functor Set → SubSet

maps a set S to the subset ∅ ⊆ S whilst its right adjoint below it takes a
subset I ⊆ J to the set J . Its right adjoint then maps a set S to the subset
S ⊆ S with the bottom functor taking I ⊆ J to the set I. Similarly, for
the topmost functor SubSet→ N , a subset I ⊆ J is mapped to the nested
subsets ∅ ⊆ I ⊆ J with its right adjoint taking X ⊆ Y ⊆ Z to Y ⊆ Z. This
has a right adjoint that takes I ⊆ J to I ⊆ I ⊆ J . The next functor down is
its right adjoint that takes X ⊆ Y ⊆ Z to X ⊆ Z. The penultimate functor
sends I ⊆ J to I ⊆ J ⊆ J with the bottom functor taking X ⊆ Y ⊆ Z to
X ⊆ Y .

Introducing these categories here is not without reason. In fact, they pro-
vide a rich source of comma fibrations utilising the classical family fibration.

Example 3.1.13. (The family fibrations.) The category FamN (C0) has, as
objects, collections of objects of C0 indexed by objects of N , i.e. nested set-
indexed collections of objects of C0 of the form {Xi}i∈I ⊆ {Yj}j∈J ⊆ {Zk}k∈K
where I ⊆ J ⊆ K ∈ ob (N ). Likewise FamSubSet (C1) has SubSet-indexed
collections of objects {Xi}i∈I ⊆ {Yj}j∈J where I ⊆ J . Fam (C2) is the
classical case of set-indexed collections of objects. Each of these categories
has a projection fibration that maps an object to its indexing object. Using
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the adjunctions outlined above, we can assemble these into the diagram

Fam(C2) FamN (C0) FamSubSet (C1)

Set N SubSet

where the horizontal arrow Set → N is the composition of a chosen pair of
adjoints. Each arrow in the top row is the evident functor that makes each
square commute.

For example, let us take the functors Set → SubSet where S 7→ S ⊆ S

and SubSet → N where I ⊆ J 7→ I ⊆ J ⊆ J . Composed these give
S 7→ S ⊆ S ⊆ S. The corresponding functor Fam (C2) → FamN (C0)

in the top row takes {Xi}i∈I 7→ {Xi}i∈I ⊆ {Xi}i∈I . Likewise the func-
tor FamSubSet (C1) → FamN (C0) maps {Xi}i∈I ⊆ {Yj}j∈J 7→ {Xi}i∈I ⊆
{Yj}j∈J ⊆ {Yj}j∈J . We claim that this is a comma fibration. Obviously the
cartesian lifts along Fam (C2) → Set are tight cartesian. Consider a mor-
phism (f, g) : S ⊆ T → I ⊆ J in SubSet. A cartesian lift of (f, g), given the
lift {Xi}i∈I ⊆ {Yj}j∈J of the codomain, is the object

{
Xf(s)

}
s∈S ⊆

{
Yg(t)

}
t∈T

along with S and T indexed collections of identity maps as the morphism.
This is obviously cartesian with respect to tight morphisms. The lifting
problem

{Ua}A ⊆ {Vb}B ⊆ {Wc}C {Xf(s)}S ⊆ {Yg(t)}T ⊆ {Yg(t)}T {Xi}I ⊆ {Yj}J ⊆ {Yj}J

A ⊆ B ⊆ C S ⊆ T ⊆ T I ⊆ J ⊆ J
(f,g,g)

(α,β,γ)

({αa}A,{βb}B ,{γc}C)

(u,v,w)

has the unique loose solution

({αa}A, {βb}B, {γc}C)
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since αa : Ua → Xα(a) = Xf(u(a)) with similar arguments for βb and γc. Hence
cartesian lifts along FamSubSet (C1) → SubSet are tight cartesian. Finally
we define a loose cartesian lift for each loose morphism in N (with a given
codomain lift). Such a loose morphism is one of the form

(f, g, g) : S ⊆ S ⊆ S → I ⊆ J ⊆ J

where f (s) = g (s). Given a lift {Xi }I ⊆{Yj }J ⊆{Yj }J of the codomain
we define the object

{
Xf(s)

}
s∈S ⊆

{
Xf(s)

}
s∈S ⊆

{
Xf(s)

}
s∈S along with S

indexed collections of identity maps as the lift. To see that this is loose
cartesian note that the lifting problem

{Zt}T ⊆ {Zt}T ⊆ {Zt}T {Xf(s)}S ⊆ {Xf(s)}S ⊆ {Xf(s)}S {Xi}I ⊆ {Yj}J ⊆ {Yj}J

T ⊆ T ⊆ T S ⊆ S ⊆ S I ⊆ J ⊆ J
(f,g,g)

(α,β,β)

({αt}T ,{βt}T ,{βt}T )

(h,h,h)

has a unique solution
({αt}T , {αt}T , {αt}T )

which is tight. Hence the chosen lift is indeed loose cartesian.

Example 3.1.14. (The codomain comma fibration.) Let α : B1 → B ←
B2 : β be a cospan of categories with pullbacks. In a similar fashion to the
classical codomain fibration, we can form the diagram

B→1 B→ B→2

B1 B B2

cod cod cod

α β

α→ β→

and claim that it is a comma fibration. This is demonstrably not the case,
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however. Given a loose morphism b : B1  B2 in B with a lift b2 : B′2 → B2

in B→2 we can take the pullback of these in B, which is a lift along the central
codomain functor. This is clearly not a loose morphism since the pullback
object is not an object from B1 and the structure maps are neither loose nor
tight. Alternatively, we can form the diagram

B→1 E B→2

B1 B B2α β

cod cod

where E is the category defined as follows. Objects are the coproduct ob (E) =

ob (B→1 )
∐

ob (B→2 ). If p, q ∈ B→1 then E (p, q) = α∗B→1 (p, q). Likewise,
if p, q ∈ B→2 then E (p, q) = β∗B→2 (p, q). If p ∈ B→2 and q ∈ B→1 then
E (p, q) = ∅. Finally, if p : X → Y ∈ B→1 and q : X ′ → Y ′ ∈ B→2 then E (p, q)

is the equaliser

E(p, q)

B(αX, βX ′)× B(αY, βY ′)

B(αX, βX ′) B(αY, βY ′)

B(αX, βY ′)

eq

βq◦− −◦αp

π π

that is the result of applying both the domain and codomain functors to
both p and q. The central functor, therefore, maps an object B 7→ αB or
B 7→ βB depending on which part of the coproduct B is from and maps a
morphism to its codomain. Again, this diagram is not, a priori, a comma
fibration but we make the following observation. Recall that, for the classical
codomain fibration, a category B has pullbacks if, and only if, the functor
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cod : B→ → B is a fibration. That is to say every morphism in C with a
specified lift of its codomain, has a cartesian lift. Analogous to this we can
say that a cospan α : B1 → B ← B2 : β has “pullbacks” if and only if each
loose morphism in B in the diagram

B→1 E B→2

B1 B B2α β

cod cod

has a comma cartesian lift. This defines “pullbacks” as diagrams of the form

αEo αE βE ′

αB0 αB βB′

F

f

αp βqαp0

αg

h

H

∃!G
αG

which have a universal property with respect only to loose morphisms rather
than with respect to any morphisms. Hence it appears that limits in this
category are not merely limits in the category Cat→← as these would be
computed component wise and have the usual universal properties. In addi-
tion, the property that if we have all products and pullbacks then we have
all limits will not hold here.

3.1.3 Cloven comma fibrations

Definition 3.1.15. A choice of a loose comma cartesian lift for each loose
morphism in the base is a cleavage on the comma fibration.

This definition gives the following result, which is analogous to the Cheval-
ley representation from Theorem 2.1.10.

Theorem 3.1.16. A comma fibration is cloven if and only if the functor F
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in the diagram
(ldE , l

c
E)

• Ec

(ldB, l
c
B) Bc

cod

pc
y

F

G

cod

p

a

has a right adjoint right inverse G.

Proof. This proof follows along similar lines to the proof of Theorem 2.1.10.
Throughout we will use the full language for the domains and codomains of
loose morphisms rather than the shorthand. This is to keep track of which
categories objects and morphisms are coming from.

The functor F :
(
ldE , l

c
E
)
→ • maps an object e1 : ldE (E1)→ lcE (E ′1) to the

pair
(
pe1 : pldE (E1)→ plcE (E ′1) , E ′1

)
and a morphism

ldE (E1) ldE (E2)

lcE (E ′1) lcE (E ′2)

e1 e2

ldEe

lcEe
′

to

pldE (E1) pldE (E2)

plcE (E ′1) plcE (E ′2)

pe1 pe2

pldEe

plcEe
′

in B which, because pldE = ldBp
d and plcE = lcBp

c, is a morphism in
(
ldB, l

c
B
)
.

We now show that the existence of G gives a cleavage on p. Let G be a
right adjoint, right inverse to the functor F . G being right inverse means that
FG

(
b : ldB (B)→ plcEE

)
= b, i.e. G

(
b : ldB (B)→ plcE (E)

)
= Gb : ldE (X) →

lcE (E) such that pGb = b. Hence Gb is a loose lift of b. G being right adjoint
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means gives the isomorphism

•
(
F
(
e : ldE (E)→ lcE (E ′)

)
, b : ldB (B)→ plcE (E ′′)

) ∼= (ldE , lcE) (e,Gb)

so that

pldE(E) ldB(B) ldE(E) ldE(X)

plcE(E
′) plcE(E

′′) and lcE(E
′) lcE(E

′′)

E ′ E ′′ê

pldE(ê)

b̂

pe b

ldE(ê)

e

e′

Gb

have the same information. By taking ê = idE′′ , we see that Gb is indeed a
comma cartesian lift of b due to the uniqueness of e′ in the diagrams.

Conversely we assume that a cleavage has been chosen, so for each loose
morphism there is a specified loose comma cartesian lift. The right inverse
G is constructed as follows. An object b : ldB (B)→ plcE (E) is mapped to its
specified lift Gb : ldE (X)→ lcE (E). A morphism

(
b̂ : B → B′, e : E → E ′

)
is

mapped onto (ê, e) where ê given by the unique solution to the factorisation
problem

ldE(X) ldE(X
′) lcE(E

′)

ldB(B) ldB(B′) plcE(E
′)

Gb′

ldEe◦Gb

ldE ê

ldB b̂
b′

lcBp
ce◦b

using the fact that Gb′ is comma cartesian. This is clearly a right inverse.
To show it is a right adjoint we use the unit and counit. The counit is the
identity natural transformation (since FG = id•). The components of the
unit are the solutions to a factorisation problem. In detail, for an object
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e : ldE (E)→ lcE (E ′), with GFe the lift of pe, ηe is given by

ldE(E) ldE(X) lcE(E
′)

pldE(E) pldE(E) plcE(E
′)

GFe

e

ldEηe

id pe

pe

since GFe is comma cartesian. Since ηe is vertical, i.e. pηe = idpE, εF ◦Fη =

idF . Likewise, since GFG = G, Gε ◦ ηG = idG.

Theorem 3.1.17. Having chosen a cleavage for a comma fibration, every
loose morphism b : B2  B1 in B gives a re-indexing functor b∗ : Ec

B1
→ Ed

B2

in Cat.

Proof. Let E1 be an object in EcB1
. We define b∗E1 to be the domain of the

loose cartesian lift of b with E1 the chosen lift of B1. Let e : E2 → E1 be
a morphism in EcB1

. We define b∗e to be the solution to the factorisation
problem

b∗E2 E2

b∗E1 E1

B2 B1

B2 B1

e

idB1
idB2

b

b

e2

e1

b∗e

due to e1 being cartesian. Given an identity idE : E → E in EcB1
, b∗idE is the

unique solution such that pb∗idE = idB2 . But pidb∗E = idB2 , hence b∗idE =

idb∗E. Finally, let e′ : E3 → E2 and e : E2 → E1 be composable morphisms
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in EcB1
. b∗ (e ◦ e′) is the unique solution in the factorisation problem

b∗E3 E3

b∗E2 E2

b∗E1 E1

B2 B1

B2 B1

idB1
idB2

b

b

e1

e

e2

b∗e

e′

e3

b∗e′

b∗(e◦e′)

such that pb∗ (e ◦ e′) = idB2 . But p (b∗e ◦ b∗e′) = idB2 , hence b∗ (e ◦ e′) =

b∗e ◦ b∗e′ and b∗ is indeed functorial.

3.2 Categories of comma fibrations

In this section we continue to follow the model of Section 2 by first showing
that a change of base operation can be performed on comma fibrations using
pullbacks, and that they are closed under composition. Then morphisms of
comma fibrations are defined, in a manner that will not be surprising, before
defining a subcategory of symmetric comma fibrations. It is at this point we
observe that each classical fibration has a canonical comma fibration associ-
ated with it. We conclude by showing that it is also true that a morphism
in Cat→ has a canonical comma fibration as well.
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3.2.1 Change of base and composition of comma fibra-

tions

Lemma 3.2.1. (Change of base.) Let

Bd
2 B2 Bc

2

Bd
1 B1 Bc

1

Gd G Gc

ldB1
lcB1

ldB2
lcB2

be an object in (Cat→←)→ and

Ed
1 E1 Ec

1

Bd
1 B1 Bc

1

p1 pc
1pd

1

ldE1
lcE1

ldB1
lcB1

be a comma fibration. By taking pullbacks along G, Gd, and Gc we obtain a
comma fibration.

Proof. We prove this by constructing the comma fibration. In the diagram

Ed
2 E2 Ec

2

Ed
1 E1 Ec

1

Bd
2 B2 Bc

2

Bd
1 B1 Bc

1

pc
1

ldE2

lcB1
ldB1

Gd G

Gc
ldB2

lcB2

pd
2

ed
y

ec
pc

2
yp2

ey

lcE2

ldE1
lcE1

pd
1

p1
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the morphisms p2, pd
2 and pc

2 are given by taking pullbacks along G, Gd, and
Gc respectively. The dashed morphisms are the unique morphisms into the
pullback E2. It remains to show that this defines a comma fibration.

Let b : B  B′ be a loose morphism in B2, together with an object (B′, E ′)

in the pullback E2. We claim that the loose morphism (b, e) : (B,E) →
(B′, E ′), where e is the comma cartesian lift of Fb, is comma cartesian. To
see that this is the case, the solution

(
b̂, ê
)
to the lifting problem

(B0, E0) (B,E) (B′, E ′)

B0 B B′

(b,e)

(b0,e0)

(b̂,ê)

b̂ b

b0

is unique since ê is given by the unique solution to

E0 E E ′

FB0 FB FB′

e

e0

ê

F b̂ F b

Fb0

lifting along p1.

Theorem 3.2.2. Let

Ed E Ec and Bd B Bc

Bd B Bc Cd C Cc

ldE1
lcE1

ldB
lcB

ppd pc qd qcq

ldB lcB

ldC
lcC
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be comma fibrations. The following properties hold:

1. the composition of two comma fibrations is a comma fibration.

2. a morphism e is comma cartesian with respect to q ◦ p if, and only if,
e is comma cartesian with respect to p and pe is comma cartesian with
respect to q.

Proof. The proof of the first property is the claim that the functors qd ◦ pd,
q ◦ p, and qc ◦ pc in the diagram

Ed E Ec

Bd B Bc

Cd C Cc

pd p pc

ldB
lcB

ldE lcE

ldC
lcC

qqd qc

defines a comma fibration. The verification that the lift of a loose morphism
c : C  qp (E0) in C by first lifting to a comma cartesian morphism b : B  

p (E0) in B along q followed by lifting b to a comma cartesian morphism e :

E  E0 in E is itself comma cartesian with respect to q◦p is straightforward.
The prove the second property, first assume that the loose morphism

e : E1  E2 is comma cartesian with respect to q ◦ p. The morphism eqb in
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the diagram

E0 E1 E2

pE0 pE1 pE2

qpE0 qpE1 qpE2

e

e0

pe

pe0

qpe

qpe0

b

qb

eqb

ê

is the unique solution over qb to the lifting problem e ◦ − = e0, and hence is
a solution over b to the same lifting problem via p. To see that this is unique
with respect to p assume that ê is another such solution. But then ê is also
a solution to e ◦ − = e0, and so eqb = ê. Hence e is comma cartesian with
respect to p. The morphism ec in the diagram

X E1 E2

B0 pE1 pE2

qB0 qpE1 qpE2

e

x

pe

b0

qpe

qb0

pec

c

ec

b̂

ê

is the unique solution over c to the lifting problem e ◦− = x, where x : X →
E2 is a cartesian lift of b0 along p. pec is, therefore, a solution over c to the
lifting problem pe ◦ − = b0. Assuming b̂ is another such solution then, since
e is comma cartesian with respect to p, we have a unique solution ê over b̂.
But ec = ê as they are both solutions over c. Hence ec is over b̂, so that
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pec = b̂, and pe is comma cartesian with respect to q.
Conversely, the morphism ec in the diagram

E0 E1 E2

pE0 pE1 pE2

qpE0 qpE1 qpE2

e

e0

pe

pe0

qpe

qpe0

bc

c

ec

ê

is the unique solution to e◦− = e0 over bc, which itself is the unique solution
to pe ◦− = pe0 over c. Hence ec is a solution to e ◦− = e0 over c. Assuming
that ê is another such solution, then pê is a solution to pe ◦ − = pe0 over c.
Hence, since pe is comma cartesian, pê = bc, and so ê = ec.

For a tight comma cartesian morphism e : E1 → E2 the same method,
albeit with suitable changes to the types of arrow, will provide the completion
of the proof.

3.2.2 Morphisms of comma fibrations

In order to define categories of comma fibrations we need to lend some con-
sideration as to what morphisms are, and so introduce an analogous concept
to the fibred functors from Definition 2.1.12.

Definition 3.2.3. A morphism of comma fibrations consists of a sextuple of
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functors
(
F d, F, F c, Gd, G,Gc

)
such that the diagram

Ed
1 E1 Ec

1

Ed
2 E2 Ec

2

Bd
1 B1 Bc

1

Bd
2 B2 Bc

2

pd
1

p1 pc
1

ldE1
lcE1

ldB1
lcB1

pc
2

ldB2
lcB2

Fd F F c

Gd G Gc

pd
2

p2

ldE2
lcE2

commutes where F d and F c are (classically) fibred functors and F preserves
comma cartesian morphisms. We call a functor that preserves comma carte-
sian morphisms a comma fibred functor.

This allows us to define a category CFib of comma fibrations and their
morphisms. The following result is immediate.

Lemma 3.2.4. The functor CFib→ Cat→← that sends a comma fibration
to its base is itself a fibration.

Proof. Comma cartesian lifts are given by the change of base operation from
Lemma 3.2.1.

If we fix a cospan ldB : Bd → B ← Bc : lcB (which we will denote
(
ldB, l

c
B
)
)

then the fibre of the above fibration over
(
ldB, l

c
B
)
is the category CFib(ldB,lcB)
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of comma fibrations with base
(
ldB, l

c
B
)
. A morphism

Ed
1 E1 Ec

1

Ed
2 E2 Ec

2

Bd B Bc

ldE1
lcE1

pd
2

p2 pc
2

ldB
lcB

Fd F F c

pd
1

p1 pc
1

ldE2
lcE2

can then be viewed as a triple of functors over their respective base categories,
but still retaining their (comma) cartesian preserving properties. Of course,
for each object B in B, the fibred functors F d and F c restrict to functors
between the respective fibres.

Remark 3.2.5. We might expect, in a similar fashion to the observation that
Fib• ∼= Cat (where • is the terminal category), CFib(id•,id•)

∼= Cat→←. But
this is not the case. Given a cospan ldE : Ed → E ← Ec : lcE , the diagram

Ed E Ec

•

ldE lcE

is not a comma fibration. For the loose morphism id• : •  • with a tight
lift lcE (E) of its codomain, we are not guaranteed to have a comma cartesian
lift.

There are two functors CFib→ Fib defined by the two projections

Ed d← [ Ed E Ec c7→ Ec

Bd Bd B Bc Bc

p

ldE lcE

pc

lcB

pd

ldB

pcpd
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which we denote by d and c respectively. Neither of these functors is a
(classical) fibration in general. At this point we introduce a subcategory of
CFib with objects that are of particular interest. This is the full subcategory
symCFib of symmetric comma fibrations. By symmetric we mean a comma
fibration of the form

Ed E Ed

Bd B Bd

pd pdp

ldE ldE

ldB ldB

so that both domain and codomain parts are identical (in form but not in
function).

Proposition 3.2.6. Every classical fibration p : E → B has a canonical
symmetric comma fibration sym (p) of the form

E E E

B B B

p p p

idE idE

idB idB

associated to it.

Proof. This is easily seen since every cartesian morphism in E will be comma
cartesian.

The obvious conclusion to this observation is the following corollary.

Corollary 3.2.7. This construction defines a functor sym : Fib→ symCFib.

Given any symmetric fibration, the functors c and d are identical. Hence
we can describe the functor sym in terms of an adjunction.

Claim 3.2.8. The functor sym : Fib → symCFib is left adjoint to the
functor d (and hence also c).
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Proof. Each component of the unit η : idFib ⇒ d ◦ sym of the adjunction is
the identity. Components of the counit ε : sym ◦ d⇒ idsymCFib are given by
morphisms of the form

Ed Ed Ed

Ed E Ed

Bd Bd Bd

Bd B Bd

pd

id

lBlB

id lB id

id id

pd
id id

pdpd
lE

id

lE lE

pd p

from which it is clear that the triangular identities are satisfied.

Corollary 3.2.9. Fib is a coreflective subcategory of symCFib.

Remark 3.2.10. In the canonical symmetric comma fibration associated with
the fibration p : E → B, the results demonstrated in Subsection 3.1.1 recover
their classical mate from Subsection 2.1.1. In this way, therefore, comma
fibrations can be considered a generalisation of fibrations.

3.2.3 Further considerations

As seen above, we can view a fibration as a (symmetric) comma fibration in
a canonical way. However it is reasonable to ask if a morphism of fibrations
can also be viewed as a comma fibration in a canonical way, i.e. is there a
functor Fib→ → CFib?

In a similar fashion to every arrow in a category also being a cospan in two
ways via the identity on the codomain, every morphism in Cat→ is an object
in (Cat→←)→ in two ways. A valid question is, given a morphism of fibra-
tions, whether either of these constructions is a comma fibration. That is to
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ask, if p : E → B and p′ : E ′ → B′ are fibrations and (F : E → E ′, G : B → B′)
is a morphism of fibrations are either of

E E ′ E ′

B B′ B′
p p′

F

G

p′

idE′

idB′

or
E ′ E ′ E

B′ B′ B

pp′

F

G

p′

idE′

idB′

a comma fibration? First we consider the top one. Let b : G (B) → B′ be a
loose morphism in B′. Since p′ is a fibration then, given a lift E ′ of B′ along
p′, there is a lift e : X → E ′ of b in E ′. The object X, however, is not a priori
an object of type F (E) so this is not a comma fibration. For the second
case though, we do not have this problem. Let b : B′ → G (B) be a loose
morphism. Given a lift E of B along p, the cartesian lift e : X → F (E) is
certainly of the correct type. It is also clear that, since e is cartesian, the
unique solution to the lifting problem

E0 X F (E)

B0 B′ G(B)
b

e

b0

b′

e′

∃!

is of the correct type. Likewise, given a morphism G (b) : G (B′) → G (B)

and a lift E of B along P , applying F to the cartesian lift e : X → E is of the
correct type in E ′. Note that F (e) is also cartesian since (F,G) is a morphism
of fibrations, i.e. G sends cartesian morphisms to cartesian morphisms. So
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this is a comma fibration.

Remark 3.2.11. There is one other way that such a morphism of fibrations
could be viewed as a diagram in (Cat→←)→ , namely as the diagram

E E ′ E

B B′ B

p p′

F

G G

F

p

which is not a comma fibration. This is clear since a cartesian lift along p′

will not be comma cartesian.

3.3 Comma fibred structure and monads

Intuitively, a comma fibration allows us to consider the transfer of informa-
tion between two fibrations (in a specified order) without requiring a fibred
functor between the carrier categories. Hence, if we have classically fibrewise
properties on the tight portions of a comma fibration, we can interpret how
this transfer interacts with those properties. We will examine the particular
case of monads and adjunctions on comma fibrations. Of particular interest
here is the definition of a comma-fibrewise monad that will come into play
in Chapter 6.

3.3.1 Comma fibred adjunctions

Recall that a fibred adjunction between two fibrations (with common base)
consists of an adjunction of fibred functors such that the components of
the unit and counit are vertical. This defines the concept of adjunction in
the category FibB. We can naively define a similar property for comma
fibrations which is, essentially, the definition of an adjunction in (Cat→←)→

that preserves the comma fibration structure.
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Definition 3.3.1. A comma fibred adjunction between two comma fibrations
in the fibre CFib(ldB,lcB)

consists of three adjunctions F d a Gd, F a G and
F c a Gc

Ed
1 E1 Ec

1

Ed
2 E2 Ec

2

Bd B Bc

ldE1
lcE1

pd
2

p2 pc
2

ldB
lcB

Fd F F c

Gd G Gc

pd
1

p1 pc
1

ldE2
lcE2

aaa

each with vertical components, such that
(
F d, F, F c

)
and

(
Gd, G,Gc

)
are

morphisms of comma fibrations.

