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Abstract

This thesis considers several graph theory problems and parameters, all related to the concept
of chordal triangulation. The first of such problems is the well-established MINIMUM FILL-
IN problem solved by finding a minimum triangulation of the input graph, one that minimizes
the number of added edges. Since this problem is shown to be NP-hard, our study will involve
introducing new reduction rules for the MINIMUM FILL-IN problem. We will also prove
some new properties of elimination orderings, a common tool for constructing triangulations.
Later, we will combine and apply the aforementioned results by implementing a minimum
fill-in program, which was our submission to the PACE challenge 2017 [45].

Next, we focus on the extensively-studied TREEWIDTH problem, which is solved by
finding a triangulation where the size of the largest clique is minimized. Our results in this
area include determining the treewidth for several grid-like graph classes, for which the exact
value of this parameter was previously unknown.

Another closely related class of problems studied in this thesis is the INERT NODE

SEARCHING problem. It was previously assumed, due to [56], that the variant of this
problem concerned with minimizing the search cost parameter is equivalent to the MINIMUM

FILL-IN problem. Among our contributions, we noted a mistake in their result and amended
it by introducing a new parameter called guard cost that is proved to have the previously
mentioned property.

The last part of this thesis is dedicated to whether there exists a triangulation solving
both problems MINIMUM FILL-IN and TREEWIDTH simultaneously. For this purpose, we
introduce a new graph parameter labelled as τ . Given a graph and a minimum triangulation
that minimizes the size of the largest clique, τ of the input graph is the difference between
the size of this largest clique minus 1 and the treewidth of the original graph. We first prove
that τ = 0 for various classes of graphs, thus showing that both MINIMUM FILL-IN and
TREEWIDTH problems can be solved using the same triangulation. However, we prove that
τ > 0 for relatively small instances of rook’s graphs, an already established grid-like graph.
As a consequence of our work, we will also determine the previously unknown minimum
fill-in parameter of the studied graph classes.
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Monotone strategy progressively cleans a graphs

Search cost total number of vertices containing a searcher during a strategy

Guard cost total number of vertices guarded by a searcher during a strategy

Recontaminated previously cleaned vertex that now may contain the fugitive



Chapter 1

Preliminaries

In Section 1.1, we will first provide a brief overview of our research and its motivation. We
will also discuss what is studied in each chapter before moving onto reviewing in Section 1.2
some general notations in graph theory and computational complexity that are essential to
this thesis. In Section 1.3 we will focus on some specific definitions related to the concept of
graph connectivity and separation. The final section of this chapter, Section 1.4, will provide
definitions for the graph classes that are going to be studied later.

1.1 Introduction

Before introducing the graph theoretical problems that are studied in this thesis, we begin by
reviewing the study of computational complexity and the motivation behind the research in
this area. In this thesis, we will abide by standard definitions of computational complexity
that are found in text books such as [86, 8]. We assume that P ̸=NP, which is a common
belief. By this assumption, NP-hard problems cannot be solved “efficiently”, that is, using
an algorithm with polynomial time running time. As a result, the attention of researchers
has been focused on approaches or algorithms that are not ideal, but fit the needs of the
application area. To mention a few such approaches, we have: Heuristic algorithms which
works “reasonably well” for many but not all instances. Approximation algorithms that find a
“close enough” solution efficiently. And parameterized algorithms that perform fast given that
certain parameters are fixed or small in the given instance. We will describe approximation
algorithms in relation to the treewidth and minimum fill-in parameters in Chapter 2 and later
sketch our own parameterized algorithm in Chapter 3.

Since the problems MINIMUM FILL-IN and TREEWIDTH are the central subject of this
thesis, let us briefly explain them in this section. A more formal definition for these problems
as well as an overview of related results is given in Chapter 2. A graph is chordal given
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that every cycle with four or more vertices has a chord, that is, an edge connecting a pair of
non-consecutive vertices of that cycle. Not all graphs are chordal, and a triangulation is a
chordal supergraph obtained by the addition of edges. The task of the MINIMUM FILL-IN

problem is to determine the smallest number of edges that must be added to triangulate the
input graph (this number is the minimum fill-in parameter). Given a graph, the TREEWIDTH

problem can be solved by finding a triangulation where the size of the largest clique is
minimized (this value is treewidth plus 1).

Various important practical problems can be approached by first modelling their input
instances as graphs, and then computing certain triangulations of these graphs. In Section 2.1,
we have discussed, as an example, how the MINIMUM FILL-IN problem can be applied
in Gaussian elimination of sparse matrices. Similarly, in Section 2.3 we have added a
brief justification for TREEWIDTH problem’s heavy application within the field of graph
theory. Other motivations and application areas for these problems will be presented later in
Chapter 2.

Even though both aforementioned problems date back for decades and are well studied,
there still exists open problems in this area. This thesis was primarily motivated by finding out
various unknown aspects of the MINIMUM FILL-IN and TREEWIDTH problems, especially
when it comes to solving them simultaneously or over less studied graph classes. Another
motivation for our research was due to the participation in a competition ran by Parameterized
Algorithms and Computational Experiments (PACE for short). More specifically, the author
of this thesis participated in Track B of this competition, as part of which a program that
solves the MINIMUM FILL-IN problem was implemented. Our submission will be discussed
in greater details in Section 3.3.

In Chapter 3 we will be focusing primarily on the MINIMUM FILL-IN problem. Since
this problem is intractable, we will first study efficient methods of reducing an input graph
and then present some results of our own in this area. In order to show that our results
can be applied in a minimum fill-in algorithm, we will present our experimental work on
this problem. This includes implementing our preprocessing methods on top of existing
algorithms and obtaining the minimum fill-in parameter of certain graphs.

Next in Chapter 4 we will consider the TREEWIDTH problem. The treewidth parameter,
albeit being a heavily studied graph parameter, is unknown for almost all graph classes. Due
to our interest in grid and grid-like graph in a later chapter, we will be providing the exact
value of their treewidth parameter in Chapter 4, which was previously unknown.

In Chapter 5 we study a closely related group of problems, namely, the graph searching
problems. Here we introduce a new parameter called guard cost and discuss how the task of
minimizing it translates to the MINIMUM FILL-IN problem. We will also amend a mistake
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made in [56], a paper titled “Graph Searching, Elimination Trees, and a Generalization of
Bandwidth” published by Algorithmica in 2003.

Afterwards, in Chapter 6 we will introduce and discuss a graph parameter labelled as
τ . The research question motivating this graph parameter was whether given a graph, the
minimum fill-in and treewidth parameters can be computed simultaneously using the same
triangulation. Formally, given a graph and a triangulation that solves the MINIMUM FILL-IN

problem s.t. the largest clique is minimized, we determine the τ parameter of the input graph
as the difference between the size of the largest clique in this triangulation and the treewidth
of the input graph minus 1. Roughly put, τ can be viewed as a measure of how far apart a
solution to the MINIMUM FILL-IN problem is to a solution of the TREEWIDTH problem.
There exists a small class of manufactured graphs for which τ > 0. Our primary result in this
chapter will be to show that τ = 0 for certain graphs with low (or more generally, bounded)
treewidth. Later in Section 6.5 we will briefly discuss a general multicriteria problem called
TREEWIDTH AND MINIMUM-FILL MINIMISATION (TFM for short) as our results can be
seen as initial research into this problem. The TFM problem given a graph with τ > 0 is
solved by finding a triangulation that is, within specified boundaries, “close” enough to a
solution for the TREEWIDTH problem and similarly to a solution of the MINIMUM FILL-IN

problem.
We will then continue our discussion on the τ parameter in Chapter 7 for the following

graph classes: grids, triangular and hexagonal grids, king’s graphs and rook’s graph. We will
first show that τ = 0 for most of the above graphs (with bounded number of rows) but on
the other hand for relatively small instances of rook’s graphs τ > 0. Since the τ parameter
was not discussed directly in the literature and that all graphs with τ > 0 were constructed to
have such property, our approach to determining the τ parameter is itself one of the novelties
of our research. As a consequence of our work, we will also determine the minimum fill-in
parameter of the graphs discussed in this chapter, which was previously unknown.

1.2 Basic Graph Notations

In this section, we provide an introduction to some common graph notations and define
the terminology that is used within this thesis. For a comprehensive introduction into
graph theory, we recommend [28, 100]. Other (more specific) notations and terms are also
introduced within each chapter of this thesis. The nomenclature, placed before this chapter,
summarizes all symbols and terminology that are either not basic or have been introduced by
us.
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In this thesis we assume all graphs G = (VG,EG), defined over the vertex set VG and
edge set EG, to be finite, simple and undirected. The subscripts are omitted when it is
clear from the context which graph we are referring to. In this thesis, the order of a graph
G (also referred to as the size in this thesis) refers to the number of its vertices, i.e., |V |.
The 2 vertices u,v ∈ V are adjacent in G if they are connected with an edge, i.e., uv ∈ E.
The set of neighbouring vertices of a vertex v ∈ V , also known as the neighbourhood of
v, is N(v) = {u | u ∈ V, uv ∈ E} and we write N[v] = N(v)∪{v}. Similarly, for a subset
X ⊆ V , we define N(X) = (

⋃
v∈X N(v)) \X and N[X ] = N(X)∪X . The degree of a vertex

v is defined as deg(v) = |N(v)| and the minimum degree of G is δ (G) = minv∈V deg(v). A
graph G = (V,E) is k-regular if for every vertex v ∈V , deg(v) = k.

Let G = (V,E) and G′ = (V ′,E ′) be two graphs. Then G and G′ are identical if and only
if they are defined over the same vertex set and have the same set of edges. Formally, G′ = G
iff V ′ =V and E ′ = E. More generally, the graphs G and G′ are isomorphic iff there exists a
bijection f : VG→VG′ s.t. any two vertices u,v ∈VG are adjacent in G iff f (u) and f (v) are
adjacent in G′.

The graph G′′ = (V ′′,E ′′) is called a subgraph of G if V ′′ ⊆ V and E ′′ ⊆ E (where for
every edge uv ∈ E ′′ we have u,v ∈ V ′′), in which case G is called a supergraph of G′′.
Given a vertex set X ⊆ V , G[X ] denotes the subgraph of G that is induced by X , formally
G[X ] = (X ,{uv|uv ∈ E s.t. u,v ∈ X}).

To define some graph notations, we first need to formally define the following graph
operations: edge removal/addition, vertex removal and edge contraction. Let G = (V,E)
be a graph. For a set of edges F = {uv|u,v ∈ V}, G⊕F refers to the graph obtained by
addition of edge set F to G, formally G⊕F = (V,E ∪F). For a set of vertices X ⊆V , we
write G−X while referring to the graph obtained from G by removal of the vertex set X .
Formally G−X = (V \X ,E \{xv|x ∈ X ,v∈NG(x)}). In this thesis, for the sake of simplicity
and consistency with literature, we write G− v instead of G−{v} for a vertex v ∈V . Edge
contraction can be defined as the operation that merges two adjacent vertices into a new
vertex that has the combined neighbourhood of the original vertices. Formally given a graph
G = (V,E) the graph G′ = (V ′,E ′) obtained by contraction of an edge v1v2 ∈ E is defined
over the vertex set V ′ = (V \{v1,v2})∪{v} where v is a new vertex replacing v1,v2 and the
edge set E ′ = (E \{viu|i ∈ {1,2},u ∈ NG(vi)})∪{vu|u ∈ (NG(v1)∪NG(v2))\{v1,v2}}. A
graph Q is a minor of a graph G if Q can be obtained from G by a sequence of the following
operations: removing a vertex, removing an edge, contracting an edge.

A graph is planar if it has a planar embedding, i.e., it can be drawn in a plane, in a way
that its edges only intersect at the vertices. Given a graph G = (V,E), a vertex v ∈ V is
universal if it is adjacent to all other vertices, formally N(v) =V \{v}. A graph G = (V,E)
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is a complete graph if every vertex is a universal vertex, therefore E = {uv|u,v ∈ V}. A
vertex set X ⊆ V is called a clique if G[X ] is a complete graph. Similarly, we say X ⊆ V
is almost clique if there exists a vertex v ∈ X s.t. X \ {v} is a clique. Given a graph G,
the clique size of G written as ω(G), is the size of the largest clique (or one of the largest
cliques) in G. For a pair of vertices u,v ∈V , uv is a non-edge or a missing edge if uv /∈ E.
For vertex set X ⊆V , we define the set of missing-edges, also known as fill-edges, of X as
fill(X) = {uv|u,v ∈ X ,uv /∈ E}. A vertex v ∈V is simplicial if its neighbourhood is a clique,
i.e., fill(N(v)) = /0. Similarly, a vertex v ∈ V is almost simplicial if there exists a vertex
u ∈ NG(v) s.t. NG(v)\{u} is a clique, i.e., fill(N(v)\{u}) = /0. A path in the graph G is a
sequence (v1, . . . ,vk) of distinct vertices from V s.t. k≥ 2 and for every i ∈ {1, . . . ,k−1} the
edge vivi+1 ∈ E. We call such a path, a v1,vk-path in G. Clearly, if k = 2, this v1,vk-path is
essentially the edge v1vk ∈ E. Given a v1,vk-path P = (v1,v2 . . .vk) where k ≥ 3, we refer to
{v2, . . . ,vk−1} as the set of internal vertices of P. For k ≥ 3, a path P = (v1,v2 . . .vk,vk+1) is
a cycle on k vertices if v1 = vk+1. Therefore a cycle is a closed path and while referring to a
cycle we will repeat its first vertex for example, C = (v1,v2, . . . ,vk,v1). In this thesis, given
an integer k, we use the shorthands Ck,Pk,Kk respectively while referring to a cycle, path,
and clique on k vertices.

A tree is a graph that does not contain any cycles. Then given a tree G = (V,E), for every
pair of vertices u,v ∈V , there exists a unique u,v-path in G. Leaves of a tree refers to the set
of degree 1 vertices of a tree, which clearly cannot be empty in a tree with 2 or more vertices.
Below is the definition for tree decomposition of a graph:

Definition 1 (Tree Decomposition). A tree decomposition of a graph G = (VG,EG) is a tree
T = (VT ,ET ) whose vertex set VT = {X1, . . . ,Xk} is a set of subsets from VG and for every
X ∈VT , also known as a bag, the following hold:

(i)
⋃

X∈VT
X =VG

(ii) For every edge uv ∈ EG, there exists a vertex X ∈VT s.t. u,v ∈ X.

(iii) For every pair of non-adjacent vertices X ,X ′ ∈ VT , X ∩X ′ ⊆ X ′′ for every internal
vertex X ′′ of the unique X ,X ′-path in T .

The width of a tree decomposition T is maxX∈VT |X |−1. Treewidth of a graph G, written
as tw(G), is the minimum width over all tree decompositions of G. The parameter treewidth
can be defined in different ways. This definition for the treewidth parameter as well as the
above definition for tree decompositions, Definition 1, are both taken from [88]. We will
preview some other equivalent definitions for the treewidth parameter in later chapters of
this thesis. We point out that a tree decomposition T of the graph G is a path decomposition
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Fig. 1.1 (a) the graph G = (V,E). (b) {u,v,w} is a minimal c,d-separator. (c) {u,v} is a
minimal b,c-separator. (d) {v,w} is a minimal a,c-separator. By definition, the set of minimal
separators of G, S contains all of the above separators. Notice {u,v},{v,w} ⊂ {u,v,w}, i.e.,
a minimal separator of a graph can be properly contained within another.

if T is a path. In this case, the width of a path decomposition is the pathwidth parameter,
written as pw(G). As a trivial example, [88] shows that tw(G)≤ 1 given that G is a tree and
pw(G)≤ 1 given that G is a path. Furthermore, the treewidth and pathwidth of a complete
graph G on n vertices is n−1. Given a graph G, the TREEWIDTH problem is answered by
determining the value of tw(G). In Chapter 4 we will further discuss the treewidth parameter,
its applications and provide some related results.

1.3 Vertex Connectivity and Separators

A graph G = (V,E) is connected if and only if for every pair of vertices u,v ∈V , there exists
a u,v-path in G (note that this path can be the edge uv ∈ E). A graph that is not connected
is called disconnected. The vertex-connectivity, for short connectivity, of a graph is the
minimum number of vertices whose removal will result in a disconnect graph. Formally,
let G = (V,E) be a graph and X ⊂V the smallest vertex set s.t. G−X is disconnected, then
the connectivity of G is κ(G) = |X |. By definition, given that G is a complete graph on n
vertices, we define κ(G) = n−1 as an exception.

For a pair of non-adjacent vertices a,b ∈ V , a vertex set S ⊆ (V \ {a,b}) is an a,b-
separator if a and b are in different connected subgraphs of G− S. A vertex set S ⊂ V is
a separator in the graph G if there exists a pair of non-adjacent vertices a,b ∈ V s.t. S is
an a,b-separator. An a,b-separator is minimal, also known as a minimal separator, if and
only if no proper subset S′ ⊂ S is an a,b-separator. We note that a minimal a,b-separator
can be a proper subset of a minimal u,v-separator in G for a different pair of non-adjacent
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vertices u,v ∈V . We refer the reader to Figure 1.1 for a demonstration of this property. A
(minimal) separator S ⊂ V that is a clique is called a clique (minimal) separator. Given a
graph G, we use SG to denote the set of all minimal separators in G. For a positive integer k,
where k ≤ |V |, we define S k ⊆S as the set of all minimal separators of size k in G. Given
that κ(G) = k, every S∗ ∈S k is a minimum separator since obviously S t = /0 for every
t ≤ k−1. We let S ∗ to denote the set of all minimum separators of G, note that by definition
S ∗ ⊆S .

Given a graph G = (V,E) and a subset X ⊆V , G[X ] is a connected component of G if
G[X ] is a connected subgraph and there does not exist a proper superset X ′, X ⊂ X ′ ⊆ V ,
s.t. G[X ′] is also a connected subgraph. Note that if G is a connected graph, its set of
connected components only contains G itself. Given a separator S in the graph G, we write
C (S) while referring to the set of connected components of G−S. It is easy to see that a
separator S in G is minimal iff there exists at-least 2 distinct components C,C′ ∈ C (S) s.t.
N(VC) = N(VC′) = S. Similarly, given a minimum separator S∗ ∈S ∗ we have N(VC) = S∗

for every connected component C ∈ C (S∗) otherwise if N(VC) ⊂ S∗, N(VC) is a smaller
separator contained in S∗, a contradiction.

1.4 Grids and gird-like graphs

In this thesis, we will discuss gird and certain grid-like graphs. This section presents a formal
definition for all these graph classes, and for a demonstration we refer the reader to Figure 1.2.
But first, let us formally define the Cartesian product of two graphs.

Definition 2 (Cartesian Product of Graphs). Let G = (V,E) and G′ = (V ′,E ′) be two graphs.
The Cartesian product of G,G′, written as G□G′ is the graph with vertex set VG□G′ = {vi, j|i∈
{1,2, . . . , |V |}, j ∈ {1,2, . . . , |V ′|}} and edge set EG□G′ containing every edge vi1, j1vi2, j2

where one of the following conditions are satisfied:

• j1 = j2 and vi1vi2 ∈ E ′.

• i1 = i2 and v j1v j2 ∈ E.

We refer to the copies of G in G□G′ as the rows and the copies of G′ in G□G′ as the
columns.

An m× n gird, written as Pm□Pn, is the Cartesian product of two paths Pm,Pn on m,n
vertices respectively. Consider the Pm□Pn grid G = (V,E) where m,n≥ 2. We let vr,c ∈V for
r ∈ {1, . . . ,m} and c ∈ {1, . . . ,n} to be the vertex at row r and column c of G. Then formally
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we define:

E = {vr,cvr,c+1|r∈{1, . . . ,m},c∈{1, . . . ,n−1}}∪{vr,cvr+1,c|r∈{1, . . . ,m−1},c∈{1, . . . ,n}}}

The m× n triangular gird can be obtained from the Pm□Pn graph by addition of the
following set of edges:

{vr+1,cvr,c+1|r ∈ {1, . . . ,m−1},c ∈ {1, . . . ,n−1}}

The m×n king’s graph for m,n≥ 2 can be obtained from the Pm□Pn graph by addition of
the following set of edges:

{vr+1,cvr,c+1,vr,cvr+1,c+1|r ∈ {1, . . . ,m−1},c ∈ {1, . . . ,n−1}}

Informally, the m×n king’s graph represents all legal moves of the king chess piece on an
m× n chessboard. We note that given an m× n king’s graph for n ≥ m ≥ 2, we have that
δ (G) = 3 and κ(G) = min{3,m}.

The structure of the m× n hexagonal grids varies noticeably from that of m× n grids.
The 2× 2 hexagonal grid is simply a cycle on 6 vertices, so let G be a 2× n hexagonal
grid, for n ≥ 3. We will be referring to the rows and columns of a hexagonal grid with
h-row and h-column as they differ substantially from the row and columns of other grid-
like graphs. The h-rows 1 and 2 of G, written as Mh

1 and Mh
2 , are defined as paths Mh

r =

(vr,1,v′r,2,vr,2,v′r,3,vr,3, . . . ,vr,n) for r ∈ {1,2}. For every c ∈ {1, . . . ,n−1}, h-column c of G
is the path Lh

c = (v′1,c+1,v1,c,v2,c,v′2,c+1) and as an exception the last column (labelled with
Lh

n) is the edge v1,nv2,n.
Now we will define the m×n hexagonal grid G, for n≥m≥ 3. For every r ∈ {2, . . . ,m−

1}, h-row r is the path defined below Mh
r = (vr,1,v′r,2,vr,2,v′r,3 . . . ,vr,n,v′r,n+1). As the ex-

ceptional cases, for r ∈ {1,m} we define h-row r as Mh
r = (vr,1,v′r,2,vr,2,v′r,3 . . . ,vr,n). The

h-columns of G are defined depending on the following cases.
Case 1. Suppose that m is odd. For every c ∈ {1, . . . ,n− 1}, h-column c is defined as a
path Lh

c = (v′1,c+1,v1,c,v2,c,v′2,c+1,v
′
3,c+1, . . . ,v

′
m−1,c+1,v

′
m,c+1,vm,c+1) and as the exception

the last h-column is Lh
n = (v1,n,v2,n,v′2,n+1,v

′
3,n+1, . . . ,v

′
m−1,n+1,v

′
m,n+1).

Case 2. Given that m is even, for every c ∈ {1, . . . ,n− 1}, h-column c is the path Lh
c =

(v′1,c+1,v1,c,v2,c,v′2,c+1,v
′
3,c+1, . . . ,vm−1,c,vm,c,v′m,c+1) and as the exception the last column

is Lh
n = (v1,n,v2,n,v′2,n+1,v

′
3,n+1, . . . ,vm−1,n,vm,n).

The m×n rook’s graph, written as Km□Kn, is the Cartesian product of two cliques Km,Kn

respectively on m,n vertices. Informally, the m×n rook’s graph represents all legal moves of
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the rook chess piece on an m×n chessboard. Then clearly rook’s graphs are supergraphs of
grids. We point out that the m×n rook’s graph is (n+m−2)-regular . Below, we show that
the vertex connectivity of this graph is also n+m−2.

To do so, let G = (V,E) be a Km□Kn for m,n ≥ 2. Clearly κ(G) ≤ n+m− 2 as for
any vertex v ∈ V , NG(v) is a separator of size n + m− 2 in G. In order to show that
κ(G) ≥ n + m− 2 fix a pair of non-adjacent vertices vr,c,vr′,c′ ∈ V . Notice that r ̸= r′

and c ̸= c′ as every row and column of G is a clique. There exists (n− 1) paths between
vr,c,vr′,c′ (vr′,c′,vr′,c′′ ,vr,c′′ ,vr,c) in G for some column index c′′ ∈ {1, . . . ,n}\{c′}which is not
necessarily different from c. Additionally, there exists (m−1) paths (vr′,c′,vr′′,c′,vr′′,c,vr,c)

for some row index r′′ ∈ {1, . . . ,m}\{r′} that is not necessarily different to r. As a result,
there exists a total of (n+m−2) vertex disjoint vr,c,vr′,c′-paths in G. This concludes that
κ(G)≥ n+m−2 which combined with κ(G)≤ n+m−2 implies that κ(G) = n+m−2
as needed.
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Fig. 1.2 (a) the P4□P4 grid. (b) the 4×4 triangular grid. (c) the 4×4 hexagonal grid. (d) the
4×4 king’s graph. (e) the K4□K4 rook’s graph. In every graph, the vertices of the second
row are drawn in green (h-row for the hexagonal grid). Similarly, the vertices from the third
column (h-column for the hexagonal grid) are highlighted using a red circle.



Chapter 2

An Overview of the Studied Graph
Parameters

This thesis will be mainly focused on the study of two well studied graph parameters, namely,
minimum fill-in and treewidth. The aim of this chapter, as a result, is to formally define these
parameters and provide a brief overview on the state-of-the-art knowledge.

In Section 2.1, we will begin by reviewing the concept of chordal graphs and triangulation
before moving on to the MINIMUM FILL-IN problem. We shall then explain one real world
application area of this parameter among others. Next, we will preview known complexity
results for this problem. Later in the same section, we will review a method of solving the
MINIMUM FILL-IN problem, namely parameterized algorithms.

Another method to approach this problem is by is elimination ordering, which will be
discussed in details in Section 2.2. After describing different types of elimination orderings,
we will introduce a new (more restricted) type of elimination ordering called nice elimination
ordering. We will then proceed to prove that given any graph, any elimination ordering can
be translated to a nice one.

In Section 2.3, we will start by formally introducing the treewidth parameter and the
TREEWIDTH problem, following by reviewing its theoretical application and some known
complexity results. Afterwards, we will present some alternative definitions for the treewidth
parameter, as well as some upper and lower bounds on its value. We will also point out the
relationship between treewidth and chordal triangulation before closing this chapter.
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2.1 Triangulations and the Minimum Fill-in Parameter

Before studying the concept of chordal triangulation, let us begin with some formal definition
for chordal graphs. For a more thorough discussion on the subjects talked about in this chapter,
we refer the reader to [67, 72]. A chord in the graph G is defined as an edge connecting two
non-consecutive vertices of a cycle. A cycle on 4 or more vertices is chordless if it does not
have any chords. The graph G is chordal if and only if every cycle with at least 4 vertices has
a chord. Trees and complete graphs are trivial examples of chordal graphs.

Chordal graphs were first studied in [69] and then in [49] where they were originally
characterised by their minimal separators. Formally, it is shown in [49] that chordal graphs
are graphs in which every minimal separator is a clique. Later in [64] it was proved that
chordal graphs can also be characterised through the concept of elimination ordering (which
will be discussed in details in Section 2.2).

Several problems that are NP-hard in general graphs, for example the GRAPH COLOUR-
ING and the MAXIMUM CLIQUE problems, are solvable in polynomial time given that the
input graph is chordal. Aside from this, many well-known problems on graphs can be solved
by embedding the input graph into a chordal graph with certain properties. This thesis will
cover two such problems, namely the TREEWIDTH problem and certain inert node searching
problems which are discussed in Chapter 4 and Chapter 5 respectively.

Before discussing the MINIMUM FILL-IN problem we need to provide some more
definitions. Given a graph G = (V,E), a chordal supergraph H = (V,E ∪F) is called a
chordal triangulation (also chordal completion and for short a triangulation) of the graph G,
where F ⊆ fillG (V ) is the set of added edges. We point out that F can be possibly empty and
that it is also called the fill edges of the triangulation H. A triangulation H = (V,E ∪F) is a
minimal triangulation if for every proper subset of edges F ′ ⊂ F , the graph H ′ = (V,E ∪F ′)
is not chordal. A triangulation H∗ = (V,E ∪F∗) is a minimum triangulation (also known as
minimum fill-in triangulation) if |F∗| is the minimum number of fill edges that triangulates
G. Notice that a minimum triangulation is also a minimal triangulation. Given a minimum
triangulation H∗ = (V,E ∪F∗) of the graph G = (V,E), the minimum fill-in parameter of G
is defined as mfi(G) = |F∗|. Given a graph G, the MINIMUM FILL-IN problem is answered
by determining the value of mfi(G). Below is a formal definition:

The MINIMUM FILL-IN problem, the decision variant:

Input: A graph G and a non-negative integer k.

Question: Is there a triangulation H of G with at most k added edges?

One of the earliest applications of the MINIMUM FILL-IN problem is in Gaussian
elimination of sparse symmetric matrices. Matrices can be represented as graphs and as
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discussed in [93], during the process of Gaussian elimination, nonzero elements may be
introduced in matrices which correspond to edges being added in the traingulations of their
corresponding graphs. Clearly, larger number of nonzero elements in a matrix increases its
storage space and the time needed to solve the system of equations represented in that matrix.
Then, to minimise the number of nonzero elements added during Gaussian elimination, one
can solve the MINIMUM FILL-IN problem over the associated graph. The problem also has
applications in other fields such as computer vision [38], computational phylogeny [34] and
database management [98, 10].

The MINIMUM FILL-IN problem was one of the problems with open complexity in the
Computers and Intractability textbook published in 1979 [65]. Later in 1981, Yannakakis
proves this problem to be NP-hard in [102]. [57] provides an exact algorithm for the
MINIMUM FILL-IN problem with the run time of O(1.8899n), which is currently the fastest
such algorithm. This algorithm begins by generating all minimal separators and potential
maximal cliques of the input graph. Next it proceeds to compute the minimum fill-in value
by dynamic programming over the set of potential maximal cliques. Section 3.3 will discuss
this technique in further detail.

Due to the intractability of the MINIMUM FILL-IN problem, researchers have tried
to solve the MINIMUM FILL-IN problem using parameterized algorithms among other
approaches. Before reviewing some of these results let us first provide a brief introduction
into parameterized complexity.

Classically, problems are categorised given their difficulty with respect to the size of the
input graph. However, in parameterized complexity, this classification is done based on one
or more parameters of the input graph. Take a problem P and an input graph G for P. Let
n denote the size of this graph and x another parameter (often one that has small values)
of the graph G. P is parameterized in x if its complexity can be stated as a function of the
parameter x and possibly among other parameters. We call P to be fixed parameter tractable,
belonging to the class FPT, if there exists an algorithm A whose running time is f (x) ·nk for
a constant k and some function f . In this case, A is a fixed parameter tractable algorithm.
Various NP-hard problems are proved to be in FPT. The benefit of a fixed parameter tractable
algorithm for such problems, is that the running time is no longer exponential in terms of the
input size while it can be exponential but in terms of a smaller, fixed parameter.

The notion of fixed parameter tractability is closely related to kernelization. Simply put,
given a problem P and an input graph G for P, kernelization refers to the process of applying
a set of reduction rules to G and obtaining an easier to solve graph H, that is equivalent
to G from the prospective of the problem P. Then in this case, we call H a kernel. In
parameterized complexity theory, it is often shown that a kernel with a guaranteed bound
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on the fixed parameter can be obtained in polynomial time (in terms of the size of the input
instance). For a more comprehensive discussion on the subject, we refer the reader to [43].

The MINIMUM FILL-IN problem is fixed-parameter tractable, as shown in [22, 35, 75, 62],
when parameterized by the number of fill edges needed to triangulate the input graph. The
fastest such algorithm is provided in [62] and has the running time of 2O(k)+O(k2nm) where
k is the number of fill edges and m the number of edges in the input graph. We point out that
this algorithm, similar to [57], uses the concept of potential maximal cliques.

We will continue this discussion on fixed-parameter tractable algorithms for the MINI-
MUM FILL-IN problem in Section 3.3 where we will also describe our own work in this area.
Additionally in Section 3.2 we will introduce a technique which can be used in kernelization
for the MINIMUM FILL-IN problem.

2.2 Elimination Orderings

Before talking about elimination orderings, we need to formally define the operation of vertex
elimination. Given a graph G = (V,E) and a vertex v ∈ V , the graph obtained from G by
elimination of v is G′ = (G⊕fillG (NG(v)))− v. In other words, G′ is obtained from G by
first adding the missing edges fillG(NG(v)) thus turning NG(v) into a clique, next removing
the vertex v from the resulting graph. Therefore, we point out that the two operations of
vertex elimination and vertex removal do not necessarily result in the same graph. For a
graph G = (V,E) an elimination ordering α : {1, . . . , |V |} →V is a bijection which can also
be viewed as a labelling of the vertices of G.

Definition 3 (Supergraph Defined by Elimination Ordering). Let G = (V,E) be a graph and
α an elimination ordering over G. We define the supergraph G+

α = (V,E ∪F) using the
sequence of graphs G0, . . . ,G|V |:

• Let G0 = G.

• For every step i ∈ {1, . . . , |V |}: let α(i) be a vertex from the graph Gi−1 and denote
Fi = fillGi−1

(NGi−1 (α(i))). Then define Gi = (Gi−1⊕Fi)−α(i), i.e., Gi is the graph
obtained from Gi−1 by elimination of the vertex α(i).

Finally, define F =
⋃

i∈{1,...,|V |}Fi.

In this thesis, when discussing multiple elimination orderings over the graph G = (V,E),
we write Gα

i to refer to the graph obtained at step i ∈ {1, . . . , |V |} of elimination ordering α .
It is shown in [64] that for any elimination ordering α over the graph G, the graph G+

α is
chordal (thus G+

α is a triangulation of G). An elimination ordering α over G is a minimal
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elimination ordering if the graph G+
α is a minimal triangulation. The following lemma

demonstrates the relation between minimal elimination ordering and minimal triangulation.

Lemma 1 (Minimal Triangulation and Minimal Elimination Ordering, Ohtsuki et al. [85]).
H is a minimal triangulation of a graph G iff there exists a minimal elimination ordering α

over G s.t. G+
α = H.

We point out that the above statement is not necessarily true when relaxed to any elimina-
tion ordering or any triangulation. In other words, the following statements are true:

(A) There exists a triangulation H of a graph G s.t. there does not exist any elimination
ordering α over G where G+

α = H.

(B) There exists an elimination ordering α over G s.t. the supergraph G+
α is not a minimal

triangulation of G.

To demonstrate statement (A), let G be a Cn, a cycle on n vertices, for n≥ 4 and H the
supergraph obtained from G by addition of all missing edges, i.e., H = (V,E ∪fill(V )). H is
clearly a complete graph, thus it is a triangulation of G (albeit not a minimal one). However,
since G does not have any universal vertices, it is easy to see that there can not exist any
elimination orderings α over G s.t. G+

α = H.
Now, let us show that statement (B) is also true. Let G be a Pn, i.e., a path on n vertices

for n ≥ 3 and α an elimination ordering where α(1) is an internal vertex of this path. G
is chordal, and it is easy to verify that G+

α is not a minimal triangulation, as it contains the
redundant edge in fill(N(α(1))).

Let G = (V,E) be a graph and α an elimination ordering. Then for a vertex v ∈ V ,
we define madj+α (v) = {u|u ∈ NG+

α
(v),α−1(u)> α−1(v)}. Equivalently, we can define this

notation using Definition 3, for a step i ∈ {1, . . . , |V |}, madj+α (α(i)) = NGi−1 (α(i)).

Remark 1. Let G be a graph and α an elimination ordering over G. For every distinct
vertices v,v′ ∈V , if v ∈ madj+α (v

′) then v′ /∈ madj+α (v) and so {uv|u ∈ madj+α (v)}∩{uv′|u ∈
madj+α (v

′)}= /0. This combined with the fact that EG+
α
=

⋃
v∈V{uv|u ∈madj+α (v)} (following

Definition 3) implies that |EG+
α
|= ∑v∈V |{uv|u ∈ madj+α (v)}|= ∑v∈V |madj+α (v)|.

Given a graph G, an elimination ordering α over G is a minimum elimination ordering
if and only if the graph G+

α is a minimum triangulation. We point out that a minimum
triangulation/elimination ordering is a minimal triangulation/elimination ordering where the
number of added edges is minimized. The following corollary demonstrates a method of
obtaining the minimum fill-in of a graph using (minimal) elimination ordering:
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Corollary 1 (Determining the Minimum Fill-In Parameter Using Elimination Ordering).
Let G = (V,E) be a graph and α a (minimal) elimination ordering where ∑v∈V |madj+α (v)|
is minimized. Then mfi(G) = ∑v∈V |madj+α (v)|. In this case α is a minimum elimination
ordering of G.

Proof. We begin by pointing out that an elimination ordering α in which ∑v∈V |madj+α (v)| is
minimimised, is neccessarily a minimal elimination ordering. This is because the number
of edges in the resulting triangulation G+

α is minimised and hence must be a minimal
triangulation of G.

First, let us show that mfi(G) ≤ ∑v∈V |madj+α (v)| − |E|. Let k = ∑v∈V |madj+α (v)|. As
discussed in Remark 1, we have that |EG+

α
| = k. By Lemma 1, G+

α is a triangulation of
G. This implies that k−|EG| is an upper bound on the minimum fill-in of G, proving that
mfi(G)≤ ∑v∈V |madj+α (v)|− |E| as desired.

In order to show that mfi(G) ≥ k− |EG| suppose for a contradiction that mfi(G) <

k−|EG|. Let H be a minimum triangulation of G. This implies that |EH |= mfi(G)+ |EG|< k.
By Remark 1, we can let β be an elimination ordering over G where H = G+

β
. Then as

discussed in Remark 1, we have that ∑v∈V |madj+
β
(v)| < k = ∑v∈V |madj+α (v)|. However,

this contradicts the premise of the collorary in which α was selected as an elimination
ordering over G where ∑v∈V |madj+α (v)| was minimized. As a result we have that mfi(G)≥
∑v∈V |madj+α (v)|− |E| which combined with mfi(G) ≤ ∑v∈V |madj+α (v)|− |E|, proves that
mfi(G) = ∑v∈V |madj+α (v)| − |E|. Simply put, H+

α is a minimum triangulation of G and
therefore α is a minimum elimination ordering as required.

The following theorem demonstrates a well-known characteristic of elimination orderings:

Theorem 1 (Rose et al. [92]). Let G = (V,E) be a graph and α an elimination ordering
defined over G. For a pair of vertices v,u ∈V s.t. α−1(v)> α−1(u), v ∈ madj+α (u) iff there
exists a u,v-path P in G s.t. for all internal vertices x of P we have α−1(u)> α−1(x).

An elimination ordering α over the chordal graph G is a perfect elimination ordering,
peo for short, if it does not add any fill-edges, therefore G+

α = G. Then by Definition 3, α is a
perfect elimination ordering over the graph G = (V,E) if for every step i ∈ {1, . . . , |V |}, α(i)
is a simplicial vertex in the graph Gi−1. The following theorem demonstrates that perfect
elimination ordering is a method of recognizing chordal graphs:

Theorem 2 (Chordal Graph and Perfect Elimination Ordering, Fulkerson et al. [64]). A
graph G is chordal iff there exists a perfect elimination ordering α over G.

Given a graph G = (V,E), one can either show that G is not chordal or obtain a peo α

over the chordal graph G in time O(n+m), where n = |V | and m = |E|. This task can be
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Fig. 2.1 (a) A simple graph G = (V,E). (b) The triangulation G+
α where the elimination

ordering α eliminates the vertices in the following order: d,c,e,b,a. The added fill-edge
ce is drawn in green. α is not a nice elimination ordering as {b,c,d,e} is the largest clique
in G+

α and the vertex α(2) = c is not a universal vertex in graph Gα
1 = Gα

|V |−4. Let α∗ be
another elimination ordering eliminating the vertices of G in this order: a,b,c,e,d. Observe
that α∗ is a nice elimination ordering over G and that G+

α∗ = G+
α . (c) Depicts the graph Gα∗

1
that is not a complete graph. The vertex α∗(2) = b is a universal vertex in Gα∗

1 . We also
point out that since G is chordal, there must exist a perfect and nice elimination ordering
over G, take for example β ∗ eliminating vertices of G in the following order: a,c,b,d,e.

done either using the Lexicographic Breadth First Search algorithm from [92] or similarly
the Maximum Cardinality Search algorithm from [98].

Below we introduce the notion of nice elimination ordering, a restricted type of elimina-
tion ordering, which we will be used later in this thesis.

Definition 4 (Nice Elimination Ordering). Let G = (V,E) be a graph. An elimination order-
ing α∗ over G is a nice elimination ordering iff for every step i ∈ {|V |− (ω(G+

α∗)), . . . , |V |−
1}, α∗(i+1) is a universal vertex in the graph Gi.

We point out that given a nice elimination ordering α∗ over the graph G = (V,E),
the graph Gi for i ∈ {|V | − (ω(G+

α∗)), . . . , |V | − 1} is not necessarily a complete graph
(see Figure 2.1 for a demonstration). Also note that by Definition 4, for every step i ∈
{|V |− (ω(G+

α∗)), . . . , |V |−1} we have that |madj+
α∗(α

∗(i+1))|= |V |− (i+1).
Clearly, given a complete graph G, every elimination ordering α over G is necessarily

a nice elimination ordering. However, it is not necessarily easy to see if there exists a nice
elimination ordering over any given graph G or whether any given minimal triangulation H
of G can be constructed using a nice elimination ordering. Therefore, our major contribution
in this regard is showing that given any elimination ordering α over any graph G, we can
define a nice elimination ordering α∗ over G that results in an identical triangulation.

Lemma 2 (Reduction to Nice Elimination Orderings). Let G = (V,E) be a graph and α any
elimination ordering over G. Then there exists a nice elimination ordering α∗ over G where
the triangulations G+

α∗ , G+
α are identical.
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Proof. Let G = (V,E) be a graph and α an elimination ordering over G. If G is a complete
graph then clearly α is already a nice elimination, so further we assume that G is not a
complete graph. Let X ⊆ V be one of the largest cliques in G+

α , i.e., ω(G+
α ) = |X |. Note

that α is a perfect elimination ordering over the triangulation G+
α . Based on α , we define

α∗ to be another peo over G+
α . This means that α∗ is an elimination ordering over G and

G+
α∗ = G+

α . In our construction, we ensure that α∗ eliminates the vertices of X at the end.
Begin by letting H0 = G+

α . For every step i ∈ {1, . . . , |V |} let Hi = Hi−1−α∗(i) where
α∗(i) ∈ VHi−1 is a simplicial vertex selected depending on the following cases. We note
that Hi, for i ∈ {1, . . . , |V |}, is a graph obtained from G+

α by a sequence of vertex removals,
therefore it is an induced subgraph of the chordal graph G+

α and thus Hi remains a chordal
graph.
Case 1. Suppose that Hi−1 is not a complete graph. Then VHi−1 \X ̸= /0 as VHi−1 ∩X must be
a clique in Hi−1. As discussed before, we know that Hi−1 is a chordal graph. It is shown in
[49] that any chordal graph that is not isomorphic to a complete graph, contains at least 2
non-adjacent simplicial vertices. Therefore, if one of the simplicial vertices of Hi−1 belongs
to X , there must exist another simplicial vertex v ∈ (VHi−1 \X) in the graph Hi−1. So let α∗(i)
be one such simplicial vertex v ∈ (VHi−1 \X).
Case 2. Suppose that Hi−1 is a complete graph, then let α∗(i) to be any vertex from VHi−1 .
Note that by selection α∗(i) is a simplicial vertex. We also point out that in this case
VHi−1 ⊆ X otherwise VHi−1 \X ̸= /0 will contradict the fact that X is the largest clique in H0.

Since G+
α∗ = G+

α , X is also the largest clique of G+
α∗ . By our construction X is eliminated

last in α∗ then it is easy to see that α∗(i+1) is a universal vertex in the graph Gα∗
i for every

step i∈ {|V |−|X |, . . . , |V |−1}. Following Definition 4, we have that α∗ is a nice elimination
ordering over G proving the statement of the lemma.

Then by Lemma 2, without any loss of generality, we can restrict ourselves to nice
elimination orderings.

2.3 The Treewidth Parameter

The concept of treewidth was first introduced in [14] under the name of dimension. Informally,
the dimension of a graph G is defined as the minimum number of dimensions in euclidean
space that takes to immerse G with all of its edges having unit length. Treewidth was later
rediscovered in [71] when studied with a related graph parameter, namely Hadwiger number.
Hadwiger number of a graph is defined as the size of the largest complete graph that can
be obtained from a given graph after applying a set of edge contractions. Treewidth is
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again rediscovered in [88] within the context of graph minors, and the definition given in
Section 1.2 is taken directly from this paper. In Section 2.4, we will discuss some related
graph parameters and equivalent definitions for the treewidth parameter.

Treewidth is an important graph parameter with applications in many fields, primarily
due to the fact that many intractable problems can be solved in polynomial (or more often
in linear time) when restricting ourselves to graphs with bounded treewidth. The following
selection of papers demonstrate how the treewidth parameter can be used when tackling
applied NP-hard problems from areas such as biology, constrains satisfaction, probabilistic
networks, and graph theory: [6, 11, 99, 101, 30, 79, 36, 44, 2, 3, 5, 17, 51, 54, 74, 84]. A
significant theoretical result, often regarded as a “template” for application of the treewidth
parameter, is Courcelle’s theorem. First proved by Courcelle in [42] and later rediscovered in
[29], it states that every graph problem which can be formulated in counting monadic second
order logic, is solvable in linear time on graphs G as long as tw(G)≤ k for a fixed integer
k. An example demonstrating the application of Courcelle’s theorem is provided in [68].
The authors use this theorem in order to prove that the problem of computing the crossing
number of a graph, which is shown in [66] to be NP-hard, is fixed-parameter tractable when
parameterized by the treewidth of the input graph.

Now that we have justified the importance of the treewidth parameter, let us discuss the
complexity of the TREEWIDTH problem, i.e., the problem of determining the treewidth of a
given graph. The decision version of the TREEWIDTH problem is defined as:

The TREEWIDTH problem, the decision variant:

Input: A graph G and a non-negative integer k.

Question: Is the treewidth of G at most k?

It is proved in [4] that this problem is NP-complete. Currently, the most efficient exact
algorithm for the TREEWIDTH problem, due [61], has a run time of O(1.7347n) where n is
the size of the input graph.

Knowing that the TREEWIDTH problem is intractable, researchers have instead focused
on tackling this problem with methods such as parametrization, approximation, or heuristics.
A notable fixed-parameter tractable algorithm for the TREEWIDTH problem is due [18].
The authors show that for a fixed value k, there exists a fixed-parameter tractable algorithm
solving the TREEWIDTH problem with running time that is linear in the size of the input
graph and exponential in k. For a more detailed overview of parameterized algorithms for
the TREEWIDTH problem, we recommend [21].

Next, let us discuss the approximation of the treewidth parameter. Formally, this area
of research involves defining an algorithm A where the input is a graph G of size n. The
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output of A is a tree decomposition of width k s.t. tw(G)≤ k ≤ ρ · tw(G) for a factor ρ > 1
and the running time of A is polynomial (or perhaps linear) to n. In this case, A is called a
ρ-approximation algorithm and ρ is its guaranteed approximation ratio. As a rule of thumb,
the value of the approximation ratio has an inverse correlation with the running time of the
approximation ratio. Depending on the application area, one might sacrifice the running time
of the algorithm to obtain a solution that is closer to optimal and vice versa. Here, we review
2 notable approximation algorithms for the decision version of the TREEWIDTH problem.
Given a graph G of size n and a constant k, [59] provides a k2-approximation algorithm with
running time O(k7) ·O(n · log(n)). Currently, this remains the most efficient approximation
algorithm for the TREEWIDTH problem. On the other hand, the next algorithm, due to [53],
has the best known approximation ratio, but at the cost of a greater running time. More
specifically, the algorithm from [53] has an approximation ratio of O(k ·

√
log k) and running

time of O(1) ·nO(1).
Another approach to tackle the intractability of the TREEWIDTH problem is to use

heuristic algorithms. These are algorithms that take a graph G and provide, without a
theoretical guarantee, an upper bound for tw(G). This upper bound is usually obtained
efficiently and is “close enough” to the optimal solution in most real life scenarios. We offer
the following papers as some examples [24, 41, 78]. As noted in [25], it is equally important
to find lower bounds on the treewidth of the input graph. This is primarily due to the fact that
lower bounds can give an indication of how close an upper bound is to the optimal solution.
Therefore, in Section 2.4 we will review some upper and lower bounds for the treewidth
parameter.

2.4 The Treewidth Parameter, Upper, and Lower Bounds

We begin this section by reviewing some simple lower bounds for the treewidth parameter,
and then similarly we discuss some upper bounds. The proof for the statements in this section
can be found in literature such as [7, 15, 24, 25]. Later in Section 4.1 we use these results in
order to determine the exact value of treewidth for certain grid-like graph classes.

Lemma 3 (Lower Bound for the Treewidth Parameter). Let G = (V,E) be a graph. Then:

• tw(G)≥ δ (G)

• tw(G)≥ ω(G)−1

• For every subset X ⊆V , tw(G)≥ tw(G[X ])

• For every minor Q of G, tw(G)≥ tw(Q)
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Now let us discuss the treewidth parameter in the context of brambles. Let G = (V,E)
be a graph. Two vertex sets X ,Y ⊆V touch if X ∩Y ̸= /0 or there exists an edge uv ∈ E s.t.
u ∈ X and v ∈ Y . A set of vertex sets B = {B1, . . . ,Bk} of G, for k ≥ 2, is a bramble if for
every set B ∈B, the induced subgraph G[B] is connected and every pair of sets Bi,B j ∈B

touch in G. Given a bramble B of G, a vertex set S ⊆ V is a hitting set of B if for every
vertex set B ∈B, B∩ S ̸= /0. A bramble B is of order k if |S| = k where S is the smallest
hitting set of B.

Definition 5 (Bramble Number). Let G be a graph and B a maximum order bramble of G.
Then the bramble number of G, written as bn(G), is the order of B.

The following theorem demonstrates the relationship between bramble number and the
treewidth parameter of a graph. It can be used as a more elegant method of obtaining a lower
bound on treewidth of a graph. More specifically, given a graph G, the existence of a bramble
B of order k implies that tw(G)≥ k.

Theorem 3 (Bramble Number and the Treewidth Parameter, Seymour et al. [95]). Given a
graph G, bn(G) = tw(G)+1.

In the opposite direction, we discuss some methods of proving upper bounds for treewidth.
It is well-known that triangulations of a given graph are a method of determining an upper
bound on the treewidth of the graph. The next theorem demonstrates how an upper bound for
treewidth can be obtained using elimination ordering, and triangulation.

Theorem 4 (Upper Bound for the Treewidth Parameter, Bodlaender [20]). Let G = (V,E)
be a graph and k < |V |. Then the following statements are equivalent:

• tw(G)≤ k

• There is an elimination ordering α over G s.t. maxv∈V |madj+α (v)| ≤ k.

• There exists a triangulation H of G where ω(H)≤ k+1 (equivalently tw(H)≤ k).

• There exists a minimal triangulation H of G where ω(H)≤ k+1 (equivalently tw(H)≤
k).

We point out that given a chordal graph G we have tw(G) = ω(G)−1.
The following corollary is an interesting consequence of Theorem 4. It outlines that we

can obtain the exact value of the treewidth parameter using minimal elimination orderings
(similar to Corollary 1).
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Corollary 2 (Determining the Teewdith Parameter Using Elimination Ordering). Let G =

(V,E) be a graph and α a minimal elimination ordering where maxv∈V |madj+α (v)| is mini-
mized. Then tw(G) = maxv∈V |madj+α (v)|.

Proof. Let k = maxv∈V |madj+α (v)|. By Theorem 4, we have that tw(G)≤ k. So in order to
show that tw(G) = k, we suppose for a contradiction that tw(G)< k. Then by Theorem 4,
there exists a minimal triangulation H ′ of G where tw(H ′)≤ k−1. Lemma 1 implies that
there exists a minimal elimination ordering β over G where G+

β
= H ′. However, this means

that β is a minimal elimination ordering over G with maxv∈V |madj+
β
(v)| ≤ tw(H ′)≤ k−1

contradicting the selection of α as needed. Consequently, we can state that tw(G) = k =

maxv∈V |madj+α (v)|.

Next we will describe the concept of Achievable sets as discussed in [80]. In the proof of
Theorem 4 it is shown that every maximal clique of the graph G+

α is a set {v}∪madj+α (v) for
some vertex v ∈V . The author in [80] uses the above observation to prove an upper bound
for the treewidth of graphs:

Definition 6 (k-Achievable Set). Let G = (V,E) be a graph. A subset X ⊆V is k-achievable
if there exists an elimination ordering α over G s.t. for i ∈ {1, . . . , |X |}, α(i) is a distinct
vertex from X and maxv∈X |madj+α (v)| ≤ k.

It is shown in [80] that given a graph G= (V,E) and 2 pairwise non-touching k-achievable
sets X ,X ′ ⊂V , the vertex set X ∪X ′ is also k-achievable. The following result from the same
paper can be seen as a consequence of Lemma 3.

Lemma 4 (Upper Bound for Treewidth Using k-Achievable Sets, Lucena [80]). Let G =

(V,E) be a graph. Then tw(G) ≤ k iff there exists a k-achievable set X ⊂ V s.t. |X | =
|V |− k−1.



Chapter 3

Triangulation

In Section 2.2 we reviewed elimination ordering, one of the techniques to approach the
MINIMUM FILL-IN problem. We will now extend this topic in Section 3.1 by discussing
elimination ordering in relation to graph connectivity. The section will also present some of
our results in this area, which are of interest on their own, and will be used in the later parts
of this thesis.

