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Abstract

Composite indices applications cover a broad gamut. From evaluations of
Universities, countries, institutions or firms; their popularity has grown
exponentially, and their use expands throughout all domains of research
and policy making exercises. Reasonably, there is something desirable in
being able to consolidate the breadth of a variety of information into a
single metric that serves as a benchmark of how well an entity operates.
Regardless, this raises more questions than it may answer. How is this
metric constructed and how sound is it eventually to trust it? The reason
being trust in these metrics is of paramount importance, and it is often
the case that their whole construct is opaque, lacks a sound framework
and thus inferences made based on such metrics are bound to be distorted.
There are several steps to be meticulously followed in the construction
of composite indices, and choices in each and every step could radically
alter the metric produced. The most important steps in the methodologi-
cal framework are those of weighting and aggregating the elementary
indicators into the overall composite index. There is a large documented
literature on these steps, and a rough division in two groups at both steps.
However large the literature and the heated debate are, whether one
talks about weighting or aggregating the elementary indicators, there
are some things found to be missing or often neglected in both camps’
arguments. These relate to assumptions about representation of pref-
erences (as far as weighting and other parameters are concerned) and
conceptual/methodological drawbacks (as far aggregation is concerned).
By combining and extending well-known Operations Research methods,
this thesis provides two novel methodological proposals aiming at ad-
dressing the issues found -or overlooked- in the above-mentioned steps.
The metric that is produced o�ers a more ‘holistic’ output as, contrary to
previous approaches in this strand, it is based on information that takes
into account a multiplicity of viewpoints and spatial information related
to the a unit’s competitive environment. At the same time, it encapsu-
lates traditional uncertainty analysis, permitting the decision-maker to
get more insights than simply creating a cardinal construct, something
that is often found missing from most composite indices nowadays.
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Chapter 1

Introduction

The aim of this chapter is to introduce some background around the
topic of composite indicators, along with the rationale for the research
undertaken. The aims and objectives are outlined, and the contribution to
the extant knowledge is stated along framing this research, its limitations
and potential future endeavours.

1.1 Background discussion

1.1.1 A desperate need for consolidation
A great quote summarising the intrinsic need for metrics is given by
McAfee and Brynjolfsson (2012, p.4) in a recent Harvard Business Re-
view special spotlight on big data: “You can’t manage what you don’t
measure”. It is true, in order to make any decision, be it related to the
management of an entity or otherwise; one needs a metric of any kind
that helps her decide based on something measurable. For instance, in
Multicriteria Decision Aiding (MCDA), an individual (often called the
‘decision-maker’, hereafter ‘DM’) eventually decides based on an overall
evaluation obtained from a set of measurables (often called ‘criteria’)
(Greco et al., 2016). Without yet going into the specifics of how it is ob-
tained and what it entails, this ‘overall evaluation’ is essentially a metric;
an output that indicates how a set of evaluated alternatives perform.
This eases the DM to follow any course of action, be it to choose, eliminate,
describe, rank or sort the set of alternatives at hand (Roy, 1981).

To understand the importance of the framework behind this metric,
let’s give a simple example. Let’s suppose that the objective remains the
same; that is, an individual decides upon a set of alternatives, based on a
set of criteria. In the most simplistic scenario, suppose that we only have a
single criterion. This alone acts as the so-called ‘metric’. It is easy, simple,

15



and straightforward. What happens when more criteria are involved? The
complexity increases and a formulation that handles this information is of
the essence. That ‘formulation’ is simply the ‘methodological framework’
behind the construction of composite indicators, and the main focus of
this research.

The choice and validity of the methodological framework is essential in
real world settings, as it is hardly ever the case that any decision is taken
on the basis of a single criterion. The reason being available information
(loosely speaking in the form of indicators) keeps expanding at a rapid
pace, and this creates a new culture of decision making (McAfee et al.,
2012). It is true, in the past decades, we have witnessed an enormous
upsurge in available information, the extent and use of which are char-
acterised by the founder of the World Economic Forum as the ‘Fourth
Industrial Revolution’ (Schwab, 2016, para. 2). Whilst Schwab focuses on
the use and future impact of these data -ranging from policy and business
analysis to artificial intelligence-, one of the key underlying points is that
this enormous and exponential increase in available information hides
another issue: the need for its interpretation and consolidation.

Indeed, an ever-increasing variety of information, broadly speaking
in the form of indicators, increases the di�culty involved in interpreting
a complex system. To illustrate this, consider for example a phenomenon
like well-being. In principle, it is a very complex concept that is particu-
larly di�cult to capture with only a single indicator (Decancq and Lugo,
2013; Decancq and Schokkaert, 2013; Patrizii et al., 2016). Hence, one
should enlarge the range of indicators to encompass all the necessary
information on a matter that is generally multidimensional in nature
(Greco et al., 2016). However, in such a case, it would be very di�cult for
the public to understand ‘well-being’ by, say, identifying common trends
among several individual indices. They would understand a complex
concept more easily in the form of a sole number that encompasses this
plethora of indicators (Saltelli, 2007). Reasonably, this argument may
raise more questions than it might answer. For instance, how would this
mighty number (i.e. metric) be produced? Which aspects of a concept
would it encompass? How would they be aggregated into the form of
a simple interpretation for the public and so on? This issue, and the
questions that it raises, introduce the concept of ‘composite indicators’.

1.1.2 Composite indicators: an overview
Defining ‘composite’ (sometimes also encountered as ‘metrics’, or ‘syn-
thetic’) indicators should be a straightforward task given their widespread
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use nowadays. Even though it appears that there is no single o�cial
definition to explain this concept, the literature provides a wide variety
of definitions. According to the European Commission’s first state-of-
the-art report (Saisana and Tarantola, 2002, p.5), composite indicators
are ‘[. . . ] based on sub-indicators that have no common meaningful unit
of measurement and there is no obvious way of weighting these sub-
indicators’. Freudenberg (2003, p.5) identifies composite indicators as
‘synthetic indices of multiple individual indicators’. Another potential def-
inition provided by the OECD’s first handbook for constructing composite
indicators (Nardo et al., 2005, p.8) is that a composite indicator ‘[. . . ] is
formed when individual indicators are compiled into a single index, on
the basis of an underlying model of the multi-dimensional concept that
is being measured’.

This list of definitions could continue indefinitely. Yet, composite in-
dicators can be seen as something broader than just an aggregation of
elementary indicators. One could relate composite indicators to organi-
sations, which, if you take apart, they are comprised of several features
that make it hard to understand overall due to the inherent complexity in
understanding and comparing several di�erent features that comprise a
single unit. This relates to the central idea of the landmark work of Rosen
(1991), a prominent theoretical biologist’s viewpoint on the fabrication of
life. Essentially, a composite indicator might reflect a ‘complex system’
that consists of numerous ‘components’, making it easier to understand
in full rather than reducing it back to its ‘spare parts’. Although this
‘complexity’, from a biologist’s viewpoint, refers to the causal impact that
organisations exert on the system as a whole, the intended meaning here
is astonishingly appropriate for the aim of composite indicators.

Despite their vague definition, composite indicators have gained as-
tounding popularity in all areas of research. From social aspects to
governance and the environment, the number of their applications is
constantly growing at a rapid pace (Bandura, 2005, 2008, 2011). For
instance, Bandura (2005) identifies over 400 o�cial composite indices
that rank or assess a country according to some economic, political, so-
cial, or environmental measures. In a complementary report by the
United Nations’ Development Programme, Yang (2014) documents over
100 composite measures of human progress. While these inventories are
far from being exhaustive -compared with the actual number of applica-
tions in existence- they give us a good understanding of the popularity of
composite indicators.

A search on SCOPUS conducted in April 2019 shows this trend (see
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Fig. 1.1). If one were to proxy the interest in this field with the number of
yearly publications, the increase over the past 20 years seems exponential,
and the trend accelerating. Moreover, their widespread adoption by
global institutions (e.g. the OECD, World Bank, EU, etc.) has gradually
captured the attention of the media and policy-makers around the globe
(Saltelli, 2007), while their simplicity has further strengthened the case
for their adoption in several practices.

Figure 1.1: Documents per year on SCOPUS

Boolean search on SCOPUS using the keywords:
‘Composite Indicators’ OR ‘Composite Indices’.

Nevertheless, composite indicators have not always been so popular,
and there was a time when considerable criticism surrounded their use
(Sharpe, 2004). In fact, according to the author, their very existence was
responsible for the creation of two camps in the literature: aggregators
versus non-aggregators. In brief1, the former group supports the con-
struction of synthetic indices to describe an overall complex phenomenon,
while the latter opposes it claiming that the final product is statistically
meaningless. Whilst it seems idealistic to assume that this debate will
ever be resolved (Saisana et al., 2005), it quickly drew the attention of
policy-makers and the public. Sharpe (2004) describes the example of the
Human Development Index (HDI), which has received a vast amount of
criticism since its creation due to the arbitrariness of its methodological
framework (Ray, 2008). However, it is the most well-known composite
index to date. Moreover, it led the 1998 Nobel Prize-winning economist
A. K. Sen, once one of the main critics of aggregators, to change his

1For a more detailed analysis of the debate between the two groups, see Sharpe
(2004, pp. 9-11).
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position due to the attention that the HDI attracted and the debate that
it fostered afterwards (Saltelli, 2007). He characterised it as a ‘success’
that would not have happened in the case of non-aggregation (Sharpe,
2004, p. 11). Seemingly, this might be considered as the first win for the
camp of aggregators; yet the truth is that we are still far from settling
the disputes and the criticism concerning the stages of the construction
process (Saltelli, 2007).

1.2 About this thesis

1.2.1 Research rationale
The previous subsection briefly outlined the composite indicators’ arena.
Despite the brief division of this discipline’s terrain in aggregators and
non-aggregators, popularity of composite indicators has peaked ever since.
This, however, does not mean that all arguments have been settled, as the
criticism in the construction process is still ongoing. Moreover, this spiral
of attention to this domain from researchers and policy makers raises
several flags on issues that are still debated in the literature and regard
the construction phase of composite indicators OECD (2008), which as it
will be detailed in the following Chapters, it can be reasonable deemed
opaque.

This is natural, as there are many stages in the construction process
of a composite index (to be detailed in Chapter 2) and criticism could grow
simultaneously regarding each and every one of them (Booysen, 2002).
Moreover, if the procedure followed is not clear and reasonably justified
to everyone, there is considerable room for manipulation of the outcome
(Grupp and Mogee, 2004; Grupp and Schubert, 2010; Abberger et al.,
2017).2 This is where the underlying rationale of this research stems from.
Composite indicators can be very simple or very complex at the same time.
The principle that the literature so far aspires to is that of ‘Occam’s razor’
(also referred to as the parsimony of simplicity) (Hopkins, 1991), which
loosely converts to the statement that the simplest solution is most likely
the right one. However, as it will be argued in the following Chapters,
another rationale that one could abide by would be Einstein’s parsimony
(also known as Einstein’s razor, see e.g. Einstein, 1934; Sessions, 1950)

2All these authors refer to the outcome of ‘manipulation’ as little to no justification on
the steps of selecting, weighting and aggregating the indicators. The first, i.e. ‘selecting’
the indiators, refers to the conceptual framework of composite indices, which extends
beyond the scope of this thesis. The focus in the subsequent Chapters lies on the
methodological framework of composite indicators, and hence, the latter two steps, i.e.
those of weighting and aggregation.
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in that “things should be made as simple as possible - but no simpler”3.
This inherent complexity behind composite indicators’ methodological
framework empowers this thesis and the author to embark on this journey
and try to add value to this domain by proposing alternative procedures
that alleviate some of these issues.

1.2.2 Aims, objectives & contribution to extant liter-
ature

Understandably, it would be too optimistic (if not unrealistic) to consider
addressing all issues in the construction phase of composite indicators in
a single thesis. Thus, two fundamental steps in the construction phase
of composite indicators will be considered here. These are: weighting
and aggregation. The reason is that these two steps are the fundamental
procedures that ultimately consist the final composite index that is, after
all, a single number based on an aggregation function in which the
subjective input is a set of parameters (i.e. weights). As it will be detailed
in Chapter 2, there is a wide variety of methods available in these steps,
and there is no documented approach without a single drawback. Thus,
this thesis will be dedicated to contributing towards a proposal that
alleviates most of the issues inherent in previous proposed approaches,
from both a methodological and a conceptual viewpoint.

That said, the research aims and objectives of this thesis are abridged
forthwith:

1. To provide a methodological proposal that contributes to address-
ing the weighting-related issues in the construction of composite
indicators.

2. To provide a methodological proposal that contributes to address-
ing the aggregation-related issues in the construction of composite
indicators.

Accomplishing these objectives contributes to the extant literature by
o�ering an alternative solution to current approaches that helps alleviat-
ing crucial issues in the domain of composite indicators. This step goes
towards the direction of reducing the criticism these opaque measures
received, as well as making more meaningful estimators that act as evalu-
ation metrics of several multi-dimensional phenomena. Having said that,
this thesis involves methodological advancements that can be applied to

3Both principles and their actual points of reference in the literature will be detailed
in Chapter 2.
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any discipline involving the use of composite indicators. With the aim
of illustrating the proposed methods, two case studies will be used from
the field of Economics. Understandably, these are to guide the reader
through didactic applications, but also to o�er cross-country evaluations
on two interesting and important multi-dimensional phenomena that
happen to be under the spotlight of Economics at the time of writing this
thesis: well-being and inclusive development.

1.2.3 Framing this research: limitations and future
endeavours

To begin with, no research is without its limitations, and limitations
can be thought of as the other side of the same coin that calls for future
research. In what follows, a list of limitations as well as opportunities
for future research avenues is given:

• This piece of research focuses on the topic of ‘composite indicators’,
a keyword containing a wide gamut of literature strands due to its
inherent nature of spanning across all disciplines for which metrics
are required. The literature that is analysed in Chapter 2, along
with its presented gaps is based on what, to the best of the author’s
knowledge, refers and applies to ‘composite’ (or ‘synthetic’) indica-
tors (or ‘indices’) or ‘metrics’. That is to say that, anything outside
the sphere of this strand might mean that it was not intentionally
created to alleviate the discussed issues and is not mentioned or ref-
erenced directly or indirectly in the studies discussed and processed
in this thesis.

• As it will be discussed in Chapter 2, there are several steps in the
construction of composite indicators. These can be loosely parti-
tioned in the ‘conceptual’ framework (choice of indicators) and the
‘methodological’ one (choices as to the steps leading to their con-
struct). This thesis only focuses on the methodological framework,
and in particular on the steps of weighting and aggregating the
elementary indicators, as these are deemed the most important in
the literature according to the focus of this strand. That said all
remaining steps are left beyond the scope of this research piece and
thus potential research avenues for the future.

• Composite indicators are opaque constructs the modelling of which
assumes pure exogeneity in how the e�ects flow from the elemen-
tary indicators to this construct. Yet, in real world settings it is
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often the case that when an elementary indicator’s performance
is increasing/deteriorating, this has an e�ect on another indica-
tor, both of which form the composite indicator. These are known
as interactions and can, of course, distort inferences made from
composite indicators that are usually based on a ‘ceteris paribus’
reasoning. As in all models analysed in Chapter 2, this thesis makes
no assumptions on interactions between indicators, as this would
unnecessary complicate the analysis and lose the focus of this re-
search. Yet, there are proposals in the MCDA strand of literature
and/or statistical approaches that deal with the issue of interaction.
These are left as future research endeavours and are mentioned as
concluding remarks at the end of the methodological proposals.

1.2.4 Thesis structure
The remaining of this thesis consists of six chapters that are split into
three parts:

• Part II - Literature Review
This part reviews the relevant literature in depth, highlighting
profound issues in composite indicator construction as to the steps
of weighting and aggregation.

• Part III - Methodological Advancements
This part contains two chapters introducing the methodological
proposals on the issues of weighting and aggregation. A case study
is also included in each methodological chapter, in order to highlight
how the respective proposed methodology can be applied in real
world data and what it brings over previous models.

• Part IV - Reflection & Remarks
This part contains a discussion reflecting upon the course of the
undertaken research, highlighting its strengths and limitations, as
well as avenues for future research.
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Part II

Literature Review

23



Chapter 2

Issues with composite
indicator construction

For a published version of this chapter (attached in appendix) see:

Greco, S., Ishizaka, A., Tasiou, M. and Torrisi, G. (2019a). On
the Methodological Framework of Composite Indices: A Review
of the Issues of Weighting, Aggregation, and Robustness, So-
cial Indicators Research, 141(1), 61–94. https://doi.org/10.1007/
s11205-017-1832-9.

2.1 Introduction
The purpose of this chapter is to review the literature with respect to the
methodological framework used to construct a composite index. While the
existing literature contains a number of reviews of composite indicators,
the vast majority particularly focuses on covering the applications for
a specific discipline. To be more precise, several reviews of ‘composite
indicators’ applications exist in the fields of sustainability (Bohringer and
Jochem, 2007; Singh et al., 2009; Pissourios, 2013; Huang et al., 2015),
the environment (Juwana et al., 2012; Wirehn et al., 2015), innovation
(Grupp and Mogee, 2004; Grupp and Schubert, 2010), and tourism (Men-
dola and Volo, 2017). However, the concept of composite indicators is
interdisciplinary in nature, and it is applied to practically every area of
research (Saisana and Tarantola, 2002). Since the latest reviews on the
methodological framework of composite indices were published a decade
ago (Booysen, 2002; Saisana and Tarantola, 2002; Freudenberg, 2003;
Sharpe, 2004; Nardo et al., 2005; OECD, 2008) and a great number of
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new publications have appeared since then (see Fig. 1.1), this chapter
re-examines the literature focusing on the methodological framework of
composite indicators and more specifically on the weighting, aggrega-
tion, and robustness steps. These steps are the focus of the paramount
criticism as well as the recent development.

To understand why this is the case, it is important to take a step back
and illustrate a classic procedure of a composite indicator’s construc-
tion. The OECD (2008) Handbook on Constructing Composite Indicators
proposes a so-called ‘check-list’ (pp. 20-21) for developers of composite
indicators, in order to ensure a homogeneous procedure that is followed
by all developers in the same way. This is illustrated in Fig. 2.1.

Figure 2.1: Creating a composite indicator

Theoretical
Framework

Proxies / Indicators

Data Imputation

Multivariate
Analysis

Normalisation

Weighting

Aggregation

Uncertainty/ Sensitivity

Insights

Links to other Indicators

Visualisation

Data
Selection

Final Index

Source: Author’s elaboration on OECD’s
(2008, pp.20-21) ‘check-list’.

In a nutshell, a composite indicator starts with the ‘theoretical frame-
work’: the developer’s reflection of what a composite index intends to
measure, the hierarchy of the index (if applicable). This takes the de-
veloper to the second stage: ‘data selection’. In this step, the proxies of
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the measurable dimensions are discussed, along with their strengths/
weaknesses and a check of the quality of the available indicators. By
extension, any issues regarding the reliability of these data, e.g. missing
data to be imputed, outliers etc. are considered. Ticking this box, the
developer can move on to the multivariate analysis. This step checks the
underlying structure and multidimensionality of the data by means of
statistical analysis, in order to illustrate any patterns in the indicators
(e.g. principal component/factor analysis - to be described in Section 2.2)
or the units evaluated (e.g. cluster analysis). The step of normalisation
is needed for most aggregating schemes, in order to avoid adding up
‘apples and oranges’ (Freudenberg, 2003). This will be detailed later on,
in the aggregating schemes. In brief, this step determines the proper
normalisation method to be followed to make all elementary indicators
comparable (if and where needed).

All above-mentioned steps, one way or another, relate to the a priori
procedure of a composite index construction, be it from a conceptual
viewpoint (e.g. theoretical framework / data selection), or a technical one
(e.g. multivariate analysis / normalisation). The whole methodological
framework of composite indicators essentially boils down to the steps
of ‘weighting’ and ‘aggregation’. These two steps essentially ‘forge’ this
synthetic and opaque construct that is used as a performance metric,
by highlighting the importance of criteria and aggregating them into
an overall metric. Of course, posterior analysis involves uncertainty/
sensitivity of the overall index, as well as some insights (which dimen-
sions/indicators result in a good/bad evaluation for every unit - a sort of
a decomposition) and e�orts to link a final index with other indicators in
existence or simply visualise the outcome.

This chapter is engrossed with the fundamental methodological frame-
work of composite indicators, though attention will be paid on uncertainty
and sensitivity analysis that has received a lot of attention, as it is often
found missing from composite indicator construction (Dobbie and Dail,
2013), despite its importance (Saisana et al., 2005).

The remaining of this chapter is structured as follows: Some neces-
sary conceptual and technical preliminaries (notation) are discussed in
Subsection 2.1.1. Section 2.2 describes the weighting schemes found in
the literature and Section 2.3 covers the step of aggregation. Section 2.4
provides an overview of the methods used for robustness checks following
the construction of an index, as a mean of transparency enhancement
and Section 2.5 contains a reflecting discussion about the crucial gaps in
this domain that will be examined in Part III.
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2.1.1 Some preliminaries
Before proceeding with the discussion of the two fundamental method-
ological issues (Sections 2.2 and 2.3), some preliminaries will be abridged,
which will be sometimes referred to in the subsequent sections or Chap-
ters. At this point, these are vague and illustrate the necessary notation
that will be used to explain some concepts later on.

To begin with, one may imagine composite indicators as latent con-
structs that evaluate each unit i 2 I, I = {1, . . . , n} (frequently called
decision-making units, or ‘DMUs’), with respect to the set of dimensions
J = {1, . . . ,m}, the (normalised - where needed) values of which are
xij. These are decided upon in the first two steps of composite indicator
construction. Essentially, for every unit i 2 I, a vector xi = [xi1, . . . , xim]

collects the values highlighting how each unit performs in the dimensions
from J .

For each dimension j 2 J , a weight (denoted ‘wj ’) is attached by the
decision-maker (‘DM’ for abbreviation - often called the ‘expert’), fulfilling
two conditions: (i) that wj > 0 for all j 2 J and (ii) that

Pm
j=1 wj = 1.

This is a classic prerequisite in all MCDA models (Greco et al., 2016),
consistent with the concept that weights are non-negative and sum up
to 1, showing the portion of importance (or trade-o�s, depending on the
aggregation function) that each indicator receives according to a DM.
Apparently, the weight vector is equivocally used for all DMUs i 2 I to
ensure ‘neutrality’, Arrow’s principle that every alternative is compared
on the same premises with the n � 1 remaining ones (OECD, 2008).
Moreover, here one vector of weights w = [w1, . . . , wm] is assumed to be
used, given by a single DM. As this chapter unravels, it will become
apparent that, under some models, both the last assumptions can be
relaxed.

Given the matrix X = [x1, . . . ,xn] and the vector of weights w, a vector
ci = [cii, . . . , cin] containing the composite indicator values for every unit
i 2 I can be obtained under a given aggregation function f(xi,w) that
is monotone non-decreasing in each xij and wj such that ci = f(xi, w)

for all i = 1, . . . , n. Under some models, the function inputs increase to
accommodate for other preferences. This will be detailed later on, where
discussion about aggregation schemes takes part in Section 2.3.

2.2 Issues with Weighting Schemes
The meaning of a weight coe�cient wj is twofold (OECD, 2008, pp. 31-
33). First, it refers to the ‘explicit importance’ that is attributed to
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every criterion j 2 J . More specifically, a weight may be considered
as a kind of coe�cient that is attached to a criterion xj, exhibiting its
importance relative to the pooled weighting with the rest of the criteria
j0 2 J, j0 6= j. For instance, a wj = 0.2 could mean that criterion j is
20% important as to the whole set of criteria J . Second, it relates to the
implicit importance of the attributes, as this is shown by the ‘trade-o�’
between the pairs of criteria in an aggregation process, i.e. wj

wj 0 , j0 6= j.
A more detailed description of the latter and the di�erence between
these two meanings is presented in Section 2.3, in which the stage of
aggregation is described and the distinction between ‘compensatory’ and
‘non-compensatory’ approaches will be explained.

Undeniably, the selection of weights might have a significant e�ect on
the units ranked. After all, an evaluation of a DMU i is a function of its
performance and of the weights assigned, i.e. cii = f(xi,w). Saisana et al.
(2005) show that, in the case of the Technology Achievement Index, chang-
ing the weights of certain indicators seems to a�ect several of the units
evaluated, especially those that are ranked in middle positions. Grupp
and Mogee (2004) and Grupp and Schubert (2010) present two further
cases of science and technology indicators, for which the country rankings
could significantly change or otherwise be prone to ‘manipulation’ in the
case of di�erent weighting schemes.

This is a huge challenge in the construction of a composite indicator,
often referred to as the ‘index problem’ (Rawls, 1971). Basically, even if we
reach an agreement about the indicators that are to be used, the question
that follows -and the most ‘pernicious’ one (Freudenberg, 2003)- is: how
a weighting scheme might be achieved? Although far from reaching a
consensus (Cox et al., 1992), the literature tries to solve this puzzle in
several ways. Before this chapter ventures further to critically analyse the
weighting approaches in existence (for a summary table of the approaches
and their benefits/drawbacks, see Table A.1), it should be noted that no
weighting system is above criticism. Each approach has its benefits and
drawbacks, and there is no ultimate case of a clear winner or a kind of
‘one-size-fits-all’ solution. On the contrary, it is up to the index developer
to choose a weighting system that is best fitted to the purpose of the
construction, as disclosed in the theoretical framework (see OECD, 2008,
p. 22).

2.2.1 No or equal weights
As simple as it gets; the first option when it comes to weighting a set of
criteria from J is not to distribute any weights to the indicators, otherwise
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called an ‘attributes-based weighting system’ (see e.g. Slottje 1991, pp.
686-688). Saisana and Tarantola (2002, p. 9) describe an example of
the Information and Communication Technologies Index, which equals
the sum of the individual rankings that each unit obtains in each of the
sub-indicators. The issue here is that, by relying solely on aggregating
rankings, this approach fails to achieve the purpose of vastly improving
the statistical information, as it does not benefit from the absolute level
of information of the indicators. The reason being information is lost by
considering, for each unit i, a ranking in place of its performance on a
criterion j, i.e. xij. This, however, replaces the cardinal information with
an -equal, stepwise- scale of ordinal information that is then somehow
summed to form an overall index.

A second alternative is to assign equal weights (wj = 1/m,
Pm

j=1 wj =

1). This is a special case of a the weighting scheme to be analysed in
Section 2.2.2. In this case, the overall score (index) simply boils down to
an equally-weighted arithmetic (or any other quasi-linear) mean of the
normalised indicators (Booysen, 2002; Singh et al., 2009; UNDP, 2010;
Miller et al., 2018; Samans et al., 2018). This will become more clear in the
discussion of the aggregation schemes (Section 2,3). A commonly reported
problem that appears here is that of ‘double counting’ (Freudenberg, 2003;
OECD, 2008). In brief, ‘double counting’ refers to the issue of implicitly
weighting an indicator higher than the desired level. This happens
when two collinear indicators (or two indicators conveying very similar
information) are included in the aggregation process without moderating
their weighting for this e�ect. A partial moderation of this issue comes
by averaging the collinear indicators as well prior to their aggregation
into a composite (Kao et al., 2008).

Equal weighting is the most common scheme appearing in the develop-
ment of composite indicators (Bandura, 2008; OECD, 2008). In general,
there are various reasons why literature chooses weights a priori, such as:
(i) simplicity of construction, (ii) a lack of theoretical structure to justify a
di�erential weighting scheme, (iii) no agreement between decision makers,
(iv) inadequate statistical and/or empirical knowledge, and, finally, (v)
alleged objectivity (Freudenberg, 2003; OECD, 2008; Maggino and Ru-
viglioni, 2009; Decancq and Lugo, 2013). Interestingly, from a technical
viewpoint, Dawes and Corrigan (1974) find that setting all weights of a
linear regression equal to ‘1’ can increase predictive accuracy, implying
that, sometimes simple models could be rather useful (Katsikopoulos,
2013), although this might be more often than not hard to accept.

Nevertheless, from a conceptual viewpoint it is often found that equal
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weighting is not adequately justified (Greco et al., 2018). For instance,
choosing equal weights due to the ‘simplicity of the construction’ (Babbie
(1995) refers to that as a ‘virtue of simplicity’) is often justified referring to
‘Occam’s Razor’1 (Hopkins, 1991, as cited in Cherchye et al., 2007). This
rationale could be contradicted for the following reasons. First, as far as
the uncertainty around the lack of a theoretical/empirical framework to
support di�erential weighting, or an expression of di�erent preferences
from decision-makers are concerned; there are more realistic solutions to
equal weights that have been proposed in the literature to deal with this
issue (Doumpos et al., 2016, 2017; Greco et al., 2018); these will be de-
tailed in Section 2.4. Second, in response to the argument corresponding
to Occam’s parsimony, one could argue that, perhaps, a better principle
to abide by would be Einstein’s parsimony that “things should be made as
simple as possible - but no simpler”2. In addition, in contradicting Bab-
bie’s argument that equal weighting is the virtue of simplicity; Cherchye
et al. (2007, p.141) note: “our own opinion regarding Babbie’s statement
is, hence, the other way around: the burden of the proof should be on
equal weighting whereas the norm should be di�erential [...] weighting”.

Additionally, using an oversimplified model instead of an alterna-
tive scheme that is based on a proper theoretical and methodological
framework, bears a huge oversimplification cost, especially in certain ag-
gregation schemes (Paruolo et al., 2013). Furthermore, one could argue
that, conceptually, equal weights miss the point of di�erentiating between
essential and less important indicators by treating them all equally. Fi-
nally, considering equal weights as an ‘objective’ technique (relative to
the ‘subjective’ exercise of a developer who sets the weights arbitrarily)
is far from being indisputable. Quoting Chowdhury and Squire (2006,
p.762), setting weights to be equal “[seems] obviously convenient, but
also universally considered to be wrong”. Ray (2008, p. 5) and MikuliÊ et
al. (2015) claim that equal weighting is not only wrong -as it does not
convey the realistic image- but also an equally ‘subjective judgement’ to
other arbitrary weighting schemes in existence. This last argument pre-
pares the scene for the consideration of a plurality of weighting systems,
mainly related to the representation of the preferences of a ‘plurality of
individuals’ (Greco et al., 2018).

1The parsimony referred to as ‘Occam’s Razor’ essentially states that “since it is
probably impossible to obtain agreement on weights, the simplest arrangement [equal
weighting] is the best choice” (Hopkins, 1991, p.1471).

2A reputed paraphrase of Einstein’s following phrase: “It can scarcely be denied that
the supreme goal of all theory is to make the irreducible basic elements as simple and
as few as possible without having to surrender the adequate representation of a single
datum of experience” (Einstein, 1934, p.165) (also known as Einstein’s razor) by Rogers
Sessions (1950).
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2.2.2 Involvement of decision-maker(s)
Otherwise called ‘participatory approaches’, for the readers familiar with
MCDA models this set of weighting schemes is obvious. That is because,
in principle, every MCDA model starts from the assumption that a (group
of) decision-maker(s) / expert(s) expresses preferences used as input in
the modelling exercise. When a weighting scheme is chosen by the devel-
oper of an index, naturally this means that it is conceived as ‘subjective’,
since it purely relies on the developer’s perception / subjective judgement
(Booysen, 2002). There are several participatory approaches in the liter-
ature to make this subjective exercise as transparent as possible. These
involve a single or several stakeholders deciding on the weighting scheme
to be chosen and will be discussed in this section. As to the question of
who are the stakeholders, these could be expert analysts, policy-makers,
or even citizens at whom policies are addressed. From a social viewpoint,
the combination of all of them in an open debate could be an ideal ap-
proach theoretically (Munda and Nardo, 2005; Munda, 2007)3, but it is
only viable if a well-defined framework for a national policy exists, in
order to ensure a homogeneous and (well-clarified to all stakeholders)
procedure (OECD, 2008).

Indeed, if one could imagine a framework on which policies will be
based, enlarging the set of decision makers to include all the participants’
preferences is probably the desired outcome (Munda, 2005b). Regard-
less, if the objective is not well-defined, or the number of indicators is
very large -making it probably impossible to reach a consensus about
their importance- this procedure could result in an endless debate and
disagreement between the participants (Saisana and Tarantola, 2002).
Moreover, if the objective involves an international comparison, in which
no doubt the problem is significantly enlarged, common ground is even
harder to achieve or simply ‘inconsistent outcomes’ may be produced
(from the viewpoint of an Analytic Hierarchy Process perspective - to be
discussed in subsection 2.2.2.2). For instance, a country’s most impor-
tant objective could be di�erent from another country’s (e.g. economy vs
environment).

In general, participatory methods are seen as a conventional way for
transparent and subjective judgements, and they could be e�ective and
of great use when they fulfil the aforementioned requirements. However,
since these techniques may yield alternative weighting schemes (Saisana

3As Munda (2005b, p.132) states: “When science is used for policy making, an
appropriate management of decisions implies including the multiplicity of participants
and perspectives”.
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et al., 2005)4, one should carefully choose the most suitable according to
their properties, of which a brief overview and critical anlysis is given in
the following subsections.

2.2.2.1 Budget Allocation Process

In the budget allocation process (BAP), a set of chosen decision makers
(e.g. a panel of experts) is given p points to distribute to the indicators,
or groups of indicators (e.g. dimensions), and then an (weighted) average
of the experts’ choices is used (Jesinghaus, 1997)5. Two prerequisites
are the careful selection of the group of experts and the total number
of indicators that will be evaluated. A rule of thumb is to have fewer
than 10 indicators so that the approach is optimally executed cognitively.
Otherwise, problems of inconsistency could be introduced (Saisana and
Tarantola, 2002). The BAP is used for estimating the weights in one of the
Economic Freedom Indices (Gwartney et al., 1996) and by the European
Commission (JRC) for the creation of the ‘e-Business Readiness Index’
(Pennoni et al., 2005) and the ‘Internal Market Index’ (Tarantola et al.,
2004). Moreover, several studies in the literature use this method; for
the most recent see, for example, Hermans et al., 2008, Couralet et al.
(2011), Zhou et al. (2012), and Dur and Yigitcanlar (2015). A specific
issue with the BAP arises during the process of indicator comparison. As
decision makers compare all indicators at a glance, this might be led to
‘circular thinking’ (Saisana et al., 2005, p.314) resulting in inconsistencies,
the probability of which increases with the number of indicators to be
evaluated. This is moderated and measurable in the analytic hierarchy
process method, which is discussed in the following subsection.

2.2.2.2 Analytic Hierarchy Process

Originally introduced by Saaty in the 70s (Saaty, 1977, 1980), the AHP
translates a complex problem into a hierarchy consisting of three levels:
the ultimate goal, the criteria, and the alternatives (Ishizaka and Ne-
mery, 2013, pp.13-14). Experts have to assign the importance of each
criterion relative to the others. More specifically, pairwise comparisons
among criteria are carried out by the decision makers, creating a compar-

4The authors interview 20 experts to set the weights for the 8 sub-indicators of the
Technology Achievement Index (TAI) according to the budget allocation process (BAP)
and analytic hierarchy process (AHP) techniques. They observe that, in the majority of
the cases, the interviewees’ responses were in disagreement when the method changed,
revealing how human judgement alters according to the way in which the same question
is formulated (e.g. in the BAP versus in the AHP).

5For an illustrative example of this approach, see Hermans et al. (2008, pp. 1339-
1340).
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ison matrix A. These are expressed on an ordinal scale with nine levels,
ranging from ‘equally important’ to ‘much more important’, representing
how many times more important one criterion is than another one6. The
weights elicited with the AHP (using an eigenvalue method, see Saaty
(1980, pp.645-646) for more details) are less prone to errors of judgement,
as discussed in the previous subsection. This happens because, in addi-
tion to setting the weights relatively, a consistency measure is introduced
(namely the ‘inconsistency ratio’), assessing the cognitive intuition of
decision makers in the pairwise comparison setting (OECD, 2008). De-
spite its popularity as a technique to elicit weights (Singh et al., 2007;
Hermans et al., 2008), it still su�ers from the same problem as the BAP.
That is, on the occasion that the number of indicators is very large, it
exerts cognitive stress on decision makers, which in the AHP is amplified
due to the pairwise comparisons required (Ishizaka, 2012). However
logical due to the number of pairwise comparisons growing exponentially
(as n2�n

2 comparisons are needed), there is no study providing evidence
as to this actually happening.

2.2.2.3 Conjoint Analysis

Conjoint analysis (CA) is commonly encountered in consumer research
and marketing (Green and Srinivasan, 1978, 1990; Green et al., 2001), but
applications in the field of composite indices follow suit, mainly in the case
of quality-of-life indicators (Ulengin et al., 2001, 2002; Malkina-Pykh and
Pykh, 2008). CA is a disaggregation method. It could be seen as the exact
opposite of the AHP, as it moves from the overall priority to determining
the weight of the criteria. More specifically, the model first seeks the
preferences of individuals (e.g. experts or the public) regarding a set of
alternatives (e.g. countries, firms, or products) and then decomposes
them according to the individual indicators (using e.g. regression analysis
- dependent variable being the judgements; independent variables are
the attributes xj)7.

While it might seem easier to obtain a preference estimation of the
ultimate objective first and then search for the importance of its determi-
nants (in contrast to the AHP), CA carries alternative limitations. Its
major drawbacks are its overall complexity, the requirement of a large
sample, a limited number of attributes, and an overall pre-specified utility

6For example, a value of ‘1’ represents equal importance, while a value of ‘5’ represents
five times higher importance, and so on. Of course if a criterion j is 5 times more
important than another criterion j0, then the importance of criterion j0 over j is 1/5
(reciprocal).

7See Shepherd and Zacharakis (1999) for a detailed overview of CA.
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function, which is very di�cult to estimate and thus requires simplifying
assumptions (Green et al., 2001; OECD, 2008).

2.2.2.4 A note on participatory approaches

What one might derive from the above subsections is that participatory
techniques can be helpful tools overall. Their main merit can be sum-
marised by the fact that they are realistic, as they are based on procedure
resembling real life decision making. In fact, this whole act of gathering
a panel consisting of experts, policy-makers, or even citizens, who will
mutually decide on the importance of the factors at stake, is a natural
and desired behaviour in a society (Munda, 2005b).

Nevertheless, under contexts in which the phenomena to be measured
are not well-defined/complicated and/or the number of underlying indi-
cators is very large, it is hard to use these approaches. They stop being
consistent, and they ultimately become unmanageable and ine�ective
(OECD, 2008). What is more, in the case in which the participatory
audience does not clearly understand a framework (e.g. to evaluate the
importance of an indicator/phenomenon or what it actually represents),
these methods also lead to biased results.

2.2.3 Data-driven weights
In the aftermath of participatory approaches, the ‘subjectivity’ behind
the arbitrary nature in decision makers’ weight selection is dismissed by
other statistical methods that claim to be more ‘objective’8. This property
is increasingly claimed to be desirable in the choice of weights (Ray,
2008), thus stirring up interest in approaches like correlation analysis
or regression analysis, principal component analysis (PCA) or factor
analysis (FA), and data envelopment analysis (DEA) models and their
variations. These so-called ‘data-driven techniques’ (Decancq and Lugo,
2013, p. 19), as their name suggests, emerge from the data themselves
under a specific mathematical function. Therefore, it is often argued
that they potentially do not su�er from problems of ‘manipulation’ of
the results (Grupp and Mogee, 2004, p. 1382) and the subjective, direct
weighting exercise of various decision makers (Ray, 2008).

However, these approaches bear a di�erent kind of criticism, deeply
rooted in the core of their philosophy. More detailed, Decancq and Lugo
(2013, p. 9) distinguish these techniques from the aforementioned ones

8The term ‘objective’ is forged through studies considering these techniques to be
more objective, due to the lack of involvment of any decision-maker arbitrarily evaluating
a set of criteria (e.g. see Booysen, 2002, p. 127; Zhou et al. 2007, p. 293; Decancq and
Lugo, 2013, p. 9). Thus, it will be referred to as such in this chapter.
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based on the ‘is-ought’ distinction that is found in the work of a notable
philosopher of the eighteenth century: David Hume (known as Hume’s
Guillotine). In the authors’ words: “it is impossible to derive a statement
about values from a statement about facts”. Put simply, they claim that
one should be very cautious in deriving the importance of a concept (e.g.
indicator/dimension) based on what the data ‘consider’ to be a fact, as this
appears to be the is that we observe but not the ought that we are seeking
of. After all, statistical relationships between indicators -for example
in the form of correlation- do not always represent the actual influence
between them (Saisana and Tarantola, 2002). This appears to be one
side of the criticism that these approaches receive, and it is related to the
philosophical aspect underlying their use. Further criticism appearing
in the literature is focused on their specific properties, which will be
described individually in the following subsections.

2.2.3.1 Correlation Analysis

Correlation analysis is mostly used in the first steps of the construction
process to examine the structure and the dynamics of the indicators in the
data set (Booysen, 2002; OECD, 2008). For instance, it might determine
a very strong correlation between two sub-indicators within a dimension,
which, depending on the school of thought (Saisana et al., 2005)9, may
then be moderated by accounting for it in the weighting step (Maggino
and Ruviglioni, 2009). Nevertheless, this approach might still serve as a
tool to obtain objective weights (Ray, 2008).

According to the author, there are two ways in which weights might
be elicited using correlation analysis. The first is based on a simple cor-
relation matrix. The indicator weights are set as trade-o�s, proportional
to the sum of the absolute values of that row or column, respectively. In
the second method, known as ‘capacity of information’ (Hellwig, 1969;
Ray, 1989), first the developer chooses a distinctive variable in the data
set that plays the role of the latent factor. The developer then computes
the correlation of each indicator with that distinctive variable. These
correlation coe�cients are used to determine the weights of the indica-
tors, with those having the highest correlation accordingly gaining the

9The two school of thoughts essentially reflect two opposing views. On the one hand,
correlation is something to correct for (e.g. through moderating techniques, or lowering
the weights of collinear indicators), or to leave intact as it may indeed reflect di�erent
non-compensational features of the overall issue being measured. For more, see Saisana
et al. (2005, p.314).
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highest weights10. One issue with both the aforementioned uses is that
the correlation could be statistically insignificant. Moreover, even if sta-
tistical significance applies, it does not imply causality but rather shows a
similar or opposite co-movement between indicators (Freudenberg, 2003;
OECD, 2008). Moreover, the latter approach requires defining a distinct
latent factor that is really hard or subjective to find, as changes in which
would result in di�erent weights assigned every time.