Note that the two adjunctions F d a Gd and F c a Gc are, in fact, clas-
sically fibred adjunctions. Neither p1 nor p2 are fibrations, however, so the
question as to what properties F a G actually has is pertinent. Clearly each
functor preserves comma cartesian morphisms, but how they interact with
the fibred structure is unclear. Whilst there are, by virtue of p1 and p2 being
functors, fibres over the objects of B we are only interested in those objects
that come from either Bd or Bc, and their fibres with respect to the left- and
right-hand parts of each comma fibration. Hence we could also define an
adjunction where only the outside functors form an adjunction.

Definition 3.3.2. A comma-fibrewise adjunction between two comma fi-
brations in the fibre CFib(ldB,lcB)

consists of two adjunctions F d a Gd and
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F c a Gc with vertical components and a pair of functors F and G

Ed
1 E1 Ec

1

Ed
2 E2 Ec

2

Bd B Bc

ldE1
lcE1

pd
2

p2 pc
2

ldB
lcB

Fd F F c

Gd G Gc

pd
1

p1 pc
1

ldE2
lcE2

aa

such that
(
F d, F, F c

)
and

(
Gd, G,Gc

)
are morphisms of comma fibrations.

Remark 3.3.3. In fact, for any fibred structure in classical fibred category
theory, it would be possible to define it in either way shown above. Also,
since we have multiple possible definitions of a fibre within a comma fibration,
each definition would have a version of that fibred structure. Further, we can
define adjunctions, and hence monads, on each fibration separately as in the
diagram

C Ed E Ec C ′

Bd B Bc

pd pcp
q q′

ldB
lcB

ldE lcEa a

where we have adjunctions in Fib
(
Bd
)
and Fib (Bc) with no relation between

them hence, for two classical fibrations that do not have a morphism between
them we can provide a transfer of information between the fibres by means
of the mediating category in the base and this is the main use of comma
fibrations in this thesis. By extension we can then relate the two fibres of
the fibration Fib→ Cat.
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3.3.2 Comma-fibrewise monads

Recalling the definition of a continuous morphism for a pre-fibrewise monad,
we can define a similar property for a comma fibration. We say that a loose
morphism b : B1  B2 in the base is continuous if the induced functor
b∗ : Ec

B2
→ Ed

B1
can be equipped with an appropriate natural transformation

θ such that (b∗, θ) becomes a morphism of monads. This allows us to define
similar monads on the fibres of a comma fibration to those on a classical
fibration.

Definition 3.3.4. A comma fibration is a pre-comma-fibrewise monad if
each fibre (of both domain and codomain parts) has a monad on it. If each
loose morphism b : B  B′ in the base is continuous then we say that the
comma fibration is a comma-fibrewise monad.

Let pCFibMon(ldB,lcB)
be the category of pre-comma-fibrewise monads.

Explicitly the objects are comma fibrations

Ed E Ec

Bd B Bc

pd pcp

ldE lcE

ldB
lcB

together with two collections of monads

{
T d
B : EB → EB

}
ob(Bd) and {T c

B′ : EB′ → EB′}ob(Bc) ,

one for each fibre. A morphism
(
F d, F, F c,

{
θd
B

}
ob(Bd) , {θ

c
B′}ob(Bc)

)
is a mor-

phism of comma fibrations such that each restricted functor F d
B : EB → E ′B

has a natural transformation θd
B : Ud

B ◦F d
B ⇒ F d

B ◦T d
B and F d

B : EB → E ′B has a
natural transformation θc

B : U c
B◦F c

B ⇒ F c
B◦T c

B, i.e. are morphisms of monads.
The category CFibMon(ldB,lcB)

is the full subcategory of pCFibMon(ldB,lcB)
spanned by the comma-fibrewise monads.
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Recalling the construction given in 2.2.3, given any comma fibration with
a pre-comma-fibrewise monad, we can define the functor pcont : Econt → Bcont.
In this case Bcont is the wide subcategory of B spanned by the continuous
morphisms and tight morphisms, Econt is the wide subcategory of E spanned
by the morphisms e such that pe is in Bcont, and pcont is the obvious restriction
of p. Note that the functor ldE : Ed → E factors via

Ed E

Econt

ldE

ldE

with a similar property for lcE , ldB and lcB.

Theorem 3.3.5. The diagram

Ed Econt Ec

Bd Bcont Bc

pd pcont pc

ldE lcE

ldB
lcB

is a comma fibration.

Proof. For any continuous morphism b : B  pE in B, a loose cartesian lift
is a morphism in Econt. The unique solution ê provided by p to the lifting
problem

E0 b∗E E

pE0 B pE
b=pe

e

e0

ê

pe0

b̂

in pcont is tight and so is in Econt.
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Corollary 3.3.6. The comma fibration

Ed Econt Ec

Bd Bcont Bc

pd pcont pc

ldE lcE

ldB
lcB

is a comma-fibrewise monad.

Remark 3.3.7. Recall that being a fibred monad is the property of a monad
whose carrier is the domain of a fibration. In order to define what it would
mean to be a comma-fibred monad (as opposed to just comma-fibrewise) we
would then require a monad on the total cospan, i.e. on each category in
the total. But as we use the central functor only as a carrier for continuous
functions, this concept is not of interest for this thesis.

3.3.3 Relation to other notions of fibration

We conclude this section by noting the comparison of comma fibrations with
other notions of fibration (a survey of which can be found in [58]). We do
not examine the relationships in any great detail, this is more a collection of
possible logical extensions to this theory.

It is possible to define the concept of a fibrations in a 2-category [77,78].
In a nutshell, a 1-cell p : E → B in a 2-category K is a 2-fibration if the
postcomposition functor p∗ : K (X, E) → K (X,B) is a fibration (subject to
some coherence conditions). Under this theory, a Grothendieck fibration is
a fibration in the strict 2-category Cat. It is clear, however, that a comma
fibration is certainly not a fibration in the 2-category Cat→←. It is not clear
if there is any such 2-category K for which comma fibrations are fibrations in
K. On the other hand, it would make sense to consider comma fibrations in
the category (K→←)→ so that the fibration part of the diagrams are fibrations
in K. How this then relates to some idea of fibrewise 2-monad would be an
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avenue of interest.
In fact, the idea of replacing the two fibrations in a comma fibration with

another notion of fibration could be fruitful. Take, for instance, discrete fi-
brations. A discrete fibration is a functor p : E → B such that each morphism
b : B → pE has precisely one lift, thus rendering each fibre EB a discrete
category. Hence, if both of the fibrations present in a comma fibration are
discrete, the reindexing functor will be a discrete functor. But the perspec-
tive offered by comma fibrations allows the potential mixing of different types
of fibration.

Monoidal fibrations [73] are, as might be expected, fibrations between
monoidal categories that are (strict) monoidal functors p : E → B such that
the cartesian morphisms in E are preserved by the tensor product. Thus we
could consider comma fibrations in (MonCat→←)→ and the interaction of
the tensor products with the reindexing functors.

In appearance, two-sided fibrations [77, 78] appear similar to comma fi-
brations. These are spans

E

B1 B2

p1 p2

in Cat where cartesian lifts along p1 are vertical with respect to p2 and
op-cartesian lifts along p2 are vertical with respect to p1, i.e. that p1 is a
left-fibration and p2 is a right fibration, under some coherence conditions.
Certainly, if B1 and B2 are common domains for a functor such that com-
position with p1 and p2 commutes, we could create a diagram of the correct
shape to be a comma fibration, but we would then have a left fibration on the
left-hand side and a right fibration on the right hand side. What a diagram
of this type would represent is unclear, but may be worthy of some study.

Finally, recall the well established equivalence between pseudofunctors
[Bop,Cat]ps (B-indexed categories) and the category Fib (B) via the Grothendieck
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construction. Similar equivalences exist for other types of fibration such as
the category of elements construction from presheaves to discrete fibrations.
Likewise, for a cartesian category B, there is an equivalence between indexed
monoidal categories [Bop,MonCat]ps and monoidal fibrations. It is even
the case that two-sided fibrations as shown above describe pseudofunctors
[Bop

1 × B2 → Cat]ps. The question that remains is, is CFib(ldB,lcB)
equivalent

some some indexed collection? If so, a collection of what exactly? Clearly,
for a cloven comma fibration we do have reindexing functors between the
tight fibres which would suggest an indexed category over the tight objects
in the base, but the details are subtle.



Chapter 4

Quantale Enriched Topology

Recall that, when viewing metric spaces à la Lawvere, i.e. as categories
enriched in [0,∞], it makes sense to ask the question as to what other en-
richments would define a metric. Equivalently, this is the question of what
other codomains could the metric take to still be a metric function. In either
case the bare minimum would appear to be an ordering, i.e. a thin category,
a designated 0, and a binary operation in order to satisfy the metric axioms.
At this level of generality, however, getting a meaningful general theory of
metric spaces would be hopeless. Moreover, as mentioned in the introduc-
tion, care needs to be taken when declaring a set X, with a “metric” function
taking values in some general structure attached to it, a metric space. Just
being able to define an open-ball type topology on it is not sufficient to
declare such a space a geometric object.

In this chapter we introduce quantales as a convenient source of potential
enriching categories for such objects and will proceed as follows. The first
section will introduce quantales themselves and categories enriched in them.
We will also take a quick detour into a special family of quantales that have
briefly been mentioned before, namely Flagg’s value quantales, which have
some interesting topological properties. The most important of these is being
able to metrise any space. The second section will look at certain properties

83
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that the underlying lattice of a quantale may have, and how those affect the
geometric properties of categories enriched in it. This leads to some sufficient
conditions for a quantale-enriched category to be a geometric object with a
consistent topology. The final section furthers this by examining properties
of the quantales themselves and deducing conditions for which the interior
and closure operators, when viewed as monads, agree via complementation.

The first two sections of this chapter largely comprise results from [24]
whilst the final section contains material from [23].

4.1 Quantales and quantale enriched categories

4.1.1 Quantales

Recall that, classically, a metric space is a set X together with a metric
function d : X ×X → [0,∞) that satisfies the point inequality, separation,
symmetry, and triangle inequality axioms. When considering alternative
codomains for the metric function, we can take inspiration from when this has
happened in the past. In [57] Lawvere demonstrated that, if we extend the
codomain to the extended interval [0,∞] and relax separation and symmetry,
the remaining axioms for a metric space are precisely the properties of a
(small) category enriched in the monoidal category [0,∞]op with addition as
monoidal product and 0 as unit. Precisely, if we define d (x, y) = X (x, y)

in such an enriched category, the point inequality d (x, x) = 0 comes from
the identity object 0 → X (x, x). The composition morphism X (x, y) +

X (y, z) → X (x, z) gives rise to the triangle inequality d (x, z) ≤ d (x, y) +

d (y, z). This observation leads us to consider the question “which monoidal
categories can we enrich a category in to get a space that satisfies the axioms
for a metric space?”. A rich source of such monoidal categories are quantales

Definition 4.1.1. A (unital) quantale (Q,⊗, 1) is a triple consisting of a
complete lattice Q (with joins

∨
and meets

∧
), an associative binary oper-
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ation ⊗ : Q×Q→ Q that distributes over joins, namely

x⊗
∨

S =
∨

(x⊗ S) and
(∨

S
)
⊗ x =

∨
(S ⊗ x)

for all x ∈ Q and S ⊆ Q, and a unit 1 ∈ Q such that x⊗ 1 = x = 1⊗ x for
any x ∈ Q. By convention we will usually just refer to the quantale (Q,⊗, 1)

as Q when ⊗ and 1 are obvious.

Note that a commutative quantale is a quantale for which x⊗y = y⊗x for
all x, y ∈ Q. An affine quantale is one in which the unit is the top element,
i.e. the empty meet, of the underlying lattice. If only the distributivity
condition x⊗

∨
S =

∨
(x⊗ S) holds we have a left quantale. Conversely, if

only (
∨
S)⊗ x =

∨
(S ⊗ x) holds we have a right quantale.

Remark 4.1.2. A commutative quantale Q when viewed as a category, i.e.
there is a morphism x → y when x ≤ y for any x, y ∈ Q, is a thin symmet-
ric closed monoidal category that is both complete and cocomplete. Such
a category is more commonly known as a thin cosmos (a cosmos being a
symmetric closed monoidal complete and cocomplete category), hence thin
cosmoses and quantales coincide, at least at the level of their set-theoretic
definitions.

Example 4.1.3. The poset [0,∞]op with addition as binary operation and
0 as the unit is a commutative and affine quantale. We will refer to this as
the additive Fréchet quantale F+. This is isomorphic to the quantale [0, 1]

with multiplication as operation and 1 as the unit, which is referred to as
the multiplicative Fréchet quantale F·.

In addition to the explicit definition, a quantale can also be viewed as
a monoid object in the monoidal category CJLat of complete join semilat-
tices and complete join homomorphisms. As such the binary operation ⊗ is
a complete join homomorphism in each variable. What separates the defi-
nitions of quantales is the category structure that they dictate. That is to
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say, each definition gives rise to a different collection of morphisms between
the same objects. Thinking of quantales as (commutative) monoid objects
in CJLat we can consider the category cMon (CJLat) whose objects are,
therefore, (commutative) quantales. A morphism ψ : Q → Q′ is a complete
join homomorphism that preserves both the monoidal product and unit, that
is to say ψ (x)⊗ ψ (y) = ψ (x⊗ y) and ψ (1) = 1.

Alternatively when viewing quantales as thin cosmoses, morphisms should
allow us to easily transfer between enrichments (the purpose of cosmoi being
a good place to do enriched category theory). Hence such a morphism need
only be lax monoidal, so ψ (x)⊗ψ (y) ≤ ψ (x⊗ y) and I ≤ ψ (I), and not be
a complete join homomorphism. These definitions give us three categories of
quantales to consider.

Definition 4.1.4. The category Qntlax has lax monoidal morphisms. The
category Qntstr has strict monoidal morphisms, i.e. those for which the
inequalities hold as equalities. The category Qnt∨ has strict monoidal mor-
phisms that are also complete join homomorphisms.

Here we note that, obviously, Qnt∨ ⊆ Qntstr ⊆ Qntlax. We can give each
of these three categories the obvious local ordering, namely for any quantale
morphisms ψ, ρ : Q→ Q′ we let

ψ ≤ ρ ⇐⇒ ψ (x) ≤ ρ (x)

for all x ∈ Q. In fact, for any quantalesQ andQ′,Qntlax (Q,Q′) is a complete
lattice with pointwise meets. The joins on the other hand are not computed
pointwise since, for {ψi}i∈I ⊆ Qntlax (Q,Q′) the function x 7→

∨
i∈I ψi (x) is

not lax monoidal in general. Hence the actual join is often larger that the
pointwise join. If {ψi}i∈I is a directed set, however, then the pointwise join
is lax monoidal.

As seen in [65], for any lattice L in CJLat, the hom-set CJLat (L,L) is
not only a complete lattice (with joins computed pointwise) but also supports
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a quantale structure with composition and identity as multiplication and unit
respectively. Hence, in the category Qnt∨, the hom-set Qnt∨ (Q,Q) is a
quantale.

Example 4.1.5. The Fréchet quantale hom-sets. The poset of join-preserving
functions Qnt∨ (F+,F+) consists of all additive monotone functions f :

[0,∞]→ [0,∞] which are precisely the linear functions of the form x 7→ α ·x
with 0 · ∞ = ∞ (which was investigated by Darboux in [26]). Hence
Qnt∨ (F+,F+) ∼= F+ as lattices. Qntstr (F+,F+) consists of the same
linear functions as well as the function x 7→ 0. Qntlax (F+,F+) is the larger
poset of all subadditive functions.

Example 4.1.6. (The Boolean quantale.) The two element ordered set B =

{F < T} with binary operation given by conjunction is a quantale where the
unit is T. The posetQnt∨ (B,B) has only one element whilstQntlax (B,B)

andQntstr (B,B) have the same two elements and are isomorphic to B itself.

Example 4.1.7. (Power sets.) For any set S the power set P (S) is, with or-
dering by inclusion and intersection as operation, a quantale. For an arbitrary
function f : S → T then the inverse image function f← : P (T )→ P (S) is a
member of Qnt∨ (P (T ) ,P (S)). If we fix a subset S0 ⊆ S then the function
fS0 : P (S)→ B defined as

fS0 (X) =

T if S0 ⊆ X,

F if S0 * X,

is an element of the poset Qntstr (P (S) ,B). If S0 6= ∅ then fS0 is an element
of Qnt∨ (P (S) ,B).

4.1.2 Value quantales

In 1997, in [32], Flagg introduced value quantales and continuity spaces as a
way to generalise metric spaces as an extension to the work of Lawvere. In so
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doing, he proved a metrisability result that for, any topological space (X, τ),
there exists a value quantale F and a function d : X ×X → F that satisfies
the conditions for a metric, and that the induced open-ball topology for this
is τ . Further to this, all of the properties of the classical open ball topology,
such as open balls being open sets and the point-set distance agreeing with
the closure operator, are satisfied for a Flagg continuity space.

Recall the totally above relation from Remark 2.3.2 and the set
~w(x) =

{y ∈ L | y � x}. We now use these definitions to define a value quantale.
The following definitions are by Flagg [32].

Definition 4.1.8. A value quantale (F,⊕, 0) is a triple consisting of a com-
plete lattice F (with joins

∨
and meets

∧
), an associative and commutative

binary operation ⊕ : F × F → F that distributes over meets, namely

x⊕
∧

S =
∧

(x⊕ S)

for all x ∈ F and S ⊆ F , and bottom element 0 ∈ F such that x ⊕ 0 =

x = 0 ⊕ x for any x ∈ Q. In addition we require x =
∧~w(x) for all x ∈ F ,

∞� 0, and x ∧ y � 0 if x� 0 and y � 0 (value distributivity).

Remark 4.1.9. It is important to note here the difference in terminology
used between that of quantales and value quantales. The binary operation
⊕ in a value quantale (often referred to as addition) distributes over meets,
as opposed to joins for a quantale. This is because value quantales, and the
continuity spaces associated with them, were developed as a generalisation of
metric spaces and this approach agrees with the standard geometric language.
The dual Lop of a value quantale L, in which the order is simply reversed, is
a quantale in the usual sense.

This conflict is thus just one of syntax and we choose to have no pref-
erence. For any quantale (Q,⊗, 1) we have the op-quantale (Qop,⊕, 0) by
reversing the ordering. Hence a value quantale is a completely (and value)
distributive commutative affine op-quantale. This dual syntax extends to the
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totally above relation as follows. Consequently, saying y � x in a quantale
Q is equivalent to y � x in Qop. It should be obvious at this point that the
quantale F+ is in fact a value quantale.

We conclude this subsection with two examples of value quantales, each
radically different from the other.

Example 4.1.10. (Distance distribution functions.) The set ∆ consists of
all left-continuous monotone functions f : [0,∞] → [0, 1], i.e. those that
satisfy

f (x) =
∨
y<x

f (y)

for all x ∈ [0,∞]. Furnishing ∆ with a pointwise ordering and the convolution

(f ⊕ g) (z) =
∨

x+y≤z

f (x) · g (y)

as binary operation yields the quantale of distance distribution functions.

Example 4.1.11. (Flagg’s value quantales.) Let ↓fS be the collection of all
finite subsets of a set S. Using this, we define the set

Ω (S) = {A ⊆ ↓fS | a ∈ A =⇒ ↓a ∈ A} .

In other words, Ω (S) is the collection of all downwards closed subsets of the
finite power set of S. Ordering this by reverse inclusion and using ⊕ = ∩
renders Ω (S) a value quantale.

Remark 4.1.12. Clearly, the additive Fréchet quantale F+ and the Boolean
quantale B are value quantales.

4.1.3 Quantale enriched categories

Since each quantale is a monoidal category, we can enrich a category in it. As
such, for a quantale Q, we obtain the category QCat of Q-enriched categories
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and Q-functors. In detail, we have the following definition.

Definition 4.1.13. Let (Q,⊗, I) be a quantale. A (small) Q-category X

consists of set of objects ob (X) along with a specified object X (x, y) ∈ Q
for each pair x, y ∈ ob (X)

I ≤ X (x, x) and X (x, y)⊗X (y, z) ≤ X (x, z)

for all x, y, z ∈ ob (X). A Q-functor f : X → Y of Q-categories is a function
f : ob (X)→ ob (Y ) such that

X (x, y) ≤ Y (fx, fy)

for all x, y ∈ ob (X). The category of small Q-categories and Q-functors is
denoted QCat.

Any lax morphism of quantales ψ : Q1 → Q2 induces the functor ψ∗ :

Q1Cat→ Q2Cat which maps a Q-category X to the category ψ∗ (X) where

ob (ψ∗ (X)) = ob (X) and ψ∗ (X) (x, y) = ψ (X (x, y))

and is the identity on morphisms.

Example 4.1.14. (Metric spaces.) The category F+Cat is the category
Law of Lawvere metric spaces and short maps as laid out in [57]. If ψ :

F+ → F+ is a linear function given by ψ (x) = α · x for some α ∈ [0,∞],
the induced functor ψ∗ : Law→ Law is given by ψ∗ (X) (x, y) = α ·X (x, y)

for a metric space X. Hence it is a functor that rescales a metric space.

Example 4.1.15. (Preorders.) Given the Boolean quantale B, the category
BCat is the category Pre of preordered sets and isotone functions. The
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monoidal functor ψ : F+ → B that is defined by

ψ (x) =

T if x = 0,

F if x 6= 0,

induces the functor ψ∗ : Law → Pre that assigns the ordering x ≤ y ⇐⇒
X (x, y) = 0 to the set underlying a metric space X.

Example 4.1.16. (Power sets.) Think of a set S as defining a set of at-
tributes. For a P (S)-category X we can then think of X (x, y) ⊆ S as the
subset of attributes s ∈ S such that if x has s then y also has s. The mean-
ings of the axioms X (x, x) = S and X (x, y) ∩X (y, z) ⊆ X (x, z) can then
be interpreted in a straightforward manner. If ob (X) represents the set of
some mineral samples and S is the set of attributes such minerals might
have (e.g. contain copper, tin, etc.) then the work of a geologist would be
to note the values of X (x, y). Now suppose we have some monoidal functor
ψ : P (S) → B, the induced functor ψ∗ : P (S)Cat → Pre converts the
attribute space X into the preordered set ψ∗ (X) on the same underlying set
ob (X). The usual quotienting process then yields a poset that represents a
hierarchy dictated by the attributes embodied by the functor ψ.

Because of the difference in syntax between quantales and value quantales,
there is the expected definition of a Q-category in [32].

Definition 4.1.17. A Flagg continuity space is a triple (X,F, d) is a triple
consisting of a set X, a value quantale F and a function d : X × X → F

such that
d (x, x) = 0 and d (x, z) ≤ d (x, y)⊕ d (y, z)

for all x, y, z ∈ X.

This definition amounts to the same as saying that a Flagg continuity
space (X,F, d) is an F op-enriched category where d (x, y) = X (x, y). The
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convenience of the formalism of value quantales does yield some interesting
enriched categories however.

Example 4.1.18. (Probabilistic metric spaces.) Consider the quantale ∆

from Example 4.1.10. A probabilistic metric space (X, d) as seen in [71]
defines for each pair x, y ∈ X an element of ∆, i.e. a monotone left continuous
function, d (x, y) : [0,∞] → [0, 1] that satisfies the triangle inequality with
relation to a triangle function (such as convolution) and sets d (x, x) = ε0

where

ε0 (k) =

0 if x = 0

1 otherwise.

As with classical metric spaces, symmetry and separation can also be im-
posed. As is clearly shown in [32,42] the study of probabilistic metric spaces
is closely linked to the study of ∆. In fact, a probabilistic metric space (X, d)

is a Flagg continuity space (X,∆, d) and the category of probabilistic met-
ric spaces is the category ∆Cat of ∆-enriched categories (note that there
is some flexibility with the binary operation of ∆ via triangle functions, see
( [36],Section 6)).

When considering why it is necessary to use value quantales over and
above quantales as enriching objects, the properties of their respective en-
riched categories provide some indication of the utility of the former. As
it is the focus of this chapter, we examine the induced topologies of these
enriched categories.

Remark 4.1.19. Recall the classical open ball topology O (X, d) of a classical
metric space. The open ball topology of a Flagg continuity space (X,F, d) is
the collection of subsets U ⊆ X such that, for all x ∈ U , there exists ε � 0

such that Bε (x) ⊆ U where Bε (x) = {y ∈ X | ε� d (x, y)}. A convenient
feature of this topology is that open balls are open sets, and a proof of this
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demonstrates the power of the value quantale axioms. Let y ∈ Bε (x), then

ε� d (x, y)⊕ 0 =
∨
δ�0

d (x, y)⊕ δ

and so ε � d (x, y) ⊕ δ for some δ � 0. We show that Bδ (y) ⊆ Bε (x). Let
z ∈ Bδ (y). The triangle inequality gives

d (x, y)⊕ δ � d (x, y)⊕ d (y, z) ≥ d (x, z)

and so ε� d (x, z). Hence z ∈ Bε (x).
One of the main utilities of value quantales is to be able to metrise any

topological space. This is the fact that, for any space there is a canonical
value quantale F and F -continuity space such that the open ball topology
recovers the original. Recall Flagg’s value quantales from Example 4.1.11. If
(X, τ) is a topological space, we define the function d : X ×X → Ω (τ) by

d (x, y) =
y(τx→y)

where
τx→y = {U ∈ τ | x ∈ U =⇒ y ∈ U}

so that O (X,Ω (τ) , d) = τ .