Next in Section 3.2, we begin by reviewing some methods of graph decomposition. We
will then focus on a reduction technique used to approach the MINIMUM FILL-IN problem.
After presenting our various results in this topic, we will consolidate them by presenting a
method of determining the minimum fill-in parameter in graphs.

Finally in Section 3.3, we will sketch the MINIMUM FILL-IN algorithm that we con-
structed as part of our participation in the PACE challenge 2017. This algorithm is based
on some of our own results from the previous sections as well as other already known
results which will all be explained in this section. We will close this chapter by examining
the performance of our algorithm while determining the minimum fill-in of some grid and
grid-like graphs.

3.1 Elimination ordering and graph connectivity

In this section, we discuss vertex connectivity and separators of graphs introduced in Sec-
tion 1.3, in relation to elimination ordering. First, let us discuss a simple property of
elimination ordering:

Lemma 5. Let G = (V,E) be a graph and u,v ∈ V a pair of non-adjacent vertices. Let
G1 = (G⊕fillG (NG(v)))− v, i.e., G1 is the graph obtained from G by elimination of v. Then
NG1(u) = NG(u).
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Proof. It is easy to see that NG(u) ⊆ NG1(u) considering v /∈ NG(u). This is because by
the definition of G1 we have that v is the only vertex removed from G. Indeed, u,v are
non-adjacent vertices in G and so the set of edges removed from G have no intersection with
the edge set {uw|w ∈ NG(u)}. There are no new vertices added to G1. Furthermore, the set
of edges added to G1 is exactly fillG (NG(v)) and u /∈ NG(v), i.e., we did not add any edges
from u. Therefore, we conclude that NG1(u) = NG(u) as desired.

The next corollary follows directly from Lemma 5:

Corollary 3. Let G = (V,E) be a graph and α an elimination ordering over G. Let v ∈V
be a vertex eliminated at step i of α where for every earlier step j ∈ {1, . . . , i−1} we have
α( j) /∈ NG(v). Then madj+α (v) = NGi−1(v) = NG(v).

Proof. Since α(1) /∈NG(v), NG1(v) = NG(v) by Lemma 5. Therefore, the vertices {α( j)| j ∈
{2, . . . , i−1}} remain non-adjacent to v in G1, and we can repeat the same argument to get
to the graph Gi−1.

The next lemma discusses the vertex connectivity of graphs in regard to the operation of
vertex elimination:

Lemma 6 (Vertex Elimination Does Not Decrease Vertex Connectivity). Let G = (V,E) be a
graph that is non-isomorphic to a complete graph. For any vertex v ∈V , let G1 be the graph
obtained by elimination of v. Then κ(G1)≥ κ(G).

Proof. In the case where κ(G) = 0 (i.e., G is disconnected) we necessarily have that κ(G1)≥
κ(G) and we are done. So from this point on we assume that κ(G)≥ 1, i.e., G is connected.
Let k = κ(G) and suppose for a contradiction that κ(G1)< k. Note that κ(G1) may be equal
to 0 in which case G1 is disconnected. Then we can fix a (possibly empty) subset S⊂VG1 s.t.
κ(G1)≤ |S| ≤ k−1 and G1−S is disconnected. As a result, we can fix 2 vertices u1,u2 ∈VG1

s.t. there does not exist any u1,u2-paths in G1− S. By definition, v is not a vertex in G1

thus we know that v ̸= u1 and v ̸= u2. Since κ(G) = k and |S| ≤ k−1, G−S must remain
connected. Therefore, let P be the shortest u1,u2-path in G−S. Clearly, P must contain the
vertex v as an internal vertex (exactly once), otherwise P is a u1,u2-path in G1−S. This is
because P is the shortest u1,u2-path in G−S (i.e., it cannot contain v multiple times) and
all the edges that are removed from G have v as an endpoint. This necessarily implies that
degG(v)≥ 2, so we can fix 2 vertices y,w ∈ NG(v) s.t. P contains (y,v,w) as a subpath. Note
that u1,u2 are not necessarily different from y,w.

By selection of vertices y,w and the fact that NG(v) becomes a clique in G1 by elimination
of vertex v, we get that yw∈ EG1 . Let P′ be the path obtained from P by replacing the subpath
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(y,v,w) with the edge yw. Then P′ is a u1,u2-path in G1−S, a contradiction. This implies
that κ(G1)≥ k and so the lemma follows.

Using Lemma 6 we present the following 2 corollaries:

Corollary 4. Let G = (V,E) be a graph, k = κ(G) and α any elimination ordering over G.
Then the following statements are true:

(i) κ(Gi)≥ k for every i∈{0, . . . , |V |−k−1} therefore mini∈{1,...,|V |−k}|madj+α (α(i))|≥ k.

(ii) The graph G|V |−k−1 is a Kk+1 thus ∑i∈{|V |−k,...,V |} |madj+α (α(i))|= k(k+1)
2 .

Consequently, as a lower bound to the number of edges in a minimum triangulation of G
we have |E|+mfi(G)≥ k(|V |− k)+ k(k−1)

2 .

Proof. Since κ(G) = k, Lemma 6 implies that degGi−1
(α(i))≥ κ(Gi)≥ κ(G) = k for every

step i ∈ {1, . . . , |V | − k− 1} thus proving statement (i). The graph G|V |−k−1 has (k + 1)
vertices which, combined with κ(G|V |−k−1)≥ k, imply that G|V |−k−1 must be a Kk+1 proving

statement (ii). Notice that the graph G|V |−k is similarly a Kk with k(k−1)
2 edges. This together

with (i) proves the following statement:

∑
v∈V
|madj+α (v)| ≥ k(|V |− k)+

k(k−1)
2

(3.1)

Using Equation (3.1) we will determine a lower bound on |E|+mfi(G). First, let H =

(V,E ∪F) be any minimum triangulation over G. By Theorem 2, we can fix a perfect
elimination ordering β over H. Note that β is also an elimination ordering over G with⋃

v∈V madj+
β
(v) = E ∪F . By selection ∑v∈V |madj+

β
(v)|= |E ∪F | must be minimized over

all elimination orderings of G otherwise H is not a minimum triangulation. Consequently, by
Equation (3.1), we can state the following in regard to the number edges in the minimum
triangulation H: |E ∪F |= |E|+mfi(G)≥ k(|V |− k)+ k(k−1)

2 proving the final statement of
the corollary.

Next, let us discuss some properties of elimination ordering regarding minimal separators.
We remind the reader that given an elimination ordering α over a graph G, Gi refers to the
graph obtained in α at steps i. Also, for a constant 1≤ k ≤ κ(Gi), S k

Gi
refers to the set of all

minimal separators of size k in this graph.

Lemma 7. Let G = (V,E) be a graph, α any elimination ordering over G. Then for every
positive integer k and a pair of steps i1, i2 ∈ {0, . . . , |V |} s.t. i1 < i2 we have S k

Gi1
⊇S k

Gi2
.
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Proof. Suppose for a contradiction that there exists a step i∈{1, . . . , |V |} s.t. S k
Gi
\S k

Gi−1
̸= /0.

Then fix a minimal separator Si ∈S k
Gi
\S k

Gi−1
. By our selection, Gi−1− Si is necessarily

connected.
Si is a separator in Gi so by definition Gi−Si must have more than 1 connected component,

i.e., |CGi(Si)| ≥ 2. Let v = α(i), i.e., v is the vertex eliminated in the step i, and let X =

NGi−1(v). By Definition 3, X ⊆VGi and X induces a complete graph in Gi. Then X ⊆ Si∪VC

for some connected component C ∈ CGi(Si). Otherwise, there exists an edge between distinct
components C,C′ ∈ CGi(Si), a contradiction.

The graph Gi−1 can be constructed from Gi by removing the set of edges fillGi−1
(X)

and adding the vertex v adjacent to every vertex x ∈ X . Fix distinct connected components
Ca,Cb of Gi−Si (where possibly either Ca =C or Cb =C). Next, fix vertices a,b from Ca,Cb

respectively. Since Gi−Si is disconnected, every a,b-path in Gi must contain at least one
internal vertex from Si. On the other hand, due to the fact that Gi−1−Si is connected, there
must exist at least one a,b-path in Gi−1 avoiding Si.

Since X ⊆ Si∪VC, adding the vertex v to Gi, that is adjacent to every vertex x ∈ X , does
not add any new paths between distinct components of CGi(Si). This implies that there are
no new paths in Gi−1 between the 2 components Ca,Cb. Consequently, there does not exist
any a,b-path avoiding Si in Gi−1, a contradiction. The lemma follows as a result.

As a corollary to Lemma 7 we can generally state that no new separator is introduced
during the process of elimination ordering:

Corollary 5 (Minimal Separators Are Not Inrtoduced During Elimination Ordering). Let
G = (V,E) be a graph and α any elimination ordering. Then for every two steps i1, i2 ∈
{0, . . . , |V |} of the elimination ordering α where i1 < i2 we have SGi1

⊇SGi2
.

The following lemma shows that the number of connected components associated with a
given minimal separator does not increase during the steps of any elimination ordering:

Lemma 8 (Connected Compoents Are Not Inrtoduced During Elimination Ordering). Let
G = (V,E) be a graph, v ∈V any vertex and G1 the graph obtained from G by elimination of
v. Then for every minimal separator S ∈SG∩SG1 , |CG1(S)| ≤ |CG(S)|.

Proof. Let S ∈SG∩SG1 be a fixed minimal separator present in both graphs G,G1 and let
us label the connected components of G−S with CG(S) = {C1, . . . ,Ck}. We point out that
k ≥ 2 as S is a separator in G.

We know that v /∈ S since S is also a minimal separator in the graph G1 and v is not a
vertex in G1. Then by definition, v is contained in some connected component of CG(S).
W.l.o.g. let Ck be the connected component containing v. For every i ∈ {1, . . . ,k− 1} we
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must have that NG(v)∩VCi = /0, otherwise there exists an edge in G between the components
Ci,Ck contradicting the fact that Ci,Ck are connected components of G− S. Therefore,
NG[v]⊆ S∪VCk .

By definition of vertex elimination, VG1 = VG \ {v}. Then we can partition VG1 to the
following subsets: S,VC1 , . . . ,VCk−1,VCk \{v}. By selection, S is a minimal separator in G1,
so in order to prove the statement of the lemma it suffices to show that G1[VCk \ {v}] and
G1[VCi], for i ∈ {1, . . . ,k−1}, are all connected components of G1−S.

Since for every i ∈ {1, . . . ,k−1} we have NG(v)∩VCi = /0, the connected component Ci

as well as NG (VCi) remains unchanged by elimination of v. Formally, G1[VCi] = G[VCi] and
NG1 (VCi) = NG (VCi) = S for every i∈ {1, . . . ,k−1}. This implies that G1[VCi] is a connected
component of G1−S corresponding to Ci ∈ CG1(S).

It only remains for us to discuss G1[VCk \{v}]. Let us consider the following complemen-
tary cases regarding VCk :
Case 1. Suppose that VCk = {v}. Then in this case CG1(S) ⊂ CG(S) as G1[VCk \{v}] is an
empty graph.
Case 2. Suppose that VCk \ {v} ≠ /0. Since NG[v] ⊆ S∪VCk and fillG (NG(v)) is added
in G1 when v is eliminated, the induced subgraph G1[VCk \ {v}] remains connected and
NG1(VCk \ {v}) = NG(VCk) = S. As a result, G1[VCk \ {v}] is a connected component of
G1−S corresponding to Ck ∈ CG(S).

This proves that |CG1(S)| ≤ |CG(S)| as desired.

3.2 Graph Pre-Processing Methods

In this section, we introduce reduction rules for the NP-hard problems TREEWIDTH and
MINIMUM FILL-IN that we will later use in Chapter 6. We note that the results in this section
are mainly obtained to determine the value of the treewidth and minimum fill-in parameters
of grid and grid-like graphs. Our work can potentially be generalized to be applied as a
kernelization algorithm for general graphs. We have also applied these results in Section 3.3
in our minimum fill-in algorithm.

Let us begin by discussing the concept of safe separators for treewidth as introduced in
[23]. Below is a formal definition:

Definition 7 (Safe Separator For Treewidth). Let G = (V,E) be a graph, S⊂V a separator
and GS = G⊕fill(S), i.e., the graph obtained from G by turning S into a clique. Then the
separator S is safe for treewidth in graph G if tw(G) = maxC∈CGS (S)

tw(GS[S∪VC]).

By this definition, the TREEWIDTH problem can be solved by first adding the (potentially
empty) set of missing edges fill(S) to G. Next, in the resulting graph GS, determining the



28 Triangulation

maximum treewidth among all subgraphs induced by VC∪S for every connected component
C associated with the separator S.

Below, we review a closely related concept: clique minimal separator decomposition. Our
general overview here is taken from [13] which describes this concept and its applications in
greater details. Roughly speaking, this is the process in which a given graph is decomposed
using its clique minimal separators to a set of connected components, also known as atoms.
Below is a formal definition for atoms:

Definition 8 (Atoms). Given a graph G, an atom A is a maximal connected induced subgraph
that does not contain any clique minimal separators. The set of all atoms of the graph G are
written as AG and the process of decomposition a graph to obtain the set of atoms is called
clique minimal seaprator decomposition. It is important to note that every graph has exactly
1 set of atoms.

The following algorithm demonstrates how a graph can be decomposed into the set of its
atoms using clique minimal separator decomposition. We will be using this algorithm as part
of our own algorithm as well as in later chapters of this thesis:

Algorithm 1: Clique minimal separator decomposition
Input: A graph G = (V,E)
Output: The set A of all atoms in G
Let A contain all connected components of G;
while there exists a graph A ∈A that contains a clique minimal separator do

Fix a graph A ∈A and a clique minimal separator S of A;
foreach connected component C of A−S do

Add A[S∪VC] to A ;
end

end

It has been shown that NP-hard problems can be approached by merging the solutions
for every atom from A . Take for an example the MAXIMUM CLIQUE problem, which given
a graph is solved by finding its largest clique (or one of its largest cliques). It is shown in
[13] that every maximum clique of a graph G is contained within an atom A ∈A . Among
other problems which similarly benefit from the clique minimal separator decomposition are
GRAPH COLOURING, TREEWIDTH and MINIMUM FILL-IN problems. The below theorem
summarizes the application of clique minimal separators when solving the TREEWIDTH and
MINIMUM FILL-IN problems:
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Theorem 5 (Determining the Minimum Fill-In and Treewidth Using A Clique Minimal
Separator, Berry et al. [13]). Let G = (V,E) be a graph and S ∈ S a clique minimal
separator in G. Then the following statements are true:

tw(G) = maxC∈C (S) tw(G[S∪VC])

mfi(G) = ∑C∈C (S)mfi(G[S∪VC])

As noted in Definition 8 (also discussed in [13]), given a graph G set of atoms A is
unique to G. The next corollary follows from this fact and Theorem 5:

Corollary 6 (Determining the Minimum Fill-In and Treewidth Using Clique Minimal Sepa-
rator Decomposition, Berry et al. [13]). Let G be a graph and A be the set of atoms of G
(Algorithm 1). Then:

tw(G) = maxA∈A tw(A)

mfi(G) = ∑A∈A mfi(A)

By Definition 7, Theorem 5 implies that clique minimal separators of a graph are safe
separators for treewidth. The following lemma, provides another examples of safe separators
for treewidth:

Theorem 6 (Almost Clique Minimal Separators Are Safe for Treewidth, Bodlaender et al.
[23]). Let G be a graph and S ∈S an almost clique minimal separator in G. Then S is a
safe separator for treewidth.

The following simple lemma follows from Theorem 5 and Theorem 6 and can be also
used as a simple reduction rule for treewidth:

Lemma 9 (Determining Treewidth Using Vertex Elimination). Let G = (V,E) be a graph
and v ∈ V a vertex that is either simplicial or almost simplicial in G. Then tw(G) =

max{degG(v), tw(G1)} where G1 is the graph obtained from G by elimination of v.

Proof. Let us consider the following cases in regard to vertex v:
Case 1. Suppose that v is simplicial in G. This implies that NG(v) is a clique minimal sepa-
rator, thus G[NG[v]] is a complete graph. As a result, tw(G[NG[v]]) = |NG[v]|−1 = degG(v).
Then by Theorem 5 we have tw(G) = max{degG(v), tw(G− v)}. By the definition of vertex
elimination and the fact that NG(v) is a clique, we have that G1, the graph obtained from G
by elimination of v, is identical to G−v. This shows that tw(G) = max{degG(v), tw(G1)} as
required.
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Case 2. Suppose that v is almost simplicial in G. By Theorem 6, NG(v) is a safe separator for
treewidth in G, then in order to determine tw(G) we can consider the graph G⊕fillG (NG(v))
in which NG(v) becomes a clique minimal separator. Then, in a way similar to the previous
case, this proves that tw(G) = max{degG(v), tw(G1)} as required.

Below is a corollary to Lemma 9 which will be needed for our results in Chapter 7.

Corollary 7 (Determining Treewidth Using Elimination Ordering). Let G=(V,E) be a graph
and α an elimination ordering over G. Suppose that we can fix a step i ∈ {1, . . . , |V |−1}
s.t. α( j) is a simplicial or almost simplicial vertex in the graph G j−1 for every earlier step
j ∈ {1, . . . , i}. Then:

tw(G) = max j∈{1,...,i}{degG j−1
(α( j)), tw(Gi)}

Proof. The statement of the corollary follows by a repeated application of Lemma 9 for
every step j ∈ {1, . . . , i}.

In [22], the authors study the set of edges that can be safely added to a graph when
determining its minimum fill-in parameter. In the rest of this section we will try to characterize
these edges and later, using our findings, we will define a reduction rule for the MINIMUM

FILL-IN problem similar to Lemma 9. Below is a formal definition of the set of edges that
can be safely added:

Definition 9 (Safe Edges). Let G = (V,E) be a graph and F ′ ⊆ fill(V ) a subset of missing
edges. F ′ is safe to add to G if there exists a minimum triangulation H = (V,E ∪F) of G
where F ′ ⊆ F.

Below, we prove some properties of edges that are safe to add. Informally, Lemma 10
proves that to construct a minimum triangulation of a graph, one can first add the set of safe
edges and then construct a minimum triangulation of the resulting graph.

Lemma 10 (Constructing a Minimum Triangulation Using Safe Edges). Let G = (V,E) be
a graph and F ′ ⊆ fill(V ) a set of safe edges to add in G. Then any minimum triangulation
H = (V,E ∪F) of G⊕F ′ is also a minimum triangulation of G.

Proof. Let H = (V,E ∪F) be a minimum triangulation of the graph G⊕F ′. H is obviously
a triangulation of G, so it remains to show that mfi(G) = |F |. Since H is a minimum
triangulation of G⊕F ′, we can state the following:

mfi(G⊕F ′) = |F \F ′| (3.2)
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|F | is an upper bound on mfi(G) so in order to prove mfi(G) = |F | let us Suppose for a
contradiction that mfi(G)< |F |. F ′ is safe to add in G, so Definition 9 implies that there exists
a minimum triangulation H∗ = (V,E ∪F∗) of G where F ′ ⊆ F∗. Since H∗ is a minimum
triangulation of G and mfi(G) < |F |, we have that |F∗| < |F |. However, because F ′ ⊆ F∗

and H∗ is also a triangulation of G⊕F ′, we have that mfi(G⊕F ′) ≤ |F∗ \F ′| < |F \F ′|
contradicting Equation (3.2). Thus, we conclude that mfi(G) = |F | proving that H is also a
minimum triangulation of G as required.

Note that as a consequence of Lemma 10 we can state that mfi(G)−|F ′|= mfi(G⊕F ′)
for any set of safe edges F ′ ⊆ fill(V ).

Lemma 11 demonstrates that the union of two sets of safe edges is also safe to add:

Lemma 11 (Consequent Addition of Safe Edges). Let G = (V,E) be a graph and F ′ ⊂
fillG(V ) a set of safe edges to add in G and F ′′ ⊆ fillG⊕F ′(V ) a set of safe edges to add in the
graph G⊕F ′. Then F ′∪F ′′ is safe to add in G.

Proof. By Lemma 10, we can take a minimum triangulation H1 = (V,E ∪F1) of G⊕F ′ s.t.
H1 is also a minimum triangulation of G. Note that by the selection of H1 we have that
F ′ ⊆ F1. Furthermore, we can state that:

mfi(G)−|F ′|= mfi(G⊕F ′) (3.3)

Now consider the graph G⊕F ′. By Lemma 10 we can once more take a minimum trian-
gulation H2 = (V,E ∪F2) of the graph G⊕ (F ′∪F ′′) s.t. H2 is also a minimum triangulation
of G⊕F ′. We note again that by the selection of H2 we have (F ′∪F ′′)⊆ F2. Consequently,
we can state that:

mfi(G⊕F ′)−|F ′′|= mfi(G⊕ (F ′∪F ′′)) (3.4)

By selection, H2 is a minimum triangulation of G⊕ (F ′∪F ′′). Hence, (F ′∪F ′′)⊆ F2,
so in order to show that F ′ ∪F ′′ is safe to add to G, it suffices to prove that H2 is also a
minimum triangulation of G. Obviously, H2 is a triangulation of G, so it remains to show
that |F2| = mfi(G). Note that by selection F ′∩F ′′ = /0 and (F ′∪F ′′) ⊆ F2. Therefore, we
can state that mfi(G⊕ (F ′∪F ′′)) = |F2 \ (F ′∪F ′′)| = |F2|− |F ′∪F ′′|. This together with
Equation (3.3) and Equation (3.4) implies that:

mfi(G)−|F ′∪F ′′|= mfi(G⊕ (F ′∪F ′′)) = |F2|− |F ′∪F ′′| (3.5)

As a result, mfi(G) = |F2| showing that H2 is a minimum triangulation of G. This by
Definition 9 implies that F ′∪F ′′ is safe to add in G as required.
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To the best of our knowledge, there has been a lack of research dedicated to finding the
properties of edgeset that is safe to add in a graph. We believe that the following theorem
from [22] is the only example of such a result. In their paper, the authors use this theorem to
construct a fixed-parameter tractable algorithm for the MINIMUM FILL-IN problem. Later in
this section, we will slightly extend their results.

Theorem 7 (A Condition for Edgeset to Be Safe, Bodlaender et al. [22]). Let S be a minimal
separator of the graph G = (V,E) s.t. |fill(S)|= 1 and S⊆ N(v) for a vertex v ∈V \S. Then
fill(S) is safe to add in G.

In what follows, given a graph G = (V,E) and a vertex v ∈V we first define a subset of
missing edges Fv ⊆ fill(N(v)) using Algorithm 2. Later in Corollary 8 we prove that Fv is
safe to add in G which provides us with a reduction rule formally stated in Corollary 10.
We apply this result in Chapter 7 in order to define a minimum triangulation of grids and
grid-like graphs.

Algorithm 2: Definition of the set Fv

Input: A graph G = (V,E) and a vertex v ∈V
Output: The set of edges Fv ⊆ fill(N(v))
Initially let Fv = /0;
while there exists a minimal separator S in the graph G⊕Fv s.t. S⊆ NG(v) and
|fillG⊕Fv(S)|= 1 do

Fix one such minimal separator S ∈SG⊕Fv;
Add fillG⊕Fv (S) to Fv;

end

Notice that Fv can be possibly empty and that the order in which the minimal separators
are selected in Algorithm 2 is not important. Figure 3.1 demonstrates, given a graph G and a
vertex v, the set of missing edges Fv. Corollary 8 proves that the edges Fv are safe to add in
graph G:

Corollary 8 (Edgeset Fv is Safe to Add). Let G = (V,E) be a graph and v ∈ V a vertex
where the set of edges Fv (as defined by Algorithm 2) is not empty. Then Fv is safe to add to
G.

Proof. This follows from a repeated application of Theorem 7 as for every minimal separator
S selected by Algorithm 2, the set of missing edges in S is safe to add. Thus, by Lemma 11
the union of these missing edges, Fv, is also safe to add in G.
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(d) G⊕Fv

Fig. 3.1 (a) the graph G = (V,E). For simplicity’s sake, the vertex set of the con-
nected components C1,C2,C3 are grouped. {u1,u2},{u2,u3},{u1,u2,u3} are all minimal
separators of G contained within NG(v). Notice that |fill({u1,u2})| = |fill({u2,u3})| =
1 but |fill({u1,u2,u3})| = 3. (b), (c) respectively depict the graphs G⊕ {u1u2} and
G⊕{u1u2,u2u3}. Note that |fillG⊕{u1u2,u2u3}({u1,u2,u3})|= 1. (d) the graph G⊕Fv where
Fv = {u1u2,u2u3,u1u3}. Note that v is a simplicial vertex in G⊕Fv. The added edges in all
the above graphs are drawn in green.

We need the following lemma while discussing the set of safe edges to add in the
neighbourhood of an almost simplicial vertex:

Lemma 12. Let G = (V,E) be a chordal graph and C = (v,x1, . . . ,xl,v) be a cycle in G for
l ≥ 3 s.t. there does not exist any chords with both endpoints in {x1, . . . ,xl}. Then for every
i ∈ {2, . . . , l−1} we have an edge vxi ∈ E.

Proof. By selection, C is a cycle on 4 or more vertices and since xix j /∈ E for every
i, j ∈ {1, . . . , l} where |i− j| > 1, C does not have any chords with both endpoints from
{x1, . . . ,xl}. Then because G is chordal, the cycle C must clearly have a chord vxi ∈ E for
some i ∈ {2, . . . , l−1} otherwise C is a chordless cycle, contradicting the chordality of G.
Next, consider the cycles C1 = (v,xi, . . . ,xl,v) and C2 = (v,xi, . . . ,x1,v) and apply the same
argument. Therefore, for C1 we either have i = l− 1, and we are done as C1 is a cycle
on 3 vertices and hence chordal or 2 ≤ i < l− 1 then C1 must have a chord vx j for some
j ∈ {i+1, . . . , l−1}. The same goes for C2, and it is easy to see as a result that for every
i ∈ {2, . . . , l−1} there must exist an edge vxi ∈ E.

Next, using Lemma 12 we provide the following:

Theorem 8 (A New Condition for Edgeset to Be Safe). Let G = (V,E) be a graph and v ∈V
an almost simplicial vertex s.t. deg(v) = κ(G). Then fill(N(v)) is safe to add in G.

Proof. Let k = deg(v) and label the neighbourhood of v in G with N(v) = {w1, . . . ,wk}. The
vertex v is almost simplicial in G so assume w.l.o.g. that N(v)\{w1} is a clique in G.
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Suppose for a contradiction that N(v) is not a clique in every minimum triangulation of
G. Let H = (V,E ∪F) be a fixed minimum triangulation of G, then fillH (NG(v)) ̸= /0. Since
H is a supergraph of G (obtained by addition of edges), we have that κ(H)≥ k = κ(G) and
NG(v)⊆ NH(v).

Based on our assumptions about H we prove the following statements:

(1) NG(v)⊂ NH(v).

(2) For every missing edge w1wi ∈ fillH (NG(v)), i ∈ {2, . . . ,k}, there exists a vertex ui ∈
NH(v)\NG(v) and two edges: vui ∈ F and w1ui ∈ E ∪F .

Next we define an edge set F ′ based on F s.t. fillG(NG(v)) ⊆ F ′, |F ′| ≤ |F | and H ′ =
(V,E ∪F ′) is chordal. By definition, H ′ is a minimum triangulation of G where NG(v) is a
clique proving statement of the theorem.

We start by proving the aforementioned statement (1). As previously discussed NG(v)⊆
NH(v), so it remains to show that NG(v) ̸= NH(v). Let us suppose NG(v) = NH(v) for a
contradiction. Because fillH (NG(v)) ̸= /0, we can fix a missing edge w1wi ∈ fillH (NG(v)) for
some i ∈ {1, . . . ,k}. Since |NG[v]|= k+1 and κ(H)≥ k, the graph H− (NG[v]\{w1,wi})
must remain connected. Let Pw1,wi = (w1,u1, . . . ,ul,wi) be the shortest w1,wi-path in the
graph H− (NG[v]\{w1,wi}). Note that since w1wi /∈ E ∪F we have that l ≥ 1. Additionally,
because NG(v) = NH(v), for every j ∈ {1, . . . , l}, we have that vu j /∈ E ∪F . Furthermore,
since Pw1,wi is the shortest path between the vertices w1,wi in graph H− (NG[v]\{w1,wi}),
E ∪F cannot contain any edges between non-consecutive vertices of Pw1,wi . It is easy to see
that the cycle C, defined as C = (v,w1,u1, . . . ,ul,wi,v) (hence including the path Pw1,wi), is a
chordless cycle in H contradicting the assumption that H is a triangulation of G. Thus, we
conclude that NG(v)⊂ NH(v).

Now we will proceed to prove the previously mentioned statement (2). Define Iv =

{vu | vu ∈ F, u ∈V \NG(v)}, as a subset of edges added in H. Note that necessarily Iv ̸= /0 as
NG(v)⊂ NH(v). We claim that every missing edge w1wi ∈ fillH (NG(v)), for i ∈ {2, . . . ,k},
can be one to one mapped to a vertex ui ∈ NH(v)\NG(v) s.t. vui ∈ Iv and w1ui ∈ E ∪F .

We prove this by induction on the number of missing edges in fillH (NG(v)) starting
with the base case where |fillH (NG(v))| = 1. W.l.o.g. assume that fillH (NG(v)) = {w1w2}.
As discussed before, κ(H)≥ k and |NG[v]|= k+1 hence the graph H− (NG[v]\{w1,w2})
remains connected. Let Pw1,w2 = (w1,u1

2, . . . ,u
l
2,w2) for l ≥ 1 be the shortest w1,w2-path in

the graph H− (NG[v]\{w1,w2}), where obviously u j
2 /∈ NG[v], for all j ∈ {1, . . . , l}. Since

Pw1,w2 is the shortest path between w1,w2 in H− (NG[v]\{w1,w2}) and w1w2 /∈ E ∪F , the
cycle Cw1,w2 = (v,w1,u1

2, . . . ,u
l
2,w2,v) in H does not have any chords with both vertices from

the vertex set {w1,u1
2, . . . ,u

l
2,w2}. By Lemma 12 we necessarily have that vu j

2 ∈ F for every
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j ∈ {1, . . . , l} otherwise Cw1,w2 is a chordless cycle in H contradicting the assumption that
H is a triangulation of G. Then in this case, we let u1

2 ∈ NH(v) \NG(v) to be the unique
vertex corresponding to the missing edge w1w2 ∈ fillH (NG(v)). As shown before, vu1

2 ∈ Iv

and w1u1
2 ∈ E ∪F (as they are consecutive vertices in the path Pw1,w2).

Suppose |fillG (NG(v))| ≥ |fillH (NG(v))| ≥ 2 otherwise we are done. Since |fillG (NG(v))| ≤
k−1 we clearly have that |fillH (NG(v))| ≤ k−1. Assume that our claim holds for any c =
|fillH (NG(v))|, where 1≤ c≤ k−2, and now we extend it to the case where |fillH (NG(v))|=
c+1. W.l.o.g. assume that fillH (NG(v)) = {w1w2, . . . ,w1wc+2}. By our assumption, we have
already one-to-one mapped the vertices u1

2, . . . ,u
1
c+1 ∈ NH(v)\NG(v) to the missing edges

w1w2, . . . ,w1wc+1 ∈ fillH (NG(v)). Additionally, we have shown that vu1
2, . . . ,vu1

c+1 ∈ Iv and
w1u1

2, . . . ,w1u1
c+1 ∈ E∪F . We need to prove that there exists a unique vertex uc+2 ∈ NH(v)\

NG(v) associated with the missing edge w1wc+2 ∈ fillH (NG(v)) s.t. vuc+2 ∈ Iv and w1uc+2 ∈
E ∪F . Since κ(G) ≥ k, the graph H −{u1

2, . . . ,u
1
c+1,v,wc+3, . . . ,wk} remains connected.

Note that in the case where c+ 2 = k, we are referring to the graph H−{u1
2, . . . ,u

1
c+1,v}.

Let Pw1,wc+2 be the shortest w1,wc+2-path in the graph H −{u1
2, . . . ,u

1
c+1,v,wc+3, . . . ,wk}.

Observe that since {w2, . . . ,wc+2} is a clique in H and Pw1,wc+2 is the shortest w1,wc+2-path,
this path can contain at most 1 internal vertex from {w2, . . . ,wc+1}. Thus, we either have
Pw1,wc+2 = (w1,u1

c+2, . . . ,u
l
c+2,wc+2) or Pw1,wc+2 = (w1,u1

c+2, . . . ,u
l
c+2,wi,wc+2) where wi ∈

{w2, . . . ,wc+1} and l ≥ 1. By selection of the path Pw1,wc+2 , for every j ∈ {1, . . . , l}, u j
c+2 /∈

NG[v]. Define Cw1,wc+2 to be the cycle in H composed of the paths Pw1,wc+2 and (w1,v,wc+2).
Since Pw1,wc+2 is the shortest path between w1,wc+2 in H−{u1

2, . . . ,u
1
c+2,v,wc+3, . . . ,wk}

and w1wc+2 /∈ E ∪F , the cycle Cw1,wc+2 does not have any chords with both endpoints in the
path Pw1,wc+2 . Consequently, by Lemma 12 we must have vu j

c+2 ∈ Iv for every j ∈ {1, . . . , l}
otherwise Cw1,wc+2 is a chordless cycle in H, a contradiction. By selection of the path Pw1,wc+2

we have u1
c+2 /∈ {u1

2, . . . ,u
1
c+1} therefore We let u1

c+2 be the unique vertex in NH(v)\NG(v) as-
sociated with the missing edge w1wc+2 ∈ fillH (NG(v)). Additionally, we note that vu1

c+2 ∈ Iv

and w1u1
c+2 ∈ E ∪F . This proves our claim that for every missing edge w1wi ∈ fillH (NG(v)),

i ∈ {2, . . . ,k}, there exists a unique vertex ui ∈ NH(v)\NG(v) s.t. vui ∈ Iv and w1ui ∈ E ∪F .
We have thus far proved both statements (1) and (2). Next, define the set of chords F ′ =

(F \ Iv)∪{w1u|vu∈ Iv}∪fillH (NG(v)). As shown before, for every edge w1wi ∈ fillH (NG(v))
added in F ′, we have removed a unique edge vui ∈ Iv. Additionally, it is shown that the
corresponding edge w1ui already exists in E ∪F (then w1ui /∈ (F ′ \F)). As a result, we can
state that |F ′| ≤ |F |. Let us also point out that by construction of F ′, NH ′(v) = NG(v) and
NH ′(v) is a clique in the supergraph H ′ = (V,E ∪F ′). Finally, it remains to show that H ′ is
chordal. Suppose for a contradiction that this is not the case and there exists a chordless
cycle in H ′. Then let C′ be the shortest (defined over the fewest number of vertices) chordless
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cycle in H ′. By our construction, NG(v) = {w1, . . . ,wk} is a clique minimal separator in H ′,
separating v from the rest of the graph. Then Theorem 5 implies that C′ must be entirely
contained in the graph H ′− v and can contain at most 2 vertices from {w1, . . . ,wk}. Below,
we consider every possible case and show that consequently there must exist a chordless
cycle in H, contradicting the fact that H is chordal.
Case A. Suppose that C′ does not contain any vertices from NG[v]. Let C′ = (y1, . . . ,yl,y1)

where l ≥ 4 and yi /∈ NG[v] for every i ∈ {1, . . . , l}. Since C′ does not contain the vertex w1,
the set of edges {w1u|vu ∈ Iv}∪fillH (NG(v)) added in H ′ are not edges of C′. This implies
that C′ is a cycle in H. C′ does not contain the vertex v, hence the set of chords Iv removed
from H are not chords in C′. This implies that C′ is a chordless cycle in H, a contradiction.
Case B. Suppose that C′ only contains the vertex w1 from NG[v]. Then C′=(w1,y1, . . . ,yl,w1)

where l ≥ 3 and yi /∈ NG[v] for every i ∈ {1, . . . , l}. As C′ is a chordless cycle, it can contain
at most 2 edges from the set of edges {w1u|vu ∈ Iv} that are added in H ′. Clearly, these edges
may only be w1y1 or w1yl . Thus, there exist 3 subcases to consider:
Subcase (i): Suppose that none of the edges w1y1,w1yl are added in H ′. Consequently, C′ is
a cycle in H. Since C′ does not contain the vertex v, the set of chords Iv removed from H are
not chords in C′. Then C′ is a chordless cycle in H, a contradiction.
Subcase (ii): Suppose that exactly one of the edges w1y1,w1yl are added in H ′, assume
w.l.o.g. that w1y1 is added in H ′. By construction, w1y1 in H ′ replaces vy1 in H. Then define
the cycle C = (v,y1, . . . ,yl,w1,v) in H. Since C′ is chordless, the cycle C does not have any
chords between the vertices y1, . . . ,yl,w1 in H. Also, by selection for every i ∈ {2, . . . , l},
vyi /∈ Iv otherwise by our construction C′ has the chord w1yi ∈F ′ contradicting the assumption
that C′ is chordless. This shows that C is a chordless cycle in H, a contradiction.
Subcase (iii): Suppose that both edges w1y1,w1yl are added in H ′. Then by construction
w1y1,w1yl in H ′ replace the edges vy1,vyl ∈ Iv in H. Then define the cycle C =(v,y1, . . . ,yl,v)
in H. Since C′ is chordless, the cycle C does not have any chords between the vertices
y1, . . . ,yl in H. Furthermore, by selection for every i ∈ {2, . . . , l}, vyi /∈ Iv and so C is a
chordless cycle in H, a contradiction.
Case C. Suppose that the only vertices from NG[v] that are in C′ are contained in {w2, . . . ,wk}.
More precisely, C′ can only contain one or two vertices from that set {w2, . . . ,wk}. Then
C′ cannot contain any edges from {w1u|vu ∈ Iv}∪fillH (NG(v)) that are added in H ′. This
implies that C′ is a cycle in H. Since v is not a vertex in C′, the set of chords Iv removed from
H are not chords in C′. As a result, C′ is a chordless cycle in H, a contradiction.
Case D. Suppose that C′ contains the vertex w1 as well as a vertex wi ∈ {w2, . . . ,wk}. Since
{w1, . . . ,wk} is a clique in H ′, w1wi must be an edge (and not a chord) in the cycle C′. So let
C′ = (w1,wi,y1, . . . ,yl,w1) where l ≥ 2 and y j /∈ NG[v] for every j ∈ {1, . . . , l}. As C′ is the
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shortest chordless cycle, only the edge w1yl may be added in H ′. Consequently, we need to
consider two subcases:
Subcase (i): Suppose that the edge w1yl is not added in H ′. Clearly, if w1wi ∈ E ∪F , then
C′ is also a chordless cycle in H. So assume that w1wi /∈ E ∪F . By selection, for every
j ∈ {1, . . . , l}, vy j is not an edge in H. Then the cycle C defined as C = (v,wi,y1, . . . ,yl,w1,v)
is a chordless cycle in H, a contradiction.
Subcase (ii): Suppose that the edge w1yl is added in H ′. By construction, w1yl replaces
vyl in H. Then define the cycle C = (v,wi,y1, . . . ,yl,v) in H. Since C′ is chordless in H ′,
the cycle C does not have any chords between the vertices in {wi,y1, . . . ,yl} (as we did not
remove any edges with both endpoints in this vertex set). Also, by selection of C′, for every
j ∈ {1, . . . , l−1}, y j /∈ NG[v] so C must be chordless in H, a contradiction.

This proves that H ′ is a chordal supergraph of G. Combined with the fact that |F ′| ≤ |F |
we have that H ′ is also a minimum triangulation of G whereby construction fillG(NG(v))⊆ F ′.
Consequently, by Definition 9 we can state that fillG(NG(v)) is safe to add in G.

We point out that by construction of the minimum triangulation H ′ = (V,E ∪F ′) (in the
proof of Theorem 8), NH ′(v) = NG(v) in addition to fillG(NG(v))⊆ F ′. In other words, no
chords are added in H ′ with one endpoint in v.

In what follows, we will first point out a shortcoming of Theorem 8 which arises from
mixing the local and global properties of graphs (in our case the degree of a vertex and the
connectivity of the graph). We then make a small suggestion on how to overcome this issue
using the concept of clique minimal separator decomposition.

Let us begin with a simple example which can easily be generalized. Cycles are 2-regular
graphs (therefore all vertices are almost simplicial) with vertex connectivity of 2. Therefore,
Theorem 8 can be applied to every vertex of a cycle. Now let us construct a simple graph G
where Theorem 8 is no longer applicable. Let C = (x1, . . . ,xk,x1) and C′ = (x′1, . . . ,x

′
k′,x
′
1)

be two cycles for k,k′ ≥ 4 and G the graph obtained by joining the 2 cycles C,C′ with a path
P = (xi,y1, . . . ,yr,x′i′) for r ≥ 1, i ∈ {1, . . . ,k} and i′ ∈ {1, . . . ,k′}. By construction, every
vertex of P is a separator in G implying that κ(G) = 1. However, for every almost simplicial
vertex v ∈VC ∪VC′ , degG(v)≥ 2 > κ(G) therefore, Theorem 8 cannot be applied in G. To
address this issue, we use clique minimal separator decomposition to provide Corollary 9 .
We point out that by this corollary, the set of missing edges fillG(NG(v)) is safe to add for
every almost simplicial vertex v of cycles C and C′.

Corollary 9. Let G = (V,E) be a graph, A∗ ∈A an atom of G, v ∈VA∗ an almost simplicial
vertex in A∗ s.t. degA∗(v) = κ(A∗). Then fillG (NA∗(v)) is safe to add in G.
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Proof. To prove the statement of the corollary, it suffices from Definition 9 to construct
a minimum triangulation H = (V,E ∪F) of G where fillG (NA∗(v)) ⊆ F . By Theorem 5,
mfi(G) = ∑A∈A mfi(A). Consequently, in order to define the minimum triangulation H =

(V,E ∪F) , we will be finding a minimum triangulation over every atom A ∈A .
Let us begin by initializing F = /0. For every atom A = (VA,EA) from A \ {A∗}, fix a

minimum triangulation HA = (VA,EA∪FA) of A and add the set of edges FA to F .
By selection of vertex v and Theorem 8, fillA∗ (NA∗(v)) is safe to add in A∗. Then

by Definition 9, we can fix a minimum triangulation HA∗ = (VA∗ ,EA∗ ∪FA∗) of A∗ where
fillA∗ (NA∗(v)) ⊆ FA∗ . Notice that by definition of atoms (Algorithm 1), fillA∗ (NA∗(v)) =
fillG (NA∗(v)) as the atom A is an induced subgraph in G. Finally, add FA∗ to F .

Then, by our construction, H is a minimum triangulation of G (this follows from Corol-
lary 6). Also, by construction fillG (NA∗(v))⊆ F implying that fillG (NA∗(v)) is safe to add in
G as required.

We combine all the previous results on the MINIMUM FILL-IN problem in the following
corollary:

Corollary 10. Let G = (V,E) be a graph, v ∈V a vertex and Fv is the set of edges defined
using Algorithm 2 (which are safe to add in G by Corollary 8). Considering the graph G⊕Fv,
the following holds for the vertex v:

(A) Suppose that v is a simplicial vertex in G⊕Fv. This implies that fillG (NG(v)) = Fv,
hence in this case fillG (NG(v)) is safe to add in G.

(B) Suppose that v is an almost simplicial vertex in G⊕Fv and degG(v) = κ(G). Then
fillG (NG(v)) is safe to add in G.

Proof. As noted above, case (A) follows directly from Corollary 8 so it only remains to
prove (B). Let us consider the following complementary cases in relation to Fv:
Case 1. Suppose that Fv = /0. Therefore, G⊕Fv = G and by Theorem 8 we have that
fillG⊕Fv (NG(v)) = fillG (NG(v)) is safe to add in G as required.
Case 2. Suppose that Fv ̸= /0. The fact that Fv ⊆ fillG (NG(v)) implies that NG⊕Fv(v) =
NG(v). It is easy to see that fillG (NG(v)) = Fv ∪ fillG⊕Fv (NG(v)). Then by Lemma 11,
fillG (NG(v)) is safe to add in G given that Fv is safe to add in G and fillG⊕Fv (NG(v)) is safe
to add in G⊕Fv. The first part clearly follows from Corollary 8 so it remains to show that
fillG⊕Fv (NG(v)) is safe to add in G⊕Fv. We will be using Theorem 8 to prove this claim,
but beforehand we need to show that degG⊕Fv(v) = degG(v) and κ(G⊕Fv) = κ(G).

The fact that NG⊕Fv(v) = NG(v) clearly shows that degG⊕Fv(v) = degG(v) so it remains
to discuss the vertex connectivity of G⊕Fv. Since G⊕Fv is a supergraph of G obtained by
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addition of edges, we clearly have that κ(G⊕Fv) ≥ κ(G). So to show that κ(G⊕Fv) =

κ(G), suppose that κ(G⊕Fv) > κ(G) for a contradiction. By selection of the vertex v,
NG(v) is a separator of size κ(G) in G. As Fv ⊆ fillG (NG(v)), we additionally have that
NG(v) is a separator of size κ(G) in graph G⊕Fv. This contradicts the assumption that
κ(G⊕Fv)> κ(G) proving that κ(G⊕Fv) = κ(G) as needed.

Consequently, using Theorem 8 we can state that fillG⊕Fv (NG(v)) is safe to add in G⊕Fv.
By Lemma 11, Fv∪fillG⊕Fv (NG(v)) = fillG (NG(v)) is safe to add in G as required.

The following theorem demonstrates how Corollary 10 can be used to construct a mini-
mum triangulation of a graph.

Theorem 9 (A Condition For Minimum Elimination Orderings). Let G be a graph and α an
elimination ordering over G where for a fixed step k ∈ {1, . . . , |V |−1}, both of the following
conditions are satisfied:

(1) For every step i ∈ {1, . . . ,k}, α(i) satisfies one of the following conditions (where Fα(i)

is the edge set defined by Algorithm 2):

(A) α(i) is a simplicial vertex in the graph Gi−1 or Gi−1⊕Fα(i).

(B) degGi−1
(α(i)) = κ(Gi−1) and α(i) is an almost simplicial vertex in the graph

Gi−1 or Gi−1⊕Fα(i).

(2) α is any minimum elimination ordering over the graph Gk.

Then α is a minimum elimination ordering over G.

Proof. By Corollary 1, an elimination ordering α is a minimum elimination ordering
over the graph G if the number of edges added during α equals mfi(G). For the sake
of simplicity, let us refer to the set of edges added at step i ∈ {1, . . . , |V |} of α with
Ri, i.e., Ri = fillGi−1

(NGi−1(α(i))). Notice that by definition, Fα(i) ⊆ Ri for every step
i ∈ {1, . . . , |V |} of α . Then to prove the statement of the theorem, we need to show that
|
⋃

i∈{1,...,|V |}Ri| = ∑i∈{1,...,|V |} |Ri| = mfi(G). By Corollary 1, α is a minimum elimination
ordering over the graph Gk. Consequently, we have that mfi(Gk) = ∑i∈{k+1,...,|V |} |Ri|. Then
it only remains to prove the following:

mfi(G)−∑i∈{1,...,k} |Ri|= mfi(Gk) (3.6)

We begin by showing that in the first step of α , R1 is safe to add in G. By selection, α(1)
satisfies one of the conditions (A) or (B) stated in the theorem. Let us consider the following
complementary cases in regard to Fα(1):
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Case 1. Suppose that Fα(1) = /0. Then either α(1) is simplicial in G, in which case obviously
R1 is safe to add as it is an empty set, so suppose that degG(α(1)) = κ(G) and α(1) is an
almost simplicial vertex in G. Then, by Theorem 8, R1 is safe to add in G.
Case 2. Suppose that Fα(1) ̸= /0. Then either α(1) is simplicial in G⊕Fα(1) or degG(α(1))=
κ(G) and α(1) is almost simplicial in G⊕Fα(1). Using Corollary 10, we can state that R1 is
safe to add in G.

As a result of Lemma 10 we can state that:

mfi(G)−|R1|= mfi(G⊕R1) (3.7)

Since R1 = fillG (NG (α(1))), the vertex α(1) is simplicial in the graph G⊕R1. Conse-
quently, NG⊕R1 (α(1)) is a clique minimal separator in G⊕R1. Then by applying Theorem 5
we can conclude that:

mfi(G⊕R1) = mfi((G⊕R1)−α(1)) = mfi(G1) (3.8)

Then by combining Equation (3.7) and Equation (3.8) we can state the following:

mfi(G)−|R1|= mfi(G1) (3.9)

In the case where k = 1, the theorem follows as this proves Equation (3.6), so assume
that k ≥ 2. By applying the same argument as above for step 2 of α , we can state that:

mfi(G1)−|R2|= mfi(G2) (3.10)

This combined with Equation (3.9) implies that:

mfi(G)− (|R1|+ |R2|) = mfi(G2) (3.11)

Surely, by repeating this argument until step k we get Equation (3.6) as required. The
theorem thus follows.

In the next corollary, we slightly extend the statement of Theorem 9 using clique minimal
separator decomposition (Corollary 6).

Corollary 11. Let G be a graph and AG the set of atoms of G as defined by Algorithm
1. For every atom A ∈AG let A+

α = (VA,EA∪FA) be a triangulation of A defined using an
elimination ordering α over A satisfying the conditions stated in Theorem 9. If F =

⋃
A∈AG

FA

then H = (V,E ∪F) is a minimum triangulation of G.
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3.3 Experimental Results

The Parameterized Algorithms and Computational Experiments challenge (for short PACE)
is a yearly competition run with the aim of determining the applicability of algorithmic ideas
studied and developed in different fields, including fixed-parameter tractable algorithms.
PACE challenge 2017 was split into 2 tracks namely Track A: Treewidth and Track B:
Minimum Fill-In.

The author of this thesis took part in Track B of PACE challenge 2017. The objective
of this track was to develop a program that receives a text file representing an undirected
graph G = (V,E) and outputs the list of edges in a minimum triangulation H = (V,E ∪F)

of G. The program could be written in any language but could not use any solvers (e.g.,
SAT or ILP solvers) to produce a solution. Another requirement specified by the event
organizers was that the submitted algorithm must be a “fixed-parameter algorithm for any
non-trivial parameterization”. They defined any parameter other than mfi(G) to be a non-
trivial parameter.

The organizers of PACE challenge were only concerned with fixed-parameter algorithms
that compute the exact value of the minimum fill-in parameter. They would run every
submission on a set of 100 challenging hidden instances. Given an instance, every submitted
program is given a timeout of 30 minutes to compute a solution. We refer the interested
reader to the organizers’ website [45] and their publication summarizing PACE challenge
2017 [? ].

In this section, we will briefly discuss the idea and the algorithm behind our submission
to PACE challenge 2017. Afterwards we will present the output of our program given certain
grid and rook’s graphs where the exact value of the minimum fill-in parameter could not be
defined using our theoretical work from Chapter 7.

Our program begins by applying the preprocessing steps described in Section 3.2. More
specifically, given a graph G = (V,E), using Corollary 11 we first obtain the set AG of all
atoms in G. Next for every atom A ∈ AG and for the largest value k applicable in A, we
apply the condition (1) of Theorem 9 thus obtaining a reduced graph Ak. And finally, in order
to satisfy condition (2), we apply the minimum fill-in algorithm from [32] to the graph Ak.
Since the minimum fill-in algorithm of [32] requires the set of all potential maximal cliques
(PMCs for short) of Ak, we will use the PMC algorithm from [33].

Before describing all of the above-mentioned algorithms in greater details, let us first
review some necessary terminologies and results. Let G = (V,E) be a graph and S ∈SG a
minimal separator in G. A connected component C ∈ CG(S) is a full component associated
with the separator S given that NG(VC) = S. Given the minimal separator S ∈ SG and a
connected component C ∈ CG(S), we define R(S,C) = G[S∪VC] that is the graph induced by
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S and the vertex set of C over G. A set of vertices Ω⊂V is a potential maximal clique of G if
there exists a minimal triangulation H of G in which Ω is a clique. Given a potential maximal
clique Ω in G, we let CG(Ω) be the set of all connected components in the graph G−Ω.
Next, given a potential maximal clique Ω in G we define the set of separators associated
with Ω as SG(Ω) = {NG(VC)|C ∈ CG(Ω)}. We note that every vertex set S ∈SG(Ω) is a
minimal separator in G and that S is contained within Ω.

As part of the PMC algorithm from [33], we need to list all minimal separators of a given
graph. For this purpose, we have relied on Algorithm 3 from [12].

Algorithm 3: Listing all minimal separators of a given graph
Input: A graph G = (V,E)
Output: The set SG of all minimal separators of G
Initially let S = /0;
foreach vertex v ∈V do

foreach connected component C ∈ CG (NG[v]) do
Add NG(C) to S ;

end
end
let T = /0;
while there exists a minimal separator S in S \T do

Fix a minimal separator S in S \T ;
foreach vertex x ∈ S do

Add NG(x) to S ;
end
Add S to T

end
Let SG = S

It is easy to verify (and is proved formally in [12]) that Algorithm 3 has the run time of
O(n3|SG|). However, as discussed in [31], |SG| can be potentially exponential in terms of n
for a general graph G.

Another element required by the PMC algorithm is a method of verification for potential
maximal cliques. For this reason, the following theorem from [32] is used to determine
whether a given vertex set is a potential maximal clique of a graph.