2.2.3.2 Multiple Linear Regression Analysis

Multiple linear regression analysis is another data - driven approach
through which weights can be elicited in the construction of composite
indicators. It goes beyond simple correlation to explore the causal link
between the sub-indicators and a chosen output indicator. This is a
method providing more ‘solid’ evidence compared to correlation analysis,
yet at an expense. There are some issues that the developer shall have
in mind when using this method.

First and foremost, from a technical perspective it requires some
strong modelling assumptions, such as strict exogeneity (Hayashi, 2000),
alleviation of which increases the complexity of this procedure from both
a conceptual and a technical viewpoint. Whilst the linearity assumption
is rather strong -given the non-linear nature of composite indicators
(Saisana et al., 2005)-, this can be bypassed by including quadratic (or
higher degree polynomial) terms.

Second, from a conceptual point of view, regression analysis models
require defining a response variable (i.e. a latent factor) on which re-
gressors (i.e. elementary indicators) will be used to explain its variation
and elicit their weights. This latent factor is assumed to capture the
wider multidimensional phenomenon that the composite index intends
to measure. For instance, in the National Innovative Capacity Index
(Porter and Stern, 2001), the dependent variable used in the regression
analysis is the log of patents. The authors argue that this is a broadly
accepted variable in the literature, as it su�ciently captures the levels
of innovation in a country. In the absence of such a specific indicator,
the gross national product per capita could serve as a more generalised
variable (Ray, 2008), as it is often linked to most socio-economic aspects
that a composite index might be aiming to measure. However, that would
dismiss the whole momentum that composite indicators have gained by
refraining from following the common approach of a solely economic out-

10More specifically, an indicator’s weight is given by the ratio of the squared correlation
coe�cient of that indicator with the distinctive variable to the sum of the squared
correlation coe�cients of the rest of the indicators with that variable (Ray, 2008).
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put (Costanza et al., 2009; Stiglitz et al., 2009; Decancq and Schokkaert,
2016; Patrizii et al., 2016).

There are some notable issues to be mentioned here. Starting with
the first, requiring a latent factor to serve as a proxy in place of the com-
posite indicator intended to be built actually dismisses the whole process
of constructing one in the first place. What is more, di�erent proxies
could result in di�erent weights to be assigned, whilst from a technical
perspective, it is not guaranteed that indicators will participate with a
statistically significant coe�cient. In addition, a high degree of correla-
tion between elementary indicators (that are included as regressors) may
pose a serious problem in regression models. Last, but not least, and a
rhetorical question at this point that needs exploring; shall we take the
output coe�cients prima facie, dismissing entirely the goodness of fit of
the model?

2.2.3.3 Principal Component / Factor Analysis

Principal component analysis (PCA) (Pearson, 1901) and factor analy-
sis (FA) (Spearman, 1904) are statistical approaches with the aim of
reductionism. More specifically, the core of their philosophy is to cap-
ture the highest variance possible in the original variables (standardised
for this purpose) with as few components as possible (Ram, 1982). In
PCA the original data may be described by a series of equations, as
many as the number of indicators. These equations essentially repre-
sent linear transformations (combinations) of the elementary indicators,
constructed in such a way that the maximum variance of the original
variables is explained with the first equation (linear transformation), the
second-highest variance (which is not explained by the first equation)
is explained by the second equation, and so on. In FA the outcome is
rather similar, but the idea is somewhat di�erent. Here the original data
supposedly depend on underlying common and specific factors, which
can possibly explain the variance in the original data set. FA is slightly
more complex than PCA in the sense that it involves an additional step,
in which a choice has to be made by the developer (e.g. the choice of an
extraction method)11.

There are several applications using FA or PCA to elicit the weights for
the indicators, especially in the context of well-being and poverty12. One
of the first applications is that of Ram (1982), using PCA in the case of a
physical quality-of-life indicator, followed by Noorbakhsh (1996), who uses

11For a more detailed analysis, see OECD (2008, pp. 66-67 and p. 70).
12For a review, see Krishnakumar and Nagar (2008), whilst for an illustrative example

and analysis of the steps, see Greyling and Tregenna (2016).
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PCA to weigh the components of the human development index (HDI).
Naturally, further applications follow suit both in the literature (Klasen,
2000; McGillivray, 2005; Dreher, 2006) and in o�cial indicators provided
by large organisations (e.g. the Internal Market Index, Science and
Technology Indicator, and Business Climate Indicator, see Saisana and
Tarantola (2002); the Environmental Degradation Index, see Bandura
(2008)).

The standard procedure13 in using PCA/FA as a weight elicitation
technique is to use the component/factor loadings of the first componen-
t/factor to serve as weights for the indicators (Greyling and Tregenna,
2016). However, sometimes the first component alone is not adequate to
explain a large portion of the variance of the indicators; thus, more com-
ponents are needed. Nicoletti et al. (2000) develop indicators of product
market regulation, illustrating how these can be accomplished using FA.
The authors use PCA as the extraction method and rotate the components
with the ‘varimax technique, in order to minimise the number of indica-
tors with high loadings on each component. By considering the factor
loadings of all the retained factors (see Nicoletti et al., 2000, pp. 19-22),
this allows the preservation of the largest proportion of the variation in
the original data set.

It is apparent that these approaches might seem popular (e.g. with
respect to their use in the literature) and convenient (e.g. with respect to
the objectivity and simplicity in their process). Regardless, it is important
to note some limitations or concerns that the developer might have in
mind using this approach.

First, the inherent assumption in PCA/FA is that of a linear combi-
nation of the elementary variables. Should that assumption ceases to
hold, non-linear versions shall be used (see e.g. Greyling and Tregenna,
2016, p.893). Second, the nature and philosophy of these approaches
rely on the statistical properties of the data, which can be seen as both
an advantage and a drawback. For instance, this reductionism could
be proven to be very useful in some cases in which problems of ‘double
counting’ exist. On the other hand, if there is no correlation between the
indicators or the variation of a variable is very small, these techniques

13This is the method most frequently used in composite indicators produced by large
organisations (e.g. the Business Climate Indicator, Relative Intensity of Regional Prob-
lems in the Community, and General Indicator of Science and Technology - see Saisana
and Tarantola 2002) and several studies in the literature (Mariano and Murasawa,
2003; Gupta, 2008; Hermans et al., 2008; Ediger and Berk, 2011; Salvati and Carlucci,
2014; Riedler et al., 2015; Li et al., 2016; Tapia et al., 2017).
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might even fail to work14.
Furthermore, the weights that are assigned endogenously by PCA/FA

do not necessarily correspond to the actual linkages among the indicators,
particularly statistical ones (Saisana and Tarantola, 2002). Therefore,
one should be cautious about how to interpret these weights and especially
about the extent to which one might use these methods, as the truth is
that they do not necessarily reflect a sound theoretical framework (De
Muro et al., 2011). What is more, there is an implicit bias in weighting
more the collinear indicators, implying a lower weights for indicators
that do not present any correlation, yet could be certainly value-adding
to the composite index.

Additionally, a general issue with both these approaches is that they
are sensitive to the construction of the data. More specifically, if, in
an evaluation exercise using PCA/FA, several units are added or sub-
tracted afterwards (especially outliers), this may significantly change
the weights that are used to construct the overall index (Nicoletti et al.,
2000). However, this issue is addressed with robust variations of PCA (e.g.
see Ruymgaart, 1981; Li and Chen, 1985; Hubert et al., 2005). Finally,
with the obtained weights being inconsistent over time and space, the
comparison might eventually prove to be very di�cult (De Muro et al.,
2011, p. 6).

2.2.3.4 Data Envelopment Analysis

Originally developed by Charnes et al. (1978), Data Envelopment Anal-
ysis (DEA) uses mathematical programming to measure the relative
performance of several units (e.g. businesses, institutions, countries,
etc.), and hence to evaluate them, based on a so-called ‘e�ciency’ score
(see Cooper et al., 2000). This score is obtained by a ratio (the weighted
sum of outputs to the weighted sum of inputs) that is computed for every
unit under a minimisation/maximisation function set by the developer.
From this linear programming formulation, a set of weights (one for each
unit) is endogenously determined in such a way as to maximise their
‘e�ciency’ under some given constraints (Hermans et al., 2008).

According to Mahlberg and Obersteiner (2001, in Despotis, 2005a,
p. 970), the first authors to propose the use of DEA in the HDI context,
this approach constitutes a more realistic application, because each coun-

14That happens because no component/factor meets some standards/rules of thumb
necessary, such as that the eigenvalue of a component/retained factor is at least 1,
or that the retained components/factors explain at least 60% of the overall variance.
See Nardo et al. (2005, p.64) for two such examples of failed uses of PCA/FA; namely
the Economic Sentiment Indicator and the development of an index of environmental
sustainability.
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try is ‘benchmarked against best practice countries’. In the context of
composite indicators, the classic DEA formulation is adjusted, as usu-
ally all the indicators are treated as outputs, thereby considering no
inputs (see Hermans et al., 2008). Therefore, the denominator of the
abovementioned ratio -that is, the weighted inputs of the units-comprises
a dummy variable equal to one, whereas the nominator -that is, the
weighted outputs- comprises a weighted sum of the indicators that forms
the overall composite index (Yang et al., 2017). In this field, this model
is mostly referred to as the classic ‘benefit-of-the-doubt’ (BoD) approach
(Cherchye, 2001; Cherchye et al., 2004, 2007), originally introduced by
Melyn and Moesen (1991) in a context of macroeconomic evaluation.

Due to the desirable properties of the endogenously calculated di�er-
ential weighting, applications in the literature follow suit (Takamura
and Tone, 2003; Despotis, 2005a; Murias et al., 2006; Zhou et al., 2007;
Cherchye et al., 2008a; Hermans et al., 2008; Antonio and Martin, 2012;
Gaaloul and Khalfallah, 2014; Martin et al., 2017). Indeed, the di�er-
ential weighting scheme between units (e.g. countries) is potentially a
desirable property for policymakers, because each unit chooses its own
weights in such a way as to maximise its performance15. Thus, any po-
tential conflicts, for example the chosen weights not favouring any unit,
are in fact dismissed (Yang et al., 2017). This is a key reason for the huge
success of this approach (Cherchye et al., 2007, 2008a).

To understand this argument better, one may consider the following
example of two countries. Let us imagine that these countries have di�er-
ent policy goals for di�erent areas (e.g. ‘economy’ vs ‘environment’); thus,
each spends its resources accordingly. Potentially, they could perform
better in di�erent areas precisely for that particular reason. Therefore,
in a weighting exercise, each country would choose to weigh significantly
higher those exact dimensions on which it performs better to reflect that
e�ect. However, this argument is criticised for the following reasons.

First, on a theoretical basis, this approach dismisses a basic require-
ment of social choice theory, which acts as a response to Arrow’s theorem
(Arrow, 1963): ‘neutrality’. In brief, neutrality states that “all alterna-
tives (e.g. countries) must be treated equally” (OECD, 2008, p. 105)16.
Of course, the obvious meaning of ‘equality’ hereby refers to both the set

15The reason behind it is given by Lovell et al. (1995, p. 508, as cited in Cherchye
et al., 2007, p. 117): “Equality across components is unnecessarily restrictive, and
equality across nations and through time is undesirably restrictive. Both penalize a
country for a successful pursuit of an objective, at the acknowledged expense of another
conflicting objective. What is needed is a weighting scheme which allows weights to
vary across objectives, over countries and through time”.

16A similar argument is found in Adler et al. (2002), with the authors claiming that
it is amiss to rank several units (e.g. countries) based on a di�erential set of weights.
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of elementary indicators and to the set of weights.
Second, if we indeed accept that each unit could declare its own pref-

erences in the weighting process, for example according to the di�erent
policies that they follow (Cherchye et al., 2007, 2008a) -thus entirely
dismissing the ‘neutrality’ principle-17 another problem that arises in the
process is related to the calculation of these weights. More specifically,
consider an example of a DEA approach, in which the desired output is
the maximisation of the value of the composite index from each unit’s
perspective. Executing this technique with the basic constraints (e.g.
see Despotis, 2005a, or Cherchye et al., 2007) will probably result in all
the weighting capacity being assigned to the indicator with the highest
value (e.g. see Hermans et al., 2008, pp. 1340-1341). Furthermore, since
these DEA models are output-maximised, holding the unitary inputs
constant, it often occurs that, in the absence of further constraints, after
the maximisation/minimisation process, a multiplicity of equilibria is
introduced (Fusco, 2015, p. 622). Meanwhile, the majority of the units
evaluated will be deemed to be e�cient (e.g. they are assigned a value
equal to ‘1’)18 19 (Zhou et al., 2007; Decancq and Lugo, 2013; Yang et al.,
2017).

The above issue implies that sometimes unrealistic weights can be
obtained. A solution to this issue is for more constraints to be placed by
the decision maker, controlling, for instance, the lower and upper bounds
of the weights of each indicator or group of indicators (e.g. dimensions)20.
For instance, Hermans et al. (2008) ask a panel of experts to assign
weights to several indicators, using their opinions as binding constraints
on the weights to be chosen by the DEA model. This induces another
subjectivity in the model though, hence the argument of objective data-
driven approaches could be dismissed. To this end, the classic BoD model
could be transformed into a ‘pessimistic’ one (Zhou et al., 2007; Rogge,

17From another point of view, this could be regarded as a di�erent definition of
neutrality. That is, each unit i 2 I chooses with the same way the best set of weights
that maximises its performance.

18In fact, Zhou et al. (2007) show that, if a unit is dominating all the rest on a specific
indicator, then this unit will always be e�cient, as it will assign all the weight capacity
to that particular indicator.

19There are several other methods in the literature that deal with the issue of ad-
justing the discrimination (i.e. discriminate among e�cient units) in BoD models, the
most popular being the super-e�ciency (Andersen and Petersen, 1993), cross-e�ciency
(Sexton et al., 1986; Doyle and Green, 1994; Green et al., 1996), PCA-DEA (Adler and
Yazhemsky, 2010), and DEA entropy (Nissi and Sarra, 2018) models. For a compre-
hensive review see for example Adler et al. (2002), Angulo-Meza and Lins (2002), or
Podinovski and Thanassoulis (2007).

20An extensive review of such constraints can be found in Allen et al. (1997) and Allen
and Thanassoulis (2004) and three practical applications in Despotis (2005a, 2005b)
and Hermans et al. (2008).
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2012). More specifically, while the classic BoD model finds the most
favourable weights for each unit, the ‘pessimistic’ BoD model finds the
least favourable weights. They are afterwards combined (either by a
weighted or by a non-weighted average) to form a single, final index
score.

Another issue with most BoD models regards the di�erential weight-
ing inherent in the process. The beneficial weights obtained by the model
prove to be a challenge when comparability among the units is at stake.
More specifically, each unit has a di�erent set of weights, making it dif-
ficult to compare them by simply looking at the overall score. For this
reason, a number of techniques exist in the literature that arrive at a
common weighting scheme (e.g. see, among others, Despotis, 2005a;
Hatefi and Torabi, 2010; Kao, 2010; Morais and Camanho, 2011; Sun et
al., 2013). Of course, this rather decreases the desirability of this method
-that of favourable weights in the eyes of policymakers- based on which
this approach gained such momentum in the first place (Decancq and
Lugo, 2013).

2.2.3.5 A note on data-driven approaches

All above-mentioned approaches aim at reducing the subjectivity behind
the procedure of assigning weights to the elementary indicators. Each
approach elicits a di�erent weight vector w 21 that is based on di�erent
underlying assumptions that need to be reflected upon and taken into
account by the developer of an index. As it became apparent, reducing
the subjectivity by not involving a decision-maker comes at a cost. These
approaches, may be considered to provide unrealistic, or meaningless
weights as their only objective is to satisfy the statistical properties of
the underlying model at hand. Moreover, from a conceptual point of view,
and referring back to the concept of Hume’s Guillotine discussed at the
beginning of Section 2.2.3, the underlying data show a picture of what
is happening, though this does not necessarily mean that this picture is
not distorted. Put di�erently, is that what should be happening?

2.3 Issues with aggregation schemes
Weighting the indicators naturally leads to the final step in forming a
composite index: ‘aggregation’. According to the latest handbook on con-

21It should be noted that DEA and DEA-like models (i.e. BoD) elicit a matrix consisting
of several weight vectors; in particular the solution of the minimisation / maximisation
problem provide one matrix that contains a weight vector for each unit, i.e. W =
[w1,w2, . . . ,wn], wi = [wi1, wi2, . . . , wim], for each i 2 I.
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structing composite indices, aggregation methods may be divided into
three distinctive categories: linear, geometric, and multi-criteria (see
OECD, 2008, p. 31, Table 4). However, this division might send a some-
what misleading message, since all these methods are included in the
MCDA framework. For instance, what is considered by the authoritative
handbook as a ‘linear’ type of aggregation, is essentially a simple model
corresponding to the Multiattribute Value22 Theory (MAVT) (see Greco
et al., 2016, Section 8.3) that can be expressed as follows:

V (x) = w1x1 + w2x2 + . . .+ wmxm, (2.3.1)

where xj denotes the normalised attribute23 j, j 2 J , respecting the
notation given in Section 2.1.1 is hereby expressed in its compact form
as:

cii = w>xi, 8i 2 I. (2.3.2)

Of course, under weaker preferential independence assumptions, eq.(2.3.1)
can be approximated by a multiplicative value function (see Doumpos and
Zopounidis, 2014, Section 2.3.2), i.e. the ‘geometric’ type of aggregation,
a Cobb-Douglas (multiplicative) type function24. As far as ‘multi-criteria’
type of aggregation is concerned, this refers to types of aggregation based
on outranking relationships (Greco et al., 2016) that will be abridged
in Section 2.3.2. For the course of this thesis, another distinct categori-
sation between approaches will be used. That is ‘compensatory’ and
‘non-compensatory’ approaches (Munda and Nardo, 2005).

As it was highlighted in the beginning of the previous section, the
interpretation of the weights could be twofold: ‘trade-o�s’ or ‘importance
coe�cients’. The choice of the proper annotation, though, essentially
boils down to the choice of the proper aggregation method (Munda, 2005b,
p. 118; OECD, 2008, p. 33). Quoting the latter: “To ensure that weights
remain a measure of importance, other aggregation methods should be
used, in particular methods that do not allow compensability”. In other
words, ‘compensability’ is inseparably connected with the term ‘trade-o�’
(and vice versa), and, as a result, its very definition is presented as such
(Bouyssou, 1986a). According to the latter (p. 151): “A preference relation
is non-compensatory if no trade-o�s occur and is compensatory otherwise.

22The term ‘value’ is mainly used in deterministic problems, whereas ‘utility’ is mainly
used in decisions under uncertainty (Doumpos and Zopounidis, 2014).

23There are several normalisation approaches, the most popular being the ‘min-max’
method and the standardised approach (often called the z-scores) - see OECD (2008).

24These models are often encountered as simple additive weighting (SAW), and
weighted product (WP) accordingly (Zhou and Ang, 2009).
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The definition of compensation therefore boils down to that of a trade-o�”.
Consequently, according to the latter categorisation of aggregation

approaches (i.e. that of ‘compensatory’ and ‘non-compensatory’), the lin-
ear and geometric aggregation schemes lie within the ‘compensatory’
aggregation scheme, while the ‘non-compensatory’ aggregation scheme
contains other multi-criteria approaches, considering preferential re-
lationships from the pairwise comparisons of the indicators (e.g. see
OECD, 2008, pp. 112-113). Similar to the issue of a non-existent perfect
weighting scheme, there is no such thing as a ‘perfect aggregation’ scheme
(Arrow, 1963; Arrow and Raynaud, 1986). Each approach is mostly fit for
a di�erent purpose and involves some benefits and drawbacks accordingly
(for a summary table of the approaches and their benefits/drawbacks,
see Table A.2). The following two subsections provide a brief overview of
this situation by going through the two aggregation settings and their
properties, respectively.

2.3.1 Compensatory aggregation
Among the compensatory aggregation approaches, the ‘linear’ one is the
most commonly used in composite indicators (Saisana and Tarantola,
2002; Freudenberg, 2003; Bandura, 2008, 2011). That is due to its very
simplistic nature, both conceptually and technically (as to the compu-
tation simplicity it o�ers) (OECD, 2008). Regardless, this aggregation
scheme bears some assumptions that are often overlooked by developers
of composite indicators.

The first is that it assumes ‘preferential independence’ among in-
dicators (OECD, 2008, p. 103; Fusco, 2015, p. 621), something that
is conceptually considered as a very strong assumption to make (Ting,
1971)25. Second, and probably most important as to the way this process
is conceived, there is a chasm between the two perceptions of weights,
translated into importance measures and trade-o�s. More specifically, a
decision-maker often sets the weights by considering them as importance
measures for the indicators, thus this is far from actually happening in
this aggregation setting, and this situation is the norm rather than the
exception (Anderson and Zalinski, 1988; Munda, 2005a; Billaut et al.,
2010; Rowley et al., 2012; Paruolo et al., 2013). Quoting the latter (p.
611): “This gives rise to a paradox, of weights being perceived by users
as reflecting the importance of a variable, where this perception can be
grossly o� the mark”.

Indeed, this is a huge issue and developers of indicators often overlook
25For an in-depth discussion, see Greco et al. (2016, Section 8.3.1)
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this problem, which happens because the weights in this setting should be
perceived as trade-o�s between pairs of indicators and therefore assigned
as such from the very beginning. Decancq and Lugo (2013) stress this
point by showing how weights in this setting express the marginal rates
of substitution among pairs of indicators (i.e. wj/wj0). Understandably,
this trade-o� implies constant compensability between indicators and
dimensions; thus, a unit could compensate for the loss in one dimension
with a gain in another (OECD, 2008; Munda and Nardo, 2009). This, how-
ever, is far from desirable in certain cases. For instance, Munda (2012,
p. 338) considers an example of a hypothetical sustainability index, in
which economic growth could compensate for a loss in the environmental
dimension in the case of a compensatory approach. Of course, this ar-
gument could easily be extended to applications in other socio-economic
areas, albeit with the following point: constant compensation is always
assumed in linear aggregation at the rate of substitution among pairs of
indicators. That is something that should be taken into consideration at
the very beginning of the construction stage, the theoretical framework
(see Fig. 1.1).

One partial solution to that issue could be to use geometric aggrega-
tion instead. This approach is adopted when the developer of an index
prefers only ‘some’ degree of compensability (OECD, 2008, p. 32). While
linear aggregation assumes constant trade-o�s for all cases, geometric
aggregation o�ers inferior compensability for indices with lower values
(diminishing returns) (Van Puyenbroeck and Rogge, 2017). This makes
it far more appealing in a benchmarking exercise in which, for instance,
units with lower scores in a given dimension will not be able to com-
pensate fully in other dimensions (Greco et al., 2018). Moreover, these
units could be even more motivated to increase their lower scores, as the
marginal increase in these indicators will be much higher in contrast
to regions that already achieve high scores (Munda and Nardo, 2005).
Therefore, under these circumstances, a switch from linear to geometric
aggregation could even be considered both appealing and more realistic.
One such case is that of probably the most well-known composite index to
date, the Human Development Index (HDI). Having received paramount
criticism (Desai, 1991; Sagar and Najam, 1998; Chowdhury and Squire,
2006; Davies, 2009), the developers of the HDI switched the aggregation
function from linear to geometric in 2010, addressing one of their main
methodological criticisms. More specifically, in their yearly report (UNDP,
2010, p. 216), they state the following: “It thus addresses one of the most
serious criticisms of the linear aggregation formula, which allowed for
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perfect substitution across dimensions”.
There is no doubt that, compared with to linear type of aggregation, ge-

ometric is the solid first step towards a solution to the issue of a composite
indicator’s compensability. In fact, it is argued that, under such circum-
stances, it provides more meaningful results (see e.g. Ebert and Welsch,
2004). However, this still appears to be only a partial solution or a ‘trade-
o�’ between compensatory and non-compensatory techniques (Zhou et al.,
2010, p. 171). Therefore, if complete ‘inelasticity’ of compensation, or the
meaning of weights to be interpreted solely as ‘importance coe�cients’, is
the actual objective of a composite index, a non-compensatory approach
is ideal and strongly suggested to be reconsidered (Paruolo et al., 2013, p.
632).

2.3.2 Non-compensatory aggregation
Non-compensatory aggregation techniques (Vansnick, 1990; Vincke, 1992;
Roy, 1996) are mainly based on ELECTRE (see e.g. Figueira et al. 2013,
2016) and PROMETHEE methods26 (Brans and Vincke, 1985; Brans
and De Smet, 2016). Given the weights for each criterion (interpreted
as ‘importance coe�cients’ in this exercise) and some other preference
parameters (e.g. indi�erence, preference, and veto thresholds), the math-
ematical aggregation is divided into the following steps: (i) ‘pair-wise
comparison of units according to the whole set of indicators’ and (ii) ‘rank-
ing of units in a partial, or complete pre-order’ (Munda and Nardo, 2009,
p. 1516).

The first step creates the ‘outranking matrix’27 (Roy and Vincke, 1984),
which essentially discloses the pairwise comparisons of the alternatives
(e.g. countries) for each criterion (Munda and Nardo, 2009). Moving to
the second step (i.e. the exploitation procedure of the outranking matrix),
an approach must be selected regarding the proper aggregation. The
exploitation procedures can mainly be divided into the Condorcet- and
the Borda-type approaches (Munda and Nardo, 2003). These two are
radically di�erent28 and as such yield di�erent results (Fishburn, 1973).
Moulin (1988) argues that the Borda-type approach is ideal when just one

26A more detailed explanation and methodological preliminaries will be given in
Chapter 4.

27A detailed explanation of the calculation process can be found in Saltelli et al. (2005)
and Munda (2012). Put simply, each DMU i 2 I is pairwise compared with the rest
of the n� 1 DMUs for each indicator j 2 J . Each time a DMU i ‘outranks’ another on
an indicator j, i.e. xij > xi0j , it is given points consisting an overal score, the count of
which depends on the principle followed (i.e. Borda or Condorcet).

28For a brief overview, see Greco et al. (2018, pp. 4-5), and for an illustrated example
see Munda (2012, p. 342).
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alternative should be chosen. Otherwise, the Condorcet-type approach
is the most ‘consistent’ and thus the most preferable for ranking the
considered alternatives (Munda and Nardo, 2003). A big issue with the
Condorcet approach, though, is that of the presence of cycles29, the proba-
bility of which increases with both the number of criteria and the number
of alternatives to be evaluated (Fishburn, 1973). A large amount of work
has been carried out with the aim of providing solutions to this issue
(Kemeny, 1959; Young and Levenglick, 1978; Young, 1988). A ‘satisfying’
one is for the ranking of alternatives to be obtained according to the
maximum likelihood principle30, which essentially chooses as the final
ranking the one with the ‘maximum pair-wise support’ (Munda, 2012,
p. 345). While this approach enjoys ‘remarkable properties’ (Saari and
Merlin, 2000, p. 404), one drawback is that it is computationally costly,
making it unmanageable when the number of alternatives increases
considerably (Munda, 2012).

Outranking approaches are solid alternative solutions to the com-
mon practice of linear aggregation schemes. Munda (2012) applies this
approach to the case of the Environmental Sustainability Index (ESI),
produced by the Yale University and the Columbia University in collabo-
ration with the World Economic Forum and the European Commission
(Joint Research Centre). According to the author, there are noticeable
di�erences in the rankings between the two approaches (linear and non-
compensatory), mostly apparent in the countries ranked among the mid-
dle positions and less apparent among those ranked first or last.

Despite their desirable properties, judging from the number of ap-
plications existing in the literature of composite indicators, the non-
compensatory MCDA approaches are not hugely popular. A conjecture at
this point could probably attribute this to the simplicity of construction
of other methods (e.g. linear or geometric aggregation) or the issue of
being computationally costly to calculate (e.g. PROMETHEE and other
pairwise methods being of an O(qn2) complexity; see Calders and Van
Assche, 2018) and that one needs a software or programming experience
to utilise them e�ectively. Furthermore, these approaches are so far used
to provide the developer with a ranking of the units evaluated; thus, one
can only follow the rankings through time (Saltelli et al., 2005, p. 364),
swapping the absolute level of information in possession with an ordinal

29For instance, given that we have three objects, say a, b, and c, a cycle occurs when a
is preferred to b and b is preferred to c, but c is also preferred to a. This is a common
problem in the Condorcet-type approaches; see e.g. Fishburn (1973) and Moulin (1988).

30Mostly known as ‘Kemeny’s rule’ but often referred as ‘C–K–Y–L’ from the initials
of Condorcet, Kemeny, Young, and Levenglick; named like this by Munda (2012, p. 345).
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scale31. Despite these drawbacks, Paruolo et al. (2013, p. 631) urge devel-
opers to reflect on the cost of oversimplification that other techniques bear
(e.g. linear), and, whenever possible, to use such approaches, in which
the weights exhibit the actual importance of the criteria. Otherwise,
the authors suggest that the developers of an index should inform the
audience to which the index is targeted that, in the other settings (e.g.
linear or geometric aggregation), weights express the relative importance
of the indicators (trade-o�s) and not the nominal ones that were originally
assigned.

2.3.3 Mixed strategies
Owing to the unresolved issues of choosing a compensatory or a non-
compensatory aggregation approach, several methodologies appear in
the literature, dealing with this step in di�erent manners. These method-
ologies are hybrid in the sense that they do not particularly fit into one
category or the other. To understand their nature, an abridged concept
would be that they acknowledge the ‘unbeatable’ simplicity of compen-
satory schemes -thus they start from one-, yet they also acknowledge
the importance of a lack of compensation in the overall index; hence,
they’re introducing parameters to reduce it, keeping the simplicity of
construction as a principle. These are discussed in further detail below.

2.3.3.1 Mazziotta-Pareto Index

The Mazziotta-Pareto Index (MPI) (Mazziotta and Pareto, 2016), origi-
nally presented in 2007 (Mazziotta and Pareto, 2007), aims to produce
a composite index that penalises substitutability among the indicators,
as this is introduced in the case of linear aggregation. More specifically,
in a linear aggregation setting, a unit that performs very well in one
indicator can o�set a poor performance in another, proportionally to the
ratio of their weights. In the MPI (eq. 2.3.3) this is addressed by adding
(subtracting) a component to (from) the arithmetic mean (depending on
the direction of the index), designed in such a way as to penalise this
unbalance between the indicators (De Muro et al., 2011). This compo-
nent (i.e. Sicvi, eq.2.3.3), usually referred to as a ‘penalty’, is equal to a
multiplication term of the unit’s standard deviation and the coe�cient
of variation among its indicators. Essentially, what the authors aim
for is a simplistic methodology calculation-wise that favours not only a

31Regardless, outranking approaches such as the PROMETHEE methods do not only
provide one with a ordinal information (i.e. a ranking), but with cardinal too. This will
become more clear in Chapter 4.
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high-performing unit on average (as in the linear aggregation) but also a
consistent one throughout all the indicators.

MPIi = Mi � Sicvi, (2.3.3)

where Mi and Si are the arithmetic mean and standard deviation of
xi = [xi1, . . . , xim], and cvi = Si/Mi is the coe�cient of variation.

Due to the desirability of simplicity, the MPI’s use of the arithmetic
mean still bears the cost of compensation regarding aggregation. Whist
one could argue that it is somewhat adjusted to account for the unbalance
among the indicators with its ‘penalty’ component, the authors give no
justification on the reasons behind this particular component, or the
possibility of incorporating other weighting schemes instead of the equal
weights implicit in the arithmetic average used in eq. (2.3.3).

2.3.3.2 Penalty for a Bottleneck

Acs et al. (2014) propose a method known as the ‘penalty for a bottle-
neck’. Although di�erent from the MPI methodologically, their approach
is conceptually in line with penalising the unbalances when produc-
ing the overall index. This penalisation is achieved by ‘correcting’ the
sub-indicators xij prior to the aggregation stage. More specifically, a
component of an exponential function adjusts all the sub-indicators ac-
cording to the overall weakest-performing indicator (minimum value)
of that unit (otherwise described as a ‘bottleneck’). In particular, the
normalised elementary indicators xij are ‘transformed’ (now denoted hij)
prior to their aggregation into an overal composite index as follows:

hij = min xij + (1� e�(xij)�minxij). (2.3.4)

After the unbalance-adjusted indicators (hij) have been computed, an
arithmetic mean is used (similar to Mi in eq. 2.3.3) to construct the final
index.

The authors claim that in this way the complete compensability, as
introduced in the linear aggregation setting, is significantly reduced.
However, the authors do acknowledge that the amount of the ‘penalty’-
adjustment is in fact unknown, as it depends on each data set and on the
presence of any outliers in an indicator’s value. This is something that,
as they state, also implies that the solution is not always optimal.
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2.3.3.3 Mean-Min Function

The mean-min function, developed by Tarabusi and Guarini (2013), is
another approach working towards the penalisation of the unbalances in
the construction of a composite index. What the authors aim to achieve
is an intermediate but controllable case between the zero penalisation
of the arithmetic mean (i.e. cii = Mi) and the maximum penalisation
of the min function (i.e. cii = min xij). To achieve this, they start with
the arithmetic average -Mi, as in the case of the MPI- from which they
subtract a penalty component. This comprises the di�erence between the
arithmetic average and the min function, interacted with two variables,
0 6 ↵ 6 1 and � > 0, to control the amount of penalisation intended by
the developer.

MMFi = Mi � ↵

✓q
(Mi �min xij)2 + �2 � �

◆
. (2.3.5)

For ↵ = 0, the equation is reduced back to the arithmetic average, while,
for ↵ = 1 and � = 0, it is reduced back to the min function. Therefore, ‘�’
can be seen as a coe�cient that determines the compensability between
the arithmetic mean and the min function.

One issue that is potentially encountered here, though, is that of
the subjectivity, or even ignorance, behind the control of penalisation.
In other words, what should the values of ↵ and � be to determine the
proper penalisation intended? The authors suggest that, in the case of
standardised variables, a reasonable value could be that of ↵ = � = 1, as
this introduces progressive compensability. Regardless, it still bears the
same critique of a subjective judgement, whilst no options of exploring
di�erent weighting schemes to the equal weights implicit in Mi are on
o�er.

2.3.3.4 Directional Benefit-of-the-Doubt

Directional BoD, introduced by Fusco (2015), is another approach using
a DEA-like model for the construction of composite indicators. According
to the author, one of the main drawbacks of the classic BoD model is that
it still assumes complete compensability among the indicators. This is
attributed to the nature of the linear aggregation setting. To overcome
this issue, Fusco (2015) suggests including a ‘directional penalty’ in the
classic BoD model by using the directional distance function introduced
by Chambers et al. (1998). To obtain the direction, the slope of the first
principal component is used. The output’s (viz. the overall index) distance
to the frontier is then evaluated, and the directional BoD estimator is
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obtained by solving a simple linear problem.
One limitation disclosed by the author regards the methodological

framework. The overall index scores obtained with this approach are
sensitive to outliers, as both the DEA and the PCA approach that are
used su�er from this drawback. To moderate this issue, robust frontier
and PCA techniques could be used instead (see Fusco, 2015, p. 629).

2.4 Robustness analysis
Composite indicators involve a long sequence of steps that need to be
followed meticulously. There is no doubt that ‘naive’ choices (i.e. without
knowing the actual consequences) in the steps of weighting and aggrega-
tion may result in a ‘meaningless’ synthetic measure. However, in such
a case, the developer is inevitably compelled to draw wrong conclusions
from it. This is one of the of the main drawbacks associated with compos-
ite indicators and needs extreme caution, especially when these opaque
measures are used in policy practices (Saltelli, 2007).

An example of such a case is presented by Billaut et al. (2010). The
authors examine the ‘Shanghai Ranking’, a composite index used to rank
the best 500 universities in the world. They claim that, despite the
paramount criticism that this index receives in the literature (regarding
both its theoretical and its methodological framework), it attracts such
interest in the academic and policy-making communities that policies
are designed on behalf of the latter, heavily influenced by the ranking
of the index. However, if the construction of an index fully neglects
the aggregation techniques’ properties, it vitiates the whole purpose of
evaluation and eventually shows a distorted picture of reality (Billaut
et al. 2010, p. 260). Indeed, a misspecified aggregate measure may
radically alter the results, and drawing conclusions from it is inadvisable
in policy practices (Saltelli 2007). What is more, lack of transparency in
the choices may even suggest ‘manipulation’ of the outcome (Grupp and
Mogee, 2004; Grupp and Schubert, 2010), i.e. a ‘favourable treatment’
towards some of the units evaluated.

This highlights the importance of the post-construction robustness
analysis included in the construction framework (as highlighted in Fig.
1.1) This will act as a ‘quality assurance’ tool that illustrates how sensitive
the index is to changes in the steps followed to construct it and will highly
reduce the possibilities to convey a misleading message (Saisana et al.,
2005). Despite its importance, robustness analysis is often found to be
completely missing for the vast majority of the composite indices (OECD,
2008), while some only partially use it (Freudenberg, 2003; Dobbie and
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Dail, 2013). This concept is discussed further in the subsequent sections,
covering all its potential forms.

2.4.1 Traditional techniques: Uncertainty & sensitiv-
ity analysis

Robustness analysis is usually accomplished through ‘uncertainty analy-
sis’, ‘sensitivity analysis’, or their ‘synergistic use’ (Saisana et al., 2005,
p. 308). These are often characterised as the ‘traditional techniques’
(Permanyer, 2011, p. 308). Put simply, uncertainty analysis (UA) refers
to the changes that are observed in the final outcome (viz. the compos-
ite index value) from a potentially di�erent choice made in the ‘inputs’
(viz. the stages to construct the composite index). On the other hand,
sensitivity analysis (SA) measures how much variance of the overall
output is attributed to those uncertainties (Saisana et al., 2005). It is
often seen that these two are treated separately, with UA being the most
frequent kind of robustness used (Freudenberg, 2003; Dobbie and Dail,
2013). However, both are needed to give the developer, and the audience
to which the index is referred, a better understanding32.

By solely applying uncertainty analysis, the developer may observe
how the performance of a unit (e.g. ranking) deviates with changes in the
steps of the construction phase. This is usually illustrated through piled
boxplots (one for each country) illustrating the rank achieved if changes
were made in a single step (e.g. weights, or aggregation functions etc.).
To gain a better understanding, however, it is also important to identify
the portion of the overall variation in the rankings that is attributed to
each particular change. For instance, if several changes were to be made,
would it be the weighting scheme that mainly changes the outcome (e.g.
rankings), would it be the aggregation scheme that a�ects them, or a
combination of these changes has a greater e�ect on the final output?
These questions are answered via the use of sensitivity analysis, and they
are generally expressed in terms of sensitivity measures for each input
tested. More specifically, assuming a variance decomposition framework,
they show by how much the variance would decrease in the index if that
uncertainty input were removed (OECD, 2008). Understandably, with
the use of both uncertainty and sensitivity analyses, a composite index
might convey a more robust picture (Saltelli et al., 2005), and it can
even be proven useful in dissolving some of the criticisms surrounding
composite indicators (e.g. see Saisana et al., 2005, for an example using

32For an illustrative example see OECD (2008, pp. 117–131), examining the case of
the Technology Achievement Index (TAI).
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the Environmental Sustainability Index). Having discussed the concept
of robustness analysis through the use of uncertainty and sensitivity
analyses, a brief discussion of how these are applied is given below33.

The first step in uncertainty analysis is to choose which input fac-
tors will be tested. These are essentially the choices made in each step
(e.g. selection of the indicators, imputation of missing data, normalisa-
tion, weighting and aggregation schemes) where applicable. Ideally, one
should address all sources of uncertainty (OECD, 2008). These inputs
are translated into scalar factors, which, in a Monte Carlo simulation
environment, are randomly chosen in each iteration. Then the following
outputs are captured and monitored accordingly: (1) the overall index
value; (2) the di�erence in the values of the composite index between two
units of interest (e.g. countries or regions); and (3) the average shift in
the rank of each unit.

Unlike UA, sensitivity is applied to only two of the above-mentioned
outputs, which are relevant to the evaluation of the quality of the com-
posite. These are (2) and (3) as mentioned in the previous paragraph.
According to Saisana et al. (2005), variance-based techniques are more
appropriate due to the non-linear nature of composite indices. For each
input factor being tested, a sensitivity index is computed, showing the pro-
portion of the overall variance of the composite that is explained, ceteris
paribus, by changes in this output. These sensitivity indices are calcu-
lated for all the input factors via a decomposition formula (see Saisana
et al. 2005, p. 311). To obtain an even better understanding, it is also
important to identify the interactions between the considered inputs (e.g.
how a change in an input factor interacts with a change in another)34.
That means that if, for example, two sources of inputs are tested for
sensitivity analysis (e.g. weights and aggregation), the obtained output
shows what portion of variance is attributed to changes in the weights,
to changes in aggregation, or their combination.

2.4.2 Stochastic Multiobjective Acceptability Analy-
sis

Stochastic multi-attribute acceptability analysis (SMAA) (Lahdelma et
al., 1998; Lahdelma and Salminen, 2001) has become popular in the
MCDA domain for dealing with uncertainty in the data or the preferences

33For a more detailed analysis of the procedure, the reader is referred to the study of
Saisana et al. (2005, pp. 309–321).

34For this exercise, total sensitivity indices are produced. According to the authors, the
most commonly used method is the one by Sobol (1993), in a computationally improved
form given by Saltelli (2002).
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required by the decision maker during the evaluation process (e.g. see
Tervonen and Figueira, 2008, for a survey). In brief35, SMAA considers a
space over the source of uncertainties (e.g. a space over the feasible space
of criteria, or the weights to be used, or both), providing the decision-
maker with probabilistic outcomes showing, e.g. the probability that a
unit is ranked first, second etc., or the probability that a unit outranks
another one.

SMAA has recently been introduced in the field of composite indica-
tors as a technique to deal with uncertainties in the construction process.
More specifically, Doumpos et al. (2016) introduced this approach to
create a composite index that evaluates the overall financial strength of
1,200 cross-country banks in di�erent weighting scenarios. SMAA can
prove to be a great tool in the hands of indices’ developers, whilst it can
be extended beyond its use as an uncertainty tool. For instance, Greco et
al. (2018) propose SMAA to deal with the issue of weighting in composite
indicators by taking into consideration the whole set of potential weight
vectors. In this way it is possible to consider a population in which pref-
erences (represented by each vector of weights) are distributed according
to a considered probability.