Definition 4.1.20. An (ε-δ) continuous function f : (X,F, d)→ (X ′, F ′, d′)

is a function f : X → X ′ such that for all x ∈ X and ε � 0 in F ′, there
exists δ � 0 in F such that δ � d (x, y) implies ε � d′ (fx, fy) for any
y ∈ X.

To conclude this section we summarise some of the results from Chapter
2 of [24]. Continuity spaces and continuous functions form the category
FCatcont which allows us to state the following result.

Corollary 4.1.21. The functor O : FCatcont → Top, defined by (X,F, d) 7→
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O (X,F, d) on objects and the identity on morphisms, is an equivalence of
categories.

Proof. This follows the classical proof showing that O : Met→ TopM from
the category of (classical) metric spaces with ε-δ continuous functions to the
category of metrisable topological spaces is an equivalence.

Is is worthwhile to note here that this metrisation, in accordance with
standard enriched category theory, is almost never symmetric. In fact, as
shown in [11], a topological space admits a symmetric metrisation (that is
one such that the metric is symmetric) if, and only if, it is completely regu-
lar. Of course there may be more than one value quantale that can effect a
metrisation. The next result shows that the metrisation on (X, τ) afforded
by Ω (τ) is as tight as possible.

Theorem 4.1.22. Let (X, τ) be a topological space and (X,Ω (τ) , d) the
canonical metrisation. Then every open set U ∈ τ with U 6= ∅ is an open
ball in O (X,Ω (τ) , d).

We denote by FCats the category of continuity spaces where morphisms
are pairs (f, ϕ) : (X,FX , d) → (Y, FY , d) of a function f : X → Y and a
value quantale morphism ϕ : FX → FY such that

d (f (x) , f (y)) ≤ ϕ (d (x, y))

for any x, y ∈ X. Note that if ϕ = id then this is the classical form of a
short map. The following result states that each continuous map in Top has
a canonical ϕ associated with it.

Theorem 4.1.23. Flagg’s metrisation extends to a functor Top→ FCats.

Proof. For f : (X, τX)→ (Y, τY ), the function Ω (f←) : Ω (τX)→ Ω (τY ) is a
quantale morphism. This forms the pair (f,Ω (f←)) which is a morphism in
FCats.



CHAPTER 4. QUANTALE ENRICHED TOPOLOGY 95

Both FCatcont and Top are concrete categories over Set in that the
evident forgetful functors are both faithful. Recall that a functor FCatcont →
Top is concrete if it commutes with the forgetful functors, which amounts
to the requirement that a Flagg space on a set X is mapped to a topological
space on X and a continuous function to itself. This allows us to state that
the open ball topology as a functor is unique among such concrete functors
and the obvious conclusion that brings.

Theorem 4.1.24. The functor O : FCatcont → Top is the unique full
concrete functor between these categories.

Corollary 4.1.25. FCatcont is uniquely concretely equivalent to Top via the
open ball topology.

The properties of value quantales are very powerful, and allow us to think
of categories enriched in value quantales as geometric objects. Indeed the
four methods of inducing a topology on a value quantale enriched category
agree. But being a value quantale is hard in that distributivity requirements
are very restrictive. When considering general quantales they are not, in
general, geometric objects. However the remainder of this chapter we will
dedicate to determining some less stringent, but sufficient conditions, on a
quantale Q such that any Q-category can be considered in a sense geometric.
Thus we attempt to define the objects of a subcategory geometric quantales,
such that the four topology functors are isomorphic.

4.2 Properties of quantales

In this section we cover quantale enriched categories as matrices, introduce
operators and provide conditions for which the four topologies will agree for
a quantale enriched category.
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4.2.1 Matrices, operators and idempotents

Any function d : X × X → [0,∞] can be represented as an X × X matrix
taking values in [0,∞] where d (x, x′) is the dx,x′ entry. The (semi-) trop-
ical semiring is the set [0,∞] in which addition is replaced with meet and
multiplication with regular addition and tropical geometry studies functions
within this semiring. In this case matrix multiplication can be restated to
d1d2 (x, z) =

∧
y∈X d1 (x, y) + d2 (y, z). In particular, for a single function d,

d2 (x, z) =
∧
y∈X d (x, y) + d (y, z) and so the classical triangle inequality be-

comes d ≤ d2 by the pointwise ordering. Likewise, if I is the identity matrix
with 0 for each diagonal and ∞ otherwise then the condition d (x, x) = 0

becomes d ≤ I, again by pointwise ordering. Symmetry means only that the
matrix is symmetric and separation becomes the condition that 0 appears
only on the diagonal. Clearly d ≥ d2 by definition since

d (x, z) = d (x, x) + d (x, z) ≥
∧
y∈X

d (x, y) + d (y, z) = d2 (x, z) .

Hence classical metric space theory becomes the study of symmetric idem-
potent matrices d with d ≤ I. When considering Lawvere spaces, we drop
the symmetry requirement.

This idea, of course, generalises in the sense that any function X × Y →
[0,∞] can be represented as an X×Y matrix, but we can go further. Fixing
a quantale and given two sets X and Y , we can represent a quantale valued
function A : X × Y → Q as an X × Y matrix A that takes values in Q. We
now introduce some concepts of quantale valued matrix theory.

A Y × X Q-valued matrix is a morphism A : X → Y of the category
M (Q) whose objects are sets. Composition of morphisms is given by matrix
multiplication over Q, i.e. given A : X × Y → Q and B : Y × Z → Q

AB (x, z) =
∨
y∈Y

A (x, y)⊗B (y, z)
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for all x ∈ X and z ∈ Z. The identity morphism in M (Q) (X,X) is the
matrix I that is the unit on the diagonal and the empty join, i.e. bottom
element, elsewhere. We can apply a pointwise ordering on each hom-set
M (Q) (X, Y ), i.e. A ≤ B if, and only if A (y, x) ≤ B (y, x) for all y ∈
Y and x ∈ X. This ordering defines a complete lattice structure on each
M (Q) (X, Y ) with both meets and joins computed pointwise. It is easy
to verify that composition by matrix multiplication preserves joins in each
variable, i.e. for any sets X, Y and Z(∨

i∈I

Ai

)
B =

∨
i∈I

AiB and A

(∨
j∈J

Bj

)
=
∨
j∈J

ABj

for any A ∈ M (Q) (X, Y ), B ∈ M (Q) (Y, Z), {Ai}i∈I ⊆ M (Q) (X, Y ),
{Bj}j∈J ⊆ M (Q) (Y, Z). Given this distributivity over joins clearly, for a
(non-empty) set X, the hom-set M (Q) (X,X) is a quantale.

When thinking about quantale-enriched categories, we now see that we
are interested in square matrices that satisfy A ≥ I and A2 = A. In partic-
ular, if we fix a set X, we are interested the quantale M (Q) (X,X), which
we rename MX (Q) for ease of notation. Recall the point-set distance in
a metric space is given by d (x,W ) =

∧
{d (x,w) | w ∈ W} for W ⊆ X.

For a Q-matrix A ∈ MX (Q) we can define the corresponding notion by
A (x,W ) =

∨
{A (x,w) | w ∈ W}.

For a matrix valued in an op-quantale (e.g. in the case of value quantales)
then we have MX (Qop) = MX (Q)op. The identity morphism MX (Q) →
MX (Q)op is an anti-isomorphism which can be thought of as switching be-
tween the perspectives of distance and similarity. For ease of notation we
define this function by A 7→ Aop and hence A (x,W ) = 1 is equivalent to
Aop (x,W ) = 0.

This matrix notation provides a convenient way of listing the data of
an enriched category, and hence a metric space. Since the objective of this
chapter is to provide conditions under which the four topologies agree, we
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now need to define interior and closure operators on a matrix, as opposed to
the set-theoretic definition.

Definition 4.2.1. An operator on a set X is a monotone function O :

P (X)→ P (X), that is to say if S ⊆ T then O (S) ⊆ O (T ).

We denote the set of such functions OpeX . As was the case for matrices,
we can endow OpeX with a pointwise ordering by O ≤ O′ when O (S) ⊆
O′ (S) for all S ⊆ X. This also has a complete lattice structure with joins
and meets computed pointwise. Note that, of the two, only the distributivity
condition (∨

i∈I

Oi

)
◦O =

∨
i∈I

Oi ◦O

holds, and so OpeX is a left quantale, with the identity function id : P (X)→
P (X) as unit. We are interested in the two left sub-quantales of those oper-
ators that preserve finite unions and those that preserve finite intersections,
that we denote Ope∪Xand Ope∩X respectively.

Definition 4.2.2. A closure operator F on a set X is an object in OpeX

such that F ≥ id and F ◦ F = F , i.e. is extensive and idempotent. A
Kuratowski closure operator is a closure operator that also preserves finite
unions, so it is an object in Ope∪X that is extensive and idempotent.

We now bring these together to pin point the areas of these categories we
are interested in. The tropical triangle inequality shows that the objects of
MX (Q) we are interested in are precisely those for which A ≥ I and A2 = A.
Likewise, the closure operators in OpeX are precisely those for which O ≥ id

and O2 ≤ O (since O ≥ id implies O2 ≥ O by monotonicity), with the
Kuratowksi closure operators being those objects in Ope∪X that satisfy the
same conditions.

We present the general abstraction of this, that takes the objects of a left
quantale first to those that are greater than the unit and then to those that
are idempotent. Consider a left quantale L and let 1+ (L) = {x ∈ L | x ≥ 1}



CHAPTER 4. QUANTALE ENRICHED TOPOLOGY 99

and 1− (L) = {x ∈ L | x ≤ 1}. For any x ∈ L, the assignments x 7→ 1 ∨ x
and x 7→ 1 ∧ x give the functions

1+ (L)
1∨−←− L

1∧−−→ 1− (L)

that commute with the dualities 1+ (L) = 1− (Lop) and 1+ (Lop) = 1− (L).
For any x ∈ L we define x0 = 1 and xn+1 = x ⊗ xn for n ∈ N. If x ≥ 1,
we extend this to ordinals β by xβ+1 = x ⊗ xβ and limit ordinals λ by
xλ =

∨
β<λ x

β. Dually, if x ≤ 1 we still define xβ+1 = x ⊗ xβ for an ordinal
β, but xλ =

∧
β<λ x

β for limit ordinals λ. Cases where x and 1 are not
comparable are of no concern here. Recall that, if L is a left quantale then
Lop is a left op-quantale, but xα is computed independently of whether or
not x ∈ L or x ∈ Lop. Hence the cases of x ≤ 1 and x ≥ 1 are dual and so
any fact about the former yields the dual fact for the latter.

Proposition 4.2.3. Let L be a left quantale. If x ≥ 1 the transfinite sequence
{xα} is monotonically increasing, and the sequence stabilises.

Proof. This is a standard transfinite induction.

By the duality mentioned above this also means that, if x ≤ 1, {xα}
is monotonically decreasing and stabilises. In general, we do not make the
implied dual statement for x ≤ 1. Because of this stabilisation we can define
the ordinal of stabilisation for any x ∈ L for a left quantale L.

Definition 4.2.4. Let L be a left quantale. For any x ≥ 1 the ordinal of
stabilisation of x, denoted π (x), is the least ordinal α such that xα+1 = xα

and we denote xπ(x) = K (x).

Clearly K (x) ⊗ K (x) = K (x). For a left quantale L, we denote by
. (1+ (L)) = {x ∈ 1+ (L) | x2 = x} the set of idempotent extensive objects of
L. Dually, we have . (1− (L)) = {x ∈ 1− (L) | x2 = x}. By considering K as
a function that returns an idempotent object from an extensive one, we have
the following observation.
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Proposition 4.2.5. The function K : 1+ (L)→ . (1+ (L)) is a reflection.

Proof. The verification that K (x) is idempotent, i.e. that xπ(x) · xπ(x) =

xπ(x)+π(x) = xπ(x), stems from the claim that xαxβ = xβ+α which can be
shown by a routine transfinite induction argument. That K is a reflection,
i.e. that K (x) ≤ y ⇐⇒ x ≤ y for any x ∈ 1+ (L) and y ∈ . (1+ (L)), is
clear since x ≤ K (x) so K (x) ≤ y implies x ≤ y and the other direction is
due to K being monotone.

If Q is a quantale, rather than a left quantale, then the distributivity
implies that π (x) = ω (the first countable ordinal) for all x ≥ 1 since

x⊗
∨
n∈N

xn =
∨
n∈N

xn+1

and gives the simpler form K (x) =
∨
n∈N x

n. We note here the difference
in complexity of computing K (x) in MX (Q), a quantale, and OpeX , a left
quantale. As an example, for some A ∈ MX (F+), the matrix K (A) is a
graph metric when the entries of A are thought of as edge weights. That is
to say, the distance A (x, y) is the meet of the combined weights of all possible
paths x → y. The transfinite steps to stabilise objects in OpeX means that
the computation is much more difficult.

Theorem 4.2.6. Let L be a left quantale. . (1+ (L)) is a complete lattice
with joins computed by

∨
.(1+(L))

S = K

(∨
Q

S

)

and K is a complete join homomorphism.

Proof. K is left adjoint to the inclusion . (1+ (L)) ↪→ 1+ (L), and thus pre-
serves all joins. Hence, for any S ⊆ . (1+ (L)),

∨
.(1+(L)) S is computed by

applying the inclusion to S, taking the join in 1+ (L) (so in reality taking the
join in L) and applying K. Clearly K is a complete join homomorphism.
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Note that, if Q is a (left) quantale, . (1+ (Q)) does not inherit the mul-
tiplication from Q in general. Hence . (1+ (Q)) fails to be a (left) quantale
itself. If Q is a commutative quantale, however, . (1+ (Q)) is indeed a quan-
tale since (x⊗ y) ⊗ (x⊗ y) = (x⊗ x) ⊗ (y ⊗ y) for any idempotent x and
y.

4.2.2 Geometric properties of quantales

We now return to the topologies induced by an enriched category. Recall that
a (classical) metric space (X, d) induces four topologies by open sets, closed
sets, interior operators and closure operators. These agree in the sense that
the complement of each open set is closed and for an interior operator we
can define a closure operator by taking these very same complements. The
remainder of this section is devoted to obtaining conditions on a quantale Q
such that, for a Q-matrix A, the four topologies generated by A agree in this
sense.

We first define the closure and interior operators induced by a matrix.
Note that for closedness, i.e. closed sets and closure operators, we employ
the similarity syntax and for openness, i.e. open sets and interior operators,
we use distance syntax.

Definition 4.2.7. Let A be a matrix in MX (Q). The operator F (A) :

P (X)→ P (X) is defined by

F (A) (S) = {x ∈ X | A (x, S) = 1} .

The operator I (A) : P (X)→ P (X) is defined by

I (A) (S) = {x ∈ X | ∃ε � 0,Bε (x) ⊆ S} .



CHAPTER 4. QUANTALE ENRICHED TOPOLOGY 102

Bε (x) is the open ball of radius ε around the point x, so

Bε (x) = {y ∈ X | A (x, y) ≺ ε}

using distance syntax. If we let Q = F+ we obtain the classical defini-
tion of an open ball, as well as the usual notion of the interior and closure
operator associated with a metric space. F (A) and I (A) are both opera-
tors by definition since they are both monotone, and they define functions
F : MX (Q) → OpeX and I : MX (Qop) → OpeX , using our conventions on
syntax.

Remark 4.2.8. If Q is affine then, trivially, F (A) preserves arbitrary intersec-
tions. Likewise, I (A) preserves arbitrary unions. Hence, when it comes to
defining properties on Q, we need not worry about these particular properties
of the closure and interior operators.

To see how the four topologies interact we construct the diagram

MX(Q) 1+(MX(Q)) .(1+(MX(Q)))

OpeX 1+(OpeX) .(1+(OpeX))

ClSysop
X

InSysX

OpeX 1−(OpeX) .(1−(OpeX))

MX(Qop) 1−(MX(Qop)) .(1−(MX(Qop)))

I I
1∧− K

1∧− K

C

Fix ∆∆

Fix−

∆

Fix=∆−

C

F F
1∨− K

1∨− K

Fix+

∇

Fix

∇=Fix−

Fix ∇

id

where F and I are as above and the remainder we now describe. All of the
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vertices are complete lattices and, with the exception of the three curved
arrows, all morphisms are monotone mappings.

The lattices in the top row are, from left to right, all X by X Q-matrices
A, all matrices A ≥ I, and all idempotent matrices such that A ≥ I. Simi-
larly, the second row down has, again left to right, all operators on P (X),
all extensive operators on P (X), and all closure, i.e. extensive and idempo-
tent, operators on P (X). The arrows pointing to the right are applying the
functions 1 ∨ − and K defined above, and those to the left are the evident
inclusions. Note that these all form adjunctions with the inclusions all being
right adjoints.

Dually, the bottom row consists of allX byX Qop-matrices A, all matrices
A ≤ I, and all idempotent matrices such that A ≥ I. Again, the second row
up has all operators on P (X), all shrinking operators on P (X), and interior,
i.e. shrinking and idempotent, operators on P (X). The arrows pointing to
the right are applying the functions 1 ∧ − and K defined above, and those
to the left are the evident inclusions. As is to be expected, these all form
adjunctions in the same way as those in the top half with the inclusions being
right adjoints.

The lattice ClSysX consists of all closure systems on the set X, a closure
system being a collection of subsets of X that is closed under arbitrary inter-
sections. Likewise, InSysX is the lattice of interior systems where an interior
system is a collection of subsets of X closed under arbitrary union.

It remains to define the functions Fix, Fix+, Fix−, ∆ and ∇ as well as the
curved morphisms C and id. For an operator O the closure system Fix+ (O)

consists of all subsets S ⊆ X such that O (S) ⊆ S. If O is extensive then
S ∈ Fix (O) if, and only if, S = O (S), that is to say S is fixed under O.
Similarly, the interior system Fix− (O) has all subsets S ⊆ X with S ⊆ O (S)

and if O is shrinking S ∈ Fix (O) if, and only if, S is fixed by O. Given a
closure system C , ∇ (C ) (S) =

⋂
{C ∈ C | S ⊆ C}. Dually, given an interior

system I , ∆ (I ) (S) =
⋃
{U ∈ I | U ⊆ S}. In each case, ∇ or ∆ is the
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right adjoint to their respective Fix function.
The curved morphisms C are anti-isomorphisms that act on their respec-

tive lattices via complementation. In the case of a closure system C , for all
C ∈ C , C (C) = Cc. Given an operator O, C (O) (S) = O (Sc)c.

The composition Fix+ ◦F (A) gives the set of closed sets associated with
a matrix A, i.e. those S ⊆ X such that A (x, S) = 1 implies x ∈ S. Likewise
Fix− ◦ I (A) gives the open sets induced by A, so those S ⊆ X such that, if
x ∈ S there exists some ε � 0 with Bε (x) ⊆ S.

Note that there are no functors on the right-hand side. This is because the
operators F (A) and I (A) associated to an extensive and idempotent matrix
A, i.e. a metric space like object, need not be idempotent. Given this, we
examine some order theoretic properties we can impose on the quantale Q in
order to close up these parts of the diagram, and ensure that the topology
induced on such a matrix is consistent.

Definition 4.2.9. A complete lattice L is

1. Kuratowski if x ∨ y = 1 implies x = 1 or y = 1;

2. Sierpiński if x, y � 1 implies x ∨ y � 1;

3. tall if 1 =
∨w�(1) , i.e. is CCD at >.

Likewise, in the complete lattice Lop, these can be stated as

1. Kuratowski if x ∧ y = 0 implies x = 0 or y = 0;

2. Sierpiński if x, y � 0 implies x ∧ y � 0;

3. tall if 1 =
∧~w(0) .

The terminology we use here is not without reason. The Kuratowski con-
dition is sufficient for the function F (A) to be a Kuratowski closure operator
and so define an associated topology, in terms of closed sets. Likewise, the
Sierpiński condition is sufficient for I (A) to also determine a topology in



CHAPTER 4. QUANTALE ENRICHED TOPOLOGY 105

terms of open sets. Since Kuratowski used closure axioms for an axiomatic
construction of topology we name the appropriate sufficient condition ac-
cordingly. Similarly, Sierpiński favoured openness and the other condition is
so named.

The following two results show that, if the underlying lattice UQ of a
quantale Q is tall, not only do the Kuratowski and Sierpiński conditions
coincide, but the induced operators F and I have dual order theoretic prop-
erties.

Proposition 4.2.10. Let L be a complete lattice. If L is tall, then the
Kuratowski and Sierpiński conditions are equivalent.

Proof. Let Q be tall and Sierpiński and let a, b ∈ Q such that a < 1, b < 1,
and a ∨ b = 1. Since a < 1, there exists ta � 1 with a � ta, otherwise
a ≥

∨w�(1) = 1. Likewise there exists tb � 1 with b � tb. The Sierpiński
condition then implies that ta ∨ tb � a ∨ b = 1 so that either ta ∨ tb ≤ a or
ta ∨ tb ≤ b, which is a contradiction.

Now suppose Qop is tall and Kuratowski and ε1, ε2 ∈ Qop such that
ε1, ε2 � 0. If we define the sets Si = {x ∈ Qop | εi � x} for i = 1, 2 then∧
Si > 0 since otherwise εi �

∧
Si would imply that εi ≥ x for some x ∈ Si.

The Kuratowski condition then implies that
∧
S1 ∧

∧
S2 > 0 and so there

is some δ � 0 such that
∧
S1 ∧

∧
S2 � δ. Hence δ /∈ Si and so ε1, ε2 ≥ δ,

meaning ε1 ∧ ε2 ≥ δ � 0.

Proposition 4.2.11. Let Q be a commutative affine quantale. If UQ is tall,
then F (A) ◦ F (B) ≤ F (AB) and I (AB) ≤ I (A) ◦ I (B) for all A,B ∈
MX (Q).

Proof. Suppose that A (x,F (B) (S)) = 1 whilst AB(x, S) < 1, then there
exists some t � 1 such that t � AB (x, S). Since t � 1 = A (x,F (B) (S))

there is some F (B) (S) with t ≤ A (x, y). Now, B (y, S) = 1 so

A (x, y) ≤ A (x, y) ·B (y, S) ≤ AB (x, S)
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which implies that AB (x, S) = 1, a contradiction. The proof of the second
claim is a direct result of Theorem 4.2.13 to follow.

The next result shows that our naming of the Kuratowski and Sierpiński
conditions is apt as our induced operators F and I preserve finite unions
and intersections, respectively.

Theorem 4.2.12. Let Q be a commutative affine quantale.

1. If UQ is Kuratowski, then F : MX (Q) → OpeX lands in Ope∪X and
F : 1+ (MX (Q))→ 1+ (OpeX) lands in 1+ (Ope∪X).

2. If UQ is Sierpiński, then I : MX (Qop) → OpeX lands in Ope∩X and
I : 1− (MX (Qop))→ 1− (OpeX) lands in 1− (Ope∩X).

Proof. These are the proofs that the union of two closed sets is closed, and
the intersection of two open sets is open. The former follows from the fact
that A (x, S ∪ T ) = A (x, S)∨A (x, T ). The latter guarantees that, given two
open sets U1 and U2 with an open ball Bε1 (x) ⊆ U1 and Bε2 (x) ⊆ U2 in each,
ε1 ∧ ε2 is an admissible radius for the open ball Bε1∧ε2 (x) ⊆ U1 ∩ U2.

Hence, if for a quantale Q the lattice UQ is Kuratowski, any matrix A ∈
MX (Q) has an associated closed set topology τK = Fix+ (F (A)). Likewise,
if a quantale Q is Sierpiński, a matrix A has an associated open set topology
τS = Fix− (I (Aop)).

The following result demonstrates the relationship between the topologies
τK and τS and how the underlying lattice of the quantale being tall makes
this relationship strict. Recall the convention that if A is a similarity matrix,
then id (A) = Aop is a distance matrix.

Theorem 4.2.13. Let Q be a commutative affine quantale. Then I ◦ id ≤
C ◦ F , namely

I (Aop) (S) ⊆ (F (A) (Sc))c

for all A ∈ MX (Q). If UQ is tall, then I ◦ id = C ◦ F .
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Proof. If x ∈ I (Aop) (S) and x ∈ F (A) (Sc), then there exists some ε � 0

such that Bε (x) ⊆ S and A (x, Sc) = 1. So, in similarity syntax, there exists
some t � 1 so that A (x, y) � t implies y ∈ S. But then t � A (x, Sc)

implies that t � A (x, y) for y /∈ S, a contradiction. Now suppose that
x /∈ F (A) (Sc) so that A (x, Sc) < 1. If Q is tall then, in distance syntax,
there is some ε � 0 such that Aop (x, Sc) � ε. Hence, if Aop (x, y) ≺ ε then
y ∈ S since y ∈ Sc would imply that Aop (x, Sc) ≤ Aop (x, y) ≤ ε.