Theorem 10 (Bouchitté et al. [32]). Let G = (V,E) be a graph and K ⊆V a set of vertices.
K is a potential maximal clique of G iff both following conditions are met:
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(1) There does not exist any connected component C ∈ CG(K) s.t. NG(C) = K. In other
words, there does not exist any full connected components associated with K in G−K
i.e., C ∗G(k) = /0.

(2) K becomes a clique in the graph obtained from G by addition of the missing edges
in NG(VC) for every connected component C ∈ CG(K). Formally

⋃
S∈SG(Ω) fillG (S) =

fillG(K).

It is noted in [32] that given a graph G = (V,E) and a subset of vertices K ⊆V , the task
of verifying whether K is a potential maximal clique of G can be done in time O(n3).

Now we can present Algorithm 4 taken from [33] which generates the set ΠG of all
potential maximal cliques of a given graph G. As a part of Algorithm 4 we will be labelling the
vertices of G with V = {v1, . . . ,vn} and as a shorthand we will be using Gi = G[{v1, . . . ,vi}].
Furthermore, the task of verifying whether a given vertex set is a potential maximal clique is
done using Theorem 10.
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Algorithm 4: Listing all potential maximal cliques of a given graph
Input: A graph G = (V,E)
Output: The set ΠG of all potential maximal cliques of G
Label the vertices of G with V = {v1, . . . ,vn};
Initially, let ΠG1 = {{v1}} and SG1 = /0;
for i = 1 to n−1 do

Using Algorithm 3 algorithm compute the set SGi+1;
Initially let ΠGi+1 = /0;
foreach potential maximal clique Ω ∈ΠGi do

if Ω is a PMC in Gi+1 then
Add Ω to ΠGi+1 ;

else
if Ω∪{vi+1} is a PMC in Gi+1 then

Add Ω∪{vi+1} to ΠGi+1;
end

end
end
foreach minimal separator S ∈SGi+1 do

if S∪{vi+1} is a PMC in Gi+1 then
Add S∪{vi+1} to ΠGi+1;

end
if vi+1 /∈ S and S /∈SGi then

foreach minimal separator T ∈SGi+1 do
foreach full connected component C ∈ C ∗Gi+1(S) do

if S∪ (T ∩VC) is a PMC in Gi+1 then
Add S∪ (T ∩VC) to ΠGi+1;

end
end

end
end

end
end
Let ΠG = ΠGn ;

It is shown in [33] that Algorithm 4 has the running time of O(n3|SG|2). As previously
discussed, |SG| can potentially be exponential in terms of n.
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Now we are able to present Algorithm 5 from [32] that given a graph G determines
mfi(G).

Algorithm 5: Determining the minimum fill-in of a given graph
Input: A graph G = (V,E)
Output: mfi(G)

Compute SG and ΠG using Algorithm 3 and Algorithm 4 resp. ;
Initially let B = /0;
foreach minimal separator S ∈SG do

foreach connected component C ∈ CG(S) do
Add (S,C) to B;

end
end
foreach (S,C) ∈B taken s.t. |S|+ |VC| is minimized do

if NG(VC)⊂ S then
Let S∗ = NG(VC);
Using Algorithm 5 compute mfi(R(S∗,C));
Let mfi(R(S,C)) = mfi(R(S∗,C));

else
Initially let mfi(R(S,C)) = ∞;
foreach PMC Ω ∈ΠG where S⊂Ω⊆ (S,C) do

Initially let RΩ = /0;
foreach connected component Ci ∈ CG(Ω) do

Let Si = NG(VCi) and add R(Si,Ci) to RΩ;
end
Compute k = ∑R(Si,Ci)∈RΩ

mfi(R(Si,Ci))) using Algorithm 5;
Let mfi(R(S,C)) = min(mfi(R(S,C)), |fillG(Ω)|− |fillG(S)|+ k);

end
end

end
Let mfi(G) = minS∈SG(|fillG(S)|+∑C∈CG(S)mfi(R(S,C)));

It is proved in [32] that this algorithm returns the minimum fill-in of a given graph G
in time O(n2|SG| × |ΠG|). To reiterate, the problem is parameterized by the number of
minimal separators in the graph and its complexity is polynomial in terms of n. As a result,
Algorithm 5 is a fixed-parameter tractable algorithm for the MINIMUM FILL-IN problem.
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It is proved in [31] that |ΠG| = O(n|SG|2), therefore we can rewrite the running time of
Algorithm 5 as O(n3|SG|3).

Notice that Algorithm 5 does not benefit from any preprocessing. We will therefore apply
our results from Section 3.2 in order to reduce the graph prior to relying on Algorithm 5 to
solve the MINIMUM FILL-IN problem in the reduced instance.

Given a graph G = (V,E), the following function is used within our algorithm (Algorithm
7) in order to return a safe vertex v ∈V to eliminate. Note that the checks within Algorithm
6 can be done in polynomial time in terms of n and that they correspond to cases (A) and (B)
of Corollary 10.

Algorithm 6: Finding a “safe” vertex v to be eliminated from G
Input: A graph G = (V,E)
Output: A “safe” vertex v to eliminate from G
foreach vertex v ∈VG do

Compute Fv using Algorithm 2;
if v is simplicial vertex in G or G⊕Fv then

return v;
end
if v is almost simplicial in G or G⊕Fv and degG(v) = κ(G) then

return v;
end

end

Finally, we present Algorithm 7, that is our fixed parameter tractable algorithm for the
MINIMUM FILL-IN problem which uses the preprocessing rule outlined by Corollary 11.

Now let us determine the running time of Algorithm 7. [73] proved that determining the
vertex connectivity of a graph can be computed in time O(n4). Therefore, Algorithm 6 has a
running time of O(n5). However, this algorithm may run n times as part of 7 (an upper bound
on the number of atoms in a graph is n). It is easy to verify that Algorithm 2 has running
time of O(n3). Clearly |AG| ≤ n and it is shown in [97] that Algorithm 1 has running time of
O(n3). Putting all the above observations together, we can state that our preprocessing runs
in time O(n6). This run time is still dominated by that of Algorithm 5 and we can therefore
conclude that Algorithm 7 has running time of O(n5 +n3|SG|3). This concludes that our
algorithm remains a fixed parameter tractable algorithm for the MINIMUM FILL-IN problem.
We also point out that this satisfies the “non-trivial parameterization” criteria stated by the
organizers, as the problem in our case is parameterized by the number of minimal separators
in the input graph (as opposed to mfi(G)).
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Algorithm 7: Determining the minimum fill-in of a given graph (with preprocess-
ing)

Input: A graph G = (V,E)
Output: mfi(G)

Compute AG using Algorithm 1;
Initially let c = 0;
foreach atom A ∈AG do

Initially, let i = 0 and A0 = A;
while a vertex v is returned by Algorithm 6 given Ai do

Add |fillAi
(NAi(v))| to c;

Let Ai+1 be the graph obtained from Ai by elimination of vertex v;
Let i = i+1;

end
Let Ak = Ai;
Compute mfi(Ak) using Algorithm 5;
Add mfi(Ak) to c;

end
Let mfi(G) = c;

We used SageMath [94], which is a free open-source software providing an extensive
library on graph theory, for our implementation of Algorithm 7. SageMath’s graph library
helps us efficiently store graph objects and perform simple tasks on graphs (for example,
getting the vertex set or finding a neighbourhood). Our program was written in Python and
other than SageMath’s graph library, it did not use any non-standard libraries.

For demonstration, we ran our program on a system with the 16-core Apple M1 chip
(3.2GHz). We considered grids and rook’s graphs for this demonstration. This is mainly
due to the fact that in Chapter 7 we have determined, using formal proofs, the exact value
of mfi(Pm□Pn) for m≤ 4 and n≥ m as well as mfi(Km□Kn) for m≤ 3 and n≥ m. Table 3.1
and Table 3.2 demonstrate the computed value for mfi(Pm□Pn) and mfi(Km□Pn) respectively
for 5 ≤ m ≤ 7 and m ≤ n ≤ 13. The cells containing X are skipped due to their values
being considered in the previous rows of the same table. For example in Table 3.1, the
cell corresponding to the graph P7□P6 (i.e., m = 7 and n = 6) is skipped as this graph is
isomorphoc to the P6□P7 which is discussed in the previous row (m = 6 and n = 7). For the
majority of the empty cells, our program was unable to compute a value under a day.
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n

m 5 6 7 8 9 10 11 12 13

5
mfi 37 50 62 75 87 100 112 125 137

time 0.12 0.68 4.09 24.44 71.86 157.48 978.70 4130.67 171800.04

6
mfi

X
69 86 103 121 139

time 5.86 57.57 121.06 1068.53 7812.67

7
mfi

X X
111 134

time 1049.42 20502.76

Table 3.1 Minimum fill-in of m×n grids and the time it took (in seconds) to compute these
values using our implementation of Algorithm 7.

n

m 4 5 6 7 8 9 10 11 12 13

4
mfi 38 66 100 141 188 244 306 375 450 534

time 0.02 0.10 0.42 1.56 6.03 22.00 92.33 198.49 817.27 3426.53

5
mfi

X
110 170 240 322 416 520 640 770

time 0.46 1.88 7.33 23.03 85.76 233.86 1178.63 5009.81

6
mfi

X X
255 365 490 633 795 975

time 4.56 19.49 82.38 351.67 1478.14 6311.57

7
mfi

X X X
511 693 896 1125

time 87.52 381.31 1637.88 7121.70

Table 3.2 Minimum fill-in of m×n rook’s graphs and the time it took (in seconds) to compute
these values using our implementation of Algorithm 7.



Chapter 4

Treewidth

In this chapter, we are only focusing on the treewidth parameter, which was previewed
and discussed in Section 2.3. More specifically, we are interested in the treewidth of some
grid-like graph classes, for which this parameter was previously not known. We will be using
some results presented in Section 2.4 in order to obtain the exact value of treewidth for these
graphs. It is worth noting that the results obtained within this section are of interest on their
own, and that they will be needed in the later chapters of this thesis.

4.1 Determining the Treewidth of Grid-Like Graphs

In this section, we determine the exact value of the treewidth parameter in certain grid-like
graph classes, namely, triangular and hexagonal grids, king’s graphs and rook’s graphs as
introduced in Section 1.4. Let us begin with a motivation for our study.

It is known that the treewidth of an n×n grid graph is n, as shown in [37, 19]. Then using
Lemma 3, given that a graph G has an n×n grid minor, we can state that tw(G)≥ n. This
shows how the existence of grid minors in a graph can be used to obtain a lower bound on its
treewidth parameter. In addition, we can provide an upper bound for the treewidth parameter
using the Grid Minor theorem from [89]. More specifically, given that the largest grid minor
of a graph G is an n×n grid, there exists a function f where tw(G)≤ f (n). Similar results
have since been proved for grid-like minors of a graph (see [80] where the author considers
rook’s graphs as minors). In short, by finding the largest grid minor of a given graph G,
one can obtain both a lower bound and an upper bound on tw(G). We point out that the
problem of deciding whether a graph contains another graph as a minor is NP-complete in
general. However, it is shown in [90] that this problem is fixed parameter tractable when
parameterized by the size of the grid.
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Fig. 4.1 The 5× 5 triangular grid G. The cross C3,2 (green) and the two sets {vr,5|r ∈
{1, . . . ,4}} (red) and {v5,c|c ∈ {1, . . . ,5}} (blue) are highlighted.

Additionally, only for a few graph classes, the exact value of treewidth is known. To the
best of our knowledge, the exact value of treewidth has not been determined with a proof for
triangular grids, hexagonal grids, king’s and rook’s graph Therefore, in this section, we will
prove the exact value of treewidth for these graphs. We also point out that the results in this
section are of interest to us within the context of our study in Chapter 6.

By Theorem 3, in order to show that tw(G) ≥ k for a graph G, it suffices to define a
bramble of order k+ 1 over G. This idea has been used in [16] and [80] respectively to
prove a lower bound on the treewidth of the Pn□Pn and Kn□Kn graphs for n≥ 2. Note that
the exact value of treewidth for the Pm□Pn graphs, m,n≥ 2, has been proved in [37] to be
min{m,n} using a more complex method in an earlier paper.

Additionally, [37] states without a proof that the treewidth of the m×n triangular and
hexagonal grid is min{n,m}. This can be proved by the same method used in [16] (via
brambles) and the proof is only added here for completeness.

Lemma 13. Let G = (V,E) be an m× n triangular grid for m,n ≥ 2. Then tw(G) =

min{m,n}.

Proof. In the first part of the proof, we show that tw(G)≥ m by constructing a bramble B

of order m+1 proving that bn(G)≥ m+1 In the second part, we then prove that tw(G)≤ m
by defining an elimination ordering α over G where maxv∈V |madj+α (v)| ≤ m.

Assume w.l.o.g. that n≥m. Then clearly G contains a m×m triangular grid as a subgraph.
So in order to prove that tw(G)≥ m, by Lemma 3 it suffices to prove that treewidth of the
m×m triangular grid is at least m. So let G be a m×m triangular grid for m≥ 2 (in the first
part of this proof.
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We define the vertex set Cr,c, referred to as a cross at r,c to be the union of all vertices at
row r and column c minus the vertices of columns or row m. For r,c ∈ {1, . . . ,m−1}, below
is a formal definition of a cross:

Cr,c = {vr′,c′|r′,c′ ∈ {1, . . . ,m−1}, r = r′ or c = c′}

Then define B (see Figure 4.1):

B =
{
{vr,m|r ∈ {1, . . . ,m−1}},{vm,c|c ∈ {1, . . . ,m}}

}
∪
{

Cr,c|r,c ∈ {1, . . . ,m−1}
}

Before determining the order of the bramble B, let us prove that {Cr,c|r,c ∈ {1, . . . ,m−
1}} is a bramble of order m− 1 in G. The set {Cr,c|r,c ∈ {1, . . . ,m− 1}} is obviously a
bramble since for every pair of crosses Cr,c,Cr′,c′ in this set, |Cr,c∩Cr′,c′| ≥ 2 as they share
a column and a row. To show that {Cr,c|r,c ∈ {1, . . . ,m−1}} is a bramble of order m−1,
suppose for a contradiction there exists a hitting set S for the set of crosses where |S|< m−1.
Then there exists r,c ∈ {1, . . . ,m− 1} s.t. S does not contain any vertices from row r nor
column c. Then, clearly Cr,c∩S = /0, a contradiction. Now let S′ = {v1,c′|c′ ∈ {1, . . . ,m−
1}} and observe that |S′| = m− 1 and S′ is a hitting set of {Cr,c|r,c ∈ {1, . . . ,m− 1}}. In
conclusion, we have that {Cr,c|r,c ∈ {1, . . . ,m− 1}} is a bramble of order m− 1 in G as
desired.

Observe that the two sets {vr,m|r ∈ {1, . . . ,m−1}} and {vm,c|c ∈ {1, . . . ,m}} touch in G
and that they do not have any common vertices. Furthermore, these sets touch every cross
from {Cr,c|r,c∈ {1, . . . ,m−1}} and do not share any vertices with the crosses. So any hitting
set for B must contain at-least (m−1)+2 vertices. To show that B is a bramble of order
m+1, define the vertex set S∗ = {v1,c′|c′ ∈ {1, . . . ,m}}∪{vm,1}. Notice that, |S∗|= m+1
and that S∗ is a hitting set for B proving that it is a bramble of order m+1. This implies that
bn(G)≥ m+1, and using Theorem 3 we can state that tw(G)≥ m as desired.

Next, in the case of the m×n triangular grid G = (V,E) where n≥ m≥ 2, we need to
show that tw(G) ≤ m. By Theorem 4 it suffices to define an elimination ordering α over
G s.t. maxv∈V |madj+α (v)|= m. Let α be an elimination ordering over G s.t. for 1≤ i≤ mn,
α(i) = vr,c where c =

⌊ i−1
n

⌋
+1 and

r =

m if (i mod m) = 0

i mod m, otherwise
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Informally α eliminates the columns of G in order of 1 to n and eliminates vertices of the
column c in the following order: v1,c, . . . ,vm,c. Define the subset X ⊂V to be

X = {vr,c|c ∈ {1, . . . ,n−1},r ∈ {1, . . . ,m}}\{vm,n−1}

It is easy to check that by our construction, for every vertex vr,c ∈ X we have:

madj+α (vr,c)⊆ ({vr′,c|r′ ∈ {r+1, . . . ,m}}∪{vr′,c+1|r′ ∈ {1, . . . ,r}})

This implies that maxv∈X |madj+α (v)| ≤ m and so X is an m-achievable set.
Since |X |= mn−m−1 by Lemma 4 we have that tw(G)≤ m. Combining this with the

fact that tw(G)≥ m we get that treewidth of the m×n triangular grid is exactly m.

The same result can be shown for hexagonal grids:

Lemma 14. Let G = (V,E) be an m× n hexagonal grid for m,n ≥ 2. Then tw(G) =

min{m,n}.

Proof. In this proof, we will be using the notations Lh
c and Mh

r , for c ∈ {1, . . . ,n} and
r ∈ {1, . . . ,m}, which refer to the h-column index c and h-row index r of G respectively. All
of the above notations are previously defined in Section 1.4.

W.l.o.g. assume that n≥m. First, we show that tw(G)≤m by constructing an elimination
ordering over G with maxv∈V |madj+γ (v)|= m.
Case 1. In the case where m is even, starting with c= 1 until n−1, let γ eliminate the vertices
of Lh

c (that is h-column index c of G) in this order: First eliminate v1,c,v2,c,v3,c, . . . ,vm,c

and afterwards proceed to eliminate v′1,c+1,v
′
2,c+1,v

′
3,c+1, . . . ,v

′
m,c+1. Ultimately end by

eliminating the vertices of the last h-column, Lh
n, in this order: v1,n,v2,n,v′2,n,v

′
3,n . . . ,vm,n.

Case 2. Given that m is odd, starting with c = 1 until n− 1, let γ eliminate the ver-
tices of Lh

c in this order: Begin by eliminating v1,c,v2,c,v3,c, . . . ,vm−1,c,vm,c+1 and then
v′1,c+1,v

′
2,c+1,v

′
3,c+1, . . . ,v

′
m,c+1. Finally, eliminate the vertices of the last h-column, Lh

n, in
this order: v1,n,v2,n,v′2,n,v

′
3,n, . . . ,v

′
m−1,c,v

′
m,c.

This elimination ordering is demonstrated in Figure 4.2 and it is easy to verify that for
every c ∈ {1, . . . ,n}, all vertices of Lh

c can be eliminated with degree of at most m. This
implies that maxv∈V |madj+γ (v)|= m consequently by Theorem 4 we have that tw(G)≤ m.
Later, in the proof of Lemma 28 (as well as Lemma 32) we construct and discuss in further
details another elimination ordering α over a hexagonal grid with maxv∈V |madj+α (v)|= m.

Next, in order to prove that tw(G)≥m we construct a bramble of order m+1 over G. Our
construction will be very similar to the one in the proof of Lemma 13. Define the cross Cr,c
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v′1,3

v2,2

v′2,3

v3,2

v′3,3

v4,2

v′4,3

v′5,3
v5,3

v1,3

v2,3

v3,3

v4,3

(d) G0

v1,212→
v′1,311→

v2,213→
v′2,314→

v3,216→
v′3,315→

v4,217→
v′4,318→

v′5,319→
v5,320→

v1,3

v2,3

v3,3

v4,3

(e) G10

v1,322→
v′1,421→

v2,323→
v′2,424→

v3,326→
v′3,425→

v4,327→
v′4,428→

v′5,429→
v5,430→

v1,5

v2,5

v3,5

v4,5

(f) G30

Fig. 4.2 The elimination ordering γ over the m×n hexagonal grid G, where n≥ m. (a)-(c)
depict the graph Gi for i ∈ {0,8,16} in the case where m = 4. The label of the vertices
eliminated by γ is pointed out next to them, and the added edges are drawn in green. G8 is
obtained from G0 by elimination of all vertices from Lh

1 (its first h-column) and similarly G16
is obtained from G8 by elimination of Lh

2. A similar elimination process is demonstrated in
(d)-(f) in the case where m = 5.
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v1,1

v′1,2

v2,1

v′2,2

v3,1

v′3,2

v4,1

v′4,2

v′5,2

v1,2

v′1,3

v2,2

v′2,3

v3,2

v′3,3

v4,2

v′4,3

v5,2

v′5,3

v1,3

v′1,4

v2,3

v′2,4

v3,3

v′3,4

v4,3

v′4,4

v5,3

v′5,4

v1,4

v′1,5

v2,4

v′2,5

v3,4

v′3,5

v4,4

v′4,5

v5,4

v′5,5

v1,5

v2,5

v′2,6

v3,5

v′3,6

v4,5

v5,5

v′4,6

v′5,6

Fig. 4.3 The 5× 5 hexagonal grid G. The set C3,3 \ (Lh
5 ∪Mh

5) (green) and the two sets
{vr,5,v′r,6|r ∈ {2, . . . ,4}}∪{v1,5} (red) and {v5,c,v′5,c|c ∈ {2, . . . ,5}}∪{v′5,6} (blue) are high-
lighted.

for r ∈ {1, . . . ,m− 1} and c ∈ {1, . . . ,n− 1} as Cr,c = (Lh
c ∪Mh

r ) \ (Lh
n∪Mh

m). Then define
B (see Figure 4.3):

B =
{

Lh
n \Mh

m,M
h
m
}
∪
{

Cr,c \ (Lh
n∪Mh

m)|r ∈ {1, . . . ,m−1},c ∈ {1, . . . ,n−1}
}

By the same arguments used for Lemma 13 we can show that {Cr,c \ (Lh
n ∪Mh

m)|r ∈
{1, . . . ,m−1},c ∈ {1, . . . ,n−1}} is a bramble of order m−1 and hitting set of B has m+1
vertices as two additional vertices are needed for the sets Lh

n \Mh
m,M

h
m. Then by Theorem 3

we have that bn(G) = tw(G)− 1 ≥ m+ 1. We have previously shown that tw(G) ≤ m
consequently we have that tw(G) = m as desired.

Next, we consider the king’s graph.

Lemma 15. Let G= (V,E) be an m×n king’s graph, m,n≥ 4. Then tw(G) =min{n,m}+1.

Proof. Assume w.l.o.g. that n ≥ m. First, we prove that tw(G) ≥ m+ 1. By Lemma 3
it suffices to prove that the treewidth of the m×m king’s graph is at least m+ 1. So let
G = (V,E) be the m×m king’s graph for m≥ 4. We consider the following cases:
Case 1. First let m ≥ 5. As in the proof of Lemma 13, define the cross at the row r and
column c, for r,c ∈ {1, . . . ,m−2} to be:

Cr,c = {vr′,c′|r′,c′ ∈ {1, . . . ,m−2},r = r′ or c = c′}
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Then define C to be the set of crosses C = {Cr,c|r,c ∈ {1, . . . ,m−2}}. G is a supergraph
(obtained by addition of edges) of the m×m triangular grid. The by the same arguments in
the proof of Lemma 13, C is a bramble of order m−2 in G. Next, let us define the following
set of ‘zigzag’ vertex sets A,B,C,D⊂V (see Figure 4.4 for a demonstration):

A = {vr,c|r ∈ {1, . . . ,m},c = m− (r mod 2)}

B = {vr,c|r ∈ {1, . . . ,m},c = (m−1)+(r mod 2)}

C = {vr,c|c ∈ {1, . . . ,m−2},r = m− (r mod 2)}

D = {vr,c|c ∈ {1, . . . ,m−2},r = (m−1)+(r mod 2)}

Notice that the sets A,B,C,D have no vertices in common and are pairwise touching in
G. They also touch every cross in C but do not have any common vertices with the crosses.
Then define B =C ∪{A,B,C,D}. It is easy then to see B is a bramble and that every hitting
set for B must contain at least (m−2)+4 vertices. This concludes that bn(G)≥ m+2 and
so tw(G)≥ m+1 by Theorem 3.
Case 2. Let m = 4. Similar to the previous case, define the sets of zigzag vertex sets:

A = {vr,c|r ∈ {1, . . . ,m},c = m− (r mod 2)}

B = {vr,c|r ∈ {1, . . . ,m},c = (m−1)+(r mod 2)}

C = {vr,c|c ∈ {1, . . . ,m−2},r = m− (r mod 2)}

D = {vr,c|c ∈ {1, . . . ,m−2},r = (m−1)+(r mod 2)}

Instead of the set of crosses C used in the previous case we use the following vertex
sets {v1,1,v2,2},{v1,2,v2,1}. First note that {v1,1,v2,2},{v1,2,v2,1} are disjoint and pairwise
touching. They also touch each of the zigzag vertex sets. Then it is easy to see that the
bramble B = {{v1,1,v2,2},{v1,2,v2,1}}∪ {A,B,C,D} is a bramble of order 2+ 4 over G.
This implies that bn(G) = 6 and tw(G) = m+1 = 5 by Theorem 3.

Next, we show that tw(G)≤ m+1 for the m×n king’s graph G where n≥ m≥ 4. To do
so we let α be an elimination ordering over G that eliminates the columns of G in order of
1 to n and eliminates vertices of the column c in the following order: v1,c, . . . ,vm,c (this is
similar to the one used in the proof of Lemma 13). Define the subset S⊂V to be

S = {vr,c|r ∈ {1, . . . ,m},c ∈ {1, . . . ,n−1}}\{vn−1,m−1,vn−1,m}

It is easy to check that by our construction, for every vertex vr,c ∈ S we have:

madj+α (vr,c)⊆ ({vr′,c|r′ ∈ {r+1, . . . ,m}}∪{vr′,c+1|r′ ∈ {1, . . . ,r+1}})
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Fig. 4.4 The 7×7 king’s graph G. The cross C3,3 (green) and the ‘zigzag’ vertex sets A,B
(light and dark red) and C,D (light and dark blue) are also highlighted.

This implies that maxv∈S |madj+α (v)| ≤ m+1 and so S is an (m+1)-achievable set. Since
|S| = mn−m−2 by Lemma 4 we have that tw(G) ≤ m+1. Combining this with the fact
that tw(G)≥ m+1 we get that tw(G) = m+1 and the lemma follows.

In the following lemma, we establish the exact value of the treewidth parameter for the
m×n king’s graph in the case where n≥ 2 and m ∈ {2,3}. Notice the difference in treewidth
in case (ii).

Lemma 16. Let G be an m×n king’s graph where n,m≥ 2 and m ∈ {2,3}. Then:

(i) if m = 2 and n≥ 2 then tw(G) = m+1.

(ii) if m = n = 3 then tw(G) = m.

(iii) if m = 3 and n≥ 4 then tw(G) = m+1.

Proof. First, consider the case where m = 2. Since {vr,c|r,c∈ {1,2}} is a clique on 4 vertices
in G, by Lemma 3 we have that tw(G) ≥ 3. It remains to show tw(G) ≤ 3. Let α be an
elimination ordering over G that eliminates V in the following order: v1,1,v2,1,v1,2, . . . ,v2,n.
It is easy to verify that α is a perfect elimination ordering, as no chords will be added.
Furthermore, since maxv∈V |madj+α (v)|= 3, we have that tw(G) = m+1 = 3.

Next, consider the case where m = n = 3. Clearly, the P3□P3 graph is a subgraph of G
thus tw(G)≥ 3. To show that tw(G)≤ 3, let α be an elimination ordering that eliminate the
vertices of G in the following order: v1,1,v3,1,v1,3,v3,3,v2,1,v1,2,v2,2,v3,2,v2,3. It is easy to
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v1,1
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v1,n

v2,n

v3,n

(a) G

v2,1

v1,2

v2,2

v3,2

v1,3

v2,3

v3,3

v2,4

(b) G[X ]

v1,2

v2,2

v3,2

v1,3

v2,3

v3,3

(c) G′

v1,2

v2,2

v3,2

v1,3

v2,3

(d) G′′

Fig. 4.5 (a) the 3× n king’s graph G for n ≥ 4. (b) the induced subgraph G[X ]. (c) the
graph G′ obtained from G[X ] by contracting the edges v2,1v3,2 and v2,4v3,3. (d) the graph
G′′ obtained from G′ by contracting the edge v3,2v3,3. The edges that are contracted are
highlighted in green.

verify that maxv∈V |madj+α (v)|= 3 proving that tw(G)≤ 3. This combined with the fact that
tw(G)≥ 3 implies that tw(G) = m = 3.

Finally, consider the case where m= 3 and n≥ 4. The graph G in this case is demonstrated
in Figure 4.5a. We first show that G has a K5 minor. Define the subset X ⊂ V to be
X = {vr,c|c ∈ {2,3},r ∈ {1,2,3}} ∪ {v2,1,v2,4} and consider the induced subgraph G[X ]

(shown in Figure 4.5b). By definition, G[X ] is a minor of G obtained by iteratively removing
every vertex from V \X . Let G′ be the graph obtained from G[X ] by contracting the edges
v2,1v3,2 and v2,4v3,3 (see Figure 4.5c). Next, let G′′ be the graph obtained from G′ by
contracting the edge v3,2v3,3 (see Figure 4.5d). It is then easy to see that G′′ is a K5 and is a
minor of G, hence tw(G′′) = 4 (this follows from Lemma 3 as G′′ is chordal and ω(G′′) = 5).
Then by Lemma 3, we have that tw(G)≥ tw(G′′) = 4.

In order to show that tw(G) ≤ 4, by Theorem 4 it suffices to construct an elimination
ordering α over where maxv∈V |madj+α (v)| ≤ 4. Let α eliminate the vertices of the columns of
G from column index 1 to n while eliminating the vertices of every column c ∈ {1, . . . ,n} in
the following order: v1,c,v3,c,v2,c. By construction, maxv∈V |madj+α (v)|= 4 then tw(G)≤ 4.
This combined with the fact that tw(G) ≥ 4 implies tw(G) = m+ 1 = 4. The lemma thus
follows.

The following corollary summarizes our results on the treewidth of the king’s graphs.

Corollary 12. Let G be an m×n king’s graph where 2≤m≤ n, then tw(G) = n if m = n = 3,
otherwise tw(G) = m+1.

Lastly, we will discuss the treewidth of rook’s graphs. [40] studied the pathwidth of rook’s
graph, where they provide an upper bound for this parameter. Since a path decomposition is
a special type of tree decomposition, an upper bound for pathwidth is also an upper bound
for the treewidth parameter. The following theorem states this upper bound on the treewidth
parameter in rook’s graphs:



58 Treewidth

Lemma 17 (Pathwidth of Rook’s Graphs, Clarke et al. [40]). Let G = (V,E) be a Km□Kn

rook’s graph for 2≤ m≤ n. Then:

(i) If m is odd, then tw(G)≤ pw(G) = n⌈m
2 ⌉−1.

(ii) If m is even, then tw(G)≤ pw(G) = m
2 (n+1)−1.

lea
In the following theorem, we show that the upper bound demonstrated in Lemma 17

is tight, thus determining the exact value for the treewidth of rook’s graphs. We point out
that our proof is a generalization of the proof of Theorem 3.1 from [80] in which the author
shows that for a Kn□Kn rook’s graph G, where n≥ 3, tw(G) = n

2(n+1)−1.

Theorem 11 (Treewidth of Rook’s Graphs). Let G = (V,E) be a Km□Kn rook’s graph for
2≤ m≤ n. Then:

(i) If m is odd, then tw(G) = n⌈m
2 ⌉−1.

(ii) If m is even, then tw(G) = m
2 (n+1)−1.

Proof. First, let us consider the case where m is odd. To show that tw(G) ≥ n⌈m
2 ⌉− 1,

we prove that bn(G) ≥ n⌈m
2 ⌉. Define Lc for every c ∈ {1, . . . ,n} to contain every subset

of size ⌈m
2 ⌉ vertices from the column c. Notice that every vertex set from Lc induces a

connected subgraph in G and every pair of vertex sets L,L′ ∈Lc are pairwise touching in G
since L,L′ must have at least one common vertex. Then Lc is a bramble, and it is easy to
see that any hitting set of Lc must contain at-least ⌈m

2 ⌉ vertices in column c. Next, define
B =

⋃
c∈{1,...,n}Lc. To see that B is a bramble consider two sets L,L′ ∈B s.t. L ∈Lc and

L′ ∈Lc′ for distinct columns c,c′ ∈ {1, . . . ,n}. Since L,L′ each contain ⌈m
2 ⌉ vertices from

columns c,c′ respectively, there must exist a row r ∈ {1, . . . ,n} s.t. vr,c ∈ L and vr,c′ ∈ L′.
Then L,L′ are touching in G as vr,cvr,c′ ∈ E and so B is a bramble. Since any hitting for B

must contain ⌈m
2 ⌉ vertices from every column, we have that bn(G) ≥ n⌈m

2 ⌉ and therefore
tw(G)≥ n⌈m

2 ⌉−1 by Theorem 3. As shown in Lemma 17, tw(G)≤ n⌈m
2 ⌉−1 which implies

tw(G) = n⌈m
2 ⌉−1.

Next, let us consider the case where m is even. Let us first discuss the easy case where
m = 2. Obviously in this case δ (G) = n therefore by Lemma 3, tw(G)≥ n. By Lemma 17,
tw(G)≤ n thus we have that tw(G) = n. Now we will suppose that m≥ 4. In this case, we
must rely on a more complicated bramble construction. Define B to be the union of the
following two sets of vertex sets:

A: Let A be the set containing every vertex set Z ⊂V s.t. G[Z] is connected and Z contains
vertices from at least m

2 +1 different rows.

For example, the set {vr,1|r ∈ {1, . . . , m
2 +1}} is an element of the set A.
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B: Define B as the set containing every vertex set Z ⊂ V s.t. G[Z] is connected and Z
contains vertices from at least ⌊n

2⌋+1 different columns and at least m
2 different rows.

For example, {vr,c|r ∈ {1, . . . , m
2 },c ∈ {1, . . . ,⌈

n
2⌉+1}} is contained in the set B.

C: Before defining C, let R be a set of subsets of {1, . . . ,m} defined using the following
steps: At the start, let R = R ′ = /0. Exhaustively, take a subset R⊆ {1, . . . ,m} of size
m
2 that does not exist in R ∪R ′. Add R to R and {1, . . . ,m}\R to R ′.

Now define C as the set containing every vertex set Z ⊂V satisfying all the following
conditions: G[Z] is connected and Z contains vertices from at least ⌊n

2⌋ different
columns and at least m

2 different rows, where the set of row indices spanned by Z is an
element of R.

For example, in a 4× 4 rook’s graph, all the following sets are contained in C:
{v1,1,v1,2,v2,1,v2,2},{v1,3,v1,4,v2,3,v2,4},{v2,3,v2,4,v4,3,v4,4},{v1,2,v1,3,v4,2,v4,3}

Clearly, each of the sets A,B are brambles. Additionally, it is easy to verify that for every
pair of sets Z,Z′ ∈C, the set of row indices spanned by Z,Z′ overlap as they are elements of
R. Now let us show that B is also a bramble. Fix a pair Z,Z′ ∈B, and first suppose that
Z ∈ A and Z′ ∈ (B∪C). Following the definition of A, there must exist a row r ∈ {1, . . . ,m}
s.t. the sets Z,Z′ each contain at least one vertex from the row r. Next, suppose that Z ∈C
and Z′ ∈ B. Then by the definition of B, there must exist a column c ∈ {1, . . . ,n} s.t. the sets
Z,Z′ contain at a vertex from column c. This concludes that B is a bramble as desired.

To show that B is a bramble of order n(m
2 )+

m
2 over G, suppose for a contradiction that

there exists a hitting set X ⊂V for B where |X | ≤ n(m
2 )+

m
2 −1. In what follows, we show

that there exists a set from B which is not hit by X .
X must be a hitting set for all elements of A. As a result, we claim that X contains at least

m
2 vertices in every column. To show this, suppose that X has at most m

2 −1 vertices from a
column c ∈ {1 . . . ,n}. Since the set of at least m

2 +1 vertices not covered by X in column
c is an element of A, we have that X cannot be a hitting set for A. Then X must contain at
least m

2 vertices in every column of G. Next, let us determine an upper bound on the number
of vertices hit by X in every column. Since |X | ≤ n(m

2 )+
m
2 −1 and we established that X

has m
2 vertices in every column, it leaves us with m

2 −1 vertices in X . Since n > m
2 −1, we

can conclude that at most m
2 −1 columns in G can have more than m

2 vertices in X . In other
words, at least n− (m

2 −1) columns in G have exactly m
2 vertices from X .

Define the function f : {1, . . . ,n} →P(V ) as f (c) = {vr,c|r ∈ {1, . . . ,m},vr,c /∈ X} for
c ∈ {1, . . . ,n}. Informally, f (c) is the set of all vertices in column c that are not from X . Now
let us suppose the following complementary cases:
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Case 1. Suppose that there exists a set S ⊂ {1, . . . ,m} of m
2 row indices in G where for

every column c ∈ {1, . . . ,n}, we have f (c) contained within the rows in S or its complement
SC = {1, . . . ,m}\S. We still need to consider two complementary subcases in regard to S:
Subcase (i): Suppose that n is odd or n is even and the number of columns c ∈ {1, . . . ,n}
where f (c) is contained within the rows of S is not equal to n

2 . In both such cases, because
for every column c ∈ {1, . . . ,n}, f (c) is either contained within the rows S or SC, we can
fix a set T ⊂ {1, . . . ,n} of column indices that meet the following condition: |T |= ⌊n

2⌋+1
and

⋃
c∈T f (c) is exclusively contained within the rows of S or its complement SC. By this

definition, the induced graph Z = G[
⋃

c∈T f (c)] is a connected component whose vertex set
spans across m

2 rows and n
2 +1 columns. Following the definition of the set B above, we have

that Z ∈ B. Since the vertex set of Z did not contain any vertices from X , we can conclude
that X is not a hitting set for the bramble B, a contradiction.
Subcase (ii): Suppose that the condition stated in the previous subcase does not hold. More
specifically, we have that n is even and the number of columns c ∈ {1, . . . ,n} where f (c) is
contained within the rows of S is n

2 . Let T ⊂ {1, . . . ,n} be the set of all the column indices s.t.
for every column c ∈ T , f (c) is contained within the rows of S. Then |T |= n

2 and following
the definition of the set S, for every column c ∈ T , f (c) does not have any vertices in the
rows of Sc. In other words, for every column c ∈ T , X covers the vertices of column c that
span across the rows Sc (for a total of n

2 ×
m
2 vertices). Similarly, for every column c ∈ TC,

where TC = {1, . . . ,n} \T , X covers the vertices of column c that span across the rows S.
This adds up to a total of n(m

2 ) vertices from X , leaving us with m
2 −1 to consider (recall that

|X |= n(m
2 )+

m
2 −1).

Then there must exist an element of the set C that cannot be covered by X . Recall
that C contained every vertex set spanning across m

2 rows and n
2 columns that induced a

connected component and the set of its rows was an element of R. This is due to the fact
that either S or SC is an element of R and m

2 −1 vertices is clearly not enough to cover every
possible element of C over the vertex sets {vr,c|r ∈ S,c ∈ T} and {vr,c|r ∈ Sc,c ∈ TC}. More
specifically, at least m

2 vertices are needed to cover all vertex sets spanning across m
2 rows

and n
2 columns. As a result, there exists an element of the bramble B that is not covered by

the set X , a contradiction.
Case 2. Suppose that there does not exist any selection of m

2 row indices S in G where for
every column c ∈ {1, . . . ,n}, we have f (c) contained within the rows in S or its complement
SC = {1, . . . ,m}\S. Recall that there exists n− (m

2 −1) columns in G which have exactly
m
2 vertices that are not covered by X . Let us refer to these columns with T and note that
|T |= n− (m

2 −1)≥ ⌊n
2⌋+1
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We argue that the subgraph induced over the vertex set {vr,c|r ∈ S,c ∈ T} is connected.
Suppose for a contradiction that this is not the case. Then there must exist a set of rows
S ⊂ {1, . . . ,m} of size m

2 where for every column c ∈ {1, . . . ,n}, f (c) is either contained
within the rows S or its complement SC = {1, . . . ,m}\S. Observe that this is the condition of
Case 1, thus resulting in a contradiction. As a result, we can conclude that

⋃
c∈T f (c) induces

a connected component in G. Since
⋃

c∈T f (c) spans across at least ⌊n
2⌋+1 columns and m

2
rows and induces a connected subgraph, it must belong to the set B. Consequently, there
exists an element of B that is not covered by X resulting in a contradiction.

This concludes the case where m is even showing that there does not exist a hitting set of
size n(m

2 )+
m
2 −1 for the bramble B.





Chapter 5

Inert Node Searching Problem

In this chapter, we will study a subclass of graph searching problems, namely the INERT

NODE SEARCHING problem. One of the main results from this chapter is the introduction of
a graph searching parameter, called guard cost, that is closely related to the minimum fill-in
parameter. In Section 5.1, as well as providing the necessary introduction, we will explain
the connection between different variants of the INERT NODE SEARCHING problem and the
previously covered problems MINIMUM FILL-IN and TREEWIDTH. Later in Section 5.2 we
will provide our main results in this area.

5.1 Introduction

Graph searching, also known as pursuit-evasion or cops and robbers, is a family of problems
first formulated as graph problems in [1, 87]. In almost all graph searching problems, there
is one fugitive hiding on the vertices or edges of a graph. The goal is to find a search strategy
for a set of searchers that guarantees the capture of the fugitive while optimizing the usage
of some resources known as search parameters. A wide range of real-world problems can
be represented as variants of graph searching [52, 58, 55, 63, 76, 82, 81]. For a concise
overview on the different versions of graph searching, we suggest [27, 60]. In this chapter,
we are focusing on the INERT NODE SEARCHING problem as introduced in [46]. In this
graph searching variant, a searcher can either clean a vertex possibly containing the fugitive
thus ensuring that the fugitive is no longer there, or guard a cleaned vertex against the
movement of the fugitive. The fugitive is initially located on a vertex of the input graph
and has the following characteristics: invisible – the searchers have no knowledge of the
fugitive’s position, omniscient – the fugitive is aware of the position of the searchers, lazy –
the fugitive only moves before a searcher cleans the vertex currently containing the fugitive,



64 Inert Node Searching Problem

and fast – the fugitive can move to another vertex with unbounded speed via paths of the
graph that avoid guarded vertices.

The inert node searching strategy can be explained over a sequence of steps. Since the
fugitive can be located on any vertex, every vertex of the input graph is initially labelled as
contaminated. In each step of the strategy, a searcher cleans one contaminated vertex. At the
same time, a subset of cleaned vertices can be guarded by searchers, while other searchers
can be removed from the set of previously guarded vertices. If the fugitive is residing on
the vertex cleaned in this step, he moves to any vertex via a path that does not contain any
guarded vertices, known as an unguarded path. Since the fugitive is invisible, by the end of
the strategy all vertices of the input graph must be clean.

The definition of inert node searching strategy slightly varies in the literature. Originally
in [46], at every step of the strategy only one searcher can either be placed (to clean or
guard) or removed from the vertices of the graph. However, the definition from [47, 48, 56]
allows multiple searchers to be placed to guard clean vertices or removed from guarded
vertices at once. Furthermore, in [48, 56], the strategy terminates with the fugitive on a vertex
surrounded by searchers and hence every vertex in the graph apart from the one containing
the fugitive is clean by the end. Formally in [48, 56] we have that, Am =V however, Zm = /0
so they do not place any searcher over a vertex πm nor do they require any vertices to be
guarded in the last step. There exists another inconsistency in the literature regarding guards,
which will be discussed in more detail later. For now, it suffices to point out that in [56, 48],
the searchers positioned over Yi are used to guard against recontamination when πi is cleaned
whereas in [48], this task is achieved by Yi−1.

The inert node searching strategy can have various goals to minimize different parameters.
For example, in [46], the goal is to minimize search number, defined as the maximum number
of searchers needed at any step. Whereas in [56], the aim is to minimize occupation time,
defined as the maximum number of steps a vertex is being cleaned or guarded by searchers
during the strategy. There are few known relations between the search parameters of inert
node searching and the structural parameters of the input graph. It is proved that the
search number is equal to the treewidth of the graph plus one [46] and the occupation time
corresponds to the elimination span of the graph [56].

A well-studied question in graph searching problems is whether the optimal value of a
search parameter can be obtained while limiting ourselves to a monotone strategy, defined as
a strategy in which a clean vertex cannot be contaminated again. In the inert node searching
problem, it is proved that the search number can be minimized with a monotone strategy
[46], while occupation time cannot always be minimized using a monotone strategy [47].
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In this chapter, we introduce a new search parameter called guard cost, defined as the
sum of the number of vertices guarded over all steps of the strategy. We show the relation
between guard cost and the structural parameter minimum fill-in. And we note that search
cost, a similar cost parameter defined in [56] as the sum of the number of vertices guarded
or cleaned over all steps of the strategy, is not related to the minimum fill-in parameter.
Ultimately, we end this chapter by discussing our attempts at closing a long-standing open
problem from [56]. The problem asks whether the cost parameter of inert node searching
can be minimized using a monotone strategy. As a consequence of our work in this area, we
obtain certain properties of non-monotone inert node searching strategies.

In this thesis, we closely follow the INERT NODE SEARCHING definition from [56]:

Definition 10 (Inert Node Searching Strategy). Given a graph G = (V,E), an inert node
searching strategy π can be described using a sequence of pairs (A0,Z0), (A1,Z1),. . . ,
(Am,Zm), where m≥ n and for i ∈ {1, . . . ,m}, Ai ⊆V is the set of clean vertices, Zi ⊆V is
the set of vertices containing searchers (either cleaning or guarding them). Initially, all
vertices are contaminated, A0 = /0 and Z0 = /0. For every step i ∈ {1, . . . ,m}:

(i) Choose a vertex π(i) from the set of contaminated vertices, V \Ai−1, to be cleaned at
the step i.

(ii) Choose a subset of previously cleaned vertices Yi ⊆ Ai−1 to be guarded at step i and
define Zi = {π(i)}∪Yi.

(iii) Ai is defined in the following way, π(i)∈Ai and v∈Ai if v∈Ai−1 and every π(i),v-path
contains a vertex from Yi.

The strategy terminates at step m if all vertices are clean, i.e. Am =V .

The following, notes how our definition slightly differs from that of [56]:

Remark 2. Similar to how inert node searching strategy was originally defined in [46], we
require all vertices to be clean at the end. Hence, we have that Zm ̸= /0 as the vertex π(m)

must be cleaned and a set of vertices Ym need to be guarded. But the definition in [56]
specifies that the strategy terminates with the fugitive on a vertex which is surrounded by
searchers, i.e., Zm = /0 and so the vertex π(m) is not actually cleaned at the end.

We also note that the way [56] defines the set of clean vertices at a given step, is equivalent
to Definition 10 (iii). This is easy to see considering the fugitive is escaping from the vertex
π(i) at step i. And since Zi \{π(i)}=Yi, the fugitive’s movement at step i is actually blocked
by Yi.
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At a step i ∈ {1, . . . ,m}, a path in the graph G is called an unguarded path if it does not
contain any guarded vertices. A clean vertex can then be recontaminated if the fugitive can
move to it again via an unguarded path. By Definition 10(iii), for any step i ∈ {2, . . . ,m}:

v ∈ Ai−1 is recontaminated at step i ⇐⇒ ∃ π(i),v-path avoiding Yi (5.1)

An inert node searching strategy π is monotone if there has been no recontamination, formally
for every step i ∈ {1, . . . ,m}, Ai−1 ⊂ Ai. It is easy to see that for every monotone strategy,
we have that m = n.

5.2 Guard Cost and Its Relation with the Minimum Fill-In
Parameter

In this section, we first discuss the search cost parameter of inert node searching, as defined
in [56]. Formally let G = (V,E) be a graph and π an inert node searching strategy over G.
The search cost of graph G with respect to strategy π is costπ(G) = ∑i∈{0,...,m} |Zi|. Note that
because [56] defines Zm = /0, unlike Definition 10, their definition of search cost equates to
costπ(G) = ∑i∈{0,...,m−1} |Zi|.

Theorem 7.1 from [56] states that for every monotone inert node searching strategy π∗

over the graph G = (V,E), there exists a triangulation H = (V,E ∪F) of G s.t. |E ∪F | =
∑i∈{0,...,m} |Zi|. In Remark 3 we show that the above-mentioned theorem is incorrect (later
confirmed in our private communication with one of the authors). To show this, we consider
a simple graph G = (V,E) and a triangulation H = (V,E ∪F) of G. We then show that for
every monotone inert node searching strategy π∗ over G, ∑i∈{0,...,m} |Zi|> |E ∪F |. In other
words, the search cost can be greater than the number of edges in a triangulation of the graph,
therefore disproving Theorem 7.1 from [56]. To address this, we will later introduce a new
cost parameter called guard cost and we prove the desired relation between the guard cost
and minimum fill-in.

Remark 3. Let G = (V,E) be a Pn, a path on n vertices, for n ≥ 5. Since G is already
chordal, let H = G and so F = /0. We show that for every monotone inert node searching
strategy π ′, costπ ′(G)> |E|= n−1. Let π ′ be any monotone inert node searching strategy
over G. By Definition 10 (ii), π ′(i) ∈ Zi for every i ∈ {1, . . . ,n−1} thus costπ ′(G)≥ n−1.
To show that costπ ′(G)> n−1 it suffices to prove there exists a step i where |Zi|> 1. Fix a
step j ∈ {4, . . . ,n−1} and note that there exist a vertex v ∈ A j−1 s.t. the π ′( j),v-path has
3 or more vertices. Since π ′ is monotonous, in order to prevent the recontamination of v
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we must either have v ∈ Yj or x ∈ Yj, for an internal vertex x of the π ′( j),v-path. Then by
Definition 10 (ii), {π ′( j),v} ⊆ Z j. As a result costπ ′(G) > n−1 for every monotone inert
node searching strategy π ′.

Remark 3 shows that the search cost of a graph can be greater than the number of edges
in its chordal supergraph. This inequality is due to the fact that for i ∈ {1, . . . ,n− 1}, the
search cost of π ′ at step i includes the count of vertices guarded when π ′(i) is cleaned in
addition to the “cost” of cleaning π ′(i) itself. To resolve this, we introduce the guard cost
parameter, defined below:

Definition 11. Let G be a graph and π an inert node searching strategy over G, guard cost
of π is defined as gcostπ(G) = ∑i∈{1,...,m} |Yi|. Guard cost of the graph G, gcost(G), is the
minimum guard cost over all inert node searching strategies of G. Monotone guard cost of G,
gcostm(G), is defined as the minimum guard cost over all monotone inert node searching
strategies of G.

The following Theorem shows the relation between guard cost and the minimum fill-in
parameter, which can be summarized as gcostm(G) = |E|+mfi(G) for a graph G = (V,E).
The proof is using a similar technique to that of Theorem 7.1 in [56].

Theorem 12. Let G = (V,E). Then for a positive integer k the following statements are
equivalent:

(a) There exists a chordal supergraph H = (V,E ∪F) s.t. |E ∪F | ≤ k.

(b) There exists a monotone inert node search strategy π∗ s.t. gcostπ∗(G)≤ k.

Proof. Fix a positive integer k and let n = |V |.
We first prove that given a monotone inert node searching strategy π∗ over G s.t.

gcostπ∗(G)≤ k, there exists a chordal supergraph of G with at most k edges (thus showing
that (b)⇒ (a)). Based on the strategy π∗, we define an elimination ordering α over G where
α−1(π∗(i)) = n− i+1, for every step i∈ {1, . . . ,n}. Let G+

α = (V,E∪F) be the triangulation
defined using α (see Definition 3). Now we need to show that |E ∪F | ≤ k. Note that by
Remark 1 we have |E ∪F |= ∑v∈V |madj+α (v)|.

Let i ∈ {1, . . . ,n} be a fixed step. We claim that v ∈Yi for every vertex v ∈madj+α (π
∗(i)).

We have that α−1(π∗(i)) < α−1(v) as v ∈ madj+α (π
∗(i)) and by construction of α , v must

be cleaned before π∗(i). Since π∗ is monotone, we necessarily have that v ∈ Ai−1. Now we
will consider two cases:
Case 1. Suppose that v ∈ NG(π

∗(i)). Then by Definition 10 (iii) and monotonicity of π∗,
v ∈ Yi.
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Case 2. Suppose that v /∈ NG(π
∗(i)). Therefore, by Theorem 1 there exists a π∗(i),v-path

in G s.t. for every internal vertex x, α−1(x)< α−1(π∗(i)). By construction of α , every such
vertex x is cleaned after π∗(i), i.e., x /∈ Ai−1. By Definition 10 (iii) and monotonicity of π∗,
v ∈ Yi since there exists an unguarded π∗(i),v-path at i.

To summarize, for any step i∈{1, . . . ,n}, madj+α (π
∗(i))⊆Yi and therefore |madj+α (π

∗(i))| ≤
|Yi|. By taking the sum over all steps we have |E ∪F |= ∑v∈V |madj+α (v)| ≤ ∑i∈{1,...,n} |Yi|=
gcostπ∗(G)≤ k as desired.

Next, we show that given a chordal supergraph H of G where |EH | ≤ k, there exists
a monotone inert node searching strategy π∗ over G s.t. gcostπ∗(G) ≤ k (thus proving
(a)⇒ (b)). Let H∗ = (V,E ∪F∗) be a subgraph of H that is a minimal triangulation of G.
Note that H∗ can potentially be identical to H, additionally we have |E ∪F∗| ≤ |EH | ≤ k.
Since H∗ is a minimal triangulation of G, there must exist a (minimal) elimination ordering
α over H s.t. H = G+

α , this follows from Lemma 1. Based on α , we define for every i,
i ∈ {1, . . . ,n}, the vertex π∗(i) = α(n− i+ 1) and the set Yi = madj+α (π

∗(i)). Below we
show that such choice of π∗(i) and Yi for i ∈ {1, . . . ,n} corresponds to a monotone inert node
searching strategy π∗ over G.