In a complementary interpretation, the plurality of weight vectors
can be imagined as a representative of the preferences of a plurality of
selves, of which each individual can be imagined to be composed (see e.g.
Elster, 1987). On the basis of these premises, SMAA is applied to the
‘whole space’ of weight vectors for the considered dimensions, obtaining
a probabilistic ranking. Moreover, Greco et al. (2018) introduce a specific
SMAA-based class of multidimensional concentration and polarisation
indices (the latter extending the EGR index) (Esteban and Ray, 1994;
Esteban et al., 2007), measuring the concentration and the polarisation
of the probability of a given entity being ranked in a given position or
better/worse (e.g. the concentration and the polarisation to be ranked in
the top 5 places etc.).

2.4.3 Other approaches
Several other approaches appear in the literature, with which the robust-
ness of composite indices may be evaluated or which may simply provide
more robust rankings. An example of the latter is given by Cherchye et
al. (2008b), presenting a new approach according to which several units
may be ranked ‘robustly’ (i.e. rankings are not reversed for a wide set of

35A detailed methodological framework and explanation of how SMAA works will be
given in Part III, as it is a main input of the methodological proposal put forward in
this thesis.

54



weighting vectors or aggregation schemes). To achieve this, they propose
a generalised version of the Lorenz dominance criterion, which leaves to
the user the choice of how ‘weak’ or ‘strong’ the dominance relationship
will be for the ranking to be considered robust. This approach can be
implemented via linear programming, an illustrative application of which
is given with the well-known HDI.

In regard to the robustness evaluation, Foster et al. (2012) present
another approach, in which several other weight vectors are considered
to monitor the existence of rank reversals. In essence, by changing the
weights among the indicators, this approach measures how well the units’
rankings are preserved (e.g. in terms of percentage of pairwise compar-
isons holding). Similar to Foster et al. (2012), Permanyer (2011) suggests
considering the whole space of weight vectors, though the objective is
slightly di�erent this time. The author proposes to find three sets of
weights according to which: (i) a unit, say i, is not ranked below another
unit, say i0; (ii) units i and i0 are equally ranked; and (iii) i0 dominates i.
Essentially, the original intended weight vector set by the developer can
fairly be considered to be ‘robust’ the further it is from the second subset
(viz. the set of weights according to which i is equal to unit i0), because
the closer to it that it is, the more possible it is for a rank reversal to
happen. This intuitive approach is further extended to multiple examples
and specifications, details of which can be found in Permanyer (2011, pp.
312-316).

While still considering the robustness evaluation, Paruolo et al. (2013)
propose another approach, which is mainly concerned with the perception
of weights and the actual e�ect that they have on the final output. More
specifically, the authors stress how far o� the mark a weighting scheme
might be when it is assigned in comparison with the actual e�ect that it
has on the overall index (what they call the ‘main e�ect’36, p. 610). This
e�ect is notably apparent in the case of linear aggregation. They propose
to measure this e�ect via Pearson’s correlation ratio, often applied in
sensitivity analysis as a first-order measure. According to the authors,
this measure can potentially fill a gap in the criticism regarding the
di�erence between the stated importance (given by the weighting) and
the actual importance achieved (after the aggregation has taken part) in
the case of compensatory aggregation.

In a recent study, Becker et al. (2017) extend this area of research by
introducing three tools to aid the developers of composite indices gain
a better insight into the e�ect that weights have on the final synthetic

36This is essentially a matching procedure, according to which the variance explained
in the overall measure should match the weight assigned to that indicator.
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measure. The first tool is based on Paruolo et al. (2013), estimating
the main e�ect of weights using either Gaussian processes or penalised
splines, depending on the size of the considered data set and thus the
computational cost. The second tool relates to the isolation of indicators’
correlation in the main e�ect measured by Pearson’s correlation ratio.
Using a regression-based approach, the correlation e�ect can be isolated
from this first-order measure so that the developer has an insight into
the pure e�ect of the weights on the composite index, regardless of the
correlation among indicators. Finally, the authors propose a third tool al-
lowing stated weights to be aligned perfectly with their actual importance
in the final index.

2.4.4 A note on robustness analysis
Undeniably, robustness analysis in any form as seen above, e.g. ‘tradi-
tional’ or otherwise, may act as a quality assurance tool. This exhibits
the strength of an index by delineating all its potential outcomes in the
case where di�erent choices were made in the inputs used to construct it.
Nonetheless, one of the key points stressed in the OECD Handbook is
that one cannot interpret an assessment of robustness as the validation
of a ‘sensible’ index (OECD, 2008, p. 35). Rather, it is the creation of
a sound theoretical framework that determines whether the index is
actually sensible. Robustness might only help the developer to answer
questions related to the soundness of the outcome conditional on the
methodological choices made.

Unfortunately, but no doubt reasonably, the Handbook cannot provide
any form of aid to the developer regarding which theoretical framework
fits best. Quoting the handbook (OECD, 2008, p. 17): “[. . . ] our opinion
is that the peer community is ultimately the legitimate forum to judge
the soundness of the framework and fitness for purpose of the derived
composite”. However, the handbook does urge developers to bear in
mind that, whichever framework is used, transparency is of the utmost
importance, and the utter objective of robustness in the first place.

2.5 Chapter summary
The discussion preceded in Sections 2.2 and 2.3 highlighted the ap-
proaches used in the literature to weigh and aggregate the elementary
indicators accordingly, along with some crucial issues that are often
assumed but overlooked. Section 2.4 further discussed the approaches
proposed to be used in the step of robustness analysis that often follows
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composite indicators’ construction, the aim of which are to increase trans-
parency in this process. This section’s objective is to summarise the
preceded discussion, by narrowing down the crucial issues in the steps
discussed this far, revealing the respective ‘gaps’ that this thesis aims to
fill.

Starting with the issues of weighting, in a nutshell, there is a vari-
ety of approaches that can be loosely classified in two groups, namely
‘participatory’ and ‘data-driven’37. These are in complete disagreement
and both types have been criticised for various reasons. Moreover, de-
spite the number of approaches in existence, the domain of composite
indicators remained resilient, holding onto the typical weighted aver-
age38. This could perhaps be attributed to two things. First, the equal
weights scheme is still considered as an ‘objective’ technique; a kind of
an in-between solution between two opposing camps of this literature, i.e.
pro-participatory and pro-data-driven advocates. Second, its simplicity
goes beyond arguing in favour of a di�erential weighting scheme (no
matter how this is attained). Whilst both reasons have been contradicted
in Section 2.2, the underlying question hidden in this twofold conjecture
is where is this ‘fight’ between the two opposing camps takes us and how
to prevent this?

Turning to the aggregation schemes, the situation looks no di�er-
ent. There is a similar distinction between using compensatory or non-
compensatory techniques. Both have their drawbacks and benefits, whilst
the clear winner -as proxied by the vast number of composite indicators
using this scheme (see e.g. Bandura, 2011)- is compensatory approaches,
and in particular the (non-)weighted average. Again, this could be at-
tributed to its intrinsic simplicity, yet weights set as importance coe�-
cients and being used in an entirely di�erent way clearly leads to wrong
inferences being made from the metric that is constructed. On the other
hand, the complexity of non-compensatory techniques and their use to
convey ordinal information (i.e. rankings) is not a strong alternative.
This struggle has opened the road for a new set of ‘hybrid’ (mixed) ap-
proaches that recognise the unbeatable simplicity (in terms of ease of
computation) of compensatory approaches and build on those to reduce
compensation introducing some ‘penalty’ components. Whilst interesting

37As argued in Section 2.2.1, ‘equal weights’ -that is explained separately in Section
2.2- can be seen as a special case of ‘participatory’ approaches, in which a decision-maker
equally prefers all attributes.

38See Bandura (2011) for an inventory of over 400 documented composite indicators
evaluating a single or a group of countries jointly or individually on a socio-economic,
political or evnironmental aspect. Seemingly, the vast majority of indicators constructed
to date uses a univocal set of equal weights.
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and welcoming in principle, the penalty is in most cases arbitrary, whilst
the same issues of weights’ use as trade-o� coe�cients remain ‘hidden
under the carpet’.

In order to somewhat ease the critiques about these opaque measures,
robustness analysis is a great step forward. Yet, it doesn’t necessarily
validate the construction of an index as a ‘sensible’ one. What is more,
it is often found missing from any composite index being constructed
nowadays (OECD, 2008; Dobbie and Dail, 2013). So, how do we embed
uncertainty analysis into the procedure of an index, whilst still maintain-
ing its property as a ‘sensible’ tool beyond its standard use as a ‘quality
assurance’ tool?

Summing up the above, the crucial need in this field relates to novel-
ties that need to be introduced dealing with weighting the elementary
indicators, aggregating them into an overall index and encapsulating a
robustness analysis in this process. The novelty related to the weighting
of elementary indicators will o�er an in-between solution to the two
camps found in the literature. In particular, it will address the issue be-
hind the unavoidable subjectivity of participator approaches (critique of
the data-driven camp), whilst still being more realistic than data-driven
approaches (critique of the participatory approaches camp). The nov-
elty related to the aggregation scheme will o�er a non-compensatory
alternative that avoids issues of ample compensation and use of weights
as trade-o�s (critique of non-compensatory camp), whilst still o�ering
meaningful composite indicators instead of a simple ordinal information,
i.e. rankings (critique of compensatory camp). Both needed approaches,
however, will encapsulate robustness analysis, either as part of the pro-
cess, or as additional output. These are, in a nutshell, the crucial gaps of
this literature and the way forward.
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Part III

Methodological
Advancements
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Chapter 3

Addressing the issue of
weighting

For a published version of this chapter (attached in appendix) see:

Greco, S., Ishizaka, A., Tasiou, M. and Torrisi, G. (2019b). Sigma-
Mu e�ciency analysis: A methodology for evaluating units through
composite indicators, European Journal of Operational Research,
278(3), pp. 942-960. DOI: https://doi.org/10.1016/j.ejor.2019.
04.012.

3.1 Introduction
The main disagreement between the two camps in the literature, i.e. ad-
vocates of participatory approaches and those of data-driven techniques,
can be summarised in the choice between a ‘subjective’ judgement (cri-
tique: whose opinion to incorporate, and does it incorporate a bias of
any kind?) or an ‘objective’ one, in which data-driven techniques step in
as a deus ex machina to solve the puzzle of weighting (critique: though
su�ering from Hume’s guillotine - see Section 2.2.3).

Yet, there is a second issue on which attention needs to be drawn
-and, perhaps of greater importance- which relates to an underlying
assumption that is always made but is often overlooked. No matter the
way with which a weight vector w is achieved (i.e. through participatory
approaches or data-driven techniques), it always assumes one thing: this
weight vector is representative of the whole population interested in the
composite indicator. In the domain of Economics, this clearly reminds the
concept of the representative agent, summing up in itself the preferences
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of all individuals in an economy, be it a representative firm (as it was
originally introduced in Economics by Marshall in 1890 (Marshall, 1961),
or a representative individual interested in composite indicators.

However, one has to admit that, in a miscellaneous group of people,
each one may assign a radically di�erent importance to the considered
dimensions and, consequently, in order to ensure that the composite
indicator is meaningful, the diversity of existing viewpoints has to be
considered (Decancq et al., 2013). Quoting the authors (p. 10): [regarding
a theoretical well-being index] “Whose value judgements on the ‘good life’
are reflected in the weights?”. Moreover, as they add, there are many
individuals who are ‘worse o�’ when a policy-maker chooses a single set
of [allegedly representative] weights to evaluate something that allegedly
represents those individuals. This is a classic example of a conflictual
situation in public policy, arising due to the existence of a plurality of
social actors (see e.g. Munda, 2016).

The concept of a representative agent and the criticism it has re-
ceived goes back to its very conception1, with one of the most well-known
criticisms being made by Kirman (1992) with the so-called “fallacy of
composition” argument. Kirman gave an example in which the repre-
sentative agent, quaintly to its title, disagrees with all individuals in
the economy2. Interestingly enough some recent proposals, such as the
OECD Better Life Index (OECD, 2017) or the World Economic Forum’s
Inclusive Development Index (Samans et al., 2018) construct composite
indicators -originally using equal weights, but also-, leaving it to the
individual user interested in the composite index to change the weights
and see the custom evaluation according to her/his own used weights3.

This is certainly one solution to the issue of weighting. The answer
to the question ‘whose preferences to be incorporated?’ could simply
be ‘everyone’s!’. Still, even if one decision-maker could represent the
preferences of an entire population interested in this evaluation, one has
to take into account that each individual can be seen as being composed of

1A detailed description of the notion and criticisms can be found in the book of
Hartley and Hartley (2002).

2A similar point can be found in Blackburn and Ukhov (2013), examining the rela-
tionship between individual and aggregate risk preferences in the financial markets.

3The OECD better life index website can be accessed through: http:
//www.oecdbetterlifeindex.org, while the World Economic Forum’s Inclusive
Development Index can be accessed through: http://reports.weforum.org/
inclusive-growth-and-development-report-2017/inclusive-development-index/
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a multiplicity of ‘selves’ (see, e.g., Elster, 1987)4. Essentially, the concept
of multiple selves emphasises the complexity and struggle of individuals
making rational decisions. Several researchers have acknowledged the
relevance of this point in economics (see, e.g., Ainslie, 2001; Schelling,
1980; McClure et al., 2004), so that even to represent an individual’s
preferences, we need to consider a set of weight vectors for the considered
dimensions. However, in such a case, one would end up with as many
results as the preferences that are incorporated. So, how are they then
aggregated into a single outcome? Of course, the usual disclaimer should
be hereby noted: there is no perfect aggregation (Arrow, 1963; Arrow and
Raynaud, 1986).

Greco et al. (2018) use SMAA to incorporate 1 million potential view-
points (weight vectors) on what matters when it comes to socio-economic
development in the Italian regions. SMAA is certainly a first step going
beyond the issue of the representative agent, by taking into account a mul-
tiplicity of viewpoints to obtain a probabilistic ranking. Moreover, SMAA
solves the main critique of participatory approaches on whose opinions
to be incorporated. Quoting the authors (Greco et al., 2018, p.597): “It
can make a substantial contribution to achieve robust evaluation of the
relative [...] performance moving from ‘subjective objectivity’ and towards
more ‘objective subjectivity”’. As paradoxic as it might sound, enhancing
the subjectivity behind participatory approaches (i.e. by incorporating
as many viewpoints as there are social actors) results in a more objective
setting.

Of course, at its current framework (SMAA), there exist some issues
that needs to be explored. First, what happens when no probability is high
enough to rank an alternative at a given place? For instance, consider
an extreme case that, among 100 alternatives, one has a probability
of 1% being ranked 1st, 2nd,...,100th. Moreover, composite indicators
are not always used to rank alternatives, but sometimes being used
as estimators of multi-dimensional phenomena to be explored (e.g. in
regression models). So, how would one obtain cardinal information from
this setting?

This chapter will propose a novel method based on the SMAA frame-
work that can be seen as one plausible solution to both the conceptual
issues / critique of weighting schemes discussed in section 2.2, and the
above-mentioned conceptual / methodological limitations of SMAA being

4In brief, Elster (1987) discusses the perplexing notion of an old idea that an indi-
vidual person may be seen as a set of sub-individual, relatively autonomous ‘selves’.
Quoting a question abridging the notion in a review of Elster’s book by Monroe (1988,
p.532): “Can we speak of a public and a private self, each with divergent interests? If
choices and preferences shift over time, how can we make binding rational decisions?”.
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used in the domain of composite indicators. In what follows: section 3.2
introduces the methodological preliminaries of SMAA, section 3.3 intro-
duces the proposed approach named ‘� � µ e�ciency analysis’, section
3.4 provides a didactic example, whilst section 3.5 gives some further
considerations and generalisations of the approach. Finally, section 3.6
presents the full case study of the data used for illustrative purposes in
section 3.4 and section 3.7 concludes this chapter and provides avenues
of future research.

3.2 Preliminaries: SMAA
SMAA o�ers a solid solution to real-world decision-making that is sur-
rounded by any source of uncertainty. In the domain of composite in-
dicators, such an example would involve a decision-maker that is un-
able to provide the parameters required for the evaluation process (see
e.g. Doumpos et al., 2016, 2017). Ths chapter is engrossed with the
step of weighting, hence, it solely considers this source of uncertainty.
Essentially, SMAA takes it into account by considering a probability
distribution fw over the space of all weight vectors

W =

(
w = [w1, . . . , wm] : wj � 0, j = 1, . . . ,m,

mX

j=1

wj = 1

)
.

Understandably, if a di�erent importance has to be assigned to the di-
mensions from J , the space W is transformed accordingly. For instance,
if dimension j(1) is the most important, j(2) is the second most important
and so on until the least important, e.g. j(m), and one has to assign
higher weights to the more important dimensions; then the space W is
transformed as follows:

W =

(
w = [w1, . . . , wm] : wj(1) � wj(2) � . . . wj(m)

� 0, j = 1, . . . ,m,
mX

j=1

wj = 1

)
.

SMAA (Lahdelma et al., 1998; Lahdelma and Salminen, 2001) proposes
to compute the following meaningful values:

• The rank acceptability index bri , i 2 I and r = 1, . . . , n, that gives the
probability that randomly picking a weight vector w 2 W , unit i is
rth in the final rank provided by CI;

• The central weight vector wi that, in case b1i 6= 0, gives the barycen-
tre of the set of weight vectors for which unit i 2 I is the the best
according to CI;
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• The pairwise winning index Tervonen et al. (2009); Leskinen et al.
(2006) pii0 that gives the probability that, according to CI, unit i is
better than unit i0 randomly picking a weight w from W .

As it will be detailed in Section 3.3, these values will be used along-
side the proposed approach to enhance transparency and encapsulate
uncertainty analysis in the evaluation, although they won’t be part an
integral part of it.

3.3 The �-µ e�ciency analysis
This method’s basic idea revolves around the fact that a meaningful
composite indicator should ideally reflect a multiplicity of viewpoints.
Technically speaking, this can be achieved in the weighting stage, in
which individuals that the indicator concerns can participate, by ex-
pressing their preferences on the importance of indicator dimensions.
These individuals could constitute di�erent clusters, e.g. experts, policy-
makers, or even citizens at whom policies are addressed. Therefore, the
main driver of this concept refrains from the classic scheme of a single,
allegedly representative weight vector in the construction of an indicator,
by taking into account all these individuals’ viewpoints. In the past, this
has been feasible with the use of SMAA (see, e.g., Greco et al., 2018). Still,
SMAA comes at the expense of a single composite indicator, given the
fact that its outputs are probabilistic indicators for a unit to be ranked
at a given place, or to dominate/be dominated from another unit.

The proposed method overcomes this issue by reconsidering the frame-
work of SMAA in an alternative way. This takes place in Section 3.3.1,
where the framework of SMAA is reconsidered to obtain the two main
parameters of the � � µ approach that serve as its starting point. These
will be used to define a local and a global evaluation among alternatives.
In particular, section 3.3.2 presents the definitions of dominance, as well
as the measures of local and global e�ciencies that are obtained with
the proposed approach. An empirical illustration of how this works in
real life problems is given in section 3.4, where a didactic example is
given to illustrate how the proposed approach is empirically applied, as
well as how it compares to other measures of e�ciency in the literature.
Section 3.5 presents some further considerations and generalisations of
this model and section 3.6 presents a case study on the World Happiness
evaluation that is annually produced by the United Nations Development
Programme.
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3.3.1 The starting point: µ and �

The framework of SMAA is reconsidered, and for each unit, i 2 I, the dis-
tribution of its composite indicators values, CI(xi,w), can be synthesised
by computing its mean value µi and standard deviation �i in the weight
vector space W as follows:

µi =

Z

w2W
fw(w)CI(xi,w) dw, (3.3.1)

�i =

sZ

w2W
fw(w) [CI(xi,w)� µi]

2 dw. (3.3.2)

As it will become clear towards the end of this section, but mainly
in Section 4, where the proposed approach is shown step by step using
a didactic example, the integrals defining the values of µi and �i can
be approximated in a Monte Carlo simulation environment. This anal-
ogy between the original inferential problem and such techniques (e.g.
bootstrap) is greatly described in Daraio and Simar (2007a, p.53), in
terms of “an analogy between the real world, where we want to make
inference about [a parameter of interest] but most of the desired quantities
are unknown, and the bootstrap world, where we mimic the real world
but where everything is known and so can be computed or simulated by
Monte-Carlo methods”.

These two -µ and �- will be the parameters of interest and the main
input to the remaining part of the proposed approach that is presented
in this section. Understandably, µi is intended to be maximized, because
it represents the average evaluation of a unit taking into account the
variability of the weight vectors w. Instead, �i has to be minimized, as
it exhibits the instability in the overall evaluations with respect to the
variability of weights. In fact, as it will forthwith become apparent, the
rationale for minimizing � is manifold.

On abstract and general grounds, it is worth stressing that -once
the variety of perspectives on the dimensions under analysis has been
fully considered in the preceding weighting stage- the dispersion is a
measure such that the lower it is the better. Thus, the dispersion of
the CIs is an inverse measure of the robustness of the performance of
a given unit as to the weighting choice. On a conceptual ground, it
somehow reflects how balanced is the performance of a given unit among
the considered dimensions. If its performance depends on one or very
limited number of dimensions to a greater extent, that unit will achieve
very di�erent overall performances according to those dimensions being
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valued most or least in relative terms (i.e. according to di�erent vectors
of weights). The dependence on a given (eventually) favourable vector
of weights is something that needs to be minimized in the construction
of an overall e�ciency measure, in order to pursuit robustness in the
evaluation process.

The above argument about the opportunity of the methodological
choice to minimize � can be expanded on economic grounds too. For
example, assuming that the evaluation exercise involves the creation of a
composite indicator intended to measure multidimensional well-being in
an attempt to go beyond GDP (Stiglitz et al., 2010), this approach can be
interpreted in the following neo-Benthamite perspective (see e.g. Collard,
2006). The value given by the composite indicator when the weight vector
representing a given individual is adopted can be seen as the “happiness”
of that individual. Consequently, the distribution of the values assumed
by the composite indicators computed in the space of the considered
weight vectors can be seen as an estimate of the distribution of the well-
being among the considered population. In this perspective, the average,
µ, and the standard deviation, �, of the distribution can be seen as two
parameters describing it. Moreover, if one supposes that the distribution
is approximately normal (which is reasonable, considering the relatively
great number of weight vectors that will be extracted with a random
sampling), then, � and µ unambiguously characterize the distribution. In
this context, µ should be clearly maximized because multiplying µ for the
number of individuals in the considered population one gets an estimate
of the sum of individual “happiness”.

Since Bentham’s social welfare function (SWF) is simply additive with
equal weights, substituting the mean to the the actual values will not
change the overall SWF level. Instead, � can be seen as a measure of
inequality in the distribution of well-being in the population, which is
an important issue in the “GDP economics” discussion (see e.g. Piketty,
2014). Moreover, the argument about the perverse e�ects of excessive
levels of inequality has been connected to the recent financial crisis using
the ‘suspension bridge’ figurative narrative (see e.g. Reich, 2010). Thus,
the discussion on inequality with respect to the distribution of well-being
seems to us quite relevant in this neo-Benthamite “beyond GDP eco-
nomics” perspective. In this respect, the standard deviation, �, can be
regarded just as a common measure of inequality used in the economic
literature (Atkinson, 1970). Once transposed to the multidimensional
well-being setting, the dispersion between di�erent CIs maintains its con-
ceptual nature of inequality. Consistent with this conceptual framework,
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one could argue that � has to be minimized. Put di�erently, expanding to
the multidimensional setting at hand, Atkinson (2015, p.9)’s argument
with respect to the single measure of inequality based on income is: “[We
are] not seeking to eliminate all di�erences in economic outcomes. [We
are] not aiming for total equality. Indeed, certain di�erences [...] may be
quite justifiable. Rather, the goal is to reduce inequality [...]”.

Therefore, it is reasonable that, ceteris paribus, the performance of
units showing higher levels of dispersion will be considered worse than
the performance of units registering lower levels of dispersion around the
average well-being of the hypothetical community under investigation.
Of course, this comparative static can be extended to include the dynamic
case accordingly. Indeed, building upon Barro and Sala-i Martin (1992)’s
seminal contribution in terms of (�-)convergence of GDP, a given set of
units could, in principle, be observed and evaluated at regular intervals
(e.g. years) to check whether a more balanced multidimensional per-
formance (still according to a variety of di�erent weighting choices) is
occurring over time.

On the same premises, a higher dispersion of the measure of perfor-
mance -as a result of an unbalanced endowment along the considered
dimensions- is undesirable when dealing with capital endowment. For
example, Hansen (1965, p.13), with reference to the case of regional de-
velopment, argued that “persons benefited most by SOC [Social Overhead
Capital] may migrate to other regions in the absence of supplementary
policy measure”. More recently, Martin (2011, p.14), in analyzing the re-
silience of UK regions to economic shocks, pointed out how an unbalanced
economic structure and, “especially the relative dependence on production
industry, is generally regarded as having a major influence on the sensi-
tivity of regional economies to recessionary shock”. A similar argument
has been made by Collins et al. (2017) with reference to the e�ects of
smartness on resilience at city level. Indeed, the study of Collins et al.
(2017) shows that the unbalance between di�erent dimensions of ‘smart-
ness’ does increase the cities’ vulnerability to shocks. Hence, for example,
in measuring the competitiveness of these regions via a CI considering
the di�erent economic sectors, the unbalance towards the production
industry clearly has to be penalized. In terms of the proposed measure,
the heavy dependence on the production industry would result in higher
levels of dispersion generated by extremely high [low] CIs depending on
the weights randomly assigning a relative higher [lower] importance to
this sector. Nonetheless, this high dispersion will be taken into account
by the methodological choice setting the minimization of � as an objective
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of the evaluation exercise.
This section could go on and on, by arguing how µ and � should

be maximised and minimised respectively in several examples crossing
several disciplines. The underlying intuition though is the same. That
is, given several agents’ opinions on what a unit’s evaluation will be, the
maximum overall satisfaction can be achieved if the unit performs the
best in all criteria. This way, no matter what the preferences of each
agent will be, all will be satisfied. On the contrary, if it only performs
good in a subset of the criteria at hand, then only a small portion of
agents will be satisfied, who coincidentally prefer this subset of criteria.
The proposed approach thus will favour not only balanced units (hence
a � value that is as low as possible), but also well-performing ones (as
captured by their high µ values). The intuition behind how these two are
taken into account in this proposed approach is given in the following
section.

3.3.2 Defining dominance relationships: Local and
global e�ciencies

Consideration of the mean value and the standard deviation along with
the related dominance and e�ciency concepts clearly reminds the mean-
variance analysis of Markowitz (1952), which formed the foundations of
modern portfolio theory (Elton et al., 2009). Following his influential
theory, taking into account the mean, µi, and the standard deviation, �i,
one can draw a plane that units i 2 I are plotted on, pending evaluation.
To be consistent with the proposed concept of � � µ e�ciency analysis,
this will be referred to throughout the text as ‘The � � µ plane’, which
is illustrated in Figure 3.1 and shows the standard deviation � (on the
horizontal axis) and the mean µ (on the vertical axis) of ten European
countries with respect to the data of the 2017 World Happiness Report
(WHR) (Helliwell et al., 2017) that will be detailed in Section 3.6. One
can define a � � µ Pareto dominance relation on the set of units I as
follows: for all i, i0 2 I, unit i is Pareto dominating unit i0 if µi � µi0 and
�i  �i0 , with at least one of the two inequalities being strict. A unit i 2 I

is � � µ Pareto e�cient if there is no other unit dominating it. The set of
all Pareto e�cient units constitutes the Pareto frontier.

However, the concept does not stop there. In this domain one is not
only interested in finding dominating solutions (i.e. alternatives lying on
the Pareto-e�ciency frontier), but in measuring the e�ciency of each unit
with respect to the frontier. In the domain of Operations Research this
naturally leads to the consideration of Data Envelopment Analysis (DEA)
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Figure 3.1: The �-µ plane

Units i 2 I are plotted on the plane with coordinates (�i,µi). The � � µ analysis hereby
presented concerns ten EU countries evaluated with respect to the data of the 2017
World Happiness Report (WHR) (Helliwell et al., 2017) as will be detailed in the case
study (section 3.6).

(Charnes et al., 1978; Cooper et al., 2011), a concept that, computationally,
could be considered as the virtue of simplicity due to the ease in its linear
programming formulations. This concept brings to acknowledge another
definition of e�ciency, taking into account this time the possibility to
combine di�erent units. This permits to define a concept stricter than
� � µ Pareto e�ciency that was defined above: That is the � � µ Pareto-
Koopmans e�ciency (Charnes and Cooper, 1962). In particular, a unit
i 2 I is �� µ Pareto-Koopmans e�cient if there is no convex combination
of µi0 and �i0 of the remaining units, i0 6= i, with a mean value µ that
is not smaller, and a standard deviation � that is not greater, with at
least one of these inequalities being strict. Formally, a unit i 2 I is � � µ

Pareto-Koopmans e�cient if for all vectors [�i0 , i0 6= i], with �i0 � 0, for all
i0 6= i and

P
i0 6=i �i0 = 1, neither (3.3.3) nor (3.3.4) hold:

X

i0 6=i

�i0µi0 > µi and
X

i0 6=i

�i0�i0  �i (3.3.3)

X

i0 6=i

�i0µi0 � µi and
X

i0 6=i

�i0�i0 < �i. (3.3.4)

The set of all � � µ Pareto-Koopmans e�cient units constitutes the � � µ

Pareto-Koopmans frontier. The membership of a unit i 2 I to the Pareto-
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Koopmans e�ciency frontier can be verified with a direct or an indirect
procedure described below.

The direct procedure verifies that there exists no unit -obtained as
linear combination of mean µi0 and standard deviation �i0- dominating
unit i. This is obtained by considering the following LP problem:

"⇤i = Max "

s.t.
8
>>>>>>>>>><

>>>>>>>>>>:

X

i0 6=i

�i0µi0 > µi + "

X

i0 6=i

�i0�i0 6 �i � "

�0
i > 0, 8i0 6= i
X

i0 6=i

�i0 = 1

where a unit, i, is � � µ Pareto-Koopmans e�cient if "⇤i 6 0.
The indirect procedure to test the � � µ Pareto-Koopmans e�ciency

requires to consider the following LP problem:

�⇤i = Max �

s.t.
8
>><

>>:

↵µi � ��i > ↵µi0 � ��i0 + �, 8i0 6= i

↵, � > 0

↵ + � = 1

(3.3.5)

which can be interpreted as follows. An evaluation ↵µi0 � ��i0, with
↵, � > 0 and ↵ + � = 1, is assigned to all units i0 2 I. The non-negative
coe�cient ↵ for the mean µi0 and the non-positive coe�cient �� for the
standard deviation �i0 are coherent with the idea that µi0 is intended to
be maximised and �i0 is intended to be minimised. Therefore, ideally, the
greater ↵µi0 � ��i0 , the better the unit i0 performs with respect to µi0 and
�i0. The LP problem verifies whether a pair (↵, �) exists, for which unit
i 2 I receives an evaluation that is not worse than the remaining units,
i0 6= i, that is if ↵µi � ��i > ↵µi0 � ��i0 + �, 8i0, with a non-negative value
of �. This happens if �⇤i > 0, which, for the units belonging to the � � µ

Pareto-Koopmans e�ciency frontier, represents the margin that can be
subtracted from the overall evaluation ↵µi � ��i of unit i maintaining
the maximality of its evaluation with respect to all other units i0 6= i. For
all units i 2 I that do not belong to the � � µ Pareto-Koopmans e�ciency
frontier, the greater the absolute value of �⇤i , the greater the margin that
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has to be added to ↵µi � ��i, in order to attain the evaluation ↵µi0 � ��i0

of at least one unit belonging to the � � µ Pareto-Koopmans e�ciency
frontier. In this sense, the value of �⇤i can be interpreted as a measure of
e�ciency of unit i 2 I with the following characteristics:

• if �⇤i is non-negative, then unit i is e�cient, with higher values of �⇤i
indicating greater e�ciency for i,

• if �⇤i is non-positive, then unit i is ine�cient, with higher values of
|�⇤i | indicating greater ine�ciency for i.

For this reason, in the following, �⇤i shall be referred to as the � � µ

Pareto-Koopmans e�ciency score of unit i.
The following proposition enunciates the equivalence between the

direct and the indirect test of the � � µ Pareto-Koopmans e�ciency.

Proposition 1. �⇤i > 0 if and only if "⇤i 6 0

Proof. Let’s start by proving that if �⇤i > 0 then "⇤i 6 0.

If �⇤i > 0, then there exists ↵, � > 0, with ↵ + � = 1, for which:

↵µi � ��i > ↵µi0 � ��i0 for all i0 6= i.

Therefore, for all � = [�i0 , i0 6= i] with �i0 > 0, for all i0 6= i, and
P
i0 6=i

�i0 = 1,

one has:

�i0(↵µi � ��i) > �i0(↵µi0 � ��i0) for all i0 6= i (3.3.6)

By (3.3.6) one can get the following:

X

i0 6=i

�i0(↵µi � ��i) >
X

i0 6=i

�i0(↵µi0 � ��i0), and, consequently,

↵µi � ��i > ↵
X

i0 6=i

�i0µi0 � �
X

i0 6=i

�i0�i0 .

This implies that the following condition is not verified
8
>>><

>>>:

X

i0 6=i

�i0µi0 > µi

X

i0 6=i

�i0�i0 6 �i

with at least one strict inequality. This amounts to the Pareto-Koopmans
e�ciency of unit i, so that one has "⇤  0. Thus, it is proved that if �⇤i > 0,
then "⇤i 6 0. Let’s now prove that if "⇤i 6 0, then �⇤i > 0.
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For a given unit, i, let’s consider the pair (�i, µi) and the two following
sets:

• the set P+(�i, µi) of all the pairs (�, µ) 2 R2
+ Pareto dominating

(�i, µi), that is

P+(�i, µi) = {(�, µ) 2 R2
+ : �  �i and µ � µi with at least one strict inequality}

• the set P�(�i, µi) given by the convex hull of the pairs (�i0 , µi0) with
i0 6= i, that is

P�(�i, µi) =

( 
X

i0 6=i

�i0µi0 ,
X

i0 6=i

�i0�i0

!
: �i0 � 0 for all i0 6= i and

X

i0 6=i

�i0 = 1

)
.

Let’s note that the condition "⇤i 6 0 implies that (�i, µi) is Pareto-Koopmans
e�cient. This means that there exists no pair (�, µ) 2 R2

+ being a con-
vex combination of the pairs (�i0 , µi0) 2 R2

+, i0 6= i that is dominating
(�i, µi). As the set of pairs (�, µ) 2 R2

+ dominating (�i, µi) is P+(�i, µi) and
the set of convex combinations of the pairs (�i0 , µi0), i0 6= i, is P�(�i, µi),
the Pareto-Koopmans e�ciency of (�i, µi) amounts to the condition that
P+(�i, µi) and P�(�i, µi) are disjoint. Let’s point out that both P+(�i, µi)

and P�(�i, µi) are convex sets in R2. Therefore, for the hyperplane sepa-
rating theorem (see e.g. Boyd and Vandenberghe (2004), there must be
a hyperplane separating P+(�i, µi) from P�(�i, µi) in the � � µ space. In
fact, this means that there exists a straight line ↵µ� �� = �, such that:

↵µ� �� > �, for all (�, µ) 2 P+(�i, µi), and

↵µ� �� < �, for all (�, µ) 2 P�(�i, µi).

For contradiction, suppose now that �⇤i < 0. This means that for all
↵, � � 0 one has

↵µi � ��i < ↵µi0 � ��i0

for at least one i0 6= i. Thus, for all � 2 R

↵µi � ��i > �

implies
↵µi0 � ��i0 > �

for at least one i0 6= i. But (�i0 , µi0) 2 P�(�i, µi) and therefore, there cannot
exist any hyperplane

↵µ� �� = �

separating P+(�i, µi) from P�(�i, µi). Thus, in this case the pair (�i, µi)

is not � � µ Pareto-Koopmans e�cient. So, if "⇤i 6 0 and, consequently
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(�i, µi) is e�cient, then �⇤i > 0. ⇤

The ��µ Pareto-Koopmans e�ciency �⇤i of unit i 2 I refers to the ��µ

Pareto-Koopmans e�ciency frontier. However, for a unit that is quite
remote from the ��µ Pareto-Koopmans e�ciency frontier, it might not be
very meaningful to compare it with units of that frontier, as they could be
seen as potentially implausible benchmarks. Instead, it could be useful
to compare these remote units with their counterparts that are closer to
them in the ��µ plane, and as such, constitute more realistic benchmarks.
This suggests taking into consideration the idea of a sequence of e�ciency
frontiers considered within the celebrated evolutionary multi-objective
optimization algorithm NSGA-II (Deb et al., 2002).

A first sequence of � � µ e�ciency frontiers can be defined by taking
into consideration the Pareto dominance. In this perspective, the set of
all �� µ Pareto-e�cient units constitutes the first �� µ Pareto e�ciency
frontier, denoted by PF1. Removing PF1 from I and computing again
the � � µ Pareto e�ciency frontier for the remaining units, one gets the
second � � µ Pareto-e�ciency frontier denoted by PF2. The third � � µ

Pareto e�ciency frontier, PF3, and the following ones can be computed
analogously.

The sequence of Pareto e�ciency frontiers PF1, PF2, . . . , PFp based
on the concept of Pareto dominance is used in NSGA-II (Deb et al., 2002).
However, for the sake of our analysis, an analogous sequence of e�ciency
frontiers based on the concept of Pareto-Koopmans dominance seems
more appropriate. The idea of a series of Pareto-Koopmans frontiers
has been originally introduced by Seiford and Zhu (2003) as “context-
dependent” data envelopment analysis. It was developed to show the
‘attractiveness’ or ‘progress’ of each evaluated DMU, according to each
frontier in the sequence. The reason being is that the authors assume
each e�ciency frontier (or ‘level’) to be an alternative ‘evaluation context’
that, measuring the ‘attractiveness’ of each unit from, greatly facilitates
identifying DMUs with outstanding performance, or simply to di�eren-
tiate between e�cient DMUs. In the spirit of their study, decomposing
the set of evaluated DMUs into a sequence of Pareto-Koopmans frontiers
is suggested here, as this will illustrate the � � µ e�cient DMUs on
each level. The e�ciency frontiers of this new sequence are called first
��µ Pareto-Koopmans e�ciency frontier, denoted by PKF1, second ��µ

Pareto-Koopmans e�ciency frontier, denoted by PKF2, and so on and so
forth. Let’s denote by PKF = {PKF1, . . . , PKFp} the set of all the � � µ

Pareto-Koopmans e�ciency frontiers. For each unit i 2 I, and for each
� � µ Pareto-Koopmans e�ciency frontier PKFk 2 PKF, one may define
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a ‘local’ � � µ Pareto-Koopmans e�ciency �ik with respect to PKFk as
follows:

�ik = Max �

s.t.
8
>>>>><

>>>>>:

↵µi � ��i > ↵µi0 � ��i0 + �, 8i0 2 I \
k�1[

h=1

PKFh

↵, � > 0

↵ + � = 1

(3.3.7)

The above LP problem verifies whether there exists a pair (↵, �), for which
unit i 2 I receives an evaluation ↵µi � ��i which is not worse than the
analogous evaluation of the rest of the units i0 2 I \

Sk�1
h=1 PKFh, that

is, all the units i0 belonging to the kth � � µ Pareto-Koopmans e�ciency
frontier, or to a better � � µ Pareto-Koopmans e�ciency frontier. This
happens if �ik > 0. Instead, if �ik < 0, then unit i belongs to a � � µ

Pareto-Koopmans e�ciency frontier worse than PKFk, that is, i 2 PKFh

with h = k+1, . . . , p. The interpretation of �ik with respect to the kth ��µ

Pareto-Koopmans e�ciency frontier is analogous to the interpretation of
�⇤i with respect to the overall � � µ Pareto-Koopmans e�ciency frontier.
More precisely, for the units in the kth � � µ Pareto-Koopmans e�ciency
frontier or better, �ik > 0 represents the margin that can be subtracted
from the overall evaluation ↵µi � ��i of unit i maintaining an evaluation
that is superior to all units in the kth � � µ Pareto-Koopmans e�ciency
frontier or worse. Instead, for all units i 2 I belonging to the kth � � µ

Pareto-Koopmans e�ciency frontier or worse, the absolute value of �⇤i < 0

represents the margin that has to be added to ↵µi���i, in order to obtain
the same evaluation of at least one unit belonging to k-th � � µ Pareto-
Koopmans e�ciency frontier or better. Therefore, as �⇤i constitutes an
e�ciency measure with respect to the overall � � µ Pareto-Koopmans
e�ciency frontier (that, in fact, corresponds to the first � � µ Pareto-
Koopmans e�cient frontier), �ik constitutes an e�ciency measure with
respect to the overall kth � � µ Pareto-Koopmans e�ciency frontier. For
this reason, in the following �ik shall be referred as ��µ Pareto-Koopmans
e�ciency of unit i with respect to the kth frontier.

The following proposition gives a simple, yet useful result with respect
to the � � µ Pareto-Koopmans e�ciency corresponding to the kth frontier.

Proposition 2. The ��µ Pareto-Koopmans e�ciency respects the ��µ

Pareto dominance, that is, for all i, i0 2 I if µi > µi0 and �i 6 �i0, then
�ik > �i0k for any k = 1, . . . , p.
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Proof. As µi > µi0 and �i 6 �i0, ↵µi � ��i > ↵µi0 � ��i0 for all ↵, � > 0

with ↵ + � = 1. Consequently,

↵µi0 � ��i0 > ↵µi00 � ��i00 + �

implies
↵µi � ��i > ↵µi00 � ��i00 + �

for any i00 2 I and any � 2 R. Therefore

↵µi0 � ��i0 > ↵µi00 � ��i00 + �i0k, 8i00 2 I \
k�1[

h=1

PKFh

implies

↵µi � ��i > ↵µi00 � ��i00 + �i0k, 8i00 2 I \
k�1[

h=1

PKFh.

Consequently, since �ik is the maximum � satisfying

↵µi � ��i > ↵µi00 � ��i00 + �, 8i00 2 I \
k�1[

h=1

PKFh,

one has to conclude that �ik > �i0k.