This result also completes the proof of Proposition 4.2.11 by noting that,
since C (F (AB)) ≤ C (F (A) ◦ F (B)), then I (ABop) ≤ I (Aop) ◦ I (Bop).
Combining Theorem 4.2.13 with Theorem 4.2.12 we see that the induced
Kuratowski and Sierpiński topologies coincide if the underlying lattice of the
quantale is tall.

Corollary 4.2.14. Let Q be a commutative affine quantale such that UQ is
both Kuratowski and Sierpiński. For all A ∈ MX (Q) the induced Kuratowski
and Sierpiński topologies, τK and τS respectively, satisfy τS ⊆ C (τK). If UQ
is also tall then τS = τK.

We note here that, if UQ is tall, then the equality I ◦ id = C ◦ F implies
that the point-set distance disaster in Subsection 1.1.1 does not occur for
Q-valued metric spaces. The final result of this section shows how UQ being
tall closes up the diagram by providing functions on the right-hand side.

Theorem 4.2.15. Let Q be a commutative affine quantale such that UQ is
tall.

1. The restriction of F to . (1+ (MX (Q))) lands in . (1+ (OpeX)). If UQ
is also Kuratowski, then this F lands in . (1+ (Ope∪X)).

2. The restriction of I to . (1− (MX (Qop))) lands in . (1− (OpeX)). If
UQ is also Sierpiński, then this I lands in . (1− (Ope∩X)).
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Proof. The first claim is a direct result of Proposition 4.2.11 which says that
F (A) ◦ F (A) ≤ F (A). Since F (A) ≥ id we have F (A)2 = F (A) and so
F (A) is idempotent. The second claim follows by duality.

4.2.3 Topological agreement

We now take the results of the previous subsection and combine them to
demonstrate how these conditions make the four methods of inducing a topol-
ogy coincide. For a quantale Q, such that UQ is Kuratowski, Sierpiński and
tall, the diagram above becomes

MX(Q) 1+(MX(Q)) .(1+(MX(Q)))

Ope∪X 1+(Ope∪X) .(1+(Ope∪X))

CSTopop
X

OSTopX

Ope∩X 1−(Ope∩X) .(1−(Ope∩X))

MX(Qop) 1−(MX(Qop)) .(1−(MX(Qop)))

I I
1∧− K

1∧− K

C

Fix ∆∆

Fix−

∆

Fix=∆−

C

F F
1∨− K

1∨− K

Fix+

∇

Fix

∇=Fix−

Fix ∇

id

F

I

which we describe. . (1+ (MX (Q))) and . (1− (MX (Qop))) are the lattices
of similarity structures and metric structures on the set X. . (1+ (Ope∪X))

and . (1− (Ope∩X)) are the lattices of topologies on X in terms of closure
operators and interior operators. Finally, CSTopX and OSTopX are the
lattices of topologies on X in terms of closed sets and open sets.

Remark 4.2.16. The squares involving K do not, in general commute. Propo-
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sition 4.2.11, however implies that F (K (A))2 = F (K (A)) and, since F (A) ≤
F (A)2 ≤ F (K (A))2 we have K (F (A)) ≤ K (F (K (A))). But K (F (K (A))) =

F (K (A)) so
K ◦ F ≤ F ◦K

and, dually,
I ◦K ≤ K ◦ I.

Following the diagram it is apparent that there are three paths to a Ku-
ratowski topology for any matrix A ∈ 1+ (MX (Q)), namely Fix (F (A)),
Fix (K (F (A))) and Fix (F (K (A))). These three topologies will, in gen-
eral, be distinct. If A = A2, however, they will agree. Dually, there are
three paths to a Sierpiński topology on Aop ∈ 1− (MX (Qop)) via Fix (I (A)),
Fix (K (I (A))) and Fix (I (K (A))).

We conclude this section with a final result that says that open balls not
being open sets (or closed balls not being closed) does not happen under the
appropriate property.

Theorem 4.2.17. Let Q be a commutative affine quantale with UQ tall, A ∈
. (1+ (MX (Q))), x ∈ X and r ∈ Q. If UQ is Sierpiński then the open ball
Br (x) = {y ∈ X | Aop (x, y) ≺ r} is open in the induced Sierpiński topology
τS. If UQ is Kuratowski, then the closed ball Br (x) = {y ∈ X | A (x, y) ≥ r}
is closed in the induced Kuratowski topology τK.

Proof. We start with the closed ball Br (x). Suppose that A (z,Br (x)) = 1.
Fixing t � 1 we see that t ≤ A (z, y) for some y ∈ Br (x). A2 = A so that
we have

A (z, x) ≥ A (z, y)⊗ A (y, x) ≥ t⊗ r

and, since our choice of t was arbitrary and UQ is tall, A (z, x) ≥ r. Hence
z ∈ Br (x).

The proof for the open ball Br (x) is essentially the same as that given
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for value quantales earlier. Let y ∈ Br (x) with r � 0, then

r � Aop (x, y)⊕ 0 =
∨
δ�0

Aop (x, y)⊕ δ

and so r � Aop (x, y)⊕ δ for some δ � 0. We show that Bδ (y) ⊆ Br (x). Let
z ∈ Bδ (y). The triangle inequality gives

Aop (x, y)⊕ δ � Aop (x, y)⊕ Aop (y, z) ≥ Aop (x, z)

and so Aop (x, z) ≺ r. Hence z ∈ Br (x).

This final result is an important part of the proof that the open ball
topology functor is unique in Corollary 4.1.25. We conclude this section with
the following corollary.

Corollary 4.2.18. Let Q be a commutative affine quantale. If UQ is Kura-
towski, Sierpiński, and tall then the four ways of inducing a topology agree
and this common topology is the only one that captures continuity.

4.3 Topological spaces as enriched categories

Recall the result that Top is (uniquely) concretely equivalent to the cat-
egory FCatcont of value quantale enriched categories and (ε-δ) continuous
functions. Hence we have a translation between the two categories and we
can ask the question as to whether topological concepts can be captured
naturally in FCatcont without using the equivalence functor.

4.3.1 Closure and interior monads

On a (classical) metric spaceX, the closure and interior operators are monads
on P (X) and P (X)op respectively. Further, under complementation, each
monad determines the other. This section aims to show how, under the
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conditions defined in the previous section, the canonical closure and interior
operators for a Q-enriched category are similarly monads.

We start by defining the closure and interior operators for such an en-
riched category.

Definition 4.3.1. Let Q be an affine commutative quantale, X a small Q-
category, S ⊆ X a subset of objects, and recall the “point-set distance”

X (x, S) =
∨
{X (x, s) | s ∈ S}

for any x ∈ ob(X). The closure operator and interior operator associated
with X are the endofunctors clX : P (X)→ P (X) and inX : P (X)→ P (X)

given by
clX (S) = {x ∈ X | X (x, S) = >}

and
inX (S) = {x ∈ X | ∃ε� > : ε� X (x, y) =⇒ y ∈ S}

respectively. Equivalently,

inX (S) = {x ∈ X | ∃ε� > : Bε (x) ⊆ S}

for the open ball Bε (x) = {y ∈ X | ε� X (x, y)}.

Definition 4.3.2. The categoryEnd of endofunctors has objects pairs (C , F )

of a category C and an endofunctor F : C → C , with a morphism (G, θ) :

(C , F ) → (C ′, F ′) being a pair of a functor G : C → C ′ and a natural
transformation θ : F ′G ⇒ GF . Further, the category End∗ of pointed en-
domorphisms has objects triples (C , F, η) where η : idC ⇒ F is a natural
transformation, with a morphism (G, θ) : (C , F, η) → (C ′, F ′, η′) being a
morphism of End such that Gη = θη′G , hence respecting the points η and
η′. Clearly, there is a forgetful functor Mnd → End∗ from the category of
monads and monad morphisms that forgets the multiplication.
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Theorem 4.3.3. Let Q be an affine commutative quantale and X a small
Q-category. The assignments X 7→ (P (X) , clX) and X 7→ (P (X)op , inX)

are the object part of the functors cl− and in− in the diagram

Mnd

QCatop End∗

cl−

cl−

in−

θ

respectively, where a Q-functor f : X → Y is mapped to the inverse image
function f← : P (Y ) → P (X). The functor cl− factors through the category
of monads, and there is a natural transformation θ : cl− → in− which is
carried by componentwise complementation ¬ : P (X)→ P (X)op.

Proof. cl− being an endofunctor is the claim that S ⊆ S ′ implies that
clX (S) ⊆ clX (S ′). This is clear since, for some x ∈ clX (S)∨

s∈S

X (x, s) ≤
∨
s′∈S′

X (x, s′)

and
∨
s∈S X (x, s) = >. clX being pointed means the existence of a natural

transformation η : idP(X) → clX , i.e. S ⊆ clX (S) which is trivial since
X (x, x) = >. Similarly, idX is a pointed endofunctor since S ⊆ S ′ implies
inX (S) ⊆ inX (S ′) and in (S) ⊆ S trivially.

For clX to be a monad, there needs to be a multiplication natural trans-
formation µ : cl2X ⇒ clX which amounts to the claim that cl2X (S) ⊆ clX (S).
Letting x ∈ cl2X (S) clearly X (x, clX (S)) ≥ X (x, S) so it remains to show
X (x, clX (S)) ≤ X (x, S). This amounts to X (x, y) ≤ X (x, S) for any
y ∈ clX (S) which is clear from

X (x, y) = X (x, y)⊗
∨
s∈S

(y, S) =
∨
s∈S

X (x, y)⊗X (y, s) ≤ X (x, S)

using the distributivity of Q and composition (triangle) inequality of X.
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The component of the natural transformation θX : clX ⇒ inX is the
claim that inX (¬S) ⊆ ¬clX (S). Assuming to the contrary, i.e. that x ∈
inX (¬S)∩ clX (S) so that there exists ε� > such that ε� X (x, y) implies
y /∈ S with X (x, S) = >. But, from the definition of ε � > (and under
the axiom of choice) there is some s ∈ S with ε � X (x, s) which is a
contradiction.

Recalling the definitions of a lattice being Kuratowski, Sierpiński, or tall,
we extend these definitions to quantales via a further condition.

Definition 4.3.4. A commutative affine quantale Q is Sierpiński if ε � t

implies that ε� t⊗
∨w�(>) for all t ∈ Q.

Hence we have the following definitions.

Definition 4.3.5. A commutative affine quantale Q is:

1. Kuratowski if UQ is Kuratowski;

2. entirely Sierpiński if both UQ and Q are Sierpiński;

3. tall if UQ is tall.

Proposition 4.3.6. Let Q be a Sierpiński quantale. If X is a small Q-
category then inX : P (X)op → P (X)op is a monad.

Proof. As we already have the unit inX (S) ⊆ S, we need only show there
is a multiplication natural transformation, i.e. that inX (S) ⊆ in2

X (S). Let
x ∈ inX (S) along with a witness ε� > such that ε� X (x, y) =⇒ y ∈ S.
If we fix a y ∈ S such that ε� X (x, y) then

ε� X (x, y)⊗
∨w�(>) =

∨
{X (x, y)⊗ δ | δ � >}

by distributivity of Q. Hence there exists some δ � > such that ε �
X (x, y)⊗ δ. Assuming that δ � X (y, z) then we have

ε� X (x, y)⊗ δ ≤ X (x, y)⊗X (y, z) ≤ X (x, z)
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and so z ∈ S. Hence y ∈ inX (S) with δ as its witness.

Classically, the monad clX for a metric space X, i.e. an F+-enriched
category, is a Kuratowski closure operator since the underlying function that
maps S 7→ clX (S) preserves finite unions. Likewise, the monad inX preserves
finite intersections. So, if we denote by ccEnd∗ the full subcategory of End∗
spanned by the (finitely) cocontinuous endofunctors, the functors cl− and
in− factorise via the forgetful functor ccEnd∗ ↪→ End∗. These claims do not
hold in general as the following example demonstrates.

Example 4.3.7. Recall the quantale P (S). Via canonical self-enrichment
we have the attribute space X with ob (X) = P (S) and

X (x, y) = {s ∈ S | s ∈ x =⇒ s ∈ y} = ¬x ∨ y.

For A ⊆ X, X (x,A) = ¬x ∨
∨
A and so clX (A) = P (

∨
A) which need

not preserve finite joins. It is easy to see that ε � > if, and only if, ε is a
sub-singleton. The open ball of radius {s} � > is

B{s} (x) =

X s /∈ x

{y ⊆ S | s ∈ y} s ∈ x

which indicates that inX (A) = {a ∈ A | ∃s ∈ a : s ∈ y =⇒ y ∈ A} which
need not preserve finite meets.

However, as was the case in the previous section, it is not necessary for
the enriching quantale to have all of the properties of F+ or even value
quantales to have consistent closure and interior operators. We first see that
the Kuratowski property yields a Kuratowski closure operator.

Proposition 4.3.8. Let Q be a Kuratowski quantale. If X is a small Q-
category, then clX is a Kuratowski closure operator.
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Proof. Without the Kuratowski condition, clX is already a closure operator,
so we need only verify that it preserves finite unions. Trivially, clX (S) ∪
clX (S ′) ⊆ clX (S ∪ S ′) so we need to show clX (S ∪ S ′) ⊆ clX (S) ∪ clX (S ′).
This is also straightforward since X (x, S ∪ S ′) = X (x, S) ∨ X (x, S ′). To
show that clX (∅) = ∅ we note that, if x ∈ clX (∅), then X (x, ∅) = >,
but X (x, ∅) = ⊥ so that Q collapses. But the one object quantale is not
Kuratowski, so we have a contradiction.

In accordance with the terminology established in this chapter, we call the
dual concept to a Kuratowski closure operator, namely a comonad P (X)→
P (X) that is closed under finite meets, a Sierpiński interior operator. Fol-
lowing the theory of free monads on pointed endofunctors from [52], we see
that in admits a free monad structure. The value at a set S is inα (S) where
α is a large enough ordinal to ensure stabilisation (recall the stabilisation
functor K from the previous section).

Proposition 4.3.9. Let Q be a Sierpiński quantale. If X is a small Q-
category, then inX preserves finite meets and the free monad on it is a Sier-
piński interior operator. If Q is entirely Sierpiński, then inX is always a
Sierpiński interior operator.

Proof. Trivially, with no condition on Q, inX (S ∩ S ′) ⊆ inX (S)∩ inX (S ′). If
Q is Sierpiński, then inX (S) ∩ inX (S ′) ⊆ inX (S ∩ S ′) since, if x ∈ inX (S) ∩
inX (S ′), with witnesses ε, ε′ � > respectively, then ε ∨ ε′ � > witnesses
x ∈ inX (S ∩ S ′). Note that to show that inX (X) = X the only obstruction
is if there is no ε� >. But this can only happen if Q has a single element,
in which case Q is not Sierpiński.

If Q is entirely Sierpiński then inX is a monad by Proposition 4.3.6, and
hence a Sierpiński interior operator. For any pointed union-preserving endo-
functor, that is not necessarily a monad, we can see that the preservation of
finite unions survives the free monad construction. Hence, if Q is Sierpiński
then the free monad is a Sierpiński interior operator.
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Returning to the classical case of F+-enrichment, being an open or a
closed set is a dual concept so that S is open if, and only if, its complement
Sc is closed. In other words, complementation ¬ : P (X) → P (X)op as a
complete lattice isomorphism induces an isomorphism ¬ : Mnd (P (X)) →
coMnd (P (X)) given by (¬F ) (S) = ¬ (F (¬S)) that restricts to an iso-
morphism between the Kuratowski closure and Sierpiński interior operators.
Thus, in the case of F+-enrichment, the natural transformation θ : in− ⇒ cl−

carried by ¬ is indeed a natural isomorphism.

Example 4.3.10. Continuing from Example 4.3.7, direct computation shows
that inX (¬S) = ¬clX (S) so that the component of θ at S is an isomorphism.

This is not true, however, for arbitrary quantales as the following example
demonstrates.

Example 4.3.11. If Q is a complete Boolean algebra, we can view this as a
quantale with ∧ as binary operation since every complete Boolean algebra is a
frame. Further, ifX is Q as a self-enriched Q-category, thenX (x, y) = ¬x∨y
(¬ being the complement). For any subset A ⊆ X,

X (x,A) =
∨
a∈A

(¬x ∨ a) = ¬x ∨
∨
A

which gives clX (A) =
y(
∨
A) . To compute inX (A) we need to know the

elements of
w�(>) . IfQ is a complete atomic Boolean algebra, thenQ ∼= P (S)

for some set S, and we are in a similar situation to Example 4.3.7. Hencew�(>) is the set of atoms of Q, i.e. sub-singletons in P (S), and the interior
operator is calculated in the same way as above. If Q is atomless, thenw�(>) = {⊥} and the open ball of radius ⊥ is

B⊥ (x) = {y ∈ X | ⊥ � ¬x ∨ y} =

X if x < >

X\ {⊥} if x = >
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since ⊥ � ε precisely when ε 6= ⊥ in any quantale. Hence the interior
operator is calculated by

inX (A) =


X A = X

{⊥} A = X\ {⊥}

∅ otherwise.

In particular, since in2
X (X\ {⊥}) = ∅, we can see that in2

X (X\ {⊥}) (
inX (X\ {⊥}) meaning that inX is not a monad. Because clX is always a
monad, θ cannot be a natural isomorphism.

The final results of this section will demonstrate that the tall condition on
a quantale is a sufficient condition for θ to be a natural isomorphism. Note
that in our two main examples P (S) is tall (as are all CCD lattices), but an
atomless complete Boolean algebra satisfies

∨w�(>) = ⊥ and so is not tall.

Proposition 4.3.12. Let Q be a tall quantale. If X is a small Q-category,
then θX : clX ⇒ inX is a natural isomorphism.

Proof. By Theorem 4.3.3, it is always the case that in (¬S) ⊆ ¬cl (S). If
we assume that X (x, S) < > then, since Q is tall, there exists ε � > with
X (x, S) � ε. If ε � X (x, y) for y ∈ S then X (x, S) ≥ X (x, y) ≥ ε which
is a contradiction. Hence Bε (x) ⊆ ¬S.

Example 4.3.13. Since P (S) is always tall, θX : clX ⇒ inX is an isomor-
phism for every attribute space X, not just the specific case of 4.3.7.

The following result is straightforward.

Proposition 4.3.14. If Q is tall quantale, then Q is Sierpiński.

Proof. Because Q is affine then, if ε� t, certainly ε� t⊗
∨w�(>) = t⊗>

since > is the quantale unit.
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Hence, for a tall quantale Q and small Q-category X, inX is guaranteed
to be a monad. The following result is a relabeling of Proposition 4.2.10 from
lattices to quantales.

Proposition 4.3.15. Let Q be a tall quantale. Q is Kuratowski if, and only
if, Q is entirely Sierpiński.

This allows us to define a collection of quantales that are foundational in
topology.

Definition 4.3.16. A topological quantale is a tall quantale that is also
Kuratowski (and hence entirely Sierpiński).

To conclude this subsection, we collect all of these various results together
in order to view topological spaces as enriched categories. This then allows
us to view fundamental concepts in topology enriched-categorically. We do
this through the following theorem.

Theorem 4.3.17. We describe the two diagrams

Mnd ccMnd

QCatop End∗ QCatop Mnd

Mnd ccMnd

cl−

in−

cl−

in−

cl−

in−

cl−

in−

θ θ θ−1

for an affine commutative quantale Q and let X be a small Q-category. The
left-hand diagram indicates that the closure operator clX is a monad with
no conditions on Q and that, under the Sierpiński condition, the interior
operator inX is a monad. The right-hand diagram captures the fact that, if
Q is Kuratowski, then clX is a Kuratowski closure operator, i.e. preserves
finite joins, and that, if Q is entirely Sierpiński, inX is a Sierpiński interior
operator. Furthermore, if Q is also tall then θ is a natural isomorphism. The
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final diagram
TopK

QCat Top

TopS

cl−

in−

O

F

captures the result that, if Q is both tall and Kuratowski, then it is also
entirely Sierpiński and both clX and inX encode topologies in terms of Ku-
ratowski closure and Sierpiński interior operators respectively. If Top is the
category of topological spaces in terms of open sets, with O and F the usual
isomorphisms, the diagram commutes and there is a unique topology on X.

Finally, if tQnt is the collection of all topological quantales we can con-
sider the subcategory tQntCatcont whose objects are small Q-enriched cate-
gories, with Q a topological quantale, and morphisms are ε − δ continuous
functions f : X → Y on the underlying sets. The functor QCat → Top, is
denoted by X → (X,O (X)) where U ⊆ X is open if, and only if,

∀x ∈ U ∃ε� > : Bε (x) ⊆ U.

These functors, one for each topological quantale Q, assemble into the functor

O : tQntCat→ Top

which is an equivalence of categories.

Proof. All but the claim of the functor O being an equivalence have been
proved above. O is clearly fully faithful since every ε−δ function is continuous
in Top. Essential surjectivity comes from Theorem 4.15 in [32] and noting
that (obviously) all value quantales are topological.
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4.3.2 Tensor products and coproducts of quantales

Recall from Subsection 2.3.2 the model of the tensor product of complete
lattices as join-reversing functions. Using this model we have the following
explicit model of the tensor product of two quantales that appears in [30]
and was previously studied from a quantale perspective in [36]. Given two
quantales Q1 and Q2, their tensor product is obtained by first forming the
tensor product of their underlying lattices and then endowing it with suitable
elementary tensors ι : Q1×Q2 → Q1⊗Q2 via componentwise tensoring ( [30],
page 92).

Remark 4.3.18. Recall the (value) quantale ∆ of distance distribution func-
tions. The model of the tensor product of lattices then tells us that (as noted
in [36]) ∆ ∼= F+ ⊗F·. But, as mentioned in Example 4.1.3, F+

∼= F· so
that, up to isomorphism, ∆ is F⊗2

+
∼= F⊗2

· .

Example 4.3.19. Due to this observation, we can construct a sequence of
such quantales. By writing ∆n for the quantale F⊗n+1

+ , so that ∆ = ∆1

and F+ = ∆0. We can then regard the sequence {∆n}n≥1 as models of
higher probability distribution functions. This interpretation arises from the
isomorphism ∆n

∼= ∆n−1 ⊗ F· and the model of functions ∆n−1 → F· so
that each such function lands in [0, 1].

As seen previously, the category cQnt of commutative quantales can
be viewed under the guise of cMon (CJLat) and so, by general categorical
considerations, is cocomplete (and also complete). For the purposes of this
chapter we need a description of coproducts of quantales in order to show
that topological quantales are closed under coproducts.

As is also the case for commutative rings, finite coproducts of commu-
tative quantales are the same as the tensor product. This is due to the
same categorical considerations of commutative monoid objects in symmetric
closed monoidal categories ( [50], C1.1, Lemma 1.1.8 (i)). In more detail, for
a commutative quantale Q the multiplication is a function Q×Q→ Q that is
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join-preserving in each variable. Hence we have a morphism b·c : Q⊗Q→ Q

from the tensor product of the underlying lattices. Using this, for commuta-
tive quantales Q1 and Q2 we obtain an operation on Q1 ⊗Q2

(Q1 ⊗Q2)⊗ (Q1 ⊗Q2)→ (Q1 ⊗Q1)⊗ (Q2 ⊗Q2)
b·c⊗b·c−→ (Q1 ⊗Q2)

by the canonical symmetry isomorphism (Q1 ⊗Q2) ∼= (Q2 ⊗Q1). It is
straightforward to show that Q1 ⊗Q2 is itself a commutative quantale and,
with the morphisms

id⊗ η : Q1 ⊗ ∗ → Q1 ⊗Q2 ← ∗⊗Q2 : η ⊗ id

is the coproduct in cQnt (a direct proof can be found in [30], Theorem
2.3.35). In order to show that tQnt is closed under these coproducts we
require an auxiliary result.

Theorem 4.3.20. Let L1 and L2 be complete lattices. If x ∈ CCD (L1) and
y ∈ CCD (L2) then x ⊗ y ∈ CCD (L1 ⊗ L2) and t � x ⊗ y if, and only if,
t ≤ a ⊗ b for some a � x and b � y. If both L1 and L2 are CCD at > and
Sierpiński then L1 ⊗ L2 is Sierpiński.

Proof. Observing that x ⊗ y =
∨
{a⊗ b | a� x, b� y} when x ∈ CCD (L1)

and y ∈ CCD (L2), which implies that gives the characterisation of the ele-
ments of

w�(x⊗ y) . The fact that x⊗ y ∈ CCD (L1 ⊗ L2) is then immediate.
Knowing this and under the stated conditions, L1 ⊗ L2 being Sierpiński fol-
lows from noting that (a⊗ b) ∨ (α⊗ β) ≤ (a ∨ α)⊗ (b⊗ β).