By the definition of π∗(i), every vertex is cleaned exactly once. Therefore, it suffices to
prove that there is no recontamination following the choice of Yi. Suppose for a contradiction
that there exists a step i ∈ {2, . . . ,n}, such that a subset of vertices from Ai−1 is recontami-
nated. Let j be the first such step. Next, let v be a recontaminated vertex from Ai−1 s.t. the
distance between π∗( j) and v in G is minimized among all recontaminated vertices in step
j. Since v is cleaned before π∗( j), we have that α−1(v)> α−1(π∗( j)). Let us consider the
following cases:
Case 1. Suppose that v∈NG(π

∗( j)). Then v∈madj+α (π
∗( j)) and following our construction

v ∈ Y j.
Case 2. Suppose that v /∈ NG(π

∗( j)). As a result, there must exist an unguarded π∗( j),v-
path in G. Let P be one such unguarded π∗( j),v-path in G with the minimum length.
Due to our selection of v, for every internal vertex x of P we have x /∈ Yj and so x /∈ A j−1.
Therefore, α−1(x)< α−1(π∗( j)) and by Theorem 1, v∈madj+α (π

∗( j)). This combined with
our construction show that v ∈ Yj.

We have shown in both cases that v ∈Yj. Then by Definition 10 (iii), v ∈ A j contradicting
the recontamination of v at step j.

By construction of π∗ we have gcostπ∗(G) = ∑i∈{1,...,n} |Yi| = ∑v∈V |madj+α (v)| ≤ |E ∪
F∗| ≤ k as desired.

[56] poses the following question about the cost parameter of inert node searching: Can
the optimal value of the cost parameter be obtained while limiting ourselves to monotone
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Fig. 5.1 (a) Graph G = (V,E). (b) The supergraph G′ = (V,E ′) defined based on the non-
monotone inert node searching strategy π . The edges from E ′ \E are drawn in green.

strategies? We point out that this question was originally posed for the search cost parameter
in [56] but due to Remark 3 and Theorem 12 we are interested in answering it for the guard
cost parameter instead. The following conjecture poses this question formally:

Conjecture 1. Let G = (V,E) be a graph and π a possibly non-monotone inert node search-
ing strategy over G selected s.t. gcostπ(G) is minimized. Then there exists a monotone
inert node searching strategy π∗ over G where gcostπ∗(G) = gcostπ(G). Thus showing that
gcost(G) = gcostm(G).

Answering Conjecture 1 has shown to be challenging, as we will demonstrate shortly.
We also note that to the best of our knowledge, the associated open problem posed in [56]
has remained open after 18 years.

As previously discussed, Theorem 12 implies that gcostm(G)=mfi(G)+ |E| for any graph
G = (V,E). Then assuming that Conjecture 1 is true, we have that gcost(G) = mfi(G)+ |E|.
In other words, Conjecture 1 implies that a given a minimum triangulation H of G and a
(possibly non-monotone) inert node searching strategy π over G s.t. gcostπ(G) is minimized,
we have that gcostπ(G) = |EH |. Therefore, one might consider closing Conjecture 1 using the
technique applied in the proof of Theorem 12. Below, we point out, using a counterexample
why this approach is not applicable.

Formally, we show that given a non-chordal graph G = (V,E) and a non-monotone
inert node searching strategy π over G, the construction used in Theorem 12 (b)⇒ (a) may
not return a chordal graph. Let G = (V,E) be the graph shown in Figure 5.1 (a) and π

be the non-monotone strategy defined in Table 5.1. Note that { f ,g} is recontaminated at
step 5. For a given step i ∈ {1, . . . ,9}, let π(i) = v for a vertex v ∈ V and define the edge
set E ′i = {uv|u ∈ Yi}. Then let E ′ =

⋃
i∈{1,...,9}E ′i . It is easy to see that E ⊆ E ′. It can be

proved that this property holds for every inert node searching strategy π . And as seen in
Figure 5.1 (b), the supergraph G′ = (V,E ′) is not chordal (take for example the chordless
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i Ai Yi π(i)

1 { f} /0 f

2 { f ,g} { f} g

3 { f ,g,d} { f ,g} d

4 {e, f ,g,d} { f ,g} e

5 {d,e,b} {d,e} b

6 {a,d,e,b} {d,e,b} a

7 {c,a,d,e,b} {d,e,b} c

8 { f ,c,a,d,e,b} {a,e,d} f

9 {g, f ,c,a,d,e,b} {d,e,c} g

Table 5.1 The table describes how the non-monotone inert node searching strategy π cleans
the graph G.

cycle (b,e,g,d,b)). Moreover, for every edge set E∗, E ⊆ E∗ ⊆ E ′, the graph G∗ = (V,E∗)
is not chordal.

As an interesting side note, we show that given a monotone inert node searching strategy
π∗ over the graph G = (V,E), the construction used in Theorem 12 for the implication (b)⇒
(a) may not return a minimal triangulation. As a simple example let G be the path (u,v,w).
Let π∗ be a monotone inert node searching strategy s.t. v is cleaned after u,w. As in proof
of Theorem 12, let α be an elimination ordering over G s.t. for i ∈ {1, . . . ,n}, α−1(π∗(i)) =
n− i+ 1. Likewise, define the chordal supergraph H = (V,E ∪F) to be G+

α as defined in
Definition 3. Since v is cleaned after u,w in π∗ then α−1(v)< min{α−1(u),α−1(w)}. By
Theorem 1, either u ∈ madj+α (w) or w ∈ madj+α (u). As a result, uw is an edge in H, i.e.,
uw ∈ F . Since G is a path, it is already chordal and thus easy to see that H is not a minimal
triangulation of G.



Chapter 6

Triangulation With Minimum Treewidth
and Minimum Fill-In

6.1 Introduction

Given a graph, the minimum fill-in parameter is defined as the number of added edges in a
minimum triangulation. Surely, the clique size of a minimum triangulation is an upperbound
on the treewidth parameter which is defined as the minimum clique size over all triangulations,
subtracted by 1. An interesting research question is whether there exists a triangulation
that minimizes both parameters at the same time. Clearly, such a triangulation answers the
MINIMUM FILL-IN problem and the TREEWIDTH problem simultaneously. It is known that
this triangulation does not exist for all graphs. This is due to the fact that [77, 83, 48] have
all constructed distinct graphs where there cannot exist a minimum triangulation with clique
size equal to treewidth of the input graph plus 1.

In order to formalize our study of the subject, we introduce the following notations:

Definition 12. Let G = (V,E) be a graph and H ′ = (V,E ∪F ′) be a minimum triangulation
of G chosen s.t. ω(H ′) is minimized. Then we define τ(G) = tw(H ′)− tw(G).

Definition 13. Let G = (V,E) be a graph and H∗ = (V,E ∪F∗) be a triangulation of G
where tw(H∗) = tw(G) chosen s.t. |F∗| is minimized. Then we define φ(G) = |F∗|−mfi(G).

By definition φ(G)> 0 iff τ(G)> 0, therefore in this chapter as well as Chapter 7 we will
only consider the τ parameter. One possible application area that motivates our study of this
parameter is designing algorithms for MINIMUM FILL-IN and TREEWIDTH problems. By
definition, given a graph G, the MINIMUM FILL-IN problem is solved by finding a minimum
triangulation H∗ among all triangulations H of G. Then given that τ(G) = 0, we know that
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there exists a minimum triangulation H∗ of G with tw(H∗) = tw(G). So in order to solve
the MINIMUM FILL-IN problem for G, we can safely limit ourselves to all triangulations
H of G with tw(H) = tw(G). Similarly in order to solve the TREEWIDTH problem (i.e.,
determine the treewidth of the graph G) we can safely limit ourselves to all of its minimum
triangulations.

First, we will present some general results about τ parameter in Section 6.2 then focus
on the class of graphs with bounded treewidth in Section 6.3. Next in Section 6.5, we
will briefly discuss the closely related problem of TREEWIDTH AND MINIMUM FILL-IN

MINIMIZATION, and provide some initial results. Later in Chapter 7, we will determine the
τ parameter of some grid and grid-like graphs, as well as discussing the minimum fill-in
parameter for these graphs.

6.2 The τ Parameter: General Results

Let us begin by proving that the τ parameter can be arbitrarily large. For this purpose, we
will be using the construction provided in [48].

Theorem 13. Given any positive integer l, there exists an infinite family of graphs G where
for each graph G ∈ G , τ(G) = l.

Proof. Let l be a fixed positive integer and G the graph class containing every graph G
defined using the following construction. Begin by letting G be the cycle (a,b1,c,b2,a).
Next replace each of the vertices a,b,c,d with non-empty cliques A,B1,B2,C respectively
under the restriction that |A|+ l = |B1|= |B2|< |C| and |B1|2 < |A||C|. See Figure 6.1a for
a demonstration.

Following its construction, G has two distinct minimal traingulations, one minimising the
number of added edges and the other minimising the clique size of the resulting traignulation.
These have been previously discussed in [48] and we have included a proof for this here for
completion.

Considering our observation following Lemma 1, there must exist a minimum elimination
ordering over G that adds mfi(G) many edges. It is easy to see that every elimination ordering
(hence also minimum elimination ordering) over G either starts by eliminating a vertex
v ∈ (B1∪B2) or a vertex v ∈ (A∪C). So let α and β be any elimination orderings selected
s.t. α(1) ∈ (B1∪B2) and β (1) ∈ (A∪C). We will use Fα and Fβ while referring to the added
edges in the triangulations G+

α and G+
β

.
Since α(1)∈ (B1∪B2) we have that fillG(NG (α(1))) = {ac|a∈A,c∈C}. These missing

edges will be added to G by elimination of α(1). It is easy to see that the graph Gα
1 is chordal.
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By construction, ω(Gα
1 ) = |A|+ |B1|+ |C| we also note that |fillG (NG(α(1)))|= |A||C|. As

a result, tw(G+
α )≥ω(Gα

1 )−1 = |A|+ |B1|+ |C|−1 and |Fα | ≥ |A||C|. Supposing that α is a
peo over Gα

1 (note that this is possible by Theorem 2 as Gα
1 is chordal) in the remaining steps

we have that tw(G+
α ) = |A|+ |B1|+ |C|−1 and |Fα |= |A||C|. In either case, the triangulation

G⊕fillG(NG (α(1))) is demonstrated in Figure 6.1b.
Regardless of whether β (1) ∈ A or β (1) ∈C, the set of missing edges fillG (NG(β (1))) =

fillG(B1∪B2) is added by elimination of β (1). Similar to the previous case, the graph Gβ

1

is chordal. Since B1∪B2 is a clique in Gβ

1 we have that ω(Gβ

1 ) = 2|B1|+ |C| as |A| < |C|.
We also note that |fillG (NG(β (1)))| = |B1|2. Then tw(G+

β
) ≥ ω(Gβ

1 )−1 = 2|B1|+ |C|−1

and |Fβ | ≥ |B1|2. Again we point out that if β is a peo over Gβ

1 we will have: tw(G+
β
) =

2|B1|+ |C|−1 and |Fβ |= |B1|2. The triangulation G⊕fillG(NG (β (1))) is demonstrated in
Figure 6.1c.

By construction of G, |B1| > |A| so we have that tw(G⊕ fillG(NG (β (1)))) = 2|B1|+
|C|−1 > |A|+ |B1|+ |C|−1 = tw(G⊕fillG(NG (α(1)))), hence tw(G)≤ |A|+ |B1|+ |C|−1.
Next, we prove that the clique size of any triangulation of G is at least |A|+ |B1|+ |C|. Let
H = (V,E ∪F) be any triangulation of G. Below we consider 2 complementary cases and
prove in each case that ω(H)≥ |A|+ |B1|+ |C|:
Case 1. Suppose that A∪C is a clique in H. Then A∪B1∪C is a clique in H showing that
ω(H)≥ |A|+ |B1|+ |C| as desired.
Case 2. Suppose that A∪C is not a clique in H. Then there exists two vertices a ∈
A and c ∈ C s.t. ac /∈ F . For every selection of vertices b1 ∈ B and b2 ∈ B2, the cycle
C = (a,b1,c,b2,a) must have the chord b1b2 ∈ F otherwise C is a chordless cycle in H, a
contradiction. Therefore, B1∪B2 is a clique in H implying that ω(H)≥ 2|B1|+ |C|. Since
|B1|> |A| we have that ω(H)> |A|+ |B1|+ |C| as needed.

This proves that the minimum clique size over all triangulations of G is |A|+ |B1|+ |C|
and using Theorem 4 we can state the following:

tw(G) = tw(G⊕fillG (NG(α(1)))) = |A|+ |B1|+ |C|−1

Furthermore, because |Fβ | ≥ |B1|2, |Fα | ≥ |A||C| and |B1|2 < |A||C| we can conclude that

G+
β

can be a minimum elimination ordering. This is indeed the case if β is a peo over Gβ

1

in the remaining steps. By Definition 12 we have that τ(G) = |C|+2|B1|−1− (|A|+ |B1|+
|C|−1) = |B1|− |A|= l as desired.

It is easy to see that a statement similar to Theorem 13 also holds for the parameter φ .
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β

Fig. 6.1 (a) the graph G. The vertices in the cliques A,B1,B2,C alongside the edges in
between them are grouped together for simplicity. (b),(c) respectively demonstrate the
minimal triangulations G+

α and G+
β

. The maximum clique in each graph is highlighted with
green and the added edges are drawn in red.
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Let us now discuss some classes of graphs where the τ parameter is 0. Clearly, τ(G) = 0
for a chordal graph G. This follows from Definition 12 and the fact that G is itself a minimum
triangulation with treewidth equal to tw(G).

For another easy example, we prove that cocktail party graphs, which are not chordal,
have τ = 0. Formally a graph G = (V,E) is a cocktail party if V can be partitioned into two
subsets X ,Y satisfying the following conditions: X = {x1, . . . ,xr} and Y = {y1, . . . ,yr} for
r ≥ 1 and E = {xiv|i ∈ {1, . . . ,r},v ∈V \{xi,yi}}∪{yiv|i ∈ {1, . . . ,r},v ∈V \{xi,yi}}. We
point out that a cocktail party graph with 2r vertices can be obtained from the K2r by removal
of a perfect matching.

Lemma 18. Let G = (V,E) be a cocktail party graph. Then τ(G) = 0.

Proof. A cocktail party graph has a unique (up to ismorphism) minimal triangulation which
is a solution to both problems MINIMUM FILL-IN and TREEWIDTH. To prove this and
the statement of the lemma, we begin by determining mfi(G) and tw(G). We then define a
minimum triangulation H∗ = (V,E ∪F∗) of G where tw(H∗) = tw(G). Since G is a cocktail
party graph we can partition V into the vertex sets {x1, . . . ,xr} and {y1, . . . ,yr}, for r ≥ 1, s.t.
E = {xiv|i ∈ {1, . . . ,r},v ∈V \{xi,yi}}∪{yiv|i ∈ {1, . . . ,r},v ∈V \{xi,yi}}.

First, we claim that mfi(G)≥ r−1. To prove this, suppose for a contradiction that there
exists a triangulation H = (V,E ∪F) of G s.t. |F | ≤ r− 2. Notice that the set of missing
edges of G is fillG(V ) = {xiyi|i ∈ {1, . . . ,r}}. Then by selection of H, we can fix two missing
edges xiyi,x jy j ∈ fillH(V ) for distinct i, j ∈ {1, . . . ,r}. Moreover, by definition of cocktail
party graphs we have that x j,y j ∈ NG(xi)∩NG(yi) so we can fix a cycle C = (xi,x j,yi,y j,xi)

in the triangulation H. Since xiyi,x jy j /∈ E ∪F , C is a chordless cycle, contradicting the
assumption that H is a triangulation of G. This proves that mfi(G)≥ r−1. Now, define the
edge set F∗ = {xiyi|i ∈ {1, . . . ,r−1}} and consider the graph H∗ = (V,E ∪F∗). It is easy to
see that H∗ is chordal, as it is a complete graph minus one edge showing that mfi(G) = r−1.

It is easy to see that ω(H∗) = 2r−1 and consequently tw(H∗) = 2r−2. By definition
of the treewidth parameter, tw(H∗) is an upperbound on tw(G), so tw(G) ≤ 2r−2. Since
mfi(G) = r− 1, every triangulation of G is either a complete graph or a complete graph
without a single edge. This obviously implies that tw(G)≥ 2r−1 which consequently proves
that tw(G) = 2r−2.

By Definition 12, τ(G) = 0 if there exists a minimum triangulation with treewidth of
2r− 2. Clearly, the minimum triangulation H∗, defined earlier, satisfies this condition as
tw(H∗) = 2r−2 = tw(G) thus showing that τ(G) = 0 as desired.

We point out that the cocktail party graphs are not the only the example of graphs with
τ = 0. As mentioned in the proof of Lemma 18, we note that cocktail party graphs have a
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special property: Any minimal triangulation H of a cocktail party graph G is also minimum
triangulation with tw(H) = tw(G). Equivalently, any minimal elimination ordering α over G,
the graph G+

α is a minimum triangulation with tw(G+
α ) = tw(G). In order to see this, observe

that the graph G1 obtained from G by elimination of any vertex is a complete graph. Thus, α

is a peo over G1 in the remaining steps. It is easy to see that the number of edges added during
α is exactly |fillG (NG(α(1)))| = r− 1 which is equal to the mfi(G) . Furthermore, since
ω(G+

α ) = 2r−1 we can conclude that α is an elimination ordering resulting in a minimum
triangulation G+

α with tw(G+
α ) = tw(G) as desired. We also point out that cycles share the

same property.
In Section 6.3 we will discuss the τ parameter of a large class of graphs and observe

that they share a similar but less strict property: Every minimal triangulation is a minimum
triangulation with treewidth equal to the treewidth of the input graph, thus proving that these
graphs have τ = 0.

The following result, demonstrating a criterion for graphs to have τ value of 0, will be
frequently used to prove our results in Chapter 7:

Theorem 14. Let G = (V,E) be a graph. Then τ(G) = 0 if there exists an integer k ∈
{1, . . . , |V |−1} and an elimination ordering α over G s.t. all the following conditions are
satisfied:

(1) For every step i ∈ {1, . . . ,k}, the vertex α(i) satisfies one of the following conditions
(A) or (B) (Fα(i) is the set of edges defined using Algorithm 2):

(A) α(i) is a simplicial in Gi−1 or Gi−1⊕Fα(i).

(B) degGi−1
(α(i)) = κ(Gi−1) and α(i) is almost simplicial in Gi−1 or Gi−1⊕Fα(i).

(2) α is any minimum elimination ordering over the graph Gk.

(3) maxv∈V |madj+α (v)| ≤ tw(G)

Proof. By Theorem 9, α is a minimum elimination ordering over G given that it satisfies
both conditions (1) and (2). Similarly, by Theorem 4, tw(G+

α )≤ tw(G) given that α satisfies
condition (3). Hence, G+

α is a minimum triangulation of G with treewidth of at most tw(G)

proving that τ(G) = 0 (following Definition 12).

The following corollary slightly extends the statement of Theorem 14 using the concept
of clique minimal separator decomposition:

Corollary 13. Let G be a graph and AG the set of atoms of G (as defined using Algorithm
1). Then τ(G) = 0 if for every atom A ∈AG there exists an elimination ordering α over A
satisfying all conditions (1)–(3) of Theorem 14.
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Before proceeding to the next section, discussing the τ parameter of graphs with bounded
treewidth, we point out a general property of this parameter. For short, Remark 4 shows that
the value of the τ parameter can change between a graph, its supergraphs, and subgraphs.
Thus, unlike some other graph parameters, τ does not have such hereditary properties.

Remark 4. Let G = (V,E) be a graph from the graph class G defined in the proof of
Theorem 13. As previously shown, τ(G)> 0. Let H be the graph obtained from G by addition
fillG(V ), thus making H a complete graph on V . Clearly H is a supergraph of G and since it
is already chordal we have that τ(H) = 0. This proves that there is no correlation for the τ

parameter between a graph and its supergraph.
In the opposite direction, let X ⊂ V be a clique in G and define the induced subgraph

Q = G[X ]. Since Q is a complete graph we have that τ(Q) = 0 yet for its supergraph we
have that τ(G)> 0.

6.3 The τ Parameter in Graphs With Bounded Treewidth

Our first result in this section shows that τ(G) = 0 given a graph G with tw(G)≤ 2. After-
wards, we prove that the τ parameter is 0 for a subclass of graphs with bounded treewidth (of
at least 3). Beforehand, let us point out the relation between connectivity and treewidth of
graphs.

Remark 5. Let G be a graph, then tw(G)≥ κ(G). This follows from the fact that δ (G)≥
κ(G) and also by Lemma 3, tw(G)≥ δ (G).

The sp-graphs have been defined in various ways, we use the definition of sp-graphs from
[50] where it was also shown that these are exactly the graphs of treewidth at most 2. We
suggest [26] for a more thorough introduction to sp-graphs.

Theorem 15 (Duffin [50]). Let G = (V,E) be a graph where |V | ≥ 2. Then tw(G)≤ 2 if and
only if G can be reduced to an edge st, where s, t ∈V are known as the source and sink of G,
by a sequence of the following operations:

(1) For a pair of adjacent vertices u,v ∈V , replace a pair of parallel edges between u,v
with a single edge uv.

(2) For a degree 2 vertex v ∈ V \ {s, t} where {u,w} = NG(v), replace the path (u,v,w)
with a single edge uw and remove the vertex v.

Notice that given an sp-graph G with κ(G)≥ 2, operation (2) of Theorem 15 is equivalent
to eliminating the vertex v in G. We will use this fact when defining elimination orderings
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α

Fig. 6.2 A non-chordal graph G = (V,E) where tw(G) = κ(G) = 2. The source and sink
labelled with s, t respectively. (a) The vertices labelled 1, . . . ,5 by α are pointed out with
their labels and the added chords are in green. (b) G5, the graph obtained at step 5 of α . (c)
The minimum triangulation G+

α = (V,E ∪F). Observe that tw(G+
α ) = ω(G+

α )−1 = 2.

over G. By Remark 5, if tw(G) = 2 for a graph G, we necessarily have κ(G)≤ 2. Supposing
that κ(G) = tw(G) = 2, the bellow lemma is used to show that τ(G) = 0.

Lemma 19. Let G = (V,E) be a graph where κ(G) = tw(G) = 2. Then there exists a
minimum triangulation H of G where tw(H) = 2.

Proof. If G is chordal we are done as G is itself the minimum triangulation with treewidth of
2, so we can further assume that G is not chordal. By Corollary 4, |E|+mfi(G)≥ 2|V |−3.
Below we show that there exists an elimination ordering α over G s.t. |EG+

α
|= 2|V |−3. This

proves that G+
α is a minimum triangulation. We will also show that tw(G+

α ) = 2 hence G+
α is

a triangulation satisfying the statement of the lemma.
By Theorem 15, there exists an elimination ordering α over G where for every step

i ∈ {1, . . . , |V | − 2}, α(i) is a degree 2 vertex from VGi−1 \ {s, t}. Also, by Theorem 15,
the graph G|V |−2 must be the edge st. So fix α to be one such elimination ordering and
let α(|V | − 1) = s and α(|V |) = t. Observe Figure 6.2 for a demonstration of one such
elimination ordering.

By selection, ∑i∈{1,...,|V |−2}|madj+α (α(i))|= 2(|V |−2), |madj+α (α(|V |−1))|= 1 and
|madj+α (α(|V |))|= 0. Thus, we can conclude that ∑v∈V |madj+α (v)| = |EG+

α
| = 2|V | − 3,

showing that G+
α is a minimum triangulation of G by Corollary 4.

Since during the steps i ∈ {1, . . . , |V |−2}, α(i) is selected as a degree 2 vertex in Gi−1

and the graph G|V |−2 is a K2, we can conclude that maxv∈V |madj+α (v)| = 2. This implies
that tw(G+

α )≤ 2 by Theorem 4. It is easy to see using Lemma 3 that tw(G+
α ) = 2 as G is a

subgraph of G+
α .

In a graph G, a biconnected component, also known as a 2-connected component, is a
maximal induced subgraph C that either has κ(C)≥ 2 or is a K2 (an edge).
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Every graph G can be decomposed into a set of biconnected components, also called
block-cut tree, CG where |CG| ≥ 1 and for every pair of connected components C,C′ ∈ CG

the following conditions are satisfied:

• For every vertex v ∈C and v′ ∈C′ there exists a unique v,v′-path in G.

• Either VC∩VC′ = /0 or VC∩VC′ = {v}, for a vertex v ∈V , such vertex v is known as a
cut vertex or an articulation point.

Using the notion of biconnected components, we extend the statement in Lemma 19 to
every graph with treewidth of at most 2:

Lemma 20. Let G be a graph s.t. tw(G)≤ 2. Then there exists a minimum triangulation H
of G where tw(H) = tw(G).

Proof. If tw(G) < 2 then G is a tree. As a result, G is chordal and so G itself is the
minimum triangulation satisfying the condition of the lemma. So from now on, we assume
that tw(G) = 2. By Remark 5 we have that κ(G) ≤ 2. Let CG be the set of biconnected
components of G. Note that maxC∈CG tw(C) = tw(G) = 2, this follows from Lemma 3 and
the fact that every biconnected component C ∈ CG is an induced subgraph of G. Then
by Remark 5, κ(C) ≤ 2 for every biconnected component C ∈ CG. Given a biconnected
component C = (VC,EC) from CG, we define the supergraph HC = (VC,EC∪FC) depending
on the following cases:
Case 1. Suppose that κ(C) = 1. By the definition of biconnected components, C is
necessarily an edge. Then since C is chordal, we let FC = /0 in this case, i.e. HC =C.
Case 2. Suppose that κ(C) = 2. This combined with Remark 5 implies that tw(C) = 2. We
then let HC = (VC,EC∪FC) be the triangulation defined in the proof of Lemma 19. Note that
by construction HC is a minimum triangulation of C with tw(HC) = tw(C) = 2.

Let F =
⋃

C∈CG
FC and consider the supergraph H = (V,E ∪F) of G. By definition,

for every pair of connected components C,C′ ∈ CG, VC ∩VC′ is either empty or a single
vertex v ∈V (in which case it is a clique minimal separator in G). Then clearly there cannot
exist any cycles in G with vertices in different biconnected components C,C′ ∈ CG. For
every biconnected component C ∈ CG, HC is a minimum triangulation of C as a result by
Theorem 5, H is a minimum triangulation of G. Also, by construction, every maximum
clique of H must be contained within the vertex set of one (but not necessarily the same)
biconnected component C ∈ CG. Since tw(HC) = tw(C) for every biconnected component
C ∈CG, we conclude that tw(H) = maxC∈CG tw(HC) = maxC∈CG tw(C) = tw(G). Ultimately,
H is a minimum triangulation of G with tw(H) = tw(G) proving the statement of the lemma.
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As a consequence, we can state the following:

Corollary 14. Let G = (V,E) be a graph s.t. tw(G)≤ 2. Then τ(G) = 0.

Proof. This follows from Lemma 20 and Definition 12.

Let us now focus on graphs with treewidth of at least 3. Using the same idea as before,
we show that τ(G) = 0 for any graph G where κ(G) = tw(G)≥ 3.

Lemma 21. Let G = (V,E) be a graph where κ(G) = tw(G) ≥ 3. Then there exists a
minimum triangulation H of G where tw(H) = tw(G).

Proof. We prove this lemma using Corollary 4. Let tw(G) = k, Theorem 4 implies that there
exists an elimination ordering β over G s.t. maxv∈V |madj+

β
(v)| ≤ k. Clearly, we have that

maxi∈{1,...,|V |−k} |madj+
β
(β (i))| ≤ k. This together with statement (i) from Corollary 4 implies

that |madj+
β
(β (i))| = k for every step i ∈ {1, . . . , |V |− k}. Combining this with statement

(ii) from Corollary 4, we have that ∑v∈V |madj+
β
(v)|= k(|V |− k)+ k(k−1)

2 . By Corollary 4,

|E|+mfi(G) ≥ k(|V | − k)+ k(k−1)
2 = |EG+

β

| showing that G+
β

is a minimum triangulation

over G. Since tw(G+
β
) = maxv∈V |madj+

β
(v)| = k by Theorem 4 we have that tw(G+

β
) ≤ k.

We know that tw(G+
β
)≥ tw(G) = k as G+

β
is a supergraph of G (following Lemma 3). This

proves that G+
β

is a minimum triangulation of G with tw(G+
β
) = tw(G) as desired.

The corollary is shown in the proof of Lemma 19 and Lemma 21.

Corollary 15. Let G = (V,E) be a graph where tw(G) = κ(G) = k for some k≥ 1. Then for
a given minimum triangulation H∗ of G we have |EH∗ |= k(|V |− k)+ k(k−1)

2 .

As another corollary to Lemma 21 we have that:

Corollary 16. Let G = (V,E) be a graph where κ(G) = tw(G)≥ 3. Then τ(G) = 0.

Proof. This follows from Lemma 21 and Definition 12.

Corollary 14 and Corollary 16 can be extended using the notion of clique minimal
separator decomposition to the following corollary:

Corollary 17. Let G be a graph and AG the set of atoms of G (defined using Algorithm 1).
Suppose for every atom A ∈AG we have tw(A) = κ(A), then τ(G) = 0.

Proof. By Theorem 5 it is easy to see that τ(G) = 0 if for every atom A = (VA,EA) of AG

there exists a minimum triangulation HA with tw(HA) = tw(A). Fix an atom A ∈AG and let
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us prove the existence of such a minimum triangulation HA of A in both following cases, thus
concluding the statement of the corollary:
Case 1. Suppose that tw(A) ≤ 2. It is shown in Lemma 20 that there exists a minimum
triangulation HA of A where tw(HA) = tw(A) as needed.
Case 2. Suppose that tw(A)≥ 3. Then since κ(A)= tw(A), proof of Lemma 21 demonstrates
that there exists a minimum triangulation HA of A with tw(HA) = tw(A).

Lemma 21 (together with Lemma 19) actually demonstrates a stronger property of graphs
with equal treewidth and connectivity.

Corollary 18. Let G= (V,E) be a graph where κ(G) = tw(G). Then an elimination ordering
α over G is a minimum elimination ordering iff maxv∈V |madj+α (v)|= tw(G).

Proof. Let k = tw(G) = κ(G). For this proof, will be relying on Corollary 4.
In order to prove the statement of the corollary in the ‘if ’ direction, let α be any minimum

elimination ordering over G. As shown in the proof of Lemma 19 and Lemma 21, we have
that ∑v∈V |madj+α (v)|= k(|V |− k)+ k(k−1)

2 . This combined with statements (i) and (ii) from
Corollary 4 implies that |madj+α (α(i))|= k for every step i ∈ {1, . . . , |V |−k} and Gα

|V |−k is a
Kk, therefore maxv∈V |madj+α (v)|= k = tw(G).

Now, let us prove the corollary in the ‘only if ’ direction. To do so, let β be any elimination
ordering over G where maxv∈V |madj+

β
(v)|= tw(G) = k. By selection of β and statements (i)

from Corollary 4, |madj+
β
(β (i))|= k for every step i ∈ {1, . . . , |V |− k}. This combined with

statement (ii) from Corollary 4 implies that ∑v∈V |madj+
β
(v)|= k(|V |− k)+ k(k−1)

2 . Also, by
Corollary 4, |EG+

β

|= |E|+mfi(G) showing that β is a minimum triangulation as desired.

To demonstrate the application of our above results, in the next section we will apply
them to specific graph classes with equal treewidth and connectivity. We will also show that
for any value of k, there exists a non-chordal graph G where tw(G) = κ(G).

6.4 The τ Parameter in Graphs With Bounded Treewidth:
A Demonstration

In this section, we will present and discuss specific graph classes with treewidth equal to
their vertex connectivity. We begin with k-trees that are a trivial example of graphs with
connectivity and treewidth of k.
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Formally, a graph G = (V,E) is a k-tree iff there exists a perfect elimination ordering α

over G where for every step i ∈ {1, . . . , |V |− k}, |madj+α (α(i))| = k. It is easy to see from
this definition that k-trees are chordal graphs.

There are other known classes of graphs G , where for each graph G ∈ G we have
tw(G) = κ(G). Some of these graph classes contain graphs that are not chordal. As an
example, we mention the well-known class of Halin graphs. Halin graphs are planar graphs
with connectivity and treewidth of 3 (see [15]), hence by Corollary 18 we have τ(G) = 0. We
demonstrate the statement of Corollary 16 over a Halin graph G by constructing a minimum
triangulation H of G with tw(H) = tw(G). First, let us provide a formal definition for Halin
graphs:

Definition 14. A graph G = (V,E) = (VT ,ET ∪EC) is a Halin graph iff it can be constructed
from a tree T and a cycle C using the following steps:

(a) Let T = (VT ,ET ) be a tree where |VT | ≥ 4 and no vertex from VT has degree of 2 in T
(hence also in G).

(b) C is the cycle connecting the leaves of T in the cyclic order determined by a planar
embedding of T .

Given a Halin graph G formed by a tree T and cycle C, we use LT to refer to the leaves
of T and define PT = NT (LT ). See Figure 6.3 for a demonstration. In the below remark, we
define a minimum elimination ordering α over the Halin graph G s.t. tw(G+

α ) = tw(G) (thus
showing that τ(G) = 0).

Remark 6. Let G = (V,E) be a Halin graph constructed from a tree T and a cycle C. First,
we show that G can be reduced to a K3 by a sequence of vertex eliminations and after each
elimination, the resulting graph remains a Halin graph.

Let v ∈ V be the vertex eliminated from G and G′ be the graph obtained from G by
elimination of v. We select v depending on the following complementary cases and in both
cases we will show that G′ is either a K3 or is a Halin graph:
Case 1. Suppose that there exists a vertex p ∈ PT s.t. |NG(p)∩LT | ≥ 3 (see for example
the vertex p2 in Figure 6.3a). Let us label this vertex set with NG(p)∩LT = {lp

1 , . . . , l
p
c }

where c≥ 3 and let lp
2 be the eliminated vertex (i.e., v = lp

2 ). As a result, it is easy to see that
G′ = G⊕{lp

1 lp
3}−{l

p
2}. By selection degG(p)≥ 3 so let us consider the following cases in

regard to p:
Subcase (i): Suppose that degG(p) = 3. This shows that PT = {p} and LT = NG(p). It is
then easy to see that G is a K4 and that the graph G′ obtained by elimination of lp

2 is a K3 as
desired.
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Subcase (ii): Suppose that degG(p) ≥ 4, hence G′ must have 4 or more vertices. Let T ′

be the tree obtained from T by elimination of the leaf lp
2 and note that by construction

NT ′(p) = NT (p)\{lp
2} therefore degT ′(p) = degT (p)−1≥ 3. Clearly degT ′(u) = degT (u)

for every vertex u ∈VT \{p, lp
2}. Next let C′ be the cycle obtained from C by elimination of

lp
2 (hence the path (lp

1 , l
p
2 , l

p
3 ) in C is replaced with the edge lp

1 lp
3 ). It is easy to verify that T ′

has a planar embedding as it is a subgraph of the tree T and C′ is the cycle connecting the
leaves of T ′. Therefore, by Definition 14, G′ is a Halin graph constructed from the tree T ′

and cycle C′.
Case 2. Suppose that for every vertex p ∈ PT , |NG(p)∩LT | ≤ 2 (see for example the vertex
p5 in Figure 6.3b). By Definition 14, the fact that G is a Halin graph implies that T is a tree
with at least 4 vertices, none of which have degree of 2. By our assumption, there does not
exist any vertex p ∈ PT with |NG(p)∩LT | ≥ 3. Then by combining the above observations,
we can fix a vertex p ∈ PT s.t. |NG(p)∩ LT | = 2 and p is adjacent to exactly one vertex
q ∈ (V \LT ). We label NG(p)\{q}= {lp

1 , l
p
2} and eliminate p in this case, i.e., v = p.

We note that NG(q)\NG[p] ̸= /0 as q must either be adjacent to another vertex q′ ∈ P\{p}
or a vertex lq

1 from LT \{lp
1 , l

p
2}. Then |VG| ≥ 5 as VG at least contains p, lp

1 , l
p
2 ,q as well as

NG(q)\NG[p]. As a consequence, |VG′| ≥ 4 implying that G′ cannot be a K3. Then, as before,
we need to prove using Definition 14 that G′ is a Halin graph.

Let T ′ be the tree obtained from T by eliminating p. As a result, we have NT ′(q) =
(NT (q)\{p})∪{lp

1 , l
p
2}, NT ′(l

p
i ) = (NT (l

p
i )\{p})∪{q} for i ∈ {1,2} and NT ′(u) = NT (u)

for every vertex u ∈VT \{q, lp
1 , l

p
2}. This shows that step (a) of Definition 14 is satisfied, as

there does not exist a vertex of degree 2 in T ′. Notice that T ′ has a planar embedding, as it is
a subgraph of T ′. Next, let C′ =C and note that step (b) of Definition 14 is satisfied because
LT ′ = LT and C′ is the cycle connecting LT ′ . Hence, G′ is a Halin graph constructed from the
tree T ′ and the cycle C′.

This concludes that every Halin graph G can be reduced to a K3 by iteratively eliminating a
degree 3 vertex (see Figure 6.3 for a demonstration). Let α be an elimination ordering over G
where for every step i ∈ {1, . . . , |V |−3}, α(i) is selected from Gi−1 with the aforementioned
selection strategy. The resulting graph G|V |−3 is a K3, and we define α to be any elimination
ordering during the remaining steps i ∈ {|V |−4, . . . , |V |}. By construction and Theorem 4
we have that maxv∈V |madj+α (v)| = tw(G+

α ) = 3 = tw(G). Thus, to show that τ(G) = 0, it
suffices to prove that G+

α is a minimum triangulation (following Definition 12).
By construction, G+

α has 3(|V | − 3)+ 3 edges. Suppose for a contradiction that G+
α

is not a minimum triangulation, so we can fix a triangulation H = (V,E ∪F) of G where
|E ∪F | < 3(|V | − 3)+ 3. Note that κ(H) ≥ 3 as H is a supergraph of G obtained by the
addition of edges. Let β be any perfect elimination ordering over H. Then by Corollary 4,
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Fig. 6.3 The Halin graph G constructed from the cycle C (highlighted in green) and tree
T . We note that PT = {p1, . . . , p5} and LT = {lp

i |p ∈ PT ,1 ≤ i ≤ |NG(p)∩LT |}. (a) Since
|NG(p2)∩LT |= 4, we let α(1) = lp2

2 (highlighted in red). (b) The graph G3 after elimination
of lp2

2 , lp2
3 and lp1

2 . Note that for every vertex p ∈ PT in G3, |NG3(p)∩LT | ≤ 2. So we let
α(4) = p5 (highlighted in red). (c) The resulting graph G4 obtained by elimination of p5.
Note that lp5

1 , lp5
2 ∈VG3 are now the leaves of p4 (thus are labelled as lp4

3 , lp4
4 respectively).

|madj+
β
(β (i))| ≥ 3 for i ∈ {1, . . . , |V |−3} and Hβ

|V |−3 (the graph obtained at step |V |−3 of
β ) is a K3. This in turn implies that |E ∪F | ≥ 3(|V |− 3)+ 3, a contradiction. Therefore,
G+

α is a minimum triangulation of G where tw(G+
α ) = tw(G) proving that τ(G) = 0 (by

Definition 12).

In order for us to introduce a class of graphs with treewidth and vertex connectivity of k,
for any k ≥ 2, we need the following lemma:

Lemma 22. Let G be a graph and G′ the graph obtained from G by adding a vertex v
adjacent to every vertex from VG. Then κ(G′) = κ(G)+1.

Proof. Let κ(G) = k and S ⊂ V an separator in G with |S| = k. Then clearly S∪{v} is a
separator of size k+1 in G′ proving that κ(G′)≤ k+1.

Next, suppose for a contradiction that κ(G′) < k + 1. Therefore, we can fix an a,b-
separator S′ in G′ for a pair of non-adjacent vertices a,b ∈ VG′ s.t. |S′| ≤ k. Obviously v
cannot be any of the vertices a,b as v is a universal vertex in G′ so we must have a,b ∈VG.
S′ must contain the vertex v as a result S′ \ {v} must be a separator with at most (k− 1)
vertices in G. This contradicts the fact that κ(G) = k thus showing that κ(G′)≥ k+1. It is
previously shown that κ(G′)≤ k+1 hence we can conclude that κ(G′) = k+1 = κ(G)+1
as desired.

In the below segment, we first define a graph G0 over (k+2) vertices, for k≥ 2, and then
show that κ(G0) = tw(G0) = k. Later we show that G0 can be extended, for any c≥ 1, to
a graph Gc on (k+2+ c) vertices with κ(Gc) = tw(Gc) = k. For our construction, we will



6.4 The τ Parameter in Graphs With Bounded Treewidth: A Demonstration 85

be relying on the fact that the treewidth and connectivity of a cocktail party graph with 2r
vertices is 2r−2 (as discussed before in Lemma 18).
Case 1. Suppose that k is even. Then let G0 be a cocktail party graph on k+2 vertices. In
this case, we have that tw(G0) = κ(G0) = k as required.
Case 2. Suppose that k is odd. In this case, start by letting G0 be a cocktail party graph
with k+1 vertices (note that κ(G0) = tw(G0) = k−1 as a result). Next append a universal
vertex v to G0 and observe that by Lemma 22 we have κ(G0) = k. It thus remains to prove
that tw(G0) = k. By construction δ (G0) = k which combined with Lemma 3 implies that
tw(G0)≥ k. In order to show that tw(G0)≤ k, we construct a tree decomposition T 0 of G0

with width of k. Let X1 = NG0 [u] for any vertex u ∈ VG0 \ {v}. Note that |X1| = k+ 1 as
NG0(u) includes k−1 vertices of the cocktail party graph as well as v. Since G0 is constructed
from a cocktail party graph after the addition of a universal vertex, there must exist a vertex
u′ ∈ VG0 s.t. uu′ /∈ NG0(u). Therefore we have that u′ /∈ X1 and we can define the second
vertex of T 0 as X2 = NG0[u′] and note that by selection |X2|= k+1. Finally, let T 0 be the
edge X1X2 and observe that it is a tree decomposition of G0 with the width of k. This together
with the fact that tw(G0)≥ k implies that tw(G0) = k as desired.

In both cases, we have constructed a graph G0 on (k+2)-vertices with tw(G0) = κ(G0) =

k. Below, we define the graph G1 based on G0 by the addition of a vertex which satisfies this
property: tw(G1) = κ(G1) = k+1. Note that this construction can be repeatedly applied to
construct bigger graphs.

Given the previously defined tree decomposition T 0 of the graph G0, fix any leaf node Xi

in T 0 and let X j be the neighbouring node of Xi in T 0, i.e., X j = NT 0(Xi). Let x be a vertex
from Xi \X j and then define G1 be the graph obtained from G0 by addition of a vertex v
adjacent to every vertex from Xi \{x}. We point out that by addition of any subset of edges
fillG0(Xi) to G1, the resulting graph will maintain its properties, that is κ(G1) = tw(G1) = k.
Now let us discuss why the vertex connectivity and treewidth of G1 is k.

By construction, G0 is an induced subgraph in G1 with treewidth of k. Then by Lemma 3
we have that tw(G1)≥ k. Define T 1 to be the tree constructed from T 0 by addition of a node
X = {v}∪ (Xi \ {x}) adjacent to the leaf Xi ∈ VT 0 . T 1 is a tree decomposition of G1 with
width of k+1 (equal to that of T 0) thus showing that tw(G1)≤ k. This combined with the
fact that tw(G1)≥ k implies that tw(G1) = k as needed.

κ(G1)≤ k as NG1(v) = Xi \{x} is a separator of size k in G1. To show that κ(G1)≥ k,
suppose for a contradiction that there exists an a,b-separator S in G1 for a pair of non-
adjacent vertices a,b ∈VG1 s.t. |S| ≤ k−1. VG0 cannot contain both vertices a and b as G0

is an induced subgraph of G1 with vertex connectivity of k. So assume w.l.o.g. that a = v
and consequently S ⊂ VG0 . Since degG1(v) = k and |S| ≤ k− 1, there must exist a vertex
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u ∈ NG1(v) s.t. u /∈ S. Then S must also be a u,b-separator in G1 otherwise (v,u, . . . ,b) is
a v,b-path in G1− S. Note that since u,b ∈ VG0 and S ⊂ VG0 , S is also a u,b-separator in
G0. This contradicts the fact that κ(G0) = k as |S| ≤ k−1. Consequently, κ(G1)≥ k which
combined with κ(G1)≤ k implies that κ(G1) = tw(G1) = k.

We can repeatedly apply the above construction, adding a vertex at a time, to construct a
graph Gc on k+2+ c vertices for any c≥ 1.

Later in Chapter 7 we will come across a different graph with treewidth and vertex
connectivity of 4. More specifically, in the proof of Lemma 31 we define an elimination
ordering over a 4× n grid graph G, for n ≥ 6. We will show that there exists a step i ∈
{1, . . . , |V |} in this elimination ordering where the resulting graph Gi has κ(Gi) = tw(Gi) =

4.

6.5 The Treewidth and Minimum Fill-In Problem

In this section, we will discuss a related but more general problem, namely the TREEWIDTH

AND FILL-IN MINIMIZATION problem (TFM problem for short). We begin with some graph
notations and a related problem, then discuss the τ parameter within the context of the TFM
problem. Later we will provide some initial results.

Interval graphs are defined as intersection graphs of the intervals on the real line, where
every vertex corresponds to an interval and an edge between 2 vertices maps to the intersection
between their intervals. Interval graphs were first introduced in [70] where it is shown that
every graph can be turned into an interval graph by addition of edges. The connection between
pathwidth, treewidth and interval graphs has been shown in [19]. Formally, given a graph
G = (V,E) and an interval supergraph H∗ = (V,E ∪F∗) of G where ω(H∗) is minimized,
ω(H∗)− 1 = tw(H∗) = pw(H∗) = tw(G) = pw(G). As briefly mentioned in Section 1.2,
pw(G) equals to the minimum width of all the tree decomposition of G with a path as the tree
of the decomposition. In [48], the authors consider the multi-criteria problem PATHWIDTH

AND PROFILE MINIMIZATION, abbreviated as PPM. Given a graph and integers k and c,
the PPM problem asks whether there exists an interval supergraph with the clique size of
k+1 that has at most c many edges. In [48] it is proven that given an integer t at most equal
to pathwidth of the graph added by 1, there exists an interval supergraph that minimizes
clique size and the number of edges respectively within a factor of 1+ 2

t and t +2 of their
minimum values. The next problem discussed in [48] is the TREEWIDTH AND FILL-IN

MINIMIZATION problem or TFM for short. Given a graph and two parameters k,c, the goal
of the TFM problem is to find a triangulation that is up to additive constants k, c “close” to
the optimal value of the minimum fill-in and treewidth.
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We note that in terms of graph searching (discussed in Chapter 5), the PPM problem
is equivalent to finding a standard node searching strategy over a graph s.t. the number of
searchers and the cost of search is minimized simultaneously. Similarly, the TFM problem is
concerned with finding an inert node searching strategy over a given graph, s.t. the number
of searchers and guard cost are minimized at the same time.

Below, we have a formal definition for the TFM problem:

The TFM problem (Treewidth and Fill-in Minimization):

Input: A graph G = (V,E), integers k and c.

Question: Is there a chordal supergraph H = (V,E ∪F) s.t. tw(H)− tw(G) ≤ k and
|F |−mfi(G)≤ c?

Recall that by Definition 12 and Definition 13, φ(G)> 0 if and only if τ(G)> 0 for a
graph G. The following statement puts these two parameters within the context of the TFM
problem.

Lemma 23. Let G be a graph. If τ(G) = 0 then the TFM problem has a yes answer for every
k,c≥ 0. Otherwise, the TFM problem has a yes answer if:

(i) c≥ φ(G) and k ≥ 0

(ii) k ≥ τ(G) and c≥ 0

Proof. Let G = (V,E) be a graph. Begin by assuming that τ(G) = 0. By Definition 12, there
exists a minimum triangulation H = (V,E∪F) of G where tw(H) = tw(G). Then it is easy to
see that for any k≥ tw(H)− tw(G) = 0 and c≥ |F |−mfi(G) = 0 the TFM problem has a yes
answer. Thus suppose that τ(G)> 0. Let H ′ = (V,E ∪F ′) be a minimum triangulation of G
selected s.t. ω(H ′) is minimized. Then by Definition 12, for every k≥ tw(H ′)− tw(G)= τ(G)

and c ≥ |F ′|−mfi(G) = 0 the TFM problem has a yes answer which corresponds to part
(i). Next, let H∗ = (V,E ∪F∗) be a triangulation of G with tw(H∗) = tw(G) selected s.t.
|F∗| is minimized. Similarly, by Definition 13, for every c ≥ |F∗| −mfi(G) = φ(G) and
k ≥ tw(H∗)− tw(G) = 0 the TFM problem has a yes answer corresponding to part (ii).

We point out that Lemma 23 does not outline every possible k,c values for which the
TFM problem has a yes answer. On the other hand, the following Theorem shows that there
exists a graph class where for every graph G the TFM problem has a no answer given every
k < τ(G) and c < φ(G):

Theorem 16. There exists an infinite family of graphs G such that for any G ∈ G , τ(G)> 0
and the answer to the TFM problem is ‘no’ for every k < τ(G) and c < φ(G).
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Proof. Let G be the graph class defined in the proof of Theorem 13. So let G = (V,E)
be a graph from G and A,B1,B2,C the non-empty vertex subsets making up V satisfying
the conditions stated in the proof of Theorem 13. We have already proved (in the same
place) the following facts: mfi(G) = |B1|2, tw(G) = |A|+ |B1|+ |C|−1, τ(G) = |B1|− |A|.
Additionally, is easy to see considering the triangulation G⊕fillG (NG(α(1))) (also defined
in Theorem 13) that φ(G) = |fillG (NG(α(1))|−mfi(G) = |A||C|− |B1|2.

Suppose for a contradiction that the answer to the TFM problem is yes for some k <

τ(G) and c < φ(G). Then we can fix a triangulation H∗ = (V,E ∪F∗) of G s.t. tw(H∗)−
(|A|+ |B1|+ |C|−1) < |B1|− |A| = τ(G) and |F∗| − |B1|2 < |A||C|− |B1|2 = φ(G). As a
result, both of the following conditions must hold for H∗:

tw(H∗)< 2|B1|+ |C|−1 (6.1)

|F∗|< |A||C| (6.2)

It is shown in the proof of Theorem 13 that for every triangulation H of G one of the
following cases must hold:
Case 1. fillG(B1∪B2) is added in H, resulting in at least |B1|2 many fill edges and treewidth
of at least 2|B1|+ |C|−1. Therefore, H does not satisfy Equation (6.1).
Case 2. fillG(A∪C) is added in H, resulting in at least |A||C| many fill edges and treewidth
of at least |A|+ |B1|+ |C|−1. Hence, H does not satisfy Equation (6.2).

This results in a contradiction, as G cannot have a triangulation H∗ satisfying both
Equation (6.1) and Equation (6.1). We can then conclude that the answer to the TFM
problem for every k < τ(G) and c < φ(G) is no, as desired.



Chapter 7

Minimum Fill-In and τ Parameter of
Grid and Grid-Like Graphs

Grid and grid-like graphs were previously discussed in Section 4.1. In the introduction to this
section, we will first recap their application of and then explore the value of the τ parameter,
as introduced in Chapter 6, for grid and grid-like graphs. We will also be determining the
minimum fill-in parameter of these graphs. To the best of our knowledge, there have not been
any studies determining the minimum fill-in of any non-trivial graph classes. Section 7.1 will
be focused on the closely related graph classes grids, triangular and hexagonal grids as well
as king’s graphs while Section 7.2 will discuss the rook’s graph.

Grid graphs naturally arise in design and optimization of circuit layouts [96]. Similarly,
grid topologies are discussed in distributed communication networks [9]. Aside from their
real world applications, grid graphs are also useful within graph theory. One of the reasons
for this is due to the key result by Robertson and Seymour in [89], called the Grid-Minor
Theorem. The theorem, in short, states that there exists a function f s.t. every graph G
with tw(G) ≥ f (k), for a positive constant k, contains a k× k grid minor. We note that
obtaining such lower bounds on the treewidth of a graph is essential in designing branch
and bound algorithms that compute the exact value of the treewidth parameter. The size of
the largest grid minor, i.e., value of k, is not linearly related to the treewidth parameter and
establishing tighter upper bounds on the function f (k) is an important theoretical question
on its own. Initially, the best known upper bound on f (k) was exponential, more specifically
f (k) ≤ 202k5

from [89, 91]. However, this upperbound has been shown to be polynomial,
and the most recent development is due [39] in which it is shown f (k) = O(k9poly logk).
Similar statements to the grid minor theorem have been proved for grid-like graphs, for
example rook’s graphs in [80].
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7.1 King’s Graphs, Grids, Triangular and Hexagonal Grids

This section will explore the value of τ parameters in the following graph classes of size
m×n, for small values of m and any value of n: grids, triangular grids, hexagonal grids and
king’s graphs.