Augmenting the above analysis and the classic concept of context-dependent
DEA, one may proceed to a more holistic evaluation as follows. To all
units i 2 I, one may assign an overall, ‘global’ � � µ Pareto-Koopmans
e�ciency score, denoted by smi, that reflects its e�ciency with respect to
all frontiers from PKF, as follows:

smi =
pX

k=1

�ik. (3.3.8)

The following corollary of Proposition 2 ensures that overall � � µ Pareto
- Koopmans e�ciency score smi respects the � � µ Pareto dominance.

Proposition 3. For all i, i0 2 I if µi > µi0 and �i 6 �i0 , then smik > smi0k.

Proof. By Proposition 2: µi > µi0 and �i 6 �i0 implies �ik > �i0k for all
k = 1, . . . , p. Consequently, one has

smi =
pX

k=1

�ik >
pX

k=1

�i0k = smi0 .
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3.4 Applying �-µ analysis to real life prob-
lems and alternative measures of e�ciency

This section provides a couple of remarks related to the application of the
��µ approach in real life problems, as well as some definitions of e�ciency.
In particular, it refers to the technical parts of how this approach can be
applied in real life problems and how the proposed measure of e�ciency
compares to other respective measures. For a non-technical, step-by-step
analysis on real-world data, subsection 3.4.1, provides a didactic example
using a sub-set of the data set analysed in its entirety as a case study in
Section 3.6.

As usual for the other indicators of SMAA, the integrals defining the
mean value µi and the standard deviation �i, i 2 I, can be approximated
by numerical methods or via the use of a Monte-Carlo simulation, which,
as noted in Daraio and Simar (2005, 2007a) (as applied to the computation
of the m, or a-order e�ciency measures), is a usual and convenient way to
avoid numerical integration. In fact, as the authors acknowledge (Daraio
and Simar, 2005, p.103), “the quality of the approximation can be tuned” by
increasing the number of simulations (in this particular case, this would
refer to the number of random draws of the weight vectors). Therefore,
using a random sampling of q vectors of weights - with q being a relatively
large number; for instance, following the suggestions of Tervonen and
Lahdelma (2007), q could equal 10, 000- one may approximate the two
parameters of interest. The q random extracted weight vectors wh =

[w1h, . . . , wmh], h = 1, . . . , q can be collected in the following m ⇥ q RW

matrix:

RW
m⇥q

=

0

BBBB@

w11 w12 · · · w1q

w21 w22 · · · w2q

... ... · · · ...
wm1 wm2 · · · wmq

1

CCCCA

Using the weight vector matrix RW, a composite indicator CI(xi,wh)

can be computed for each unit i 2 I and each weight vector wh, and the
obtained results can be ordered in the following n⇥q matrix CI shown
below:

CI
n⇥q

=

0

BBBB@

CI(x1,w1) CI(x1,w2) · · · CI(x1,wq)

CI(x2,w1) CI(x2,w2) . . . CI(x2,wq)
... ... · · · ...

CI(xn,w1) CI(xn,w2) · · · C(xn,wq)

1

CCCCA
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Using the values collected in CI, for each unit i 2 I one can compute the
approximated values eµi and e�i for the mean µi and the standard deviation
�i as follows:

eµi =
1

q

qX

h=1

CI(xi,wh), e�i =

vuut1

q

qX

h=1

(CI(xi,wh)� eµi)
2.

It is worth noting that, when it comes to real-world applications, the
existence of outliers is a constant struggle and an issue that appears more
often than not (Hawkins, 1980). The presence of outliers in a working data
set could seriously impact the obtained estimators of local and global
e�ciency measures respectively. In such case, the preceded analysis
could greatly benefit from established robust frontier techniques (e.g.
see, among others, the studies of Simar and Wilson, 1998; Daraio and
Simar, 2005, 2007b). In this thesis the use of ‘partial’ frontier techniques,
such as the m-order frontiers (Cazals et al., 2002; Daraio and Simar, 2005)
will be considered to obtain robust estimators for the local and global
� � µ e�ciencies. An extended discussion and application is presented
in sub-section 3.6.1.

Last but not least, before concluding this section, it is interesting to
note something on the concept of e�ciency that is proposed, comparing
it with other e�ciency measures proposed in the literature. First, note
that the proposed approach is considering a non-parametric frontier
approach for the “production set” of pairs (�, µ). In fact, in this approach,
 is the set of all pairs (�, µ) obtained as convex combination of pairs
(�i, µi), i = 1, . . . , n, that is

 =

( 
nX

i=1

�iµi,
nX

i=1

�i�i

!
: �i � 0, i = 1, . . . , n, and

nX

i=1

�i = 1

)
,

which has the following e�cient frontier:

b = {(�, µ) : there is no (�0, µ0) 2  such that (�0, µ0) 6= (�, µ), �0  � and µ0 � µ} .

The Pareto-Koopmans e�ciency �⇤i that is computed in this method can
be interpreted as a distance from the e�cient frontier b . Indeed, one
can imagine to scalarize the vectors (�, µ) introducing the scalarization
function F↵,�(�, µ) = ↵µ� ��,↵, � � 0,↵+ � = 1, measuring the distance
D
⇣
(�, µ), b 

⌘
between (�i, µi), i = 1, . . . , n, and the e�cient frontier b as:

D
⇣
(�i, µi), b 

⌘
= min(�0,µ0)2b F↵,�(�i, µi)� F↵,�(�

0, µ0),

77



and, finally, taking into account all the feasible pairs (↵, �) one gets:

�⇤i = min↵,��0,↵+�=1D
⇣
(�i, µi), b 

⌘
.

In fact, practically all the measures of e�ciency proposed in the literature
can be expressed in terms of a distance from a frontier. In this sense, the
Debreu-Farrell e�ciency measure (Debreu, 1951; Farrell, 1957) gives the
radial distance of the point with respect to the e�ciency frontier, which
in the context of the � � µ�e�ciency analysis amounts to the following
two e�ciency measures:

• a µ-oriented e�ciency measure that provides the value ✓µ(�i, µi),
which shall be multiplied by the average µi to permit unit i to become
Pareto-Koopmans � � µ�e�cient, that is:

✓µ(�i, µi) = min{✓|(�i, ✓µi) 2 b }, (3.4.1)

so that, the smaller ✓µ(�i, µi), the more e�cient is unit i that can be
considered Pareto-Koopmans e�cient if ✓µ(�i, µi) = 1;

• a �-oriented e�ciency measure that provides the value ✓�(�i, µi) to
be multiplied by the standard deviation �i to permit unit i becoming
Pareto-Koopmans � � µ�e�cient, that is:

✓�(�i, µi) = max{✓|(✓�i, µi) 2 b }, (3.4.2)

so that, the greater ✓�(�i, µi), the more e�cient is unit i that can be
considered Pareto-Koopmans e�cient if ✓�(�i, µi) = 1.

Of course, in such case the LP problem formulation for the µ and �-
oriented e�ciency measures (eq.3.4.3 & 3.4.4 respectively) would be the
following:

✓µi = Max ✓

s.t.
8
>>>>>>>>>>><

>>>>>>>>>>>:

✓µi 
nX

j=1

�jµj

�i �
nX

j=1

�j�j

�j > 0
X

�j = 1

(3.4.3)

✓�i = Min ✓

s.t.
8
>>>>>>>>>>><

>>>>>>>>>>>:

µi 
nX

j=1

�jµj

✓�i �
nX

j=1

�j�j

�j > 0
X

�j = 1

(3.4.4)
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while, in the spirit of Andersen and Petersen (1993), one could com-
pute the ‘super-e�ciency’ of each unit not only with respect to the first,
but with respect to each Pareto-Koopmans frontier in the sequence (e.g.
‘lifting’ each time the units lying on a PKF from the constraints and re-
computing the LP formulation). This would permit to have an e�ciency
measure in the [0, 1] space for local e�ciencies, and in the [0,+1) space
for global e�ciencies. Yet, the drawback associated with these measures
of e�ciency is that, in this proposed model, a twofold kind of a trade-o�
is considered between µ and � (see Section 3.5 for a discussion of this
point) that is hereby lost.

3.4.1 The �-µ e�ciency analysis step-by-step: A di-
dactic example

The present section illustrates the application of �� µ e�ciency analysis
with a concise didactic example. It considers a sample of the dataset
supplied by the 2017 World Happiness Report (WHR) (Helliwell et al.,
2017) that will be analyzed in its entirety as a case study in Section 3.6.
The WHR provides an evaluation of life satisfaction in more than 150
countries, based on citizens’ responses to a Gallup World Poll survey.
The report further supplies data on six key variables, analysing their
relation with life satisfaction. For this didactic example, a sub-set of ten
European countries (namely, Austria, Denmark, France, Germany, Italy,
Netherlands, Norway, Sweden, Switzerland and United Kingdom) are
taken into consideration for the latest available year (data regarding the
year 2016) to be evaluated through � � µ e�ciency analysis. For the
sake of simplicity, only three of the six key variables will be considered,
namely, GDP per capita, Social support and Perceptions of corruption.
These are reported in Table 3.1.

Normalization is an essential part of data aggregation to avoid adding-
up “apples and oranges” (OECD, 2008, p.27). The reason is that indicators
often come in a variety of ranges or scales that might render them in-
comparable in the stage of aggregation (Freudenberg, 2003). According
to the author, the most common approach is standardization due to its
desirable characteristics that is forthwith quoted:

It converts all variables to a common scale and assumes a “normal” dis-
tribution; it has an average of zero, meaning that it avoids introducing
aggregation distortions stemming from di�erences in variable means. In
the other approaches, the scaling factor is the range of the distribution,
rather than the standard deviation, which means that extreme values can
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have a large e�ect on the composite indicator (Freudenberg, 2003, p.11).

Moreover, as Booysen (2002, p.123) argues, “standard scores can be fur-
ther adjusted if calculations yield awkward values”. Adjustment of these
values is in fact a reasonable exercise. De Muro et al. (2011) choose to
adjust these values around the range [70, 130] with the value of a 100

being a good reference point (mean around which the standard deviations
will revolve). In their spirit, Greco et al. (2018, see online Appendix
A.2) choose a di�erent adjustment range for the standardized values.
In particular, they set it to [0, 1], with 0.5 being the mean around which
the standard deviations will revolve. Values falling outside this range
(3 standard deviations away from the mean) will be replaced with the
lower or upper bound accordingly, as they could generally be considered
extreme given that within this range lie 99.73% of the values in the
case of a normal distribution, and 89% of the values in the case of any
distribution (Chebyshev’s inequality). In this exercise this normalization
is adopted (normalised data are reported in Table 3.1), that is described
in more detail in the following:

Suppose that yij, i 2 I, j 2 J denotes the raw value assumed for unit i

with respect to dimension j. For each dimension j 2 J , the mean value
Mj and the standard deviation sj can be computed as follows:

Mj =

Pn
i=1 yij
n

, sj =

rPn
i=1(yij �Mj)2

n
.

Using the mean Mj and the standard deviation sj, for each i 2 I and
j 2 J one can obtain the z-score :

zij =
yij �Mj

sj
.

Finally, one can compute the normalized values xij as follows:

xij =

8
>>><

>>>:

0, if yij 6 Mj � 3sj

0.5 +
zij
6
, if Mj � 3sj < yij < Mj + 3sj

1, if yij > Mj + 3sj

The normalization is applicable to positively-oriented dimensions, that is,
dimensions for which the greater the raw value the better (e.g. GDP per
capita and Social Support). Instead, for negatively-oriented dimensions,
for which the greater the raw value the worse for a unit’s performance
(e.g. Perception of corruption), the normalization is formulated as follows:
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xij =

8
>>><

>>>:

0, if yij > Mj + 3sj

0.5� zij
6
, if Mj � 3sj < yij < Mj + 3sj

1, if yij 6 Mj � 3sj

The general intuition behind this normalization can be explained in the
following. Suppose that yj⇤ and y⇤j denote the worst and best values
respectively that are taken under consideration, such that, beyond these
values one may consider the evaluation yij with respect to dimension
j 2 I an outlier. This means that, if the dimension j is positively-oriented,
then yj⇤ < y⇤j , and all the values yij  yi⇤ are assigned a value xij = 0, as
well as all the values yij � yi⇤ are assigned a value xij = 1. Instead, if
the dimension j is negatively-oriented, then yj⇤ > y⇤j , and all the values
yij  yi⇤ are assigned a value of xij = 1, while all the values yij � yi⇤ are
assigned a value of xij = 0. One may consider as outlier a value yij which
extends � ⇥ sj beyond/above the mean Mj, and, following Greco et al.
(2018), hereby � = 3 (though, of course, other values of � can be assigned
according to the nature of the problem); this amounts to yj⇤ = Mj � 3sj

and y⇤j = Mj + 3sj if j is positively-oriented, and yj⇤ = Mj + 3sj and
x⇤
j = Mj � 3sj if j is negatively-oriented. Then, in case the value of yij lies

between the values of yj⇤ and y⇤j , it can be normalized as follows (where
± means + in case j is positively-oriented and � in case j is negatively
oriented, and vice versa for ⌥):

xij =
yij � yj⇤
y⇤j � yj⇤

=
yij � (Mj ⌥ 3sj)

(Mj ± 3sj)� (Mj ⌥ 3sj)
=

yij �Mj ± 3sj
±6sj

= 0.5± yij �Mj

6sj
= 0.5± zij

6sj
.

If the value of yij lies outside the interval of yj⇤ and y⇤j , then the normalized
value of yij (i.e. xij) is either 0 or 1 as explained above.

With respect to the creation of the weight vector matrix RW, in
this didactic example the following two scenarios are considered, where
wGDP , wSoc, wCorr denote weights for GDP per capita, social support and
perception of corruption respectively:

• Scenario 1: No definite ranking importance for the three considered
dimensions, so that the set of feasible weight vectors is

W = {[wGDP , wSoc, wCorr] : wGDP > 0, wSoc > 0, wCorr > 0, wGDP + wSoc + wCorr = 1} ;

• Scenario 2: Social support is more important than perception of
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corruption that in turn is more important than GDP per capita, so
that the set of feasible weight vectors is

W = {[wGDP , wSoc, wCorr] : wSoc > wCorr > wGDP > 0, wGDP + wSoc + wCorr = 1} .

For both scenarios, a set of 10,000 weight vectors wh, h = 1, . . . , 10, 000,
was randomly sampled from a uniform distribution on the feasible set of
weight vectors W and collected in the matrix RW = [wjh, j = 1, 2, 3, h =

1, . . . , 10, 000]. The weight vectors from RW and the normalized values xij,
i = 1, . . . , 10, j = 1, 2, 3, are then used to compute the composite indicators:

CI(xi,wh) = wGDPxi,GDP + wSocxi,Soc + wCorrxi,Corr, h = 1, . . . , 10, 000.

Using the values CI(xi,wh), i = 1, . . . , 10, h = 1, . . . , 10, 000, the approxi-
mation of the mean value eµi and the standard deviation e�i of composite
indicators were calculated for each considered country. For the sake
of simplicity, let’s refer to them as µi and �i, respectively. These two
measures are reported for both considered scenarios in Table 3.2 and
plotted, along with the respective Pareto-Koopmans frontiers, on Figure
3.2.

Figure 3.2: The �-µ plane in the two scenarios
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The � � µ Pareto-Koopmans local e�ciencies �ik of the considered
countries with respect to the di�erent � � µ Pareto-Koopmans e�ciency
frontiers are given in Table 3.3. In both examined scenarios, the � � µ

Pareto-Koopmans family of frontiers consists of five frontiers. For the
first scenario, that without a definite ranking of importance for the
considered dimensions, the five frontiers are the following: PKF1 =

{Norway, Netherlands, Austria} , PKF2 = {Denmark, Switzerland, Germany},
PKF3 = {Sweden, France}, PFK4 = {United Kindom}, PKF5 = {Italy}.
In the second scenario, the � � µ Pareto-Koopmans frontiers remain the
same with the exceptions of Switzerland, that was in the second � � µ

Pareto-Koopmans e�ciency frontier in the first scenario but descended
to the third frontier in the second scenario. Similarly, Sweden, which
was in the third frontier in the first scenario has been now descended to
the fourth frontier.

In terms of their overall, global e�ciencies (smi), Norway presents
the highest score, while the second highest score is attributed to Den-
mark in both scenarios. It is worthwhile to observe that Denmark is not
in the first � � µ Pareto-Koopmans e�ciency frontier, which, instead,
is the case for the Netherlands and Austria. Therefore, one can say
that even if Denmark is in a worse Pareto-Koopmans e�ciency fron-
tier with respect to the Netherlands and Austria, overall it compares
better relative to the whole set of e�ciency frontiers (as shown by the
global e�ciency scores, smi). The reason being can be explained as fol-
lows. Comparing Austria to Denmark in the unconstrained case, first,
it is apparent that none of these countries is dominating the other in
both parameters. In particular, Denmark has a greater average score
(µDenmark = 0.628, µAustria = 0.471), while Austria has a lower deviation
(�Austria = 0.013, �Denmark = 0.064). Second, by breaking down their global
scores (smDenmark = 0.561, smAustria = 0.338), it appears that Austria has
a greater local score as to the first two frontiers, which is reasonable
given that it lies on a higher frontier (�Austria1 = 0.001, �Denmark1 = �0.012,
�Austria2 = 0.032, �Denmark2 = 0.018); still, Denmark is ‘catching-up’ and,
in fact, surpassing Austria by being more e�cient with respect to the
remaining three frontiers and, in particular, boasting almost twice the
Austria’s e�ciency (�Austria3 = 0.047, �Denmark3 = 0.095, �Austria4 = 0.065,
�Denmark4 = 0.11, �Austria5 = 0.193, �Denmark5 = 0.35).

Understandably, the same applies also when it comes to the compar-
ison of Denmark and the Netherlands, as well as Switzerland and the
Netherlands or Austria. Of course, as proven in proposition 3, the same
could not apply to Germany, which, despite the fact that it shares the

83



frontier with Switzerland and Denmark, it is dominated by both Austria
and the Netherlands in both parameters. Additionally, let us also observe
that, in both scenarios, Italy is the only country for which the e�ciency
score, smi, is negative. On the other hand, Italy is also the only country
in the worst e�ciency frontier.

Observe, finally, that the � � µ e�ciency analysis described above
can be interpreted as the application of a multiple criteria decision aid
method to evaluate the attractiveness of the considered countries. In this
perspective this procedure can be seen as a new method in the SMAA
family. In this sense, this method could be named as ‘� � µ� SMAA’.
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Table 3.2: Evaluating the units with �-µ under the two alternative
scenarios

Scenario 1 Scenario 2
Unconstrained weights Constrained weights

Country µiµiµi �i�i�i smi µiµiµi �i�i�i smi

Austria 0.471 0.013 0.338 0.475 0.011 0.281
Denmark 0.628 0.064 0.561 0.646 0.051 0.514
France 0.289 0.045 0.076 0.262 0.048 0.037

Germany 0.447 0.045 0.188 0.419 0.048 0.074
Italy 0.278 0.093 -0.188 0.333 0.096 -0.209

Netherlands 0.517 0.014 0.393 0.509 0.014 0.303
Norway 0.707 0.073 0.948 0.715 0.052 0.802
Sweden 0.533 0.071 0.219 0.495 0.070 0.081

Switzerland 0.611 0.048 0.512 0.582 0.050 0.287
United Kingdom 0.519 0.078 0.394 0.564 0.080 0.204

µiµiµi and �i�i�i are the means and standard deviations of the composite indicator CI(xi,w)
in the 10, 000 extractions accordingly. smi is the overall score computed as in eq.3.3.8.
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3.5 Further considerations and generalisa-
tions

A basic and natural question arising from this approach is the following:
What is the trade-o� between µ and �? To answer this, the following
main general interpretations of a ‘trade-o�’ are to be noted:

• Trade-o� as rate of technical substitution; that is, taking into ac-
count the “production frontier”, how much can one increase µ and
decrease � to remain in the same “isoquant”?

• Trade-o� as rate of substitution; that is, taking into account the
“preferences” of the stakeholder, the policy-maker or the ‘expert’
considered in the composite indicator, how much can one increase µ

and decrease � to maintain the same level of “utility”?

This approach permits to take into consideration both interpretations of
a trade-o�. In fact, on the one hand, the Pareto-Koopmans frontier can be
interpreted as the isoquant between � and µ, so that, in this perspective,
the weights ↵ and � attached to µ and � respectively in the solution of
eq.3.3.5 can be interpreted as the rate of technical substitution between
them. On the other hand, this approach based on the Pareto-Koopmans
frontier in the � � µ space can be considered as a specific application of
the Benefit of Doubt (BoD) method (Cherchye et al., 2007) in that space.
BoD is a well-known methodology in the domain of composite indicators
assigning to each unit the most favourable set of weights that maximize
its performance. Therefore, ‘weights’ ↵ and � obtained from the solution
of eq.3.3.5 can be interpreted analogously to the weights of BoD. That
is, they define a rate of substitution in the case that the most awarding
evaluation is adopted for the considered unit.

Another interpretation of the trade-o� between µ and � in terms of
a rate of substitution relates to their use in evaluating units to give
an approximate value to the p-th percentile of the distribution of val-
ues assumed by the composite indicator CI(xi,w) in the space of weight
vectors w 2 W . Indeed, one can assume that this distribution is ap-
proximately normal and therefore we can compute the p-th percentile
as µ � ��1(p)� where ��1(p) is the percentile of the standard normal
distribution, so that, for example, ��1(0.1) = 1.645,��1(0.05) = 1.960 and
��1(0.01) = 2.576. Suppose now that a stakeholder is interested in eval-
uating units on the basis of a specific percentile, e.g. 0.05. Since each
unit i 2 I will be attached a value µi � 1.960�i, implicitly weights ↵ and �

such that �
↵ = 1.960 are adopted and, consequently, a trade-o� in terms of
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substitution rate such that each decrease of an amount, say�, in terms of
µ has to be compensated by a decrease of 1.960� in terms of � is adopted.

Moving on, another important issue to note is what other aggregation
functions could be used. This thesis has considered the development
of a composite indicator in terms of a weighted sum that, in fact, is a
weighted arithmetic mean of the underlying sub-indicators. Nonetheless,
one may easily generalize the weighted sum by considering the weighted
quasi-arithmetic mean that is

CI(xi,w) = f�1

 
nX

j=1

wjf(xij)

!
,

with f : [0, 1] ! [0, 1] being a strictly increasing function. A typical ex-
ample of the weighted quasi arithmetic mean is the weighted geometric
mean that is obtained as: f(x) = logx. Notice that, our current pro-
posal formulating a composite indicator of the form CI(xi,w) can thus
be straightforwardly extended to the general formulation in terms of
weighted quasi-arithmetic mean. It is also worth noting that, indepen-
dently of the formulation of CI(xi,w), also the utility function

U(�, µ) = ↵µ� ��

that in this thesis was considered to define our � � µ e�ciency, can be
written as a weighted quasi arithmetic mean, that is

U(�, µ) = f�1 (↵f(µ)� �f(�)) .

In case of f(x) = logx, one gets

U(�, µ) = µ↵ · ���

which can be seen as a Cobb-Douglas function applied to the sigma-mu
analysis.

In any case, whatever the function f is, the whole procedure pro-
posed in this thesis to define the � � µ e�ciency can be easily extended
accordingly, substituting µ and � with f(µ) and f(�).
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3.6 Case Study: World Happiness
The age-old concept of happiness can be traced back to Aristotle’s ‘eu-
daimonia’, a word commonly translated as ‘welfare’ (Shin and Johnson,
1978). Central concept of the Aristotelian ethics, welfare was seen as the
ultimate human good (Robinson, 1989), which, more than two millennia
after Aristotle’s era, appears to be at the centre of academics and policy-
makers’ discussions. More specifically, world-renowned economists have
recently criticized the use of traditional, economic output measures like
the GDP as a proxy for welfare (see e.g. Costanza et al., 2009; Stiglitz
et al., 2009). In April 2012, an initiative of a group of independent ex-
perts -in support of the United Nations’ High Level Meeting on happiness
and well-being- further paved this way. Through the Sustainable De-
velopment Solutions Network of the UN, they published the first ‘World
Happiness Report’ (Helliwell et al., 2012). Since 2012, these reports
have gained considerable attention, while, in the authors’ words (Hel-
liwell et al., 2017, p.3): “happiness is now increasingly considered the
proper measure of social progress and the goal of public policy”. In fact,
on a recent OECD meeting at the ministerial level (OECD, 2016, p.12),
the OECD committed to “redefine the growth narrative to put people’s
well-being at the center of governments’ e�orts”.

The ‘World Happiness’ report (WHR) presents and analyses the data
of a survey question conducted by the Gallup World Poll. More specifi-
cally, 3,000 respondents in each of the -roughly- 150 countries considered,
evaluate their lives on a 0-10 scale which is known as ‘Cantril Ladder’
(see Helliwell et al., 2017, p.123). The authors use a three-year rolling
window of the average response in each country (Subjective Well-Being;
SWB) to rank them accordingly. For instance, the 2016 ranking is based
on the average response of the three-year period 2014-2016. Accord-
ing to the report, 6 key variables (namely GDP per capita, healthy life
expectancy at birth, social support, freedom to make life choices, generos-
ity and perceptions of corruption) used as proxies for 6 socio-economic
aspects respectively, may on average explain 75% of the respondents’
subjective evaluations (Pooled OLS regression). Detailed information
about the description and sources of the 6 key variables can be found
in Helliwell et al. (2017, Technical Box 2, p.17). In this section � � µ

e�ciency analysis is applied to these data adopting the same procedure
extensively described in sub-section 3.4.1 (which considered a sub-sample
of 10 European countries) apart from the following step. A three-year
rolling-window for the six variables is used, in order to be consistent with
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the procedure used by the World Happiness Report for the subjective
evaluation. This means that the values considered in each dimension
in year 2016 are in fact non-weighted arithmetic averages of the period
2014-2016. The final sample is restricted to only these countries that
possess data for all 6 dimensions for the 2016 and at least one of the
years 2014 and 2015. After this data cleaning procedure a final sample
of 119 countries is left from the original one of 150 countries.

In applying the proposed approach, findings show that the family
of � � µ Pareto-Koopmans frontiers consists of 31 frontiers, which are
illustrated in Figure 3.3. The local (�ik) and global (smi) � � µ Pareto-
Koopmans e�ciencies for each country were computed. However, due to
a large number of countries and frontiers in the sample, the discussion
and reporting will be limited to only the e�ciency of the top-10 ranked
countries of the 2017 ‘World Happiness’ report. Of course, the results for
the rest of the countries (e.g. local/global e�ciencies and rankings) are
disclosed in the online supplementary appendix (available here: https:
//goo.gl/URBRuC). According to the 2017 report, the countries found
in the top ten rankings are the following: Norway, Denmark, Iceland,
Switzerland, Finland, the Netherlands, Canada, New Zealand, Australia
and Sweden, which are ranked in this exact order. In this analysis, these
10 countries are found to be spread in the first seven frontiers, which will
therefore be the focus of the subsequent discussion for the rest of this
section.

The countries spread over the first seven frontiers are reported in
Table 3.4, ordered according to their attributed rankings by the WHR
(denoted ‘WHR rank’ respectively). Also reported in the table are the
mean score (µi) and the standard deviation (�i) of the countries’ scores in
the 10, 000 extractions, the � � µ Pareto-Koopmans local e�ciency (�ik) of
each country with respect to the e�cient frontiers PKFk, k = 1, . . . , 7, and
the global e�ciency score (smi) with its corresponding ranking (denoted
‘� � µ rank’).

First of all, it should be noted that it is by definition reasonable to
observe a shu�e, or even entirely di�erent patterns between the SWB
(‘WHR rank’) and the � � µ e�ciency rankings (‘� � µ rank’). The first
expresses peoples’ own subjective beliefs, while the latter refers to the
aggregation of 6 variables that are considered key determinans of the
average SWB. Moreover, there is a whole ongoing discussion between the
di�erence of SWB and objective conditions attributed to psychological
reasons and cultural di�erences (see Kroll and Delhey, 2013). In other
words, the two rankings are not directly comparable, nor should they
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Figure 3.3: Family of �-µ Pareto-Koopmans frontiers

The 119 countries in the sample are spread over 31 � � µ Pareto-Koopmans e�ciency
frontiers (PKF). Further details about the coordinates, e�ciency with respect to each
PKF, overall � � µ e�ciency and rankings of each country are given in the on-line
supplementary appendix.

necessarily be; though one could make a few interesting inferences. To
start with, it is notable, that the countries which are self-claimed to be
ranked in the top-10 positions (i.e. having the top-10 highest subjective
evaluation) are positioned in our top-10 list as well, with the exception
of Iceland and Finland, which are positioned in the 11th and 13th places
respectively, according to the � � µ results.

A second interesting point relates to the measurement of e�ciency
with respect to the frontiers, and how the dynamics of these might change
under some circumstances. Consider for instance Finland, a country that
is ranked 13th according to the overall � � µ Pareto-Koopmans e�ciency,
and which participates in the � � µ Pareto-Koopmans family by lying on
the 7th frontier. The reason Finland is not participating in the previous
frontier (i.e. PKF6) can be better clarified when it is compared to Lux-
embourg. The latter clearly dominates the former in terms of standard
deviation (�Luxembourg = 0.059 versus �Finland = 0.076), but only marginally
dominates in terms of average performance (µLuxembourg = 0.70865 ver-
sus µFinland = 0.70864 - in Table 3.4 both are rounded to three decimals).
Therefore, if Finland slightly increases its average performance to sur-
pass that of Luxembourg, it will then, ceteris paribus, move to frontier 6.
This is also clear by looking at the e�ciency of Finland with respect to the

92



6th frontier (Table 3.4: �Finland,6 = �0.00001), which is almost zero. Fol-
lowing this line of reasoning, one could be interested to compare Finland
with Iceland (µFinland = 0.70864 versus µIceland = 0.7111), e.g. by looking
at the ine�ciency of the former with respect to the frontier that the latter
is lying on (Table 3.4: �Finland,5 = �0.002).

Another interesting point arises from tracking the frontiers’ formation
from a dynamic viewpoint. More specifically, one could be interested in
tracing changes in the performance of units in the � � µ plane within a
time period and thus, how were the frontiers re-structured accordingly.
This could be accomplished in several ways. For instance, one could
trace all, or a subset of the � � µ PKF, or even trace the frontiers and
performance of only certain countries. An example is given in Figure
3.4, which illustrates how the first two frontiers were changed from 2015
(illustrated in gray) to the following year (illustrated in black). To some
extent, this augments the analysis of Färe et al. (1994, see Fig.3, p.77)
by visualizing the dynamic formations of all subsequent frontiers. It
quickly becomes obvious that Singapore did not participate in the first
two frontiers in 2015, but it joined the second one in 2016. Moreover,
one can distinguish how the performance of the countries lying in the
first two � � µ PKF changed during this time period. For instance, as
it is apparent in Fig.3.4, almost all countries exhibit a drop as to their
mean values in 2016. This is less noticeable in some countries and more
apparent in others. Exception to this rule are Germany, Luxembourg
and Singapore, with the latter meeting with such an improvement that
positioned the country in the second frontier.

Of course this can be attributed to both a remarkable improvement
in the elementary indicators, and the fact that the performance of the
surrounding countries was deteriorated (e.g. see Denmark in Fig.3.4).
This highlights the fact that even if a unit’s performance remains steady
through a time period examined, the distance with respect to other fron-
tiers might alter either due to an improvement, or a downturn of the
surrounding units. Understandably, this reminds of the decomposition
of total factor productivity (see Färe et al., 1997). In this sense, it is
possible to directly measure the change in the overall relative e�ciency
(EC) by considering a ratio in the spirit of the e�ciency change com-
ponent of Malmquist Productivity Index (see Färe et al., 1994, p.71).
Although it extends beyond the scope of this study, it is worth noting
that such an analysis from a dynamic viewpoint could greatly benefit
the explanation of results, by decomposing the total productivity into
relative e�ciency and technical change. In fact, an interesting study in
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Figure 3.4: Dynamic illustration of the frontiers

An interesting feature of � � µ analysis is the comparison of units or frontiers from a
dynamic viewpoint. A developer might be keen on tracking the formation of a frontier
of interest, or the performance of a unit through time (e.g. either consecutive years, or
a policy period of interest). This figure delineates the formation of the first two � � µ
Pareto-Koopmans e�ciency frontiers (PKF) in two consecutive years. Black colour
represents the year 2016 while grey colour represents the year 2015.

the domain of composite indicators is presented by Kortelainen (2008),
constructing an Environmental Performance Index in which they exhibit
how changes in the environmental performance of 20 EU member states
over the period 1990-2003 may be decomposed into shifts in relative
e�ciency and environmental technology respectively. Additionally, in
this particular example two consecutive years have been used, which,
from a policy-maker’s perspective might not be enough; thus, the time
period examined in the plane could be re-considered to that of specific
‘goalposts’ (i.e. the start and end dates of a scheduled policy period, see
Mazziotta and Pareto, 2016, p.989).

Seemingly, there are several points that could be noted from the
outputs of this proposed approach. From an overall score/ranking that
takes into account all potential viewpoints (i.e. space of weight vectors)
and all potential benchmarks (as denoted by the family of � � µ Pareto-
Koopmans frontiers), to the analysis of the dynamic performance of a unit.
These could be all advantageous to both the developer of an indicator and
the individuals interested in it.
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3.6.1 Robustness of results to outliers
A crucial question at this point relates to the sensitivity of the obtained
results from the preceded � � µ analysis. Such question is mainly driven
from the fact that extreme points (outliers) could be distorting the re-
sults. The problem of outliers is one of the oldest in Statistics that is
constantly reemerging (Hawkins, 1980). The intention to explore the
mechanisms driving the outliers extends beyond the scope of this paper
(for a comprehensive analysis, the reader is referred to the seminal work
of Hawkins, 1980), though it is of interest to explore the steps in which
outliers could distort the preceded analysis, along with ways to make the
inferences more robust to them. In particular, there are two stages in
which outliers could pose a threat in the preceded analysis, and which
are forthwith explained in more detail along with ways to mitigate their
impact.

The first stage is in the process of normalizing the sub-indicators, the
chosen method of which could distort the transformed indicators in the
presence of ‘extreme’ units (see some common normalization techniques
and their drawbacks in OECD, 2008, sect. 1.5). Distorted transformed
indicators could in turn a�ect the computed composite indicators’ values,
on which the two measures of interest (� and µ) rely upon for the subse-
quent part of the analysis. It could be argued that, up to some extent, the
normalization procedure that was followed (Greco et al., 2018) takes this
issue into account by replacing the values of extreme units (see Section
3.4.1 for a detailed description of the procedure). Moreover, the fact that
in this method, a variety of weight vectors are involved (hereby, 10,000)
-contrary to the classic scheme involving a unique weight vector- means
that it could alleviate this issue even more. The reason is that, in the
case of a single weight vector, it could happen that this particular vector
favours the dimension(s) which are a�ected the most from the existence
of an ‘extreme’ unit in the set of DMUs. On the contrary, 10,000 weight
vectors could smooth this issue, of course, always up to some extent.

The second stage in which outliers could pose a threat comes after
the computation of the parameters of interest (�i and µi) has taken place.
Outliers in this stage could a�ect the local e�ciency scores (�ik), which in
turn would distort the global e�ciencies (smi). The reason is that in DEA
the addition or removal of e�cient DMUs would alter the e�ciencies of
the remaining DMUs (Seiford and Zhu, 2003). This means that, if an
extreme unit exists in the � � µ plane, it could compromise the results
up to some extent, as the overall (global) e�ciency scores do not solely
rely on the first Pareto-Koopmans e�cient frontier, but also on all the
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remaining frontiers in the sequence. In such a case, the preceded anal-
ysis could benefit from well-established approaches in the literature of
‘robust’ (or ‘partial’) frontiers, such as the order-m (Cazals et al., 2002;
Daraio and Simar, 2005, 2007b) or order-↵ (Aragon et al., 2003; Daouia
and Simar, 2007) frontiers that are explored in this section. In brief5,
although slightly di�erent in their principles, the advantage of both
above-mentioned techniques is that they are more robust to outliers than
the classic e�cient estimators, as they do not simultaneously envelop
all the data points but rather a sub-sample of them (the choice of which
consists the fundamental di�erence among the two approaches). In this
thesis the order-m robust frontiers are considered, originally introduced
by Cazals et al. (2002) and later generalized and extended by Daraio
and Simar (2005, 2007b). However, the intuition could be similar in
applying the order-a robust frontiers (Aragon et al., 2003; Daouia and
Simar, 2007).

The procedure to obtain robust DEA estimators of order-m -which,
are hereby used to obtain robust local and global �� µ Pareto-Koopmans
e�ciency scores- is extensively covered in the study of Daraio and Simar
(2007b, pp.18-19). The authors provide a simple Monte-Carlo simulation
implemented in four steps, which are adopted here to be fitted to the
proposed approach. These can be implemented in two ways, described in
the following. First, if one is solely interested in taking into account a
single frontier, they can be adopted without any modification. That is,
for each unit i 2 I, one randomly draws a sample of size m (in this case
a ‘strict’ value of m = 10 is chosen) with replacement so that it satisfies
the following conditions: µl � µi and �l  �i; l = 1, . . . ,m. Then one
proceeds by solving the LP formulation given in equation 5 to obtain
the e�ciency score, �i1 for the evaluated unit i with respect to PKF1.
This procedure is repeated B times for every unit i 2 I, with B being a
relatively large number, averaging the results afterwards. Following the
suggestions of Daraio and Simar (2007a, p.72), a value of B = 200 was
used here. Understandably, this analysis could be extended to include the
case where additional information is provided by other variables Z 2 Rr

that are exogenous to the process but could explain part of it. In such a
case, the conditional order-m e�cient estimators could be used (see e.g.
Daraio and Simar, 2005, 2007b).

The exact procedure of robust m-order frontiers was avoided to be used
for the case of multiple-frontier evaluation, as this is only ‘forward-looking’

5For a comprehensive review of the intuition behind the robust frontier techniques
and a set of empirical applications, the reader is referred to the book of Daraio and
Simar (2007a).
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for competitors, in the sense of trying to find competitors from only the
dominating choices (i.e. µl � µi, and �l  �i, l = 1, . . . ,m). However, it
could be more realistic to assume that the concept of global scores (smi)
should not only take into account the frontiers that lie ahead of a unit,
but also to be ‘backward-looking’, giving a sort of ‘net position’ evaluation
for a unit with respect to the ‘competitors’ in front and back of that unit
in the plane. Thus, a second way in which the m-order robust frontiers
could be applied (and the one used in this thesis) is by modifying this
procedure to equally look for the exact opposite scenario; that is, for each
unit i 2 I, one randomly draws (with replacement) m units exactly as
before (i.e. µl � µi, and �l  �i l = 1, . . . ,m), but also m units dominated by
the evaluated unit (i.e. µl  µi, and �l � �i l = 1, . . . ,m). Then one solves
the LP formulation as given in eq.3.3.7 and compute the global scores
(smi) as in eq.3.3.8. A visual interpretation of the di�erence between the
two above-mentioned procedures is given in Fig.3.5 for the case that a
random unit of interest (e.g. Hong-Kong) is evaluated.

To compare the original (non-robust to outliers) results with both
above-mentioned applications of the m-order partial frontiers, normal-
ization of the original and robust scores to the [0, 1] space took place. The
diagonal in Fig.3.6 shows perfect equality, while deviations from it show
under or over-evaluation of units with respect to each set of estimators
(robust or non-robust to outliers). Understandably, in the case of a single
frontier (Fig.3.6, left sub-plot) the deviations are very small and negligible.
Taking into account the multiple-frontier case (Fig.3.6, right sub-plot)
though, one can clearly see the existence of three outliers (Thailand,
Indonesia and Rwanda) that were a�ecting the original set of estimators.
With respect to the ‘scoreboards’ of the evaluated countries, 17 of them
(approx. 14% of the sample) do not present any change whatsoever, while
another 17 of them only change by a single ranking. 32 countries (approx.
27%) present a change of between 2 and 3 rankings (median change is
3), while another 27 (approx. 22.7%) change between 4 and 7 rankings
(that completes the 3rd quartile). The fourth quartile contains changes
between 8 and 19 rankings with only the outliers exceeding this range,
changing 35 rankings. As it is also visually apparent from Fig.3.7, the
biggest changes are presented at and around the frontiers in which the
outliers are participating. In this respect, the robust m-order frontiers
aid significantly in adjusting the estimators to account for these outliers,
and given these noticeable di�erences (especially around the frontiers
containing the outliers), their use alongside the proposed approach is
strongly encouraged.
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Figure 3.5: Didactic illustration of computing the m-order e�ciency
estimators in the proposed method.

This figure illustrates the computation of m-order robust e�ciency estimators (Cazals et al., 2002; Daraio
and Simar, 2005, 2007b) for a randomly chosen country (hereby, Hong-Kong).

The un-adjusted case is presented in the upper sub-plot, where in evaluating Hong-Kong, a randomly sam-
pled set of countries of order m (hereby m = 10) is used from the highlighted area to find the e�ciency with
respect to the single frontier (or �i1), solving the LP formulation presented in eq.3.3.5. This procedure is
repeated B times (hereby B = 200), and the expected estimator is used as an m-order robust estimator for
this country, taking into account only the first Pareto-Koopmans frontier.

The adjusted case (bottom sub-plot) involves the same procedure, sampling this time a set of order m from
the highlighted area above the evaluated country (dominating solutions) and a set of units of order m from
the highlighted area beneath it (dominated solutions), solving the LP formulation presented in eq.3.3.7
and computing the global scores (smi) as in eq.3.3.8. This procedure is repeated B times and the expected
estimator is used as an m-order robust global estimator for this country, taking into account all potential
Pareto-Koopmans frontiers in the sampling space.
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Figure 3.6: Robustness checks.

This figure delineates the robustness of the obtained results using the unconditional
m-order robust estimators Daraio and Simar (2005, 2007b) to the single frontier case
(�i1) [left], or adjusted to the multiple-frontier case [right]. In both figures, vertical axis
represents non-robust measures of e�ciency (�i1 left and smi right) and the horizontal
axis represents the robust m-order (m = 10) e�ciency estimators. To render them
completely comparable (adjusting their scales), normalization was used (using the ‘min-
max’ method). The diagonal thus represents perfect equality among the two, with units
lying above (below) the diagonal being favoured more (less) in the case of non-robust
estimators.
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Figure 3.7: Outliers & rank reversals.