Theorem 4.3.21. The category tQnt (as a full subcategory of cQnt) is
closed under finite coproducts. If {Qi}I is a finite family of topological quan-
tales, then ε � > in Q1 ⊗ · · · ⊗ Qn if, and only if, there exist εk ∈ Qk for
each k ∈ I with εk � > such that ε ≤ ε1 ⊗ · · · ⊗ εn.

Proof. The empty coproduct is the Boolean quantale B which is a value
quantale and hence topological. The characterisation of ε� > is the obser-
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vation that both F� T and T� T. If Q1 and Q2 are topological quantales
then Q1 ⊗Q2 is clearly affine and the remaining claims and characterisation
stem from the underlying lattice being the tensor product of complete lattices
and Theorem 4.3.20.

In any category, having directed colimits as well as finite coproducts is
sufficient for all coproducts. The construction is as follows. Let I be a
set with Fin (I) being the poset of finite subsets ordered by inclusion. For a
family {Qk}I of commutative quantales indexed by I the coproduct is defined
by the directed colimit∐

k∈I

Qk = colimFin(I) (S 7→ ⊗s∈SQs) .

In cQnt directed colimits are simple to define, as they are created by the
inclusion functor cQnt ↪→ CJLat ( [50], C1.1, Lemma 1.1.8 (ii)).

Theorem 4.3.22. The category tQnt (as a full subcategory of cQnt) has
all coproducts. If {Qi}I is a (possibly infinite) family of topological quantales,
then ε� > in

⊗
k∈I Qk if, and only if, there exist εk ∈ Qk for finitely many

k ∈ I with εk � > such that ε ≤ ε1 ⊗ · · · ⊗ εn.

Proof. Using the model of the infinite coproduct of commutative quantales
above with Proposition 2.3.12 and Theorem 4.3.20 generates the result.

4.3.3 Limits of spaces

For the final part of this section, we turn our attention to the limits of the
category tQntCatcont. The fact that it is complete and cocomplete is a
triviality since it is equivalent to Top as has already been discussed. The
novelty here is via their direct construction as limits of enriched categories
rather than their well known mates in Top. If we take the example of a
product, it is easily defined in terms of open sets, but doing it in terms of
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closed sets is not as straightforward. Hence it is not immediately clear that
an enriched-categorical version of such products exists.

To show that we have small limits, it will suffice to show that we have
all small products and all equalisers. Equalisers in tQCatcont are simple to
construct. If X is a Q-category then the full subcategory on a subset A ⊆ X

is the Q-category with A (x, y) = X (x, y).

Theorem 4.3.23. The equaliser of f, g : X → Y in tQntCatcont is the full
subcategory on the Set-equaliser E = {x ∈ X | f (x) = g (x)}.

Proof. The verification of the universal property is easy. The morphism ĥ in
the Set diagram

E X Y

Z

f

g

eq

h
ĥ

is inherently a tQntCatcont-morphism due to the fact h is.

For products the issue is not the underlying set, which is the usual Set-
product, but the enriching quantale. The naive approach of taking the prod-
uct of the individual enriching quantales does not result in the required uni-
versal property. We instead turn to coproducts which, for finite collections of
quantales, are the same as tensor products (recalling the discussion in Sub-
section 4.3.2). Fixing a set-indexed family of tQnt-categories {Xk}I each
being a small Qk-category with Qk topological. If Q is the coproduct in
cQnt (and hence in tQnt) with the canonical injections ιk : Qk → Q we can
define the Q-category X with objects

ob (X) =
∏
k∈I

ob (Xk)

in Set and hom-objects

X (x, y) =
∨
k∈I

ιk (Xk (πk (x) , πk (y)))
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computed in Q. This is clearly a Q-category since, for elementary tensors in
Q1 ⊗Q2,

(a⊗ b) · (α⊗ β)=(a · α)⊗ (b · β)

which can be extended to the coproduct. We claim that X is the product.

Theorem 4.3.24. With the evident projection functions X → Xk, the Q-
category X is the product of the family {Xk}I in tQntCatcont.

Proof. By Theorem 4.3.22 Q is a topological quantale. The projections X →
Xk are continuous, so we need only demonstrate the universal property. Let
{fk : Z → Xk}I be a family of continuous functions for some QZ-category
with QZ topological. The unique morphism g : Y → X is the function
that solves πk ◦ − = fk for each k ∈ I which we need to demonstrate is
continuous. Let z ∈ Z and choose ε ∈ Q such that ε � >. By Theorem
4.3.22 ε ≤ ιk1 (ε1) ∨ · · · ∨ ιkn (εn) for n finite and εi � > in Qki . Since each
fki is continuous there exists some δki � > in QZ such that

δki ≤ Z (z, z′) =⇒ εi ≤ Xki (fki (z) , fki (z′)) .

If δ = δk1 ∨ · · · ∨ δkn then δ � > in QZ since QZ is topological (and hence
Sierpiński). We claim that g is continuous at z, i.e. that

δ ≤ Z (z, z′) =⇒ ε ≤ X (g (z) , g (z′))

with δ as witness. Let δ ≤ Z (z, z′) and fix some ki ∈ I. Clearly δki ≤ Z (z, z′)

and so

εi ≤ Xki (fki (z) , fki (z′)) = Xki (πki (g (z)) , πki (g (z′))) .

Applying ιki to this expression yields ιki (εi) ≤ X (g (z) , g (z′)). Since this
holds for each k1, . . . , kn then

ιk1 (ε1) ∨ · · · ∨ ιkn (εn) ≤ X (g (z) , g (z′))
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which, since ε� >, implies

ε ≤ X (g (z) , g (z′))

by Theorem 4.3.22.

Remark 4.3.25. Recall the constructive approaches to topology used by Palm-
gren and others referenced in the Subsection 1.1.2. The ability to create limits
of spaces independently of using the equivalence between tQntCatcont and
Top indicates that enriched category theory (in particular that of enrichment
in topological quantales) could also be used as a constructive basis for “doing
topology”. Care, however, needs to be taken. Under the assumption of the
axiom of choice then we do indeed have one category Top. But, were this to
be relaxed, then two categories arise namely Topop via interior operators and
open sets, and Topcl via closure. There are still complementation functors
between the two categories, but they no longer form an (anti) isomorphism
as in 4.2.2.

This also raises a further constructive question. Relaxing the axiom of
choice yields two functors from Top as described above. Since there is,
therefore, a functor O : Topop → Loc by taking the frame of open sets
which has a right adjoint pt [50,62], it would seem by duality that there is a
functor F : Topcl → opLoc with its own right adjoint to some category of
op-locales, i.e. objects are coframes. The question is, in the diagram

Loc Topop

? Top

opLoc Topcl

O

pt

pt

F

?

?

a
a

a
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is there a constructive equivalent to Top such that it has projections to Loc

and opLoc? Would there also be a functor from Top to this category with
a right adjoint? The answer to these is unclear, but an enriched category
theory model of Top may provide a method of attack.



Chapter 5

Lipschitz Continuity

Recall that, classically, a Lipschitz continuous function is a function f : X →
Y between two metric spaces for which exists some real α ≥ 0 (called the
Lipschitz constant) such that

Y (f (x) , f (y)) ≤ α ·X (x, y)

for all x, y ∈ X. In this case, α is called a Lipschitz constant and the
collection of Lipschitz constants for f is denoted by Lip (f). Viewing this as
a sublattice of R we can define the Lipschitz norm ‖f‖ of f as the meet

‖f‖ =
∧

Lip (f)

which is, clearly, itself a Lipschitz constant (the smallest one). Lipschitz
functions themselves [21,41] and their associated algebras [81] are well studied
and it is not the intent of this chapter to provide a survey of classical results.
Instead the intent is more constructive.

By viewing classical metric spaces through the lens of F+-enriched cat-
egory theory, i.e. as Lawvere spaces, classical Lipschitz functions become a
subcollection of F+-functors. A pertinent question that arises is, do Lipschitz
functions arise from general categorical machinery? And, if so, does it cap-

127
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ture the classical properties of Lipschitz norms such as ‖g ◦ f‖ ≤ ‖g‖ · ‖f‖?
The answer, as will be seen in this chapter, is yes and it comes from an
interpretation of the Grothendieck construction as applied to concrete cate-
gories. This constructive approach, however, leads to further considerations
especially as we have demonstrated above that we can expand metric spaces
to those categories enriched in a topological quantale. The aim of this chap-
ter, therefore, is to provide a sequence of functors that renders an arbitrary
diagram of quantales into a category whose morphisms are tagged with in-
formation from the index of the diagram. This will then recover the classical
case from a carefully chosen diagram.

We proceed as follows. The first section, introduces a method of tak-
ing a functor and returning a faithful functor. The main result is to create
a version of the Grothendieck construction that operates on concrete cate-
gories. The next section introduces the definition and notation for diagrams
of quantales, and uses the concrete version of the Grothendieck construction
to construct the machinery to turn diagrams of quantales into functions with
sets Lipschitz witnesses. In order to improve this to each function having a
Lipschitz norm, further investigation of the order theoretic properties of the
diagram is needed. We then conclude with some examples of diagrams of
quantales and their associated Lipschitz functions.

The material in this chapter is largely drawn from [22].

5.1 Concretification and the Grothendieck con-

struction

When describing a “concrete Grothendieck construction”, there are two main
paths. The first would be to try to form the appropriate equivalence between
indexed concrete categories and some form of fibration. We note that there
are approaches in trying to obtain a Grothendieck construction for categories
other than pseudofunctors by finding a suitable Grothendieck equivalence
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(for example [40] for model categories and [4] for enriched categories). The
approach in this section is trying to do no such thing. Instead we examine
what happens when we apply the classical Grothendieck to a diagram of
concrete categories and the resulting extra structure inherited.

We do this in two main stages and in slightly more generality than re-
quired. We first take a suitable diagram of concrete categories (with a broader
than usual definition of concrete) and, after forgetting the concreteness, apply
the classical Grothendieck construction. This results, as one would expect,
in a functor to the indexing category but retaining some of the additional
information of the concrete category. The second stage then uses this infor-
mation to render the output of the Grothendieck construction concrete with
the downside being the loss of functoriality over the original indexing cate-
gory. The main result thus defines a concrete version of the Grothendieck
construction as the composition of these two stages that takes diagrams of
concrete categories and returns concrete categories with projection functors,
but not to the original indexing category.

5.1.1 Diagrams of concrete categories and the Grothendieck

construction

There are a number of ways to interpret what a concrete category is. The
usual definition of a concrete category is a pair of a category C and a faithful
functor U : C → Set. In this way, objects of C can be viewed as sets
with added structure, whilst its morphisms are functions that respect this
structure. Hence, classically, the category QCat of all small Q-enriched
categories and Q-functors is concrete over Set by projecting a Q-category to
its underlying set of objects and a Q-functor to its underlying function. It is
this definition that was used in Theorem 4.1.24 and Corollary 4.1.25.

Whilst this definition would suffice for the overall purposes of this chapter,
in the interest of providing results in the most general theory possible we opt
for a more general definition (see [1]) where a concrete category is merely a
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faithful functor C → S in Cat. In this respect, concrete categories over S
form a full subcategory ConCatS of the slice category Cat/S. A morphism
in ConCatS is called a concrete functor over S.

Definition 5.1.1. A diagram of concrete categories is a functor C : B →
ConCatS from an indexing category B to the category of concrete categories
over S. A morphism of two such diagrams over a fixed indexing category B is
a natural transformation C ⇒ D , which forms the category [B,ConCatS ].

A diagram of concrete categories can, therefore, be thought of as an
indexed collection of faithful functors, i.e. for each B ∈ ob (B) we have a
faithful functor UB : CB → S and for each morphism b : B → B′ in B a
concrete functor Cb : CB → CB′ . Seen in this way a natural transformation
θ : C ⇒ D is a collection of concrete functors θB : CB → DB that, for any
b : B → B′, make the diagram

CB DB

CB′ DB′

S

UB′ UB′
UB UB

θB

θB′

Cb Db

commute in all ways. There is a forgetful functor

[B,ConCatS ] ↪→ [B,Cat]

that acts by postcomposing the diagram of concrete categories with the func-
tor dom : ConCatS → Cat, that remembers only the domain of the faithful
functor. We can now perform the Grothendieck construction on the output
giving the functor

[B,ConCatS ] ↪→ [B,Cat]
Gr−→ Cat/B
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which, for a diagram C : B → ConCatS gives the category Gr (C ) with
objects pairs (B,X ∈ CB) and a morphism (b, f) : (B,X) → (B′, X ′) is
a pair of b : B → B′ from B and f : Cb (X) → X ′ from CB′ as seen
in Subsection 2.1.3. We notice, however that due to the fact that there are
functors UB : CB → S, there is a functor U : Gr (C )→ S that acts on objects
by (B,X) 7→ UB (X) and on morphisms by (b, f) 7→ UB′ (f). Combining this
with the usual projection functor Gr (C )→ B means that Gr (C ) is an object
of a particular type of slice category.

Definition 5.1.2. Let C be a category with products and C1 and C2 be
objects C. The double slice category over C1 and C2 is the slice category
C/ (C1ΠC2).

An object f : C → C1ΠC2 of C/ (C1ΠC2) can, therefore, be viewed as a
pair of morphisms (f1 : C → C1, f2 : C → C2) via the canonical projections.
Likewise, a morphism h : (f : C → C1ΠC2) → (g : C ′ → C1ΠC2) is a mor-
phism h : C → C ′ such that

C C ′

C1

C2

h

f1

f2

g1

g2

commutes. Note that there are two functors C/ (C1ΠC2) → C/C1 and
C/ (C1ΠC2) → C/C2 by postcomposing with the projection functors from
C1ΠC2.

In this way, the category Gr (C ) is an object in Cat/ (B × S), which
itself has a functor Cat/ (B × S) → Cat/B. Hence we denote by cGr the
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factorisation of the composition [B,ConCatS ]→ Cat/B in the diagram

[B,Cat] Cat/B

[B,ConCatS ] Cat/(B × S)

Gr

cGr

via this functor.

5.1.2 Concrete categories and concretification

There is no reason, a priori, for the output of the functor

cGr : [B,ConCatS ]→ Cat/ (B × S)

to be concrete over S. That is to say, the functor U : Gr (C )→ S need not be
faithful, i.e. there may be many pairs (b, f) for which UB′ (f) are the same. In
order to obtain a concrete category over S, we must examine the relationship
between the slice categories Cat/S and ConCatS and demonstrate that the
concrete categories form a reflective subcategory. This is the claim that there
are adjunctions

ConCatS Cat/S
rS

a

for each category S. The only tension between a functor being faithful or not
is the action on morphisms, hence any reflector will be the identity on ob-
jects. Since a faithful functor, when viewed via Set-enrichment, is an indexed
collection of injective functions, the reflector rS is a homwise application of
the following quotienting process.

Theorem 5.1.3. The full subcategory (Set/S)inj spanned by the injective
functions is a reflective subcategory of the slice category Set/S.

Proof. This is the claim that the inclusion (Set/S)inj ↪→ Set/S is a right
adjoint. For an arbitrary function f : T → S the reflector rS : Set/S →
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(Set/S)inj yields the function r (f) : r (T ) → S where r (T ) the quotient
set T/ ∼ of the equivalence relation generated by f , i.e. for all t1, t2 ∈ T ,
t1 ∼ t2 if, and only if, f (t1) = f (t2). On a morphism g : T1 → T2 in Set/S

we have r (g) : r (T1) → r (T2) where r (g) ([t]) = [gt]. The verification of
the adjunction via the unit-counit is straightforward. Let the unit ηf : T →
rS (T ) at a function f : T → S be the projection t 7→ [t] and the counit
εg : rS (T ′) → T ′ at an injective function g : T ′ ↪→ S be the projection
[t′] 7→ t′, which is essentially the identity. Hence the triangular identities are
satisfied.

In order to apply this to the hom-sets of a category, recall the definition of
a congruence on a category (sometimes called a quotient category as in [61]).

Definition 5.1.4. A congruence on a category C is a specification of an
equivalence relation ∼(x,y) for each hom-set C (x, y) subject to the coherence
condition that, for any parallel pairs of composable morphisms

x y z
f g

f ′ g′

if
f ∼(x,y) f

′ and g ∼(y,z) g
′, =⇒ g ◦ f ∼(x,z) g

′ ◦ f ′.

The quotient category C / ∼ is then defined as the category that has the
same objects as C and, for any objects x and y in C , (C / ∼) (x, y) =

C (x, y) / ∼(x,y). Composition and identities are inherited from C in so far
as [g] ◦ [f ] = [g ◦ f ] and idx ∈ (C / ∼) (x, x) is [idx] ∈ C (x, x) / ∼(x,x). There
is a natural quotient functor π : C → C / ∼ that is the identity on objects
and sends each morphism to its equivalence class.

This is a rather restrictive version of a quotient category, although per-
fectly adequate for the purposes here. In [5] a generalised version of congru-
ence is introduced that also includes an equivalence relation on the collection
of objects as well as the hom-sets, thus allowing morphisms without common
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domain and/or codomain to be identified. This is not required in our case, as
the reflector will be the identity on objects and so serves simply to identify
morphisms. Thus we apply the result of Theorem5.1.3 to give the following.

Theorem 5.1.5. The category ConCatS is a reflective subcategory of the
slice category Cat/S.

Proof. Let V : C → S be a functor and define, for each C (x, y), the equiva-
lence relation

f ∼(x,y) f
′ ⇐⇒ V (f) = V (f ′)

which gives a congruence ∼ on C since V is a functor. We define the reflector
conS : Cat/S → ConCatS on objects by conS (C) = C/ ∼, with the evident
quotient map η : C → conS (C). For a morphism F : C → D in Cat/S,
conS (F ) : conS (C) → conS (D) acts on objects via F and [f ] 7→ [F (f)].
Following the unit-counit proof of Theorem 5.1.3 we note that the unit ηV :

C → conS (C) at a functor V : C → S is the identity on objects and the
quotient map f 7→ [f ] on each hom-set. Likewise, the counit ηU : conS (D)→
D at a faithful functor U : D → S is essentially the identity. The verification
of the triangular identities is then straightforward.

Remark 5.1.6. As an aside, recall the definition of fibred adjunction from
Subsection 2.2.1. It is clear that concrete categories form a full subcategory
(Cat→)faith of the arrow category Cat→. Since faithful functors are closed
under pullbacks, the codomain functor cod : (Cat→)faith → Cat→ is a fibra-
tion and the fibre over a category S is precisely the category ConCatS . The
adjunctions

ConCatS Cat/S
conS

a
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for each category S extend to an adjunction

(Cat→)faith Cat→

Cat

con

cod cod

a

by con (F,G) = (con (F ) , G) for a morphism

C1 C2

S1 S2

V1 V2

F

G

where con (F ) ([f ]) = [F (f)]. Since each unit and counit is vertical, this is
an example of a fibred adjunction.

5.1.3 A concrete Grothendieck construction

Recall the second projection functor Cat/ (B × S) → Cat/S. Given an
object

C

B S

P U

of Cat/ (B × S) we can use the results of the previous subsection to con-
cretify, with respect to its functor U : C → S, the output of this projection to
obtain the category conS (C) with a faithful functor conS (U) : conS (C)→ S.
The category conS (C) still retains some of the information from the functor
P : C → B. Clearly there is still an object map conS (C) → B given by P ,
but in order to record the action on morphisms we introduce the following
category.

Definition 5.1.7. Let B be a category. The 2-category P (B) is the category
with the same 0-cells as B, but a 1-cell β : B → B′ is a subset β ⊆ B (B,B′).
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The 2-cells β1 ⊆ β2 record subset inclusion. Composition is given by β2◦β1 =

{b2 ◦ b1 | b1 ∈ β1, b2 ∈ β2} and idB = {idB} for all objects B of B.

Remark 5.1.8. The P (−) construction extends functorially in the following
manner. Given a functor F : C → D we can define the functor P∗ (F ) :

P (C)→ P (D) by direct image, yielding a functor P∗ : Cat→ 2Cat.

Remark 5.1.9. We will use notation here for lax functors that we have previ-
ously used for loose morphisms in Chapter 3, i.e. arrows of the form C  D.
We can do this without the possibility of confusion as the two concepts do
not meet in this work.

Recall that a lax functor is a functor between 2-categories for which the
functorial axioms only hold up to a specified 2-cell (see [75]). We can now see
that there is a lax functor conS (P ) : conS (C) P (B) given by C 7→ P (C)

on objects and [f ] 7→ {P (f ′) | f ′ ∈ [f ]} on morphisms. The laxity comes
from the facts that, if [f ] : C1 → C2 and [g] : C2 → C3 then

conS (P ) ([f ]) ◦ conS (P ) ([g]) ⊆ conS (P ) ([g ◦ f ])

and {
idP (C)

}
⊆ conS (P ) ([idC ]) .

Thus, the concrete category

conS(C)

P(B) S

conS(P ) conS(U)

is an object in a particular 2-categorical notion of a double slice category.
We first introduce lax slice categories as found in [47].

Definition 5.1.10. Let C be a 2-category. The lax slice category C/`C over
an object C of C has objects morphisms f : C ′ → C in C. A morphism
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(h, φ) : (f1 : C1 → C)→ (f2 : C2 → C) is a morphism h : C1 → C2 in C such
that

C1 C2

C

h

f g

φ

commutes laxly up to the specified 2-cell φ.

We can see, therefore that the object conS (C) is an object in the category
ConCatS �` P (B) an object of which is a pair (U, P ) of a faithful functor
U : C → S and a lax functor P : C  P (B) so that

idP (C) ⊆ F (idC) and P (f2) ◦ P (f1) ⊆ P (f2 ◦ f1)

for any C ∈ ob (C) and composable morphisms f1 and f2. A morphism

C D

P(B)

S

F

P Q

U U

is a functor F : C → D that commutes (strictly) with the functors to S and
laxly with the lax functors to P (B) where the 2-cell in the diagram records
P (f) ⊆ FQ (f) on morphisms with the strict equality P (C) = FQ (C) on
objects. Composition and identities are inherited from Cat. It remains to
show that the composition

Cat/ (B × S)→ Cat/S conS−→ ConCatS

factors via the evident forgetful functor

ConCatS �` P (B)→ ConCatS
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which means showing that the dashed morphism in the diagram

Cat/(B × S) ConCatS �` P(B)

Cat/S ConCatS

conc

conS

exists and we do so by constructing it.
Consider a morphism

C D

B

S

F

P Q

U U

in Cat/ (B × S). By applying the forgetful functor Cat/ (B × S)→ Cat/S
to the object (P,U), i.e. forgetting P , we can apply the concretification
process conS : Cat/S → ConCatS from Theorem 5.1.5 to U obtaining

C conS(C)

S

η

U conS(U)

with η : C → conS (C) the unit of the adjunction. To obtain an object in
ConCatS �`P (B) we need to construct the lax functor conS (C) P (B) as
follows.

Recalling that η is the identity on objects we extend the construction
P (B) functorially, in a different manner to that in Remark 5.1.8 by defining
two categories. The first is Cat!, the wide subcategory of Cat consisting of
only those functors that are the identity on objects. As would be expected,
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a typical morphism
C D

C ′ D′

α

G

α′

H

in the arrow category Cat→! is a pair (G,H) whose object parts are identical
and morphism parts commute with α and α′. Secondly we have the category
Cat P whose objects are lax functors of the form β : D  P (C) and a typical
morphism

D P(C)

D′ P(C ′)

β

G

β′

P∗(H)

is a pair (G,H) of functors that commute strictly on objects but laxly on
morphisms in the sense

(P∗ (H) ◦ β) (f) ⊆ (β′ ◦G) (f)

where P∗ is the direct image. The next proposition shows the functoriality
of the P (−) construction.

Proposition 5.1.11. The assignment that maps an object α : C → D of
Cat→! to the lax functor

P∗ (α) : D  P (C)

which acts as the identity on objects and via the inverse image function on
morphisms gives rise to a functor

P : Cat→! → Cat .
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Proof. The diagrams

C D P(C) D

C ′ D′ and P(C ′) D′

α

α′

G H HP∗(G)

P∗(α)

P∗(α′)

show the way P acts on a morphism (α, α′) in Cat→! and the verification of
the 2-cell is a straightforward set theoretic argument. Functoriality follows
from the functoriality of the covariant power set functor.

Returning now to our morphism F in Cat/ (B × S), we can apply this re-
sult to the unit η : C → conS (C) to obtain the lax functor P∗ (η) : conS (C) 
P (C). Composing P∗ (η) with P∗ (P ) : P (C)→ P (B) gives the required lax
functor conc (P,U) : conS (C) P (B). The diagram

conS(C) P(C) P(B)

conS(D) P(D) P(B)

conS(F ) P∗(F ) id

P∗(P )

P∗(Q)

P∗(η)

P∗(η)

conc(P,U)

conc(Q,U)

demonstrates the lax functoriality of the construction. The 2-cell comes
from applying Proposition 5.1.11 to the two units η : C → conS (C) and
η : D → conS (D). The left-hand square commutes due to F commuting
with both P and Q. Thus the assignment (P,U) 7→ conc (P,U) on objects
and F 7→ conS (F ) completes the construction of the required functor conc :

Cat/ (B × S)→ ConCatS �` P (B).
Recalling the functor cGr from Subsection 5.1.1 we therefore have a ver-

sion of the Grothendieck construction for concrete categories over S via the
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composition

[B,ConCatS ]
cGr−→ Cat/ (B × S)

conc−→ ConCatS �` P (B)

which completes this subsection.