As well as the τ parameter, we will also be determining the mfi parameter of these graphs.
Let us begin with a simple lemma showing that the τ parameter of 2×n grids as well as

hexagonal and triangular grids is 0. We will be relying on our work in Section 6.3 for these
results.

Lemma 24. Let G be a 2× n, grid, triangular grid or hexagonal grid for n ≥ 2. Then
τ(G) = 0.

Proof. It is shown in [37] that tw(G) = 2 in the case where G is a grid. Similarly, tw(G) = 2
if G is a triangular or hexagonal grid, as shown in Lemma 13 and Lemma 14 respectively.
Then by Corollary 14, τ(G) = 0 as desired.

The next lemma determines the mfi parameter of the graphs mentioned in Lemma 24.

Lemma 25. Let G = (V,E) be a 2× n grid, triangular grid, or hexagonal grid for n ≥ 2.
Then mfi(G) = 2|V |−3−|E|.

Proof. Let G be a 2× n graph from the following graph classes: grid, triangular grid, or
hexagonal grid for n≥ 2. It is easy to see that κ(G) = 2 regardless of whether G is a 2×n
grid, triangular grid, or hexagonal grid. As mentioned in the proof of Lemma 24, tw(G) = 2.
Then κ(G) = tw(G) = 2 and as shown in the proof of Lemma 19 the number of edges in a
minimum triangulation of G is 2|V |−3. This proves the statement of the lemma.

It is easy to see that for any value of n ≥ 2, the 2× n king’s graph G is chordal. As a
result we necessarily have that τ(G) = 0 as stated in the following lemma:

Lemma 26. Let G be a 2×n king’s graph for n≥ 2. Then τ(G) = 0.

Let G be a 2×n king’s graph G, for n≥ 2. It is easy to see by referring to Algorithm 1
that every atom A ∈AG is a K4. Since every complete graph is chordal (has mfi of 0), by
Theorem 5 we have that mfi(G) = 0. Simply put, 2×n king’s graphs are chordal.

The below lemma shows that 3×n grid graphs, for n≥ 3, have τ value of 0:

Lemma 27. Let G = (V,E) be a P3□Pn for n≥ 3. Then τ(G) = 0.
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Fig. 7.1 (a)-(e) demonstrate the graph Gi obtained at steps i ∈ {4, . . . ,8}, of α . For every
graph Gi, the vertex α(i+1) is pointed out with its label, the edges added by elimination
of α(i) are drawn in light green while the previously added edges are shown in dark green.
Additionally, the edges from Fα(i+1) are shown with dashed red lines. Notice that the process
of elimination shown in (b)-(d) can be repeated on G8. Also note that in every step, the
vertex α(i+1) in the graph Gi⊕Fα(i+1) is either simplicial or it is almost simplicial and
degGi

(α(i+1)) = κ(Gi) = 3. (f) the graph G|V |−4 is a K4.

Proof. To show that τ(G) = 0, we define an elimination ordering α over G that satisfies the
conditions stated in Theorem 14.

Define X to be the set of all degree 2 vertices from G, then X = {v1,1,v1,n,v3,1,v3,n}.
Begin by letting α(1) = v1,1. It is easy to see that N(α(1)) is a minimal separator (separating
α(1) from the rest of the graph) that has only one missing edge. Then fill(N(α(1))) = Fα(1)
and α(1) is a simplicial vertex in the graph G⊕Fα(1). Notice that α(1) satisfies condition
(A) from Theorem 14.

Next given the graph G1 obtained by elimination of α(1), we define α(2) = v1,n and
observe that since α(1) /∈ NG(α(2)), by Corollary 3 we have that NG1(α(2)) = NG(α(2)).
Similar to α(1), we have that fillG1

(NG1(α(2))) = Fα(2) and because α(2) is a simplicial
vertex in the graph G1⊕Fα(2) α(2) satisfies condition (A) from Theorem 14. Similarly,
during the steps i ∈ {3,4} we let α eliminate v3,1, v3,n respectively, and we point out that
same as the first 2 steps, α(i) is simplicial in the graph Gi−1⊕Fα(i). Thus, we can summarize
by stating that during steps i ∈ {1, . . . ,4}, α(i) satisfies condition (A) from Theorem 14.

The graph G4 obtained from G by elimination of every vertex from X , demonstrated in
Figure 7.1a, has vertex connectivity of 3 (i.e., κ(G4) = 3). Then Corollary 4 implies that
κ(Gi) ≥ 3 for every step i ∈ {4, . . . , |V |− 4} regardless of how α is defined during these
steps. Additionally, by the same corollary, G|V |−4 is a complete graph on 4 vertices. We will
use these facts later on in the proof.
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Fig. 7.2 The minimum triangulation G+
α of the P3□Pn graph G. The green lines represent the

edges added by α .

In the next step, we define α(5) = v2,1. Notice that v1,2v3,2 is the only missing edge
of the minimal separator NG4(α(5)) = {v1,2,v2,2,v3,2}, hence Fα(5) = fillG4

(NG4(α(5))).
Therefore, α(5) is a simplicial vertex in the graph G4⊕Fα(5) satisfying condition (A) from
Theorem 14.

During the steps i∈ {6, . . . , |V |−4} we define α to eliminate the vertices of every column
c, starting with column index 2 to n−2 in the following order: v2,c, v1,c, v3,c. Below, we will
show that during these steps, the vertices eliminated by α satisfy one of the conditions (A) or
(B) of Theorem 14.

For every fixed column c ∈ {2, . . . ,n−2}, let ir = α−1(vr,c) for every r ∈ {1,2,3}, i.e.,
ir is the step at which the vertex at row r of column c is eliminated. Following the order in
which the vertices are eliminated, Fv2,c = /0 and v2,c is an almost simplicial vertex in the graph
Gi2−1⊕Fv2,c with degGi2−1

(v2,c) = κ(Gi2−1) = 3 (see Figure 7.1b). This satisfies condition
(B) from Theorem 14. The vertices v1,c,v3,c are simplicial in the graphs Gi1−1⊕Fv1,c and
Gi3−1⊕Fv3,c respectively hence satisfying condition (A) from Theorem 14. We also point
out that due to the order in which vertices are eliminated degGi−1

(α(i)) = 3 for every step
i ∈ {5, . . . , |V |−4} (see Figure 7.1).

The graph G|V |−4 is a complete graph, so we let α be any elimination ordering over
G|V |−4 in the remaining steps i ∈ {|V |−3, . . . , |V |}. To summarize, the vertices eliminated
by α during steps i ∈ {1, . . . , |V | − 4} satisfy condition (1) and for i ∈ {|V | − 3, . . . , |V |}
the eliminated vertices satisfy condition (2) of Theorem 14. We know that tw(G) = 3 (as
shown in [37]) and by our construction maxv∈V |madj+α (v)|= 3 (satisfying condition (3) of
Theorem 14). In conclusion, we can state that τ(G) = 0 as desired.

The elimination ordering defined in the proof of Lemma 27 helps us to state the following
statement about the minimum fill-in value of the P3□Pn grid graphs for n≥ 3.

Corollary 19. Let G be a P3□Pn for n≥ 3. Then mfi(P3□Pn) = 5+4(n−3).

Proof. In order to prove this corollary, let α be the elimination ordering over G defined in
the proof of Lemma 27. By selection, α is a minimum elimination ordering, as it satisfies
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Fig. 7.3 The elimination ordering α over the 3×n hexagonal grid graph G, depicted in (a),
for n≥ 3.

both conditions (1) and (2) of Theorem 9. Therefore, the number of edges added during α is
mfi(G). It is easy to verify that α adds 5 edges when eliminating the vertex set of columns
1, n− 1 and n in G (see Figure 7.2 for a demonstration). Note that the edge v1,n−1v3,n−1

is added in G+
α when the vertex v3,n−2 is eliminated. For every other column index c,

c ∈ {2, . . . ,n−2}, α adds 4 edges when eliminating vertices v1,c, . . . ,v3,c thus showing that
mfi(G) = 5+4(n−3) as desired.

In the next lemma, we extend the statement of Lemma 27 to the 3×n hexagonal grids,
for n≥ 3.

Lemma 28. Let G = (V,E) be a 3×n hexagonal grid for n≥ 3. Then τ(G) = 0.

Proof. We prove this lemma by defining an elimination ordering α over G satisfying all
conditions from Theorem 14. During the steps i ∈ {1, . . . ,2n + 4} let α eliminate the
following vertices in this order:

v2,1,v1,1,v′1,2,v
′
1,3, . . . ,v

′
1,n,v1,n,v′2,n+1,v

′
3,n+1,v3,n,v3,n−1, . . . ,v3,2,v′3,2

Before proceeding to the next steps, let us show that the vertices eliminated so far
satisfy the conditions of Theorem 14. We know that κ(G) = 2 therefore by Corollary 4 for
i ∈ {1, . . . ,2n+4} we have κ(Gi−1)≥ 2 (as 2n+4 < |V |−3). For i ∈ {1, . . . ,2n+4}, α(i)
is a degree 2 vertex in the graph Gi−1 thus it is simplicial in the graph Gi−1⊕Fα(i) satisfying
condition (A) from Theorem 14.
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The resulting graph G2n+4 has vertex connectivity of 3 (see Figure 7.3b). Furthermore,
since degGi−1

(α(i)) = 2 for every step i∈ {1, . . . ,2n+4}, we have that tw(G2n+4) = tw(G) =

3 by Corollary 7. Thus, G2n+4 is a graph with treewidth and vertex connectivity of 3. It
is shown in the proof of Lemma 21 that we can fix a minimum elimination ordering β

over G2n+4 s.t. maxv∈V2n+4 |madj+α (v)|= tw(G2n+4) = 3. Then let α eliminate the vertices of
G2n+4 in the same order as β .

To recap, α(i) satisfies condition (A) from Theorem 14 for every step i ∈ {1, . . . ,2n+4}
and α is a minimum elimination ordering over the graph G2n+4. Also, by our construc-
tion maxv∈V |madj+α (v)| = tw(G) = 3 thus satisfying condition (3) from Theorem 14. In
conclusion, τ(G) = 0 as desired.

Using Lemma 28 and Corollary 19 we can obtain a formula for the minimum fill-in of
3×n hexagonal grids, for n≥ 3.

Corollary 20. Let G be a 3×n hexagonal grid, for n≥ 3. Then mfi(G) = 8n−11.

Proof. We will prove this corollary using the elimination ordering α defined in the proof of
Lemma 28. By Theorem 9, α is a minimum elimination ordering over G as it satisfies both
conditions (1) and (2) from Theorem 14. Then the number of edges added during α equals
mfi(G).

Firstly, note that |V |= 6n−2. During the steps i ∈ {1, . . . ,2n+4}, |fillGi−1
(α(i))|= 1

thus adding 2n+4 edges. It is easy to verify that the resulting graph G2n+4, as demonstrated
in Figure 7.3b, has 4n−6 vertices and 6n−9 edges. Additionally, it is shown in the proof
of Lemma 28 that tw(G2n+4) = κ(G2n+4) = 3. Then by Corollary 15, every minimum
triangulation of G2n+4 has 12n−24 edges. Then because |EG2n+4| = 6n−9 our minimum
adds 6n−15 edges during steps i ∈ {2n+5, . . . , |V |}. By putting our observations together,
we can conclude that α adds 8n−11 edges, proving the statement of the corollary.

The following lemma shows that τ parameter of 3×n triangular grids is also 0, where
n≥ 3:

Lemma 29. Let G = (V,E) be a 3×n triangular grid for n≥ 3. Then τ(G) = 0.

Proof. Similar to proof of Lemma 27 and Lemma 28 we will show this lemma by defining
an elimination ordering α over G that satisfies the condition stated in Theorem 14.

Let α(1) = v3,1 and α(2) = v1,n thus eliminating all simplicial vertices of G. Clearly
α(i) for i ∈ {1,2} satisfies condition (A) of Theorem 14 as α(i) is simplicial in the graph
Gi−1⊕Fα(i) = Gi−1. The graph G2 (see Figure 7.4b) has the vertex connectivity of 3, i.e.,
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Fig. 7.4 (a) the 3×n triangular grid G. (b) the graph G2 obtained from G by elimination of
every simplicial vertex. (b)-(g) demonstrate the graph Gi obtained at steps i ∈ {2, . . . ,7}, of
α . For every graph Gi, the vertex α(i+1) is pointed out with its label, the edges added by
elimination of α(i) are drawn in light green while the previously added edges are shown
in dark green. Also, set of edges Fα(i+1) are shown with dashed red lines. Notice that the
process of elimination shown in (d)-(f) can be repeated on G7. Additionally, we point out
that α(i+1) is a simplicial vertex in the graph Gi⊕Fα(i+1) for every i ∈ {2, . . . , |V |−5}.
(f) the graph G|V |−4 is a K4.
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κ(G2) = 3. Let α(3) = v2,1, α(4) = v1,1 and for every step i ∈ {5, . . . , |V |−4} eliminate the
vertices of column c ∈ {2, . . . ,n−2} in the following order: v3,c, v2,c, v1,c. By selection, the
vertex α(i) for i∈ {3, . . . , |V |−4} is simplicial in the graph Gi−1⊕Fα(i) satisfying condition
(A) of Theorem 14 (see Figure 7.4).

By Corollary 4 and the fact that κ(G2) = 3, we have that the graph G|V |−4 is a K4 (as
demonstrated in Figure 7.4h). Therefore, during the steps i ∈ {|V |− 3, . . . , |V |}, let α be
any elimination ordering over G|V |−4. Then in the final 4 steps, the vertices eliminated by α

satisfy condition (2) Theorem 14.
We know that tw(G) = 3 from Lemma 13 and by our construction maxv∈V |madj+α (v)|= 3.

This shows that α satisfies condition (3) of Theorem 14, implying that τ(G) = 0.

Similar to Corollary 19, we can obtain the minimum fill-in of 3×n triangular grids, for
n≥ 3.

Corollary 21. Let G be a 3×n triangular grid, for n≥ 3. Then mfi(G) = 3+2(n−3).

Proof. Let α be the elimination ordering over G defined in the proof of Lemma 29. α is a
minimum elimination ordering, as it satisfies both conditions (1) and (2) of Theorem 9. Then
α adds exactly mfi(G) edges when eliminating the vertex set of G. When eliminating the
vertex set of columns 1, n−1 and n, α adds a total of 3 edges (see Figure 7.4). Notice that
the edge v1,n−1v3,n−1 is added by elimination of the vertex v3,n−2. For every other column
index c, c ∈ {2, . . . ,n−2}, α adds 2 edges when eliminating the vertices v1,c, . . . ,v3,c. This
concludes that mfi(G) = 3+2(n−3) as needed.

Next, we determine the value of the τ parameter for the 3×n king’s graph for n≥ 3.

Lemma 30. Let G = (V,E) be a 3×n king’s graph for n≥ 3. Then τ(G) = 0.

Proof. We prove this by a similar approach used in the previous lemmas of this section (i.e.,
using Theorem 14).

Define the vertex set X = {v1,1,v3,1,v1,n,v3,n} and observe that X is the set of all simplicial
vertices in G (see Figure 7.5a for a demonstration). Let α eliminate the vertices of X during
the first 4 steps in the following order: v1,1,v3,1,v1,n,v3,n. Similar to the proof of Lemma 27,
since X is a set of pairwise non-adjacent vertices in G, Corollary 3 implies that α(i) is still
simplicial in the graph Gi−1 for every step i ∈ {1, . . . ,4}. Therefore, the vertices eliminated
during the first 4 steps of α satisfy condition (A) from Theorem 14. We also note that
maxi∈{1,...,4} |madj+α (α(i))|= 3.

The resulting graph G4 is demonstrated in Figure 7.5b (ignoring the dashed red line) and
has vertex connectivity of 3, i.e., κ(G4) = 3. Let α(5) = v2,1 and observe that NG4(α(5)) =
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Fig. 7.5 (a) the 3× n king’s graph G. (b)-(f) demonstrate the graph Gi obtained at steps
i ∈ {4, . . . ,8}, of the elimination ordering α . In every graph Gi, the vertex α(i+1) is pointed
out with its label, the edges added by elimination of α(i) are shown in light green while the
previously added edges are in dark green. Also, the edges of Fα(i+1) are represented with
dashed red lines. Notice that for i ∈ {4, . . . ,8}, the vertex α(i+1) is simplicial in the graph
Gi⊕Fα(i+1). Also note that the process of elimination shown in (c)-(e) can be repeated on
G8. (g) the graph G|V |−4 is a K4.

{v1,2,v2,2,v3,2} is a minimal separator with the single missing edge fillG4
(NG4(α(5))) =

{v1,2v3,2}. Then α(5) is a simplicial vertex in the graph G4⊕Fα(5) satisfying condition (A)
from Theorem 14. Before moving on to the remaining steps, we note that |madj+α (α(5))|= 3.

At this stage, let us consider the following complementary cases regarding n. In both
cases, we prove that τ(G) = 0.
Case 1. Suppose that n = 3. Then it is easy to see that the graph G5 is a complete graph on
4 vertices, so we let α be any elimination ordering over G5 in the last 4 steps. This implies
that α is a minimum elimination ordering over the graph G5 (satisfying condition (2) of
Theorem 14).

By Corollary 12, tw(G) = 3 and by our construction maxv∈V |madj+α (v)|= 3. Therefore,
α also satisfies condition (3) of Theorem 14 proving that τ(G) = 0 in this case.
Case 2. Suppose that n≥ 4. Below we define the vertices that are eliminated by α during
the vertices i ∈ {6, . . . , |V |−4}. Beginning with column 2, let α(6) = v1,2, α(7) = v3,2 and
α(8)= v2,2. Fα(i)= fillGi−1

(NGi−1(α(i))) for i∈{6,7}which shows that α(i) is simplicial in
Gi−1⊕Fα(i) (see Figure 7.5c and Figure 7.5d). α(8) is already simplicial in the graph G7 (see
Figure 7.5e) therefore during steps i∈ {6,7,8}, α(i) satisfies condition (A) from Theorem 14.
Next repeat the same selection for every column index c, from 3 to n− 2, eliminating its
vertices in the following order: v1,c,v3,c,v2,c. By this selection, the vertex α(i) for i ∈
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{9, . . . , |V |−4} is either simplicial in Gi−1 or Gi−1⊕Fα(i), therefore also satisfying condition
(A) from Theorem 14. We point out that by our selection maxi∈{6,...,|V |−4} |madj+α (α(i))|= 4.

The remaining graph G|V |−4 is a complete graph on 4 vertices (see Figure 7.5g), so for
the final steps i ∈ {|V |− 3, . . . , |V |}, let α be any elimination ordering of G|V |−4. Then α

satisfies condition (2) from Theorem 14 during the last 4 steps.
Since n ≥ 4, by Corollary 12 we have that tw(G) = 4. We have already shown that

maxi∈{1,...,|V |−4} |madj+α (α(i))|= 4 and we know that G|V |−4 is a K4, hence we can conclude
that maxv∈V |madj+α (v)| = tw(G) = 4. This shows that α also satisfies condition (3) of
Theorem 14 thus proving that τ(G) = 0.

In the following corollary, we have outlined the minimum fill-in of 3×n king’s graphs,
for n≥ 3.

Corollary 22. Let G be a 3×n king’s graph, for n≥ 3. Then mfi(G) = 1+2(n−3).

Proof. Let α be the elimination ordering over G defined in the proof of Lemma 30. α

is a minimum elimination ordering over G as it satisfies both conditions (1) and (2) from
Theorem 9. Then α adds mfi(G) edges when eliminating the vertex set of G. It is easy to
verify that α only adds 1 edge (namely v1,2v3,2) when eliminating the following vertex set:
{vr,c|c ∈ {1,n−1,n},r ∈ {1,2,3}} (see Figure 7.5). This is due to the fact that the vertices
v1,1,v3,1,v1,n,v3,n are simplicial and the edge v1,n−1v3,n−1 is added by elimination of v3,n−2.
For every column index c, c ∈ {2, . . . ,n−2}, α adds 2 edges when eliminating v1,c, . . . ,v3,c

hence proving the statement of the corollary.

Before discussing grids and grid-like graphs with 4 rows, we need to introduce the
following notation. Let G = (V,E) be a graph, α any elimination ordering over G and
k = κ(G). By Corollary 4, the graph G|V |−(k+1) obtained at step |V | − (k+ 1) of α is a
complete graph on k+1 vertices. Hence, we necessarily have that degG|V |−(k+1)

(α(|V |−k)) =
|madj+α (α(|V |− k)))|= κ(G).

The following function, given any integer c ≥ 1, returns the set of vertices eliminated
with degree c in α before step |V |− c:

Definition 15. Let G = (V,E) be a graph and c be an integer, c≥ 1. Given an elimination
ordering α over G define VG(α,c) to be the set of vertices v ∈ V , eliminated through all
steps i ∈ {1, . . . , |V |− (c+1)} where |madj+α (v)|= c.

The following lemma determines the value of the τ parameter for P4□Pn graphs, for
n≥ 4.
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Lemma 31. Let G = (V,E) be a P4□Pn for n≥ 4, then τ(G) = 0.

Proof. To prove that τ(G) = 0, we construct an elimination ordering α over G satisfying the
condition of Theorem 14.

Notice that κ(G) = 2. Define X = {v1,1,v1,n,v4,1,v4,n} to be the set of degree 2 vertices of
G. Let α be an elimination ordering over G that eliminates the vertices of X in the following
order within its first 4 steps: v1,1,v1,n,v4,1,v4,n. As discussed in the proof of Lemma 27, the
fact that the vertices from X are pairwise non-adjacent combined with Corollary 3 imply that
NGi−1(α(i)) = NG(α(i)) for every step i ∈ {1, . . . ,4}. Therefore, α(i) during these steps is
simplicial in the graph Gi−1⊕Fα(i) satisfying condition (A) from Theorem 14. Additionally,
note that |madj+α (α(i))|= 2 for i ∈ {1, . . . ,4}.

The resulting graph G4 is demonstrated in Figure 7.6a (ignoring the dashed red line).
It is easy to see that κ(G4) = 3. Then by Corollary 4, regardless of how α is defined over
the steps i ∈ {5, . . . , |V |−4} we have κ(Gi−1)≥ 3. Additionally, by the same corollary, the
graph G|V |−4 obtained at step |V |−4 of α is a K4. We will need these facts later in our proof.
Define the subset X ′ ⊂VG4 as:

X ′ =

{v2,1,v4,3,v2,4,v1,3}, if n = 4

{v2,1,v1,2,v4,2,v4,n−1,v2,n,v1,n−1}, if n≥ 5

We point out that in the case where n≥ 5, X ′ includes 2 additional vertices v1,2 and v4,2.
During the steps i ∈ {5, . . . , |X ′|+ 4} we let α eliminate all vertices from X ′ in the same
order that is written above.

By construction, α(i) is an almost simplicial vertex in the graph Gi−1 with degree equal
to κ(Gi−1) = 3 for every step i ∈ {5, . . . , |X ′|+4} (see Figure 7.6). Therefore, the vertices
eliminated by α during these steps satisfying condition (B) of Theorem 14. We also need to
point out that |madj+α (α(i))|= 3 for every step i ∈ {5, . . . , |X ′|+4}.

Next, consider the graph G|X ′|+4 as demonstrated in Figure 7.6g. Below we consider 2
complementary cases and show that in both cases τ(G) = 0.
Case 1. Suppose that n ≥ 7. In this case, |X ′| = 6 and κ(G|X ′|+4) = 3. We first define α

during steps i ∈ {11, . . . , |V |} and then show that α is a minimum elimination ordering over
the graph G10. Ultimately, we prove that α , in this case, satisfies all the conditions from
Theorem 14.

Begin with defining the vertex set Y ′′ ⊂VG10 as Y ′′ = {vr,c|r ∈ {1,4},c ∈ {4, . . . ,n−3}}
therefore |Y ′′|= 2(n−6). Note that Y ′′ is the set of all degree 3 vertices of G10 (as seen in
Figure 7.6g). Since κ(G10) = 3, every separator of size 3 in G10 is also a minimum separator
of G10. Then the neighbourhood of every vertex v∈Y ′′ is a minimum separator in G10. In fact,
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Fig. 7.6 The elimination ordering α over the P4□Pn graph G, for n≥ 7. (a)-(f) demonstrate
the graph Gi obtained at steps i ∈ {4, . . . ,9} of α . For each graph Gi, the vertex α(i+1) is
pointed out with its label, the edges added by elimination of α(i) are drawn in light green,
and the edges added in the previous steps are shown in dark green. Notice that for every step
i ∈ {4, . . . ,9}, Fα(i) = /0 (that is the set of missing edges defined using Algorithm 2) and that
the vertex α(i+1) is almost simplicial in Gi with degGi

(α(i+1)) = κ(Gi). (g) the resulting
graph G10.



7.1 King’s Graphs, Grids, Triangular and Hexagonal Grids 101

v3,1q+11→
v2,2

v3,2

v1,3

v2,3

v3,3

v4,3

v2,4

v3,4

v1,5

v2,5

v3,5

v4,5

v1,n−2

v2,n−2

v3,n−2

v4,n−2

v2,n−1

v3,n−1

v3,n

(a) Gq+10

v2,2q+12→

v3,2

v1,3

v2,3

v3,3

v4,3

v2,4

v3,4

v1,5

v2,5

v3,5

v4,5

(b) Gq+11

v3,2q+13→

v1,3

v2,3

v3,3

v4,3

v2,4

v3,4

v1,5

v2,5

v3,5

v4,5

(c) Gq+12

v1,3

v2,3q+14→

v3,3

v4,3

v2,4

v3,4

v1,5

v2,5

v3,5

v4,5

(d) Gq+13

v1,3

v3,3q+15→

v4,3

v2,4

v3,4

v1,5

v2,5

v3,5

v4,5

(e) Gq+14

v1,3q+16→

v4,3

v2,4

v3,4

v1,5

v2,5

v3,5

v4,5

(f) Gq+15

v4,3q+17→

v2,4

v3,4

v1,5

v2,5

v3,5

v4,5

(g) Gq+16

v2,4q+18→

v3,4

v1,5

v2,5

v3,5

v4,5

(h) Gq+17

v3,4q+19→

v1,5

v2,5

v3,5

v4,5

(i) Gq+18

v1,5

v2,5

v3,5

v4,5

(j) Gq+19

v1,n−2

v2,n−2

v3,n−2

v4,n−2

v2,n−1

v3,n−1

v3,n← |V |−6

(k) G|V |−7

v1,n−2

v2,n−2

v3,n−2

v4,n−2

v2,n−1← |V |−5

v3,n−1

(l) G|V |−6

v1,n−2

v2,n−2

v3,n−2

v4,n−2

v3,n−1

(m) G|V |−5

Fig. 7.7 The elimination ordering α over the P4□Pn graph G, where n ≥ 7 and q =
2⌈(n−6)/2⌉ for short. (a) demonstrates the graph Gq+10 obtained at step q+ 10. (a)-
(h) show the graph Gi for i ∈ {q+10, . . . ,q+17} where the vertex α(i+1) is pointed out
with its label, the edges added by elimination of α(i) are drawn in light green and the edges
added in the previous steps are in dark green. We point out that α(i+1) has a degree of 4 in
Gi. Also observe that the process of elimination shown in (b)-(g) can be repeated on Gq+17.
(i),(j) demonstrate the graph Gi and vertex α(i+1) for i ∈ {|V |−7, |V |−6}. (k) the graph
G|V |−5 is a K5.
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it is easy to confirm that the set of all minimum separators of G10 (i.e., S ∗
G10

) is exactly the
set of neighbourhoods for all vertices from Y ′′. Formally S 3

G10
= S ∗

G10
= {NG10(v)|v ∈ Y ′′}

and since |Y ′′|= 2(n−6), we have that |S ∗
G10
|= 2(n−6). Additionally note that for every

minimum separator S ∈S ∗
G10

, the number of its connected components |CG10(S)|= 2. We
will be using the above facts in order to prove that α is a minimum elimination ordering over
G10.

Define the subset of vertex X ′′ ⊂VG10 as

X ′′ = {vr,c|r ∈ {1,4},c ∈ {4, . . . ,n−3}and c is even }

By definition X ′′ contains ⌈(n−6)/2⌉ vertices from {v1,4, . . . ,v1,n−3} and the same number
of vertices from {v4,4, . . . ,v4,n−3}. Consequently, we get that |X ′′|= 2⌈(n−6)/2⌉ and let us
define q = |X ′′| as a shorthand. We point out that q≥ 2, and it is an even number.

During the steps i ∈ {11, . . . ,10+ q
2}, let α(i) = v1,c and for i ∈ {11+ q

2 , . . . ,q+ 10}
let α(i) = v4,c where c is an even column index starting from 4 to n− 3. Notice that by
Corollary 3 and the fact that the vertices of X ′′ are pairwise non-adjacent vertices of degree 3
in G10, we have |madj+α (α(i))|= 3 for every step i ∈ {11, . . . ,q+10}.

The graph Gq+10 (shown in Figure 7.7a) has vertex connectivity of 4, i.e., κ(Gq+10) = 4.
Also note that in the graph Gq+10, for every c ∈ {1, . . . ,⌈n−4

2 ⌉} the column 2c has 2 vertices:
v2,2c,v3,2c and the column 2c+1 contains 4 vertices: v1,2c+1, . . . ,v4,2c+1. Let α eliminates
the vertices of Gq+10 as described below.

Begin by letting α(q+ 11) = v3,1. Next, starting with c = 2 to 2⌈n−4
2 ⌉, eliminate the

vertices of column c in the following order: Given that c is even eliminate v2,c,v3,c and for
odd c eliminate v2,c,v3,c,v1,c,v4,c. This elimination process is demonstrated in Figure 7.7.
Note that in the case where n is odd, our elimination process already covers column n−3
of the graph Gq+10. Thus in the case where n is even we let α eliminate the vertices of
column n− 3 (that has 4 vertices) in the following order v1,n−3,v2,n−3,v3,n−3,v4,n−3. By
construction, every eliminated vertex has degree of exactly 4 during the above specified steps
i ∈ {q+11, . . . , |V |−6} (see Figure 7.7) as a result maxi∈{1,...,|V |−6} |madj+α (α(i))|= 4.

Figure 7.7k demonstrates the resulting graph G|V |−7. Let α(|V | − 6) and α(|V | − 5)
be v3,n and v2,n−1 respectively. Since κ(Gq+10) = 4, by Corollary 4, the graph G|V |−5 is
a K5 (as seen in Figure 7.7m). So let α be any elimination ordering over G|V |−5 in the
final steps. Notice that by our construction, maxv∈V |madj+α (v)|= 4. We also point out that
VG10(α,3) = X ′′ by Definition 15. Therefore, |VG10(α,3)|= q.

We claim that α is a minimum elimination ordering over the graph G10. By construction,
α eliminates q vertices from the graph G10 with degree 3 and then |madj+α (α(i))| = 4 for



7.1 King’s Graphs, Grids, Triangular and Hexagonal Grids 103

every step i ∈ {q+ 11, . . . , |V | − 4}. Finally, at step |V | − 4 the graph G|V |−4 is a K4. To
summarize ∑v∈VG10

|madj+α (v)|= 3q+4(|VG10|− (q+4))+6.
Suppose for a contradiction that α is not minimum elimination ordering. By construction

of α and Theorem 9, there must exist a minimum elimination ordering β over G s.t. β (i) =
α(i) for every step i ∈ {1, . . . ,10} and β is a minimum elimination ordering over the graph
G10. By this selection, when comparing the number of edges added by α and β eliminating
the vertices of G10, we can safely ignore the first 10 steps of both elimination orderings.

Combining Corollary 4 and the fact that κ(G10) = 3, the graph Gβ

|V |−4 is a K4 (same
as Gα

|V |−4). Then similarly we can ignore the final 4 steps in both elimination orderings.
Formally, we must have:

∑i∈{11,...,|V |−4} |madj+
β
(β (i))|< ∑i∈{11,...,|V |−4} |madj+α (α(i))|= 3q+4(|VG10|− (q+4))

Also, by Corollary 4 we have that |madj+
β
(β (i))| ≥ 3 for every step i ∈ {11, . . . , |V |−4}.

Recall that α eliminated q vertices of degree 3 from G10 before step |V |−4 (and the reaming
vertices had degree 4). Therefore, we can conclude by saying that:

|VG10(β ,3)|> |VG10(α,3)|= q (7.1)

Before determining an upperbound for |VG10(β ,3)| let us make some general observations.
It is previously shown that S 3

G10
= {NG10(vr,c)|r ∈ {1,4},c ∈ {4, . . . ,n−3}}. For every step

t ∈ {11, . . . , |V |− 4} in β where |madj+
β
(β (t))| = 3, we clearly have that N

Gβ

t−1
(β (t)) is a

separator of size 3 in the graph Gβ

t−1. This combined with Corollary 5 implies that for every
such step t ∈ {11, . . . , |V |−4}:

S 3
Gβ

t−1
⊆S 3

G10
= {NG10(vr,c)|r ∈ {1,4},c ∈ {4, . . . ,n−3}} (7.2)

Below, we will show that the following statements are correct. This will then result in a
contradiction with Equation (7.1) implying that α is a minimum triangulation over G10 as
needed.

(a) Every vertex v ∈ VG10(β ,3) can be mapped to a unique vertex set from {NG10(vr,c)|r ∈
{1,4},c ∈ {4, . . . ,n−3}}. Furthermore, given that β−1(v)≤ |V |−5, we neccessarily
have that β (t) = vr,c for some r ∈ {1,4},c ∈ {4, . . . ,n−3}.

(b) At most q vertex sets from {NG10(vr,c)|r ∈ {1,4},c ∈ {4, . . . ,n−3}} can have a vertex
from VG10(β ,3) mapped to it.
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In order to prove statement (a), fix a vertex v∗ ∈ VG10(β ,3) and let t∗ = β−1(v∗). By
selection of vertex v∗, N

Gβ

t∗−1
(v∗) is a minimal separator of size 3 in the graph Gβ

t∗−1. Then

by Equation (7.2) we have that N
Gβ

t∗−1
(v∗) ∈ S 3

G10
and hence N

Gβ

t∗−1
(v∗) = NG10(vr∗,c∗)

for some c∗ ∈ {4, . . . ,n− 3} and r∗ ∈ {1,4}. By a repeated application of Lemma 8
from step 10 to t∗− 1 we have |C

Gβ

t∗−1
(NG10(vr∗,c∗))| ≤ |CG10 (NG10(vr∗,c∗))| = 2. Since

N
Gβ

t∗−1
(v∗) = NG10(vr∗,c∗) is still a separator at step t∗−1 we have that Gβ

t∗−1−NG10(vr∗,c∗)

has 2 components: Gβ

t∗−1 [{v∗}] and Gβ

t∗−1− (NG10(vr∗,c∗)∪{v∗}). We will use this fact
shortly.

By elimination of vertex v∗ we get |C
Gβ

t∗−1
(NG10(vr∗,c∗))|= 1, in other words NG10(vr∗,c∗)

is no longer a separator in the graph Gβ

t∗ . By Corollary 5 we can state that NG10(vr∗,c∗) /∈S 3
Gβ

t−1

for every later step t ∈ {t∗+ 1, . . . , |VG| − 4}. Then NG10(vr∗,c∗) is the unique separator
corresponding to the vertex v∗ ∈ VG10(β ,3). This proves the first part of statement (a).

To prove the second part of this statement further, assume that v∗ is selected s.t. t∗≤ |VG|−
5 and suppose for a contradiction β (t∗) ̸= vr∗,c∗ . G10 [{vr∗,c∗}] is one of the 2 components
of G10−NG10(vr∗,c∗) and obviously by elimination of vr∗,c∗ , NG10(vr∗,c∗) will no longer be
a separator. It is previously shown that Gβ

t∗−1−NG10(vr∗,c∗) has 2 components Gβ

t∗−1 [{v∗}]
and Gβ

t∗−1− (NG10(vr∗,c∗)∪{v∗}). Combining these two observations, we have that V
Gβ

t∗−1
−

(NG10(vr∗,c∗)∪{v∗}) = {vr∗,c∗}. Since |NG10(vr∗,c∗)| = 3 we have that |V
Gβ

t∗−1
| = 5 and so

|V
Gβ

t∗
|= 4, i.e., t∗ = |VG|−4. This contradicts the assumption that t∗ ≤ |VG|−5 thus proving

the second part of statement (a).
Statement (b) is easy to see from (a) in the case where n = 7, as q = 2⌈n−6

2 ⌉ = 2
and |{NG10(vr,c)|r ∈ {1,4},c ∈ {4, . . . ,n−3}}|= 2. Therefore, suppose that n ≥ 8 and fix
row and column index r ∈ {1,4},c ∈ {4, . . . ,n− 3} s.t. NG10(vr,c) = N

Gβ

t
(β (t)) for a step

t ∈ {11, . . . , |VG|−4}. There exists at most two column indices c′ ∈ {4, . . . ,n−3}\{c} s.t.
|c− c′|= 1 and NG10 (vr,c′) ∈S 3

Gβ

t−1

. We claim that NG10 (vr,c′) /∈S 3
Gβ

t
for every such column

index c′.
By statement (a), given that t ≤ |VG|−5 we have that β (t) = vr,c. Then in this case we

clearly have that NG10 (vr,c′) /∈S 3
Gβ

t
as vr,c ∈ NG10 (vr,c′) and vr,c /∈V

Gβ

t
. Moreover in the case

where t = |VG|− 4, the graph Gβ

t is clearly a K4 which implies that S3
Gβ

t
= /0 proving our

claim. Hence, we can thus conclude that NG10 (vr,c′) /∈S 3
Gβ

t
.

To recap, by elimination of vertex β (t), S 3
Gβ

t−1

\S 3
Gβ

t
contains NG10(vr,c) as well as

NG10(vr,c′) for every column index c′ ∈ {4, . . . ,n−3}\{c} with |c− c′|= 1. Then given the
row index r = 1, for at most ⌈n−6

2 ⌉ indices c ∈ {4, . . . ,n−6}, the separator NG10(vr,c) has a
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vertex v ∈ VG10(β ,3) mapped to it. The case where r = 4 is symmetric. Therefore, at most
2⌈n−6

2 ⌉= q vertex sets in {NG10(vr,c)|r ∈ {1,4},c ∈ {4, . . . ,n−3}} can have a vertex from
VG10(β ,3) mapped to them, proving statement (b).

By combining statements (a) and (b) we can state that |VG10(β ,3)| ≤ q contradicting
Equation (7.1). This proves our claim that α is a minimum elimination ordering over G10.
By our construction, maxv∈V |madj+α (v)|= 4 = tw(G). Additionally, for i ∈ {1, . . . ,10}, α(i)
satisfies one of the conditions (A) or (B) from Theorem 14 and α is a minimum elimination
ordering over the graph G10. As a result, we can conclude that τ(G) = 0.
Case 2. Suppose that 4 ≤ n ≤ 6. By construction, for i ∈ {1, . . . , |X ′|+ 4}, α(i) is an
almost simplicial vertex in the graph Gi−1 and maxi∈{1,...,|X ′|+4} degGi−1

(α(i)) = 3. Then by
Corollary 7, tw(G|X ′|+4) ≤ tw(G) = 4. Since δ (G|X ′|+4) = 4 we have that tw(G|X ′|+4) = 4
by Lemma 3. This, combined with the fact that κ(G|X ′|+4) = 4 implies that there exists
a minimum triangulation of the graph G|X ′|+4 with treewidth of 4 (as shown in the proof
of Lemma 21). So let α be one such minimum elimination ordering over G|X ′|+4 where
maxv∈VG|X ′|+4

|madj+α (v)|= tw(G) = 4.

To conclude α(i) for i ∈ {1, . . . , |X ′|+4} satisfies one of the conditions (A) or (B) from
Theorem 14 and by selection α is a minimum elimination ordering over the graph G|X ′|+4.
Condition (3) from Theorem 14 is also satisfied as maxv∈V |madj+α (v)| = 4 = tw(G) thus
showing that τ(G) = 0.

As a corollary to Lemma 31 we can state the following about the minimum fill-in value
of the P4□Pn grid graphs for n≥ 4.

Corollary 23. Let G be a P4□Pn for n≥ 4. Then we have:

mfi(P4□Pn) =

18+8(n−4) if n is even

25+8(n−5) if n is odd

Proof. Let α be the elimination ordering over G defined in the proof of Lemma 31. α

is a minimum elimination ordering over G as it satisfies both conditions (1) and (2) from
Theorem 9. Then α adds mfi(G) edges while eliminating the vertex set of G.

α begins by eliminating the vertices of X = {v1,1,v1,n,v4,1,v4,n}. Clearly, 1 edge is added
in G+

α by elimination of every vertex v ∈ X . Next α eliminates vertices of the set X ′ which is
defined depending on the following cases: given that n = 4, X ′ = {v2,1,v4,3,v2,4,v1,3} and
for n≥ 5 we have X ′ = {v2,1,v1,2,v4,2,v4,n−1,v2,n,v1,n−1}. Similarly, 2 edges are added in
G+

α by elimination of every vertex v ∈ X ′. At this stage, let us consider the following cases:
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v1,1

v2,1

v3,1

v4,1

v1,2

v2,2

v3,2

v4,2

v1,3

v2,3

v3,3

v4,3

v1,4

v2,4

v3,4

v4,4

(a) n = 4

v1,1

v2,1

v3,1

v4,1

v1,2

v2,2

v3,2

v4,2

v1,3

v2,3

v3,3

v4,3

v1,4

v2,4

v3,4

v4,4

v1,5

v2,5

v3,5

v4,5

(b) n = 5

v1,1

v2,1

v3,1

v4,1

v1,2

v2,2

v3,2

v4,2

v1,3

v2,3

v3,3

v4,3

v1,4

v2,4

v3,4

v4,4

v1,5

v2,5

v3,5

v4,5

v1,6

v2,6

v3,6

v4,6

(c) n = 6

v1,1

v2,1

v3,1

v4,1

v1,2

v2,2

v3,2

v4,2

v1,3

v2,3

v3,3

v4,3

v1,4

v2,4

v3,4

v4,4

v1,5

v2,5

v3,5

v4,5

v1,n−2

v2,n−2

v3,n−2

v4,n−2

v1,n−1

v2,n−1

v3,n−1

v4,n−1

v1,n

v2,n

v3,n

v4,n

(d) n≥ 7 and n is odd

v1,1

v2,1

v3,1

v4,1

v1,2

v2,2

v3,2

v4,2

v1,3

v2,3

v3,3

v4,3

v1,4

v2,4

v3,4

v4,4

v1,5

v2,5

v3,5

v4,5

v1,n−3

v2,n−3

v3,n−3

v4,n−3

v1,n−2

v2,n−2

v3,n−2

v4,n−2

v1,n−1

v2,n−1

v3,n−1

v4,n−1

v1,n

v2,n

v3,n

v4,n

(e) n≥ 7 and n is even

Fig. 7.8 The triangulation G+
α obtained from P4□Pn graph G using the elimination ordering

defined in the proof of Lemma 31. The edges in light green are added first, after the
elimination of vertices X . Next the edges in dark green are added in α , when the vertices
in X ′ are eliminated. Afterwards, we add the light blue edges, done after we eliminate the
vertices in X ′′ (this is only the case when n≥ 7). Finally we add the dark blue edges, that is
during the steps in α where the intermideate graphs have vertex connectivity of 4. (a)-(c)
depict G+

α for n ∈ {4,5,6}. (d),(e) show the complementary cases when n≥ 7.
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Case 1. Suppose that n≤ 6. We first define α over the graph G|X |+|X ′| and then define the
value of mfi(G) depending on the following subcases:
Subcase (i): Suppose that n = 4. After elimination of vertices X ∪ X ′, we have that
tw(G|X ′|+4) = κ(G|X ′|+4) = 4. Let α eliminate the following vertices (in this order) during
the steps i ∈ {9, . . . ,12}: v3,1,v3,2,v2,2,v1,2. It is easy to see that all above vertices are
eliminated with degree of 4 and that the resulting graph, G12, is a K4. Therefore, by
Corollary 4, α is a minimum elimination ordering over G8 and by our construction it is easy
to confirm that mfi(G) = 18 in this case (see Figure 7.8a).
Subcase (ii): Suppose that n = 5. During the steps i ∈ {11, . . . ,16} let α eliminate the
following vertices: v3,1,v2,2,v3,2,v3,3,v2,3,v1,3. All above vertices are eliminated with degree
4 thus α is a minimum elimination ordering over G10. Then in this case mfi(G) = 25 (see
Figure 7.8b).
Subcase (iii): Finally, suppose that n = 6. During the steps i ∈ {11, . . . ,20} let α eliminate
the following vertices in the specified order: v3,1,v2,2,v3,2,v1,3,v2,3,v3,3,v4,3,v3,4,v2,4,v1,4. α

is a minimum elimination ordering over G10 as every one of the above vertices are eliminated
with degree of 4. Then in this case mfi(G) = 34 (see Figure 7.8c).
Case 2. Suppose that n≥ 7. There are 14 edges added in α by elimination of the vertices in
columns 1 and 2. Observe that the 3 missing edges turning the vertices of column 3 into a
clique are among the above-mentioned edges.

Let us consider how many edges are added in G+
α when eliminating the vertices of

columns c and c+1 for every odd column index c ∈ {3, . . . ,n−4}. The vertices of column
c become a clique after the elimination of the vertices from columns c− 1 and c− 2 (see
Figure 7.7d for an example). Therefore, we do not count the added edges between the vertices
of column c. α adds 3 edges by elimination of v1,c+1 and the same number of edges are
added when v4,c+1 is eliminated (these vertices belong to the vertex set X ′′ discussed in the
proof of Lemma 31). By elimination of every other vertex from columns c and c+ 1, α

adds 10 edges, including the set of missing edges turning the vertices of column c+2 into a
clique. As a demonstration, when c = 3, these added edges are highlighted in bright green in
Figure 7.7e to Figure 7.7j. Therefore, we can conclude that α adds a total of 16 edges while
eliminating the vertices of {vr,c,vr,c+1, |r ∈ {1, . . . ,4}}. Next, let us consider the following
subcases:
Subcase (i): Suppose that n is odd. We have thus far considered the number of added edges
when α eliminates the vertices of columns 1 to n−3. Note that vertex set of column n−2 is a
clique at this stage. There are 11 added edges in G+

α by elimination of the vertices in columns
n−2, n−1 and n. Putting all this together, we can see that G+

α has 14+16(n−5
2 )+11 added

edges (see Figure 7.8d). As a result, mfi(G) = 25+8(n−5).
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Subcase (ii): Suppose that n is even. Thus far, we have considered the number of added
edges by α when eliminating the vertices of columns 1 to n−4. At this stage, the vertex
set of column n− 3 is a clique. There are 20 added edges in G+

α when the vertices of
columns n− 3 to n are eliminated. Then by combining our above observations, we have
that G+

α has 14+16(n−6
2 )+20 added edges (see Figure 7.8e). Consequently, in this case,

mfi(G) = 18+8(n−4).
This concludes the statement of the corollary as desired.

The next lemma extends Lemma 31 to the 4×n hexagonal grid, where n≥ 4:

Lemma 32. Let G = (V,E) be a 4×n hexagonal grid for n≥ 4. Then τ(G) = 0.

Proof. The proof here follows closely the proof of Lemma 31, therefore we will skip
over some similar arguments. Let G = (V,E) be a 4× n hexagonal grid where n ≥ 4. By
Lemma 14 we have that tw(G) = 4. We define an elimination ordering α over G that satisfies
the condition stated in Theorem 14.

For i ∈ {1, . . . ,2n+6} let α eliminate the following vertices in the written order:

v2,1,v1,1,v′1,2,v
′
1,3, . . . ,v

′
1,n,v1,n,v3,1,v4,1,v′4,2,v

′
4,3, . . . ,v

′
4,n,v4,n,v′2,n+1,v

′
3,n+1

Let X =
⋃

i∈{1,...,2n+6}α(i) and observe that X is the set of degree 2 vertices of G. Then
α(i) satisfies condition (A) from Theorem 14, for every step i ∈ {1, . . . ,2n+6}, as it is a
simplicial vertex in the graph Gi−1⊕Fα(i) (note that Fα(i) = fill(NGi−1(α(i)))).

Considering the graph G2n+6, that is the graph obtained from G after the elimination
of every vertex in X , we have that κ(G2n+6) = 3 (see Figure 7.9b for a demonstration).
Below, we let α eliminate a set of degree 3 vertices of G2n+6 that satisfy the conditions of
Theorem 14.

Define the vertex set X ′ ⊂VG2n+6 as X ′ = {v′2,2,v1,2,v2,2,v3,2,v4,2,v2,3,v3,3}. During the
steps i ∈ {2n+7, . . . ,2n+13} let α eliminate all vertices of X ′ in the same order we have
listed above. It is easy to verify that α(i) for i ∈ {2n+7, . . . ,2n+13} is an almost simplicial
vertex with degree 3 in graph Gi−1. Since κ(G2n+6) = 3 and 2n+13 < |VG2n+6|−3, we have
that κ(Gi−1)≥ 3 for i ∈ {2n+7, . . . ,2n+13}. Therefore, α(i) for i ∈ {2n+7, . . . ,2n+13}
satisfies condition (B) of Theorem 14. We also need to point out that by our selection
maxi∈{1,...,2n+13} |madj+α (α(i))|= 3.

Below we consider 2 complementary cases regarding n and in both cases show that
τ(G) = 0:
Case 1. Suppose that n = 4. Thus far, we have defined the elimination ordering α until
step 2n+13 = 21. The graph G21 (shown in Figure 7.10a) has vertex connectivity of 3, i.e.,
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v1,1
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v2,1

v′2,2
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v′2,3
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v′3,3

v4,2

v′4,3

v1,3

v′1,4

v2,3

v′2,4

v3,3

v′3,4

v4,3

v′4,4

v1,4

v′1,5

v2,4

v′2,5

v3,4

v′3,5

v4,4

v′4,5

v1,5

v2,5

v3,5

v4,5

v1,n−2

v′1,n−1

v2,n−2

v′2,n−1

v3,n−2

v′3,n−1

v4,n−2

v′4,n−1

v1,n−1
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Fig. 7.9 The elimination ordering α over the 4×n hexagonal grid graph G, depicted in (a),
for n ≥ 4. (b) The graph obtained at step 2n+ 6 of α after elimination of every degree 2
vertex in G. The added edges are drawn in green. (c) The graph obtained at step 2n+13 of
α after elimination of every almost simplicial vertex of degree 3 in G2n+6. The edges added
by elimination of these vertices are drawn in light green, whereas the previously added edges
are now in dark green.
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κ(G21) = 3. Let α(22) = v2,4 and note that α(22) is an almost simplicial vertex in the graph
G21 with degG21

(α(22)) = κ(G21) = 3 hence satisfying condition (B) of Theorem 14.
The resulting graph G22 has 8 vertices and is shown in Figure 7.10b and has vertex

connectivity of 4, i.e., κ(G22) = 4. Then following Corollary 4, every triangulation of G22

must have at least 4(|VG22 |− 4)+ 6 = 22 edges. Below we first define α during the final
steps i ∈ {23, . . . , |V |} and then using this lower bound, we will show that α is a minimum
triangulation over G22.

Let α(23) = v′3,2, α(24) = v′2,3 and α(25) = v′3,3. It is easy to verify that |madj+α (α(i))|=
4 for every step i ∈ {23,24,25} (as pointed out in Figure 7.10). The graph G25 is a K5 (see
Figure 7.10e) therefore we let α be any elimination ordering over G25 in the remaining
5 steps. By our selection ∑i∈{23,...,|V |} |madj+α (α(i))| = 22 showing that α is a minimum
triangulation over the graph G22.