This figure delineates the absolute changes in the rankings of the evaluated countries
with respect to the robust and non-robust global estimators produced up to this point.
�rank denotes absolute change of a country’s ranking with respect to the two compared set
of estimators, Q denotes quartile with respect to the whole range of rank reversals. The
PKFs of the outliers are plotted to delineate how the units at and around these frontiers
in which outliers participate can distort the global e�cient (non-robust) estimators.
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3.7 Conclusions and further research
There is a long discussion in the literature of composite indicators regard-
ing the issue of weighting in their construction. Years of disputes and
past solutions revolve around the use of a weight vector that allegedly
perfectly represents a specific unit or all evaluated units overall. Still,
quite di�erent results can be obtained even by slightly changing this
vector, the choice of which resembles a quest for the “holy grail”. Extend-
ing this argument from a conceptual point of view, this set of weights
(commonly univocal) is rather unrealistic to be considered representative
for the population interested in this synthetic measure. Therefore, it
seems reasonable to take into account for each unit the distribution of
values assumed by the composite indicator on the whole set of feasible
weight vectors. The hereby proposed methodology called ‘� � µ e�ciency
analysis’ synthesizes such distributions for each unit with its mean value,
µ, intended to be maximized, and its standard deviation, �, intended to be
minimized, as it denotes instability in the evaluations with respect to the
variability of weights. The concepts of ��µ Pareto-Koopmans dominance
and e�ciency were further given, which permitted to define for each unit
under analysis, several types of meaningful e�ciency measures. This
way the � � µ e�ciency analysis was outlined, which finds its basis in
some well-known Operational Research methodologies listed below:

• Stochastic Multiattribute Acceptability Analysis (SMAA), for the
idea of considering the whole set of feasible weight vectors. With
respect to this point, it should be noted that the proposed approach
can be seen as another method in the SMAA family: the � � µ �
SMAA;

• Data Envelopment Analysis (DEA), for the idea of measuring e�-
ciency;

• Markowitz modern portfolio theory, for the idea of representing
distributions in terms of mean and standard deviation, as well as
the trade-o� between them;

• NSGA-II, for the idea of a sequence of Pareto frontiers;

• Context-dependent DEA, for the idea of a sequence of Pareto-Koopmans
frontiers.

Additionally, the � � µ analysis can be seen as being at the crossroads of
the following three prominent research domains in economics:
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• Well-being economics in a neo-Benthamite perspective, because
consideration of the whole set of feasible weight vectors can be seen
as a means of taking into account the utility of all individuals in
the population.

• Research on inequality in economics, because in a “post-GDP” per-
spective, the standard deviation of the distribution of composite
indicators values in the space of weight vectors can be seen as the
counterpart of an income inequality measure in a standard, “GDP
economics” perspective.

• E�ciency analysis taking into account, among others, the contribu-
tions of Koopmans, Debreu and Farrell, because it permits fruitful
investigation and scrutiny of mean and standard deviation of the
composite indicator values’ distribution.

With respect to its merits, the proposed methodology permits the in-
clusion of all potential viewpoints in the construction of a composite
indicator, while it takes into account the distances of units from all the
��µ Pareto-Koopmans frontiers lying on the plane, collapsed into a global
e�ciency score. In addition, the use of robust order-m (or order-↵) e�-
cient frontiers could greatly benefit the proposed approach by providing
more accurate estimators that are robust to outliers.

While there is no particular scope in this chapter to treat compen-
satory issues in the construction of a composite indicator; one should note
that this methodology permits the use of non-compensatory aggregation
techniques such as PROMETHEE methods (see Brans et al., 1986) to be
applied instead of the additive utility model illustrated in this chapter.
This is because � � µ e�ciency analysis is essentially applied ex-post, i.e.
after the evaluation phase has been accomplished. This is considered
in depth in the following chapter, in an e�ort to tackle both the issue of
weighting and aggregating the elementary indicators.

The potential of ��µ e�ciency analysis was attempted to be shown by
applying it to the data supplied by the ‘World Happiness’ report, obtaining
some interesting results and insights. Of course, this methodology cannot
be considered a ‘panacea’ for the many problems a�ecting the adoption of
composite indicators, in general, and the ‘World Happiness’ in particular
(see e.g. the critical discussion on composite indicators applied to well-
being measures in Kroll and Delhey, 2013). However, this case study will
hopefully convince on the many interesting insights that � � µ e�ciency
analysis permits in this domain. Finally, as far as its future direction of
research is concerned, this methodology can be fruitfully applied to all
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the domains in which composite indicators are considered, ranging from
the ranking of universities to the measurement of competitiveness of
geographical regions and beyond. More so, although beyond the scope of
this thesis, it could even be applied to other domains outside the sphere of
composite indicators that have similar traits like potentially a multiplicity
of stakeholders, and a variety of decision criteria, such as e�ciency and
equity concepts in facility location problems (Ogryczak, 2009).
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Chapter 4

Addressing the issue of
aggregation

This Chapter is submitted to the European Journal of the Operational
Research, a working version of which circulates as:

Greco, S., Ishizaka, A., Tasiou, M. and Torrisi, G. (2019). The Ordinal
Input for Cardinal Output Approach of Composite Indicators: The
PROMETHEE Scoring Method. MPRA Paper No. 95816.

4.1 Introduction
In Chapter 3, a proposal to address the issue of weighting in the con-
struction of composite indicators was introduced. This chapter builds
upon that proposal, in order to address conceptual and methodological
shortcomings that appear in the step of aggregation. Moreover, a tool
will be o�ered to increase transparency in the construction phase of these
opaque measures that will show how robust the evaluation of a single cho-
sen weight vector is (compared to the whole space of feasible weights), as
well as where a decision(policy)-maker could potentially focus to improve
the performance of a unit of interest, ceteris paribus.

Although seeming unrelated at first, weighting and aggregating the
elementary indicators are two intrinsically related steps, as the meaning
-and the setting- of weights depends on the type of aggregation that
is followed suit (i.e. that of trade-o�s or importance coe�cients, see
section 2.3). Moreover, the type of aggregation used in this procedure
can determine whether the composite index is of a compensatory or non-
compensatory nature (Fishburn 1974; 1975; 1976, Plott 1975, Bouyssou
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and Vansnick 1986, Bouyssou 1986b), which essentially boils down to
whether one permits compensation among attributes, i.e. a unit can
‘o�set’ a loss in a sub-indicator with a gain in another. In fact, despite
the so many proposals of “non-compensatory” composite indices (see e.g.
Munda and Nardo 2009, Mazziotta and Pareto 2016, Attardi et al., 2018)
this point is rather delicate and deserves an accurate discussion. Munda
(2012, p.338) considers an example of a hypothetical sustainability index,
in which a classic composite indicator setting (i.e. that of a weighted
additive model) could permit trade-o�s among economic growth and
environmental destruction, or a more ‘extreme’ case within the latter
dimension, he adds: ‘clean air’ could compensate for a loss in ‘potable
water’. Understandably, and as the author acknowledges, these situations
are not desirable, and this takes a developer of an index to another route:
considering a non-compensatory aggregation model.

Despite the prior urge of several advocates in the literature (see
Munda, 2007; 2009; 2012; Billaut et al., 2010; Paruolo et al., 2013),
the domain of composite indicators remained resilient, holding onto the
typical weighted average (see Bandura, 2011 for an inventory of over
400 documented composite indicators evaluating a single or a group of
countries jointly or individually on a socio-economic, political or evniron-
mental aspect). Still, recent proposals employing composite indicators to
assess urban planning (Attardi et al., 2018) and low-carbon performance
(Zhang and Zhou, 2018) o�er a viable alternative to this classic setting.
Both studies use ELECTRE methods (Roy, 1990; Figueira et al., 2013;
2016) as a non-compensatory aggregation method in their evaluation,
which treats weights as ’importance coe�cients’. However, unless some-
one is interested in outranking relationships (as it is indeed the case in
the MCDA environment), they do not provide a sole value acting as an
estimation, i.e. a literal meaning of a ‘composite index’.

In this chapter, a novel definition of non-compensatory composite
indicators is introduced based on the classic axiomatic foundations of
non-compensatory preferences. In this perspective the use of the PROME-
THEE family of methods (Brans and Vincke, 1985; Brans and De Smet,
2016) is proposed as an e�ective option for constructing non-compensatory
composite indicators. The adoption of the SMAA-PROMETHEE variant
(Corrente et al., 2014) is also advocated, in order to take into account
any sources of uncertainty arising during the development of a composite
index, some conceptual issues regarding the representation of the popu-
lation interested in the index (Greco et al., 2018) as those mentioned in
the previous chapter, or simply to further enhance the transparency of
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these opaque measures in general.
In addition to the non-compensatory type of aggregation to be intro-

duced, a decision-making tool to showcase the robustness of an alterna-
tive taking into account di�erent (stakeholders’) preferences, as well as
areas of potential improvement that could be of interest to the decision-
maker will be introduced. In particular, an alternative SMAA variant
of GAIA (Mareschal and Brans, 1988) (visual tool that will be discussed
in Section 4.3.3) will be introduced to guide policy-makers and enhance
transparency in the evaluation phase, delineating cardinal information
(as opposed to the ordinal information it was previously used for) that is
well in line with the meaning of composite indicators (Booysen, 2002). To
illustrate the assets of the proposed method over its compensatory alter-
natives, a case study evaluating the inclusive growth and development
of 108 economies based on the homonymous index produced by the World
Economic Forum (WEF) (Samans et al., 2017) is presented.

The remaining of this chapter is structured as follows: Section 4.2
provides an axiomatization of the nature of non-compensatory composite
indicators. Section 4.3 contains some necessary preliminaries for this
study along with the proposal for a non-compensatory setting for com-
posite indicators based on SMAA-PROMETHEE as well as modification
of the SMAA-GAIA for analytical visuals. Section 4.4 contains a case
study on the World Economic Forum’s ‘Inclusive Development Index’, and
Section 4.5 provides a discussion and some concluding remarks about
the future direction of research.

4.2 Non-compensatory composite indicators
Consider a set of units A = {a1, . . . , an} to be evaluated according to a
set of elementary indicators G = {g1, . . . , gm}, where gj : A ! Xj ✓ R,
j 2 J = {1, . . . ,m}. Without loss of generality, one can assume that
criteria gj 2 G are increasing with respect to preferences. Each unit
a 2 A is associated with a vector g(a) of performances with respect to
the elementary indicators, that is, g(a) = [g1(a), . . . , gm(a)] 2 X, with
X denoting the set of all feasible vectors of evaluations, that is, X =

X1⇥. . .⇥Xm. For each gj 2 G a valued preference function is a functionPj :

A⇥ A ! [0, 1], such that, for all a, a0 2 A, Pj(a, a0) = fj(gj(a), gj(a0)) with
fj : Xj ⇥Xj ! [0, 1] being a function non-decreasing in its first argument,
non-increasing in its second argument and such that if f(xj, x0

j) = 1, then
f(x0

j, xj) = 0 for all xj, x0
j 2 Xj, so that, if Pj(a, a0) = 1, then Pj(a0, a) = 0,

and such that fj(xj, xj) = 0 for all xj 2 Xj, that is P (a, a) = 0 for all a 2 A.
For all a, a0 2 A, Pj(a, a0) expresses the credibility of the preference of
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a over a0 with respect to the elementary indicator gj. If function fj can
take only values 0 or 1, then Pj is a crisp preference relation, otherwise
it is a valued or fuzzy preference relation. An overall preference is a
function P : A ⇥ A ! [0, 1], such that there exist F : [0, 1]2m ! [0, 1]

for which P (a, a0) = F (P1(a, a0), . . . , Pm(a, a0), P1(a0, a), . . . , Pm(a0, a)). It is
reasonable to require the following conditions to function F :

• F is non-decreasing in its first m arguments, that is, for all a, a0 2 A

and for all gj 2 G, the increase in the preferences Pj(a, a0) cannot
decrease the overall preference P (a, a0),

• F is non-increasing in its second m arguments, that is, for all a, a0 2
A and for all gj 2 G, the increase in the preferences Pj(a0, a) cannot
increase the overall preference P (a, a0),

• F (1, . . . , 1| {z }
m

, 0, . . . , 0| {z }
m

) = 1, so that, for all a, a0 2 A, if P1(a, a0) =

1, . . . , Pm(a, a0) = 1, then P (a, a0) = 1, that is, if there is full prefer-
ence for a over a0 with respect to all gj 2 G, then there is also full
overall preference for a over a0,

• F (0, . . . , 0| {z }
m

,↵1, . . . ,↵m| {z }
m

) = 0, for all [↵1, . . . ,↵m] 2 [0, 1]m, so that, for

all a, a0 2 A, if P1(a, a0) = 0, . . . , Pm(a, a0) = 0, then P (a, a0) = 0, that
is, if there is null preference for a over a0 with respect to all gj 2 G,
then there is also null overall preference for a over a0,

• if F (↵1, . . . ,↵m| {z }
m

, �1, . . . , �m| {z }
m

) = 1, then F (�1, . . . , �m| {z }
m

,↵1, . . . ,↵m| {z }
m

) = 0,

for all [↵1, . . . ,↵m], [�1, . . . , �m] 2 [0, 1]m, that is, if there is full pref-
erence for a over a0, there must be a null preference for a0 over
a.

For all a, a0 2 A, P (a, a0) expresses the credibility of the comprehensive
preference of a over a0.

According to the definition proposed independently by Fishburn (1974;
1975; 1976) and Plott (1975) and further extensively discussed in Bouys-
sou (1986) and Bouyssou and Vansnick (1986b), an aggregation procedure
is non-compensatory if in the overall final ranking % the comparison of
the two alternatives a and a0 depends only on the two sets of criteria
P(a, a0) for which a is preferred to a0 and P(a0, a) for which a0 is preferred
to a. This amounts to the following assumptions:

• Pj(a, a0) 2 {0, 1} for all gj 2 G and all a, a0 2 A,

• P (a, a0) 2 {0, 1} for all a, a0 2 A,
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• a � a0 if and only if P (a, a0) = 1 (with � being the asymmetric part
of %, that is, for all a, a0 2 A, a � a0 if and only if a % a0 and not
a0 % a).

Observe, however, that both Fishburn (1975) and Plott et al. (1975)
proved that, under some mild assumptions, the only aggregation proce-
dure providing a weak order, that is, a strongly complete and transitive
binary preference relation, on the set of alternatives is the lexicographic
order. This seems a rather restrictive result which would definitely close
the discussion on interesting non-compensatory scoring procedures, es-
pecially if they should be used to define a composite indicator. Indeed,
giving such a great importance to the most important criterion seems
to be contradicting the general philosophy of composite indicators that
instead aim to give a comprehensive synthesis of the evaluations the
units of interest get on all the elementary indicators. In this perspective,
with the aim of constructing composite indicators maintaining the initial
idea of non-compensatory preferences, this chapter proposes a definition
of non-compensatory composite indicator U(a), a 2 A, as aggregation for
all a0 2 A� {a} of the overall non-compensatory preferences P (a, a0) and
P (a0, a). As definition of non-compensatory preference only the essential
point that ⇧(a, a0) = V (P1(a, a0), . . . , Pm(a, a0), P1(a0, a), . . . , Pm(a0, a)) will
be assumed, with V being non-decreasing in its first m arguments and
non-increasing in its second m arguments, with V : [0, 1]2m ! R such that
⇧(a, a0) = �⇧(aprime, a), with ⇧(a, a0) measuring the overall preference of
a over a0 if ⇧(a, a0) > 0, and |⇧(a, a0)| = ⇧(aprime, a) measuring the overall
preference of a0 over a if ⇧(a, a0) < 0. On this basis, a non-compensatory
composite indicator is a function U : A ! R for which there is a function
H : [0, 1]n�1 ! R such that, for all a 2 A

U(a) = H (⇧(a, a0)a0 6=a)

with H satisfying the following conditions:

• H is non-decreasing in its arguments, so that, for all a, the increase
of ⇧(a, a0), a0 6=, a cannot decrease the overall evaluation U(a),

• for any permutation ⇡ on {1, . . . , n} and for all [↵1, . . . ,↵n�1] 2 Rn�1,

H
�
↵⇡(1), . . . ,↵⇡(n�1)

�
= H (↵1, . . . ,↵n�1)

so that for any permutation � on A, putting ⇧�(�(a), �(a0)) = ⇧(a, a0)
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for all a, a0 2 A, one has

U�(�(a)) = H (⇧�(�(a), �(a0))a0 6=a) = H (⇧(a, a0)a0 6=a) = U(a).

The last condition expresses a neutrality condition according to which
the overall evaluation supplied by the composite indicator U does not
discriminate between units just because of their labels.

Observe that the above definition of non-compensatory composite
indicators can be extended considering fuzzy preferences Pj(a, a0) as well
as fuzzy overall preferences P (a, a0), a, a0 2 A, in which case one can speak
of generalized non-compensatory composite indicators.

To illustrate the idea of the non-compensatory composite indicators
proposed here, consider the Borda rule (Borda, 1781) according to which
each alternative a 2 A is assigned the following evaluation (Nitzan and
Rubinstein, 1981) called Borda score:

UBorda(a) =
X

gj2G

|{a0 2 A : gj(a) > gj(a0)}| , (4.2.1)

which, in case there are no ex-aequo in the order established by gj, j =

1, . . . ,m, that is, there is no a, a0 2 A for which gj(a) = gj(a0) for all
j = 1, . . . ,m, can be rewritten as (Black, 1976)

UBorda(a) =
P

a02A\{a}⇧(a, a0)

2
+

n(m� 1)

2
, (4.2.2)

with
⇧(ai, ai0) =

X

gj2G

Pj(ai, ai0)�
X

gj2G

Pj(ai0 , ai)

and Pj(ai, ai0) = 1 if gj(ai) > gj(ai0), and Pj(ai, ai0) = 0 otherwise.
In fact, (4.2.2) holds also in case there are ex-aequo in the order

established by gj, j = 1, . . . ,m, provided UBorda be opportunely extended
(Black 1976). Therefore, since it gives the same ranking; in the following,
when considering the Borda rule it will be referred to the following
formulation of the Borda score:

U⇤
Borda(a) =

X

a02A\{a}

⇧(a, a0), (4.2.3)

Observe that, according to the above definition, the Borda score U⇤
Borda(a)

is a non-compensatory composite indicator and, in particular, one has

H (⇧(a, a0)a0 6=a) =
X

a02A\{a}

⇧(a, a0).
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Some remarks are now in order:

• Borda score has been already used in the domain of composite
indicators since the work of Dasgupta and Weale (1992), which
clearly explains the reason to prefer such aggregation procedure as
follows:

“The nature of the data being what it is for a great many of the
countries, it is unwise to rely on their cardinal magnitudes. We
will therefore base our comparison on ordinal measures. This way,
systematic biases in claims about achievement across countries
will not a�ect the international comparison. But first, we need an
ordinal aggregator. Of the many we may devise, the one most well
known and most studied is the Borda Rule.”

• One can imagine to generalize the concept of non-compensatory
composite indicators taking into account imprecision and inaccurate
determination in the decision model, so that it is reasonable to define
fuzzy preference relations Pj : A⇥ A ! [0, 1], gj 2 G on considered
criteria, so that for (a, a0) 2 A⇥A,Pj(a, a0) gives the credibility that
a is preferred over a0 on criterion gj. In this context, one can extend
the concept of non-compensatory aggregation procedure admitting
that the overall preference of a over a0 depends on the values Pj(a, a0)

and Pj(a0, a) for all gj 2 G. In this perspective the Borda score can
be reformulated as follows:

Ũ⇤
Borda(a) =

X

a02A\{a}

"
X

gi2G

Pi(a, a0)�
X

gi2G

Pi(a0, a)
#
. (4.2.4)

• In the domain of social choice, where the Borda procedure has been
mainly studied, anonymity is a basic assumption, so that all the
“criteria” -that is, all the voters- have the same importance. Of
course, this is not the case in multiple criteria decision-making
situations, such as the case of definition of composite indicators.
In this context, to give a specific weight to each criterion seems
definitely appropriate, so that, supposing one gives the weights
wj � 0, j = 1, . . . ,m, w1 + . . . wm = 1, to the criteria g1, . . . , gm, one
can redefine the Borda score U⇤

Borda as follows:

U⇤
Borda(a) =

X

a02A\{a}

2

4
X

gj2P (a,a0)

wj �
X

gj2P (a0,a)

wj

3

5 , (4.2.5)

and, also taking into account valued preferences,
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Ũ⇤
Borda(a) =

X

a02A\{a}

2

4
X

gj2G

wjPj(a, a0)�
X

gj2G

wjPj(a0, a)

3

5 , (4.2.6)

Since formulation 4.2.6 is a particular case of formulation 4.2.5
when Pj(a, a0) can only take values 0 or 1 for all gj 2 G and for all
(a, a0) 2 A⇥ A, in the following it will be referred to only to 4.2.6.

• Considering some psychological aspects of decision making such as
regret (Bell, 1982; Loomes and Sugden, 1982), the specific formula-
tion of the Borda score suggests to split the value ŨBorda(a) in the
two components

Ũ+
Borda(a) =

X

a02A\{a}

X

gj2G

wjPj(a, a0) and Ũ�
Borda(a) = �

X

a02A\{a}

X

gj2G

wjPj(a0, a),

(4.2.7)
and interpret Ũ+

Borda(a) and Ũ�
Borda(a) as levels of rejoice and regret

derived from preferring alternative a to other alternatives (see,
respectively Özerol and Karasakal, 2008).

• In fact, ŨBorda(a), Ũ+
Borda(a) and Ũ�

Borda(a) are the net flow score, the
outflow and the inflow of the PROMETHEE methods (Brans and
Vincke (1985); Brans and De Smet (2016)), being a very well-known
and appreciated family of methods for Multiple Criteria Decision
Aiding (MCDA; see Ishizaka and Nemery (2013); Greco et al. (2016)).
In fact, the identification of the net flow score of PROMETHEE meth-
ods with the Borda score is proposed for the first time in Marchant
(1998), where a discussion on the cardinal nature of the Borda score
is proposed. In this perspective the Borda score can be seen as a
function returning a real valued evaluation of considered alterna-
tives on an interval scale, so that, if for alternatives a, b, c,d 2 A

one has

ŨBorda(a)� ŨBorda(b) = ⇣
⇣
ŨBorda(c)� ŨBorda(d)

⌘
(4.2.1)

it is meaningful (in the sense of measurement theory Roberts, 1985)
to say that the preference of a over b is ⇣ times, ⇣ 2 R+, greater
than the preference of c over d. This cardinal property of the net
flow score of PROMETHEE methods seems quite important for
composite indicators that aims to give a numerical evaluation and
not only an ordinal ranking to the alternatives under analysis (for
a further discussion on the cardinal properties of net flow score of
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PROMETHEE see also Marchant, 2000). In this perspective the
approach proposed here seems quite appealing because it conjugates
the basic ordinality of the inputs (that can be mitigated with fuzzy
preferences to take into account imprecision) with basic cardinality
of the output, which seems quite relevant because of the evaluations
on a numerical scale expected from composite indicators. For this
reason it shall be referred to this definition of non-compensatory
composite indicators with the expression “ordinal input for cardinal
output approach”, which expresses well the basic idea and the main
advantages of the proposed methodology.

On the basis of the above remarks, the use of PROMETHEE methods
will be proposed to construct non-compensatory composite indicators as
detailed in the following section.

4.3 Basic concepts of PROMETHEE

4.3.1 The PROMETHEE methods
First, a description of the PROMETHEE methods I & II (Brans and
Vincke, 1985; Brans et al., 1986) will be given, as they consist the base
of this proposal and, as such, preliminaries for the upcoming sections.
Consider a set of alternatives A = {a1, . . . , an} to be evaluated according
to criteria G = {g1, . . . , gm}, where gj : A ! R, j 2 J = {1, . . . ,m}. For
each criterion gj 2 G, PROMETHEE methods create a function Pj(ai, ai0),
i 6= i0 that represents the degree of preference of ai over ai0 on criterion
gj being a non-decreasing function of dj(ai, ai0) = gj(ai)� gj(ai0). There
are six di�erent functions that could be chosen for each criterion by the
decision-maker (hereafter, ‘DM’) (see Brans and De Smet, 2016, for a
recent review of the PROMETHEE methods), but for the sake of simplicity
the commonly-used piecewise linear function will be chosen, which is
defined as follows:

Pj(ai, ai0) =

0

B@
0 if dj(ai, ai0) 6 qj

dj(ai,ai0)�qj
pj�qj

if qj < dj(ai, ai0) < pj

1 if dj(ai, ai0) > qj

1

CA , (4.3.1.1)

where qj and pj the indi�erence and preference thresholds accordingly,
as these are set by the DM for each criterion gj 2 G. Given that each
criterion gj is assigned a weight wj (reflecting its importance instead of a
trade-o� in this exercise), with wj > 0 and

Pm
j=1 wj = 1; for each pair of
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alternatives (ai, ai0) 2 A⇥A, PROMETHEE methods compute how much
ai is preferred over ai0 taking into account all criteria gj 2 G as follows:

⇡(ai, ai0) =
X

j2J

wjPj(ai, ai0),

with values of ⇡(ai, ai0) ranging between 0 and 1. Moreover, higher values
denote higher preference of ai over ai0 and vice versa. To compare an
alternative, say ai, with all other alternatives ai0, i 6= i0, PROMETHEE
methods compute the positive and negative flows as follows:

��(ai) =
1

n� 1

X

ai02A�{ai}

⇡(ai0 , ai) and �+(ai) =
1

n� 1

X

ai02A�{ai}

⇡(ai, ai0),

where ��(ai) (negative flow) shows how much all the other alternatives,
ai0 2 A� {ai}, are preferred over ai, and �+(ai) (positive flow) shows how
much ai is preferred over the others instead. Of course, the smaller an
alternative’s ��(ai) and the larger its �+(ai), the better its performance
over all other alternatives ai0 2 A� {ai} and vice versa. Understandably,
PROMETHEE I gives two bipolar scores that show the dominating and
dominated status of each alternative. Ordinal inferences can be made
on the basis of these two scores through the PROMETHEE I partial
ranking (P I ,II ,RI). For instance, suppose that one would like to infer
some ordinal information about two alternatives, say ai and ai0 on the
basis of the PROMETHEE I partial ranking. That could be accomplished
as follows:

8
>>>>>>>>><

>>>>>>>>>:

aiP Iai0 i�

8
><

>:

�+(ai) > �+(ai0) and ��(ai) < ��(ai0), or
�+(ai) = �+(ai0) and ��(ai) < ��(ai0), or
�+(ai) > �+(ai0) and ��(ai) = ��(ai0)

aiIIai0 i� �+(ai) = �+(ai0) and ��(ai) = ��(ai0)

aiRIai0 i�
(
�+(ai) > �+(ai0) and ��(ai) > ��(ai0)

�+(ai) < �+(ai0) and ��(ai) < ��(ai0)

, (4.3.1.2)

where P I , II and RI denote preference, indi�erence and incomparability
respectively. When incomparabilities among alternatives (see aRIb above)
exist, the use of PROMETHEE II alleviates this issue by providing a
unipolar scoring. More detailed, PROMETHEE II method computes the
net-flow of bipolar (PROMETHEE I) scores for each alternative ai as
follows:
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�(ai) = �+(ai)� ��(ai), (4.3.1.3)

which permits the ranking of alternatives in a complete pre-order based
on the preference and indi�erence (P I ,II) among them as follows:

(
aiP IIai0 i� �(ai) > �(ai0)

aiIIIai0 i� �(ai) = �(ai0)
. (4.3.1.4)

PROMETHEE II score (net-flow) is defined in the range [�1, 1], and
essentially shows how much an alternative ai is preferred over all other
the others ai0 , taking into account how much it is dominated at the same
time. This o�ers a score that can be used as ordinal information (i.e.
to provide a ranking) showing a complete pre-order of each alternative.
Obviously, the higher the score the greater an alternative is performing
and thus preferred over the rest.

4.3.2 The SMAA-PROMETHEE method
The SMAA-PROMETHEE method, developed by Corrente et al. (2014)
is a fusion of the classic PROMETHEE and the SMAA (see Lahdelma
and Salminen, 1998; 2001) methods that deals with uncertainty and
imprecisions in real world decision-making problems. SMAA considers a
probability distribution fw over the space of all possible weight vectors,
and two probability distributions fq and fp over the space of potential
dominance d ⇢ R in the elementary set of indicators (i.e. d comprised
of: dj(ai, ai0) = gj(ai) � gj(ai0), i 6= i0, j 2 J). Of course, imprecisions
in the criteria could be modelled accordingly considering a probability
distribution f� over the space � ⇢ Rm⇥n of the alternatives’ evaluations
gj(ai), with j 2 J and ai 2 A, though this chapter is engrossed with the
former three sources of uncertainty, and as such, this case is left outside
the scope of the analysis to be presented.

The above-mentioned sources of uncertainty could be handled in two
distinct ways. First, in the lack of information regarding the preferences
of the DM, all three sources could be declared as uncertain, and thereby
randomly estimated (uniformly, in the lack of information from the DM
to suggest otherwise) in a Monte Carlo simulation environment. This
would imply the creation of the following three m⇥ s matrices to be used
as inputs1, where m the number of criteria gj 2 G, and mc = 1, . . . , s the

1Understandably, if one considers more sources of uncertainty (e.g. functions, impre-
cisions in the data etc.), the number of matrices grows accordingly.
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number of Monte Carlo simulations2:

• an m⇥ s matrix W containing the weight vectors

W =
n
w = [w1, . . . , wm] : wj > 0, j = 1, . . . ,m,

Pm
j=1 wj = 1

o
,

(4.3.2.1)

• an m⇥s matrix P containing the vectors of the preference thresholds

P = {p = [p1, . . . , pm] : min dj  pj  max dj, j = 1, . . . ,m} ,
(4.3.2.2)

• an m⇥ s vector Q containing the vectors of the indi�erence thresh-
olds

Q = {q = [q1, . . . , qm] : qj  pj, j = 1, . . . ,m} . (4.3.2.3)

The second case regards a DM that is able to provide some information
about the sources of uncertainty. This information could then be used to
adjust the above-mentioned inputs, and could regard anything from the
distribution to be chosen, to restrictions in the space of possible outcomes.
For instance, the DM could provide information regarding the weighting
preferences among the criteria at hand. This could happen e.g. in the
form of linear inequalities (e.g. w1 > w2 > . . . > wm), or assurance regions
(e.g. a 6 wj 6 �, where a, � 2 [0, 1], a < b) etc.3 Of course, this would
adjust the space of weights accordingly. For instance, in the case of the
DM providing information in the form of linear inequalities, as in the
example above, the space of weights would be transformed and thus
matrix W would be adjusted as follows:

W =

(
w = [w1, . . . , wm] : wg1 > ... > wgm , wj � 0, j = 1, . . . ,m,

mX

j=1

wj = 1

)
.

(4.3.2.4)

Turning to the output of the SMAA-PROMETHEE method, because
�+(ai) and ��(ai) (in the case of PROMETHEE I) or �(ai) (in the case of
PROMETHEE II), ai 2 A, provide a ranking for each w in W , q in Q and p

2While there is no standard practice to choosing the number of simulations, i.e.
parameter s, Tervonen and Lahdelma (2007) suggest a value of 10,000 simulations to
be adequate for robust results.

3Obviously, the other two sources of uncertainty, namely the indi�erence and prefer-
ence thresholds, could be treated similarly.
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in P , SMAA gives the ranking of each alternative ai for every mc = 1, . . . , s.
This permits computing the rank acceptability index, the central weight
vector and the pairwise winning index that were briefly described in
Setion 3.24. To better understand these three SMAA outputs, visuals
(Figs. 1, 2, 3) reflecting the outputs of SMAA in the case of the G-10
countries’ evaluation in the WEF’s Inclusive Development Index that will
be formally discussed in Section 4.4 that introduces the case study. For
reasons of simplicity, the only source of uncertainty remains the criteria
weights, while the preference function is the piecewise linear, described
in eq.(4.3.1.1), with indi�erence thresholds set to 0, and preference ones
set to max dj(ai, ai0) for each criterion (thereby no steps existing in the
linear function of each criterion).

Figure 4.1: Central Weight Vector (CWV) for Switzerland and Sweden.
This figure shows the preferences of a typical DM as to the choices that will
make Switzerland or Sweden the best-performing country (i.e. ranked 1st).
Vertical axis shows the typical weight (%) of each criterion gj . Indicators are
coloured based on the higher dimension in which they belong (See Table 4 for
more details).

4For a detailed analysis and their computation process, see the studies of Lahdelma
and Salminen (1998; 2001) for the SMAA, and Corrente et al. (2014) for the SMAA-
PROMETHEE method in particular
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Figure 4.2: Pairwise Winning Index (PWI) for the G-10 countries.

This figure shows the probability that an alternative (row) beats the rest of the
alternatives (in columns) (%).

Figure 4.3: Rank Acceptability Index (RAI) for the G-10 countries.

This figure shows the probability (%) that an alternative (row) is positioned in
the r-th place.
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4.3.3 GAIA
GAIA, developed by Mareschal and Brans (1988), is a visual interactive
module often implemented alongside PROMETHEE methods. It provides
DMs with a clear view of how each alternative performs in each of the
considered criteria. Essentially, GAIA is an implementation of Principal
Component Analysis (PCA) on the unicriterion net-flow matrix5. In par-
ticular, the two eigenvectors with the two largest values are selected and
plotted on a 2-dimensional (most common) or a 3-dimensional (3D) plot,
thus collapsing the m-dimensional space in a plot that is visually clearer
to make inferences from. The 3D plot is usually preferred in cases that
one may wish to explore the m-dimensional space in three coordinates
(x, y, z) and get a better grip of the dynamics from the inclusion of the
z-th dimension, or when the explained variance of the two eigenvectors
alone is not enough by the standards of PCA to explain the original m-
dimensional space; that is, the explained variance to be at least 60%. An
example of the GAIA plane is given for the case of the G-10 evaluation
on WEF’s IDI in Fig.4.4.

Figure 4.4: GAIA plane for the G-10 countries’ evaluation on WEF’s IDI.
This figure shows the 2D (left) and 3D (right) version of the GAIA plane. Trian-
gles reflect the alternatives (G-10 countries). Dotted lines reflect the attributes
(see Table 4.4 for more information). The ‘decision stick’ is a vector of equal
weights (8.25% per criterion).

Dashed lines show the direction of each criterion gj. If an alternative
is close to or towards the same direction of a criterion, it means that it

5As it will be briefly introduced in Section 4.3, this is a n⇥m matrix showing the non-
weighted net flows of each alternative with respect to the remaining n� 1 alternatives
(diagonal of this matrix equals 0), in each criterion gj . Essentially, it is a n⇥m matrix
that represents how much an alternative outranks (u(a) > 0; eq.4.3.1) or is outranked
(u(a) < 0; eq.4.3.1) by the remaining n� 1 alternatives in each criterion gj .
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performs well on it. On the contrary, if it is plotted the opposite way
(180 degrees), it means that its performance is poor on this criterion.
Criteria extending in an orthogonal way between them seem to be simply
unrelated to each other. The solid plotted line with the square marker
reflects the ‘decision stick’, and is essentially the weight vector (hereby
set to equal weights) of the criteria. To give an example, in Fig. 4.4,
Switzerland (SWI) seems to perform well on criterion ‘PD’, and adequately
well on criteria towards the same direction (i.e. ‘GDP’, ‘MI’, ‘ANS’)6. Last
but not least, the variance explained with the 2D visualisation is 79.5%
and just over 89.5% for the 3D version.

Given that uncertainties may arise in the decision-making process,
thus making SMAA-PROMETHEE crucial in such respect, a GAIA vari-
ant dealing with uncertainty followed suit (see e.g. Hubinont, 2016; Ar-
cidiacono et al., 2018, for extentions of GAIA to the SMAA variant of
PROMETHEE and the bipolar PROMETHEE methods accordingly). Hu-
binont (2016) applies a bivariate kernel density on the stochastic net flows
for each alternative, estimating the proportions of the projections around
each noodle with the Parzen method. Arcidiacono et al. (2018) shows
how a cloud of points could be plotted on the GAIA plane symbolizing the
weight vectors taken into account in the SMAA evaluation. As the latter
version is the one this chapter will build upon later on in Section 4.3, an
example of its output and a couple extensions of its reasoning are shown
in Fig. 4.5.

In detail, there are two versions provided in the figure (left and right
column sub-plots). The left one shows the unconstrained weight space
(matrix W - eq. 4.3.2.1), whereas the right shows how the same space is
constrained as discussed in the same section (i.e. dimension 3 is more
important than dimension 2 which, in turn, is more important than
dimension 1 - eq. 4.3.2.4). The bottom part of the figure (i.e. bottom
sub-plots) show how ordinal information could enrich the SMAA-GAIA
plane, showing for instance the weight space for which Belgium (blue) or
Switzerland (green) is 1st.

6For more insights of the GAIA plane, the interested reader is referred to the paper
of Mareschal and Brans (1988).
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Figure 4.5: SMAA-GAIA plane for the G-10 countries’ evaluation on
WEF’s IDI.
This figure shows the unconstrained (left hand side plots) SMAA-PROMETHEE
evaluation, in which all set of plausible weight vectors are sampled randomly
and unconditionally; the constrained (right hand side plots) evaluation, in which
dimension 3 is weighted higher than dimension 2 and in turn dimension 1.
Finally, the two sub-figures in the bottom row show the weight vectors for which
Belgium is ranked 1st (green dots), in comparison to the weight vectors for which
Switzerland is ranked 1st (blue dots).
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4.4 PROMETHEE methods for scoring
While PROMETHEE methods are often implemented to provide ordinal
information, e.g. in the form of a ranking of the considered alternatives,
they could equally be used to provide cardinal information that conveys
more information about the magnitude of each alternative’s performance.
Composite indicators serve such purpose, as they are cardinal in nature
(Booysen, 2002). That said, PROMETHEE methods could be another
tool in their toolbox. In particular, PROMETHEE methods have recently
been used in the field of composite indicators for robustness purposes, or
to choose among alternatives of composite indicators constructed with
other methods (see, e.g., De Mare et al., 2015; Antanasijevic et al., 2017;
Rosic et al., 2017). Nonetheless, this chapter’s purpose is to highlight in
more detail first (subsection 4.4.1), how PROMETHEE methods could
be used for scoring in this domain and second (subsection 4.4.2), and
most importantly, to extend this to the case of the SMAA-PROMETHEE
method that takes into account crucial issues in the construction of com-
posite indicators. Before the analysis starts, some brief remarks/caveats
that the DM should have in mind when designing composite indicators
with the PROMETHEE methods should be given.

First and foremost, one should note that the PROMETHEE methods
will ensure that weights will act as ‘importance coe�cients’ rather than
trade-o�s, contrary to other types of aggregation approaches (e.g. the
simple additive model) (Brans and De Smet, 2016). This essentially
eliminates the conceptual issue apparent in the development of composite
indicators using additive utility functions, in which DMs are setting
the weights as importance coe�cients, while they end up being used
as trade-o�s between pairs of indicators instead. Moreover, the full
compensation among criteria (apparent in the additive utility function)
is now moderated. Nonetheless, such benefits come at a trade-o�. In
particular, the input required on behalf of the DM in the construction of
the index is enlarged as opposed to other aggregation approaches. The
reason being PROMETHEE methods require three additional choices
besides the weights of the attributes; these are namely the choice of
a preference function and the indi�erence and preference thresholds7.
These shall be set individually for every attribute. Thus, the DM should

7One should note that these are only used in five out of the six preference functions.
For instance, the ’Usual’ preference function does not require any kind of threshold,
though it is mainly used for qualitative attributes. Moreover, in the ‘Gaussian’ preference
function an intermediate value between q and p (namely, ‘s’) has to be set as well to
shape the curve of the Gaussian function. For a more detailed analysis, see Brans and
De Smet (2016).
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be carefully choosing these three inputs in the creation of the index and
justify them accordingly.

4.4.1 Developing composite indicators with the PRO-
METHEE I & II methods

4.4.1.1 Bipolar Scoring

PROMETHEE I provides a bipolar type of scoring. In particular, two
outputs namely, the positive outranking flow or outflow (��(a)) and the
negative outranking flow or inflow (�+(a)) are obtained, showing two
distinct scores for each alternative a 2 A for two di�erent in principle,
but essentially complementary concepts. For instance, the negative flow
(��(a)), expressed in a [0, 1] scale, exhibits how much an alternative is
dominated by the remaining n � 1 alternatives. A unity score in this
output would indicate complete domination by all alternatives in all crite-
ria, whereas a zero value would imply zero domination accordingly. This
indicator would be in line with the theory of regret aversion or antici-
pated regret (see e.g. Loomes and Sugden, 1982; Bell, 1982; Fishburn,
2013), in the sense that the higher this output, the higher the regret of
an individual choosing this alternative over a di�erent option. On the
other hand, the positive flow (�+(a)) shows the degree of preference of an
alternative over the remaining ones. Similarly to the inflow, outflow is
expressed in a [0, 1] scale, with higher values exhibiting higher preference
and vice versa.

Understandably, it is not necessary that both types of flows will give
the same results. If someone is solely interested in insights from the one
or the other, then one could observe either. Nonetheless, if the desire is to
make inferences based on these, e.g. to get an insight on the preference
of an alternative over another, the intersection of the two flows should
be considered to provide a ‘unipolar’ scoring. This is abridged in the
following section.

4.4.1.2 Unipolar Scoring

Following on from the output of PROMETHEE I, the PROMETHEE II
method provides the unipolar scoring (eq.4.3.1.3). It essentially consists a
global score that provides a balance between the positive and the negative
flows, in a sort of a net (unipolar) scoring that encapsulates both types of
information discussed above; namely, the “regret” factor of choosing an
alternative (i.e. ��(a)) and the benefit of doing so without considering
the regret factor (i.e. �+(a)). The unipolar (PROMETHEE II) score bears
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the following two properties:
(
�1  �(a)  1, 8a 2 A

P
a2A �(a) = 0

. (4.4.1.2.1)

There is a trade-o� inherent in using PROMETHEE II. That is one
gains incomparability to cease, but at the cost of loss of information.
For instance, considering the PROMETHEE II score of two alternatives,
say ai and ai0: is the former preferred to the latter due to its superior
performance or its lower regret? By looking at the two flows, one may infer
such information (always in case of comparable alternatives (see eq.3.1.2)).
As Brans and De Smet (2016, p.174) argue: “In real-world applications,
we recommend to both the analysts and the decision-makers to consider
both PROMETHEE I and PROMETHEE II.” In fact, it is reasonable to
use both types of information to get some inferences out of how the global
score was constructed. Such an example can be given by looking at the
PROMETHEE I & II results8 for the G-10 countries in Table 4.1.