5.2 Diagrams of quantales and the Lipschitz

machine

The previous section makes no mention of quantales, which is intentional
since the concrete Grothendieck construction presented stands alone as a
categorical result. For similar reasoning, we attempt to remain as general
as possible by now considering diagrams of quantales as basis for Lipschitz
functions rather than a specific quantale.

This section proceeds as follows. We first define suitable diagrams of
quantales that encode the information that is studied in this theory of Lip-
schitz functions, and how to generate diagrams of concrete categories from
them. Next, we apply the concrete Grothendieck construction from the pre-
vious section to the output to give a category whose morphisms are functions
with sets of Lipschitz witnesses. We conclude by setting out conditions on
diagrams of quantales under which the set of witnesses can be resolved into
a single Lipschitz norm.

5.2.1 Diagrams of quantales

Throughout this section we view Lipschitz functions as a way of recording
how “continuous” a function is relative to a fixed input of data that is free
to be chosen. Classically this data is [0,∞) and a function f : X → Y being
Lipschitz, therefore, means that some α ∈ [0,∞) can be found such that f
when viewed as a function f : α∗ (X)→ Y is short (note that α∗ (X) (x, y) =
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α ·X (x, y)). Such data can be recorded in a diagram of quantales, which is
defined as follows.

Definition 5.2.1. A B-indexed diagram of quantales is a functor Q : B →
Qntlax from a small indexing category B to the category of quantales and
lax morphisms.

Example 5.2.2. (The Lipschitz diagram.) Let B be the category with a
single object ∗ and B (∗, ∗) = [0,∞]op with composition given by multiplica-
tion. The Lipschitz diagram L : B → Qntlax is the functor with L (∗) = F+

and L (α) : F+ → F+ for α ∈ B (∗, ∗) is the function L (α) (x) = α · x.

For ease of notation we adopt the following convention. For each object
B ∈ ob (B), the quantale Q (B) will be denoted QB. Likewise, given a
morphism b ∈ B (B,B′), the lax morphism Q (b) : QB → QB′ will be denoted
Qb. To define a category of such diagrams we have the following definition
of morphism.

Definition 5.2.3. If Q and Q′ are B-indexed diagrams of quantales, then a
morphism θ : Q ⇒ Q′ is a natural transformation θ.

Explicitly, a morphism θ : Q → Q′ amounts to a choice of a lax quantale
morphism θB : QB → Q′B for each B ∈ ob (B) such that, for any b ∈
B (B,B′), the diagram

QB Q′B

QB′ Q′B′

Qb Q′b

θB

θB′

commutes. These morphisms form the category [B,Qntlax] of B-indexed
diagrams of quantales.

Our concrete Grothendieck construction requires a diagram of concrete
categories as an input. Hence we need to convert a diagram of quantales
to a diagram of concrete categories in a natural way. For any monoidal
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category V , there is the category VCat of small V-enriched categories. Given
any lax monoidal functor ψ : V → W , there is the change of enrichment
functor ψ∗ : VCat→WCat which maps a V-category X to the W-category
ψ∗ (X) with ob (ψ∗ (X)) = ob (X) and ψ∗ (X) (x, y) = ψ (X (x, y)) for any
x, y ∈ ob (X). We claim the following.

Theorem 5.2.4. The assignment V 7→ VCat and ψ 7→ ψ∗ defines a functor
C : MonCatlax → ConCatSet.

Proof. The details are straightforward, but important. VCat is clearly con-
crete over set, by the faithful functor that sends each small V-category to its
underlying set of objects, and each V-functor to its underlying function on
objects. The diagram

VCat VCat

Set
U U

ψ∗

commutes since ψ∗ is the identity on objects, hence ψ∗ is a concrete functor
over Set.

Restricting this general result to the full subcategoryQntlax ofMonCatlax

gives a functor C : Qntlax → ConCatSet. For any object Q of [B,Qntlax]

we have, by post composing with C, a diagram C (Q) : B → ConCatSet of
concrete categories over Set. Given a morphism θ : Q → Q′ in [B,Qntlax]

we have a family of morphisms C (θ)B : QBCat → Q′BCat where C (θ)B =

(θB)∗. Hence, for a QB-enriched category X, ob (C (θ)B (X)) = ob (X) and
C (θ)B (X) (x, y) = θB (X (x, y)) for all x, y ∈ ob (X). Because each C (θ)B is
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the identity on objects, the diagram

QB−Cat Q′B−Cat

QB′−Cat Q′B′−Cat

Set
U U

(θB)∗

(Qb)∗ (Q′b)∗U U

(θB′ )∗

commutes. The family C (θ)B then assembles to a natural transformation
C (θ) : C (Q) ⇒ C (Q′). Because the diagram also commutes with the func-
tors U to Set, C (θ) is a morphism in [B,ConCatSet]. We summarise as
follows.

Corollary 5.2.5. The assignment Q 7→ C (Q) and θ 7→ C (θ) defines a
functor C (−) : [B,Qntlax]→ [B,ConCatSet].

5.2.2 The Lipschitz machine

Having established how to obtain a diagram of concrete categories over Set
from a diagram of quantales via the functor C (−), we proceed to examine
the composition of this with our concrete Grothendieck construction (taken
over Set). This will provide the categorical machinery to yield a category
of Lipschitz continuous functions by using the Lipschitz continuity data of a
diagram of quantales. For ease of notation we adopt the following terminol-
ogy.

Definition 5.2.6. The Lipschitz witness functor LipW is the composition of
the functors

[B,Qntlax] [B,ConCatSet] ConCatSet �` P(B)
C(−) conc◦cGr

LipW
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that takes a diagram Q : B → Qntlax to the concrete category LipW (Q)

equipped with a lax functor

Lip : LipW (Q) P (B)

that assigns to each morphism f , dependent on objects B and B′ in B, a
non-empty set of Lipschitz witnesses

Lip (f) ⊆ B (B,B′) .

We call the pair (B,B′) the type of f .

Tracing out the details of this process we see that the category LipW (Q)

has as objects pairs (B,X ∈ ob (QBCat)) and a morphism

f : (B,X)→ (B′, X ′)

is a pair (Lip (f) ⊆ B (B,B′) , f : UX → UY ) such that

f : (Qb)∗ (X)→ Y

is a QB′-functor for all b ∈ Lip (f).

Example 5.2.7. (Classical Lipschitz witnesses.) Recalling the Lipschitz di-
agram L : B → Qntlax from Example 5.2.2, we apply the functor LipW

step-by-step. Firstly, the functor C (−) gives the diagram of concrete cate-
gories C (L) : B → ConCatSet which maps ∗ 7→ F+Cat, the category of
Lawvere metric spaces. A morphism α ∈ B (∗, ∗) is sent to the morphism
α∗ : F+Cat→ F+Cat with X 7→ α∗ (X) where α∗ (X) has the same under-
lying set as X but with distances multiplied by α, i.e.

α∗ (X) (x, x′) = α ·X (x, x′) .

The first stage of our concrete Grothendieck construction yields the category
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cGr (C (L)) whose objects are metric spaces and a morphism (α, f) : X → Y

is a pair of an α ∈ B (∗, ∗) and a short map f : α∗ (X)→ Y so that

Y (fx, fx′) ≤ α (X (x, x′))

which is clearly a Lipschitz function witnessed by the constant α. Finally, the
concretification functor conc yields the category LipW (L) that has the same
objects as cGr (C (L)), i.e. all Lawvere metric spaces, but morphisms are
now pairs (Lip (f) , f) where Lip (f) is the set of classical Lipschitz constants
for the function f . It is worth noting that ∞ ∈ Lip (f) for every function
X → Y so that all functions appear in LipW (L) and each morphism has
a canonical representative (∞, f). Hence, up to isomorphism, LipW (L) is
Metall of (Lawvere) metric spaces and all functions between them.

5.2.3 Lipschitz norms

Recall that, in the classical case, each Lipschitz function f has a Lipschitz
norm which is the smallest Lipschitz constant. Having seen in Example 5.2.7
that we can construct Lipschitz functions as the morphisms in LipW (L) we
see that the Lipschitz norm amounts to a functor P (B) → B by taking∧

Lip (f). This is a property of the indexing B category being a quantaloid,
i.e. a CJLat-enriched category. In fact, for any quantaloid B we have a
functor

∨
: P (B) → B which is the identity on objects and S 7→

∨
S on

hom-objects. Post composition with this functor yields the functor∨
: ConCat �` P (B)→ ConCat �` B

where the codomain is a lax slice category of lax functors. Note that we can
use the 2-categorical notion of lax slice here since B is enriched in CJLat.
Hence, if B is a quantaloid we can extend the Lipschitz machine from Sub-
section 5.2.2 in the following manner.
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Definition 5.2.8. Let Q : B → Qntlax be a quantaloid-indexed diagram of
quantales. The Lipschitz norm functor Lip‖−‖ is the composition

[B,Qntlax] ConCatSet �` P(B) ConCatSet �` BLipW
∨

Lip‖−‖

that takes Q to the category Lip‖−‖ (Q) equipped with the lax functor

‖−‖ : Lip‖−‖ (Q) B

that assigns to a morphism f of type (B,B′) a norm

‖f‖ ∈ B (B,B′) .

In more detail, the functor
∨

in the Lipschitz norm functor Lip‖−‖ extends
the lax projection functor Lip to the composition

LipW (Q)
Lip
 P (B)

∨
→ B

which gives a single element ‖f‖ ∈ B (B,B′) for each f of type (B,B′).

Remark 5.2.9. We note here that the lax functoriality

X X X Y Z

B B B B′ B′′

idX

‖idX‖

f g

g◦f

idB

‖f‖ ‖g‖

‖g◦f‖

of the norm functor means that

‖idX‖ ≤ idB and ‖g‖ ◦ ‖f‖ ≤ ‖g ◦ f‖
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and also that the type of a morphism is only dependent on its domain and
codomain, i.e. the enriching category of each.

It is not clear, a priori, that ‖f‖ ∈ Lip (f) although this is the case classi-
cally. The remaining results of this subsection establish sufficient conditions
for this to be the case. Recalling that Qntlax is locally pointwise ordered, we
first demonstrate that the fact that classical Lipschitz witnesses are upwards
closed is a result of the chosen diagram of quantales.

Theorem 5.2.10. If Q : B → Qntlax is a locally isotone quantaloid-indexed
diagram of quantales, then each set Lip (f) of Lipschitz witnesses is downward
closed.

Proof. Let b : B → B′ with b ∈ Lip (f) for some f : X → Y of type (B,B′)

so that
f : (Qb)∗ (X)→ Y

is a QB′-functor. If b′ ≤ b then Qb′ ≤ Qb since Q is locally isotone. This
implies that the identity function id : UX → UX is a QB′-functor

(Qb′)∗ (X)→ (Qb)∗ (X)

and so the composition

f ◦ id : (Qb′)∗ (X)→ (Qb)∗ (X)→ Y

is also a QB′-functor. Hence b′ ∈ Lip (f).

We proceed to show that, under a straightforward condition, every func-
tion has a representative in LipW (Q) for a quantaloid-indexed diagram.

Theorem 5.2.11. Suppose Q : B → Qntlax is a quantaloid-indexed diagram
of quantales. If, locally, the bottom element is in the image of Q then the
concreteness functor U : LipW (Q)→ Set is fully faithful.
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Proof. U is faithful by construction. Suppose that f : X → Y is an arbi-
trary function in Set (U (B,X) , U (B′, Y )) for objects (B,X) and (B′, Y ) in
LipW (Q). The bottom element being, locally, in the image of Q means that
there is some b ∈ B (B,B′) such that Qb = ⊥ (⊥ being the function that maps
everything to the bottom element in QB′). Clearly ⊥ ≤ Y (f (x) , f (x′)) for
all x, x′ ∈ X so

f : (Qb)∗ (X)→ Y

is a QB′-functor so b ∈ Lip (f). Hence f is a morphism in LipW (Q).

The next result provides sufficient conditions on a diagram of quantales
under which the Lipschitz norm ‖f‖ is indeed an element of Lip (f).

Theorem 5.2.12. Suppose Q : B → Qntlax is a diagram of quantales
and that S ⊆ Lip (f) is a subset of Lipschitz witnesses for a morphism
f : (B,X) → (B′, Y ) in LipW (Q). In addition, let B be locally ordered,
Q be locally isotone, and assume

∨
S exists in B (B,B′). A sufficient con-

dition for
∨
S ∈ Lip (f) is

Q(
∨
S) (x) =

∨
α∈S

Qα (x)

for all x ∈ QB.

Proof. Since each α ∈ S is a Lipschitz witness the function

f : (Qα)∗ (X)→ Y

is a QB′-functor. This amounts to the inequality

Y (fx, fy) ≤ Qα (X (x, y))
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for all x, y ∈ ob (X). Under the assumptions we have

Q(
∨
S) (X (x, y)) =

∨
α∈S

Qα (X (x, y)) ≥ Y (fx, fy)

and so
f :
(
Q(

∨
S)

)
∗ (X)→ Y

is a QB′-functor. Hence
∨
S ∈ Lip (f).

When this condition is satisfied it implies that joins in Qntlax (QB,QB′)

are, in fact, computed pointwise which is not the case for Qntlax (Q,Q′)

in general. Combining the results from this section we have the following
summary of the functor Lip‖−‖ under the conditions on the initial diagram
of quantales outlined above.

Theorem 5.2.13. Let Q : B → Qntlax be a quantaloid-indexed diagram of
categories such that Q is locally isotone and locally bottom element preserv-
ing. Then

1. the category Lip‖−‖ (Q) is a category of sets X each with added struc-
ture of type B, i.e. each is a QB-category for some B ∈ ob (B), and
morphisms are all functions of the underlying sets;

2. there is a lax functorial norm ‖−‖ : Lip‖−‖ (Q) → B that is consistent
with the type of each morphism and object;

3. if b ∈ Lip (f) and b′ ≤ b, then b′ ∈ Lip (f);

4. if Q is locally a complete join homomorphism, then ‖f‖ ∈ Lip (f).

Example 5.2.14. (Classical Lipschitz norms.) To finish the work from Ex-
ample 5.2.7 we note that the Lipschitz diagram L is a locally isotone (if
α ≤ β then α ·x ≤ β ·x) and bottom element preserving (0 is mapped to the
function x 7→ 0 · x) quantaloid-indexed diagram. Hence Theorem 5.2.13 tells
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us that each function (A = Lip (f) , f) in LipW (L) can be resolved to a single
norm given by ‖f‖ =

∧
A and that

∧
A ∈ Lip (f) as would be expected

when considering Lipschitz functions in isolation.

5.3 Case studies

In this final section we examine some more diagrams of quantales and their
respective Lipschitz functions. First, however we elaborate on the fact that
the choice of diagram can lead to some interesting observations on the final
category obtained. If, for instance, we chose B (∗, ∗) = [0,∞) as our indexing
quantaloid for the Lipschitz diagram, the resulting category is (again up to
isomorphism) the category LawLip of metric spaces and Lipschitz functions
between them. In fact, all such changes will result in different wide subcate-
gories of Lawall. B (∗, ∗) = (0,∞] still recovers Lawall (due to the presence
of ∞) but with the sets of witnesses changed for the (essentially) constant
functions. B (∗, ∗) = [0, 1] results in only having short mappings whereas
B (∗, ∗) = [1,∞] results in long maps.

Example 5.3.1. (Hölder constants.) Let B be the category with a single
object ∗ and B (∗, ∗) = [0,∞]× [0, 1] where composition is

(C1, α1) ◦ (C2, α2) = (C1 · Cα1
2 , α1 · α2)

with identity (1, 1). The Hölder diagram H then assigns H∗ = F+ and
H(C,α) : F+ → F+ is the assignment x 7→ Cxα. In a similar fashion to
the Lipschitz diagram we obtain the diagram C (H) : B → ConCat with
C (H)∗ = Law as a concrete category. The difference comes in the informa-
tion contained within cGr (C (H)), namely each morphism is a pair ((C, α) , f)

with (C, α) being a witness to the “Hölderness” of f . Since each f has a canon-
ical representative given by ((∞, 1) , f) the category LipW (H) is, therefore,
the category Lawall with Lip (f) recording the classical Hölder constants of
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f .

Example 5.3.2. (Boolean constants.) Again let B be category with a single
object ∗, but with B (∗, ∗) = {F,T} a two-point set. The Boolean diagram
BOOL assigns BOOL∗ = B along with BOOLF (F) = BOOLF (T) = F

and BOOLT = id. The conditions for Theorem 5.2.13 are met since B is
a value quantale and so the category Lip‖−‖ (BOOL) is the category Preall

of preordered sets and all functions. ‖f‖ = T records precisely when f is
isotone.

Example 5.3.3. (Flagg’s value quantales.) The construction Ω (S) for a set
S from Example 4.1.11 is contravariantly functorial as Ω : Setop → Qnt∨

[86]. Let f : (X, τX) → (Y, τY ) be a continuous function in Top. The
preimage function f← : τY → τX then gives Ω (f←) : Ω (τX) → Ω (τY ). We
can define the diagram Φ : Set→ Qnt by the composition

Set
P→ Setop Ω→ Qnt∨

with the contravariant power set functor. Theorem 4.1.23 then states that f
is its own Lipschitz constant in LipW (Φ).

Example 5.3.4. (Probabilistic constants.) Recall the family of quantales
∆n from Example 4.3.19. Let C ∈ [0,∞] and define the function ψC :

∆ → ∆ by ψC (f) (x) = f (x/C). If B∆,1 is a one object category with
B∆,1 (∗, ∗) = [0,∞] with multiplication as composition, a single parame-
ter Lipschitz diagram L∆,1 can be defined by L∆,1

∗ = ∆ and L∆,1
C = ψC .

The category LipW
(
L∆,1

)
is then a probabilistic version of LipW (L) with

probabilistic metric spaces as objects and each function f has a Lipschitz
constant. In a similar fashion, for (C1, C2) ∈ [0,∞] × [0,∞] we can define
ψ(C1,C2) (f) (x) = f (x/C1)C2 . This gives a two parameter diagram L∆,2 in-
dexed by the one object category B∆,2 with B∆,2 (∗, ∗) = [0,∞]×[0,∞] where
L∆,2
∗ = ∆ and L∆,2

(C1,C2) = ψ(C1,C2). The category LipW
(
L∆,2

)
has probabilistic
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metric spaces as objects as for LipW
(
L∆,1

)
, but now a function f has a pair

(C1, C2) as a Lipschitz constant.

Remark 5.3.5. In [3] a version of probabilistic Lipschitz functions is presented
for functions of probabilistic metric spaces f : X → ∆ . Since ∆ can be
viewed as a self-enriched ∆-category we can use our approach for such a
function f as well. It is clear that f is k-Lipschitz in the sense of [3] if, and
only if, k ∈ Lip (f) for L∆,1.

Example 5.3.6. (Attributes.) If S is a set of attributes, then let BS be the
category with two objects ◦ and • where BS (◦, •) = P (S), BS (•, ◦) = ∅
and the other morphisms the identities, so that composition is trivial. We
can then define the attribute selection diagram atS indexed by BS where
atS◦ = P (S), atS• = B and atSo = fS0 as defined in Example 4.1.7 for some
S0 ⊆ S. Suppose X is a P (S) attribute space of rock samples as in Example
4.1.16 and let σ0 be an identification of a particular mineral. We can impose
a preorder on X by setting x ≤ y whenever x being of type σ0 implies that
y is of type σ0, so that X is also a B-category. Hence the identity function
idX : X → X is a morphism in LipW

(
atS
)
, and ‖idX‖ is the largest subset

S0 ⊆ S of attributes that best matches the mineral σ0.
Similarly, for two sets of attributes S0 and S1, we can define the category

BS0→S1 with two objects 0 and 1 and one non-trivial hom-set BS0→S1 (0, 1) =

Set (S0, S1). The attribute dynamics diagram atS0→S1 is then the diagram
indexed by

(
BS→T

)op with atS0→S1
0 = P (S0), atS0→S1

1 = P (S1) and atS0→S1
f =

f←. Now let X0 and X1 be P (S0) and P (S1) attribute spaces respectively.
Suppose X0 is now the collection of all animals at some fixed time and X1

is the collection of all animals at present, with the difference in the sets
being evolution over the period. If we follow the matrilineal tree, we have a
function m : X1 → X0, which is a morphism in LipW

(
atS0→S1

)
and a witness

f ∈ Lip (m) is a function f : S0 → S1 that traces the evolution in attributes.

The aim of this chapter was to create the machinery so that Lipschitz-type



CHAPTER 5. LIPSCHITZ CONTINUITY 154

functions could be generated from the data encoded in a diagram of quan-
tales. Restricting this to the topological quantales from Section 4.3 therefore
allows us, after choosing an appropriate diagram, to define Lipschitz func-
tions between any metric spaces and so any topological spaces. The power of
this approach, as demonstrated by the examples above, is in the choice dia-
gram, of course. Being Lipschitz in the sense of this chapter no longer means
adhering to the classical definition, instead it means the continuity of a func-
tion can be measured by whatever criteria are required for the application.
However, this power means that care must be taken. By not having a single
definition of Lipschitz one is free to choose any diagram but the analysis of
the Lipschitz functions that result may be subtle. Hence it no longer makes
sense, from this point of view, to call a function “Lipschitz”. Instead we must
refer to it as “Lipschitz with respect to the diagram Q”.

Remark 5.3.7. As remarked upon earlier, the concrete Grothendieck con-
struction merely requires a diagram of concrete categories to run on. Hence,
we are free to choose a functor whose codomain is [B,ConCatS ] to form an
analogous machine to LipW . A simple, but natural, generalisation of the work
in Section 5.2 would be to consider the functor C : MonCat→ ConCatSet

that maps a monoidal category V to VCat thus yielding a functor

C (−) : [B,MonCat]→ [B,ConCatSet] .

Hence, it should be possible to define a measure of Lipschitz continuity on the
V-functors between small V-categories. As studied above, the quantale struc-
ture above allows for an easy interpretation of the morphisms in cGr (C (Q))

due to there being at most one morphism (Qb)∗ (X (x, y))→ Y (f (x) , f (y))

since quantales are thin. Taking a diagram V : B → MonCat of monoidal
categories, a morphism in cGr (C (V)) is then a choice of such an arrow for
each pair (x, y) and so a Lipschitz constant could still be interpreted as a
morphism b : B → B′ from B but each morphism is now an indexed col-
lection of morphisms from VB′ . This approach could be worthy of further
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research and should provide some interesting interpretations.



Chapter 6

Topology of Enriched Categories

Topology can be considered as an extension of metric space theory, since
not all topological spaces are metrisable (at least in the classical sense).
The approaches to categorical topology outlined in Section 1.2, extend this
line of thought in various different directions. However, the equivalence be-
tween tQntCatcont and Top shows that topology does not really extend
anything. It is just a different formalism for metric space theory where dif-
ferent codomains are allowed for the metric. In the approach taken in this
chapter we make no proposal for a notion of topology. The objects of interest
are enriched categories equipped with an intrinsically defined monad forming
its topology. The topology of an enriched category is, therefore, canonical
and metrisability becomes a non-issue.

In 1964, Lawvere presented a list of axioms that determine whether or not
a category is equivalent to Set [56]. By enhancing these axioms, Schlomiuk
in 1970 obtained a similar theory of the category Top [70]. It is, therefore,
natural to ask if there is some constructive process whereby a model of Set
can be taken to a model of Top in a similar manner. As a result of the work
below, we will discover that Top can be obtained from a system of monoidal
functors, known as a context, to a terminal monoidal category ?. Since an
enriched category theory model of Set is given by ?Cat, the construction can

156
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be viewed as providing an explicit model for an axiomatic version of Top,
built upon the given model of Set.

We proceed as follows. First, we introduce the Yoneda monads, being
an indexed collection of monads that form fibred monads on certain fibra-
tions. They arise from a construction reminiscent of, but distinct from, the
Grothendieck construction. The interest comes from the fact that they in-
duce the classical closure operators. Recalling the work of Chapter 3, the
next section then introduces certain diagrams of cosmoses called contexts.
Each context is shown to have a canonical comma fibration associated with
it which, via the Yoneda monads, is a pre-comma-fibrewise monad. Using the
concretification process outlined in Corollary 3.3.6, the collection of contin-
uous morphisms can be distilled from the pre-comma-fibrewise which yields
a functor

SCC→ Cat

from the category of semi-cartesian cosmoses. The model of Top is then
discovered by applying this functor to the cosmos ?. This chapter, which
(to the author’s best knowledge) contains previously unknown material, will
form the large part of [25].

6.1 The Yoneda monads

The closure (and interior) operators as monads, as seen in previous chapters,
rely on the domain and codomain P (X) (or P(X)op) being the power set
of the objects of a quantale-enriched category. If we were instead to enrich
in a more general monoidal category V , it would be reasonable to expect
the information contained within a V-category B to be similarly encoded
in the power set P (ob (B)). This is an ad-hoc construction that should
be avoided, so it is necessary to introduce a class of monads on a larger
category of enriched categories that then, as a happy coincidence, recovers
closure operators in a specific case. We do so by establishing a family of
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adjunctions, the associated monads of which form the class we seek.