To recap, α(i) satisfies condition (A) or (B) of Theorem 14 for every step i ∈ {1, . . . ,22}
and in the remaining steps α is a minimum triangulation over G22. Condition (3) of Theo-
rem 14 is also satisfied as maxv∈V |madj+α (v)| = tw(G) = 4. As a result, we can state that
τ(G) = 0 in this case.
Case 2. Suppose that n≥ 5. Let Y ′′ ⊂VG2n+13 be the set of all degree 3 vertices in G2n+13

(shown in Figure 7.9c). Note that κ(G2n+13) = 3 and the set of all minimum separators
of G2n+13 (that is also the set of all minimal separators of size 3) is: S ∗

G2n+13
= S 3

G2n+13
=

{NG2n+13(v)|v ∈ Y ′′}.
Define X ′′ to be the largest set of pairwise non-adjacent vertices from Y ′′. We claim

that |X ′′| = 2(n− 4) + ⌈n−4
2 ⌉+ 1. To prove this, define the vertex set L′′c ⊂ VG2n+13 for

every index c ∈ {4, . . . ,n−1} as L′′c = {v1,c,v2,c,v′2,c+1,v
′
3,c+1,v3,c,v4,c}. We point out that

Y ′′ = {v2,n,v3,n}∪
⋃

c∈{4,...,n−1}L′′c . For a given index c ∈ {4, . . . ,n−1}, X ′′ can contain at
most 3 vertices from L′′c . Given that |X ′′ ∩L′′c | = 3 for some c ∈ {4, . . . ,n− 1}, it is easy
to verify that as a result |X ′′ ∩ L′′c′| ≤ 2 for every other index c′ ∈ {4, . . . ,n− 1} selected
s.t. |c− c′| = 1. Clearly |X ′′∩{v2,n,v3,n}| ≤ 1 implying that |X ′′| ≤ 2(n− 4)+ ⌈n−4

2 ⌉+ 1.
Now let us define X ′′ as a set of pairwise non-adjacent degree 3 vertices in G2n+13 of size
2(n−4)+ ⌈n−4

2 ⌉+1:

X ′′ = {v2,c,v′3,c+1|c ∈ {4, . . . ,n−1} and c is even}∪
{v2,c,v′3,c+1,v4,c|c ∈ {4, . . . ,n−1} and c is odd}∪{v2,n}

This proves our claim that |X ′′| = 3⌈n−4
2 ⌉+ 2⌊n−4

2 ⌋+ 1 = 2(n− 4)+ ⌈n−4
2 ⌉+ 1. Next

let α eliminate all vertices from X ′′ in the same order as above during the steps i ∈ {2n+
14, . . . ,2n+ 13+ |X ′′|}. Since X ′′ is a set of pairwise non-adjacent vertices from Y ′′, by
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(b) G22
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Fig. 7.10 Elimination ordering α over the 4× 4 hexagonal grid G. (a)-(e) depicts, for
i∈ {21, . . . ,25}, the graph Gi and the vertex α(i+1) pointed out with its label. In each graph,
the set of edges added by elimination of the vertex α(i) are drawn in light green, whereas
the previously added edges are in dark green. Note that α(22) is an almost simplicial vertex
of degree 3 and that degGi

(α(i+1)) = 4 for i ∈ {22, . . . ,25}. Also observe that κ(G22) = 4
and that the graph G25 is a K5.
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Corollary 3 we have that degGi−1
(α(i)) = degG2n+13

(α(i)) = 3. Let q = 2n+13+ |X ′′| for
short and note that the graph Gq has vertex connectivity of 4 (see Figure 7.11a in the case
where n is odd and Figure 7.11b when n is even). During the steps i ∈ {q+ 1, . . . ,q+ 4}
eliminate the following vertices in this order: v′3,2,v

′
2,3,v

′
3,3,v

′
3,4. We point out that all vertices

eliminated during these steps have degree 4 (see Figure 7.11 for a demonstration).
The graph Gq+4 obtained at step q+4 is depicted in Figure 7.12a. Depending on whether

c is odd or even, beginning with c = 3 until n− 3 eliminate the following vertices in the
outlined order:
Subcase (i): Given that c is odd, eliminate the vertices v1,c,v′2,c+1,v4,c,v3,c+1 in this order.
See for a demonstration Figure 7.12a to Figure 7.12d.
Subcase (ii): Given that c is even, eliminate the vertices v1,c,v′2,c+1,v3,c+1 in this order. See
for a demonstration Figure 7.12e to Figure 7.12g.

In the subcase where n is odd, we have thus far eliminated all vertices apart from
v1,n−1,v′2,n,v3,n. Note that the graph G|V |−3 is a K3 over {v1,n−1,v′2,n,v3,n}. Similarly, in the
subcase where n is even, we are left with the following vertices v1,n−1,v′2,n,v3,n,v4,n−1 and
the graph G|V |−4 is a K4 over {v1,n−1,v′2,n,v3,n,v4,n−1}. This is easy to see considering the
fact that α(|V |−4) = v3,n−1 and that it is a universal vertex in the graph G|V |−4. In either
one of those subcases, we let α be any elimination ordering in the remaining steps. We point
out that by our selection, maxi∈{q+4,...,|V |} |madj+α (α(i))|= 4.

Now, similar to the proof of Lemma 31, we claim that α is a minimum elimination
ordering over the graph G2n+13. Suppose for a contradiction that this is not the case. By
Theorem 9 there must exist a minimum elimination ordering β over G where β (i) = α(i)
for every step i ∈ {1, . . . ,2n+13} and β is a minimum elimination ordering over G2n+13 in
the remaining steps. By selection, when comparing the number of edges α and β add when
eliminating the vertices of G2n+13, we can ignore the first 2n+13 steps. Since κ(G2n+13) = 3,
by Corollary 4 we have that Gβ

|V |−4 is a K4 (same as Gα

|V |−4). Then similarly we can ignore
the final 4 steps in both elimination ordering. Formally, we must have:

∑i∈{2n+14,...,|V |−4} |madj+
β
(β (i))|< ∑i∈{2n+14,...,|V |−4} |madj+α (α(i))| (7.3)

Also, by Corollary 4, |madj+
β
(β (i))| ≥ 3 for every step i ∈ {2n+14, . . . , |V |−4}. Recall

that X ′′ is the set of all degree 3 vertices eliminated by α during these steps, and every other
vertex was eliminated with degree of 4. As a result, we can state that:

|VG2n+13(β ,3)|> |VG2n+13(α,3)|= |X ′′| (7.4)
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We know that S 3
G2n+13

= {NG2n+13(y)|y∈Y ′′} also for every step i∈{2n+14, . . . , |V |−4}
s.t. |madj+

β
(β (i))| = 3 we have that N

Gβ

i−1
(β (i)) is a separator of size 3 in the graph Gβ

i−1.

Apply the same arguments used to prove statement (a) in the proof of Lemma 31, we can show
that every vertex v ∈ VG2n+13(β ,3) can be mapped to a unique separator S ∈S 3

G2n+13
. It can

also be shown that for every pair of vertices v,u ∈ VG2n+13(β ,3), the corresponding separators
Sv,Su ∈ S 3

G2n+13
must satisfy these conditions: Sv = NG2n+13(y) and Su = NG2n+13(y

′) for
y,y′ ∈ Y ′′ s.t. y′ /∈ NG2n+13(y). This can be shown by the same arguments used to prove
statement (b) in the proof of Lemma 31. By combining these observations and the fact that
X ′′ is the largest set of pairwise non-adjacent vertices from Y ′′ in graph G2n+13, we can
conclude that |VG2n+13(β ,3)| ≤ |X ′′|. This contradicts Equation (7.4), proving that α is a
minimum triangulation over G2n+13 as desired.

To recap, α during the steps i ∈ {1, . . . ,2n+13} satisfies condition (1) from Theorem 14
and it is a minimum triangulation over the graph G2n+13 in the remaining steps. Furthermore,
condition (3) from Theorem 14 is also satisfied as maxv∈V |madj+α (v)|= 4= tw(G) (treewidth
of G is 4 by Lemma 14). Then as a conclusion we can state that τ(G) = 0.

In the next corollary, we determine the value of the mfi parameter for 4×n hexagonal
grids, for n≥ 4.

Corollary 24. Let G be a 4× n hexagonal grid, for n ≥ 4. Then mfi(G) = 22⌊n−4
2 ⌋+

21⌊n−3
2 ⌋−7n+64.

Proof. Let α be the elimination ordering over G defined in the proof of Lemma 32. We
know that α is a minimum elimination ordering over G as it satisfies conditions (1) and (2)
from Theorem 9. Then α adds mfi(G) edges while eliminating the vertices of G. During
the first 2n+ 6 steps, α eliminates every vertex from the set X . It is shown that α(i) for
i ∈ {1, . . . ,2n+ 6} is an almost simplicial vertex of degree 2 in graph Gi−1 (thus has 1
missing edge in its neighbourhood). Next, α eliminates 7 vertices of X ′. It is also shown that
|fillGi−1

(NGi−1α(i))| = 2 for every step i ∈ {2n+ 7, . . . ,2n+ 13}. Therefore, we can state
that:

∑i∈{1,...,2n+13} |fillGi−1
(NGi−1α(i))|= 2n+6+2×7

At this stage, let us consider the following cases:
Case 1. Given that n = 4, α eliminates v2,4 with degree of 3, vertices of {v′3,2,v′2,3,v′3,3,v′3,4}
with degree of 4 and then the resulting graph G|V |−4 is a K4. Then in this case we have that:

∑i∈{2n+14,...,|V |} |madj+α (α(i))|= 3+4×4+6
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Fig. 7.11 Elimination ordering α over the 4× n hexagonal grid graph G, for n ≥ 5. We
let q = 2n+ 13+ |X ′′| for short (defined in the proof of Lemma 32). (a), (b) respectively,
depict the graph Gq and the vertex α(q) for odd and even values of n. The edges added by
elimination of the vertex set X ′′ are drawn in light green, while the previously added edges
are in dark green. Observe that Gq has vertex connectivity of 4. Similarly, (c)–(e) show the
graph Gi for i ∈ {q+2, . . . ,q+4}. In every graph, the vertex α(i+1) is shown with its label,
edges added by elimination of α(i) are drawn in light green, and the previously added edges
are in dark green.



7.1 King’s Graphs, Grids, Triangular and Hexagonal Grids 115

v1,3q+5→

v′2,4

v4,3

v1,4

v′2,5

v3,4

v1,5

v′2,6

v3,5

v4,5

v1,6

v3,6

(a) Gq+4

v′2,4q+6→

v4,3

v1,4

v′2,5

v3,4

v1,5

v′2,6

v3,5

v4,5

v1,6

v3,6

(b) Gq+5

v4,3q+7→

v1,4

v′2,5

v3,4

v1,5

v′2,6

v3,5

v4,5

v1,6

v3,6

(c) Gq+6

v1,4

v′2,5

v3,4q+8→

v1,5

v′2,6

v3,5

v4,5

v1,6

v3,6

(d) Gq+7

v1,4q+9→

v′2,5

v1,5

v′2,6

v3,5

v4,5

v1,6

v3,6

(e) Gq+8

v′2,5q+10→

v1,5

v′2,6

v3,5

v4,5

v1,6

v3,6

(f) Gq+9

v1,5

v′2,6

v3,5q+11→

v4,5

v1,6

v3,6

(g) Gq+10

v1,5q+12→

v′2,6

v4,5

v1,6

v3,6

(h) Gq+11

Fig. 7.12 Elimination ordering α over the 4×n hexagonal grid graph G, for n≥ 5. We let
q = 2n+ 13+ |X ′′| for short (defined in the proof of Lemma 32). (a)-(h) demonstrate the
graph Gi for i ∈ {q+4, . . . ,q+11}. In every graph, the vertex α(i+1) is pointed out with
its label, the edges added by elimination of α(i) are in light green, and the previously added
edges are in dark green. Notice that the process of elimination demonstrated in (a)-(h) can be
repeated with Gq+11.
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Considering the fact that the graph G2n+13 has 17 edges, this implies that:

∑i∈{2n+14,...,|V |} |fillGi−1
(NGi−1α(i))|= 9

Case 2. In the case where n≥ 5, α first eliminates the vertices from X ′′ and the resulting
graph G2n+13+|X ′′| has vertex connectivity of 4. Formally |madj+α (α(i))| = 3 for every
step i ∈ {2n+ 14, . . . ,2n+ 13+ |X ′′|}, |madj+α (α(i))| = 4 for every step i ∈ {2n+ 13+
|X ′′|, . . . , |V |−4} and the graph G|V |−4 is a K4.

By selection, X ′′ in the 4×n hexagonal grid, has 3 more vertices in the case when n is
odd and 2 more vertices in the case when n is even, than the 4× (n−1) hexagonal grid. Then
we can state the following statement:

∑i∈{2n+14,...,|V |} |madj+α (α(i))|=
⌊

n−4
2

⌋
(3×3+4×3)+

⌊
n−3

2

⌋
(3×2+4×4)+25

It is easy to verify that the graph G2n+13 has 9n−19 edges. Thus, by combining all above
observations, we can state that:

∑i∈{1,...,|V |} |fillGi−1
(NGi−1α(i))|= 2n+6+14+22

⌊
n−4

2

⌋
+21

⌊
n−3

2

⌋
+25− (9n−19)

This concludes the statement of the corollary.

The statement from Lemma 31 can be easily extended to the 4×n triangular grids.

Lemma 33. Let G = (V,E) be a 4×n triangular grid for n≥ 4. Then τ(G) = 0.

Proof. Let G = (V,E) be a 4×n triangular grid for n ≥ 4 (demonstrated in Figure 7.13a).
First, note that tw(G) = 4 by Lemma 13. We will prove that τ(G) = 0 by defining an
elimination ordering α over G that satisfies the conditions of Theorem 14.

Define X = {v1,n,v4,1} and let α(1) = v1,n, α(2) = v4,1. Note that by selection, the
vertex α(i) for i ∈ {1,2} is simplicial in the graph Gi−1 thus satisfying condition (A) from
Theorem 14. The resulting graph G2 (shown in Figure 7.13b) has connectivity of 3, i.e.,
κ(G2) = 3. Define the subset X ′ ⊂VG2 to be:

X ′ = {v1,1,v4,n,v3,1,v4,2,v1,n−1,v2,n}

During steps i ∈ {3, . . . ,8} let α eliminate the vertices of X ′ in the same order as above.
Since κ(G2) = 3 and 8 < |V |−3, Corollary 4 implies that κ(Gi−1)≥ 3 for i ∈ {3, . . . ,8}. It



7.1 King’s Graphs, Grids, Triangular and Hexagonal Grids 117

v1,1

v2,1

v3,1

v4,1

v1,2

v2,2

v3,2

v4,2

v1,3

v2,3

v3,3

v4,3

v1,n−1

v2,n−1

v3,n−1

v4,n−1

v1,n

v2,n

v3,n

v4,n

(a) G

v1,1

v2,1

v3,1

v1,2

v2,2

v3,2

v4,2

v1,3

v2,3

v3,3

v4,3

v1,n−1

v2,n−1

v3,n−1

v4,n−1

v2,n

v3,n

v4,n

(b) G2

v2,1

v1,2

v2,2

v3,2

v1,3

v2,3

v3,3

v4,3

v1,n−2

v2,n−2

v3,n−2

v4,n−2

v2,n−1

v3,n−1

v4,n−1

v3,n

(c) G8

Fig. 7.13 (a) the 4×n triangular grid G. (b) the graph G2 obtained from G by elimination of
every simplicial vertex. (c) the graph G8 obtained from G2 by exhaustively eliminating every
almost simplicial vertex with degree 3. The set of added edges during steps i ∈ {3, . . . ,8} are
shown in green. Note that the graph G8 has vertex connectivity of 4.

is easy to see that α(i) during these steps is an almost simplicial vertex with degGi−1
(α(i)) =

κ(Gi−1), satisfying condition (A) or (B) of Corollary 13.
The resulting graph G8 is shown in Figure 7.13c and it is easy to verify that κ(G8) = 4.

By Corollary 7 and the fact that maxi∈{1,...,8} |madj+α (α(i))| = 3 by our selection, we get
that tw(G8) ≤ tw(G) = 4. By Lemma 3, tw(G8) ≥ 4 as δ (G8) = 4. In conclusion, G8 has
treewidth and vertex connectivity of 4. Then as shown in the proof of Lemma 21, during
the steps i ∈ {9, . . . , |V |} we can let α be a minimum elimination ordering over G8 with
maxi∈{9,...,|V |} |madj+α (α(i))|= 4.

To summarize for i ∈ {1, . . . ,8}, α satisfies condition (1) from Theorem 14 and in the
remaining steps it is a minimum elimination ordering over the graph G8. Furthermore, by con-
struction maxv∈V |madj+α (v)|= tw(G) = 4 thus also satisfying condition (3) of Theorem 14.
Finally, we can conclude that τ(G) = 0.

As a corollary to Lemma 33 we can state the following about the mfi of 4×n triangular
grids, for n≥ 4.

Corollary 25. Let G be a 4×n triangular grid, for n≥ 4. Then mfi(G) = 6n−13.
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Proof. Let α be the elimination ordering over G defined in the proof of Lemma 32. α is a
minimum elimination ordering over G since it satisfies conditions (1) and (2) from Theorem 9.
Therefore, the number of added edges in G+

α is mfi(G).
In the first 2 steps, α eliminates the simplicial vertices of G (not adding any edges).

During the steps i ∈ {3, . . . ,8}, we have that |fillGi−1
(NGi−1(α(i)))|= 1. The resulting graph

G8 has treewidth and vertex connectivity of 4 with 4n−8 vertices and 10n−23 edges.
Let α(9) = v2,1, α(10) = v3,2, α(11) = v2,2 and α(12) = v1,2. Given that n = 4, the

graph G12 is a K4 (this follows Corollary 4 and the fact that κ(G8) = 4). Therefore, suppose
that n≥ 5 and define α during the steps i ∈ {13, . . . , |V |−4} as described below: Starting
with c = 3 to n−2, eliminate the vertices of column c in this order: v4,c,v3,c,v2,c,v1,c. We
point out that all of the above vertices are eliminated with degree 4.

The vertices that are not eliminated by the selection above are v2,n−1,v3,n−1,v4,n−1,v3,n

and the resulting graph G|V |−4 is a K4. By our selection |madj+α (α(i))| = 4 for every step
i ∈ {9, . . . , |V |−4} and ∑i∈{|V |−4,...,|V |} |madj+α (α(i))|= 6. Therefore, ∑v∈VG8

|madj+α (v)|=
4(|VG8|−4)+6 = 16n−42. Since |EG8|= 10n−23 we can conclude that during the steps
i ∈ {9, . . . , |V |}, α adds 6n−19 edges.

Putting all previous steps together, we can end by saying that the number of added edges
in G+

α is 6n−13, proving the statement of the corollary.

The next lemma extends the statement of Lemma 31 to 4×n king’s graphs for n≥ 4.

Lemma 34. Let G = (V,E) be a 4×n king’s graph for n≥ 4. Then τ(G) = 0.

Proof. Let G = (V,E) be a 4×n king’s graph for n≥ 4. By Corollary 12, tw(G) = 5. We
prove the lemma by defining an elimination ordering α over G that satisfies the conditions
stated in Theorem 14.

Define X as the set of all simplicial vertices in G, then X = {v1,1,v4,1,v1,n,v4,n}. Let α

begin by eliminating the vertices of X (in the order written above). Note that by selection
α(i) for i ∈ {1, . . . ,4} satisfies condition (A) of Theorem 14.

The graph G4, as demonstrated in Figure 7.14b, has vertex connectivity of 4. Then by
Corollary 4, κ(Gi−1) ≥ 4 for every step i ∈ {5, . . . , |V |−4}. Define the subset of vertices
X ′ ⊂VG4 as X ′ = {v2,1,v3,1,v2,n,v3,n}. Then let α during the steps i ∈ {5, . . . ,8}, define the
vertices of X ′ in the same order as above. It is easy to verify that α(i) during these steps is
an almost simplicial vertex with degGi−1

(α(i)) = κ(Gi−1) = 4 thus satisfying condition (B)
of Theorem 14.

Now let us consider the graph G8 (shown in Figure 7.14c) and define α during the steps
i ∈ {9, . . . , |V |}. Below we consider 2 complementary cases and show that in both cases
τ(G) = 0:
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Fig. 7.14 (a) the 4× n king’s graph G, n ≥ 4. (b) the graph G4 obtained at step 4 of the
elimination ordering α (after all simplicial vertices are eliminated). (c)-(g) show the graph Gi
for i ∈ {8, . . . ,12}. The vertex α(i+1) is pointed out with its label, the set of edges added by
elimination of vertex α(i) are drawn in light green whereas the edges added in the previous
steps are in dark green. Also observe that the process of elimination shown in (c)-(f) can be
repeated on G12. (h) demonstrates the graph G|V |−5 that is a K5.
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Case 1. Suppose that n = 4. Clearly, G8 has vertex connectivity and minimum degree of
5 therefore by Lemma 3 we have tw(G8)≥ 5. By Corollary 7 and the fact that all vertices
eliminated so far were either simplicial or almost simplicial with degree of at most 4, we get
that tw(G8)≤ tw(G) = 5. Then G8 has the vertex connectivity and treewidth of 5. As shown
in the proof of Lemma 21, we can define α to be a minimum elimination ordering over the
graph G8 with the restriction that maxv∈VG8

|madj+α (v)|= 5.
To recap, in this case α satisfies condition (1) of Theorem 14 during the first 8 steps and

is a minimum elimination ordering over G8 in the remaining steps. Furthermore, because
maxv∈V |madj+α (v)|= tw(G) = 5, we can conclude that τ(G) = 0 as desired.
Case 2. Suppose that n≥ 5. Let α eliminate the vertices of every column c starting with c= 2
to n−1 in the following order: v1,c, . . . ,v4,c. This selection is demonstrated in Figure 7.14. It
is easy to verify that by our construction, for every column index c ∈ {2, . . . ,n−2} we have
|madj+α (v4,c)|= 4 and for every other row index r ∈ {1,2,3} we have |madj+α (vr,c)|= 5. The
graph G|V |−4 is a K4 thus we can conclude that ∑v∈VG8

|madj+α (v)|= 19(n−3)+6. This will
be used later in the proof of Corollary 26.

We claim that α is a minimum elimination ordering over the graph G8. To show this,
we will be using the same arguments used in the proof of Lemma 31. So begin by letting
β be a minimum elimination ordering over G where for i ∈ {1, . . . ,8}, β (i) = α(i) and
in the remaining steps β is a minimum elimination ordering over G8. Since κ(G8) =

4, using Corollary 4 we can state that |madj+
β
(β (i))| ≥ 4 for every step i ∈ {9, . . . , |V | −

4}. β is selected as a minimum elimination ordering over G8 hence ∑v∈VG8
|madj+

β
(v)| <

∑v∈VG8
|madj+α (v)| implying that:

|VG8(β ,4)|> |VG8(α,4)|= n−4 (7.5)

It is easy to verify that S ∗
G8

= S 4
G8

= {{v1,c,v2,c,v3,c,v4,c}|c ∈ {3, . . . ,n− 2}}. Thus,
|S 4

G8
| = n− 4. Fix a vertex v∗ ∈ VG8(β ,4), eliminated at a step t∗ ∈ {9, . . . , |VG8| − 5}

of β . N
Gβ

t∗−1
(v∗) is a minimal separator on 4 vertices in the graph Gβ

t∗−1. By Lemma 7,

S 4
Gβ

t∗−1

⊆S 4
G8

therefore N
Gβ

t∗−1
(v∗) = {v1,c, . . . ,v4,c} for some c ∈ {3, . . . ,n−2}. Similar to

the proof of Lemma 31, N
Gβ

t∗−1
(v∗) is no longer a separator in the graph Gβ

t∗ after elimination

of the vertex v∗. This is because |C
Gβ

t∗−1
(N

Gβ

t∗−1
(v∗))|= 2 and by elimination of v∗ we will

get |C
Gβ

t∗
(N

Gβ

t∗−1
(v∗))|= 1.

Combining the above observations, it is clear that every vertex v ∈ VG8(β ,4) corresponds
to a unique column index c ∈ {3, . . . ,n− 2} in the graph G8. Then |VG8(β ,4)| ≤ n− 4
contradicting Equation (7.5).
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Then we can summarize by stating that for i ∈ {1, . . . ,8}, α(i) satisfies condition (1)
from Theorem 14 and in the remaining steps α is a minimum elimination ordering over
G8. Additionally, maxv∈V |madj+α (v)|= tw(G) = 5 satisfying condition (3) of Theorem 14.
Therefore, we have that τ(G) = 0 as desired.

Corollary 26. Let G be a 4×n king’s graph for n≥ 4. Then mfi(G) = 6n−13.

Proof. Let α be the elimination ordering over G defined in the proof of Lemma 34. α

is a minimum elimination ordering over G as it satisfies both conditions (1) and (2) from
Theorem 9. Then the number of added edges in G+

α is equal to mfi(G).
During the first 4 steps, α eliminates the vertices from X = {v1,1,v4,1,v1,n,v4,n}which are

all simplicial in G. In the next 4 steps, α eliminates the vertices of X ′ = {v2,1,v3,1,v2,n,v3,n}
and it is easy to see that |fillGi−1

(NGi−1α(i))|= 2 for every step i ∈ {5, . . . ,8}. The graph G8

(as demonstrated in Figure 7.14c) has 9+13(n−3) edges. Let us consider the following
cases at this stage:
Case 1. Suppose that n = 4. During steps i ∈ {9, . . . ,12} let α eliminate the vertices
of column 2 in the following order: v1,2, . . . ,v4,2. In this case ∑v∈VG8

|madj+α (v)| = 25 as
|madj+α (α(i))|= 5 for every step i ∈ {9, . . . ,11}, |madj+α (α(12))|= 4 and the graph G12 is
a K4.
Case 2. Suppose that n ≥ 5. The order in which the vertices of G8 are eliminated by
α is specified in the proof of Lemma 34. It is also pointed out that ∑v∈VG8

|madj+α (v)| =
19(n−3)+6.

The statement of the corollary follows as the number of added edges in G+
α is:

∑i∈{1,...,|VG|}
|fillGi−1

(NGi−1(α(i)))|= 4×2+19(n−3)+6− (9+13(n−3)) = 6n−13

This concludes our work on grids, hexagonal and triangular grids as well as king’s
graphs.

7.2 Rook’s graph

In this section, we will study the parameters τ and mfi of rook’s graphs. While doing this, we
will also prove some properties of rook’s graphs. The structure of these graphs and hence
our approach to them differs significantly from what was discussed in Section 7.1. We will
show in this section that there exists a rook’s graph G, with relatively small dimensions,
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Fig. 7.15 The K4□K4 rook’s graph G and an elimination ordering α over G. Given the
steps i ∈ {1, . . . , |V |}, the vertex α(i) is drawn with a thick border. The vertices from
α[1, i] are drawn in red, Vcompα (i) are highlighted with a yellow circle around them and
the vertices of madj+α (α(i)) are drawn in green. (a) depicts step 3 where α(3) = v1,2 and
α[1,2] = {v1,1,v2,1}. (b) and (c) depict 2 different cases at step 4. In (b) we have α(4) = v3,3
and α(4) = v2,3 in (c).

where τ(G)> 0. To simplify our discussion, we begin by introducing some shorthands and a
general lemma concerning elimination ordering of rook’s graphs.

Given an elimination ordering α over the graph G = (V,E) and two steps i, j, 1 ≤ i <
j ≤ |V |, define the set of vertices α[i, j] = {α(t)|t ∈ {i, . . . , j}}. Also let compα(i) be the
connected component of G[α[1, i]] containing the vertex α(i).

Let G = (V,E) be a Km□Kn (rook’s) graph, for m,n ≥ 2. For c ∈ {1, . . . ,n} let Lc =

{vr,c|r ∈ {1, . . . ,m}} and for r ∈ {1, . . . ,m} let Mr = {vr,c|c∈ {1, . . . ,n}}. Simply put, Lc,Mr

are respectively the vertices of the column number c and row number r of G. Given an
elimination ordering α over the rook’s graph G and a step i ∈ {1, . . . , |V |}, let Mα(i) be the
set of row indices spanned by compα(i) and Lα(i) the set of column indices spanned by
compα(i).

Formally Mα(i)= {r|r∈{1, . . . ,m},Mr∩Vcompα (i) ̸= /0} and Lα(i)= {c|c∈{1, . . . ,n},Lc∩
Vcompα (i) ̸= /0}. The next lemma shows the relationship between madj+α (α(i)) and compα(i).

Lemma 35. Let G = (V,E) be a Km□Kn for n,m≥ 2 and α an elimination ordering over G.
For a step i ∈ {1, . . . , |V |} of the elimination ordering α we have:

madj+α (α(i)) = {vr,c|c ∈Lα(i) or r ∈Mα(i)}\α[1, i]

Proof. Let α be an elimination ordering over the m× n rook’s graph G. We begin by
proving that madj+α (α(i)) = NG(Vcompα (i)) for every step i ∈ {1, . . . , |V |}. To do so, fix a step
i∗ ∈ {1, . . . , |V |} and let α(i∗) = vr∗c∗ , for some r∗ ∈ {1, . . . ,m} and c∗ ∈ {1, . . . ,n}.

By definition, NG(α(i∗)) \α[1, i∗] is a subset of madj+α (α(i∗)). So let us consider the
neighbourhood of every vertex u ∈ (Vcompα (i∗) \{α(i∗)}). By definition Vcompα (i∗) ⊆ α[1, i∗]
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so Vcompα (i∗)\{α(i∗)}⊆α[1, i∗−1], i.e., every vertex u∈ (Vcompα (i∗)\{α(i∗)}) is eliminated
before α(i∗). For every vertex u∈Vcompα (i∗)\{α(i∗)} there exists an α(i∗),u-path in G where
all the internal vertices belong to Vcompα (i∗) \{α(i∗)}. This is due to the fact that compα(i

∗)

is connected by definition. Then by Theorem 1, for every vertex w ∈ NG(u) s.t. α−1(w)> i∗

we have that w ∈ madj+α (α(i∗)). Since compα(i
∗) is the connected component of G[α[1, i∗]]

containing α(i∗) we can state the following for every vertex u ∈Vcompα (i∗) \{α(i∗)}:

NG(u)\α[1, i∗] = NG(u)\Vcompα (i∗) ⊆ madj+α (α(i∗))

This combined with the fact that (NG(α(i∗))\Vcompα (i∗))⊆ madj+α (α(i∗)) implies that
madj+α (α(i∗)) = NG(Vcompα (i∗)) as desired. Note that madj+α (α(i∗)) ̸⊃ NG(Vcompα (i∗)) as this
will imply (by Theorem 1) that there exists a vertex w′ /∈Vcompα (i∗) for which there exists a
w′,α(i∗)-path in G with all the internal vertices in Vcompα (i∗). Thus showing that w′ belongs
to NG(u′)\α[1, i∗] for some u ∈Vcompα (i∗) which is already covered above. See Figure 7.15
for a demonstration.

Now let us describe NG(Vcompα (i∗)). For a vertex vr,c ∈ Vcompα (i∗), NG(vr,c) \Vcompα (i∗)

contains every vertex from row r or column c that is not contained in α[1, i∗]. Formally, for
every vr,c ∈Vcompα (i∗):

NG(vr,c)\Vcompα (i∗) = {w|w ∈Mr or w ∈ Lc}\α[1, i∗]

Since madj+α (α(i∗)) = NG(Vcompα (i∗)) and Lα(i∗),Mα(i∗) are respectively the set of
column and row indices spanned by Vcompα (i∗) we get that:

madj+α (α(i∗)) = {vr,c|c ∈Lα(i∗) or r ∈Mα(i∗)}\α[1, i∗]

The lemma thus follows.

We have provided Figure 7.15 as a demonstration for Lemma 35. The figure shows
the K4□K4 graph G and an elimination ordering α over G where α[1,2] = {v1,1,v2,1}.
Figure 7.15a shows step 3 where α(3) = v1,2 and it is easy to verify that Vcompα (3) =

{v1,1,v2,1,v1,2}. Therefore madj+α (α(3)) = {vr,c | c ∈ {1,2} or r ∈ {1,2}} \ α[1,3]. In
step 4, we consider 2 cases. In Figure 7.15b we let α(4) = v3,3. Since for any vertex
v ∈ α[1,3] there is no α(4),v-path in G containing only vertices from α[1,3], we have
Vcompα (4) = {v3,3} and as a result madj+α (α(4)) = {vr,c | c = 3 or r = 3} \ α[1,3]. In
Figure 7.15c we let α(4) = v2,3. Note that v2,3,v2,1 ∈ E and more generally there ex-
ists a α(4),v-path in G containing only vertices from α[1,4] for every one of these ver-
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tices v ∈ {v1,1,v1,2,v2,1}. Consequently Vcompα (4) = α[1,4] = {v1,1,v1,2,v2,1,v2,3} and so
madj+α (α(4)) = {vr,c | c ∈ {1,2,3} or r ∈ {1,2}}\α[1,4].

As a corollary to Lemma 35 we have the following:

Corollary 27. Let G = (V,E) be a Km□Kn for n,m≥ 2 and α an elimination ordering over
G. For a step i ∈ {1, . . . , |V |} of the elimination ordering α we have

|madj+α (α(i))|= nm− (m−|Mα(i)|)(n−|Lα(i)|)−|Vcompα (i)|

Proof. Fix a step i∗ ∈ {1, . . . , |V |}. By Lemma 35, the set of vertices in V that are not
contained in madj+α (α(i∗)) is Vcompα (i∗) as well as every vertex from

⋃
r∈({1,...,m}\Mα (i∗))Mr

or
⋃

c∈({1,...,n}\Lα (i∗))Lc. This proves the statement of the corollary.

First, let us discuss the τ parameter for K2□Kn graphs, for n≥ 2.

Lemma 36. Let G be a K2□Kn for n≥ 2. Then τ(G) = 0.

Proof. Let G be a K2□Kn for n≥ 2. By Theorem 11 we have that tw(G) = n. It is easy to see
that κ(G) = n. Since G has treewidth and vertex connectivity of n, we know from Lemma 21
that there exists a minimum triangulation H of G with tw(H) = tw(G). This concludes that
τ(G) = 0 as desired.

The minimum fill-in of a graph G = Km□Kn for n≥ 2 is easy to determine considering
that its complement only contains cycles with 5 or more vertices. As a result G contains
n(n−1)/2 cycles with 4 vertices that pairwise share an edge thus requiring n(n−1)/2 edges
to triangulate. In order to showcase the application of Corollary 15, we have proved it
differently below:

Corollary 28. Let G be a K2□Kn graph for n≥ 2. Then mfi(G) = n(n−1)
2 .

Proof. Let G = (V,E) be a K2□Kn for n≥ 2. It is easy to verify that |V |= 2n and |E|= n2.
As discussed in the proof of Lemma 36, tw(G) = κ(G) = n. Then by Corollary 15 the
number of edges in every minimum triangulation of G is: n(|V |−n)+ n(n−1)

2 . As a result,
we can conclude by stating that:

mfi(G) = n(|V |−n)+
n(n−1)

2
−|E|= n(n−1)

2

The following lemma describes a property of minimum elimination ordering over the
K3□Kn graphs for n≥ 3.
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Lemma 37. Let G = (V,E) be a K3□Kn for n ≥ 3. There exists a minimum elimination
ordering γ over G s.t. both of the following conditions hold for the set of vertices γ[1,n]:

(1) For every c ∈ {1, . . . ,n}, |Lc∩ γ[1,n]|= 1.

(2) For every r ∈ {1,2,3}, |Mr∩ γ[1,n]| ≤ ⌈n
3⌉.

Proof. Let α be any fixed minimum elimination ordering over G. By Lemma 2 we can fix a
nice minimum elimination ordering α∗ over G s.t. G+

α∗ = G+
α . If for α[1,n] or α∗[1,n] both

of the conditions (1) and (2) are true, the lemma is clearly valid. Otherwise, we show that α∗

can be transformed to another minimum elimination ordering where both properties (1) and
(2) are valid.

By Definition 4, for every step i ∈ {|V |− tw(G+
α∗), . . . , |V |} we have |madj+

α∗(α
∗(i))|=

|V | − i. tw(G) = 2n− 1 (by Theorem 11) therefore tw(G+
α∗) ≥ 2n− 1 thus showing that

|V |− tw(G+
α∗)≤ n+1. This implies the following statement:

∑v∈α∗[n+1,|V |] |madj+
α∗(v)|= n(2n−1) (7.6)

Based on α∗, we first define an elimination ordering β over G where β [1,n] meets
condition (1). We then show that ∑v∈V |madj+

β
(v)| ≤∑v∈V |madj+

α∗(v)| thus proving that β is
a minimum elimination ordering over G.

Begin by letting β (1) = α∗(1). For every following step i ∈ {2, . . . ,n}, let vr′,c′ = α∗(i)
for some c′ ∈ {1, . . . ,n}, r′ ∈ {1,2,3} and define β (i) depending on which one of the
following cases is true:
Case 1. Suppose that α∗(i) is not on the same column as any of the vertices from β [1, i−1].
Formally Lc′ ∩β [1, i−1] = /0. Then in this case, let β (i) = α∗(i).
Case 2. Suppose that α∗(i) is on the same column as a vertex from β [1, i−1]. Formally
Lc′ ∩ β [1, i− 1] = {vr,c′} for some row index r ∈ R = {1,2,3} \ {r′}. Since Lc′ contains
at least 2 vertices from α∗[1, i], there exists some column index c∗ ∈ {1, . . . ,n} s.t. Lc∗ ∩
α∗[1,n] = /0 and c∗ /∈ C where C is a set of such column indices selected so far in β . Then
in this case add c∗ to C and let β (i) = vr′,c∗ .

In the remaining steps i ∈ {n+1, . . . , |V |} we let β be any elimination ordering over the
graph Gβ

n . By Equation (7.6) and the fact that Gα∗
n is a clique, regardless of how the vertices

of Gβ
n are eliminated by β during the steps i ∈ {n+1, . . . , |V |} we can state that:

∑v∈β [n+1,|V |] |madj+
β
(v)| ≤∑v∈α∗[n+1,|V |] |madj+

α∗(v)|= n(2n−1) (7.7)

Next we prove that ∑v∈β [1,n] |madj+
β
(v)| ≤∑v∈α∗[1,n] |madj+

α∗(v)|. Obviously we have that
|madj+

β
(β (1))|= |madj+

α∗(α
∗(1))| as β (1)=α∗(1). Therefore, let us show that |madj+

β
(β (i))| ≤
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|madj+
α∗(α

∗(i))| for every other step i ∈ {2, . . . ,n}. Let Mr′ , r′ ∈ {1,2,3}, be the row contain-
ing the vertex α(i) as well as β . This is due to the fact that β (i), following our construction,
is selected from a different column but belongs to the same row as α(i).

By construction β [1, i] satisfies condition (1) stated in the lemma, then for every column
index c ∈ {1, . . . ,n} with the vertex vr′,c ∈Vcompβ (i) we have Lc∩β [1, i] = {vr′,c} (as no two
eliminated vertices share the same column). Consequently, compβ (i) cannot contain vertices
from any other row r ∈ {1,2,3}\{r′}. So Vcompβ (i) can only contain the vertices Mr′ ∩β [1, i].
Note that the condition (1) is not necessarily true for α∗[1, i]. Then there may exist a vertex
vr′,c ∈ Vcompα∗(i) s.t. {vr′,c,vr,c} ⊆ Lc∩α∗[1, i] for some row r ∈R (where R = {1,2,3} \
{r′}). In this case, {r,r′} ⊆Mα∗(i) and we can generally state that Mr′∩α∗[1, i]⊆Vcompα∗(i).
To summarize:

{r′}= Mβ (i)⊆Mα∗(i) (7.8)

By our construction, for every vertex vr′,c ∈ (Mr′ ∩α∗[1, i]) either vr′,c ∈ (Mr′ ∩β [1, i])
or it can be mapped one to one, to a vertex vr′,c∗ ∈ (Mr′ ∩β [1, i]). This means that α∗ and
β eliminate the same number of vertices from row r′ during the steps 1 to i. Since Mr′ is a
clique in G, (Mr′ ∩α∗[1, i])⊆Vcompα∗(i) and for the same reason (Mr′ ∩β [1, i])⊆Vcompβ (i).
Because β [1,n] satisfies condition (1) we have that: (Mr′ ∩β [1, i]) =Vcompβ (i) thus showing
that:

{c|vr′,c ∈Mr′ ∩β [1, i]}= {c|vr′,c ∈Vcompβ (i)}= Lβ (i)

However, as this condition is not necessarily satisfied for α∗[1,n], we would have that:

{c|vr′,c ∈Mr′ ∩α
∗[1, i]} ⊆ {c|vr,c ∈Vcompα∗(i)}= Lα∗(i)

As a consequence, we have that the number of columns spanned by compβ (i) cannot
exceed that of compα∗(i). In short:

|Lβ (i)|= |{c|c ∈ {1, . . . ,n},vr′,c ∈Vcompβ (i)}| ≤ |Lα∗(i)| (7.9)

Using Lemma 35 we outline madj+
β
(β (i)) and madj+

α∗(α
∗(i)) in the following equations:

madj+
α∗(α

∗(i)) = {vr,c|vr,c ∈V,c ∈Lα∗(i) or r ∈Mα∗(i)}\α
∗[1, i] (7.10)

Since Mβ (i) = {r′} by Equation (7.8) we have:

madj+
β
(β (i)) = {vr,c|vr,c ∈V,c ∈Lβ (i) or r = r′}\β [1, i] (7.11)
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As noted before, the set α∗[1, i] and β [1, i] contain the same number of vertices in
Mr′ (that is a clique in G). Then by Equation (7.10) and Equation (7.11) we have |Mr′ ∩
madj+

α∗(α
∗(i))|= |Mr′∩madj+

β
(β (i))|. Consequently, in order to show that |madj+

β
(β (i))| ≤

|madj+
α∗(α

∗(i))|, it suffices to compare the number of vertices madj+
β
(β (i)) and madj+

α∗(α
∗(i))

have in
⋃

r∈R Mr (where R = {1,2,3}\{r′}). Formally, we need to prove that |
⋃

r∈R Mr∩
madj+

β
(β (i))| ≤ |

⋃
r∈R Mr∩madj+

α∗(α
∗(i))|. By Equation (7.11) and the fact that Vcompβ (i) =

Mr′ ∩β [1, i] we have:

⋃
r∈R Mr∩madj+

β
(β (i)) = {vr,c|r ∈R and c ∈Lβ (i)}

Then for every c ∈Lβ (i), |Lc∩madj+
β
(β (i))|= 2 and so:

|
⋃

r∈R Mr∩madj+
β
(β (i))|= 2|Lβ (i)| (7.12)

In order to show |
⋃

r∈R Mr∩madj+
β
(β (i))| ≤ |

⋃
r∈R Mr∩madj+

α∗(α
∗(i))| we first prove

the following statement:

|
⋃

r∈R Mr∩madj+
α∗(α

∗(i))| ≥ 2|{c|c ∈ {1, . . . ,n},vr′,c ∈Vcompα∗(i)}| (7.13)

For every column index c such that vr′,c ∈Vcompα∗(i) one of the following cases must be
true. We show in each case that there exist 2 distinct vertices from

⋃
r∈R Mr∩madj+

α∗(α
∗(i))

that correspond to the column index c.
Case 1. Suppose that |Lc∩α∗[1, i]| = 1, then we must have Lc∩α∗[1, i] = {vr′,c}. Since
vr′,c ∈ Vcompα∗(i) we have c ∈Lα∗(i) and as a result for both row indices r ∈ R we have
vr,c ∈ madj+

α∗(α
∗(i)) by Lemma 35.

Case 2. Suppose that |Lc∩α∗[1, i]|= 2, then let Lc∩α∗[1, i] = {vr′,c,vr′′,c} for some r′′ ∈R.
Since vr′,c ∈Vcompα∗(i) we have c ∈Lα∗(i). Then by Lemma 35, vr,c ∈madj+

α∗(α
∗(i)) where

{r}= R \{r′′}. vr,c is one of the 2 vertices in madj+
α∗(α

∗(i)) corresponding to column index
c.

Since i ≤ n and Lc contains two vertices from α∗[1, i] we can fix a column index c∗ ∈
{1, . . . ,n}\{c} corresponding to c s.t. Lc∗∩α∗[1, i] = /0 and c∗ /∈C , where the set C contains
the indices of already selected columns c∗. As vr′′,c ∈ α∗[1, i], we have that r′′ ∈Mα∗(i)
and so vr′′,c∗ ∈ madj+

α∗(α
∗(i)) by Lemma 35. To summarize, vr′′,c∗,vr,c ∈ madj+

α∗(α
∗(i))

correspond to column c.
Case 3. Suppose that |Lc∩α∗[1, i]| = 3, i.e., Lc ⊆ α∗[1, i]. Since Lc has all 3 vertices in
α∗[1, i], same as the previous case, we can fix a column c∗ ∈ {1, . . . ,n} corresponding to c
s.t. Lc∗ ∩α∗[1, i] = /0 and c∗ /∈ C where the set C contains the indices of already selected
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columns c∗ (this includes the ones selected in the previous case). Then similarly, we have
vr,c∗ ∈ madj+

α∗(α
∗(i)), for both row indices r ∈R, corresponding to column c.

This proves Equation (7.13) as desired.
Note that {c|c∈{1, . . . ,n},vr′,c ∈Vcompα∗(i)}⊆Lα∗(i) as a result we have that |

⋃
r∈R Mr∩

madj+
α∗(α

∗(i))| ≥ 2|Lα∗(i)|. We know from Equation (7.9) that |Lβ (i)| ≤ |Lα∗(i)| then by
Equation (7.12) we can conclude that:

|
⋃

r∈R Mr∩madj+
α∗(α

∗(i))| ≥ |
⋃

r∈R Mr∩madj+
β
(β (i))|

Consequently, |madj+
α∗(α

∗(i))| ≥ |madj+
β
(β (i))|. Since this statement can be proved for

any step, we can conclude that ∑v∈β [1,n] |madj+
β
(v)| ≤ ∑v∈α∗[1,n] |madj+

β
(v)|. This combined

with Equation (7.7) implies that ∑v∈V |madj+
β
(v)| ≤ ∑v∈V |madj+

α∗(v)| showing that β is a
minimum elimination ordering over G.

So far we have constructed a minimum elimination ordering β over G s.t. β [1,n] satisfies
condition (1) of the lemma. In the next step of the proof, given β we define an elimination
ordering γ s.t. ∑v∈γ[1,n] |madj+γ (v)| ≤ ∑v∈β [1,n] |madj+

β
(v)| and γ[1,n] meets both conditions

(1) and (2).
For each row index r ∈ {1,2,3} let kβ (r) be the number of vertices β eliminates from

Mr in the first n steps. Formally, define kβ (r) = |Mr∩β [1,n]|. We point out that:

∑r∈{1,2,3} kβ (r) = ∑r∈{1,2,3} |Mr∩β [1,n]|= n (7.14)

Fix a row index r∗ ∈ {1,2,3} and a vertex v ∈Mr∗ ∩β [1,n]. Assume that v is the j-th
vertex to be eliminated by β from row r∗, where 1≤ j ≤ kβ (r∗). Then since β [1,n] meets
condition (1), it is easy to see that madj+

β
(v) contains (n− j) vertices from Mr∗ and 2 j

vertices in
⋃

r∈{1,2,3}\{r∗}Mr. This shows that |madj+
β
(v)|= n− j+2 j = n+ j. Hence, using

Equation (7.14) we state that:

∑
v∈β [1,n]

|madj+
β
(v)|= ∑

r∈{1,2,3}

kβ (r)

∑
i=1

(n+ i) = n2 + ∑
r∈{1,2,3}

kβ (r)

∑
i=1

i =

n2 +
1
2 ∑

r∈{1,2,3}
kβ (r)(kβ (r)+1) (7.15)

Therefore, in order to minimize ∑v∈β [1,n] |madj+
β
(v)|, one can solely focus on minimizing

∑r∈{1,2,3} kβ (r)(kβ (r)+1).
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Let x, y, z be natural numbers. Then it is easy to prove that x2+y2+ z2 ≥ (x+y+z)2

3 , where
the inequality becomes equality if x = y = z. Applying this inequality to the previous sum,
we get:

∑
r∈{1,2,3}

kβ (r)(kβ (r)+1)=
1
4
(
−3+ ∑

r∈{1,2,3}
(2kβ (r)+1)2)≥ 1

12
(

∑
r∈{1,2,3}

(2kβ (r)+1)
)2− 3

4

and using Equation (7.14) this can be further simplified to:

∑
r∈{1,2,3}

kβ (r)(kβ (r)+1)≥ n(
n
3
+1) (7.16)

It is easy to see that in case n is divisible by 3 and kβ (1) = kβ (2) = kβ (3) =
n
3 then the

inequality Equation (7.16) becomes equality. Similarly, in case n mod 3≡ 1 or n mod 3≡ 2
the sum ∑r∈{1,2,3} kβ (r)(kβ (r)+ 1) is minimum, if the difference between any kβ (i) and
kβ ( j) is at most 1, where i, j ∈ {1,2,3}. Based on this, we can define the elimination
ordering γ as follows: For i ∈ {1, . . . ,⌊n

3⌋} let γ(i) = v1,i, for i ∈ {⌊n
3⌋+ 1, . . . ,2⌊n

3⌋+ k}
let γ(i) = v2,i, and for i ∈ {2⌊n

3⌋+ k+ 1, . . . ,n} let γ(i) = v3,i, where k = 1 if nmod3 ≡ 2
and k = 0 if nmod3 ≡ 1. It is easy to verify that the graph Gn obtained at step n of γ is
a complete graph on 2n vertices. Then let γ be any elimination ordering over Gn in the
remaining steps. Note that by our construction γ[1,n] meets both conditions (1) and (2) and
since ∑v∈β [1,n] |madj+

β
(v)| ≥ ∑v∈γ[1,n] |madj+γ (v)|, we have that γ is a minimum elimination

ordering over G thus the lemma follows.

Below, we prove that τ(G) = 0 given a K3□Kn graph G, for n≥ 3.

Lemma 38. Let G = (V,E) be a K3□Kn for n≥ 3. Then τ(G) = 0.

Proof. From Theorem 11 we have that tw(G) = 2n−1. In order to show that τ(G) = 0, it
suffices to find a minimum triangulation of G with treewidth of 2n−1. By Theorem 4 this
task translates to finding a minimum elimination ordering γ over G s.t. maxv∈V |madj+γ (v)|=
tw(G+

γ ) = 2n−1.
Let γ be the minimum elimination ordering defined in the proof of Lemma 37. Now let

us determine maxv∈V |madj+γ (v)|. For every row index r ∈ {1,2,3} let kγ(r) = |Mr∩ γ[1,n]|
and fix a row index r∗ ∈ {1,2,3}. For some i ∈ {1, . . . ,kγ(r∗)} let vr∗,c be the i-th vertex
eliminated from row r∗ by γ s.t. γ−1(vr∗,c) ≤ n. As stated in the proof of Lemma 37,
madj+α (vr∗,c) consists of n− i vertices from Mr∗ and 2i vertices from

⋃
r∈{1,2,3}\{r∗}Mr.

Then |madj+γ (vr∗,c)| = n+ i and since kγ(r∗) ≤ ⌈n
3⌉ we have that maxv∈γ[1,n] |madj+γ (v)| =

n+ ⌈n
3⌉< 2n−1. It is easy to verify that the graph Gn obtained at step n of γ is a complete
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graph on 2n vertices. Consequently, we get that maxv∈V |madj+γ (v)| = tw(G) = 2n− 1
proving the statement of the lemma.

Let G be a K3□Kn graph, for n ≥ 3, and γ the minimum elimination ordering over
G defined in the proof of Lemma 37. Before discussing mfi(G), let first us evaluate

∑i∈{1,...,n} |madj+γ (γ(i))|. By construction ∑i∈{1,...,n} |madj+γ (γ(i))|= n2+ 1
2 ∑r∈{1,2,3} kγ(r)(kγ(r)+

1) where kγ(r) = |Mr∩ γ[1,n]| for every row index r ∈ {1,2,3}. Therefore, for every k ≥ 1
we can state that:

∑
i∈{1,...,n}

|madj+γ (γ(i))|=


21k2+3k

2 if n = 3k
21k2+17k+4

2 if n = 3k+1
21k2+31k+12

2 if n = 3k+2

(7.17)

Using this, we determine mfi(G) in the following corollary:

Corollary 29. Let G be a K3□Kn graph for n≥ 3. Then we have:

mfi(G) =


k(15k−6) if n = 3k

k(15k+4) if n = 3k+1

(5k+3)(3k+1) if n = 3k+2

Proof. We will prove the corollary using the minimum elimination ordering γ defined in the
proof of Lemma 37. Notice that since γ is a minimum elimination ordering, the number of
edges that γ adds when eliminating the vertices of G is equal to mfi(G).

We have previously determined in Equation (7.17) the value of ∑i∈{1,...,n} |madj+γ (γ(i))|
As discussed in the proof of Lemma 37, the graph Gγ

n is a complete graph on 2n vertices
thus ∑i∈{n+1,...,|V |} |madj+γ (γ(i))| = n(2n−1). Obviously |EG| = n3(n+1)

2 therefore we can
conclude by stating the following for every k ≥ 1:

∑i∈{1,...,3n} |madj+γ (γ(i))|− |EG|=


k(15k−6) if n = 3k

k(15k+4) if n = 3k+1

(5k+3)(3k+1) if n = 3k+2

This concludes the statement of the corollary.

As discussed in Section 1.4, for Kn□Km rook’s graph G, for n≥ m≥ 2, is (n+m−2)-
regular with κ(G) = n+m−2.
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The following lemma shows that given a Kn□Km graph G, for n ≥ m ≥ 3, and any
elimination ordering α over G, at most m vertices can be eliminated by α with degree of
n+m−2 prior to step |V |− (n+m−1).

Lemma 39. Let G = (V,E) be a Km□Kn graph, for n ≥ m ≥ 3, and α any elimination
ordering over G. For a step i ∈ {1, . . . , |V |− (n+m−1)} let α(i) = vr′,c′ for r′ ∈ {1, . . . ,m}
and c′ ∈ {1, . . . ,n}. Then |madj+α (α(i))| = n+m− 2 iff (Lc′ ∪Mr′)∩α[1, i− 1] = /0. As a
consequence, 1≤ |VG(α,n+m−2)| ≤ m.

Proof. Since κ(G) = n+m−2, by Corollary 4 we have that |madj+α (α(i))| ≥ n+m−2 for
every step i ∈ {1, . . . , |V |− (n+m−2)}. By the same corollary G|V |−(n+m−1) is a complete
graph on |V |− (n+m−1) vertices so |madj+α (α|V |− (n+m−2))| is necessarily n+m−2.
For this reason, we are only concerned with steps i ∈ {1, . . . , |V |− (n+m−1)}.