Table 4.1: PROMETHEE I & II scores for the G-10.

Country � �+ ��

Switzerland 0.090 0.100 0.009
Netherlands 0.039 0.058 0.019

Sweden 0.034 0.067 0.033
Belgium 0.014 0.051 0.037
Canada 0.008 0.040 0.032

Germany 0.003 0.039 0.036
France -0.012 0.031 0.043

United Kingdom -0.028 0.023 0.051
United States -0.040 0.033 0.073

Japan -0.045 0.035 0.080
Italy -0.064 0.020 0.084

Seemingly, United Kingdom performs better than the United States in
terms of the unipolar score (that is �), though one can see that this comes
from its lower regret factor (��(UK) < ��(US)) rather than its superior
performance in the attributes (�+(US) > �+(UK)). Of course, in the
case of PROME- THEE I, one wouldn’t be able to make inferences about
a preference relationship, as this is an example of an incomparability
situation (i.e. UK RI US).

8For reasons of simplicity, equal weights across all dimensions have been used,
piecewise linear function to construct the preference degrees, with zero indi�erence
thresholds (q) for all criteria, and pgj = max(dgj (ai, ai0)).
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4.4.2 Developing composite indicators with the SMAA-
PROMETHEE methods

The issue with using the classic PROMETHEE I and II methods to
construct composite indicators is that of using a precise set of parameters
(i.e. w, p, q). The reason is twofold. First, it is very di�cult for a DM to
come up with a very precise such set of parameters for every criterion.
Second, even if the DM does indeed come up with a set of parameters,
this is supposed to be representative of the whole population interested
in the composite indicator being provided. In brief9, the considered set of
parameters, even if it is fully justifiable by the DM setting it, remains
subjective to its full extent. Of course, it should be noted here that MCDA
is in itself inherently subjective. This thesis is not to argue against
subjectivity, rather the contrary; in exercises where it is needed, such
as composite indicators evaluating economic units, it could be made
transparent by increasing that subjectivity to involve all potential parties
interested in this evaluation. As the example mentioned in Greco et al.
(2019b), in an exercise involving the evaluation of a country’s performance
in a socio-economic aspect, the set of potential decision-makers could
involve policy-makers, analysts and practitioners, or even citizens to
whom the evaluation is targeted at and concern. That said, this chapter
does support, in this section and onward, that a multiplicity of viewpoints
should be considered when it comes to such evaluation practices.

Generally speaking, the utilization of the SMAA variant of PROME-
THEE (Corrente et al., 2014) permits the inclusion of a plethora of weight
vectors, indi�erence and preference thresholds. In particular, as many
as the number of simulations. Understandably, at the same time this
creates as many outcomes and, of course, as many rankings accordingly
for each unit evaluated. This is both an advantage and a drawback of
this method for the creation of composite indicators. On the one hand,
this increases the transparency of the evaluation process, by showing
the larger picture, along with which parameters give each alternative
a specific place (probabilistic outcomes, i.e. classic SMAA outcomes de-
scribed in section 4.3.2). This is of utmost importance in the development
of composite indicators, and in fact, it is a special case of uncertainty
analysis (Saisana et al., 2005) that should be accompanying the results
of every composite index (OECD, 2008; Greco et al., 2019a). Indeed, the
use of SMAA in this case seems alluring as it encapsulates a type of
uncertainty analysis but -perhaps most importantly- it permits dealing

9For a more detailed conversation about this issue, see the studies of Greco et al.
(2018, 2019b).
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with the issue of the representative agent10 inherent in the development
process of a composite index.

On the other hand, this creates an issue as to the consolidation of
these results into a single index that encompasses all this information
accordingly. Towards the solution of this issue, a combination of the
PROMETHEE methods I & II with the “� � µ�SMAA” approach covered
in Chapter 3 will be used. In what follows, subsection 4.4.2.1 adjusts
the notation of the � � µ-SMAA method covered in Chapter 3 to that
of the PRMOMETHEE methods. Subsections 4.4.2.2 and 4.4.2.3 build
upon the preceded preliminaries, adjusting the � � µ approach to the
PROMETHEE methods I & II respectively.

4.4.2.1 The �-µ approach: Adjusting the notation

As it was extensively covered in section 3.3, essentially, the � � µ variant
of SMAA proposed in that chapter does not focus on the probabilistic
outcomes or shares of inputs leading to these outcomes like other variants
of the SMAA family do. Rather it takes into account the distribution
of composite indicator values collected within SMAA for each alterna-
tive considering its arithmetic average, µ, and its standard deviation, �.
Essentially these two parameters illustrate the typical evaluation of an
alternative taking into account all potential decision-makers’ preferences
(using µ) and the inverse robustness of that measure (using �), larger
values of which denote greater instability as to the dominance of an
alternative with respect to the remaining ones and vice versa.

Turning to the computation aspects, these two parameters of interest
(i.e. µ and �) can be adjusted to the SMAA-PROMETHEE outputs as
follows. Assuming a piecewise linear preference PROMETHEE func-
tion (although other preference functions can be used accordingly), and
given the spaces of weights W , preferences P and indi�erences Q (see
eqs.4.3.2.1 to 4.3.2.3), one may consider for each alternative ai 2 A the
PROMETHEE’s positive, negative and net flows (i.e. �+(ai),��(ai),�(ai))
in this space and compute the respective arithmetic average, µ, to define
an overall flow, as shown in equations 4.4.2.1.1a to 4.4.2.1.1c) below:

µ�+

i =

Z

p2P
f(p)

Z

q2Q
f(q)

Z

w2W
f(w)�+(ai,p,q,w)dpdqdw, (4.4.2.1.1a)

10See Greco et al. (2018, p.587).
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µ��

i =

Z

p2P
f(p)

Z

q2Q
f(q)

Z

w2W
f(w)��(ai,p,q,w)dpdqdw, (4.4.2.1.1b)

µ�
i =

Z

p2P
f(p)

Z

q2Q
f(q)

Z

w2W
f(w)�(ai,p,q,w)dpdqdw, (4.4.2.1.1c)

and the standard deviation, �, to measure the overall dispersion as in
equations 4.4.2.1.2a to 4.4.2.1.2c below:

��+

i =

sZ

p2P
f(p)

Z

q2Q
f(q)

Z

w2W
f(w)

h
�(ai,p,q,w)� µ�+

i

i2
dpdqdw,

(4.4.2.1.2a)

���

i =

sZ

p2P
f(p)

Z

q2Q
f(q)

Z

w2W
f(w)

h
�(ai,p,q,w)� µ��

i

i2
dpdqdw,

(4.4.2.1.2b)

��
i =

sZ

p2P
f(p)

Z

q2Q
f(q)

Z

w2W
f(w)

h
�(ai,p,q,w)� µ�

i

i2
dpdqdw.

(4.4.2.1.2c)

Of course, in real-world situations, these integrals can be approxi-
mated via the use of a Monte-Carlo simulation. Assuming complete lack
of information from the decision-maker(s), three m ⇥ s matrices RW,
RP and RQ can be defined through unconditional random sampling,
showing the attribute weights, preference and indi�erence thresholds in
the mc = 1, . . . , s simulations, with s being a relatively large number, as
follows:

RW
m⇥s

=

0

BBBB@

w11 w12 · · · w1s

w21 w22 · · · w2s

... ... · · · ...
wm1 wm2 · · · wms

1

CCCCA
,RP
m⇥s

=

0

BBBB@

p11 p12 · · · p1s

p21 p22 · · · p2s
... ... · · · ...

pm1 pm2 · · · pms

1

CCCCA
,RQ
m⇥s

=

0

BBBB@

q11 q12 · · · q1s

q21 q22 · · · q2s
... ... · · · ...

qm1 qm2 · · · qms

1

CCCCA
.

Understandably, any information about the distribution or potential
constraints among the attributes can shape these matrices respectively.
Following their computation, they will consist the inputs to the creation of
the following three n⇥s matrices that collect the results of PROMETHEE
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I & II methods accordingly:

�+

n⇥s
=

0

BBBB@

�+(a1,w1,p1,q1) �+(a1,w1,p1,q1) · · · �+(a1,ws,ps,qs)

�+(a2,w1,p2,q2) �+(a2,w2,p2,q2) . . . �+(a2,ws,ps,qs)
... ... · · · ...

�+(an,w1,p1,q1) �+(an,w2,p2,q2) · · · �+(an,ws,ps,qs)

1

CCCCA
,

(4.4.2.1.3a)

��
n⇥s

=

0

BBBB@

��(a1,w1,p1,q1) ��(a1,w1,p1,q1) · · · ��(a1,ws,ps,qs)

��(a2,w1,p2,q2) ��(a2,w2,p2,q2) . . . ��(a2,ws,ps,qs)
... ... · · · ...

��(an,w1,p1,q1) ��(an,w2,p2,q2) · · · ��(an,ws,ps,qs)

1

CCCCA
,

(4.4.2.1.3b)

�
n⇥s

=

0

BBBB@

�(a1,w1,p1,q1) �(a1,w1,p1,q1) · · · �(a1,ws,ps,qs)

�(a2,w1,p2,q2) �(a2,w2,p2,q2) . . . �(a2,ws,ps,qs)
... ... · · · ...

�(an,w1,p1,q1) �(an,w2,p2,q2) · · · �(an,ws,ps,qs)

1

CCCCA
.

(4.4.2.1.3c)

Essentially, these matrices collect a representative sample of all potential
values (for all three types of flows) based on all potential preferences (from
weights to preference and indi�erence thresholds where applicable) for
every alternative a 2 A. Then, one may simply approximate the integrals
in equations (4.4.2.1.1) and (4.4.2.1.2) for each alternative ai, i = 1, . . . , n

computing the arithmetic mean (µ̃i) and standard deviation (�̃i) of each
row of the matrices (4.4.2.1.3a) to (4.4.2.1.3c) accordingly (µ̃�

i ⇡ µ�
i and

�̃�
i ⇡ ��

i ). For instance, for the case of �, µ̃�
i and �̃�

i would equal:

µ̃�
i =

1

s

sX

mc=1

�(ai,wmc,pmc,qmc), 8i = 1, . . . , n, (4.4.2.1.3d)

�̃�
i =

vuut1

s

sX

mc=1

⇣
�(ai,wmc,pmc,qmc)� µ̃�

i

⌘2
, 8i = 1, . . . , n. (4.4.2.1.3e)

The next step builds on these two parameters to arrive at an overall
score by considering a definition of dominance. In particular, plotting
each alternative on a 2-dimensional plane (called the � � µ plane) with
coordinates (�i, µi), on the basis of the concept of Pareto-Koopmans ef-
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ficiency and the objective to maximize µ and minimize �; through a set
of linear programming (LP) formulations, the reasoning behind which
was explained in section 3.3.2, two types of estimators are provided, each
denoting a di�erent concept of e�ciency. These are the local and global
e�ciency scores, the intuition of which is explained on abstract grounds
below, and will be adjusted to the PROMETHEE I & II methods shortly
after.

The local scores (�ik) essentially consist vectors of e�ciency measures
(one vector for each unit). In particular, by decomposing the � � µ plane
into a family of Pareto-Koopmans frontiers (PKF = {PKF1, PKF2, . . . ,

PKFk}) it is straightforward to measure the e�ciency of each unit i =
1, . . . , n with respect to each PKFh, h = 1, . . . , k in the plane. This model,
for the case of compensatory aggregation, has been introduced in Section
3.3.2. Its definitions will be tailored specifically to the PROMETHEE I &
II methods in the following subsections.

4.4.2.2 The �-µ approach applied to PROMETHEE I

In this subsection two ways with which the PROMETHEE I outputs can
be used in the � � µ approach will be provided. For both cases forthwith
to be discussed, the assumption that matrices RW, RP and RQ, as well
as matrices �+ and �� that were discussed in the previous section are
already computed.

In the first case, � � µ can be individually applied to the two flows
computed with SMAA-PROMETHEE I and collected in �+ and ��. In
particular, for each alternative ai 2 A, two pairs of coordinates can be
obtained, (��+

i , µ�+

i ) and (���

i , µ��

i ) accordingly, which summarize the dis-
tributions of the evaluations of each alternative in the two matrices �+

and �� respectively. The case of the positive flow is straightforward
in the sense that it is in complete agreement with the LP formulation
in eq. (4.2.1.7). That is, µ�+

i should be maximised as it denotes the
overall score of dominance for alternative ai (with respect to the re-
maining n� 1 alternatives) taking into account all potential preferences
declared in the SMAA evaluation, i.e. w, p and q. On the contrary,
��+

i shall be minimized, as it denotes an inverse measure of robustness
such that the larger it is the more disperse the alternative’s evalua-
tions (�+(ai,wmc,pmc,qmc),mc = 1, . . . , s). The reason is that it relies
on a particular set of preferences to exhibit a great performance, with
slight deviations from this set radically altering this alternative’s score.
That said, formulation (4.2.1.7) can be simply adjusted to the current
mathematical notation written below, with everything else (concept-wise)
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remaining the same.

�+ik = Max
↵+,�+

�+

s.t.8
><

>:

↵+µ�+

i � �+��+

i � ↵+µ�+

i0 � �+��+

i0 + �+, 8i0 2 A \
Sk�1

h=1 PKFh

↵+, �+ � 0

↵+ + �+ = 1

.

(4.4.2.2.1)

Solutions to (4.4.2.2.1) provide the local e�ciencies for �+ (i.e. �+ik) for
every PKFh, h = 1, . . . , k. Of course, these can be then aggregated to
compute the SMAA-PROMETHEE I global positive flow e�ciencies, sm+

i ,
as in eq.4.4.2.1.5, which, adjusted for the notation becomes:

sm+
i =

kX

h=1

�+ik. (4.4.2.2.2)

These global positive flow e�ciencies provide a more holistic score that
encapsulates the SMAA-PROMETHEE I positive flow scores, as well as
the spatial information of the � � µ plane into a single value. As they
are defined in the (�1,+1) space, one may re-scale them to vary in the
[0, 1] range (e.g. through ‘min-max’ normalization) to better resemble the
classic PROMETHEE I scale of outflows �+.

Turning to the negative flow of PROMETHEE I, as discussed in Sec-
tion 4.4.1, it is in line with the theory of regret aversion (or anticipated
regret). For instance, a score of ��(a) = 1 means that an alternative
a is dominated by all remaining ones and in all criteria, so this would
certainly be a regretful decision over other, better alternatives. In par-
ticular, defined in the [0, 1] space, one may think of ��(a) as a number a
high value of which means the regret factor (for not choosing a di�erent
alternative with a lower ��(a0) value) is increasing. As � � µ analysis
provides e�ciency scores, its intuition in the case of the negative flow is
that of a ‘regret’ measure. Thus, the LP formulation as described in eq.
(4.4.2.1.4) -adjusted for the notation of the inflow- is the following:
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��ik = Max
↵�,��

��

s.t.8
><

>:

↵�µ��

i � �����

i � ↵�µ��

i0 � �����

i0 + ��, 8i0 2 A \
Sk�1

h=1 PKFh

↵�, �� � 0

↵� + �� = 1

,

(4.4.2.2.3)

the solutions to which provide us with the PKFh and the individual
local e�ciencies for every unit. One should note here that higher local
e�ciencies mean higher regret and vice versa. That said, the global
e�ciencies are computed accordingly as follows:

sm�
i =

kX

h=1

��ik. (4.4.2.2.4)

In Fig. 4.6 a side-by-side evaluation of the G-10 countries is given as to
their positive (�+(a)) and negative (��(a)) flows, the (normalised using
‘min-max’) global scores of which are given in Table 4.2. Essentially,
these two scores (sm+

i and sm�
i ) are the more holistic equivalent of the

�+(ai) and ��(ai) outputs in the PROMETHEE I method, in the sense
that they encapsulate the whole space of preferences, as this is proxied
by the defined criteria weights and respective preference and indi�erence
thresholds accounted for within SMAA.

According to the output in Fig. 4.6, there exist four PKF in the top
plane (i.e. Sigma-Mu �+), and five PKF in the bottom one (i.e. ��).
Global e�ciencies as to each flow are provided in Table 4.2. As previously
discussed, the ��µ positive flow global score (i.e. sm+) is a mere measure
of performance evaluation that takes into account three key objectives: (i)
the overall performance of a DMU (i.e. µ), how balanced its performance
is to satisfy all potential viewpoints taken into account in the evaluation
phase (i.e. �), as well as how (in)e�cient it is with respect to its inner
(closer) and outer (further) competition (i.e. �ik, not reported in the Table
to conserve space) as proxied by the PKFs. In that regard, according
to the sm+ metric, Switzerland is seemingly the best performing G-10
Country, followed by France, UK and Sweden. Japan is placed last,
and is preceded by Belgium and Germany. What is noteworthy, global
scores (sm+) show that top-performer (i.e. Switzerland) aside, most
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Figure 4.6: The �-µ plane for the inflow and outflow.

This figure shows how the G-10 countries are evaluated in the � � µ plane
based on their positive (top) and negative (bottom) flows. Note: E�ciency in
the negative flow means more regret. Both axes are standardized using the
Z-scores.
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Table 4.2: Global e�ciencies for the G-10 countries.

Positive Flow (�+) Negative Flow (��)
Country sm+ Rank sm� Rank
Belgium 0.249 10 0.409 9
Canada 0.377 5 0.614 6
France 0.403 2 0.469 8

Germany 0.306 9 0.376 10
Italy 0.331 7 1.000 1

Japan 0.000 11 0.855 3
Netherlands 0.343 6 0.700 5

Sweden 0.392 4 0.000 11
Switzerland 1.000 1 0.777 4

United Kingdom 0.399 3 0.597 7
United States 0.324 8 0.888 2

countries are very close performance-wise. For instance, the di�erence
between France and UK (ranked 2nd and 3rd accordingly) is just a mere
1% (sm+

France = 0.403, sm+
UK = 0.399), with more or less similar score

di�erences for the remaining countries.
Turning to the negative flow evaluations, one may now see the opposite

picture of performance, i.e. that of regret. As discussed in this section,
the � � µ global score of the negative flow (sm�) di�ers from the above-
discussed output in two ways. First, its first component (µ) shows an
evaluation of regret instead of performance, which is essentially the other
side of the coin in that an alternative is dominated by all remaining ones.
Yet, its second component (�) shows the variability in how this regret
changes taking into account all potential viewpoints in the evaluation. In
particular, how slight deviations in the preferences of a DM may vastly
increase or decrease the regret factor, proving this alternative as highly
sensitive and imbalanced. Here the scores (sm�, Table 4.2) show a higher
variability compared to the positive flow previously discussed. Seemingly,
the most regretful alternative from the G-10 countries seem to be Italy,
followed by the US and Japan. On the other side of this ranking lies
Sweden, which is seemingly the least regretful Country.

Although both above outputs are greatly informative on their own to
obtain a better insight about the sheer performance or regret of each
alternative compared to the remaining ones; one thing worth noting is
the following. These two rankings or magnitudes presented in Table
2 closely follow the partial rankings denoted in eq.4.3.1.2. That is, in
order for an alternative to be preferred to another one, it has to dominate
in at least one flow, and weakly dominate in the other one. However,
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this means that a lot of inconsistencies could arise, making real-world
scenarios (involving a large number of alternatives) di�cult to process.
For this reason, a unipolar scoring taking into account the two flows’ dis-
tributions simultaneously could be computed. This can be accomplished
by combining equations (4.4.2.2.1) and (4.4.2.2.3), forming a di�erent LP
formulation that could take into account both previous formulations as
follows:

�PI
ik = Max

↵�,↵+,��,�+
�PI

s.t.8
>>>>>><

>>>>>>:

↵+µ�+

i � ↵�µ��

i � �+��+

i � �����

i � ↵+µ�+

i0 � ↵�µ��

i0 � �+��+

i0 � �����

i0 + �PI

8i0 2 A \
Sk�1

h=1 PKFh

↵�,↵+, �+, �� � 0

↵� + �� = 1

↵+ + �+ = 1

,

(4.4.2.2.5)

where µ�+ is the overall dominance score that is supposed to be max-
imised, whilst its dispersion, ��+, should be minimised as larger values
denote instability due to the change of preferences. Likewise, µ�� shall
be minimised as it denotes the overall regret in the whole space of prefer-
ences and so is its dispersion, i.e. ���. The reason is that if one wants
to minimize the regret factor of an alternative, both its average regret
and its dispersion need to be minimized to achieve a more balanced and
non-regretful performance.

This LP formulation does indeed take into account both flows and
allows some flexibility on the trade-o�s between each flow’s µ and �

parameters. The global scores (smPI
i ; arising from the summation of

�PI
ik ) are a ‘loose’ global evaluation in the sense that they permit some

flexibility on how each flow is taken into account, as do note that in the
absence of further constraints, ↵ or � of a particular flow could be zero.
If one does not wish to permit such a possibility, and in accordance to
the ability to give a complete pre-order inherent in PROMETHEE II,
a stricter, though more straightforward formulation is provided in the
following section where how the � � µ�SMAA approach is shown to be
applied to PROMETHEE II directly, which takes both flows implicitly
into account and with the same constant rate.
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4.4.2.3 The �-µ approach applied to PROMETHEE II

Assuming all necessary steps to apply SMAA-PROMETHEE II to a
dataset are accomplished -that is: matrices RW, RP and RQ are con-
structed to compute matrices �+, �� and eventually �-, it is straight-
forward to compute the two parameters of interest, µ� and �� for every
alternative a 2 A as in equations (4.4.2.1.3d) and (eq4.4.2.1.3d) accord-
ingly. These two parameters are based on the net flows, hence the regret
factor is implicitly already taken into account in the intrinsic values
-�(ai,wmc,pmc,qmc), 8i = 1, . . . , n,mc = 1, . . . , s- and thus in the param-
eters proxying their distribution, i.e. µ�

i , ��
i . This is the fundamental

di�erence with LP formulation (4.4.2.2.5) which includes all components
and thus the possibility to a more ‘loose’ trade-o� among the two flows.
That said, the LP formulation for the � � µ � SMAA-PROMETHEE is
the following:

�PII
ik = Max

↵,�
�PII

s.t.8
><

>:

↵µ�
i � ���

i � ↵µ�
i0 � ���

i0 + �PII , 8i0 2 A \
Sk�1

h=1 PKFh

↵, � � 0

↵ + � = 1

. (4.4.2.3.1)

with the global net flow e�ciencies (smPII
i ) arising naturally as the sum

of the local e�ciencies (i.e. �PII
ik ) for every alternative i = 1, . . . , n.

Considering again the G-10 data presented up to this point as an
illustrative example, five PKF were found solving the above LP formula-
tion, illustrated in Fig. 4.7. Global e�ciencies (smPII) are given in Table
4.3. A comparison with the more ‘loose’ formulation (smPI , eq. 4.4.2.2.5)
is provided, with both rankings being fairly similar. Furthermore, for
reasons of comparability, two outputs of the SMAA-PROMETHEE II
method (Corrente et al., 2014) are provided, the expected rank (see ‘holis-
tic acceptability index’ in Lahdelma and Salminen, 2001, p.449) and the
rank with the highest probability (i.e. highest ‘rank acceptability index’
- or modal rank). As far as the ranking of G-10 countries is concerned,
SMAA-PROMETHEE II provides a probabilistic one (as also visualised
in Fig. 4.3), yet at this case it is fairly inconclusive. The reason is that the
highest ranking acceptability index is that of Switzerland attaining the
first rank with a 59.05% probability, with all the remaining alternatives
achieving probabilistic ranking with a certainty between 12.21% and
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38.34% (Table 4.3). This is a admittedly a very low probability to be
acceptable evidence of a country being ranked at that place.

However, this also highlights how the ��µ e�ciency analysis method
complements the SMAA variant of PROMETHEE by permitting encapsu-
lation of the vagueness associated with a ranking (for ordinal outcomes)
or the magnitude (for cardinal outcomes) of an alternative into a single
value. Of course, that is not to say that uncertainty analysis should be
neglected, rather the contrary. One might obtain the single estimators,
but can always go back to the SMAA-PROMETHEE II outputs to obtain
more interesting insights of how this single value was obtained, as well as
comparative benchmarks (such as the pairwise winning index or ranking
acceptability indices) that give the DM a more evident overview of what
lies underneath these values, as well as comparative insights between the
alternatives being evaluated, particularly when it comes to their visual
exploration through the SMAA-GAIA method that is introduced in the
following section.

Figure 4.7: The �-µ plane for net flow.
This figure shows how the G-10 Countries are evaluated in the ��µ plane based
on their net flows. Both axes are standardized using the Z-scores.
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Table 4.3: Global e�ciencies for the G-10 Countries

� � µ PII � � µ PI SMAA-PROMETHEE II

Country smPII Rank smPI Rank Expected
Rank

Rank with
Highest

Probability
Probability

Belgium 0.489 5 0.421 8 5 7 12.21%
Canada 0.512 4 0.516 4 5 6 17.04%
France 0.462 7 0.456 5 6 7 17.90%

Germany 0.441 8 0.442 7 6 4 28.18%
Italy 0.181 9 0.159 10 9 11 31.39%

Japan 0.000 11 0.000 11 8 11 31.63%
Netherlands 0.601 2 0.615 2 4 3 38.34%

Sweden 0.518 3 0.524 3 4 2 29.38%
Switzerland 1.000 1 1.000 1 2 1 59.05%

United Kingdom 0.467 6 0.455 6 8 9 24.75%
United States 0.128 10 0.172 9 8 11 31.29%

Note: � � µ PII refers to the global e�ciencies of LP formulation
(4.4.2.3.1), whilst � � µ PI refers to the global e�ciencies from LP for-
mulation (4.4.2.2.5). Expected rank is the rank taking into account
all probabilistic outcomes (i.e. for each i = 1, . . . , n: Expected Rank =Pn

r=1 p(i = r) ⇥ r), rounded to no decimals. Rank with the highest
probability is, as its name suggests, the rank for which RAI is the max
for each Country, i.e. the modal rank a country achieves in the SMAA.
For more details on the outputs of this method, see the original paper
by Corrente et al. (2014).

4.4.3 A cardinal version of SMAA-GAIA
In Section 4.3.3 the concepts of GAIA and its SMAA variant as given in
Arcidiacono et al. (2018) were briefly discussed. This section complements
the latter study in two ways. First, an alternative visualisation of GAIA
for SMAA-PROMETHEE is discussed, displaying cardinal information
for a unit of interest on the plane. Second, the two inputs (µ and �) and
the global output (sm) of the above proposed approach are introduced on
the plane, in order to provide analytical insights of their relation to the
rest of the criteria that formed these. Before introducing these concepts,
a handful necessary preliminaries are given below.

Consider the following n⇥m unicriterion flow matrix U :

U
n⇥m

=

0

BBBB@

ua1,g1 ua1,g12 · · · ua1,gm

ua2,g1 ua2,g12 · · · ua2,gm
... ... · · · ...

uan,g1 uan,g12 · · · uan,gm

1

CCCCA
, (4.4.3.1)

where: uai,gj =
1

n�1

Pn
i=1 [Pj(ai, ai0)� Pj(ai0 , ai)], i0 6= i. GAIA is essentially

an application of PCA on U, reducing the m-dimensional space to just a
two or three-dimensional plane that is visually clear to the keen eye. In
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particular, consider that one wants to construct a two-dimensional GAIA
plane, with �1, �2 the two largest eigenvalues and e1, e2 the corresponding
eigenvectors, all arised from applying PCA to (4.4.3.1). Considering that
the explained variance (i.e. � = �1+�2Pm

r=1 �r
) is at least 60% (Brans and

Mareschal, 1995), the GAIA visual consists of a two-dimensional plane
on which:

• Each criterion gj is plotted with coordinates (e1(j), e2(j)), with a line
linking it to the origin of the plane, i.e. (0,0).

• Each alternative is plotted using its principal component scores as
coordinates.

• The ‘decision stick’ is plotted using the following coordinates (w|e1,w|e2),
with w the weight vector chosen. Again, a line connects these coor-
dinates to the origin of the plane, i.e. (0,0).

Arcidiacono et al. (2018) propose a SMAA variant of GAIA where in-
stead of one plotted ‘decision stick’ (weight vector) -as in regular PROME-
THEE methods-, there’s one for each weight vector, all of which can be
plotted on the plane (see upper two plots of Fig. 4.5). This shows how the
preferences taken into account in the SMAA are dispersed along the crite-
ria. Moreover, in line with the ranking acceptability indices, the authors
propose highlighting those weight vectors for which an alternative is
ranked at a given place (e.g. 1st, 2nd and so on place) (see lower two plots
of Fig. 4.5) which showcases ordinal information on the plane. Build-
ing upon their contribution, this section gives cardinal meaning to the
SMAA-GAIA plane by highlighting each weight vector with a particular
colour corresponding to a rich gradient that is linked to an alternative’s
net flow (�). It is forthwith explained how this is attainable and a brief
didactic example with the G-10 countries’ evaluations discussed thus far
is given.

Consider a SMAA-GAIA representation of an alternative say a1. The
GAIA plane is defined exactly as mentioned in the list above. Now, each
weight vector w 2 W is plotted with coordinates (w|e1,w|e2) and a color in
the RGB gradient of preference that depends on the alternative’s net flow
score for that particular vector. For instance, consider that alternative
a1 takes net flow scores between 0.5 and 1 (in a normalized [0, 1] scale
for simplicity). One could visualize this in a gradient of one’s choice, e.g.
black color equals 0.5, white equals 1, and every value in-between takes a
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linear combination of these RGB codes’ values11. MATLAB automatically
applies a color gradient of preference (see e.g. ‘colormap’ function) easily
implemented through its ‘scatter’ function12.

To give an example of this proposal, Fig. 4.8 delineates the SMAA-
GAIA plane for the G-10 evaluation using SMAA-PROMETHEE, depict-
ing the space of weight vectors included in this analysis and, based on
each vector, the net flow scores that Switzerland achieves in this evalu-
ation plotted with a color showcasing the scores. According to the plot,
Switzerland takes net flow values (normalized in the [0, 1] range) between
just under 0.5 and up to 1, with the latter value being the norm. Particu-
larly, as it is clear from the plot, it is consistently achieving a unity (top)
score (yellow areas) in a vast part of the included weight vectors. Unless
the preferences lean significantly more towards the ‘WG’, ‘NIG’ or ‘LP’
criteria (blue-cyan areas), it achieves a top, or near the top performance
compared to the rest of the G-10 countries. Of course, in the software
(MATLAB 2019b), one could use this figure in a more interactive way, e.g.
by zooming in and exploring the relationships accordingly. For instance,
the right subplot of Fig. 4.8 shows a 40% zoomed frame of the original
figure. Looking at it, its clear that no matter which linear combination
of weights among ‘CI’, ‘PR’, ‘CR’, ‘MI’, ‘GDP’ or ‘PD’ criteria this country
is weighted more in, it still achieves a top score (pure yellow highlighted
area).

While not shown here to conserve space, other variants of Fig. 4.8
could provide further insights. For instance, one could be interested in
visualising which preference combinations would yield a score of between
0.80 and 1 for example for Switzerland. This would require plotting fewer
weight vectors, whilst highlighting more important areas for the DM. On
the contrary, the DM could be interested in those preferences that put
Switzerland’s score in at least the worst 10th percentile, in order to show
areas of improvement, or which preferences of which decision-makers
would dissatisfy them (based on the lower socio-inclusive score attained).

Last, but not least, should the DM would like to benchmark how
changes in preferences a�ect the scores between a unit of interest (say
one country) and another (say a close-performing peer of that country) this

11For instance, consider a value of 0.5 would be linked to a pure black color with an
RGB code of [0, 0, 0], whereas a value of 1 would correspond to a pure white color, with
a code of [255, 255, 255]. A value of 0.75 would be linearly interpolated to the RGB code
of [128, 128, 128] which is the grey color standing right in the middle of this grayscale
chart.

12See MATLAB’s documentation here: https://www.mathworks.com/help/matlab/
ref/scatter.html.
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Figure 4.8: The SMAA-GAIA plane.
This figure shows how the G-10 countries are evaluated in the GAIA plane.
The SMAA-PROMETHEE weight vectors are plotted, coloured according to
the net flows Switzerland achieves based on these preferences. The right
subplot is a 40% zoomed-in version of the left one.

could be feasible as well (for an example see Fig. 4.13). To give an example,
consider that the DM of a country constantly ranked/benchmarked below
another one, would like to see which areas of improvements could top
and beat the counterparty’s score (ceteris paribus). What is more, it
could be combined with the classic outputs of the SMAA-PROMETHEE,
such as the central weight vectors, permitting the DM to see the typical
preference for that space.

A second interesting use of GAIA could involve visualising the rela-
tionships between the elementary criteria and the inputs (µ, �) and global
output (sm) of the proposed method. In particular, one could be interested
in how the very basic ‘raw material’ forming the subsequent part of the
analysis that were presented relate to it. Put simply, one might be look-
ing to delineate the relationships between these two sets. This does not
involve any modification of GAIA at all. In particular, this is feasible by
horizontally concatenating a matrix containing the unicriteria net flows
of the three measures (µ, �, sm) with the matrix U (4.4.3.1). Then, as one
is not interested in projecting any cloud of weight vectors, the procedure
described at the beginning of this section runs with the newly formed
n⇥ (m+ 3) matrix being projected (through PCA) in a two-dimensional
plane exactly as in the regular GAIA procedure described. To give a
didactic illustration, in the case of the G-10 countries’ evaluation, this
would produce Fig. 4.9.

There are a few key observations to be made from this figure. First, µ
and sm seem to be driven towards the same direction, whilst � is located
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Figure 4.9: Embedding the �-µ parameters in the GAIA plane.
This figure shows how the sigma-mu analysis inputs (�, µ) and global output
(sm) can be embedded into the GAIA plane, providing the DM with further
insights on the relationships between elementary criteria that formed those, as
well as between them.

exactly opposite to sm. This, of course, is expected as µ is supposed to
maximize an alternative’s score, and � to penalize it. Second, with the
exception of ‘LP’, ‘HLE’ and ‘WG’, which are orthogonal to � (thereby not
relating to it), two criteria are completely the opposite direction to � (i.e.
‘PR’ and ‘NIG’). This implies that the former two criteria are reducing � in
the majority of alternatives, while there’s a mixed case for the remaining
ones not mentioned above. Of course, similar notes can be inferred from
the relationship of µ (or even sm) and the remaining criteria.

Last, but not least, embedding the three key measures outlined in
this study into the GAIA plane lets the DM directly and plainly observe
the performance (though in terms of dominance as to the remaining
alternatives) of the evaluated alternatives as to both the inputs (�, µ)
of sigma-mu and the global output (sm). For instance, the further a
G-10 country is located towards the same direction with �, the bigger
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its dispersion is compared to other G-10 countries located closer to �.
For example, Japan (JAP), Italy (ITA) and USA (USA) have a noticeably
higher dispersion to other alternatives (e.g. than UK, CAN, FRA etc.),
while at the same time, the Netherlands (NET) and Switzerland (SWI)
seem to dominate other G-10 countries both in terms of µ and of global
scores (sm).

Essentially, one could think of these two outputs above (i.e. Figs. 4.8
and 4.9) as a visual aid tool in the hands of the DM in the following way.
Consider that the DM is interested in evaluating the set of G-10 countries,
with her main interest lying in the case of Switzerland (SWI). Fig. 4.9
straightforwardly gives the DM the information that SWI is dominating
the remaining alternatives by a great deal of amount in the global output
(sm). SWI has the highest µ as well, whilst should the DM wants to
see how this score is achieved (e.g. is it consistent with the majority
of preferences, or is it due to outliers - i.e. a good performance due to
preferences concentrated in some criteria for which a unit is performing
very good), one may look at Fig. 4.8. Of course, the same could happen for
a di�erent country, and with di�erent variations of this plot. To give an
example, Fig. 4.8 could be highlighting the net flow scores of a di�erent
country, or the dimensions on which SWI performs poorly (e.g. maybe the
bottom 10% of percentile performance), so that the policy-maker could
focus on improving those dimensions that have the greater e�ect lifting
an alternative’s performance.

4.5 Case Study: The Inclusive Development
Index

The need against a solely economic-oriented measure of growth, such as
as the GDP, is well-advocated in the literature (e.g. see, among other in-
fluential studies, Stiglitz et al., 2009; Costanza et al., 2009; Kubiszewski
et al., 2013). Their advocates do not protest the use of GDP to measure
economic growth, rather its association with the measurenent of a na-
tion’s welfare; something that is noted even during its very conception
by Simon Kuznets (1934) dated in the far 1934. Several attempts have
been made by global organizations and institutions to measure welfare
individually (e.g. UNDP’s ‘World Happiness’ report), or jointly with GDP
in a more socio-economic inclusive growth index (e.g. OECD’s ‘Better Life
Index’ (BLI), WEF’s ‘Inclusive Development Index’ (IDI)). The former is
carried out in the form of surveys, while the latter two are presented as
composite indicators that rank the OECD and 108 economies respectively,
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on the basis of 12 and 3 dimensions accordingly. Being composites of
an additive type and no decisive judgement on a di�erential weighting,
means both the BLI and IDI indicators bear the issues discussed in the
introduction of this study. Interestingly, while both start from equal
weighting to form their baseline results, they leave the choice of a di�er-
ent weight vector to the end user through their interactive platforms on
their o�cial websites. The BLI has been extensively discussed before (for
a comprehensive review of the literature and a methodological proposal
see Greco et al., 2017). Thus, this study is engrossed with WEF’s IDI
that is briefly describe in the following (for an extensive description, see
the full report from Samans et al., 2017).

The Inclusive Development Index is hierarchical in that it consists
of three dimensions, each of which contains four sub-indicators (see Ta-
ble 4.4). According to the authors (Samans et al., 2017, p.9) this set of
indicators, named as ‘National Key Performance Indicators’ provides
“[...] a more complete picture of national economic performance than that
provided by GDP alone, particularly if the ultimate objective of develop-
ment is understood to be sustained, broad-based advancement of living
standards rather than increased production of goods and services, per se”.
The authors claim that this index is overall useful for governments and
stakeholders to determine the e�ect of changes in policy and conditions
within a typical political cycle. Taken into consideration along with the
report’s policy framework and metrics, which consists of seven pillars -
and it o�ers a relative demonstration of institutional strength enabling
environment conditions in fifteen of the most relevant policy domains
for inclusive growth (see Samans et al., 2017, Fig.1) - one could monitor
both the output (that is the inclusive growth index hereby studied) and
the input (that is the environment laying the foundations to inclusive
growth as witnessed by the seven pillars) of each of the 108 economies
analysed in the report. Of course, this study is interested in the analysis
of the output measure, that is the inclusive development index (hereafter
referred to as ‘IDI’).

The report’s ‘scoreboards’ are based on equal weighting, dimension
and sub-indicators-wise, which means that each dimension is given 33.3%
of weight and each sub-indicator 8.25% weight accordingly. First, repli-
cation of the IDI (for comparison purposes) will be performed using the
PROMETHEE II method though (to ensure comparability with the pro-
posed approach), and equal weights to be consistent with the report as to
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Table 4.4: Inclusive Development Index (IDI) - Elementary Indicators

Dimensions Sub-Indicators
GDP per capita (GDP)

Growth and
Development

Labor Productivity (LP)
Employment (E)

Healthy Life Expectancy (HL)

Net Income GINI (NIG)
Inclusion Poverty Rate (PR)

Wealth GINI (WG)
Median Income (MI)

Adjusted Net Savings (ANS)
Intergenerational Equity

and Sustainability
Carbon Intensity (CI)

Public Debt (PD)
Dependency Ratio (DR)

For an extensive description of the sub-indicators and their sources,
see the original report (Samans et al., 2017), or the o�cial website
of the WEF at: https://goo.gl/2wrF7K.

the preferences on criteria importance13. This index will act as a compar-
ative metric against which the results of the proposed approach will be
compared. The obtained index is annotated as IDIP .

Using the ��µ SMAA-PROMETHEE methods discussed in this chap-
ter, another version of IDI is constructed, taking into account the whole
space of weight vectors this time. This permits the developer extend
the analysis above and beyond the issue of the representative agent in-
herent in the classic analysis of composite indicators (see Greco et al.,
2018, p.587 for a discussion), while it also encapsulates a basic form of
uncertainty and sensitivity analysis (see Saisana et al., 2005) that is fre-
quently found to be missing from the development of composite indicators,
despite its importance (Burgass et al., 2017). Using 10,000 randomly
(uniformly) simulated weight vectors as potential preferences in the
SMAA-PROMETHEE approach, the � � µ PROMETHEE I (eq.4.4.2.2.5,
Section 4.4.2.2) and PROMETHEE II (eq.4.4.2.3.1, Section 4.4.2.3) ap-
proaches are applied to this set of data. It should be noted that these two
approaches are similar in the sense that they take into account incom-
parability in the evaluation, though the former is more flexible than the
latter as it does so with such a way giving the benefit of the doubt to the
unit being evaluated as to the balance between performance and regret.
Instead, the latter takes these aspects implicitly into account for all units

13For reasons of simplicity, linear function was used, and for each criterion a zero
indi�erence threshold (q) and the max of the di�erences among alternatives as the
preference thresholds (pgj ) were set accordingly.
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and with the same rate (hence, no flexibility -e.g. through weights ↵+,�+

and ↵�, ��)- in that regard).
Carrying out the above analysis, it is found that the 108 countries

are scattered in 27 PKF, visualised in Fig. 4.10. The global scores
obtained through the � � µ PROMETHEE II (smPII) are delineated in
a world heat-map in Fig. 4.11. Very similar results were obtained with
the � � µ PROMETHEE I approach (Spearman’s correlation: 99.7%,
Kendal’s Tau: 98.09%) thus this section will not di�erentiate between the
two approaches, but only the former one will be reported and discussed.
Given the fact that analysing and reporting table results for 108 countries
would need a fair amount of space, the focus will be revolved around those
countries that made the top 15 list, providing the full set of results in
an online supplementary appendix. The top 15 countries’ results are
provided in Table 4.5.

Figure 4.10: Family of �-µ Pareto-Koopmans frontiers
This figure shows how the 108 countries in the sample are evaluated in the
sigma-mu plane. 27 PKF are found. Axes are normalized according to their
Z-scores.