6.1.1 Semi-cartesian categories and cosmoses

Throughout this chapter we will focus on cosmoses, i.e. complete and co-
complete symmetric closed monoidal categories as attributed to Benabou by
Street [76]. There are other definitions. For completeness here, however, we
will examine the theory with respect to monoidal categories V in general. Re-
call that a monoidal category being closed means that a choice of an internal
hom adjunction (−⊗X) a V (X,−) has been made.

If we denote the monoidal unit of V by ∗, then the category V is semi-
cartesian if ∗ is a terminal object. The unit ∗ admits a unique canonical
monoidal structure ∗ ⊗ ∗ → ∗ (unique since the unitors agree). An object
in the slice category V̇ = V/∗ is a morphism a : å → ∗ in V , which can
be thought of as an augmentation of a in V . There is an evident forgetful
functor V̇ → V that forgets the augmentation α which we denote by a 7→ å.
Via the isomorphism V (̊a, ∗) ∼= V (∗,V (̊a, ∗)) every augmentation a : å → ∗
has a name bac : ∗ → V (̊a, ∗).

For the purposes of this chapter, we will only require the fact that V̇ is
semi-cartesian but we will note some properties of the coreflection of semi-
cartesian monoidal categories in monoidal categories as a brief aside. With
a slight abuse of notation, the augmentation of the tensor product a⊗ b for
two objects a and b in V̇ is the composition

å⊗ b̊ a⊗b−→ ∗ ⊗ ∗ → ∗

with the canonical structure on ∗⊗∗. Furthermore, the augmentation of the
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internal hom V̇ (a, b) : V̊ (a, b)→ ∗ is given by the pullback

V̊(a, b) V (̊a, b̊)

∗ V (̊a, ∗)

s

V̇(a,b)

bac

b◦−

in V . This gives the following result.

Proposition 6.1.1. The functor V 7→ V̇ is right adjoint to the inclusion
of semi-cartesian (symmetric) monoidal categories in monoidal categories.
Further, if V is closed, then V̇ is closed.

Proof. The component of the unit at a semi-cartesian monoidal category W
is the morphism W → Ẇ that maps an object a to the unique morphism
a : a → ∗. The counit at a monoidal category V is the (cocontinuous and
strong monoidal) functor −̊ : V̇ → V that maps b : b̊ → ∗ to the object b̊.
That they satisfy the triangle identities is straightforward. That V̇ is closed
is shown by the internal hom constructed above.

Example 6.1.2. Recall that a (commutative) quantale is a thin cosmos. If
(Q,⊗, I) is a non-affine quantale, i.e. its unit is not the top element, then the
semi-cartesian coreflection Q̇ consists of all elements x ∈ Q such that x ≤ I.

From this point on, we assume that V is a cosmos. Now let B be an
object of VCat, i.e. a small V-enriched category. We denote by [B,V ] the
(Set-enriched) category of all V-functors ϕ : B → V , with morphisms V-
natural transformations τ : ϕ → ϕ′, which is a collection of V-morphisms
τB : ϕ (B) → ϕ′ (B) indexed by ob (B) that satisfy the usual naturality
conditions.

Example 6.1.3. If V = Set then the objects of [B,Set] are copresheaves
(presheaves being functors Bop → Set).
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The unique canonical monoid structure on the unit ∗ presented above
can be seen as a one object V-category which we denote by •, hence giving
a canonical isomorphism [•,V ] ∼= V . [B,V ] naturally admits a V-category
structure (as do all enriched functor categories) via the end

[B,V ] (ϕ1, ϕ2) =

∫
B∈ob(B)

V (ϕ1 (B) , ϕ2 (B))

over the functor V (ϕ1 (−) , ϕ2 (−)) : Bop×B → V . In this chapter, however,
we consider it only as a Set-category as we need to compare it to the slice
category V̇Cat/B which is not (in general) a V-category. The monoidal
forgetful functor V̇ → V induces a change of enrichment functor V̇Cat →
VCat, which we denote by � 7→ �̊.

Definition 6.1.4. Let B be a small V-category. V̇Cat/B is the slice category
whose objects are V-functors β : E̊ → B and morphisms are commuting
triangles

E̊1 E̊2

B
β1 β2

F̊

where F : E → E ′ is a V̇-functor.

We note here that there is an evident isomorphism V̇Cat ∼= VCat/•
where a V̇-category can be thought of as a V-category where each hom-
object has an augmentation, or alternatively a V-category with an augmen-
tation functor to •. Recalling the definition of a double slice category from
Definition 5.1.2, this gives the isomorphism V̇Cat/B ∼= VCat/ (• × B). To
simplify notation we adopt the following convention using this isomorphism.
An object in V̇Cat/B is a triple (E,α, β) of a small V-category E , an augmen-
tation functor α : E → • with hom-wise augmentations α : E (e1, e2) → ∗,
and a V-functor β : E → B. Note that we will often overload α and β,
by which we mean we will label all augmentations as αand all their related
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V-functors as β, only introducing subscripts when absolutely necessary.

6.1.2 The Yoneda construction

For a small V-category B, we will now construct a functor Y : [B,V ] →
V̇Cat/B, which we call the Yoneda construction. For a V-functor ϕ : B → V ,
the category Y (ϕ) has as objects the coproduct

ob (Y (ϕ)) =
∐

B∈ob(B)

V (∗, ϕ (B))

in Set. Strictly speaking, a typical object is a pair (B, x) of an object B in
B and a global element ∗ → ϕ (B). For ease of notation we will just refer
to an object (B, x) as x, with B (x) referring to the object B. For a pair of
objects x1 and x2 the hom-object Y (ϕ) (x1, x2) is given by the pullback

Y(ϕ)(x1, x2) B(B(x1), B(x2))

∗ ϕ(B(x2))

α

x2

β

ϕ(−)◦x1

in V , where a choice of pullback has been made to fix the hom-objects. In
more detail, the morphism

ϕ (−) ◦ x1 : B (B (x1) , B (x2))→ ϕ (B (x2))

is the composition indicated in the diagram

B (B(x1), B(x2))⊗ ∗ V (ϕ(B(x1)), ϕ(B(x2)))⊗ ∗

ϕ(B(x2)) V (ϕ(B(x1)), ϕ(B(x2)))⊗ ϕ(B(x1))

ϕ⊗id

id⊗x1

ev

ϕ(−)◦x1
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using the evaluation map. For an object x the identity is the unique mor-
phism idx

∗

Y(ϕ)(x, x) B(B(x), B(x))

∗ ϕ(B(x))

α

x

β

ϕ(−)◦xid∗

idB(x)

idx

determined by the identity idB(x) in B. Composition in Y (ϕ) is given by the
unique dashed morphism in the diagram

Y(ϕ)(x2, x3) Y(ϕ)(x1, x2)⊗ B(B(x2), B(x3)) B(B(x2), B(x3))

Y(ϕ)(x1, x2)⊗ Y(ϕ)(x2, x3) B(B(x1), B(x2))⊗ B(B(x2), B(x3)) ϕ(B(x2))⊗ B(B(x2), B(x3))

Y(ϕ)(x1, x3) B(B(x1), B(x3))

∗ ϕ(B(x3))

α

x3

β

ϕ(−)◦x1
α

◦

β⊗β

◦

(ϕ(−)◦x1)⊗id

ϕ(−)◦−

α⊗id
id⊗β

α⊗id

β⊗id x2⊗id ϕ(−)◦x2

β

determined by the composition in B, the existence of which is guaranteed
by the universal property of Y (ϕ) (x2, x3). These identity and composition
morphisms render Y (ϕ) a V-category. The hom-wise augmentations α and
morphisms β from the pullbacks, further make it an object of V̇Cat/B.

To complete the definition of Y : [B,V ] → V̇Cat/B it remains to show
its action on morphisms, i.e. V-natural transformations. Let θ : ϕ1 → ϕ2 be
a morphism in [B,V ]. We will construct a V̇-functor Y (θ) : Y (ϕ1)→ Y (ϕ2)
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whose underlying V-functor makes the diagram

Y(ϕ1) Y(ϕ2)

B
β β

Y(θ)

commute. For an object (B, x) we set

Y (θ) (B, x) = (B, θ ◦ x)

where the second component is the composition

∗ x−→ ϕ1 (B)
θB−→ ϕ2 (B)

where θB is the component of θ at B. Again, for ease of notation we will just
refer to an object (B, θ ◦ x) as θ ◦x. For two objects x1 and x2 of Y (ϕ1), the
action of Y (θ) on hom-objects is the dashed morphism in the diagram

Y(ϕ1)(x1, x2)

Y(ϕ2)(θ ◦ x1, θ ◦ x2) B(B(x1), B(x2))

ϕ1(B(x2))

∗ ϕ2(B(x2))
θ◦x2

ϕ2(−)◦(θ◦x1)α

β

α

β

Y(θ)

θ

ϕ1(−)◦x1

x2

given by the universal property of the pullback, the existence of which is
guaranteed by θ being a natural transformation. The construction of the
functor Y : [B,V ]→ V̇Cat/B is now complete, and we call the functor Y the
Yoneda construction.

Example 6.1.5. If V = Set then, since Set is semi-cartesian, V ∼= V̇ and
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the Yoneda construction Y : [B,Set] → Cat/B sends a diagram of sets
ϕ : B → Set to its category of elements.

Example 6.1.6. If V is a commutative quantale, then a small V-category
B is a similarity space (not taking into account the geometric considerations
in Chapter 4) taking values in V . An object ϕ : B → V can be seen as
a non-decreasing map between B and V viewed as a similarity space via
the canonical self enrichment. Y (ϕ) gives the set {B ∈ B | ∗ ≤ ϕ (B)} with
the metric Y (ϕ) (B1, B2) = B (B1, B2) ∧ ∗, where the meet in V provides
the augmentation Y (ϕ) (B1, B2) ≤ ∗. The functor Y (ϕ) → B is then the
inclusion. Note that, if V is affine, then Y (ϕ) is the subspace ϕ−1 (∗) of B,
with the metric inherited from B.

6.1.3 The left adjoint to the Yoneda construction

To complete the discussion of the Yoneda construction we turn our attention
to its left adjoint φ : V̇Cat/B → [B,V ] and we see that this is where the
cocompleteness of V is required.

Definition 6.1.7. Let S be a set. The category S∧ has set of objects
S
∐

(S × S) and two types of non-identity morphisms, namely the projection
morphisms c : (s1, s2) → s1 and t : (s1, s2) → s2 for any s1, s2 ∈ S. Clearly
there are no compositions to consider in S∧. If E is a small category, then
we will write E∧ rather than ob (E)∧ for the category associated with its set
of objects.

Remark 6.1.8. Throughout the remainder of this chapter we will often refer
to an object β : E → B in V̇Cat/B (and other similar slice categories) simply
as the domain E leaving the functor β implicit. This is done intentionally
for clarity when applying functors to the category V̇Cat/B. It will at all
times be clear what the functor to B is from the name of the domain. For
example for a V-functor F : B′ → B we can define a pullback functor F ∗ :
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V̇Cat/B → V̇Cat/B′. In this case we would refer to an object E getting
mapped to the pullback object F ∗E as opposed to β being mapped to the
appropriate structure map.

Definition 6.1.9. Now let β : E → B be an object in V̇Cat/B and fix an
object B0 of B. We can construct a functor ΨB0 : E∧ → V described by

(E1, E2) E(E1, E2)⊗ B(β(E2), B0)

B(β(E1), β(E2))⊗ B(β(E2), B0) ∗ ⊗ B(β(E2), B0)

E1 E2 B(β(E1), B0) B(β(E2), B0)

c t

β ⊗ id

◦

ΨB0
(c) ΨB0

(t)

∼=

α⊗ id

ΨB0

on the object (E1, E2) and its two projection morphisms in E∧. We observe
here that ΨB0 is also dependent on the choice of β. However, since context
will make clear which β is being referred to we will not reference it in the
notation for convenience. We define the action of the functor φ on an object
β : E → B by the V-functor φ (E) : B → V where, for any object B0 of B,

φ (E) (B0) = colimΨB0

with cocone ιE : B (β (E) , B0) → φ (E) that has universal property with
respect to the commutativity of

E(E1, E2)⊗ B(β(E2), B0)

B(β(E1), B0) B(β(E2), B0)

φ(E)(B0)

ΨB0
(c) ΨB0

(t)

ιE1
ιE2
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for all (E1, E2). For all objects B1 and B2 of B, the V-morphism

φ (E) : B (B1, B2)→ V (φ (E) (B1) , φ (E) (B2))

is the hom-tensor adjoint mate of

φ (E)] : φ (E) (B1)⊗ B (B1, B2)→ φ (E) (B2)

which is given by the dashed morphism in

B(β(E1), B1)⊗ B(B1, B2) E(E1, E2)⊗ B(β(E2), B1)⊗ B(B1, B2) B(β(E2), B1)⊗ B(B1, B2)

B(β(E1), B2) E(E1, E2)⊗ B(β(E2), B2) B(β(E2), B2)

φ(E)(B1)⊗ B(B1, B2)

φ(E)(B2)

◦ ◦

ΨB1
(c)⊗ id ΨB1

(t)⊗ id

φ(E)]

ιE1

ιE2

ιE1
ιE2

id⊗ ◦

ΨB2
(t)ΨB2

(c)

induced by composition within B. Precisely, the upper part of the dia-
gram that involves tensoring with B (B1, B2) is obtained by tensoring with
φ (E) (B1) and noting that the tensor product commutes with colimits. The
two upper rectangles commute due to the definition of c and t, and so we
obtain the dashed morphism φ (E)]. To complete the functor φ we need to
define the action on morphisms. So, for the morphism F in

E̊1 E̊2

B
β1 β2

F̊

we need to define a V-natural transformation φ (F ) : φ (E1) ⇒ φ (E2). The
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component φ (F ) : φ (E1) (B0) → φ (E2) (B0) at an object B0 of B is the
unique dashed morphism in the diagram

E2(FE, FE′)⊗ B(β2(FE′), B0)

B(β1(E), B0) E1(E,E′)⊗ B(β1(E′), B0) B(β1(E′), B0)

φ(E1)(B0)

φ(E2)(B0)

φ(F )

ΨB0
(c1) ΨB0

(t1)

ΨB0
(c2) ΨB0

(t2)
F⊗id

ιE ιE′

ιE′ιE

that commutes with the colimit injections where

B (β1 (E) , B0) = B (β2 (FE) , B0)

and
B (β1 (E ′) , B0) = B (β2 (FE ′) , B0) .

The triangle involving the morphisms t1 and t2 commutes because F is a
V̇-functor, whilst the triangle involving c1 and c2 results from F being a
morphism in the slice category and so β2 ◦ F̊ = β1. Hence the existence of
φ (F ) is guaranteed. We note here that the action of φ (F ) is determined
entirely by the object part of the functor F , with no consideration of mor-
phisms. That φ preserves composition follows from the definition in terms
of universal properties. If F and G are composable morphisms in V̇Cat/B
then there will be two morphisms φ (β1) (B0) → φ (β3) (B0) that will make
the appropriate diagram commute, namely φ (G ◦ F ) and φ (G)◦φ (F ). These
must, therefore, be equal as φ (G ◦ F ) is unique.

Example 6.1.10. If V = Set then, for a functor p : E → B, φ (E) is the set
of connected components of the slice category E/B.
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Example 6.1.11. If V is a quantale Q then, for a Q-functor p : E → B,
φ (E) (B) =

∨
ob(E) B (pE,B) = B (p→ (E) , B).

6.2 The Yoneda Monads

Having constructed the adjunction above, we turn now to the monads them-
selves. We proceed by first establishing that the Yoneda construction and
left adjoint presented above do indeed form an adjunction via the unit and
counit. We then examine the properties of these monads, including how
they extend functorially. We conclude the section by demonstrating that the
Yoneda monads assemble into a fibred monad by showing that they satisfy
the conditions laid out in Theorem 2.2.2.

6.2.1 The unit and counit

Having constructed the functors Y and φ, we will now verify that these form
an adjunction (and hence a monad) by constructing the unit and counit
natural transformations. The component

E̊ ˚Yφ(E)

B
β β

η̊

of the unit at E maps an object E to the pair (β (E) , xE) where xE : ∗ →
φ (E) (β (E)) is the composition

∗ φ(E)(β(E))

B(β(E), β(E))

ιEidβ(E)

xE
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of the identity with the colimit injection. On hom-objects the unit η is the
dashed morphism in

E(E1, E2)

Y(φ(E))(xE1 , xE2) B(β(E1), β(E2))

∗ φ(E)(β(E2))

η

φ(E)(−)◦xE1

xE2

α

β

y

that exists by the universal property of the pullback Y (φ (E)) (xE1 , xE2).
Note that the outer square, i.e. the one involving αand β, commutes since
φ (E) (β (E2)) is defined as a colimit and both xE1 and xE2 are defined in
terms of the colimit injections ιE1 and ιE2 , respectively.

The component of the counit at a V-functor ϕ : B → V is a natural
transformation εϕ : φY (ϕ) ⇒ ϕ. The component of this at an object B0 of
B is the dashed morphism in

Y(ϕ)(x1, x2)⊗ B(B(x2), B0)

B(B(x1), B(x2))⊗ B(B(x2), B0) ∗ ⊗ B(B(x2), B0)

B(B(x1), B0) φY(ϕ)(B0) B(B(x2), B0)

ϕ(B0)

ϕ(B(x2))⊗ V(ϕ(B(x2)), ϕ(B0))

ϕ(B(x2))⊗ B(B(x2), B0)

ΨB0
(c) ΨB0

(t)

ιx1
ιx2

ε

id⊗ ϕ

ev

ϕ(−) ◦ x1 ⊗ id
x2 ⊗ id

β ⊗ id α⊗ id

◦ ∼=
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given by the universal property of the colimit φY (ϕ) (B0). This allows us to
conclude the following.

Theorem 6.2.1. The Yoneda construction Y has a left adjoint given by φ.

Proof. The triangle identities are satisfied due to both the unit and counit
being defined by universal properties.

Remark 6.2.2. Having noted above that we recover the category of elements
via this construction we now discuss this in more detail. We have established,
for the one object V-category •, the isomorphisms [•,V ] ∼= V and V̇Cat/• ∼=
VCat/ (• × •). If V is semi-cartesian then V̇ ∼= V and we have the adjunction

φ : VCat� V : Y.

When V has an initial object, there is also the adjunction

disc : Set� VCat : U

where the left adjoint is the discrete V-category on a set and the right adjoint
is the underlying set of objects. If V = Set then the functors Y and disc

coincide but this is a peculiarity of Set-enrichment. This shows why it is that
the category of elements construction is a discrete version of the Grothendieck
construction. It also shows that the Yoneda construction presented here is
not, in general, a discrete version of an enriched Grothendieck construction
(for an enriched Grothendieck construction see [4]).

6.2.2 Properties of the Yoneda monads

For the remainder of this chapter, if we need to record the base category in
the notation we will write it as a subscript, i.e.

φB : V̇Cat/B � [B,V ] : YB.
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The Yoneda construction Y• : V → VCat/ (• × •) takes an object a of V to
the V-category Y• (a) whose objects are elements of a, i.e. morphisms ∗ → a

in V , with hom-objects given by the pullback

Y•(x1, x2) ∗

∗ ax2

x1

β

α
y

in V .

Example 6.2.3. If V = Ab, the category of abelian groups, then the Yoneda
construction for an abelian group A yields the Ab-enriched category Y• (A)

with objects the elements of A and hom-objects

Y• (A) (x1, x2) = {(m,n) ∈ Z× Z | mx1 = nx2}

since Z is the unit in Ab. The hom-object Y• (A) (x1, x2) is, therefore, the set
of relations from x1 to x2 that hold in A. φ takes an Ab-category E that has
two augmentations α and β and constructs an abelian group as a colimit of
ob (E) many copies of Z. In this way E can be thought of as instructions for
creating an abelian group in terms of generators, relations and the objects.

To conclude this subsection we examine the action of the monads associ-
ated to these adjunctions.

Definition 6.2.4. Let V be a cosmos and B a small V-category. We call the
monad �B = YB ◦ φB the Yoneda monad on V̇Cat/B.

Example 6.2.5. For an affine quantale Q and a Q-functor p : E → B,
the Yoneda monad �B (E) yields the closure of the image of p as a subset
inclusion. If Q is not affine it yields the subset {B ∈ B | B(p→ (E) , B)≥ I }
where I is the quantale unit.

Definition 6.2.6. These monads extend, functorially, in two different ways.
For a V-functor F : B1 → B2 then there is the functor F∗ : V̇Cat/B1 →
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V̇Cat/B2 obtained by postcomposition with F . We also have the functor
F ∗ : V̇Cat/B2 → V̇Cat/B1 obtained via pullbacks along F .

Recall from Subsection 2.2.2 the definition of morphisms of monads. Re-
call the category of monads Mnd. We denote by Mndop the category of
monads with op-morphisms of monads. We have the following result.

Proposition 6.2.7. The assignment B 7→ �B extends to a covariant func-
tor VCat → Mndop via postcomposition, and to a contravariant functor
VCatop →Mnd by taking pullbacks.

Proof. Let F : B1 → B2 be a V-functor. The functor F∗ : V̇Cat/B1 →
V̇Cat/B2 then admits a natural transformation ρ : F∗ ◦ �B1 ⇒ �B2 ◦ F∗ of
which the component

�B1(E) �B2(F∗E)

B2

ρE

β2F◦β1

at p1 : E1 → B1 is defined on objects as (B, x) 7→ (FB, x∗) where x∗ is the
composition of x along with the dashed morphism in the diagram

E1(E1, E2)⊗ B1(β1(E2), B)

B1(β1(E1), B) φB1(E1)(B) B1(β1(E2), B)

B2(F (β1(E1)), FB) φB2(F∗E1)(FB) B2(F (β1(E2)), FB)

ιE1
ιE2

ΨB(c) ΨB(t)

FF

ιE1
ιE2

via the universal property of the colimit. On hom-objects it is defined
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through the commutativity of the diagram

�B1 (E1)(x, y)

�B2 (F∗E)(x∗, y∗) B2(B(x∗), B(y∗)) B1(B(x), B(y))

∗ φB2 (F∗E)(B(y∗)) φB1 (E)(B(y))y∗

α

β2

φB2
(−)◦x∗ φB1

(−)◦x

F

α

β1

ρ

and the usual universal properties of the pullback. That these satisfy the
properties of an op-morphism of monads is straightforward.

The functor F ∗ : V̇Cat/B2 → V̇Cat/B1 maps a V-functor p2 : E → B2

to the pullback
F ∗E2 E2

B1 B2

p1 p2

F

r

y

in VCat. F ∗ then admits a natural transformation θ : �B1 ◦ F∗ ⇒ F∗ ◦ �B2

that is the dashed morphism in the diagram

�B1F
∗E2

F ∗ �B2 (E2) E2

B1 B2

β1
p2

F

s

y

where s maps an object (B, x) 7→ (FB, x∗) with x∗ the composition of x with
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the dashed morphism in the diagram

F ∗E2(E1, E2)⊗ B1(β1(E2), B)

B1(p1(E1), B) φB1(F ∗E2)(B) B1(p1(E2), B)

B2(p2(r(E1)), FB) φB2(E2)(FB) B2(p2(r(E2)), FB)

ιE1
ιE2

ΨB(c) ΨB(t)

FF

ιE1
ιE2

again via the colimit.

Being a monad derived from an adjunction, the multiplication µ : �2
B ⇒

�B is given by the whiskered counit Yεφ and the unit is the unit of the
adjunction.

6.2.3 Fibred structure

To conclude this section recall Definition 2.2.4 of fibred monads. We will
demonstrate that the monads �B assemble into a fibred monad by showing
that we have a fibred adjunction over VCat. The two total categories for
the required fibrations are denoted VCat→̇ and [−,V ]. An object in VCat→̇

is an object in V̇Cat/B for some V-category B and a morphism

E̊1 E̊2

B1 B2

G̊

F

β1 β2

is a commuting square (G,F ) of a V-functor F : B1 → B2 and a V̇-functor
G : E1 → E2.

Lemma 6.2.8. The codomain functor cod : VCat→̇ → VCat is a fibration.

Proof. If F : B2 → B1 is a V-functor, along with a lift p2 : E2 → B2 of its
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codomain, then the pullback

˚F ∗E2 E̊2

B1 B2

p1 p2

F

r

y

yields an object p1 : F ∗E2 → B2 of V̇Cat/B2 via the augmentation α◦r. The
required universal property is then trivial.

An object in [−,V ] is an object in [B,V ] for some V-category B and a
morphism

B2 B1

V

F

ϕ1

ϕ2

θ

is a pair (F, θ) of a V-functor F : B2 → B1 and V-natural transformation
θ : ϕ2 ⇒ ϕ1 ◦ F .

Lemma 6.2.9. The domain functor dom : [−,V ]→ VCat is a fibration.