Fix a step i∗ ∈ {1, . . . , |V |− (n+m−1)} and let α(i∗) = vr∗,c∗ for some r∗ ∈ {1, . . . ,m}
and c∗ ∈ {1, . . . ,n}. Assume that (Lc∗ ∪Mr∗)∩α[1, i∗− 1] = /0, i.e., α has not eliminated
any other vertices from column c∗ or row r∗ in the previous steps. Then Vcompα (i∗) = {vr∗,c∗}
and madj+α (α(i∗)) = (Lc∗ ∪Mr∗)\{vr∗,c∗} by Lemma 35. Consequently, |madj+α (α(i∗))|=
n+m−2 proving the statement of the lemma in the ‘if ’ direction.

Next, we prove that the statement of the lemma also holds in the ‘only if ’ direction.
Clearly, for every step i ∈ {1, . . . , |V |}, madj+α (α(i)) = NGi−1(α(i)) is a minimal separator in
graph Gi−1. Therefore, given that |madj+α (α(i))|= n+m−2 for a step i ∈ {1, . . . , |V |− (n+
m−1)}, we have that NGi−1(α(i)) is a minimal separator of size n+m−2 in the graph Gi−1.
For this reason, we will be considering the set of all minimum separators (of size n+m−2)
in the intermediate graphs obtained during α . Let us begin by outlining the set of minimum
separators in G, and then discuss how this set differs from that of G1. Afterwards, we show
that our argument can be repeatedly applied to any step i ∈ {1, . . . , |V |− (n+m−1)}.

Clearly, N(vr,c) for any vertex vr,c ∈VG is a minimal separator (of size n+m−2) in G as
N(vr,c)\{u} does not disconnect vr,c from rest of the graph for every vertex u ∈ N(vr,c). Two
vertices vr,c,vr′,c′ ∈V are non-adjacent in G iff c,c′ ∈ {1, . . . ,n} are distinct column indices
and r,r′ ∈ {1, . . . ,m} are distinct row indices. Every vr,c,vr′,c′-path in G has an internal vertex
from either (Lc∪Mr)\{vr,c}= N(vr,c) or (Lc′ ∪Mr′)\{vr′,c′}= N(vr′,c′) which implies that
N(vr,c) and N(vr′,c′) are the only minimum vr,c,vr′,c′-separators in G. By applying the same
arguemenet to every other pair of non-adjacent vertices in G, we can conclude that the set
of minimum separators of G is exactly S ∗

G = {N(v)|v ∈ V}. Before discussing the set of
minimum separators in the intermediate graphs obtained during the elimination ordering α ,
we remind the reader that for every minimum separator S ∈S ∗

G, |S|= κ(G) = n+m−2, i.e.
S ∗

G = S n+m−2
G .
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By Corollary 4 and the fact that κ(G) = n+m−2 we have that κ(Gi)≥ n+m−2 for
every step i ∈ {1, . . . , |V | − (n+m− 2)}. Let vr′,c′ = α(1) for some r′ ∈ {1, . . . ,m},c′ ∈
{1, . . . ,n}. Below we show that κ(G1) = n+m−2 and more specifically we claim that:

S n+m−2
G1

= S n+m−2
G \{NG(vr′′,c′′)|r′′ ∈ {1, . . . ,m},c′′ ∈ {1, . . . ,n},c′′ = c′ or r′′ = r′}

(7.18)
By Lemma 7 we have S n+m−2

G1
⊆S n+m−2

G . Note that G[{vr′,c′}] is one of the two compo-
nents of G−NG(vr′,c′) and by elimination of vr′,c′ at step 1 we have that |CG1 (NG(vr′,c′))|= 1,
i.e., NG(vr′,c′) is no longer a separator in the graph G1. As a result we have that NG(vr′,c′) /∈
S n+m−2

G1
.

Next fix a separator NG(vr′′,c′′) ∈S ∗
G for a vertex vr′′,c′′ ∈ (Lc′ ∪Mr′)\{vr′,c′}. As vr′,c′ ∈

NG(vr′′,c′′) and vr′,c′ /∈VG1 we have that NG(vr′′,c′′) /∈S n+m−2
G1

. Thus far this proves that:

S n+m−2
G1

⊆S n+m−2
G \{NG(vr′′,c′′)|r′′ ∈ {1, . . . ,m},c′′ ∈ {1, . . . ,n},c′′ = c′ or r′′ = r′}

(7.19)
In order to prove Equation (7.18) we show that for every other separator NG(vr,c) ∈

S n+m−2
G , for r ∈ {1, . . . ,m} \ {r′} and c ∈ {1, . . . ,n} \ {c′}, remains a minimal separator

of size n+m−2 in G1. By definition, G1 is the graph obtained from G by eliminating of
the vertex vr′,c′ , hence turning NG(vr′,c′) = (Lc′ ∪Mr′)\ {vr′,c′} is a clique. Then for every
vertex vr,c ∈ VG1 , r ∈ {1, . . . ,m} \ {r′} and c ∈ {1, . . . ,n} \ {c′} we have that NG1(vr,c) =

NG(vr,c). Thus NG(vr,c), for every such vertex vr,c, is still a minimal separator in G1. Because
|NG(vr,c)|= n+m−2 and as shown before κ(G1)≥ n+m−2 we can conclude that κ(G1) =

n+m−2. This also proves Equation (7.18), which can be restated as:

S n+m−2
G1

= {NG(vr,c)|r ∈ {1, . . . ,m}\{r′},c ∈ {1, . . . ,n}\{c′}} (7.20)

Clearly for a vertex vr,c in graph G1 we have degG1
(vr,c) = n+m− 2 iff NG1(vr,c) ∈

S n+m−2
G1

. By Equation (7.20), NG1(vr,c) is a separator of size n+m−2 in G1 iff vr,c is not
from the same row or column as α(1) = vr′,c′ . Then by combining these 2 observations we
can conclude that degG1

(vr,c) = n+m−2 for a vertex vr,c ∈VG1 iff {α(1)}∩ (Lc∪Mr) = /0.
So given that |madj+α (α(2))|= n+m−2 we can state that α(2) is not from the same row
and column as the previously eliminated vertex α(1).

Now let us briefly discuss why the above statement is applicable to any step i ∈
{2, . . . , |V |− (n+m−1)} (thus proving the statement of the lemma). It is easy to see that
for any vertex vr,c ∈VGi−1 s.t. α[1, i−1]∩ (Lc∪Mr) = /0 we have NGi−1(vr,c) ∈ (S n+m−2

G ∩
S n+m−2

Gi−1
) as neighbourhood of such a vertex vr,c remains unchanged, i.e., NGi−1(vr,c) =

NG(vr,c) Also, for any step i ∈ {2, . . . , |V |− (n+m−1)}, S n+m−2
Gi

will not contain NG(vr,c)
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for every vertex vr,c from the same column or row as α(i) (since we either have vr,c = α(i)
or α(i) ∈ NG(vr,c)). Hence, we can state for any step i ∈ {1, . . . , |V | − (n+m− 1)} that
NGi−1(α(i)) is a separator of size n + m− 2 in Gi−1 iff α(i) does not share the same
column or row with any of the vertices from α[1, i− 1]. Since m ≤ n this implies that
|VG(α,n+m−2)| ≤ m. Furthermore, we always have that |madj+α (α(1))|= n+m−2 as G
is (n+m−2)-regular thus showing that |VG(α,n+m−2)| ≥ 1. The statement of the lemma
follows as a result.

We will later show in Theorem 17 that in the 4× n rook’s graph G, for n ≥ 6, every
triangulation H of G with tw(H) = tw(G) cannot be a minimum triangulation of G thus
proving that τ(G)> 0. To the best of our knowledge, K4□K6 is in fact the smallest instance
of rook’s graphs for which the τ parameter is greater than 0. For this purpose we will be
discussing the τ parameter of the 4×n rook’s graphs for n ∈ {4,5} separately. In Lemma 40
we prove that τ(G) = 0 for the 4×4 rook’s graph G. It will be pointed out after the proof of
Lemma 40 that our approach to discussing the τ parameter of the 4×4 rook’s graph must be
slightly modified to be applicable to the 4×5 rook’s graph.

Lemma 40. Let G = (V,E) be a K4□K4, then τ(G) = 0.

Proof. By Theorem 11, tw(G) = 9. We first define an elimination ordering β over G s.t.
tw(G+

β
) = 9. We point out that G+

β
is not necessarily a minimum triangulation. Next, we use

the following argument to prove that τ(G) = 0.
Suppose for a contradiction that τ(G)> 0. Then there must exist a minimal triangulation

H of G with tw(H) > 9 s.t. |EH | < |EG+
β

| (where H may not be a minimum triangulation).

Let α be a peo over one such triangulation H, hence G+
α = H (following Lemma 1). To

summarize, τ(G)> 0 implies that there must exist an elimination ordering α over G where
tw(G+

α )> 9 and |EG+
α
|< |EG+

β

|. Therefore, to prove that τ(G) = 0, it suffices to show that

|EG+
α
| ≥ |EG+

β

| for every elimination ordering α over G with tw(G+
α )> 9. Define β (i) = vi,i

for i ∈ {1, . . . ,4}. Using Lemma 39, it is easy to verify that by our selection |madj+
β
(i)|=

n+m−2 = 6 for every step i ∈ {1, . . . ,4}. Let β (5) = v1,2 and then β (6) = v2,1. It is easy to
verify that |madj+

β
(α(5))|= 9 and |madj+

β
(α(6))|= 8 (see G4 shown in Figure 7.16d and G5

in Figure 7.16e). The graph G6, depicted in Figure 7.16f, is a K10. Therefore, in the remaining
steps i ∈ {7, . . . ,16} we let β be any elimination ordering over G6. By our construction,

∑v∈V |madj+
β
(v)| = |EG+

β

| = 86 which combined with the fact that G has 48 edges implies

that there are 38 added edges in G+
β

. Since maxv∈V |madj+
β
(v)|= 9, by Theorem 4 we have

that G+
β

is a triangulation of G with tw(G+
β
) = tw(G) = 9.

Suppose for a contradiction that τ(G)> 0. Then by definition, for every minimum elimi-
nation ordering α over G we have that tw(G+

α )> 9 and ∑v∈V |madj+α (v)|< ∑v∈V |madj+
β
(v)|.
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(f) G6

Fig. 7.16 Elimination ordering β over the 4× 4 rook’s graph G. In every figure (a)-(f)
the graph Gi is shown and the vertex α(i+ 1) pointed out with its label. (b) depicts the
graph G1 where NG0(α(1)) is a clique. For simplicity, we have not drawn the added edges
fillG0

(NG0(α(1))) and instead highlighted NG0(α(1)) in light green. (c) depicts G2 and the
clique NG1(α(2)) is highlighted in red. (d) the graph G4 where the cliques NG2(α(3)) and
NG3(α(4)) are highlighted in blue and grey respectively. Note that α(5) is adjacent to every
vertex from NG0(α(1))∪NG1(α(2)) (drawn in red and green) thus degG4

(α(5)) = 9. (e)
similarly shows G5 where NG4(α(5)) is shown in orange. It is easy to see that degG5

(α(6)) =
8 as NG5(α(6)) = NG4(α(5))\{α(6)}. (f) the K10 graph G6.
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Let α be one such minimum elimination ordering over G where tw(G+
α ) is minimized among

all minimum elimination orderings. By Lemma 2, we can fix a nice elimination ordering α∗

over G where G+
α∗ = G+

α . Since α∗ is also a minimum elimination ordering, we have that:

∑v∈V |madj+
α∗(v)|< ∑v∈V |madj+

β
(v)|= 86 (7.21)

Let tw(G+
α∗) = 9+ k for some k ≥ 1. Because α∗ is a nice elimination ordering and

ω(G+
α∗) = tw(G+

α∗)+1 = 10+ k, by Definition 4 we have that |madj+
α∗(α

∗(i))|= |V |− i for
every step i ∈ {|V |− (10+ k), . . . ,16} (as α∗(i) is a universal vertex in Gi−1). Thus, we can
conclude that ∑v∈α∗[6,16] |madj+

α∗(v)|= 55. This combined with Equation (7.21) implies:

∑v∈α∗[1,5] |madj+
α∗(v)|= ∑v∈V |madj+

α∗(v)|−
10(10+1)

2
< 31 (7.22)

Corollary 4 and the fact that κ(G) = 6 imply that |madj+
α∗(α

∗(i))| ≥ 6 for every step
i ∈ {1, . . . ,10}, therefore we can state that:

mini∈{1,...,5} |madj+
α∗(α

∗(i))| ≥ 6 (7.23)

By Lemma 39 the number of vertices α∗ can eliminate with degree 6 prior to step
|V | − (6+ 1) = 9 is at most 4 as G is a K4□K4. Formally, we have that |VG(α

∗,6)| ≤ 4.
Which combined with Equation (7.23) implies that at most 4 vertices in α∗[1,5] are eliminated
with degree 6 and the remaining vertices are eliminated in α∗ with degree at least 7. To
summarize, we can state that:

∑v∈α∗[1,5] |madj+
α∗(v)| ≥ (4×6)+(1×7) = 31 (7.24)

This contradicts Equation (7.22) implying that ∑v∈V |madj+
α∗(v)| ≥ ∑v∈V |madj+

β
(v)|. This

consequently proves that τ(G) = 0 as desired.

In the proof of Lemma 40, the number of added edges in the triangulation G+
β

is clearly
an upper bound for mfi(K4□K4). This value matches mfi(K4□K4) obtained from our experi-
mental work presented in Table 3.2. As a result, we can state the following remark (which is
not formally proved):

Remark 7. Let G be a K4□K4. Then mfi(G) = 38.

We will be determining the τ parameter of the 4×5 rook’s graph using a similar approach.
More specifically, we will first define an elimination ordering β over the K4×K5 graph G s.t.
tw(G+

β
) = tw(G) and then show that |EG+

α
| ≥ |EG+

β

| for every elimination ordering α over
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G with tw(G+
α )> tw(G+

α ). Similar to Lemma 40, in order to show that |EG+
α
| ≥ |EG+

β

|, we

will be comparing the number of edges added in β and α over a fixed set of steps. However,
unlike the 4×4 rook’s graph, this value for α is not as high relative to that of β . Therefore,
in the proof of Lemma 42 we will need to consider every possible scenario α can eliminate
the vertices of G. Furthermore, we will be using the following lemma showing that given
any elimination ordering α over the m×n rook’s graph G, for n≥ m≥ 2, there exists a nice
elimination ordering γ∗ where G+

α = G+
γ∗ and γ∗ has an additional property:

Lemma 41. Let G be a Km□Kn rook’s graph for n≥ m≥ 2 and α any elimination ordering
over G. Then there exists a nice elimination ordering γ∗ over G s.t. G+

γ∗ = G+
α and VG(γ

∗,n+
m− 2) = γ∗[1, |VG(γ

∗,n+m− 2)|] (where the vertex set VG(γ
∗,n+m− 2) is defined in

Definition 15).

Proof. By Lemma 2 we can fix a nice elimination ordering α∗ over G where G+
α∗ = G+

α . Con-
sider the set VG(α

∗,n+m−2) and suppose that it is not equal to the set α∗[1, |VG(α
∗,n+m−

2)|]. It means that we can fix a vertex vr′,c′ ∈ VG(α
∗,n+m−2) s.t. vr′,c′ /∈ α∗[1, |VG(α

∗,n+
m−2)|], i.e., α∗−1(vr′,c′)> |VG(α

∗,n+m−2)|.
First, we prove that there exists a nice elimination ordering β ∗ over G where G+

β ∗ = G+
α∗

and vr′,c′ is the first vertex to be eliminated in β ∗. Let i be the step at which vr′,c′ is eliminated
in α∗, i.e., i = α∗−1(vr′,c′). Then by selection and the fact that vr′,c′ ∈ VG(α

∗,n+m− 2)
(defined in Definition 15) we have that:

|VG(α
∗,n+m−2)|+1≤ i≤ |V |− (n+m−1) (7.25)

We define the elimination ordering β ∗ as follows. Let β ∗(1) = α∗(i) = vr′,c′ , for j ∈
{2, . . . , i} let β ∗( j) = α∗( j−1) and for j ∈ {i+1, . . . , |V |} let β ∗( j) = α∗( j). Informally,
the only difference between α∗ and β ∗ is that vr′,c′ is the first vertex to be eliminated in β ∗.
In order to show that G+

β ∗,G
+
α∗ are identical graphs, it suffices to prove that EG+

α∗
= EG+

β∗
as

these two graphs are defined over the same vertex sets.
Since the vertex vr′,c′ eliminated at step i in α∗ belongs to VG(α

∗,n + m− 2), by
Lemma 39 we have that (Lc′∪Mr′)∩α∗[1, i−1] = /0. Then by construction of β ∗, madj+

β ∗(β
∗(1))=

madj+
α∗(α

∗(i)) = (Lc′ ∪Mr′) \ {vr′,c′} Therefore |madj+
α∗(α

∗(i))| = |madj+
β ∗(β

∗(1))| = n+
m−2.

By our construction of β ∗ and the fact that (Lc′ ∪Mr′)∩α∗[1, i− 1] = /0, we have that
β ∗( j) /∈ (Lc′ ∪Mr′) for every step j ∈ {2, . . . , i}. Then by Corollary 3, for every step j ∈
{2, . . . , i}, madj+

β ∗(β
∗( j))=madj+

α∗(α
∗( j−1)). Since α∗[1, i] = β ∗[1, i] and

⋃
v∈α∗[1,i]madj+

α∗(v)=⋃
v∈β ∗[1,i]madj+

β ∗(v), we can state that the graphs Gβ ∗

i ,Gα∗
i are identical. Recall that by our

construction α∗( j) = β ∗( j) and for every later step j ∈ {i+ 1, . . . , |V |}. Then because
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Gβ ∗

i ,Gα∗
i are identical we can state that madj+

β ∗(β
∗( j)) = madj+

α∗(α
∗( j)) for every step

j ∈ {i+1, . . . , |V |}. By summarizing all above observations, we can state that:

EG+
β∗

=
⋃

v∈V
madj+

β ∗(v) =
⋃

v∈V
madj+

α∗(v) = EG+
α∗

This proves that G+
β ∗ = G+

α∗ as desired. To summarize, β ∗ is an elimination ordering
over G resulting in an identical triangulation to α∗ with the only change that vr′,c′ (which by
selection is a vertex from VG(α

∗,n+m−2) s.t. α∗−1(vr′,c′) > |VG(α
∗,n+m−2)|) is the

first vertex to be eliminated in β ∗.
Next, let us show that β ∗ is a nice elimination ordering. Since α∗ is a nice elimina-

tion ordering, from Definition 4 we know that there exists exactly one step j ∈ {|V | −
(tw(G+

α∗)), . . . , |V |} where |madj+
α∗(α

∗( j))| = n+m− 2. It is easy to see that this step is
j = |V |− (n+m−2) so by Equation (7.25) we have that i < j and so i < |V |− (tw(G+

α∗)). It
is already shown that for j ∈ {i+1, . . . , |V |}, madj+

β ∗(β
∗( j)) = madj+

α∗(α
∗( j)) thus proving

that β ∗ is, same as α∗, a nice elimination ordering.
By exhaustively applying the above arguments, we can obtain a nice elimination ordering

γ∗ over G where G+
γ∗ = G+

α∗ = G+
α and for every vertex v ∈ VG(γ

∗,n+m− 2) we have
γ∗−1(v)≤ |VG(γ

∗,n+m−2)|. The lemma thus follows.

Now let us determine the value of τ parameter for the 4×5 rook’s graph.

Lemma 42. Let G = (V,E) be a K4□K5, then τ(G) = 0.

Proof. We know from Theorem 11 that tw(G) = 11. By the same argument used in the proof
of Lemma 40, in order to show that τ(G) = 0 it suffices to first define an elimination ordering
β over G s.t. tw(G+

β
) = 11 and then prove that |EG+

α
| ≥ |EG+

β

| for every elimination ordering

α over G with tw(G+
α )> 11.

Define the elimination ordering β as follows. Let β (i) = vi,i for i ∈ {1, . . . ,4}. By
this selection and Lemma 39 we have that |madj+

β
(β (i))|= n+m−2 = 7 for every one of

these steps i ∈ {1, . . . ,4}. Next, let β (5) = v1,2 and β (6) = v3,4. It is simple to verify that
|madj+

β
(β (i))|= 11 for i ∈ {5,6}. Afterwards, let β (7) = v2,1 and β (8) = v4,3. We point out

that by this selection |madj+
β
(β (i))|= 10 for i = {7,8}. The resulting Gβ

8 is a K12 so in the

remaining steps we let β be any elimination ordering over Gβ

8 . By our construction, we have

∑v∈V |madj+
β
(v)|= 136 which combined with the fact that |EG|= 70 implies that there are 66

edges added in G+
β

. We also note that by our construction maxv∈V |madj+
β
(v)|= tw(G+

β
) = 11.

Suppose for a contradiction that τ(G)> 0. Then for every minimum elimination ordering
α over G we have tw(G+

α ) > 11 and ∑v∈V |madj+α (v)| < ∑v∈V |madj+
β
(v)|. Fix a minimum
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elimination ordering α over G s.t. tw(G+
α ) is minimized. By Lemma 41, we can fix a nice

elimination ordering α∗ over G where G+
α∗ = G+

α and the following condition is true:

α
∗−1(v)≤ |VG(α

∗,7)| for every vertex v ∈ VG(α
∗,7) (7.26)

Since G+
α∗ =G+

α , α∗ is also a minimum triangulation and consequently ∑v∈V |madj+
α∗(v)|<

∑v∈V |madj+
β
(v)|. Additionally, we have that tw(G+

α∗) = tw(G+
α )> tw(G+

β
) = 11.

Let tw(G+
α∗) = 11+ k for some k ≥ 1. Since α∗ is a nice elimination ordering and

tw(G+
α∗)≥ 12, we have that |madj+

α∗(α
∗(i))|= |V |− i for every step i ∈ {8, . . . ,20} (follow-

ing Definition 4). Then ∑v∈α∗[8,20] |madj+
α∗(v)|=

12(12+1)
2 and combined with the fact that

∑v∈V |madj+
α∗(v)|< ∑v∈V |madj+

β
(v)|= 136 we can state that:

∑v∈α∗[1,7] |madj+
α∗(v)|= ∑v∈V |madj+

α∗(v)|−
12(12+1)

2
< 58 (7.27)

Let t = |VG(α
∗,7)|. Since G is a K4□K5, by Lemma 39 we have that 1 ≤ t ≤ 4.

By Equation (7.26) we have that α∗[1, t] = VG(α
∗,7), consequently for every step i ∈

{1, . . . , t} we have |madj+
α∗(α

∗(i))| = 7. Clearly, for every step i ∈ {t + 1, . . . ,7} we have
that |madj+

α∗(α
∗(i))|> 7. By Lemma 39, for every such step i ∈ {t +1, . . . ,7}, α∗(i) must

be adjacent to at least one vertex from the vertex set α∗[1, i− 1] in the graph Gα∗
i−1. This

clearly implies that |Vcompα∗(i)| ≥ 2 so either |Mα∗(i)| ≥ 2 or |Lα∗(i)| ≥ 2 (or both). In
Table 7.1, we have considered all possible values for |Vcompα∗(i)|, |Mα∗(i)| and |Lα∗(i)| for
any step i ∈ {t + 1, . . . ,7}. We will use this table and Corollary 27 in order to evaluate
|madj+

α∗(α
∗(i))|.

Below we consider every possible value of t (note that t ∈ {1, . . . ,4} as previously
discussed), and in every case we prove that ∑v∈α∗[1,7] |madj+

α∗(v)| ≥ 58 thus contradicting
Equation (7.27).
Case 1. Suppose that t = 1. This implies that |madj+

α∗(α
∗(1))|= 7, and we will now deter-

mine the value of ∑v∈α∗[2,7] |madj+
α∗(v)|. As discussed before, for every step i∈ {t+1, . . . ,7},

|Vcompα∗(i)| ≥ 2. Then by Table 7.1, for every vertex v ∈ α∗[2,7] we have |madj+
α∗(v)| ≥ 9.

This implies that ∑v∈α∗[2,7] |madj+
α∗(v)| ≥ 54 and consequently ∑v∈α∗[1,7] |madj+

α∗(v)| ≥ 61
contradicting Equation (7.27).
Case 2. Suppose that t = 2. Therefore, ∑v∈α∗[1,2] |madj+

α∗(v)| = 14, and we will now
determine the value of ∑v∈α∗[3,7] |madj+

α∗(v)|. We know that for every step i ∈ {t +1, . . . ,7},
|Vcompα∗(i)| ≥ 2. By Table 7.1, for every vertex v ∈ α∗[3,7] we have |madj+

α∗(v)| ≥ 9 thus
showing that ∑v∈α∗[3,7] |madj+

α∗(v)| ≥ 45. Since ∑v∈α∗[1,2] |madj+
α∗(v)| = 14, we can state

that ∑v∈α∗[1,7] |madj+
α∗(v)| ≥ 59 contradicting Equation (7.27).
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Case 3. Suppose that t = 3. Then we have ∑v∈α∗[1,3] |madj+
α∗(v)| = 21 so let us evaluate

∑v∈α∗[4,7] |madj+
α∗(v)|.

As discussed in the previous case, the fact that |Vcompα∗(i)| ≥ 2 for every step i∈ {4, . . . ,7}
implies that |madj+

α∗(α
∗(i))| ≥ 9 (following Table 7.1). We claim that there exist at most

2 steps i ∈ {4, . . . ,7} where |madj+
α∗(α

∗(i))| = 9. Suppose for a contradiction that we
can fix 3 distinct steps i1, i2, i3 ∈ {4, . . . ,7} where |madj+

α∗(α
∗(i))| = 9 for every step

i ∈ {i1, i2, i3}. W.l.o.g. assume that i1 < i2 < i3. Since t = 3, we have α∗[1,3] = VG(α
∗,7)

and using Lemma 39 we can write α∗[1,3] = {vr1,c1,vr2,c2,vr3,c3} for unique row indices
r1,r2,r3 ∈ {1, . . . ,4} and unique column indices c1,c2,c3 ∈ {1, . . . ,5}. Let {c4,c5} =
{1, . . . ,5}\{c1,c2,c3}, then for a column index c ∈ {1, . . . ,5} we have Lc∩α∗[1,3] = /0 iff
c ∈ {c4,c5}. By Table 7.1 we can deduce that for a step i ∈ {4, . . . ,7}, |madj+

α∗(α
∗(i))|= 9

iff |Mα∗(i)|= 1 and |Lα∗(i)|= 2 (which corresponds to row 1 of Table 7.1). In other words,
|madj+

α∗(α
∗(i))|= 9 iff Vcompα∗(i) is contained within a single row, and no two vertices from it

(including α∗(i)) share the same column. Then w.l.o.g. we can assume that α∗(i1) ∈ Lc4 and
α∗(i2) ∈ Lc5 . However, as G has 5 columns, we have that α∗(i3) necessarily shares the same
column with a vertex from α∗[1, i3−1] proving that |madj+

α∗ (α
∗(i3))|> 9, a contradiction.

Consequently, there can exist at most 2 steps i ∈ {4, . . . ,7} where |madj+
α∗(α

∗(i))|= 9 and
for every other step we necessarily have that |madj+

α∗(α
∗(i))| ≥ 10.

As a consequence of the above observation, we can state that ∑v∈α∗[4,7] |madj+
α∗(v)| ≥ 2×

9+2×10. Since ∑v∈α∗[1,3] |madj+
α∗(v)|= 21 we conclude that ∑v∈α∗[1,7] |madj+

α∗(v)| ≥ 59
contradicting Equation (7.27).
Case 4. Suppose that t = 4. Therefore, ∑v∈α∗[1,4] |madj+

α∗(v)|= 28, so it remains for us to
evaluate ∑v∈α∗[5,7] |madj+

α∗(v)|.
Since t = 4, we have α∗[1,4] = VG(α

∗,7) and by Lemma 39 we can let α∗[1,4] =
{vr1,c1,vr2,c2,vr3,c3,vr4,c4} for unique row indices r1,r2,r3,r4 ∈ {1, . . . ,4} and unique column
indices c1,c2,c3,c4 ∈ {1, . . . ,5}. Let c5 = {1, . . . ,5} \ {c1, . . . ,c4}, i.e., c5 is the column
index where Lc5 ∩α∗[1,4] = /0. First, we need to prove the following statements:

(a) There exists at most one step i ∈ {5, . . . ,7} s.t. |madj+
α∗(α

∗(i))|= 9.

(b) There exists at most one step i ∈ {5, . . . ,7} s.t. |madj+
α∗(α

∗(i))|= 10.

In order to prove statement (a), suppose for a contradiction that there exists 2 steps
i1, i2 ∈ {5, . . . ,7} s.t. |madj+

α∗(α
∗(i1))| = |madj+

α∗(α
∗(i2))| = 9. W.l.o.g. let i1 < i2. By

Table 7.1, |madj+
α∗(α

∗(i))| = 9 for a step i ∈ {5, . . . ,7} iff |Mα∗(i)| = 1 and |Lα∗(i)| = 2
(row 1 of Table 7.1). This means that every vertex from Vcompα∗(i1) is from the same row and
no two vertices from this set (including α∗(i)) share the same column. Since i1 < i2 we must
have α∗(i1) ∈ Lc5 which implies that α∗(i2) neccessarily shares a column with a vertex from
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α∗[1, i2−1]. As a result, |madj+
α∗(α

∗(i2))|> 9, a contradiction. This proves statement (a) as
desired.

In order to prove statement (b), let us consider all possible cases where we can have
|madj+

α∗(α
∗(i))| = 10 for a step i ∈ {5, . . . ,7}. As seen in Table 7.1 there are 3 such

cases (rows 2, 8, and 17). Below we prove that |madj+
α∗(α

∗(i))| = 10 iff |Vcompα∗(i)| = 4,
|Mα∗(i)|= 2 and |Lα∗(i)|= 2 (i.e., row 8 of Table 7.1) by showing that the other 2 cases,
listed below in subcases (i) and (ii), are not possible.
Subcase (i): For a step i ∈ {5, . . . ,7}, |madj+

α∗(α
∗(i))|= 10 if |Vcompα∗(i)|= 2, |Mα∗(i)|= 2

and |Lα∗(i)|= 1 (row 2 of Table 7.1). Since i > 4 and α∗[1,4] has a vertex from every row,
compα∗(i) necessarily spans across 2 or more columns, formally |Lα∗(i)| ≥ 2. As a result,
we can conclude that this case is not possible.
Subcase (ii): For a step i∈ {5, . . . ,7}, |madj+

α∗(α
∗(i))|= 10 if |Vcompα∗(i)|= 6, |Mα∗(i)|= 2

and |Lα∗(i)| = 3 (row 17 of Table 7.1). W.l.o.g. assume that Mα∗(i) = {r1,r2}. Since
i≤ 7 we have that Vcompα∗(i) ⊂ α∗[1,7] and because |Vcompα∗(i)|= 6 we have that |α∗[1,7]\
Vcompα∗(i)|= 1. Let us assume w.l.o.g. that this vertex {v}= (α∗[1,7]\Vcompα∗(i)) belongs
to row r3. As a result, α∗[1,7] cannot contain any vertices from row r4. This results in a
contradiction as α∗[1,4]⊂ α∗[1,7] and α∗[1,4] contains a vertex from every row of G. We
can thus conclude that this case is also not possible.

This proves that for a step i∈ {5, . . . ,7}we have |madj+
α∗(α

∗(i))|= 10 iff |Vcompα∗(i)|= 4,
|Mα∗(i)|= 2 and |Lα∗(i)|= 2. To prove statement (b), suppose for a contradiction that we
can fix 2 steps i1, i2 ∈ {5, . . . ,7} s.t. |madj+

α∗(α
∗(i1))|= |madj+

α∗(α
∗(i2))|= 10. W.l.o.g. let

us assume that i1 < i2. As previously discussed, |madj+
α∗(α

∗(i))|= 10 for a step i∈ {5, . . . ,7}
iff |Vcompα∗(i)| = 4, |Mα∗(i)| = 2 and |Lα∗(i)| = 2. Therefore, it is easy to verify that
Vcompα∗(i1)∩Vcompα∗(i2) = /0. The fact that i2 > i1 and |Vcompα∗(i1)|= |Vcompα∗(i2)|= 4 implies
that i2 ≥ 8 as α∗[1, i2] must contain all 8 vertices of Vcompα∗(i1)∪Vcompα∗(i2). This contradicts
the fact that i2 ∈ {5, . . . ,7} proving statement (b) as a result.

By combining statements (a) and (b) we can state that |madj+
α∗(α

∗(i))| ≥ 11 for at least 1
step i∈ {5, . . . ,7} hence showing that ∑v∈α∗[5,7] |madj+

α∗(v)| ≥ 9+10+11. Together with the
fact that ∑v∈α∗[1,4] |madj+

α∗(v)|= 28 we have that ∑v∈α∗[1,7] |madj+
α∗(v)| ≥ 58 contradicting

Equation (7.27) in the case where t = 4.
We have thus shown that every possible value of t = |VG(α

∗,7)| results in a contradiction
with Equation (7.27). This implies that ∑v∈V |madj+

α∗(v)| ≥ ∑v∈V |madj+
β
(v)|. By selection,

tw(G+
β
) = tw(G) = 11 which by definition shows that τ(G) = 0 as desired.

A similar statement to Remark 7 can also be stated for the 4×5 rook’s graph following
the proof of Lemma 42. This is due to the fact that the number of added edges in G+

β
is inline
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|Vcompα∗(i)| |Mα∗(i)| |Lα∗(i)| |madj+
α∗(α

∗(i))|

1 2 1 2 9

2 2 2 1 10

3 3 1 3 11

4 3 2 2 11

5 3 3 1 13

6 4 1 4 13

7 4 2 3 12

8 4 2 2 10

9 4 3 2 13

10 4 4 1 16

11 5 1 5 15

12 5 2 3 11

13 5 2 4 13

14 5 3 2 12

15 5 3 3 13

16 5 4 2 15

17 6 2 3 10

18 6 2 4 12

19 6 2 5 14

20 6 3 2 11

21 6 3 3 12

22 6 3 4 13

23 6 4 2,3 14

24 7 2 4 11

25 7 2 5 13

26 7 3 3 11

27 7 3 4 12

28 7 3 5 13

29 7 4 2,3,4 13

Table 7.1 Given the nice elimination ordering α∗ over the K4□K5 graph G (defined in
Lemma 42) the table demonstrates the value of |madj+

α∗(α
∗(i))| for a step i ∈ {t +1, . . . ,7}

by considering all possible values of |Mα∗(i)|, |Lα∗(i)| and |Vcompα∗(i)|. Note that since
i≤ 7 we have |Vcompα∗(i)| ≤ 7.
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with the value obtained for mfi(K4□K5) from our experimental work presented in Table 3.2.
We again point out that the following statement is not formally proved:

Remark 8. Let G be a K4□K5. Then mfi(G) = 66.

Let G be an m× n, for n ≥ m ≥ 2, rook’s graph. We point out that there exists a nice
elimination ordering α∗ over G satisfying both the following conditions:

(a) tw(G+
α∗) = tw(G)

(b) VG(α
∗,n+m−2) = α∗[1, |VG(α

∗,n+m−2)|]

To do so, begin with an elimination ordering α over G with tw(G+
α ) = tw(G). α clearly

exists by Theorem 4. Then by Lemma 41 we can fix a nice elimination ordering α∗ over
G where G+

α∗ = G+
α and α∗ satisfies condition (b). Then because G+

α∗ = G+
α , we have that

tw(G+
α∗) = tw(G+

α ) = tw(G) showing that α∗ also satisfies condition (a) as desired. We will
use this fact in order to show that τ(G)> 0 for the 4×n rook’s graph G, n≥ 6.

Before proceeding to describe our approach, we point out that to the best of our knowledge
every graph class that was previously shown to have τ > 0, was constructed to have such a
property. In our case, we study a set of well-established graph classes and then show that
there are rook’s graphs with τ > 0. Therefore, our approach to determining the τ parameter is
itself one of the novelties of our research, as no previous literature studied the same problem.
However, our method is unique to rook’s graph and is not easily applicable to all graph
classes.

In the next two lemmas, we will consider the 4× n rook’s graph G, for n ≥ 4, and
a nice elimination ordering α∗ over G where tw(G+

α∗) = tw(G) and VG(α
∗,n+m− 2) =

α∗[1, |VG(α
∗,n+m−2)|]. Informally, in Lemma 43 we obtain a lower bound for the number

of edges added by α∗ when eliminating a subset of vertices spanning across 2 rows of G.
Similarly, in Lemma 44 we consider the case where this subset of eliminated vertices spans 3
rows and then prove a lower bound on the number of edges added by α∗. We then combine
the statements of Lemma 43 and Lemma 44 in Theorem 17 so to prove a lower bound on the
number of edges in any triangulation H of G selected s.t. tw(H) = tw(G). Ultimately, we
show that this lower bound can be beaten by a triangulation H ′ of G with tw(H ′)> tw(G)

thus proving that τ(G)> 0 as desired.

Lemma 43. Let G = (V,E) be a K4□Kn for n ≥ 4 and α∗ a nice elimination ordering
over G s.t. VG(α

∗,n+2) = α∗[1, |VG(α
∗,n+2)|] and tw(G+

α∗) = tw(G). Then for any step
j ∈ {|VG(α

∗,n+2)|+1, . . . ,2n−2} such that |Mα∗( j)|= 2, the following statement holds
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(where we denote X =Vcompα∗( j)):

∑v∈X |madj+
α∗(v)| ≥

2n(|X |−1)+
⌈
|X |
2

⌉
+3, if |VG(α

∗,n+2)∩X |= 2

2n(|X |−1)+
⌈
|X |
2

⌉
+5, otherwise

Proof. We have shown prior to the statement of the lemma that for every m×n rook’s graph
G, where m ≥ n ≥ 2, there exists a nice elimination ordering α∗ where tw(G+

α∗) = tw(G)

and VG(α
∗,n+m−2) = α∗[1, |VG(α

∗,n+m−2)|]. Therefore, given the 4×n rook’s graph
G, where n≥ 4, we can fix a nice elimination ordering α∗ satisfying the conditions of the
lemma.

By Theorem 11, tw(G) = tw(G+
α∗) = 2n+1 and by Theorem 4 we can state the following

about α∗:
maxv∈V |madj+

α∗(α
∗(i))| ≤ 2n+1 (7.28)

Fix a step j ∈ {|VG(α
∗,n+2)|+1, . . . ,2n−2} such that |Mα∗( j)|= 2, let X =Vcompα∗( j).

Obviously because |Mα∗( j)| = 2, |X | ≥ 2. Let Mα∗( j) = {r,r′} and let i1, i2 be the first
two steps in α∗ s.t. {α∗(i1),α∗(i2)} ⊆ X , 1 ≤ i1 < i2 ≤ j. Since any two vertices in Mr

(similarly M′r) are adjacent by an edge in G, we can conclude that α∗(i1) is the first vertex to
be eliminated by α∗ from Mr∪Mr′ . Furthermore, it is easy to see that α∗(i1) cannot share a
column with any of the previously eliminated. Hence, |madj+

α∗(i1)|= n+2 by Corollary 27
and then necessarily α∗(i1) ∈ VG(α

∗,n+2).
Therefore, we have α∗(i1) ∈ (X ∩VG(α

∗,n+ 2)). By Lemma 39 and the fact that the
vertices of X span across exactly 2 rows of G, we have that |X ∩VG(α

∗,n+2)| ≤ 2. Below
we provide a lower bound for ∑i∈{i1,i2} |madj+

α∗(α
∗(i))| by considering 2 complementary

cases:
Case 1. Suppose that |VG(α

∗,n+2)∩X |= 2. Since i2 is the next step at which α∗ eliminates
a vertex from X , and we must have VG(α

∗,n+2)∩X = {α∗(i1),α∗(i2)}.
As a result |madj+

α∗(α
∗(i2))|= n+2 which implies ∑i∈{i1,i2} |madj+

α∗(α
∗(i))|= 2n+4.

Case 2. Suppose that |VG(α
∗,n+ 2)∩X | = 1. Then in this case VG(α

∗,n+ 2)∩X =

{α∗(i1)}. Below we prove that |madj+
α∗(α

∗(i2))| ≥ n+4. The fact that α∗(i2) /∈ VG(α
∗,n+

2) and selection of α∗(i2) as the second vertex eliminated from X implies that α∗(i2) must
be in the same row or column as α∗(i1), i.e., Vcompα∗(i2) = {α

∗(i2),α∗(i1)}.
Below, we consider 2 complementary subcases:

Subcase (i): Suppose that α∗(i1),α∗(i2) are in the same column. Then |Lα∗(i2)|= 1 and
|Mα∗(i2)|= |Vcompα∗(i2)|= 2 as a result by Corollary 27 we have that |madj+

α∗(α
∗(i2))|= 2n.

Subcase (ii): Suppose that α∗(i1),α∗(i2) are in the same row. Then |Mα∗(i2)| = 1 and
|Lα∗(i2)|= |Vcompα∗(i2)|= 2 so by Corollary 27 we have that |madj+

α∗(α
∗(i2))|= n+4.
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By combining the above subcases we can state that |madj+
α∗(α

∗(i2))| ≥ n+ 4, hence

∑i∈{i1,i2} |madj+
α∗(α

∗(i))| ≥ 2n+6.
The following statement summarizes our observations from the above 2 cases:

∑i∈{i1,i2}
|madj+

α∗(α
∗(i))| ≥

2n+4, if |VG(α
∗,n+2)∩X |= 2

2n+6, if |VG(α
∗,n+2)∩X |= 1.

(7.29)

In the case where |X |= 2, the statement of the lemma clearly follows from Equation (7.29)
so let us suppose that |X | > 2. In the next part of the proof, we determine the value of

∑v∈(X\{α∗(i1),α∗(i2)}) |madj+
α∗(v)|. To do so, we first show the following statement is true:

|Lα∗(i)|=
⌈ |Vcompα∗(i)|

2

⌉
for every step i ∈ {i2 +1, . . . , j} s.t. α

∗(i) ∈ X (7.30)

For every step i ∈ {i2 +1, . . . , j} s.t. α∗(i) ∈ X we have that |Lα∗(i)| ≥
⌈
|Vcompα∗(i)|/2

⌉
due to the fact that |Mα∗(i)| ≤ 2. Thus suppose for a contradiction that we can fix one such
step i ∈ {i2 + 1, . . . , j} where α∗(i) ∈ X and |Lα∗(i)| >

⌈
|Vcompα∗(i)|/2

⌉
. Let |Lα∗(i)| =⌈

|Vcompα∗(i)|/2
⌉
+ k, for some k ≥ 1. Below we consider 2 complementary cases and show

that both cases lead to a contradiction as needed:
Case 1. Suppose that |Mα∗(i)| = 2. By Corollary 27 we have that |madj+

α∗(α
∗(i))| =

2n+2
⌈
|Vcompα∗(i)|/2

⌉
+2k−|Vcompα∗(i)| which is clearly greater than 2n+1. This contracts

Equation (7.28) as needed.
Case 2. Suppose that |Mα∗(i)|= 1. Let i′ ∈ {i+1, . . . , j} be the first step where α∗(i′) ∈ X
and Mα∗(i′) = {r,r′}. This step clearly exists as α∗( j) ∈ X and Mα∗( j) = {r,r′}. We point
out that i′ is not necessarily different to j.

Recall that 1≤ |VG(α
∗,n+2)∩X | ≤ 2, so below we consider 2 complementary subcases.

In both cases we show that |madj+
α∗(α

∗(i′))| > 2n+ 1, contradicting Equation (7.28) as
needed:
Subcase (i): Suppose that |VG(α

∗,n+2)∩X |= 2. Then as discussed before VG(α
∗,n+2)∩

X = {α∗(i1),α∗(i2)} so α∗(i1) and α∗(i2) must be from different rows of Mα∗( j) = {r,r′}.
Since α∗(i) ∈ X and i > i2, α∗(i) must be from the same row as either α∗(i1) or α∗(i2).
W.l.o.g. assume that α∗(i),α∗(i1) ∈ Mr and as a result α∗(i2) ∈ Mr′ . Then α∗(i2) must
be from a different column than both vertices α∗(i),α∗(i1) otherwise α∗(i2) ∈ Vcompα∗(i)

implying that Mα∗(i) = {r,r′}, contradicting |Mα∗(i)|= 1. Since Mα∗(i′) = {r,r′} we have
that (Vcompα∗(i)∪{α

∗(i2)})⊂Vcompα∗(i′) as a result |Lα∗(i′)| ≥ 3. Moreover, since i′ is the
first step where α∗(i′) ∈ X and |Mα∗(i′)|= 2 we get that |Vcompα∗(i′)|= |Lα∗(i′)|+1. This
combined with Corollary 27 implies that |madj+

α∗(α
∗(i′))|= 2n+ |Lα∗(i′)|−1 > 2n+1.
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Subcase (ii): Suppose that |VG(α
∗,n+ 2)∩X | = 1, hence VG(α

∗,n+ 2)∩X = {α∗(i1)}.
Then in this case, α∗(i2) either shares a column or a row with α∗(i1). By selection, i >
i2 and |Mα∗(i)| = 1 in this case, therefore α∗(i2) cannot belong to the same column as
α∗(i1). So assume w.l.o.g. that α∗(i1) and α∗(i2) both belong to row r. Furthermore,
α∗(i) cannot belong to row r′ as it will imply that Mα∗(i) = {r,r′} or α∗(i) ∈ VG(α

∗,n+
2) both of which leading to a contradiction. This shows that α∗(i1),α∗(i2),α∗(i) ∈ Mr

implying that |Lα∗(i)| ≥ 3. As discussed in the previous subcase, since i′ is the first step
where |Mα∗(i′)| = 2 we have that |Vcompα∗(i′)| = |Lα∗(i′)|+ 1. Then because Vcompα∗(i) ⊂
Vcompα∗(i′), we necessarily have that |Lα∗(i′)| ≥ 3. So we can conclude using Corollary 27
that |madj+

α∗(α
∗(i′))|= 2n+ |Lα∗(i′)|−1 > 2n+1.

We have thus shown that both of the above cases lead to a contradiction with Equa-
tion (7.28) thus proving Equation (7.30).

In order to determine ∑v∈(X\{α∗(i1),α∗(i2)}) |madj+
α∗(v)|, fix a vertex v∈ (X \{α∗(i1),α∗(i2)})

and let i be the step at which v is eliminated in α∗. Note that by selection i2 +1≤ i≤ j and
|Vcompα∗(i)| ≥ 2 as v /∈ VG(α

∗,n+2). By Equation (7.30) we must have that |Mα∗(i)|= 2,
otherwise |Lα∗(i)|= |Vcompα∗(i)| which contradicts Equation (7.30).

Therefore, every vertex from α∗[1, i−1]∩X must be contained within Vcompα∗(i). This
together with the fact that |Vcompα∗(i2)|= 2 is even shows that the number of such vertices
v∈ (X \{α∗(i1),α∗(i2)}) where |Vcompα∗(i)| is even cannot exceed those where |Vcompα∗(i)| is
odd. This observation will be needed shortly, but first consider the following complementary
cases in regard to |Vcompα∗(i)|:
Case 1. Suppose that |Vcompα∗(i)| is odd. In this case, Equation (7.30) implies that |Lα∗(i)|=
(|Vcompα∗(i)|+1)/2 and using Corollary 27 we can state that |madj+

α∗(α
∗(i))|= 4n−2(n−

(|Vcompα∗(i)|+1)/2)−|Vcompα∗(i)|= 2n+1.
Case 2. Suppose that |Vcompα∗(i)| is even. Then by Equation (7.30) we have that |Lα∗(i)|=
|Vcompα∗(i)|/2. Also, using Corollary 27 we can state that |madj+

α∗(α
∗(i))| = 4n− 2(n−

|Vcompα∗(i)|/2)−|Vcompα∗(i)|= 2n.
By combining all above observations, we that:

∑
v∈(X\{α∗(i1),α∗(i2)})

|madj+
α∗(v)|=

⌈
|X |−2

2

⌉
(2n+1)+

⌊
|X |−2

2

⌋
2n= 2n(|X |−2)+

⌈
|X |
2

⌉
−1

This together with Equation (7.29) proves the statement of the lemma.

Lemma 44. Let G = (V,E) be a K4□Kn for n ≥ 4 and α∗ be a nice elimination or-
dering over G where VG(α

∗,n + 2) = α∗[1, |VG(α
∗,n + 2)|] and tw(G+

α∗) = tw(G). If
there exists a step j ∈ {|VG(α

∗,n+ 2)|+ 1, . . . ,2n− 2} s.t. |Mα∗( j)| = 3 then we have

∑v∈α∗[1,2n−2] |madj+
α∗(v)| ≥ 4n2−6n+4
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Proof. As discussed prior to the proof of Lemma 43, given any m×n rook’s graph G, for
any n≥ m≥ 2, there exists a nice elimination ordering α∗ over G s.t. VG(α

∗,n+m−2) =
α∗[1, |VG(α

∗,n+m− 2)|] and tw(G+
α∗) = tw(G). Then clearly we can fix one such nice

elimination ordering α∗ over G satisfying the statement of the lemma.
We know from Theorem 11 that tw(G) = 2n+1. By Theorem 4, the fact that tw(G+

α∗) =

tw(G) = 2n+1 implies that:

maxv∈V |madj+
α∗(v)| ≤ 2n+1 (7.31)

In the first part of the proof, we provide some boundaries on |Lα∗(i)|, |Mα∗(i)| and
|Vcompα∗(i)| for any step i ∈ {1, . . . ,2n−2}. Then, using these bounds, we proceed to prove
the statement of the lemma.

First, we claim the following to be true:

|Lα∗(i)| ≤ n−1 , |Mα∗(i)| ≤ 3 and |Vcompα∗(i)| ≤ 2n−2 for every i ∈ {1, . . . ,2n−2}
(7.32)

It is easy to see that since i≤ 2n−2, we necessarily have that |Vcompα∗(i)| ≤ 2n−2. To
prove the rest, suppose for a contradiction that |Lα∗(i)|= n or |Mα∗(i)|= 4 for a fixed step
i ∈ {1, . . . ,2n−2}. Then by Corollary 27 we get that |madj+

α∗(α
∗(i))|= 4n−|Vcompα∗(i)| ≥

2n+2 contradicting Equation (7.31). This proves Equation (7.32) as needed.
Next let i ∈ {3, . . . ,2n−2} be a fixed step in α∗ where |Mα∗(i)|= 3 (clearly we cannot

have i < 3). Let i′ ∈ {3, . . . , i} be the first step where Mα∗(i′) = Mα∗(i). Note that by
selection i′ is the first step in α∗ where |Mα∗(i′)|= 3. This is because for any earlier step i′′,
3 ≤ i′′ < i′, s.t. |Mα∗(i′′)| = 3 we must have Vcompα∗(i′′) ⊂ Vcompα∗(i′) therefore Mα∗(i′′) =
Mα∗(i) contradicting the selection of step i′.

Since |Mα∗(i′)|= 3, using Corollary 27 and Equation (7.31) we can state the following
lower bound on |Vcompα∗(i′)|:

|Vcompα∗(i′)| ≥ n−1+ |Lα∗(i′)| (7.33)

Next, let us determine an upper bound on |Vcompα∗(i′)|. Since i′ is the first step with
|Mα∗(i′)| = 3, there clearly can exist at most one column index c∗ ∈ Lα∗(i′) s.t. |Lc∗ ∩
Vcompα∗(i′)|= 3. For every other column index c∈ (Lα∗(i′)\{c∗}) we have |Lc∩Vcompα∗(i′)| ≤
2. As a result, we have that:

|Vcompα∗(i′)| ≤ 2|Lα∗(i′)|+1 (7.34)
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By combining Equation (7.33) and Equation (7.34) we have that Lα∗(i′)≥ n−2. Recall
that i ∈ {3, . . . ,2n− 2} was any fixed step in α∗ where |Mα∗(i)| = 3 and i′ ∈ {3, . . . , i}
was the first step with Mα∗(i′) = Mα∗(i) then we that α∗(i′) ∈Vcompα∗(i). This implies that
Vcompα∗(i′) ⊆ Vcompα∗(i) and so |Lα∗(i′)| ≤ |Lα∗(i)|. This combined with Equation (7.32)
implies that n−2≤ |Lα∗(i)| ≤ n−1.

Below we consider two possible cases in regard to |Lα∗(i)| in order to discuss the value
of |Vcompα∗(i)|:
Case 1. Suppose that |Lα∗(i)| = n− 2. By Corollary 27, |madj+

α∗(α
∗(i))| = 4n− 2−

|Vcompα∗(i)| and by Equation (7.31) we have that |Vcompα∗(i)| ≥ 2n−3. This combined with
Equation (7.32) implies that 2n−3≤ |Vcompα∗(i)| ≤ 2n−2.
Case 2. Suppose that |Lα∗(i)| = n− 1. By Corollary 27 |madj+

α∗(α
∗(i))| = 4n− 1−

|Vcompα∗(i)| and by Equation (7.31) we have that |Vcompα∗(i)| ≥ 2n−2. This combined with
Equation (7.32) necessarily implies that |Vcompα∗(i)|= 2n−2.