According to the results in Table 4.5, the rankings of the two variants
of �� µ applied to SMAA-PROMETHEE (i.e. IDISMPI and IDISMPII) are
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Figure 4.11: Inclusive Development - Global scores.
This figure shows how the 108 countries in the sample are evaluated according
to their inclusive development. Both size and colour delineated in the heatmap
show the global score a country achieves according to the 12 criteria (see Table
4.4) the WEF provides as indicators to inclusive development.

identical (which is reasonably expected given their very high correlation).
The top country according to its socio-economic inclusive development
is Norway, something that is confirmed through all models, as well as
probabilistic outcomes (i.e. SMAA-PROMETHEE II output - unreported
here for brevity). In fact, the countries making it to the Top-8 list are
consistently ranked at that place even with equal weights (i.e. IDIP ),
while there’s a small reshu�e experienced in the remaining seven posi-
tions. Out of the top fifteen countries, ten central and northern European
countries made it to this list, another four countries from the southern
hemisphere (Asia, Australia & Oceania) and one from North America
(Canada). While unreported in this list, United States was ranked 35th
according to both variants of the proposed approach, and 30th according
to the WEF’s preferences (i.e. equal weights).

Understandably, providing a series of rankings as is the case here
raises the question of which one an interested party to take into account.
Admittedly, there is no such thing as a ‘correct’ or ‘false’ ranking, but
rather a di�erent underlying assumption inherent in it. This chapter
support the view that the one provide here under the ‘IDISMPII ’ label is
more holistic in the sense that it implicitly takes a few important things
into account: a multiplicity of viewpoints in the evaluation exercise, and
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Table 4.5: Inclusive Development Index (IDI) for the Top 15

IDISMPI IDISMPII IDIP
Country sm+ Ranking sm Ranking � Ranking
Norway 1.00 1 1.00 1 1.00 1

Luxembourg 0.97 2 0.97 2 0.97 2
Switzerland 0.91 3 0.90 3 0.93 3

Iceland 0.75 4 0.75 4 0.83 4
Australia 0.74 5 0.73 5 0.81 5

Netherlands 0.73 6 0.72 6 0.81 6
Sweden 0.70 7 0.70 7 0.80 7

Singapore 0.66 8 0.66 8 0.78 8
Korea, Rep. 0.66 9 0.65 9 0.73 13

New Zealand 0.64 10 0.63 10 0.70 15
Denmark 0.63 11 0.63 11 0.76 9
Belgium 0.62 12 0.62 12 0.75 10
Austria 0.62 13 0.62 13 0.74 11
Canada 0.61 14 0.61 14 0.73 12

Germany 0.61 15 0.60 15 0.72 14
This table shows the estimators and the rankings of the Top-15 coun-
tries, achieved with equal weights (i.e. IDIP , similarly to the WEF’s
index though with an MCDA technique instead of an additive utility
setting), and taking into account the whole space of weight vectors us-
ing the � � µ SMAA-PROMETHEE I (i.e. IDISMPI , allowing for some
flexibility between performance and regret) and � � µ PROMETHEE II
(i.e. IDISMPI ).

spatial information about the competition surrounding each alternative
in the � � µ plane. Moreover, compared to a set of estimators obtained
through a single weight vector, both these estimators and the rankings
based on them are ‘corrected’ for uncertainty, as imbalanced units are
being penalized more in their final global scores.

Turning to the utilization of the cardinal version of GAIA provided in
Section 4.4, Fig. 4.12 delineates how consistently Norway (ranked 1st
through all specification) obtains a top score. It is apparent that almost
no matter which linear combination between ‘PR’, ‘HLE’, ‘NIG’, ‘LP’, ‘MI’,
‘GDP’ and ‘CI’ (a staggering seven out of twelve criteria) is the choice of
preferences, it achieves a top (unity) score. Its dominance over the ‘PD’
criterion is outstanding as well, while crucial improvement could be made
with respect to ‘E’ and ‘WG’, criteria in which it is considerably dominated
in by the remaining countries (Norway’s score could even reach a low of
40%).

An interesting insight made from the cardinal information presented
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Figure 4.12: The SMAA-GAIA plane: the case of Norway.
This figure shows the space of weight vectors highlighted according to the
evaluation of Norway’s net flows.

in the GAIA plane is that delinated in Fig. 4.13. Consider that a policy-
maker in Luxembourg (consistently ranked just below Norway) would like
to see areas of improvement having Norway as a benchmark. Of course,
one could argue that this could be made by looking at the elementary
indicators. The di�erence is that these do not provide any information
about domination and dominance (non-compensatory feature), whereas
a plotted preference (i.e. a weight vector) can show the evaluation of
a country of interest (e.g. by highlighting this preference in a given
colour) taking into account the underlying dominance (i.e. through the
uni-criterion net flows). This can be done by highlighting a weight vector
with a colour according to the di�erence in the net flow scores of the
two alternatives achieved with that weight vector (i.e. (�(Nor)

�(Lux) � 1) ⇥
100). This would show the overall performance di�erence Norway attains
against Luxembourg (%) according to that preference. As one may not
be interested in all the di�erences but only in areas of improvements for
Luxembourg, suppose that only those vectors are shown (and highlighted
accordingly) for which Norway’s score is better than Luxembourg and for
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at least a 10% di�erence. As it seems from Fig. 4.13, Norway is between
at least 10% and 25% better than Luxembourg in criteria plotted towards
the bottom half of the figure, with an extreme case scenario of the former
being superior than the latter by 50% when the weight of preferences
is solely focused around employment (i.e. criterion ‘E’). Of course, the
threshold of 10% could be removed/adjusted according to what the DM
considers a di�erence big enough to take respective action to reduce the
gap.

Figure 4.13: The SMAA-GAIA plane: Norway’s superiority over Luxem-
bourg.
This figure shows the space of weight vectors highlighted according to the
superiority of Norway’s evaluation over Luxembourg’s (%). The space of weight
vectors plotted is constrained to only those for which Norway is at least 10%
overall better than Luxembourg.

4.6 Conclusions and further research
Composite indicators are still far from a perfect metric. The reason
is that involving a series of several steps -the most important being
weighting and aggregation- means that they are fairly prone to error
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judgements, mistakes or even manipulation. Whilst it is a generally
acceptable notion that no perfect aggregation will ever exist (Arrow and
Raynaud, 1986), these composite and often opaque scores are, at the
moment, the best and most popular metrics we may provide to summarise
the multidimensionality of a phenomenon being evaluated.

An important issue in the construction of composite indicators is
their compensatory nature for which some serious deficiency on one or
elementary indicator is counterbalanced by the performances of other
elementary indicators, which can be questionable in several domains. In
this perspective, this chapter proposed a novel definition of non-compensa
tory composite indicator as aggregation of non-compensatory preferences
of the considered units with respect to all the others. In this perspective
it is seen that Borda count and its extensions, i.e. the PROMETHEE
methods, constitute a valuable basis for constructing non-compensatory
composite indicators.

On this basis, a methodology was proposed, based on well-known oper-
ations research methodologies to construct non-compensatory composite
indicators that o�er the following advantages:

• Based on the SMAA methods the transparency14 in an evaluation
process is enhanced. This is crucial as it shows how prone an
alternative could be to changes in the parameters used to evaluate
it. Moreover, SMAA permits going above and beyond the issue of
the representative agent inherent in an evaluation exercise that
concerns a population which is often unknown and thus almost
impossible to guess the preferences of.

• Based on the PROMETHEE methods, which are based on a general-
ization of the clasical Borda score, this approach disentangles and
takes into account both the performance and the regret factors of an
alternative being evaluated. In this context of non-compensatory
aggregation normalization of elementary indicators is not needed
any more, and weights act now as ‘importance coe�cients’ instead
of ‘trade-o�s’ between pairs of indicators.

• Based on the ‘Sigma-Mu e�ciency analysis’ approach proposed
on the previous chapter, one is able to consolidate the breadth of
information provided with the SMAA methods that, while greatly
informative on its own, was not consolidated into a single value

14The meaning of “transparency” here refers to the fact that one may know according
to which inputs of preferences were which particular results obtained, instead of a
subjective and authoritative -and sometimes undisclosed- way of a single decision-maker
deciding upon the weights to be used in the evaluation.
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to act as a performance metric. This approach takes into account
the distribution of evaluations, essentially proxying for the whole
population interested in the evaluation process. Furthermore, it
takes into account the spatial information on the ‘Sigma-Mu’ plane,
which adjusts the classic e�ciency measurement to that of taking
into account the distances from every single level of competition (as
proxied by the many Pareto-Koopmans frontiers in the plane).

• Last, but certainly not least, based on the GAIA visual aid, an-
other SMAA-variant of this important tool was provided to be in
the toolbox of a decision-maker that is able to showcase cardinal
information from the SMAA evaluation. In particular, it shows
how an alternative’s evaluation can change as a function of the
preferences taken into account in that evaluation. Moreover, as
showcased in an illustrative example in this paper, it could display
areas of improvement for an alternative of interest compared to its
closer competitive. This aspect can be seen of high potential interest
for policy makers and practitioners.

Closing this chapter, it should be mentioned that an important area
of improvement in the construction of composite indicators is interac-
tions among criteria. In particular, in this process it was assumed that
there are no externalities and interdependencies among criteria. In real
world situations though, it is very probable that criteria (particularly
those within the same dimension) can be mutually strengthening (or
conflicting) the final score (for the basic theory on which this approach
can be construct see Angilella et al. (2015) and Angilella et al. (2016) for
the compensatory approach, and Arcidiacono et al. (2018) for the non-
compensatory approach, while for some first works in this direction see
Angilella et al. (2018) and Corrente et al. (2019)). This is an important
and fruitful area of improvement that needs to be treated with caution.
Last, but not least, the proposed method could be coupled with Multiple
Criteria Hierarchy Process (see e.g. Angilella et al., 2018) as well, in order
to evaluate and make inferences from each node in hierarchical struc-
tures, i.e. composite indicators based on several dimensions. Both these
additions were skipped in this proposal, as this is something that would
unnecessary complicate the modelling process of an idea that serves as a
first step in addressing the issues of weighting and aggregation.
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Part IV

Reflection & Remarks
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Chapter 5

Overview, limitations &
further research

Analysis of two decades of literature in the domain of composite indi-
cators has mainly shown two key things. First, the trend is nowadays
exponential with papers (methodological and applications) growing at
a fast pace every year. Second, unresolved issues in the methodological
framework of composite indicators mean that this increasing trend might
be either coming to a halt (if criticism outnumbers the support), or, worse,
going to an undesirable path where mass production of metrics is all that
matters regardless of a sound underlying framework. Realistically, given
the current trajectory of data dissemination and explosion of interest
in areas such as big data; the need for metrics created out of these will
potentially keep increasing. The only problem? Trust in these metrics.

It is easy to envisage where distrust in these metrics might come from.
With a variety of steps and choices in the methodological framework of
composite indicators, this metric could easily and radically change. There
is a long documented discussion in the literature when it comes to the
steps of weighting and aggregation in particular. That is reasonable, as
these opaque measures are after all an aggregation function depending
on the chosen weights1 (or other subjective parameters). Years of disputes
and past solutions revolve around the use of which method elicits a more
meaningful set of preferences (weights), with some experts favouring
subjective approaches (i.e. involving a decision-maker) and others favour-
ing objective ones (i.e. involving data-driven techniques). Yet, both sides
often neglect the underlying assumption that is made with either family
of methods. That is: the weight vector elicited allegedly represents the
whole population interested in the composite indicator.

1Granted that the selection of indicators is achieved through a sound process. Let us
not confuse the conceptual framework and the methodological one, as this thesis deals
with the latter.
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However, di�erent results are to be expected even by slightly changing
one’s preferences, the choice of which resembles a quest for the “holy
grail”. Extending this argument from a conceptual point of view, this
set of weights (commonly univocal) could be never representative for the
population interested in this synthetic measure. Therefore, it seems
reasonable to take into account for each unit the distribution of values
assumed by the composite indicator on the whole set of feasible prefer-
ences.

This is the proposal put forward in this thesis, namely ‘��µ e�ciency
analysis’, which synthesizes such distributions of preferences correspond-
ing to di�erent parameters for each unit with its mean value, µ, intended
to be maximized, and its standard deviation, �, intended to be minimized,
as it denotes instability in the evaluations with respect to the variability
of evaluations taking into account the di�erent preferences. The con-
cepts of � � µ Pareto-Koopmans dominance and e�ciency were further
given, which permitted to define for each unit under analysis several
types of meaningful e�ciency measures in an e�ort to benchmark with
all competitors, closer or further, as well as measure their overall domi-
nance. This way the � � µ e�ciency analysis was outlined by combining
several well-known Operations Research methodologies and used as a
novel approach trying to tackle the issue of weighting.

Turning to the issue of aggregation, the inclusion of the PROMETHEE
family of methods was proposed instead of the classic additive utility
aggregation function. The benefits of this type of aggregation are that
it is non-compensatory in nature (as argued in Chapter 4), whilst it
handles weights as ‘importance coe�cients’ rather than trade-o�s. The
former means that it is not simply the performance factor that counts
in creating a metric, but also the regret aspect; a sort of a more holistic
way to think of alternatives in terms of dominance and domination. The
latter is particularly useful as decision-makers more often than not set
the weights as importance coe�cients, which is utterly di�erent from
what they end up being used as in additive utility settings. In addition,
PROMETHEE methods eliminate the step of normalization, which could
indeed be a�ecting the scales of di�erences between units, and thus -up
to some extent- their relative position. However, some PROMETHEE
functions need more parameters (such as indi�erence and preference
functions) than the additive utility setting, which is a drawback worth
having in mind.

As far as robustness is concerned, both proposed approaches are based
on the SMAA family of methods, which encapsulates the classic uncer-
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tainty analysis that is often found to be missing from the procedure
of composite indicator construction. Classic SMAA outputs (in either
additive utility or PROMETHEE aggregation functions) give the decision-
maker tools such as typical preferences (central weight vectors) support-
ing an alternative over another, or typical preferences and probabilistic
outcomes (ranking acceptability indices) raising/lowering the rank of an
alternative etc, in order to illustrate to the DM either the sets of typical
preferences, or simply boxplots of ranking deviations. In the case of the
SMAA-PROMETHEE variant in particular, this is enhanced through the
tool of (SMAA-)GAIA, which normally provides the decision-maker with
information such as similar (or opposing) alternatives, relative perfor-
mance in the criteria of interest (and plotting of the preferences for which
an alternative is ranked higher/lower etc.). This was advanced in Chapter
4 by giving a cardinal version of the SMAA-GAIA plane, complementing
the ordinal information of the previous version. For instance, now the
decision-maker not only knows the preferences placing an alternative
first, second and so on, but also the impact and magnitude of the di�er-
ence between an alternative of interest and another alternative (perhaps
the next in the rankings).

Last but not least, no single methodology is without its drawbacks.
Starting with the conceptual ones, this methodology starts from the
assumption that it is based on taking into account a multiplicity of view-
points. That would either make things more easy or more complicated.
For instance, in some cases it could be easy (and perhaps cheap) to include
this multiplicity of viewpoints through public polls (e.g. if the evaluation
regards citizens’ opinions), but sometimes one might not be aware of who
should be involved in the multiplicity of viewpoints that this method is
referred to. In this lack of information, a uniform distribution was as-
sumed in both case studies that, given on the high number of simulations
(10,000), covered essentially the whole space of potential preferences.
Yet, how realistic that is depends on what is the actual distribution that
should have been taken into account (e.g. maybe the actual distribution
of preferences is not uniformly spread around the criteria, but more con-
centrated on some rather than others - consider, for example, that in the
last case study young people are more interested in monetary and social
aspects rather than inter-generation equity ones). A second limitation
of this approach (but also all aforementioned approaches in Section 2)
is that it does not take into account synergistic/opposing e�ects. For
instance, if a decision-maker does improve the performance of an alter-
native in a given criterion, this could have an (positive/negative) impact
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on another criterion. Yet, this model assumes the naive ‘ceteris paribus’
argument holds true, which, however is encountered in all models of
composite indicators for reasons of simplicity. To overcome this issue,
there could be two pathways. First, these proposals could be coupled with
MCDA methods designed to address interactions in a subjective manner,
such as the Choquet integrals, though one should bear in mind that the
modelling complexity and assumptions that will be needed would grow
accordingly. Second, one could monitor the inter-relationships between
indicators for confounding e�ects through the addition of two-way higher
order interactions in a regression setting (see e.g. Braumoeller, 2004;
Williams, 2012; Aguinis et al., 2017). Last, but not least, as advocated at
the end of both proposed methods (conclusive remarks of Chapters 3 and
4), these methods did not take into account hierarchical structures and it
could well benefit by being coupled with the Multiple Criteria Hierarchy
Process, which could give the advantage of tracking the evaluations at a
hierarchical level, and in particular in each node of the hierarchy. This
is particularly useful for composite indicators that consist of many levels
of hierarchies.

Turning to the future research, as far as the methodological framework
of composite indicators is concerned, further research is needed and
at all its stages. First, given that the main input to this method is a
large set of preferences, methods that could elicit, “mimic” or predict
a population’s preferences could be used on top of the � � µ method
to fine tune the space W on which the basic two parameters (µ and
�) are based. Second, further research needs to be carried out on the
analysis of potential interactions among criteria, as this is possible to
be encountered or not in di�erent disciplines that the methodology is
applied to. This is an issue that is almost always avoided for reasons of
simplicity, yet is of paramount importance and a great modular addition
even to the proposed methodology if interactions are deemed existent.
Third, more advanced frontier models could be introduced that deal with
several issues, from non-linear representations to realistic concerns on
the trade-o�s occurring from the parameters ↵ and �. Last, but not
least, whilst these methods were introduced to solve measurement issues
in the domain of composite indicators, they could well be adopted in
other domains where similar settings are at stake, i.e. a multiplicity of
stakeholders’ views and several criteria upon a decision is to be made.

To conclude this thesis, since composite indicators are inter-disciplinary
in nature, this is a wide and open call to all potentially interested re-
searchers from all disciplines. Seemingly, these opaque measures are
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increasingly getting under the spotlight. Hopefully, this means that it
will attract interesting and fruitful proposals in the near future.
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1 Introduction 

In the past decades, we have witnessed an enormous upsurge in available information, the extent and use 

of which are characterised by the founder of the World Economic Forum as the ‘Fourth Industrial 

Revolution’ (Schwab, 2016, para. 2). While Schwab focuses on the use and future impact of these data –

ranging from policy and business analysis to artificial intelligence – one of the key underlying points is 

that this enormous and exponential increase in available information hides another issue: the need for its 

interpretation and consolidation. Indeed, an ever-increasing variety of information, broadly speaking in the 

form of indicators, increases the difficulty involved in interpreting a complex system. To illustrate this, 

consider for example a phenomenon like well-being. In principle, it is a very complex concept that is 

particularly difficult to capture with only a single indicator (Decancq and Lugo, 2013; Decancq and 

Schokkaert, 2016; Patrizii et al., 2016). Hence, one should enlarge the range of indicators to encompass all 

the necessary information on a matter that is generally multidimensional in nature (Greco et al., 2016). 

However, in such a case, it would be very difficult for the public to understand ‘well-being’ by, say, 

identifying common trends among several individual indices. They would understand a complex concept 

more easily in the form of a sole number that encompasses this plethora of indicators (Saltelli, 2007). 

Reasonably, this argument may raise more questions than it might answer. For instance, how would this 

number be produced? Which aspects of a concept would it encompass? How would they be aggregated 

into the form of a simple interpretation for the public and so on? This issue, and the questions that it raises, 

introduce the concept of ‘composite indicators’.  

Defining ‘composite’ (sometimes also encountered as ‘synthetic’) indicators should be a 

straightforward task given their widespread use nowadays. Even though it appears that there is no single 

official definition to explain this concept, the literature provides a wide variety of definitions. According to 

the European Commission’s first state-of-the-art report (Saisana and Tarantola, 2002, p.5), composite 

indicators are ‘[…] based on sub-indicators that have no common meaningful unit of measurement and 

there is no obvious way of weighting these sub-indicators’. Freudenberg (2003, p.5) identifies composite 

indicators as ‘synthetic indices of multiple individual indicators’. Another potential definition provided by 

the OECD’s first handbook for constructing composite indicators (Nardo et al., 2005, p.8) is that a 

composite indicator ‘[…] is formed when individual indicators are compiled into a single index, on the 

basis of an underlying model of the multi-dimensional concept that is being measured’. This list of 

definitions could continue indefinitely. By pooling them together, a common pattern emerges and relates to 

the central idea of the landmark work of Rosen (1991). Essentially, a composite indicator might reflect a 
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‘complex system’ that consists of numerous ‘components’, making it easier to understand in full rather 

than reducing it back to its ‘spare parts’. Although this ‘complexity’, from a biologist’s viewpoint, refers to 

the causal impact that organisations exert on the system as a whole, the intended meaning here is 

astonishingly appropriate for the aim of composite indicators. After all, Rosen asserts that this 

‘complexity’ is a universal and interdisciplinary feature. 

Despite their vague definition, composite indicators have gained astounding popularity in all areas of 

research. From social aspects to governance and the environment, the number of their applications is 

constantly growing at a rapid pace (Bandura, 2005, 2008, 2011). For instance, Bandura (2011) identifies 

over 400 official composite indices that rank or assess a country according to some economic, political, 

social, or environmental measures. In a complementary report by the United Nations’ Development 

Programme, Yang (2014) documents over 100 composite measures of human progress. While these 

inventories are far from being exhaustive – compared with the actual number of applications in existence – 

they give us a good understanding of the popularity of composite indicators. Moreover, a search for 

‘composite indicators’ in SCOPUS, conducted in January 2017, shows this trend (see Figure 1). The 

increase over the past 20 years is exponential, and the number of yearly publications shows no sign of a 

decline. Moreover, their widespread adoption by global institutions (e.g. the OECD, World Bank, EU, etc.) 

has gradually captured the attention of the media and policymakers around the globe (Saltelli, 2007), while 

their simplicity has further strengthened the case for their adoption in several practices. 

Nevertheless, composite indicators have not always been so popular, and there was a time when 

considerable criticism surrounded their use (Sharpe, 2004). In fact, according to the author, their very 

existence was responsible for the creation of two camps in the literature: aggregators versus non-

aggregators. In brief,1 the first group supports the construction of synthetic indices to describe an overall 

complex phenomenon, while the latter opposes it, claiming that the final product is statistically 

meaningless. While it seems idealistic to assume that this debate will ever be resolved (Saisana et al., 

2005b), it quickly drew the attention of policymakers and the public. Sharpe (2004) describes the example 

of the Human Development Index (HDI), which has received a vast amount of criticism since its creation 

due to the arbitrariness of its methodological framework (Ray, 2008). However, it is the most well-known 

composite index to date. Moreover, it led the 1998 Nobel Prize-winning economist A. K. Sen, once one of 

the main critics of aggregators, to change his position due to the attention that the HDI attracted and the 

debate that it fostered afterwards (Saltelli, 2007). He characterised it as a ‘success’ that would not have 

happened in the case of non-aggregation (Sharpe, 2004, p.11). Seemingly, this might be considered as the 
 

1 For a more detailed analysis of the debate between the two groups, see Sharpe (2004, pp.9–11). 
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first win for the camp of aggregators. Nevertheless, the truth is that we are still far from settling the 

disputes and the criticism concerning the stages of the construction process (Saltelli, 2007). 

 

Figure 1: Results for ‘composite indicators’ on SCOPUS for the period 1997–2016. 

This is natural, as there are many stages in the construction process of a composite index and criticism 

could grow simultaneously regarding each of them (Booysen, 2002). Moreover, if the procedure followed 

is not clear and reasonably justified to everyone, there is considerable room for manipulation of the 

outcome (Grupp and Mogee, 2004; Grupp and Schubert, 2010). Working towards a solution to this 

problem, the OECD (2008, p.15) identifies a ten-step process, namely a ‘checklist’. Its aim is to establish a 

common guideline as a basis for the development of composite indices and to enhance the transparency 

and the soundness of the process. Undeniably, this checklist aids the developer in gaining a better 

understanding of the benefits and drawbacks of each choice and overall in achieving the kind of coherency 

required in the steps of constructing a composite index. In practice, though, this hardly reduces the 

criticism that an index might receive. This is because, even if one does indeed achieve perfect coherency 

(from choosing the theoretical framework to developing the final composite index), there might still be 

certain drawbacks in the methodological framework itself.  
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The purpose of this study is to review the literature with respect to the methodological framework used 

to construct a composite index. While the existing literature contains a number of reviews of composite 

indicators, the vast majority particularly focuses on covering the applications for a specific discipline. To 

be more precise, several reviews of composite indicators’ applications exist in the fields of sustainability 

(Bohringer and Jochem, 2007; Singh et al., 2009, 2012; Pissourios, 2013; Huang et al., 2015), the 

environment (Juwana et al., 2012; Wirehn et al., 2015), innovation (Grupp and Mogee, 2004; Grupp and 

Schubert, 2010), and tourism (Mendola and Volo, 2017). However, the concept of composite indicators is 

interdisciplinary in nature, and it is applied to practically every area of research (Saisana and Tarantola, 

2002). Since the latest reviews on the methodological framework of composite indices were published a 

decade ago (Booysen, 2002; Saisana and Tarantola, 2002; Freudenberg, 2003; Sharpe, 2004; Nardo et al., 

2005; OECD, 2008) and a great number of new publications have appeared since then (see Figure 1), we 

re-examine the literature focusing on the methodological framework of composite indicators and more 

specifically on the weighting, aggregation, and robustness steps. These steps are the focus of the 

paramount criticism as well as the recent development. In the following, Section 2 describes the weighting 

schemes found in the literature and section 3 covers the step of aggregation. Section 4 provides an 

overview of the methods used for robustness checks following the construction of an index, and section 5 

contains a discussion and concluding remarks. 

2 On the weighting of composite indicators 

The meaning of weighting in the construction of composite indicators is twofold (OECD, 2008, pp.31–33). 

First, it refers to the ‘explicit importance’ that is attributed to every criterion in a composite index. More 

specifically, a weight may be considered as a kind of coefficient that is attached to a criterion, exhibiting 

its importance relative to the rest of the criteria. Second, it relates to the implicit importance of the 

attributes, as this is shown by the ‘trade-off’ between the pairs of criteria in an aggregation process. A 

more detailed description of the latter and the difference between these two meanings is presented in 

section 3, in which we describe the stage of aggregation and explain the distinction between 

‘compensatory’ and ‘non-compensatory’ approaches.  

Undeniably, the selection of weights might have a significant effect on the units ranked. For instance, 

Saisana et al. (2005a) show that, in the case of the Technology Achievement Index, changing the weights 

of certain indicators seems to affect several of the units evaluated, especially those that are ranked in 
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middle positions.2 Grupp and Mogee (2004) and Grupp and Schubert (2010, p.69) present two further 

cases of science and technology indicators, for which the country rankings could significantly change or 

otherwise be ‘manipulated’ in the case of different weighting schemes. This is a huge challenge in the 

construction of a composite indicator, often referred to as the ‘index problem’ (Rawls, 1971). Basically, 

even if we reach an agreement about the indicators that are to be used, the question that follows – and the 

most ‘pernicious’ one (Freudenberg, 2003) – is how a weighting scheme might be achieved. Although far 

from reaching a consensus (Cox et al., 1992), the literature tries to solve this puzzle in several ways. 

Before we venture further to analyse the weighting approaches in existence, we should first note that no 

weighting system is above criticism. Each approach has its benefits and drawbacks, and there is no 

ultimate case of a clear winner or a kind of ‘one-size-fits-all’ solution. On the contrary, it is up to the index 

developer to choose a weighting system that is best fitted to the purpose of the construction, as disclosed in 

the theoretical framework (see OECD, 2008, p.22). 

2.1 No or equal weights 

As simple as it sounds, the first option is not to distribute any weights to the indicators, otherwise called an 

‘attributes-based weighting system’ (see, e.g. Slottje, 1991, pp.686–688). This system may have two 

consequences. First, the overall score (index) could simply be the non-weighted arithmetic average of the 

normalised indicators (Booysen, 2002; Singh et al., 2009; Karagiannis, 2017). A common problem that 

appears here, though, is that of ‘double counting’3 (Freudenberg, 2003; OECD, 2008). Of course, this issue 

might partially be moderated by averaging the collinear indicators as well prior to their aggregation into a 

composite (Kao et al., 2008). The second alternative in the absence of weights is that the composite index 

is equal to the sum of the individual rankings that each unit obtains in each of the sub-indicators (e.g. see 

the Information and Communication Technologies Index in Saisana and Tarantola, 2002, p.9). By relying 

solely on aggregating rankings, this approach fails to achieve the purpose of vastly improving the statistical 

information, as it does not benefit from the absolute level of information of the indicators (Saisana and 

Tarantola, 2002).  

Equal weighting is the most common scheme appearing in the development of composite indicators 

(Bandura, 2008; OECD, 2008). It is important to note here that the difference between distributing equal 

 
2 Freudenberg (2003) presents a similar case during the construction of an index of innovation 

performance. 
3 In brief, ‘double counting’ refers to the issue of implicitly weighting an indicator higher than the 

desired level. This happens when two collinear indicators are included in the aggregation process without 
moderating their weighting for this effect. 
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weights and not distributing weights at all (e.g. the ‘non-weighted arithmetic average’ discussed above) is 

that equal weighting schemes could be applied hierarchically. More specifically, if the indicators are 

grouped into a higher order (e.g. a dimension) and the weighting is distributed equally dimension-wise, 

then it does not necessarily mean that the individual indicators will have equal weights (OECD, 2008). For 

instance, ISTAT (2015) provides the ‘BES’, a broad data set of 134 socio-economic indicators for the 20 

Italian regions. These are unevenly grouped into 12 dimensions. If equal weights are applied to the highest 

hierarchy level (e.g. dimensions) a priori, then the sub-indicators are not weighted equally due to the 

different number of indices in each dimension. In general, there are various justifications for most 

applications choosing equal weights a priori. These include: (i) simplicity of construction, (ii) a lack of 

theoretical structure to justify a differential weighting scheme, (iii) no agreement between decision makers, 

(iv) inadequate statistical and/or empirical knowledge, and, finally, (v) alleged objectivity (see 

Freudenberg, 2003; OECD, 2008; Maggino and Ruviglioni, 2009; Decancq and Lugo, 2013). 

Nevertheless, it is often found that equal weighting is not adequately justified (Greco et al., 2017). For 

instance, choosing equal weights due to the ‘simplicity of the construction’,4 instead of an alternative 

scheme that is based on a proper theoretical and methodological framework, bears a huge 

oversimplification cost, especially in certain aggregation schemes (Paruolo et al., 2013). Furthermore, we 

could argue that, conceptually, equal weights miss the point of differentiating between essential and less 

important indicators by treating them all equally. In any case, the co-operation of experts and the public in 

an open debate might resolve the majority of the aforementioned justifications (Freudenberg, 2003). 

Finally, considering equal weights as an ‘objective’ technique (relative to the ‘subjective’ exercise of a 

developer who sets the weights arbitrarily) is far from being undisputable. Quoting Chowdhury and Squire 

(2006, p.762), setting weights to be equal ‘[seems] obviously convenient, but also universally considered 

to be wrong’. Ray (2008, p.5) and Mikulić et al. (2015) claim that equal weighting is not only wrong – as it 

does not convey the realistic image – but also an equally ‘subjective judgement’ to other arbitrary 

weighting schemes in existence. This last argument prepares the scene for the consideration of a plurality 

of weighting systems, mainly related to the representation of the preferences of a ‘plurality of individuals’ 

(see, e.g., Greco et al., 2017). 

2.2 Plurality of weighting systems 

Understandably, the decision maker could choose from a range of weighting schemes, depending on the 

structure and quality of the data or her beliefs. More specifically, in the first case, higher weighting could 

 
4 This is often justified by referring to ‘Occam’s razor’ (see Cherchye et al., 2007, p.759). 
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be assigned to indicators with broader coverage (as opposed to those with multiple cases of treated missing 

data) or those taken from more trustworthy sources, as a way to account for the quality of the indicators 

(Freudenberg, 2003). However, an issue here is that this could result in a ‘biased selection’ in favour of 

proxies that are not able to identify and capture properly the information desired to measure (see e.g. 

Custance and Hillier, 1998, pp.284–285; OECD, 2008, p.32). Moreover, indicators should be chosen 

carefully a priori and according to a conceptual and quality framework (OECD, 2008). Otherwise, a 

‘garbage in–garbage out’ outcome may be produced (Funtowicz and Ravetz, 1990), which in this case is 

that of a composite indicator reflecting ‘insincere’ dimensions in relation to those desired (Munda, 2005a). 

When the weighting scheme is chosen by the developer of an index, naturally this means that it is 

conceived as ‘subjective’, since it relies purely on the developer’s perceptions (Booysen, 2002). There are 

several participatory approaches in the literature to make this subjective exercise as transparent as possible. 

These involve a single or several stakeholders deciding on the weighting scheme to be chosen. 

Stakeholders could be expert analysts, policymakers, or even citizens to whom policies are addressed. 

From a social viewpoint, the combination of all of them in an open debate could be an ideal approach 

theoretically (Munda, 2005b, 2007),5 but it is only viable if a well-defined framework for a national policy 

exists (OECD, 2008). Indeed, if one could imagine a framework on which policies will be based, enlarging 

the set of decision makers to include all the participants’ preferences is probably the desired outcome 

(Munda, 2005a). However, if the objective is not well defined or the number of indicators is very large and 

it is probably impossible to reach a consensus about their importance, this procedure could result in an 

endless debate and disagreement between the participants (Saisana and Tarantola, 2002). Moreover, if the 

objective involves an international comparison, in which no doubt the problem is significantly enlarged, 

common ground is even harder to achieve or simply ‘inconsistent outcomes’ may be produced (OECD, 

2008, p.32). For instance, one country’s most important objective could be different from another 

country’s (e.g. economy vs environment). In general, participatory methods are seen as a conventional way 

for transparent and subjective judgements, and they could be effective and of great use when they fulfil the 

aforementioned requirements. However, since these techniques may yield alternative weighting schemes 

(Saisana et al., 2005b),6 one should carefully choose the most suitable according to their properties, of 

which we provide a brief overview in the following subsections. 

 
5 Quoting the author (Munda, 2005a, p.132): ‘When science is used for policy making, an appropriate 

management of decisions implies including the multiplicity of participants and perspectives’. 
6 The authors interview 20 experts to set the weights for the 8 sub-indicators of the Technology 

Achievement Index (TAI) according to the budget allocation process (BAP) and analytic hierarchy process 
(AHP) techniques. They observe that, in the majority of the cases, the interviewees’ responses were in 
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2.2.1 Budget allocation process 

In the budget allocation process (BAP), a set of chosen decision makers (e.g. a panel of experts) is given 

‘n’ points to distribute to the indicators, or groups of indicators (e.g. dimensions), and then an average of 

the experts’ choices is used (Jesinghaus, 1997).7 Two prerequisites are the careful selection of the group of 

experts and the total number of indicators that will be evaluated. A rule of thumb is to have fewer than 10 

indicators so that the approach is optimally executed cognitively. Otherwise, problems of inconsistency 

could be introduced (Saisana and Tarantola, 2002). The BAP is used for estimating the weights in one of 

the Economic Freedom Indices (Gwartney et al., 1996) and by the European Commission (JRC) for the 

creation of the ‘e-Business Readiness Index’ (Pennoni et al., 2005) and the ‘Internal Market Index’ 

(Tarantola et al., 2004). Moreover, several studies in the literature use this method; for the most recent see, 

for example, Hermans et al. (2008); Couralet et al. (2011); Zhou et al. (2012); and Dur and Yigitcanlar 

(2015). A specific issue with the BAP arises during the process of indicator comparison. Decision makers 

might be led to ‘circular thinking’ (see, e.g., Saisana et al., 2005b, p.314), the probability of which 

increases with the number of indicators to be evaluated. Circular thinking is both moderated and verifiable 

in the analytic hierarchy process (AHP), which is discussed in the following subsection. 

2.2.2 Analytic hierarchy process  

Originally introduced by Saaty in the 1970s (Saaty, 1977, 1980), the AHP translates a complex problem 

into a hierarchy consisting of three levels: the ultimate goal, the criteria, and the alternatives (Ishizaka and 

Nemery, 2013, pp.13–14). Experts have to assign the importance of each criterion relative to the others. 

More specifically, pairwise comparisons among criteria are carried out by the decision makers. These are 

expressed on an ordinal scale with nine levels, ranging from ‘equally important’ to ‘much more important’, 

representing how many times more important one criterion is than another one.8 The weights elicited with 

the AHP are less prone to errors of judgement, as discussed in the previous subsection. This happens 

because, in addition to setting the weights relatively, a consistency measure is introduced (namely the 

‘inconsistency ratio’), assessing the cognitive intuition of decision makers in the pairwise comparison 

setting (OECD, 2008). Despite its popularity as a technique to elicit weights (Singh et al., 2007; Hermans 

 
disagreement when the method changed, revealing how human judgement alters according to the way in 
which the same question is formulated (e.g. in the BAP versus in the AHP). 

7 For an illustrative example of this approach, see Hermans et al. (2008, pp.1339–1340). 
8 For example, a value of ‘1’ represents equal importance, while a value of ‘5’ represents five times 

higher importance, and so on. For a more detailed analysis of this approach and a comprehensive example, 
see Ishizaka and Nemery (2013, pp.13–20). 
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et al., 2008), it still suffers from the same problem as the BAP (Saisana and Tarantola, 2002). That is, on 

the occasion that the number of indicators is very large, it exerts cognitive stress on decision makers, 

which in the AHP is amplified due to the pairwise comparisons required (Ishizaka, 2012). 

2.2.3 Conjoint analysis  

Conjoint analysis (CA) is commonly encountered in consumer research and marketing (Green et al., 2001; 

OECD, 2008; Wind and Green, 2013), but applications in the field of composite indices follow suit, 

mainly in the case of quality-of-life indicators (Ulengin et al., 2001, 2002; Malkina-Pykh and Pykh, 2008). 

CA is a disaggregation method. It could be seen as the exact opposite of the AHP, as it moves from the 

overall priority to determining the weight of the criteria. More specifically, the model first seeks the 

preferences of individuals (e.g. experts or the public) regarding a set of alternatives (e.g. countries, firms, 

or products) and then decomposes them according to the individual indicators. Theoretically, the 

indicators’ weights are obtained via the calculation of the marginal rates of substitution of the overall 

probability function.9 In practice we can derive the importance of a criterion by dividing the range of 

importance of that criterion in the respondent’s opinion by the total sum of ranges of all the criteria 

(Maggino and Ruviglioni, 2009). While it might seem easier to obtain a preference estimation of the 

ultimate objective first and then search for the importance of its determinants (in contrast to the AHP), CA 

carries alternative limitations. Its major drawbacks are its overall complexity, the requirement of a large 

sample, and an overall pre-specified utility function, which is very difficult to estimate (OECD, 2008; 

Wind and Green, 2013).  

What one might derive from the above section is that participatory techniques are helpful tools overall.  

They make the subjectivity behind the process of weighting the indicators controllable and, most 

importantly, transparent. In fact, this whole act of gathering a panel consisting of experts, policymakers, or 

even citizens, who will mutually decide on the importance of the factors at stake, is a natural and desired 

behaviour in a society (Munda, 2005a). Nevertheless, it is rather difficult to apply in contexts in which the 

phenomena to be measured are not well defined and/or the number of underlying indicators is very large. 

These approaches then stop being consistent, and they ultimately become unmanageable and ineffective. 

What is more, in the case in which the participatory audience does not clearly understand a framework 

(e.g. to evaluate the importance of an indicator/phenomenon or what it actually represents), these methods 

would lead to biased results (OECD, 2008).  

 
9 For a more detailed analysis of this approach, see Hair et al. (1995, in OECD, 2008, p.98) or Green 

and DeSarbo (1978). 



   

11 
 

2.3 Data-driven weights 

In the aftermath of participatory approaches, this ‘subjectivity’ behind the arbitrariness in decision makers’ 

weight selection is dismissed by other statistical methods that claim to be more ‘objective’.10 This property 

is increasingly claimed to be desirable in the choice of weights (Ray, 2008), thus stirring up interest in 

approaches like correlation analysis or regression analysis, principal component analysis (PCA) or factor 

analysis (FA), and data envelopment analysis (DEA) models and their variations. These so-called ‘data-

driven techniques’ (Decanq and Lugo, 2013, p.19), as their name suggests, emerge from the data 

themselves under a specific mathematical function. Therefore, it is often argued that they potentially do not 

suffer from the aforementioned problems of ‘manipulation’ of the results (Grupp and Mogee, 2004, 

p.1382) and the subjective, direct weighting exercise of various decision makers (Ray, 2008, p.9). 

However, these approaches bear a different kind of criticism, deeply rooted in the core of their philosophy. 

More specifically, Decanq and Lugo (2013, p.9) distinguish these techniques from the aforementioned 

ones based on the ‘is–ought’ distinction that is found in the work of a notable philosopher of the eighteenth 

century, David Hume. In the authors’ words: ‘it is impossible to derive a statement about values from a 

statement about facts’ (p.9). In other words, they claim that one should be very cautious in deriving the 

importance of a concept (e.g. indicator/dimension) based on what the data ‘consider’ to be a fact, as this 

appears to be the ‘is’ that we observe but not the ‘ought’ that we are seeking. After all, statistical 

relationships between indicators – for example in the form of correlation – do not always represent the 

actual influence between them (Saisana and Tarantola, 2002). This appears to be one side of the criticism 

that these approaches receive, and it is related to the philosophical aspect underlying their use. Further 

criticism appearing in the literature is focused on their specific properties, which we will examine 

individually in the following subsections.  

2.3.1 Correlation analysis 

Correlation analysis is mostly used in the first steps of the construction process to examine the structure 

and the dynamics of the indicators in the data set (Booysen, 2002; OECD, 2008). For instance, it might 

determine a very strong correlation between two sub-indicators within a dimension, which, depending on 

the school of thought (e.g. see Saisana et al., 2005b, p.314), may then be moderated by accounting for it in 

the weighting step (OECD, 2008; Maggino and Ruviglioni, 2009). Nevertheless, this approach might still 

 
10 The literature considers these techniques to be more ‘objective’, as they are not based on any 

subjective valuation of a decision maker (e.g. see Booysen, 2002, p.127; Zhou et al., 2007, p.293; Decanq 
and Lugo, 2013, p.9). 
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serve as a tool to obtain objective weights (Ray, 2008). According to the author, there are two ways in 

which weights might be elicited using correlation analysis. The first is based on a simple correlation 

matrix, with the indicator weights being proportional to the sum of the absolute values of that row or 

column, respectively. In the second method, known as ‘capacity of information’ (Hellwig, 1969; Ray, 

1989), first the developer chooses a distinctive variable in the data set that, according to the author, plays 

the role of an endogenous criterion. Then the developer computes the correlation of each indicator with 

that distinctive variable. These correlation coefficients are used to determine the weights of the indicators, 

with those having the highest correlation accordingly gaining the highest weights. More specifically, an 

indicator’s weight is given by the ratio of the squared correlation coefficient of that indicator with the 

distinctive variable to the sum of the squared correlation coefficients of the rest of the indicators with that 

variable (Ray, 2008). One issue with both the aforementioned uses is that the correlation could be 

statistically insignificant. Moreover, even if statistical significance applies, it does not imply causality but 

rather shows a similar or opposite co-movement between indicators (Freudenberg, 2003; OECD, 2008).  