Proof. A morphism (F, θ) in [−,V ] is cartesian if, and only if, θ is an iso-
morphism. Hence given a V-functor F : B2 → B1 with a lift ϕ1 : B1 → V , we
have a cartesian lift (F, idϕ1◦F ).

Given these two fibrations on VCat→̇ and [−,V ], the fibres over a fixed
small V-category B are V̇Cat/B and [B,V ] respectively. Hence the adjunc-
tions φB a YB act on the fibres, and so VCat→̇ is a fibrewise monad with
collection of monads {�B}VCat. We will show that these in fact assemble into
a fibred monad.
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Theorem 6.2.10. The functors φB and YB extend to functors

VCat→̇ [−,V ]

VCat

cod dom

φ

Y

where φ and Y are fibred. If V is a cosmos, then the adjunction φ : VCat→̇ �

[−,V ] : Y is fibred.

Proof. We already have an adjunction between the fibres over a fixed V-
category B, namely the Yoneda monads �B = YB ◦ φB. Hence we need
only show that the Beck-Chevalley condition from Theorem 2.2.2 holds. We
will show that φ has a right adjoint given by Y. Given reindexing functors
F ] : [B2,V ] → [B1,V ] (which will be isomorphic to precomposition with F )
and F ∗ : V̇Cat/B2 → V̇Cat/B1, i.e. a chosen cleavage on the codomain
fibration, we claim that F ∗YB2 ⇒ YB1F

] is an isomorphism. This natural
transformation amounts to the composition

F ∗YB2

η⇒ YB1φB1F
∗YB2

∼=⇒ YB1F
]φB2YB2

ε⇒ YB1F
]

which, for ϕ : B2 → V , acts on objects by

(B, (FB, x : ∗ → ϕ (FB))) 7→
(
B, x : ∗ → F ]ϕ (B) = ϕ (FB)

)
which is an isomorphism. Likewise, on hom-objects we have the dashed
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morphism in

F ∗YB2(x, y)

YB1(F ]ϕ)(x, y) B1(B(x), B(y))

∗ ϕ(F (B(y)))y

F ]ϕ(−)◦x
yα

p1

which is an isomorphism (the arrow in the opposite direction coming from
the fact that F ∗YB2(ϕ) is a pullback). The existence of such an arrow is
guaranteed by the fact that YB2(x, y) is a pullback.

Definition 6.2.11. We call the fibred monad ♦ = Y ◦ φ on VCat→̇ the
Yoneda monad.

Theorem 6.2.12. For any cleavage of the fibration cod : VCat→̇ → VCat,
the induced functor F ∗ : V̇Cat/B1 → V̇Cat/B2 for any V-functor F : B2 →
B1 has a canonical structure θ that forms a morphism of monads (F ∗, θ) :

�B1 → �B2.

Proof. This is as a result of Proposition 2.2.7.

6.3 The main construction

Having introduced the Yoneda monads, in this section we put them to use.
We first introduce cosmos contexts and define a generalisation of weighted
categories. This allows us to generate a particular cosmos context, known as
the topological context, for any semi-cartesian cosmos. We then proceed to
define the construction of a comma fibration that can be associated to any
context. Combining this with the topological context gives a comma fibration
associated to a semi-cartesian cosmos so that, after applying the Yoneda
monads, we obtain a pre-comma-fibrewise monad. To conclude the section
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we then construct the comma-fibrewise monad from this by separating out
the continuous morphisms which, after selecting a suitable monoidal category,
yields the category Top.

6.3.1 Contexts

A morphism of cosmoses is a lax monoidal functor ψ : V → W , which form
the category Cos. For such a functor we can then write, for any V-category
B,

ψB : VCat/B → WCat/ψ∗ (B)

for the induced functor. If each ψB has a fully faithful right adjoint ψ]B for
each B, then we say that ψ admits fully faithful slicewise right adjoints.

Let I be a discrete category. We denote by I> the category with objects
ob (I)

∐
> where > is a freely added terminal object. The only non-identity

morphisms are the unique morphisms ψV : V → > for each object V of I.

Definition 6.3.1. A cosmos context is a diagram Γ : I> → Cos such that,
for each object V of I, the cosmos morphism Γ (ψV) : Γ (V)→ Γ (>) admits
fully faithful slicewise right adjoints and each Γ (ψV)∗ preserves pullbacks.

Every cosmos V has a trivial context associated with it, namely Γ : ∅> →
Cos where Γ (>) = V and Γ (ψ>) = idV . The following concept of weighted
categories is seen in [37] as part of their approach to directed topology.

Example 6.3.2. (Weighted categories.) Classically, a weighted set is a pair
(S,w) of a set S and a weight function w : S → F+. The category wSet has
weighted sets as objects and a morphism f : (S,w) → (T,w) (overloading
w) is a function f : S → T such that w (s) ≥ w (f (s)). This category
has a canonical monoidal structure induced by the operation +, given by
(S,w) ⊗ (T,w) = (S × T,w) where w (s, t) = w (s) + w (t), hence wSet is
a cosmos. The evident forgetful functor ψ : wSet → Set admits slicewise
right adjoints in the following manner. For a wSet-category B and a functor
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β : E → ψ∗ (B), the right adjoint ψ]B weights a morphism e in E by w (e) =

w (βe). Clearly β is a weighted functor with respect to these weights and ψ]B
is fully faithful.

This process of weighting a category is not unique to the monoidal cate-
gory Set and quantale F+, however. Recall the functor Pos→ VCat, for a
cosmos V , that allows us to view any poset P as a V-category by setting

P (x, y) =

∗ if x ≤ y

∅ otherwise

where ∅ is the initial object of V . This allows us to expand the definition of
a weighted category as follows.

Definition 6.3.3. Let V be a cosmos and let Q be a small cosmos. A
Q-weighted V-object is a pair (A,w) of an object A of V and a V-functor
w : Y• (A)→ Q (where the underlying poset of Q is viewed as a V-category).
A Q-weighted morphism f : (A,w) → (B,w) is a V-morphism f : A → B

with a 2-cell
Y•(A) Y•(B)

Q

w w

Y•(f)

which, object-wise, is the inequality

w (x) ≤ w (Y• (f) (x))

in Q for all objects x in Y• (A).

We usually refer to weighted objects A, leaving the weight functor im-
plicit. Weighted morphisms are closed under composition in V and the iden-
tity idA is a weighted morphism so that we have the following result.

Proposition 6.3.4. Q-weighted V-objects and Q-weighted morphisms form
the category VQ. There is a forgetful functor ψ : VQ → V.
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We can make a further claim about the structure of VQ if V is semi-
cartesian.

Claim 6.3.5. If V is a semi-cartesian cosmos, then so is VQ.

Proof. A tensor product on VQ, since V is assumed to be semi-cartesian, can
be obtained by noting that there are canonical morphisms

A
πA←− A⊗B πB−→ B

in V . VQ then inherits the tensor product

A⊗VQ B = A⊗B

with weighting function

V(∗, A⊗B) V(∗, A)⊗ V(∗, B)

Q Q×Q

(πA◦−,πB◦−)

⊗

w×ww

using the tensor product in Q. The associators and unitors in VQ are the
same as those in V and can easily be shown to preserve weights such that
the diagram

A⊗ ∗ ∗ (A⊗B)⊗ C

A A⊗ (B ⊗ C)

∼=
x′

x

∼=

y

y′

for all x and y, with the left and right isomorphisms the unitor and associator
respectively, w (x) = w (x′) and w (y) = w (y′). The monoidal unit of VQ is
the monoidal unit ∗ of V weighted by the unit 1 ∈ Q. It is routine to verify
that VQ is a symmetric monoidal category. All that remains is to endow
VQ with an internal hom. Let ∗ q ∗ be a chosen coproduct, where the two
injections are labelled true and false and let A,B ∈ ob (V). If x : ∗ → A and
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f : A→ B in V we define χx,f : ∗ → ∗q∗ as the indicator of w (x) ≤ w (f (x)),
i.e. χx,f = true if w (x) ≤ w (f (x)) and χx,f = false if w (x) � w (f (x)).
The internal hom is then the pullback

VQ(A,B) V(A,B) ∗

∗
∏

x:∗→A
f :A→B

(∗ q ∗)

∗ q ∗

r

y

πx,f

χx,f

!

true

in V . If f : ∗ → V (A,B), we define the weight

w (f) =
∧

x:∗→A

Q (w (x) , w (f (x)))

so that VQ (A,B) acquires a weight via r. Now consider an object T ∈ ob (Q)

and a morphism g : A⊗ T → B in the diagram

A⊗ T

A⊗ VQ(A,B) B

A⊗ V(A,B)

id⊗ĝ

id⊗r ev

ev

g

id⊗g̃

in V . The claim is that the evaluation morphism is a morphism in VQ. The
universal property of the tensor in V gives the morphism g̃ which we use in
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the diagram
T

VQ(A,B) V(A,B)

∗
∏

x:∗→a
f :a→b

(∗ q ∗)

y

g̃

!

ĝ

which yields the morphism ĝ and the required universal property.

To conclude the investigation of VQ we show that not only is the forgetful
functor ψ : VQ → V a cosmos morphism, but will be able to be used in a
cosmos context.

Proposition 6.3.6. The forgetful functor ψ : VQ → V is a morphism of
cosmoses that admits slicewise right adjoints.

Proof. The forgetful functor is clearly lax monoidal (it is, in fact, strong
monoidal). Fixing a VQ-category B the induced functor

ψB : VQCat/B → VCat/ψ∗ (B)

has a right adjoint ψ]B which, for a V-functor p : E → ψ∗ (B) is the identity
on objects and imbues a hom-object E (E1, E2) in the V-category E with the
weight w : Y• (E (E1, E2))→ Q given by the composition

Y•(E(E1, E2)) Y•(B(pE1, pE2)) QwY•(p)

with the weight from B. The triangle identities are trivially satisfied.

Example 6.3.7. Let V = ? the terminal cosmos and Q = F+. Then VQ ∼=
F+ and ψ is the terminal morphism. The induced functor is then ψB :

Met/B → Set/U (B) and the slicewise right adjoint imbues the set X that
has a function f : X → U (B) with the metric X (x, y) = B (f (x) , f (y)).
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Definition 6.3.8. Let V be a semi-cartesian cosmos. The topological cosmos
context associated with V is the functor

ΓV : ob (tQnt)> → Cos

for which ΓV (Q) = VQ, Γ (>) = V and ΓV (ψQ) : VQ → V is the forgetful
functor.

Given any context we can form the category ΓCat =
∐

ob(I) Γ (V)Cat

which has Γ (V)-categories as objects and morphisms are Γ (V)-functors.
Cosmos contexts as objects form the category Cxt where a morphism from
Γ1 : I> → Cos to Γ2 : J> → Cos is a functor F : I → J along with a natural
transformation γ : Γ1 ⇒ Γ2 ◦ F . (Note the slight abuse of notation here,
where we use F : I> → J> for the induced functor).

6.3.2 The comma fibration associated with a context

We now turn our attention to the utility of comma fibrations. Let Γ : I> →
Cos be a cosmos context. From the category ΓCat we can form the arrow
category

ΓCat→ =

∐
ob(I)

Γ (V)Cat

→ =
∐
ob(I)

Γ (V)Cat→

which, of course, has the associated fibration cod : ΓCat→ → ΓCat. Since
the domain and codomain of this fibration are both coproducts, this fibration
occurs fibrewise along the canonical injections

Γ(V)Cat→
∐

ob(I) Γ(V)Cat→

Γ(V)Cat
∐

ob(I) Γ(V)Cat

cod cod

ιV

ιV

with the cartesian lifts occurring along each individual codomain fibration.
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We can also form the category ΓCat whose objects are the same as the
objects of ΓCat→, but a loose morphism p  p′ is a pair (f, g) of Γ (>)-
morphisms such that

Γ(ψV)∗(E) Γ(ψV ′)∗(E ′)

Γ(ψV)∗(B) Γ(ψV ′)∗(B′)

Γ(ψV )∗(p) Γ(ψV′ )∗(p
′)

f

g

commutes. Note that this category is not a coproduct. There is, however,
the evident functor

ΓCat→ → ΓCat 

that is the identity on objects and maps a morphism (e, b) in Γ (V)Cat→ to
(Γ (ψV)∗ (e) ,Γ (ψV)∗ (b)). Similarly, there is the functor∐

Γ(ψV)∗ : ΓCat→ Γ (>)Cat

which is defined by the diagrams

Γ(V)Cat
∐

ob(I) Γ(V)Cat

Γ(>)Cat

ιV

Γ(ψV )∗

∐
Γ(ψV )∗

for each V . Explicitly, this maps a V-category B to Γ (ψV)∗ (B) and a V-
functor b : B → B′ to Γ (ψV)∗ (b). Finally, there is the functor

ΓCat → Γ (>)Cat→

that maps an object p of Γ (V)Cat→ to ψV (p) and is the identity on mor-
phisms. Postcomposing with the codomain fibration yields the functor

ΓCat → Γ (>)Cat
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which is not a fibration. Using these we can assemble them into the diagram

ΓCat→ ΓCat ΓCat→

ΓCat Γ(>)Cat ΓCat

cod

∐
Γ(ψV )∗

cod

∐
Γ(ψV )∗

called the symmetric comma fibration associated to a context which we claim
is a comma fibration. Note that this is an example of the codomain comma
fibration from 3.1.14, so we need to show that it has pullbacks.

Claim 6.3.9. The diagram above is a comma fibration.

Proof. Since each Γ (ψV)∗ preserves pullbacks, all cartesian morphisms from
the two codomain fibrations are comma cartesian. All that remains is to show
that we can provide a (unique) comma cartesian lift for each loose morphism
in Γ (>)Cat. Letting b : B2  B1 be such a loose morphism we create the
diagram

E2 • E1

B2 B1

β2

b

e

β1

s

r
y

ε•

in which dashed morphisms indicate Γ (>)-functors (neither tight nor loose).
The V2-functor β2 is the result of applying the slice-wise right adjoint

Γ (ψV2)]∗B2
: Γ (>)Cat/Γ (ψV2)∗ (B2)→ Γ (V2)Cat/B2

to the structure morphism r : • 99K B2 and ε• is the counit. We claim that
the loose morphism (e, b) in

∐
ob(I) Γ(V)Cat is a comma cartesian lift of b

along β1. The proof of this is straightforward, but does require the use of
universal properties. Let β0 : E0 → B0 be a Γ (V2)-functor together with a
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loose morphism (e0, b0) in
∐

ob(I) Γ(V)Cat and a Γ (V2)-functor b̂ such that

E0 E2 E1

B0 B2 B1

β2

b

e

β1β0

b̂

b0

e0

commutes. The commutativity of this diagram yields a morphism ē : E0 99K •
via the pullback universal property. By the universal property of the counit
there is a unique Γ (V2)-functor ê : E0 → E2 such that

E0 E2 •

B0 B2

β2β0

b̂

ē

ε•ê

commutes. Since e = s ◦ ε• it is clear that e0 = e ◦ ê and (e, b) is indeed
comma cartesian.

Remark 6.3.10. The symmetric comma fibration associated to a context con-
struction is functorial. This is easily seen since each component γI : Γ1 (I)→
Γ2 (GI) of the natural transformation part of a morphism of contexts induces
a functor (γI)∗ : Γ1 (I)Cat→ Γ2 (GI)Cat which commutes with the coprod-
ucts in the correct way.

Example 6.3.11. The context from Example 6.3.7 yields the comma fibra-
tion

Met→ Met all Met→

Met Set Met

cod cod

which, due to the fact that Set is equivalent to Metall is Example 3.1.10
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from Chapter 3.

6.3.3 Continuous morphisms

To finish this section we now consider what it means for a loose morphism
in the base of a comma fibration to be continuous. So consider a comma
fibration that has a pre-fibrewise monad

({
T d
B

}
ob(Bd) , {T

c
B}ob(Bc)

)
. Recall

that a loose morphism b : B2  B1 in the base of a comma fibration is
continuous if the reindexing functor b∗ : Ec

B1
→ Ed

B2
admits a natural trans-

formation θ : T c
B2
◦ b∗ ⇒ b∗ ◦ T d

B1
such that (b∗, θ) is a monad morphism.

By the construction in Subsection 3.3.2 we obtain a comma-fibrewise monad
by restricting, in a consistent way, to those morphisms in the base that are
continuous or tight.

For the symmetric comma fibration associated to a context Γ we have two
fibres over Γ (ψV)∗ (B) in Γ (>)Cat each of which is Γ (V)Cat/B. Hence,
recalling the Yoneda monads, each fibre has the associated monad �B on it.
Thus the comma fibration has a pre-fibrewise monad as defined in Definition
3.3.4. For a V1-category B1 and V2-category B2, each loose morphism b :

B1  B2 induces a reindexing functor b∗ : Γ (V2)Cat/B2 → Γ (V1)Cat/B1.
Applying the construction to this yields the comma fibration

ΓCat→ ΓCat cont ΓCat→

ΓCat Γ(>)Catcont ΓCat

cod

∐
Γ(ψV )∗

cod

∐
Γ(ψV )∗

where every loose morphism in Γ (>)Catcont is continuous. We call this
construction the comma-fibrewise monad associated with the context.

Example 6.3.12. The comma fibration from Example 6.3.11 has the Yoneda
monads on each fibre that act by giving the closure of the image of a short
map p : E → B. Hence a continuous morphism is a function b : B → B′ such
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that the preimage (pullback) of a closed subset is closed. So the construction
of Setcont in this case recovers classical continuity for (metrisable) topological
spaces via closed sets.

Let SCC be the full subcategory of Cos spanned by the semi-cartesian
cosmoses. We have some final results that bring together the material from
this chapter into a functorial construction that gives a comma-fibrewise
monad from a semi-cartesian context.

Theorem 6.3.13. The assignment V → ΓV defines a functor SCC→ Cxt.

Proof. Let F : V → W be a morphism in Cos and fix a suitable quantale Q
such that ΓW (Q) = WQ. We then have a functor F∗(Q) : VQ → WQ that
maps an object (A,wA) to the object (FA,wFA) where w : Y• (FA) → Q

is the function w (y : ∗ → FA) = > . For a morphism f : A → A′ in VQ
then F∗ (f) = Ff . To demonstrate the naturality of F∗ : ΓV ⇒ ΓW , the only
morphisms to consider are the terminal morphisms ψQ : Q → ∗ for which
ΓV (ψQ) are the forgetful functors which clearly render the diagram

VQ WQ

V W
F

F∗(Q)

commutative. The required functor is the identity.

Theorem 6.3.14. The assignment Γ 7→ Γ (>)Catcont defines a functor
Cxt→ Cat.

Proof. Let Γ1 : I> → Cos to Γ2 : J> → Cos be cosmos contexts. Given a
morphism (F, γ) : Γ1 → Γ2 and a morphism b : B1 → B2 in Γ1 (>)Catcont.
We need to demonstrate a natural transformation θ : �B1 ◦ (γ> (Fb))∗ ⇒
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(γ> (Fb))∗ ◦ �B2. This is clear from the diagram

((θ>)∗b)
∗(E ′) �B(θ>)∗b(E

′) E ′

((θ>)∗b)
∗(�′B(E ′)) �′B(E ′)

(θ>)∗B (θ>)∗B
′

(θ>)∗b

y

η

η

θE′

using the universal properties of the pullbacks to generate the required com-
ponents.

Corollary 6.3.15. Composing the two functors from Theorems 6.3.13 and
6.3.14 yields the functor

Top− : SCC→ Cat

that takes a semi-cartesian cosmos context V to the continuous morphisms
of the symmetric comma fibration associated to ΓV .

Remark 6.3.16. To conclude recall our goal to create an enriched category
theoretic model of Top from the model Set ' ?Cat. Consider the topolog-
ical cosmos context ΓV for V = ?, a terminal cosmos. Then Γ? (Q) ∼= Q for
each topological quantale Q and the morphisms Γ? (ψQ) : Q→ ? induce the
underlying set functors QCat→ Set. This yields the comma fibration

∐
ob(tQnt) QCat→ Γ?Cat 

∐
ob(tQnt)QCat→

∐
ob(tQnt) QCat Set

∐
ob(tQnt) QCat

cod cod

where, as was the case above, Set is equivalent to tQntCatall. Hence the
construction Top? is equivalent to the category Top since the remaining
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morphisms in Setcont are precisely those that are continuous in the classical
sense.

Remark 6.3.17. As stated at the start of this chapter we make no claim as to
a notion of topology. Instead, we have the functor Top− which associates to
each semi-cartesian context the Yoneda monads which allows the continuous
functions to be defined. These Yoneda monads form the topology as opposed
to having to define a collection of “open sets”, which makes little sense as
a structure on top of a monoidal category. The general machinery in the
background of this is quantale-agnostic however so it is, obviously, possible
to generate other cosmos contexts based around a semi-cartesian cosmos.
Thus it may be possible to define other functors SCC → Cxt, and hence
other functors SCC→ Cat that could be described as a topology. If this is
true, then Top− is merely a topology rather than the topology (but maybe the
canonical topology) associated to a semi-cartesian cosmos. So, in a similar
fashion to the choice of a diagram of quantales affecting the interpretation of
Lipschitz functions in Chapter 5, the choice of a cosmos context associated to
a semi-cartesian cosmos will affect the properties of the continuous functions,
and hence the interpretation of the “topology”.



Guide to notation

Throughout this thesis we have used what we consider to be standard nota-
tion but, since there are other notations used, we present a short guide.

Set theory

For a set X, we denote by P (X) the power set of X. For a function f :

X → Y , we denote by f→ : P (X) → P (Y ) the direct image function
where, for S ⊆ X, f→ (S) = {f (s) | s ∈ S}. Similarly, we denote by f← :

P (Y ) → P (X) the inverse image function where, for T ⊆ Y , f← (T ) =

{x ∈ X | f (x) ∈ T}.

Category theory

For a (2-) category C, objects (0-cells) are usually given as upper-case letters
C, morphisms (1-cells) as lower-case letters c : C → C ′ with a single arrow,
and 2-cells as Greek letters ρ : c⇒ c′ with double arrows.

The arrow category of C, denoted C→, has as objects morphisms in C and
a typical 1-cell is a commuting square

C1 C ′1

C2 C ′2

c c′

c1

c2

191
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in C.
For an object C of C, the slice category C/C has as objects morphisms

c1 : C1 → C with codomain C in C and a typical morphism is a commuting
triangle

C1 C2

C

c2

f

c1

in C.
The category C→← has as objects cospans in C and a typical morphism is

a diagram of the form

C1 C C2

C ′1 C ′ C ′2

c1 c

f

f ′

g

g′

c2

in C.
For two categories C and D, the functor category [C,D] has as objects

functors F : C → D and a typical morphism ρ : F ⇒ G is a natural transfor-
mation. Similarly the pseudofunctor category [C,D]ps has as objects pseud-
ofunctors F : C → D and a typical morphism ρ : F ⇒ G is a pseudonatural
transformation.

Lattice theory

A complete lattice (L,≤,
∨
,
∧

), consists of a poset (L,≤) together with
two functions

∨
: P (L) → L (the join) and

∧
: P (L) → L (the meet),

that define for each subset of L its supremum and infimum, respectively. In
particular this means that L has an initial object ⊥ =

∨
∅ (referred to as the

bottom element) from the empty join and a terminal object > =
∧
∅ (the

top element) from the empty meet. Such a lattice will usually be written as
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L with the ordering, join, and meet operations left implicit.



List of categories

Ab Abelian groups and group homomorphisms.

Cat Categories and functors.

ccEnd∗ Cocontinuous pointed endomorphisms and morphisms of pointed
endomorphisms.

CFib Comma fibrations and morphisms of comma fibrations.

CJLat Complete lattices and join-preserving functions.

CMLat Complete lattices and meet-preserving functions.

Cos Cosmoses and morphisms of cosmoses.

cQnt Commutative quantales and strict monoidal morphisms that are
complete join homomorphisms.

Cxt Cosmos contexts and morphisms of cosmos contexts.

End Endofunctors and morphisms of endofunctors.

End∗ Pointed endofunctors and morphisms of pointed endofunctors.

FCatcont Flagg continuity spaces and ε-δ functions.

FCats Flagg continuity spaces and short maps.

194
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Fib Fibrations and commuting squares of fibred functors.

Law Lawvere metric spaces and short maps.

Met Metric spaces and short maps.

Metall Metric spaces and all functions.

Metcont Metric spaces and ε-δ continuous functions.

Mnd Monads and morphisms of monads.

MonCatlax Monoidal categories and lax monoidal functors.

Pos Posets and isotone functions.

Pre Preordered sets and isotone functions.

Qntlax Quantales and lax monoidal morphisms.

Qntstr Quantales and strict monoidal morphisms.

Qnt∨ Quantales and strict monoidal morphisms that are complete join
homomorphisms.

SCC Semi-cartesian cosmoses and morphisms of cosmoses.

Set Sets and functions.

SubSet Sets with a specified subset and functions that preserve the sub-
sets.

symCFib Symmetric comma fibrations and morphisms of comma fibra-
tions.

Top Topological spaces and continuous functions.

TopM Metrisable topological spaces and continuous functions.
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tQnt Topological quantales and strict monoidal morphisms that are
complete join homomorphisms.
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