The following statement summarizes our above observations:

(|Lα∗(i)|= n−1 and |Vcompα∗(i)|= 2n−2)

or (|Lα∗(i)|= n−2 and 2n−3≤ |Vcompα∗(i)| ≤ 2n−2)

for any step i ∈ {3, . . . ,2n−2} s.t. |Mα∗(i)|= 3

(7.35)

Note that the selection of one such step i in α∗ with |Mα∗(i)|= 3 is indeed very restricted
due to the above conditions (i.e. 2n−3≤ i≤ 2n−2).

Let j be the fixed step in the statement of the lemma. Since |Mα∗( j)|= 3 the condition
stated in Equation (7.35) must also hold for step j. So in order to prove the statement of the
lemma, we consider the following complementary cases:
Case 1. Suppose that |Lα∗( j)|= n−2. Let Mα∗( j)= {r1,r2,r3} and Lα∗( j)= {c1, . . . ,cn−2}
for distinct row indices r1,r2,r3 ∈ {1, . . . ,4} and column indices c1, . . . ,cn−2 ∈ {1, . . . ,n}.
By Equation (7.35) we have that 2n− 3 ≤ |Vcompα∗( j)| ≤ 2n− 2. Below, we consider 2
complementary subcases and provide a lower bound for ∑v∈α∗[1,2n−2] |madj+

α∗(v)|:
Subcase (i): Suppose that |Vcompα∗( j)| = 2n− 3. We first show that j is the first step in
α∗ s.t. |Mα∗( j)| = 3. To show this, suppose for a contradiction that there exists a step
i∈ {3, . . . , j−1} s.t. |Mα∗(i)|= 3. As discussed in the paragraph before Equation (7.33), this
implies that Mα∗(i) = Mα∗( j) and so Vcompα∗(i) ⊂Vcompα∗( j). Consequently, |Vcompα∗(i)| ≤
2n−4 which contradicts Equation (7.35) as desired.

This shows that there are (2n− 4) vertices in Vcompα∗( j) \ {α∗( j)} spanned across at
most (n−2) columns and 3 rows with the recently proved condition that j is the first step
s.t. |Mα∗( j)| = 3. It is then easy to see that there must exist a row index r∗ ∈ {r1,r2,r3}
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s.t. Mr∗ ∩ (Vcompα∗( j) \ {α∗( j)}) = /0. Assume w.l.o.g. that r∗ = r3 therefore Vcompα∗( j) \
{α∗( j)}= {vr,c|r ∈ {r1,r2},c ∈ {c1, . . . ,cn−2}}.

Let l ∈ {1, . . . , j− 1} be the latest step in α∗ where α∗(l) ∈ Vcompα∗( j).By this se-
lection, we have Vcompα∗(l) = Vcompα∗( j) \ {α∗( j)} = {vr,c|r ∈ {r1,r2},c ∈ {c1, . . . ,cn−2}}
therefore |Mα∗(l)| = 2. Therefore, by Lemma 39, α∗(l) /∈ VG(α

∗,n+ 2) and by selec-
tion of α∗ we have that l > |VG(α

∗,n+ 2)|. Hence, we can use Lemma 43 to state that

∑v∈Vcomp
α∗ (l)
|madj+

α∗(v)| ≥ 4n2−9n+1. Also, by Corollary 27 we have that |madj+
α∗(α

∗( j)|=
2n+1 as a result ∑v∈Vcomp

α∗ ( j)
|madj+

α∗(v)| ≥ 4n2−7n+2.
Since |Vcompα∗( j)| = 2n− 3 there exists exactly one step i′ ∈ {1, . . . ,2n− 2} where

α∗(i′) /∈ Vcompα∗( j). Let vr,c = α∗(i′) for some row index r ∈ {1, . . . ,4} and column index
c ∈ {1, . . . ,n}. By Equation (7.32), |Mα∗(i′)| ̸= 4 thus either {r}= {1, . . . ,4}\{r1,r2,r3}
and c ∈ {1, . . . ,n} \ {c1, . . . ,cn−2} in which case |madj+

α∗(vr,c)| ≥ n+ 2 or r ∈ {r1,r2,r3}
where it is easy to check using Corollary 27 that |madj+

α∗(vr,c)| ≥ 2n. In conclusion, we have
that ∑v∈α∗[1,2n−2] |madj+

α∗(v)| ≥ 4n2−6n+4.
Subcase (ii): Suppose that |Vcompα∗( j)|= 2n−2. We note that this combined with the fact
that j ≤ 2n−2 implies that j = 2n−2 and so Vcompα∗( j) = α∗[1,2n−2].

Contrary to the previous subcase, because |Vcompα∗( j)| = 2n−2, |Lα∗( j)| = n−2 and
|Mα∗( j)| = 3, it is easy to see that G[Vcompα∗( j) \ {α∗( j)}] is a connected subgraph with
a vertex in every row from Mα∗( j) = {r1,r2,r3}. In other words, we have that |Mα∗( j−
1)| = |Mα∗( j)| = 3. Clearly |Vcompα∗( j−1)| = |Vcompα∗( j)|−1 = 2n−3 and |Lα∗( j−1)| ≤
|Lα∗( j)|. We cannot have |Lα∗( j−1)|< |Lα∗( j)|= n−2 as this contradicts Equation (7.35)
so necessarily we have that |Lα∗( j−1)|= n−2.

To recap, at step j− 1 we have Mα∗( j− 1) = Mα∗( j), |Vcompα∗( j−1)| = 2n− 3 and
|Lα∗( j− 1)| = n− 2 which is the exact same premise of step j in subcase (i) of case 1.
Therefore, we can state that ∑v∈Vcomp

α∗ ( j−1)
|madj+

α∗(v)| ≥ 4n2−7n+2. This, combined with

the fact that |madj+
α∗(α

∗( j))|= 2n (by Corollary 27) implies that ∑v∈Vcomp
α∗ ( j)
|madj+

α∗(v)| ≥
4n2− 5n + 2. Since Vcompα∗( j) = α∗[1,2n− 2] we have that ∑v∈α∗[1,2n−2] |madj+

α∗(v)| ≥
4n2−5n+2.

The following statement summarizes our observation from the above 2 subcases:

∑v∈α∗[1,2n−2] |madj+
α∗(v)| ≥ 4n2−6n+4 if |Lα∗( j)|= n−2 (7.36)

Case 2. Suppose that |Lα∗( j)|= n−1. Then by Corollary 27 and Equation (7.31) we have
that |Vcompα∗( j)| ≤ 2n−2 which combined with Equation (7.32) implies that |Vcompα∗( j)|=
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2n− 2. By selection, j ≤ 2n− 2 which combined with the fact that |Vcompα∗( j)| = 2n− 2
implies that j = 2n−2 and so Vcompα∗( j) = α∗[1,2n−2].

Clearly |Vcompα∗( j−1)| ≤ 2n− 3 and by Equation (7.35) one of the following subcases
must be true about j−1:
Subcase (i): |Mα∗( j− 1)| = 3, |Lα∗( j− 1)| = n− 2 and |Vcompα∗( j−1)| = 2n− 3. It is
previously shown (in subcase (i) of Case 1) that ∑v∈Vcomp

α∗ ( j−1)
|madj+

α∗(v)| ≥ 4n2−7n+2.

Since |madj+
α∗( j)|= 2n+1 (by Corollary 27) we can state that ∑v∈α∗[1,2n−2] |madj+

α∗(v)| ≥
4n2−5n+3.
Subcase (ii): |Mα∗( j− 1)| < 3, |Lα∗( j− 1)| ≤ n− 1 and |Vcompα∗( j−1)| ≤ 2n− 3. Let
Lα∗( j) = {c1, . . . ,cn−1} and Mα∗( j) = {r1,r2,r3} for distinct column indices c1, . . . ,cn−1 ∈
{1, . . . ,n} and row indices r1,r2,r3 ∈ {1, . . . ,4}. Since Vcompα∗( j−1) ⊂Vcompα∗( j) it is easy to
verify that one of the following scenarios must be true:

(a) Vcompα∗( j−1) ⊂ {vr,c|r ∈ {r1,r2},c ∈ {c1, . . . ,cn−1}}

(b) Vcompα∗( j−1) = {vr3,cn−1}∪{vr,c|r ∈ {r1,r2},c ∈ {c1, . . . ,cn−2}}

By Lemma 43 we have ∑v∈Vcomp
α∗ ( j−1)

|madj+
α∗(v)| ≥ 4n2− 7n+ 2 when (a) is true and

∑v∈Vcomp
α∗ ( j−1)

|madj+
α∗(v)| ≥ 4n2−8n+3 given that (b) holds. This, combined with the fact

that |madj+
α∗(α

∗( j))|= 2n+1 implies that ∑v∈α∗[1, j] |madj+
α∗(v)|=∑v∈α∗[1,2n−2] |madj+

α∗(v)| ≥
4n2−6n+4.

Combining the above subcases, we can say that:

∑v∈α∗[1,2n−2] |madj+
α∗(v)| ≥ 4n2−6n+4 if |Lα∗( j)|= n−1 (7.37)

The statement of the lemma follows by combining Equation (7.36) and Equation (7.37).

In contrast to the previous graphs discussed in this chapter, we show in the following
theorem that the τ parameter is greater than 0 for the 4×n rooks graphs, when n≥ 6.

Theorem 17. Let G = (V,E) be a K4□Kn for n≥ 6. Then there does not exit any minimum
triangulation H∗ of G with tw(H∗) = tw(G). As a consequence, we have that τ(G)> 0.

Proof. Since G is a 4×n rook’s graph
We begin the proof by defining an elimination ordering β over G s.t. tw(G+

β
)> 2n+1.

Let us describe below how we aim to prove the statement of the theorem using β .
Suppose for a contradiction that there exists a minimum triangulation H∗ of G with

tw(H∗) = tw(G). Then we can fix a minimal triangulation H of G where tw(H) = 2n+ 1
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and |EH | ≤ |EG+
β

| (note that H is not necessarily a minimum triangulation of G). Let α

be a peo over H therefore G+
α = H and |EG+

α
| = |EH | ≤ |EG+

β

|. So in order to prove the
statement of the theorem, it suffices to show that for every elimination ordering α over G
s.t. tw(G+

α ) = 2n+1, the triangulation G+
α has more edges than G+

β
. It is important to note

that we do not claim β to be a minimum elimination ordering, as we are only interested in
showing that |EG+

α
|> |EG+

β

|.
For every step i ∈ {1, . . . ,

⌈n
2

⌉
−1} let β (i) = v1,i and for i ∈ {

⌈n
2

⌉
, . . . ,n−2} let β (i) =

v2,i. Next during the steps i ∈ {n−1, . . . ,2(n−2)} let β eliminate the following vertices in
this order:

v2,1, . . . ,v2,⌈ n
2⌉−1,v1,⌈ n

2⌉, . . . ,v1,n−2

Afterwards let β (2n−3) = v3,n−1 and β (2n−2) = v4,n and observe that the graph Gβ

2n−2

is a complete graph on 2n+2 vertices so let β be any elimination ordering over Gβ

2n−2 in the
remaining vertices.

We have demonstrated β over the K4□K6 graph in Figure 7.17.
Let us first determine tw(G+

β
) and |EG+

β

|. It is easy to see that Mβ (i) = {1} for ev-

ery step i ∈ {1, . . . ,
⌈n

2

⌉
− 1}, i.e., Vcompβ (i) is contained within M1. This clearly implies

that Vcompβ (i) = β [1, i] and |Vcompβ (i)| = |Lβ (i)|. So using Corollary 27 we can state that
|madj+

β
(β (i))|= 3i+n− i. By getting the sum over the first (

⌈n
2

⌉
−1) steps, we can state that

∑v∈β [1,⌈ n
2⌉−1] |madj+

β
(v)|= ∑

⌈ n
2⌉−1

i=1 (2i+n) = (
⌈n

2

⌉
−1)(n+

⌈n
2

⌉
). Note that by construction

maxv∈β [1,⌈ n
2⌉−1] |madj+

β
(v)|= 2(

⌈n
2

⌉
−1)+n≤ 2n−1.

Using the same logic as above, we have that ∑v∈β [⌈ n
2⌉,n−2] |madj+

β
(v)| = ∑

⌊ n
2⌋−1

i=1 (2i+

n) = (
⌊n

2

⌋
−1)(n+

⌊n
2

⌋
) and maxv∈β [⌈ n

2⌉,n−2] |madj+
β
(v)|= 2(

⌊n
2

⌋
−1)+n≤ 2n−2.

By construction β (n− 1) = v2,1 which shares a column with β (1) = v1,1 and a row
with β (⌈n

2⌉) = v2,⌈ n
2⌉. Then because every row in G is a clique, Vcompβ (i), for every step

i ∈ {n−1, . . . ,2n−4}, will contain every previously eliminated vertex from rows 1 and 2.
Formally, for any fixed step i ∈ {n−1, . . . ,2n−4} we have that: Mβ (i) = {1,2}, Lβ (i) =
{1, . . . ,n−2} and Vcompβ (i) = β [1, i]. As a consequence, using Corollary 27 we can state that
|madj+

β
(β (i))|= 4n−4− i for every such step. Then by getting the sum over steps n−1 to

2n−4 we have that ∑v∈β [n−1,2n−4] |madj+
β
(v)|= ∑

n−3
i=0 (2n+ i) = 2n2−4n+ (n−3)(n−2)

2 . This
is due to the fact that when i= n−1 we get that |madj+

β
(β (i))|= 2n+n−3 and when i= 2n−

4 we have that |madj+
β
(β (i))|= 2n+0. We also have that maxv∈β [n−1,...,2n−4] |madj+

β
(v)|=

|madj+
β
(β (n− 1))| = 3n− 3. Due to Theorem 4 and the fact that n ≥ 6, we have that

tw(G+
β
) = 3n−2 > tw(G) = 2n+1 as discussed earlier.
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Fig. 7.17 (a) depicts the 4×6 rook’s graph G and the following figures demonstrate how the
elimination ordering β , defined in Theorem 17, eliminates the vertices of G. (b) depicts the
graph G2 obtained from G by elimination of vertices v1,1,v1,2, thus turning NG({v1,1,v1,2})
into a clique. For simplicity, we have not drawn the added edges fillG (NG({v1,1,v1,2}))
and instead highlighted NG({v1,1,v1,2}) in light green. (c) depicts G4 where the clique
NG2({v2,3,v2,4}) is highlighted in red. (d) depicts G6 where the clique NG4({v2,1,v2,2}) is
highlighted in blue. (e) shows G8 with the clique NG6({v1,3,v1,4}) in blue. (f) demonstrates
the graph G9 obtained from G8 by elimination of v3,5 and the clique NG8(v3,5) is in orange.
Finally, in (g) we have the graph G10 obtained from G9 by elimination of v4,6 and the clique
NG9(v4,6) is in grey.
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By construction, β (i) for any step i ∈ {2n−3,2n−2} does not share a row or a column
with any of the previously eliminated vertices, i.e., |Mβ (i)|= |Lβ (i)|= |Vcompβ (i)|= 1. So by
Corollary 27 we have that ∑v∈β [2n−3,2n−2] |madj+

β
(v)|= 2(n+2) and maxv∈β [2n−3,2n−2] |madj+

β
(v)|=

n+2.
As previously mentioned, the graph Gβ

2n−2 is a K2n+2 so ∑v∈β [2n−1,4n] |madj+
β
(v)| =

∑
2n+1
i=1 i = (2n+1)(n+1) and maxv∈β [2n−1,4n] |madj+

β
(v)|= 2n+1.

We summarize our construction of β by stating that maxv∈V |madj+
β
(v)| = 3n− 3 >

2n+1 = tw(G) and:

∑v∈V |madj+
β
(v)|= |EG+

β

|=

6n2−4n− n
2 +8 if n is even

6n2−4n− n−1
2 +8 if n is odd

(7.38)

As discussed before, in order to prove that τ(G) > 0 it suffices to show that for every
elimination ordering α over G s.t. tw(G+

α ) = tw(G) we have that |EG+
α
|> |EG+

β

|. Suppose for

a contradiction that we can fix one such elimination ordering α over G with tw(G+
α ) = tw(G)

and |EG+
α
| ≤ |EG+

β

|. By Lemma 41 we can fix a nice elimination ordering α∗ over G where

G+
α∗ = G+

α and for every vertex v ∈ VG(α
∗,n+2) we have α∗−1 ≤ |VG(α

∗,n+2)|. Clearly
we must have that tw(G+

α∗) = 2n+1 then using Theorem 4 we can state that:

maxv∈V |madj+
α∗(v)| ≤ 2n+1 (7.39)

Furthermore, since G+
α∗ = G+

α we have that |EG+
α∗
| ≤ |EG+

β

|, implying that:

∑v∈V |madj+
α∗(v)|< ∑v∈V |madj+

β
(v)| (7.40)

Since α∗ is a nice elimination ordering, ∑v∈α∗[2n−1,4n] |madj+
α∗(v)|=∑v∈β [2n−1,4n] |madj+

β
(v)|=

(2n+ 1)(n+ 1) (following Definition 4). This together with Equation (7.38) and Equa-
tion (7.40) implies that:

∑v∈α∗[1,2n−2] |madj+
α∗(v)|<

4n2−7n− n
2 +7 if n is even

4n2−7n− n−1
2 +7 if n is odd

(7.41)

For every step i ∈ {1, . . . ,2n− 2} we must necessarily have that |Mα∗(i)| ≤ 3 other-
wise by Corollary 27 we get that madj+

α∗(α
∗(i)) = 4n−|Vcompα∗ (i)| ≥ 2n+2 contradicting

Equation (7.39). Moreover, there necessarily exists a step i ∈ {1, . . . ,2n− 2} in α∗ s.t.
|Mα∗(i)| ≥ 2. This is due to the fact that we eliminate 2n−2 vertices and G is a 4×n rook’s
graph for n≥ 6. As a consequence of these facts, maxi∈{1,...,2n−2} |Mα∗(i)| is either 2 or 3.
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So let us consider the following complementary cases and show that they both result in a
contradiction with Equation (7.41).
Case 1. Suppose that maxi∈{1,...,2n−2} |Mα∗(i)|= 3. Then we can fix a step j ∈ {1, . . . ,2n−
2} s.t. |Mα∗( j)|= 3. Then in this case Lemma 44 implies that ∑v∈α∗[1,2n−2] |madj+

α∗(v)| ≥
4n2−6n+4. This clearly contradicts Equation (7.41) as desired.
Case 2. Suppose that maxi∈{1,...,2n−2} |Mα∗(i)| = 2, it means there exists a connected
component C of in G[α∗[1,2n− 2]] that has its vertices, VC, in exactly two rows of G.
Additionally, because G is a 4×n rook’s graph and every row is a clique, there may exist
another connected component C′ in G[α∗[1,2n−2]] s.t. VC′ spans across two different rows
of G. So let us consider the following subcases:
Subcase (i): Suppose that G[α∗[1,2n−2]] has 2 connected components C,C′ each spanning
across 2 rows of G. Let j, j′ ∈ {1, . . . ,2n− 2} be the latest steps in α∗ s.t. α∗( j) ∈C and
α∗( j′)∈C′. By this selection Vcompα∗( j) =C, Vcompα∗( j′) =C′ and |Mα∗( j)|= |Mα∗( j′)|= 2.
We point out that Mα∗( j)∩Mα∗( j′) = /0 and Lα∗( j)∩Lα∗( j′) = /0 otherwise because
every row and column of G is a clique, C,C′ cannot be distinct connected components of
G[α∗[1,2n−2]]. Using Lemma 43 we can state that:

∑
v∈C
|madj+

α∗(v)| ≥ 2n(|C|−1)+
⌈
|C|
2

⌉
+3 and ∑

v∈C′
|madj+

α∗(v)| ≥ 2n(|C′|−1)+
⌈
|C′|
2

⌉
+3

Since every row of G is a clique, G[α∗[1,2n−2]] has exactly the 2 connected components
C and C′. As a result, |C|+ |C′|= 2n−2 and we point out that ⌈|C|/2⌉+ ⌈|C′|/2⌉ ≥ n−1.
Furthermore, we have that ∑v∈C |madj+

α∗(v)|+∑v∈C′ |madj+
α∗(v)|=∑v∈α∗[1,2n−2] |madj+

α∗(v)|
so as a result we can summarize by saying that:

∑
v∈α∗[1,2n−2]

|madj+
α∗(v)| ≥ 2n(|C|+ |C′|−2)+

⌈
|C|
2

⌉
+

⌈
|C′|
2

⌉
+6≥ 4n2−7n+5

This clearly contradicts Equation (7.41) as n≥ 6.
Subcase (ii): Suppose that G[α∗[1,2n−2]] has only 1 connected components C spanning
across 2 rows of G. Let j ∈ {1, . . . ,2n− 2} be the latest step in α∗ s.t. α∗( j) ∈ VC. Then
Vcompα∗( j) = VC and |Mα∗( j)| = 2. Assume w.l.o.g. that Mα∗( j) = {1,2}. Since C spans
across rows 1,2 and rows 3,4 are cliques in G, there can exist at most 2 other connected
components in G[α∗[1,2n−2]]. Then there are 3 distinct possibilities regarding the connected
components of G[α∗[1,2n−2]] and we need to discuss all of them in order to determine a
lower bound for ∑v∈α∗[1,2n−2] |madj+

α∗(v)|.
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Begin by supposing that C is the only connected component of G[α∗[1,2n−2]].] Then
we have VC = α∗[1,2n−2] and Lemma 43 we can state that:

∑v∈α∗[1,2n−2] |madj+
α∗(v)| ≥ 4n2−5n+2 if α

∗[1,2n−2] =VC (7.42)

Next, suppose that C is not the only connected component of G[α∗[1,2n− 2]]. Then
clearly VC ⊂ α∗[1,2n−2] so let us define the vertex set R = α∗[1,2n−2]\VC. Note that by
definition, |VC|= 2n−2−|R|.

No two vertices from R can share the same column otherwise C is not the only connected
component of G[α∗[1,2n−2]] spanning across 2 rows, a contradiction. Then there are |R|
column indices c ∈ {1, . . . ,n} each containing a vertex from R. Furthermore, we must have
Lα∗( j)∩{c|c ∈ {1, . . . ,n} s.t. Lc∩R ̸= /0}= /0 otherwise there exists a vertex r ∈ R that is
also a vertex of C, contradicting the selection of R. This proves that C spans across at most
n−|R| columns, formally |Lα∗( j)| ≤ n−|R|. Since C spans across 2 rows, we can conclude
that |VC| ≤ 2(n−|R|). This, combined with the fact that |VC| = 2n− 2−|R|, implies that
|R|= |α∗[1,2n−2]\VC| ≤ 2. Informally, there are at most 2 vertices eliminated before step
2n−2 in α∗ that are not vertices of the connected component C.

First, suppose that |α∗[1,2n−2]\VC| = 1. W.l.o.g. assume that this vertex belongs to
row 3, i.e., let α∗[1,2n−2]\VC = {v3,c} for some column index c ∈ ({1, . . . ,n}\Lα∗( j)).
Since v3,c does not share a row or a column with any previously eliminated vertex, we can
state using Corollary 27 that |madj+

α∗(v3,c)|= n+2. Since |α∗[1,2n−2]\VC|= 1 we have
that |VC|= 2n−3 and using Lemma 43 we can state that ∑v∈VC

|madj+
α∗(v)| ≥ 4n2−7n+2

Since VC∪{v3,c}= α∗[1,2n−2] we can conclude that:

∑v∈α∗[1,2n−2] |madj+
α∗(v)| ≥ 4n2−6n+4 if |α∗[1,2n−2]\VC|= 1 (7.43)

Finally, suppose that |α∗[1,2n−2]\VC|= 2. Let us label these vertices with {v,v′}=
α∗[1,2n−2]\VC and let iv, iv′ ∈ {1, . . . ,2n−2} be respectively the steps at which v,v′ are
eliminated in α∗. Note that v,v′ cannot belong to the same column, and they cannot share the
same row with any of the vertices in VC, therefore v,v′ ∈M3∪M4. W.l.o.g. assume that v∈M3

and that iv < iv′ . Then, because v does not share a row or a column with any of the previously
eliminated vertices, we can state using Corollary 27 that |madj+

α∗(v)|= n+2. We either have
that v′ ∈M3 resulting in Vcompα∗(iv′)

= {v,v′}, |Mα∗(iv′)|= 1 and |Lα∗(iv′)|= 2 implying that
|madj+

α∗(v
′)|= n+4. Or we have that v′ ∈M4 then v′ does not share a column or a row with

any of the previously eliminated vertices implying that |madj+
α∗(v

′)|= n+2. We can sum up
by saying that |madj+

α∗(v)|+ |madj+
α∗(v

′)| ≥ 2n+4. Since |α∗[1,2n−2]\VC|= 2 we have
that |VC| = 2n−4 so using Lemma 43 we can state that ∑v∈VC

|madj+
α∗(v)| ≥ 4n2−9n+1
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Recall that α∗[1,2n−2] =VC∪{v,v′} as a result we have that:

∑v∈α∗[1,2n−2] |madj+
α∗(v)| ≥ 4n2−7n+5 if |α∗[1,2n−2]\VC|= 2 (7.44)

Let us now summarize our observations in this subcase. By combining Equation (7.42),
Equation (7.43) and Equation (7.44) we have that:

∑v∈α∗[1,2n−2] |madj+
α∗(v)| ≥ 4n2−7n+5

Since n≥ 6, it is easy to see that this contradicts Equation (7.41) as needed.
The statement of the theorem ultimately follows, as we have proved a contradiction with

Equation (7.41) in all possible cases. This proves that |EH |> |EG+
β

| for every triangulation H

of G with tw(H) = tw(G). Since tw(G+
β
)> tw(G) we can conclude that for every minimum

triangulation H∗ of G, tw(H∗)> tw(G). This in turn proves that τ(G)> 0 by Definition 12.

Unlike Remark 7 and Remark 8, we can only state an upper bound for mfi(K4□Kn) for
any n≥ 6:

Remark 9. Let G be a K4□Kn for n ≥ 6 and G+
β

the triangulation defined in the proof of
Theorem 17. It is easy to verify that the number of edges in G is 2n2 +4n therefore using
Equation (7.38) we can state that:

mfi(G)≤ |EG+
β

|− |EG|=

4n2−8n− n
2 +8 if n is even

4n2−8n− n−1
2 +8 if n is odd

(7.45)

We point out that the upper bound shown in Remark 9 is not tight, considering the values
obtained by our experimental work that is presented in Table 3.2.





Chapter 8

Conclusion

This thesis focused on the concept of chordal triangulation and was dedicated to the study
of two well-known problems within graph theory: MINIMUM FILL-IN and TREEWIDTH.
The former is tied to Gaussian elimination of matrices, in addition to having real world
applications in fields such as computational phylogeny and database management, whereas
the latter is a fundamental problem within graph theory which has substantial application
in design of algorithms. Further motivation for the study of these problems as well as the
overarching concept of chordal triangulation has been previously discussed in Section 2.1.
We point out that the above-mentioned problems are well-established and have been heavily
studied. Therefore, we focused on some unknown aspects of these problems and aimed to
contribute to the general understanding of these problems.

Aside from academic curiosity, the motivation for our research into these problems
originates from the newly introduced TREEWIDTH AND FILL-IN MINIMIZATION problem,
TFM for short (defined in Section 6.5), as well as our participation in the PACE programming
challenge (described in Section 3.3). In the following sections, we will summarize our
studies from all the previous chapters. To do so, we begin by recalling the research problems
discussed, our approach to solving them, and recap our results. We will close our conclusion
by suggesting some ideas for future research.

8.1 Chordal Triangulation: Contributions

In Chapter 3 (also Section 2.2 from Chapter 2), we primarily focused on reduction methods
for the MINIMUM FILL-IN problem through construction of chordal triangulations. We have
listed below some of our most notable results on this subject:
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• Given any elimination ordering α over a graph G, there exists a nice elimination
ordering α∗, defined in Definition 4, that results in an identical triangulation, i.e.,
G+

α = G+
α∗ (Lemma 2)

• Given that a graph is not complete, its vertex connectivity does not decrease by elimi-
nation of its vertices, additionally no new minimal separator or connected component
associated with its existing minimal separators will be introduced (Corollary 4, Corol-
lary 5 and Lemma 8 respectively)

• Given a graph G and a vertex v where its neighbourhood minus one vertex is a clique
and its degree is equal to the vertex connectivity of the graph, i.e., deg(v) = κ(G),
the set fill(N(v)) of missing edges in the neighbourhood of v, is safe to add while
constructing a minimum triangulation of G (Theorem 8)

• Given a graph G and a set F of safe edges to add in G, any minimum triangulation of
the graph obtained by addition of F , i.e., G⊕F , is also a minimum triangulation of G
(Lemma 10)

• Given a graph G, a set F of safe edges to add in G and a set F ′ of safe edges to add in
G⊕F , the union of these edge sets, F ∪F ′, is also safe to add in G (Lemma 11)

Our work in this area was heavily motivated by [22] and our findings can be viewed
as a generalization of their results. We have also demonstrated in Chapter 3, how some
of the above results can be further extended using a graph decomposition technique or
in conjunction with other reduction rules (Corollary 11). To apply our results, we then
implemented an existing minimum fill-in algorithm that would then use our previously
disclosed reduction rules, as discussed in Section 3.3.

8.2 Treewidth Parameter: Contributions

In Chapter 4 we focused mainly on the treewidth parameter. We began the chapter by
reviewing some methods for determining lower and upper bounds on this parameter. Later,
we used these methods to obtain the exact value of treewidth for several grid-like graph
classes (formally defined in Section 7.1). Our results from this chapter are listed below:

• Given an m× n triangular or hexagonal grid G, for m,n ≥ 2, tw(G) = min{m,n}
(Lemma 13 and Lemma 14)

• Given an m× n king’s graph G, for 2 ≤ m ≤ n, tw(G) = n if m = n = 3, otherwise
tw(G) = m+1 (Corollary 12)



8.3 Inert Node Searching Problem: Contributions and Future Work 159

• Given an Km□Kn rook’s graph G for 2≤m≤ n we have tw(G) = n⌈m
2 ⌉−1 if m is odd,

otherwise tw(G) = m
2 (n+1)−1 when m is even (Theorem 11)

We point out that for the above-mentioned graph classes, the exact value of the treewidth
parameter was either previously unknown or its value was stated in the literature without a
proof. Additionally, we note that our results from this chapter were essential for our work in
Chapter 7.

8.3 Inert Node Searching Problem: Contributions and Fu-
ture Work

Next, in Chapter 5 we discussed a closely related subclass of graph searching problems,
namely the INERT NODE SEARCHING problem. The variant of this problem which we
focused on is concerned with minimizing the cost of a searching strategy. We based our study
on that of [56] which introduced a cost parameter called search cost, defined as the total
number of searchers deployed during a strategy. Below summarizes our findings in this area:

• We proved using a counterexample that the statement from [56], outlining the relation-
ship between the parameters minimum fill-in and search cost, is incorrect (Remark 3)

• We introduced a new cost parameter, namely guard cost as defined in Definition 11,
and proved the necessary relationship between guard cost and the minimum fill-in
parameter (Theorem 12)

A common question in graph searching problems is deciding whether the optimum value
of a search parameter can be achieved using only monotone strategies, that is, a searching
strategy where the graph is progressively cleaned. [56] originally posed this problem for the
search cost parameter and due to our above results, we also asked the same thing for the
guard cost parameter. Closing this problem has thus far proved to be very challenging, as
suggested by the closing remarks in Chapter 5. Consequently, our future research in this area
involves proving Conjecture 1.

8.4 Triangulation With Minimum Treewidth and Minimum
Fill-In: Contributions and Future Work

The motivation behind our study in Chapter 6 was the task of determining whether, given
a graph, there exists a triangulation solving both problems TREEWIDTH and MINIMUM
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FILL-IN at the same time. To formalize our work, we introduced the τ parameter, formally
defined in Definition 12. Informally, this parameter can be viewed as a measure of how far
the solutions to the MINIMUM FILL-IN problem are to the solutions of the TREEWIDTH

problem. Due to the significance of the preceding problems, it is of importance to determine
the τ parameter or at-least decide whether τ = 0 in different graph classes. Below, we have
summarized some of our results in this area:

• τ parameter can be arbitrarily large, and it is not necessarily shared between a graph
and its supergraphs or subgraphs (Theorem 13 and Remark 4)

• Given a graph G where tw(G)≤ 2 or tw(G) = κ(G)≥ 3 (e.g., Series–parallel or Halin
graphs), we have that τ(G) = 0. More generally, in every such graph, a minimal trian-
gulation H is a minimum triangulation iff tw(H) = tw(G) (Corollary 14, Corollary 15,
and Corollary 18)

• Given a graph with τ = 0, the TFM problem has a ‘yes’ answer for any given value
of k,c. On the other hand, there exists a class of graphs where for every graph G,
τ(G)> 0 and the TFM problem has a ‘no’ answer for every k < τ(G) and c < φ(G)

(Lemma 23 and Theorem 16)

To address the gaps in the last result stated above, we suggest a more generalized study
of the TFM problem for graphs with τ > 0. More specifically, given any such graph, we
would like to determine the values of k,c for which the TFM problem has a ‘yes’ answer.

8.5 Grid and Grid-Like Graphs: Contributions and Fu-
ture Work

In Chapter 7, we continued our study of determining the τ parameter for grid and grid-like
graphs. Here we have listed our most notable results from this chapter:

• Given an m×n King’s graph, Grid, Hexagonal or Triangular grid G, for 2 ≤ m ≤ 4
and n≥ m, we have that τ(G) = 0. Additionally, we are able to determine the exact
value of mfi(G) for these graphs (numerous lemmas and corollaries from Section 7.1)

• Given an m×n rook’s graph G, for m ∈ {2,3} and n≥ m or m = 4 and n ∈ {4,5} we
proved that τ(G) = 0. Using our experimental work, we are also able to determine
mfi(G) in this case (lemmas and corollaries from Section 7.2)
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• Given an m× n rook’s graph G, where m = 4 and n ≥ 6, we have that τ(G) > 0
(Theorem 17)

The final result mentioned above is of particular significance due to the fact that all graphs
that were known to have τ > 0 were constructed to have such property, whereas rook’s graphs
are better known and independently established. Furthermore, due to the originality of this
work, our approach to determining the τ and the minimum fill-in parameters is itself one of
the novelties of our study. As a final direction for future research, we suggest determining the
value of the parameters τ or mfi for grid and grid-like graphs with five or more rows. Such a
result is not previously known and is not covered within this thesis.
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[48] Dereniowski, D. and Stański, A. (2019). On tradeoffs between width- and fill-like graph
parameters. Theory of Computing Systems, 63(3):450–465.

[49] Dirac, G. A. (1961). On rigid circuit graphs. Abhandlungen aus dem Mathematischen
Seminar der Universität Hamburg, 25:71–76.

[50] Duffin, R. (1965). Topology of series-parallel networks. Journal of Mathematical
Analysis and Applications, 10(2):303 – 318.

[51] Díaz, J., Serna, M., and Thilikos, D. M. (2002). Counting h-colorings of partial k-trees.
Theoretical Computer Science, 281(1):291 – 309. Selected Papers in honour of Maurice
Nivat.

[52] Ellis, J. A., Sudborough, I. H., and Turner, J. S. (1994). The vertex separation and
search number of a graph. Inf. Comput., 113(1):50–79.

[53] Feige, U., Hajiaghayi, M., and Lee, J. R. (2005). Improved approximation algorithms
for minimum-weight vertex separators. In Proceedings of the Thirty-Seventh Annual ACM
Symposium on Theory of Computing, STOC ’05, page 563–572, New York, NY, USA.
Association for Computing Machinery.

[54] Fernandezbaca, D. and Slutzki, G. (1994). Parametric problems on graphs of bounded
treewidth. Journal of Algorithms, 16(3):408 – 430.

[55] Fomin, F. (1998). Helicopter search problems, bandwidth and pathwidth. Discrete
Applied Mathematics, 85(1):59 – 70.

[56] Fomin, F., Heggernes, P., and Arne, J. (2003). Graph searching, elimination trees, and a
generalization of bandwidth. Algorithmica, 41(2):73–87.

[57] Fomin, F., Kratsch, D., Todinca, I., and Villanger, Y. (2008). Exact algorithms for
treewidth and minimum fill-in. SIAM J. Comput., 38:1058–1079.

[58] Fomin, F. V. and Golovach, P. A. (2000). Graph searching and interval completion.
SIAM J. Discrete Math, 13:454–464.

[59] Fomin, F. V., Lokshtanov, D., Saurabh, S., Pilipczuk, M., and Wrochna, M. (2018). Fully
polynomial-time parameterized computations for graphs and matrices of low treewidth.
ACM Trans. Algorithms, 14(3):1–45.

[60] Fomin, F. V. and Thilikos, D. M. (2008). An annotated bibliography on guaranteed
graph searching. Theoretical Computer Science, 399(3):236 – 245. Graph Searching.

https://pacechallenge.wordpress.com/pace-2017/track-b-minimum-fill-in/
https://pacechallenge.wordpress.com/pace-2017/track-b-minimum-fill-in/


References 167

[61] Fomin, F. V., Todinca, I., and Villanger, Y. (2015). Large induced subgraphs via
triangulations and cmso. SIAM Journal on Computing, 44(1):54–87.

[62] Fomin, F. V. and Villanger, Y. (2012). Subexponential parameterized algorithm for
minimum fill-in. In Proceedings of the Twenty-Third Annual ACM-SIAM Symposium
on Discrete Algorithms, SODA ’12, page 1737–1746, USA. Society for Industrial and
Applied Mathematics.

[63] Franklin, M., Galil, Z., and Yung, M. (1993). Eavesdropping games: a graph-theoretic
approach to privacy in distributed systems. In Proceedings of 1993 IEEE 34th Annual
Foundations of Computer Science, pages 670–679.

[64] Fulkerson, D. R. and Gross, O. A. (1965). Incidence matrices and interval graphs.
Pacific J. Math., 15(3):835–855.

[65] Garey, M. R. and Johnson, D. S. (1979). Computers and Intractability; A Guide to the
Theory of NP-Completeness. W. H. Freeman & Co., USA.

[66] Garey, M. R. and Johnson, D. S. (1983). Crossing number is NP-complete. SIAM
Journal on Algebraic Discrete Methods, 4(3):312–316.

[67] Golumbic, M. C. (1980). Chapter 4 - triangulated graphs. In Golumbic, M. C., editor,
Algorithmic Graph Theory and Perfect Graphs, pages 81–104. Academic Press.

[68] Grohe, M. (2001). Computing crossing numbers in quadratic time. In Proceedings
of the Thirty-Third Annual ACM Symposium on Theory of Computing, STOC ’01, page
231–236, New York, NY, USA. Association for Computing Machinery.

[69] Hajnal, A. and Surányi, J. (1958). Über die auflösung von graphen in vollständige
teilgraphen. Annales Universitatis Scientiarum Budapestinensis de Rolando Eötvös
Nominatae. Sectio Mathematica, 1:113–121.

[70] Hajos, G. (1957). Uber eine art von graphen. Internationale Mathematische
Nachrichten.

[71] Halin, R. (1976). S-functions for graphs. Journal of Geometry, 8:171–186.

[72] Heggernes, P. (2006). Minimal triangulations of graphs: A survey. Discrete Mathemat-
ics, 306(3):297–317. Minimal Separation and Minimal Triangulation.

[73] Henzinger, M. R., Rao, S., and Gabow, H. N. (2000). Computing vertex connectivity:
New bounds from old techniques. Journal of Algorithms, 34(2):222–250.

[74] Isobe, S., Zhou, X., and Nishizeki, T. (1999). A polynomial-time algorithm for finding
total colouring of partial k-trees. International Journal of Foundations of Computer
Science, 10(02):171–194.

[75] Kaplan, H., Shamir, R., and Tarjan, R. (1994). Tractability of parameterized completion
problems on chordal and interval graphs: Minimum fill-in and physical mapping. In
Proceedings 35th Annual Symposium on Foundations of Computer Science, pages 780–
791.



168 References

[76] Kirousis, L. M. and Papadimitriou, C. H. (1986). Searching and pebbling. Theoretical
Computer Science, 47:205 – 218.

[77] Kloks, T. (1994). Treewidth: Computations and Approximations. Lecture Notes in
Computer Science. Springer.

[78] Koster, A. M., Bodlaender, H. L., and van Hoesel, S. P. (2001). Treewidth: Computa-
tional experiments. Electronic Notes in Discrete Mathematics, 8:54 – 57. 1st Cologne-
Twente Workshop on Graphs and Combinatorial Optimization.

[79] Leaver-Fay, A., Liu, Y., Snoeyink, J., and Wang, X. (2008). Faster placement of
hydrogens in protein structures by dynamic programming. ACM J. Exp. Algorithmics,
12:1–16.

[80] Lucena, B. (2007). Achievable sets, brambles, and sparse treewidth obstructions.
Discrete Applied Mathematics, 155(8):1055 – 1065.

[81] Makedon, F. and Sudborough, I. H. (1989). On minimizing width in linear layouts.
Discrete Applied Mathematics, 23(3):243 – 265.

[82] Makedon, F. S., Papadimitriou, C. H., and Sudborough, I. H. (1983). Topological
bandwidth. In Ausiello, G. and Protasi, M., editors, CAAP’83, pages 317–331, Berlin,
Heidelberg. Springer Berlin Heidelberg.

[83] Mancini, F. (2008). Graph modification problems related to graph classes. PhD thesis.

[84] McDiarmid, C. and Reed, B. (2003). Channel assignment on graphs of bounded
treewidth. Discrete Mathematics, 273(1):183 – 192. EuroComb’01.

[85] Ohtsuki, T., Cheung, L. K., and Fujisawa, T. (1976). Minimal triangulation of a graph
and optimal pivoting order in a sparse matrix. Journal of Mathematical Analysis and
Applications, 54(3):622 – 633.

[86] Papadimitriou, C. H. (1994). Computational Complexity. Addison-Wesley, Reading,
MA.

[87] Parsons, T. D. (1978). Pursuit-evasion in a graph. In Alavi, Y. and Lick, D. R., editors,
Theory and Applications of Graphs, pages 426–441, Berlin, Heidelberg. Springer Berlin
Heidelberg.

[88] Robertson, N. and Seymour, P. (1984). Graph minors. iii. planar tree-width. Journal of
Combinatorial Theory, Series B, 36(1):49 – 64.

[89] Robertson, N. and Seymour, P. (1986). Graph minors. v. excluding a planar graph.
Journal of Combinatorial Theory, Series B, 41(1):92 – 114.

[90] Robertson, N. and Seymour, P. (1995). Graph minors .xiii. the disjoint paths problem.
Journal of Combinatorial Theory, Series B, 63(1):65 – 110.

[91] Robertson, N., Seymour, P., and Thomas, R. (1994). Quickly excluding a planar graph.
Journal of Combinatorial Theory, Series B, 62(2):323–348.



References 169

[92] Rose, D., Tarjan, R., and Lueker, G. (1976). Algorithmic aspects of vertex elimination
on graphs. SIAM Journal on Computing, 5(2):266–283.

[93] Rose, D. J. (1972). A graph-theoretic study of the numerical solution of sparse positive
definite systems of linear equations. In READ, R. C., editor, Graph Theory and Computing,
pages 183–217. Academic Press.

[94] sagemath (2021). SageMath. https://www.sagemath.org. Last checked on Jun 06, 2021.

[95] Seymour, P. and Thomas, R. (1993). Graph searching and a min-max theorem for
tree-width. Journal of Combinatorial Theory, Series B, 58(1):22 – 33.

[96] Sinden, F. W. (1966). Topology of thin film rc circuits. Bell System Technical Journal,
45(9):1639–1662.

[97] Tarjan, R. E. (1985). Decomposition by clique separators. Discrete Mathematics,
55(2):221–232.

[98] Tarjan, R. E. and Yannakakis, M. (1984). Simple linear-time algorithms to test chordality
of graphs, test acyclicity of hypergraphs, and selectively reduce acyclic hypergraphs. SIAM
Journal on Computing, 13(3):566–579.

[99] Telle, J. A. and Proskurowski, A. (1997). Algorithms for vertex partitioning problems
on partial k-trees. SIAM Journal on Discrete Mathematics, 10(4):529–550.

[100] West, D. B. et al. (1996). Introduction to graph theory, volume 2. Prentice hall Upper
Saddle River, NJ.

[101] Wimer, T., Hedetniemi, S., and Laskar, R. (1985). A methodology for constructing
linear graph algorithms. Congr. Numer., 50:43–60.

[102] Yannakakis, M. (1981). Computing the minimum fill-in is NP-complete. SIAM
Journal on Algebraic and Discrete Methods, 2:77–79.

https://www.sagemath.org


Certificate of Ethics Review

Project Title: Doctoral thesis

Name: Mani Ghahremani User ID: 832240 Application Date: 26-Apr-2019 19:31 ER Number: ETHIC-2019-484

You must download your certificate, print a copy and keep it as a record of this review.

It is your responsibility to adhere to the University Ethics Policy and any Department/School or professional guidelines in the conduct of your study including
relevant guidelines regarding health and safety of researchers and University Health and Safety Policy.

It is also your responsibility to follow University guidance on Data Protection Policy:

General guidance for all data protection issues
University Data Protection Policy

You are reminded that as a University of Portsmouth Researcher you are bound by the UKRIO Code of Practice for Research; any breach of this code
could lead to action being taken following the University's Procedure for the Investigation of Allegations of Misconduct in Research.

Any changes in the answers to the questions reflecting the design, management or conduct of the research over the course of the project must be notified to
the Faculty Ethics Committee. Any changes that affect the answers given in the questionnaire, not reported to the Faculty Ethics Committee,
will invalidate this certificate.

This ethical review should not be used to infer any comment on the academic merits or methodology of the project. If you have not already done so, you
are advised to develop a clear protocol/proposal and ensure that it is independently reviewed by peers or others of appropriate standing. A favourable
ethical opinion should not be perceived as permission to proceed with the research; there might be other matters of governance which require further
consideration including the agreement of any organisation hosting the research.

(A1) Please briefly describe your project:: I have conducted research in abstract computer sciences (graph theory to be more precise). My PhD
involved writing proofs and theorems mainly. I have used programming to help me test my theories but it did not involve any real data
(mainly randomly generated graphs where a series of vertices, noted by numbers 1 to n, are connected by edges to one another). 
(A2) What faculty do you belong to?: Technology 
(A3) I am sure that my project requires ethical review by my Faculty Ethics Committee because it includes at least one material ethical issue.: No 
(A5) Has your project already been externally reviewed?: No 
(B1) Is the study likely to involve human participants?: No 
(B2) Are you certain that your project will not involve human subjects or participants?: Yes 
(C6) Is there any risk to the health & safety of the researcher or members of the research team beyond those that have already been risk assessed?: No 
(D2) Are there risks of damage to physical and/or ecological environmental features?: No 
(D4) Are there risks of damage to features of historical or cultural heritage (e.g. impacts of study techniques, taking of samples)?: No 
(E1) Will the study involve the investigator and/or any participants in activities that could be considered contentious, unacceptable, or illegal, or in any other
way harmful to the reputation of the University of Portsmouth?: No 
(E2) Are there any potentially socially or culturally sensitive issues involved? (e.g. sexual, political, legal/criminal or financial): No 
(F1) Does the project involve animals in any way?: No 
(F2) Could the research outputs potentially be harmful to third parties?: No 
(G1) Please confirm that you have read the University Ethics Policy and have considered the implications for your project.: Confirmed 
(G2) Please confirm that you have read the UK RIO Code of Practice for Research and will conduct your project in accordance with it.: Confirmed 
(G3) The University is committed to The Concordat to Support Research Integrity.: Confirmed 
(G4) Submitting false or incorrect information is a breach of the University Ethics Policy and may be considered as misconduct and be subject to
disciplinary action. Please confirm you understand this and agree that the information you have entered is correct.: Confirmed 

Page 1 of 1



25/06/2021 University of Portsmouth Myport Mail - Ethics Screening

https://mail.google.com/mail/u/1?ik=e8ebc5ca60&view=pt&search=all&permthid=thread-f%3A1703500026589902123&simpl=msg-f%3A1703500026589902… 1/1

Mani Ghahremani <up832240@myport.ac.uk>

Ethics Screening 
1 message

noreply@port.ac.uk <noreply@port.ac.uk> 25 June 2021 at 02:23
Reply-To: noreply@port.ac.uk
To: up832240@myport.ac.uk

Thank you for using the online ethics Ethics Screening tool

You have indicated that your study does not include any of the following:

Human participants (taking tests, being observed, answering questionnaires, taking part in interviews/focus
groups etc.)
Gathers or uses confidential information that might identify human participants
Includes "Relevant material" as defined by the Human Tissue Act 2004
Includes animals (and you do not have permission from the University's AWERB committee to proceed)
Has an environmental impact
Impacts our cultural heritage (excavation, destructive sampling etc.)
Requires review from an external ethics committee (NHS, MOD, PHE, HMPPS etc.)
Has health and safety concerns that cannot be met by normal risk assessment

If this is correct then please use this email as evidence of ethics review. Your reference number is ETHICS-10303.

If, however, you think your study will after-all involve any of the above please refer to http://www2.port.ac.uk/
research/ethics/



Return to: Faculty Advisor (Research), Research Degree Team, Student Life, Department of Student & Academic Administration, 
University of Portsmouth, Floor 5, Mercantile House, Hampshire Terrace, Portsmouth, PO1 2EG 

 

 
EThOS DEPOSIT AGREEMENT FOR  

UNIVERSITY OF PORTSMOUTH THESES 
 

 
COVERED WORK 
I, [Please insert name and address] “the Depositor”, would like to deposit 
 
 [Please insert title of dissertation], hereafter referred to as the “Work”, in the University of Portsmouth Library and 
agree to the following: 
 
NON-EXCLUSIVE RIGHTS 
Rights granted to the University of Portsmouth through this agreement are entirely non-exclusive and royalty free. I am 
free to publish the Work in its present version or future versions elsewhere. I agree that the University of Portsmouth 
or any third party with whom the University of Portsmouth has an agreement to do so may, without changing content, 
translate the Work to any medium or format for the purpose of future preservation and accessibility. 
 
DEPOSIT IN THE UNIVERSITY OF PORTSMOUTH LIBRARY 
I understand that work deposited in the University of Portsmouth Library will be accessible to a wide variety of people 
and institutions - including automated agents - via the World Wide Web (University’s Institutional Repository (IR)). An 
electronic copy of my thesis may also be included in the British Library Electronic Theses On-line System (EThOS).* 
 
I understand that once the Work is deposited, a citation to the Work will always remain visible. Removal of the Work 
can be made after discussion with the University of Portsmouth Library, who shall make reasonable efforts to ensure 
removal of the Work from any third party with whom the University of Portsmouth has an agreement. 
 
I AGREE AS FOLLOWS: 
- That I am the author or co-author of the work and have the authority on behalf of the author or authors to make this 
agreement and to hereby give the University of Portsmouth the right to make available the Work in the way described 
above. 
- That I have exercised reasonable care to ensure that the Work is original, and does not to the best of my knowledge 
break any applicable law or infringe any third party’s copyright or other intellectual property right.  
- The University of Portsmouth do not hold any obligation to take legal action on my behalf, or other rights holders, in 
the event of breach of intellectual property rights, or any other right, in the Work. 
 
*Please strikethrough this sentence if you do NOT wish your thesis to be deposited in EThOS but please be aware 
that EThOS may, at some future date, harvest thesis details automatically (including the full text) from the University’s 
Institutional Repository available at http://eprints.port.ac.uk 
 
 
Signature:  
 
  ………………………………………………………. 
 
Date:  ……………………………………………………….. 

Mani Ghahremani
“On Chordal Triangulations and Related Graph 

Parameters”

30/06/2021


	Table of contents
	List of figures
	List of tables
	Nomenclature
	1 Preliminaries
	1.1 Introduction
	1.2 Basic Graph Notations
	1.3 Vertex Connectivity and Separators
	1.4 Grids and gird-like graphs

	2 An Overview of the Studied Graph Parameters
	2.1 Triangulations and the Minimum Fill-in Parameter
	2.2 Elimination Orderings
	2.3 The Treewidth Parameter
	2.4 The Treewidth Parameter, Upper, and Lower Bounds

	3 Triangulation
	3.1 Elimination ordering and graph connectivity
	3.2 Graph Pre-Processing Methods
	3.3 Experimental Results

	4 Treewidth
	4.1 Determining the Treewidth of Grid-Like Graphs

	5 Inert Node Searching Problem
	5.1 Introduction
	5.2 Guard Cost and Its Relation with the Minimum Fill-In Parameter

	6 Triangulation With Minimum Treewidth and Minimum Fill-In
	6.1 Introduction
	6.2 The  Parameter: General Results
	6.3 The  Parameter in Graphs With Bounded Treewidth
	6.4 The  Parameter in Graphs With Bounded Treewidth: A Demonstration
	6.5 The Treewidth and Minimum Fill-In Problem

	7 Minimum Fill-In and  Parameter of Grid and Grid-Like Graphs
	7.1 King's Graphs, Grids, Triangular and Hexagonal Grids
	7.2 Rook's graph

	8 Conclusion
	8.1 Chordal Triangulation: Contributions
	8.2 Treewidth Parameter: Contributions
	8.3 Inert Node Searching Problem: Contributions and Future Work
	8.4 Triangulation With Minimum Treewidth and Minimum Fill-In: Contributions and Future Work
	8.5 Grid and Grid-Like Graphs: Contributions and Future Work

	References