2.3.2 Multiple linear regression analysis 

Multiple linear regression analysis is another approach through which weights can be elicited. By moving 

beyond simple statistical correlation, the decision maker is able to explore the causal link between the sub-

indicators and a chosen output indicator. However, this raises two concerns that the developer must bear in 

mind. First, these models assume strict linearity, which is hardly the norm with composite indices (Saisana 

et al., 2005b). Second, if there was an objective and effective output measure for the sub-indicators to be 

regressed on, there would not be a need for a composite index in the first place (Saisana and Tarantola, 

2002). With respect to the latter, according to the authors, an indicator that is generally assumed to capture 

the wider phenomenon to be studied might be used. For instance, in the National Innovative Capacity 

Index (Porter and Stern, 2001), the dependent variable used in the regression analysis is the log of patents. 

The authors argue that this is a broadly accepted variable in the literature, as it sufficiently captures the 

levels of innovation in a country. In the absence of such a specific indicator, the gross national product per 

capita could serve as a more generalised variable (Ray, 2008), as it is often linked to most socio-economic 

aspects that a composite index might be aiming to measure. However, that would dismiss the whole 

momentum that composite indicators have gained by refraining from following the common approach of 

solely economic output (Costanza et al., 2009; Stiglitz et al., 2009; Decancq and Schokkaert, 2016; Patrizii 

et al., 2016). Finally, in the case in which a developer has multiple such output variables, canonical 
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correlation analysis could be used, which is a generalisation of the previous case (see, e.g., Saisana and 

Tarantola, 2002, p.53). 

2.3.3 Principal component analysis and factor analysis  

Principal component analysis (PCA; Pearson, 1901) and factor analysis (FA; Spearman, 1904) are 

statistical approaches with the aim of reductionism. More specifically, the core of their philosophy is to 

capture the highest variance possible in the original variables (standardised for this purpose) with as few 

components as possible (Ram, 1982). In PCA the original data may be described by a series of equations, 

as many as the number of indicators. These equations essentially represent linear transformations of the 

original data, constructed in such a way that the maximum variance of the original variables is explained 

with the first equation, the second-highest variance (which is not explained by the first equation) is 

explained by the second equation, and so on. In FA the outcome is rather similar, but the idea is somewhat 

different. Here the original data supposedly depend on underlying common and specific factors, which can 

possibly explain the variance in the original data set. FA is slightly more complex than PCA in the sense 

that it involves an additional step, in which a choice has to be made by the developer (e.g. the choice of an 

extraction method). Finally, for both PCA and FA, certain choices must be made by the decision maker; 

hence, subjectivity is introduced to a certain degree. These choices involve the number of 

components/factors to be retained or the rotation method to be used. Nonetheless, several criteria or rules 

of thumb exist in the literature for each of the two approaches to facilitate the proper choice (e.g. see 

OECD, 2008, pp. 66–67 and p.70).  

In general, there are several applications using FA or PCA to elicit the weights for the indicators, 

especially in the context of well-being and poverty.11 One of the first applications is that of Ram (1982), 

using PCA in the case of a physical quality-of-life indicator, followed by Noorbakhsh (1996), who uses 

PCA to weigh the components of HDI. Naturally, further applications follow suit both in the literature 

(Klasen, 2000; McGillivray, 2005; Dreher, 2006) and in official indicators provided by large organisations 

(e.g. the Internal Market Index, Science and Technology Indicator, and Business Climate Indicator, see 

Saisana et al., 2002; the Environmental Degradation Index, see Bandura, 2008). The standard procedure in 

using PCA as a weight elicitation technique is to use the factor loadings of the first component to serve as 

weights for the indicators (Greyling and Tregenna, 2016). However, sometimes the first component alone 

is not adequate to explain a large portion of the variance of the indicators; thus, more components are 

 
11 For a review of these, see Krishnakumar and Nagar (2008), and for an illustrative example and 

analysis of the steps, see Greyling and Tregenna (2016). 
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needed. Nicoletti et al. (2000) develop indicators of product market regulation, illustrating how these can 

be accomplished using FA. The authors use PCA as the extraction method and rotate the components with 

the varimax technique, in this way minimising the number of indicators with high loadings on each 

component. By considering the factor loadings of all the retained factors (see Nicoletti et al., 2000, pp.19–

22), this allows the preservation of the largest proportion of the variation in the original data set.  

This method is frequently used in composite indicators produced by large organisations (e.g. the 

Business Climate Indicator, Relative Intensity of Regional Problems in the Community, and General 

Indicator of Science and Technology, see Saisana et al., 2002) and can be found in several studies in the 

literature (Mariano and Murasawa, 2003; Gupta, 2008; Hermans et al., 2008; Ediger and Berk, 2011; 

Salvati and Carlucci, 2014; Riedler et al., 2015; Li et al., 2016; Tapia et al., 2017). However, according to 

Saisana et al. (2002), the use of these approaches is not feasible in certain cases, due to either negative 

weights assigned (e.g. the Environmental Sustainability Index) or a very low correlation among the 

indicators (e.g. synthetic environmental indices). Finally, PCA can be used for cases in which the 

elicitation of weights is not the main goal. For instance, Ogwang and Abdou (2003) review the use of these 

models in selecting the ‘principal variables’. More specifically, PCA/FA could be used to select a single or 

a subset of variables to include in the construction of a composite index that can explain the variation of 

the overall data set adequately. Thus, they could serve as an aiding tool, enabling the developer to gain a 

better understanding of the dimensionality in the considered phenomenon or the structure of the indicators 

accordingly. 

Understandably, these approaches might seem popular (e.g. with respect to their use in the literature) 

and convenient (e.g. with respect to the objectivity and transparency in their process). Nevertheless, it is 

important to note a few issues relating to their use at this point. First, property-wise, the use of PCA/FA 

involves the assumptions of having continuous indicators and a linear relationship among them. In the case 

in which these assumptions do not hold, the use of non-linear PCA (or otherwise categorical PCA; 

CATPCA) is suggested (see, e.g., Greyling and Tregenna, 2016, p.893). Second, the nature and philosophy 

of these approaches rely on the statistical properties of the data, which can be seen as both an advantage 

and a drawback. For instance, this reductionism could be proven to be very useful in some cases in which 

problems of ‘double counting’ exist. On the other hand, if there is no correlation between the indicators or 

the variation of a variable is very small, these techniques might even fail to work.12 Furthermore, the 

weights that are assigned endogenously by PCA/FA do not necessarily correspond to the actual linkages 

 
12 Nardo et al. (2005, p.64) mention two such examples of failed uses of PCA/FA; namely the 

Economic Sentiment Indicator and the development of an index of environmental sustainability. 
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among the indicators, particularly statistical ones (Saisana et al., 2002). Therefore, one should be cautious 

about how to interpret these weights and especially about the extent to which one might use these methods, 

as the truth is that they do not necessarily reflect a sound theoretical framework (De Muro et al., 2011). 

Additionally, a general issue with both these approaches is that they are sensitive to the construction of the 

data. More specifically, if, in an evaluation exercise using PCA/FA, several units are added or subtracted 

afterwards (especially outliers), this may significantly change the weights that are used to construct the 

overall index (Nicoletti et al., 2000). However, this issue is addressed with robust variations of PCA (e.g. 

see Ruymgaart, 1981; Li and Chen, 1985; Hubert et al., 2005). Finally, with the obtained weights being 

inconsistent over time and space, the comparison might eventually prove to be very difficult (De Muro et 

al., 2011, p.6). 

2.3.4 Data envelopment analysis (DEA) 

Originally developed by Charnes et al. (1978), DEA uses mathematical programming to measure the 

relative performance of several units (e.g. businesses, institutions, countries, etc.), and hence to evaluate 

them, based on a so-called ‘efficiency’ score (see Cooper et al., 2000). This score is obtained by a ratio 

(the weighted sum of outputs to the weighted sum of inputs) that is computed for every unit under a 

minimisation/maximisation function set by the developer. From this linear programming formulation, a set 

of weights (one for each unit) is endogenously determined in such a way as to maximise their ‘efficiency’ 

under some given constraints (Hermans et al., 2008). According to Mahlberg and Obersteiner (2001, in 

Despotis, 2005a, p.970), the first authors to propose the use of DEA in the HDI context, this approach 

constitutes a more realistic application, because each country is ‘benchmarked against best practice 

countries’. In the context of composite indicators, the classic DEA formulation is adjusted, as usually all 

the indicators are treated as outputs, thereby considering no inputs (see Hermans et al., 2008). Therefore, 

the denominator of the abovementioned ratio – that is, the weighted inputs of the units – comprises a 

dummy variable equal to one, whereas the nominator – that is, the weighted outputs – comprises a 

weighted sum of the indicators that forms the overall composite index (Yang et al., 2017). In this field, this 

model is mostly referred to as the classic ‘benefit-of-the-doubt’ approach (Cherchye, 2001; Cherchye et al., 

2004, 2007), originally introduced by Melyn and Moesen (1991) in a context of macroeconomic 

evaluation.  

Due to the desirable properties of the endogenously calculated differential weighting, applications in 

the literature follow suit (e.g. Takamura and Tone, 2003; Despotis, 2005a; Murias et al., 2006; Zhou et al., 

2007; Cherchye et al., 2008b; Hermans et al., 2008; Antonio and Martín, 2012; Gaaloul and Khalfallah, 
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2014; Martín et al., 2017). Indeed, the differential weighting scheme between units (e.g. countries) is 

potentially a desirable property for policymakers, because each unit chooses its own weights in such a way 

as to maximise its performance.13 Thus, any potential conflicts, for example the chosen weights not 

favouring any unit, are in fact dismissed (Yang et al., 2017). This is a key reason for the huge success of 

this approach (Cherchye et al., 2007, 2008a). To understand this argument better, one may consider the 

following example of two countries. Let us imagine that these countries have different policy goals for 

different areas (e.g. economy vs environment); thus, each spends its resources accordingly. Potentially, 

they could perform better in different areas precisely for that particular reason. Therefore, in a weighting 

exercise, each country would choose to weigh significantly higher those exact dimensions on which it 

performs better to reflect that effect. However, this argument is criticised for the following reasons. First, 

on a theoretical basis, this approach dismisses one of the three basic requirements in social choice theory, 

which acts as a response to Arrow’s theorem (Arrow, 1963): ‘neutrality’. In brief, neutrality states that ‘all 

alternatives (e.g. countries) must be treated equally’ (OECD, 2008, p.105).14 Second, if we indeed accept 

that each unit could declare its own preferences in the weighting process, for example according to the 

different policies that they follow (Cherchye et al., 2007, 2008a) – thus entirely dismissing the ‘neutrality’ 

principle – another problem that arises in the process is related to the calculation of these weights. More 

specifically, consider an example of a DEA approach, in which the desired output is the maximisation of 

the value of the composite index from each unit’s perspective. Executing this technique with the basic 

constraints (e.g. see Despotis, 2005a, or Cherchye et al., 2007) will probably result in all the weighting 

capacity being assigned to the indicator with the highest value (e.g. see Hermans et al., 2008, pp.1340–

1341). Furthermore, since these DEA models are output-maximised, holding the unitary input constant, it 

often occurs that, in the absence of further constraints, after the maximisation/minimisation process, a 

multiplicity of equilibria is introduced (Fusco, 2015, p.622). Meanwhile, the majority of the units 

evaluated will be deemed to be efficient (e.g. they are assigned a value equal to ‘1’)15 (Zhou et al., 2007; 

Decanq and Lugo, 2013; Yang et al., 2017).  

 
13 The reason behind it is given by Lovell et al. (1995, p.508, in Cherchye, 2007, p.117): ‘Equality 

across components is unnecessarily restrictive, and equality across nations and through time is undesirably 
restrictive. Both penalize a country for a successful pursuit of an objective, at the acknowledged expense of 
another conflicting objective. What is needed is a weighting scheme which allows weights to vary across 
objectives, over countries and through time.’ 

14 A similar argument is found in Adler et al. (2002), with the authors claiming that it is amiss to rank 
several units (e.g. countries) based on a differential set of weights. 

15 In fact, Zhou et al. (2007) show that, if a unit is dominating all the rest on a specific indicator, then 
this unit will always be efficient, as it will assign all the weight capacity to that particular indicator. 



   

17 
 

A simple solution to this problem is for more constraints to be placed by the decision maker, 

controlling, for instance, the lower and upper bounds of the weights of each indicator or group of 

indicators (e.g. dimensions).16 For instance, Hermans et al. (2008) ask a panel of experts to assign weights 

to several indicators, using their opinions as binding constraints on the weights to be chosen by the DEA 

model. In the absence of information on such restrictions, the classic BoD model could be transformed into 

a ‘pessimistic’ one (Zhou et al., 2007; Rogge, 2012). More specifically, while the classic BoD model finds 

the most favourable weights for each unit, the ‘pessimistic’ BoD model finds the least favourable weights. 

They are afterwards combined (either by a weighted or by a non-weighted average) to form a single, final 

index score (Zhou et al., 2007). There are several other methods in the literature17 that deal with the issue 

of adjusting the discrimination in BoD models, the most popular being the super-efficiency (Andersen and 

Petersen, 1993), cross-efficiency (Sexton et al., 1986; Doyle and Green, 1994; Green et al., 1996), PCA-

DEA (Adler and Yazhemsky, 2010), and DEA entropy (Nissi and Sarra, 2016) models.  

Another issue with most BoD models regards the differential weighting inherent in the process. The 

beneficial weights obtained by the model prove to be a challenge when comparability among the units is at 

stake. More specifically, each unit has a different set of weights, making it difficult to compare them by 

simply looking at the overall score. For this reason, a number of techniques exist in the literature that arrive 

at a common weighting scheme (e.g. see, among others, Despotis, 2005; Hatefi and Torabi, 2010; Kao, 

2010; Morais and Camanho, 2011; Sun et al., 2013). Of course, this rather decreases the desirability of this 

method – that of favourable weights in the eyes of policymakers – based on which this approach gained 

such momentum in the first place (Decanq and Lugo, 2013).  

Finally, we will discuss some recent developments in this area regarding the function or type of 

aggregation. More specifically, with respect to the aggregation function, while the classic BoD model is 

often specified as a weighted sum, recent studies present multiplicative forms merely to account for the 

issue of complete compensation, as it is introduced in the basic model of the weighted sum (e.g. see 

Blancas et al., 2013; Giambona and Vassallo, 2014; Tofallis, 2014; van Puyenbroeck and Rogge, 2017). 

With respect to the type of aggregation, Rogge (2017), based on an earlier work of Färe and Zelenyuk 

(2003),18 puts forward the idea of aggregating individual composite indicators into groups of composite 

 
16 An extensive review of such constraints can be found in Allen et al. (1997) and Allen and 

Thanassoulis (2004) and three practical applications in Despotis (2005a, 2005b) and Hermans et al. (2008). 
17 For a comprehensive review see for example Adler et al. (2002), Angulo-Meza and Lins (2002), or 

Podinovski and Thanassoulis (2007). 
18 A complementary version of the idea, or ‘postscript’ as the authors characterise it, is presented by 

Färe and Karagiannis (2014). 
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indices. According to the author, one could be interested in analysing the performance of a cluster of 

individual units (e.g. groups of countries) rather than simply examining the units themselves. After the 

individual units’ performance is determined through classic BoD, a second aggregation takes place, again 

through BoD, but this time the indicators are the scores of countries, obtained in the previous step, and the 

weights reflect the shares of units in the aggregate form. 

3 On the aggregation of composite indicators 

Weighting the indicators naturally leads to the final step in forming a composite index: ‘aggregation’. 

According to the latest handbook on constructing composite indices, aggregation methods may be divided 

into three distinctive categories: linear, geometric, and multi-criteria (see OECD, 2008, p.31, Table 4). 

However, this division might send a somewhat misleading message, since all these methods are included in 

the multi-criteria decision analysis framework.19 Another distinctive categorisation of the aggregation 

methods in the literature would be that of choosing between ‘compensatory’ and ‘non-compensatory’ 

approaches (Munda, 2005b). As we highlighted at the beginning of the previous section, the interpretation 

of the weights could be twofold: ‘trade-offs’ or ‘importance coefficients’.20 The choice of the proper 

annotation, though, essentially boils down to the choice of the proper aggregation method (Munda, 2005a, 

p.118; OECD, 2008, p.33). Quoting the latter: ‘To ensure that weights remain a measure of importance, 

other aggregation methods should be used, in particular methods that do not allow compensability’. In 

other words, ‘compensability’ is inseparably connected with the term ‘trade-off’ (and vice versa), and, as a 

result, its very definition is presented as such (Bouyssou, 1986). According to the author (p.151): ‘A 

preference relation is non-compensatory if no trade-offs occur and is compensatory otherwise. The 

definition of compensation therefore boils down to that of a trade-off.’ Consequently, according to the 

latter categorisation of aggregation approaches (i.e. that of ‘compensatory’ and ‘non-compensatory’), the 

linear21 and geometric22 aggregation schemes lie within the ‘compensatory’ aggregation scheme, while the 

‘non-compensatory’ aggregation scheme contains other multi-criteria approaches, considering preferential 

relationships from the pairwise comparisons of the indicators (e.g. see OECD, 2008, pp.112–113). Similar 

 
19 Linear and geometric aggregation methods (otherwise called ‘simple additive weighting’ and 

‘weighted product’) are also part of the MCDA domain (e.g. see Zhou and Ang, 2009, p.85). 
20 Often also referred to as “symmetrical importance” (see Podinovskii, 1994, p.241). 
21 The composite index is formed through an additive utility function, in which the composite equals 

the sum of the products of weights and indicators. 
22 The composite index is formed through a Cobb–Douglas type function (multiplicative function), in 

which the composite equals the product of the indicators, each raised to the power of the weight assigned. 
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to the issue of a non-existent perfect weighting scheme, there is no such thing as a ‘perfect aggregation’ 

scheme (Arrow, 1963; Arrow and Raynaud, 1986). Each approach is mostly fit for a different purpose and 

involves some benefits and drawbacks accordingly. In the following two subsections, we provide a brief 

overview of this situation by analysing the two aggregation settings and their properties, respectively. 

3.1 Compensatory aggregation 

Among the compensatory aggregation approaches, the linear one is the most commonly used in composite 

indicators (Saisana and Tarantola, 2002; Freudenberg, 2003; OECD, 2008; Bandura, 2008, 2011). Two 

general issues must be considered in this additive utility-based approach. The first is that it assumes 

‘preferential independence’ among indicators (OECD, 2008, p.103; Fusco, 2015, p. 621), something that is 

conceptually considered as a very strong assumption to make (Ting, 1971). Second, there is a chasm 

between the two perceptions of weights, translated into importance measures and trade-offs. More 

specifically, if one sets the weights by considering them as importance measures for the indicators, one 

will soon find that this is far from actually happening in this aggregation setting, and this situation is the 

norm rather than the exception (Anderson and Zalinski, 1988; Munda and Nardo, 2005; Billaut et al., 

2010; Rowley et al., 2012; Paruolo et al., 2013). Quoting the latter (p.611): ‘This gives rise to a paradox, of 

weights being perceived by users as reflecting the importance of a variable, where this perception can be 

grossly off the mark’. This happens because the weights in this setting should be perceived as trade-offs 

between pairs of indicators and therefore assigned as such from the very beginning. Decanq and Lugo 

(2013) stress this point by showing how weights in this setting express the marginal rates of substitution 

among pairs of indicators. Understandably, this trade-off implies constant compensability between 

indicators and dimensions; thus, a unit could compensate for the loss in one dimension with a gain in 

another (OECD, 2008; Munda and Nardo, 2009). This, however, is far from desirable in certain cases. For 

instance, Munda (2012, p.338) considers an example of a hypothetical sustainability index, in which 

economic growth could compensate for a loss in the environmental dimension in the case of a 

compensatory approach. Of course, this argument could easily be extended to applications in other socio-

economic areas,23 albeit with the following point: constant compensation is always assumed in linear 

aggregation at the rate of substitution among pairs of indicators (e.g. wa/wb) (Decanq and Lugo, 2013, 

p.17). That is something that should be taken into consideration at the very beginning of the construction 

stage, the theoretical framework (OECD, 2008).  

 
23 For example, see Desai (1991) and Ravallion (1997) for a critique on the additive model and the 

implied trade-offs of the Human Development Index (HDI).  
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One partial solution to that issue could be to use geometric aggregation instead. This approach is 

adopted when the developer of an index prefers only ‘some’ degree of compensability (OECD, 2008, 

p.32). While linear aggregation assumes constant trade-offs for all cases, geometric aggregation offers 

inferior compensability for indices with lower values (diminishing returns) (Van Puyenbroeck and Rogge, 

2017). This makes it far more appealing in a benchmarking exercise in which, for instance, regions with 

lower scores in a given dimension will not be able to compensate fully in other dimensions (Greco et al., 

2017). Moreover, the same regions could be even more motivated to increase their lower scores, as the 

marginal increase in these indicators will be much higher in contrast to regions that already achieve high 

scores (Munda and Nardo, 2005). Therefore, under these circumstances, a switch from linear to geometric 

aggregation could even be considered both appealing and more realistic. One such case is that of probably 

the most well-known composite index to date, the Human Development Index (HDI). Having received 

paramount criticism (Desai, 1991; Sagar and Najam, 1998; Chowdhury and Squire, 2006; Ray, 2008; 

Davies, 2009), the developers of the HDI switched the aggregation function from linear to geometric in 

2010, addressing one of their main methodological criticisms. More specifically, in their yearly report 

(UNDP, 2010, p.216), they state the following: ‘It thus addresses one of the most serious criticisms of the 

linear aggregation formula, which allowed for perfect substitution across dimensions’. There is no doubt 

that, compared with the linear type of aggregation, geometric is the solid first step towards a solution to the 

issue of an index’s compensability. In fact, it is argued that, under such circumstances, it provides more 

meaningful results (see, e.g., Ebert and Welsch, 2004). However, this still appears to be only a partial 

solution or a ‘trade-off’ between compensatory and non-compensatory techniques (Zhou et al., 2010, 

p.171). Therefore, if complete ‘inelasticity’ of compensation, or the meaning of weights to be interpreted 

solely as ‘importance coefficients’, is the actual objective of a composite index, a non-compensatory 

approach is ideal and strongly suggested to be reconsidered (Paruolo et al., 2013, p.632). 

3.2 Non-compensatory aggregation 

Non-compensatory aggregation techniques (Vansnick, 1990; Vincke, 1992; Roy, 1996) are mainly based 

on ELECTRE methods (see e.g. Figueira et al., 2013, 2016) and PROMETHEE methods (Brans and 

Vincke, 1985; Brans and De Smet, 2016). Given the weights for each criterion (interpreted as ‘importance 

coefficients’ in this exercise) and some other preference parameters (e.g. indifference, preference, and veto 

thresholds), the mathematical aggregation is divided into the following steps: (i) ‘pair-wise comparison of 

units according to the whole set of indicators’ and (ii) ‘ranking of units in a partial, or complete pre-order’ 
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(Munda and Nardo, 2009, p.1516). The first step creates the ‘outranking matrix’24 (Roy and Vincke, 1984), 

which essentially discloses the pairwise comparisons of the alternatives (e.g. countries) for each criterion 

(Munda and Nardo, 2009). Moving to the second step (i.e. the exploitation procedure of the outranking 

matrix), an approach must be selected regarding the proper aggregation. The exploitation procedures can 

mainly be divided into the Condorcet- and the Borda-type approach (Munda and Nardo, 2003). These two 

are radically different25 and as such yield different results (Fishburn, 1973). Moulin (1988) argues that the 

Borda-type approach is ideal when just one alternative should be chosen. Otherwise, the Condorcet-type 

approach is the most ‘consistent’ and thus the most preferable for ranking the considered alternatives 

(Munda and Nardo, 2003, p.10). A big issue with the Condorcet approach, though, is that of the presence 

of cycles,26 the probability of which increases with both the number of criteria and the number of 

alternatives to be evaluated (Fishburn, 1973). A large amount of work has been carried out with the aim of 

providing solutions to this issue (Kemeny, 1959; Young and Levenglick, 1978; Young, 1988). A 

‘satisfying’ one is for the ranking of alternatives to be obtained according to the maximum likelihood 

principle,27 which essentially chooses as the final ranking the one with the ‘maximum pair-wise support’ 

(Munda, 2012, p.345). While this approach enjoys ‘remarkable properties’ (Saari and Merlin, 2000, p.404), 

one drawback is that it is computationally costly, making it unmanageable when the number of alternatives 

increases considerably (Munda, 2012). Nevertheless, the C-K-Y-L approach is of great use for the concept 

of a non-compensatory aggregation scheme, and it could be used as a solid alternative solution to the 

common practice of linear aggregation schemes. Munda (2012) applies this approach to the case of the 

Environmental Sustainability Index (ESI), produced by Yale University and Columbia University in 

collaboration with the World Economic Forum and the European Commission (Joint Research Centre). 

According to the author, there are noticeable differences in the rankings between the two approaches 

(linear and non-compensatory), mostly apparent in the countries ranked among the middle positions and 

less apparent among those ranked first or last. 

 
24 A detailed explanation of the calculation process can be found in Saltelli et al. (2005) and Munda 

(2012). Put simply, each country is pairwise compared with the rest of the countries in each indicator. Each 
time a country ‘outranks’ another on an indicator, it is given the weight of that indicator as a score, while 
each time it ranks equally, half of the weight is given to each indicator. 

25 For a brief overview of these, see Greco et al. (2017, pp.4–5), and for an illustrated example see 
Munda (2012, p.342). 

26 For instance, given that we have three objects, say a, b, and c, a cycle occurs when a is preferred to b 
and b is preferred to c but c is also preferred to a. This is a common problem in the Condorcet-type 
approaches; see e.g. Fishburn (1973) and Moulin (1988). 

27 Mostly known as ‘Kemeny’s rule’ but often referred as ‘C-K-Y-L’ from the initials of Condorcet, 
Kemeny, Young, and Levenglick, named like this after Munda (2012, p.345). 
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Despite its desirable properties, judging from the number of applications existing in this literature, the 

non-compensatory multi-criteria approach (NCMCA) is not met hugely popular. This could be attributed to 

the simplicity of construction of other methods (e.g. linear or geometric aggregation) or the issue of being 

computationally costly to calculate. Furthermore, NCMCA approaches are so far used to provide the 

developer with a ranking of the units evaluated; thus, one can only follow the rankings through time 

(Saltelli et al., 2005, p.364), swapping the absolute level of information in possession with an ordinal scale. 

Despite these drawbacks, Paruolo et al. (2013, p.631) urge developers to reflect on the cost of 

oversimplification that other techniques bear (e.g. linear), and, whenever possible, to use NCMC 

approaches, in which the weights exhibit the actual importance of the criteria. Otherwise, the authors 

suggest that the developers of an index should inform the audience to which the index is targeted that, in 

the other settings (e.g. linear or geometric aggregation), weights express the relative importance of the 

indicators (trade-offs) and not the nominal ones that were originally assigned. 

3.3 Mixed strategies 

Owing to the unresolved issues of choosing a weighting and an aggregation approach, several 

methodologies appear in the literature, dealing with these steps in different manners. These methodologies 

are hybrid in the sense that they do not particularly fit into one category or the other both weighting- and 

aggregation-wise. This is because they use a combination of different approaches to solving the 

aforementioned issues. These are discussed further below. 

3.3.1 Mazziota–Pareto Index (MPI) 

The Mazziota–Pareto Index (MPI), originally introduced in 2007 (Mazziota and Pareto, 2007), aims to 

produce a composite index that penalises substitutability among the indicators, as this is introduced in the 

case of linear aggregation. More specifically, in linear aggregation a unit that performs very well in one 

indicator can offset a poor performance in another, proportionally to the ratio of their weights. In the MPI 

this is addressed by adding (subtracting) a component to (from) a non-weighted arithmetic mean 

(depending on the direction of the index), designed in such a way as to penalise this unbalance between the 

indicators (De Muro et al., 2011). This component, usually referred to as a ‘penalty’, is equal to a 

multiplication term of the unit’s standard deviation and the coefficient of variation among its indicators. 

Essentially, what the authors aim for is a simplistic methodology calculation-wise that favours not only a 

high-performing unit on average (as in the linear aggregation) but also a consistent one throughout all the 

indicators. Due to the desirability of simplicity, the MPI’s use of the arithmetic mean still bears the cost of 
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compensability regarding aggregation. Nevertheless, one could argue that it is fairly adjusted to account for 

the unbalance among the indicators with its ‘penalty’ component. A newer variant of the index allows for 

the ‘absolute assessment’ of the units over time (Mazziota and Pareto, 2016, p.989). To achieve this, the 

authors change the normalisation method from a modified z-score to a rescaling of the original variables 

according to two policy ‘goalposts’. These are a minimum and a maximum value that accordingly 

represent the potential range to be covered by each indicator in a certain period. In this way the normalised 

indicators exhibit absolute changes over time instead of the relative changes that are captured by the 

standardisation approach used in their previous model. As an illustrative application, the authors measure 

the well-being of the OECD countries in 2011 and 2014. 

3.3.2 Penalty for a bottleneck 

Working towards the creation of the Global Entrepreneurship and Development Index, Ács et al. (2014) 

present a novel methodology in the field of composite indices, known as the ‘penalty for a bottleneck’. 

Although different from the MPI methodologically, their approach is conceptually in line with penalising 

the unbalances when producing the overall index. This penalisation is achieved by ‘correcting’ the sub-

indicators prior to the aggregation stage. More specifically, a component of an exponential function adjusts 

all the sub-indicators according to the overall weakest-performing indicator (minimum value) of that unit 

(otherwise described as a ‘bottleneck’). After the unbalance-adjusted indicators have been computed, a 

non-weighted arithmetic mean is used to construct the final index. In this way the complete 

compensability, as introduced in the linear aggregation setting, is significantly reduced. However, an issue 

raised here by the authors is that the amount of the ‘penalty’ adjustment is in fact unknown, as it depends 

on each data set and on the presence or otherwise of any outliers in an indicator’s value. This is something 

that, as they state, also implies that the solution is not always optimal. Despite the original development of 

this approach towards the measurement of national innovation and entrepreneurship at the country level, 

the authors claim that this methodology can be extended to the evaluation of any unit and for any discipline 

beyond innovation. 

3.3.3 Mean–min function 

The mean–min function, developed by Tarabusi and Guarini (2013), is another approach working towards 

the penalisation of the unbalances in the construction of a composite index. What the authors aim to 

achieve is an intermediate but controllable case between the zero penalisation of the arithmetic mean and 
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the maximum penalisation of the min function.28 To achieve this, they start with the non-weighted 

arithmetic average – as in the case of the MPI – from which they subtract a penalty component. This 

comprises the difference between the arithmetic average and the min function, interacted with two 

variables, 0 ≤ α ≤ 1 and β ≥ 0, to control the amount of penalisation intended by the developer. For α = 0, 

the equation is reduced back to the arithmetic average, while, for α = 1 (and β = 0), it is reduced back to the 

min function. Therefore, ‘β’ can be seen as a coefficient that determines the compensability between the 

arithmetic mean and the min function. One issue that is potentially encountered here, though, is that of the 

subjectivity, or even ignorance, behind the control of penalisation. In other words, what should the values 

of ‘α’ and ‘β’ be to determine the proper penalisation intended? The authors suggest that, in the case of 

standardised variables, a reasonable value could be that of α = β = 1, as this introduces progressive 

compensability. 

3.3.4 ZD model 

The ZD model is developed by Yang et al. (2017) for an ongoing project of the Taiwan Institute of 

Economic Research. The core idea behind it is inspired by the well-known Z-score, in which the mean 

stands as a reference point, with values lower (higher) than it exhibiting worse (better) performance. 

Similarly, a virtual unit (e.g. country, region, or firm) is constructed in such a way as to perform equally to 

the average of each indicator to be used as such a reference point. The evaluation of the units is attained by 

a DEA-like model and thus presented in the form of an ‘efficiency’ score. More specifically, this score is 

obtained by minimising the sum of the differences between the units that are above average and those that 

are below average. In this way a common set of weights is achieved for all the units, which exhibits the 

smallest total difference between the relative performance of the unit evaluated and that of the average. 

The limitations of this approach are the same as those appearing in the rest of the DEA-like models in the 

literature, as described in section 2.3.4. 

3.3.5 Directional benefit-of-the-doubt (BoD) 

Directional BoD, introduced by Fusco (2015), is another approach using a DEA-like model for the 

construction of composite indicators. According to the author, one of the main drawbacks of the classic 

BoD model (see section 2.3.4) is that it still assumes complete compensability among the indicators. This 

is attributed to the nature of the linear aggregation setting. To overcome this issue, Fusco (2015) suggests 

 
28 With the ‘min function’, the overall index value is equal to the value of the worst-performing 

indicator, implying the maximum potential penalisation. 
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including a ‘directional penalty’ in the classic BoD model by using the directional distance function 

introduced by Chambers et al. (1998). To obtain the direction, ‘g’, the slope of the first principal 

component is used. The output’s (viz. the overall index) distance to the frontier is then evaluated, and the 

directional BoD estimator is obtained by solving a simple linear problem. According to the author, there is 

one limitation to this approach regarding the methodological framework. The overall index scores obtained 

with this approach are sensitive to outliers, as both the DEA and the PCA approach that are used suffer 

from this drawback. To moderate this issue, robust frontier and PCA techniques could be used instead (see 

Fusco, 2015, p.629). 

4 On the robustness of composite indicators 

Composite indicators involve a long sequence of steps that need to be followed meticulously. There is no 

doubt that ‘incompatible’ or ‘naive’ choices (i.e. without knowing the actual consequences) in the steps of 

weighting and aggregation may result in a ‘meaningless’ synthetic measure. However, in such a case, the 

developer is inevitably compelled to draw wrong conclusions from it. This is one of the indicators’ main 

drawbacks and needs extreme caution (Saisana and Tarantola, 2002), especially when indices are used in 

policy practices (Saltelli, 2007). One example of such a case is presented by Billaut et al. (2010). The 

authors examine the ‘Shanghai Ranking’, a composite index used to rank the best 500 universities in the 

world. They claim that, despite the paramount criticism that this index receives in the literature (regarding 

both its theoretical and its methodological framework), it attracts such interest in the academic and 

policymaking communities that policies are designed on behalf of the latter, heavily influenced by the 

ranking of the index. However, if the construction of an index fully neglects the aggregation techniques’ 

properties, it ‘vitiates’ the whole purpose of evaluation and eventually shows a distorted picture of reality 

(Billaut et al., 2010, p.260). Indeed, a misspecified aggregate measure may radically alter the results, and 

drawing conclusions from it is inadvisable in policy practices (Saltelli, 2007; OECD, 2008).  

Regardless of the composite’s objective (e.g. serving as a tool for policymakers or otherwise), these 

aggregate measures ought to be tested for their robustness as a whole (OECD, 2008). This will act as a 

‘quality assurance’ tool that illustrates how sensitive the index is to changes in the steps followed to 

construct it and will highly reduce the possibilities to convey a misleading message (Saisana et al., 2005a). 

Despite its importance, robustness analysis is often found to be completely missing for the vast majority of 

the composite indices (OECD, 2008), while some only partially use it (Freudenberg, 2003; Dobbie and 

Dail, 2013). To understand its importance better, we will analyse this concept further in the subsequent 

sections, covering all its potential forms.  
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4.1 Traditional techniques: uncertainty and sensitivity analyses 

Robustness analysis is usually accomplished through ‘uncertainty analysis’, ‘sensitivity analysis’, or their 

‘synergistic use’ (Saisana et al., 2005b, p.308). These are characterised as the ‘traditional techniques’ 

(Permanyer, 2011, p.308). Putting it simply, uncertainty analysis (UA) refers to the changes that are 

observed in the final outcome (viz. the composite index value) from a potentially different choice made in 

the ‘inputs’ (viz. the stages to construct the composite index). On the other hand, sensitivity analysis (SA) 

measures how much variance of the overall output is attributed to those uncertainties (Saisana et al., 

2005b). It is often seen that these two are treated separately, with UA being the most frequent kind of 

robustness used (Freudenberg, 2003; Dobbie and Dail, 2013). However, both are needed to give the 

developer, and the audience to which the index is referred, a better understanding.29 By solely applying 

uncertainty analysis, the developer may observe how the performance of a unit (e.g. ranking) deviates with 

changes in the steps of the construction phase. This is usually illustrated in a scatter plot, with the vertical 

axis exhibiting the country performance (e.g. ranking) and the horizontal axis exhibiting the input source 

of uncertainty being tested for (e.g. alternative weighting or aggregation scheme) (OECD, 2008). To gain a 

better understanding, however, it is also important to identify the portion of this variation in the rankings 

that is attributed to that particular change. For instance, is it the weighting scheme that mainly changes the 

rankings, is it the aggregation scheme that affects them, or is it a combination of these changes in the 

inputs (interactions) that has a greater effect on the final output? These questions are answered via the use 

of sensitivity analysis, and they are generally expressed in terms of sensitivity measures for each input 

tested. More specifically, they show by how much the variance would decrease in the index if that 

uncertainty input were removed (OECD, 2008). Understandably, with the use of both, a composite index 

might convey a more robust picture (Saltelli et al., 2005), and it can even be proven useful in dissolving 

some of the criticisms surrounding composite indicators (e.g. see Saisana et al., 2005a, for an example 

using the Environmental Sustainability Index). Having discussed the concept of robustness analysis 

through the use of uncertainty and sensitivity analyses, we will now briefly discuss how these are applied 

after the construction of a composite index.30  

The first step in uncertainty analysis is to choose which input factors will be tested (Saisana et al., 

2005b). These are essentially the choices made in each step (e.g. selection of the indicators, imputation of 

 
29 An illustrative example can be found in OECD (2008, pp.117–131), examining the case of the 

Technology Achievement Index (TAI). 
30 For a more detailed analysis of the procedure, the reader is referred to Saisana et al. (2005b, pp.309–

321). 
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missing data, normalisation, and weighting and aggregation schemes) where applicable. Ideally, one 

should address all sources of uncertainty (OECD, 2008). These inputs are translated into scalar factors, 

which, in a Monte Carlo simulation environment, are randomly chosen in each iteration. Then the 

following outputs are captured and monitored accordingly: (i) the overall index value; (ii) the difference in 

the values of the composite index between two units of interest (e.g. countries or regions); and (iii) the 

average shift in the rank of each unit.  

Unlike UA, sensitivity is applied to only two of the above-mentioned outputs, which are relevant to the 

evaluation of the quality of the composite. These are (ii) and (iii) as mentioned in the previous paragraph 

(Saisana et al., 2005b). According to the authors, variance-based techniques are more appropriate due to 

the non-linear nature of composite indices. For each input factor being tested, a sensitivity index is 

computed, showing the proportion of the overall variance of the composite that is explained, ceteris 

paribus, by changes in this output. These sensitivity indices are calculated for all the input factors via a 

decomposition formula (see Saisana et al., 2005b, p.311). To obtain an even better understanding, it is also 

important to identify the interactions between the considered inputs (e.g. how a change in an input factor 

interacts with a change in another). For this exercise, total sensitivity indices are produced. According to 

the authors, the most commonly used method is the one by Sobol (1993), in a computationally improved 

form given by Saltelli (2002).  

4.2 Stochastic multi-criteria acceptability analysis 

Stochastic multi-attribute acceptability analysis (SMAA; Lahdelma et al., 1998; Lahdelma and Salminen, 

2001) has become popular in multiple criteria decision analysis for dealing with the issue of uncertainty in 

the data or the preferences required by the decision maker during the evaluation process (e.g. see Tervonen 

and Figueira, 2008). SMAA has recently been introduced in the field of composite indicators as a 

technique to deal with uncertainties in the construction process. More specifically, Doumpos et al. (2016) 

use this approach to create a composite index that evaluates the overall financial strength of 1,200 cross-

country banks in different weighting scenarios.31 SMAA can prove to be a great tool in the hands of 

indices’ developers, and it can extend beyond its use as an uncertainty tool. For instance, Greco et al. 

(2017) propose SMAA to deal with the issue of weighting in composite indicators by taking into 

consideration the whole set of potential weight vectors. In this way it is possible to consider a population in 

which preferences (represented by each vector of weights) are distributed according to a considered 

probability. In a complementary interpretation, the plurality of weight vectors can be imagined as a 

 
31 For a similar application, see also Doumpos et al. (2017). 
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representative of the preferences of a plurality of selves, of which each individual can be imagined to be 

composed (see e.g. Elster, 1987). On the basis of these premises, SMAA is applied to the ‘whole space’ of 

weight vectors for the considered dimensions, obtaining a probabilistic ranking. Essentially, this output 

illustrates the probability that each considered entity (a country, a region, a city, etc.) attains the first, the 

second and so on position, as well as the probability that each entity is preferred to another one. Moreover, 

Greco et al. (2017) introduce a specific SMAA-based class of multidimensional concentration and 

polarisation indices (the latter extending the EGR index) (Esteban and Ray, 1994; Esteban et al., 2007), 

measuring the concentration and the polarisation of the probability of a given entity being ranked in a 

given position or better/worse (e.g. the concentration and the polarisation to be ranked in the third or a 

better/worse position).  

The use of SMAA as a tool that extends beyond its standard practice (e.g. dealing with uncertainty) is a 

significant first step towards a conceptual issue in the construction of composite indicators: representative 

weights. More specifically, constructing a composite index using a single set of weights automatically 

implies that they are representative of the whole population (Greco et al., 2017). Quoting the authors (p.3): 

‘[…] the usual approach considering a single vector of weights levels out all the individuals, collapsing 

them to an abstract and unrealistic set of ‘representative agents”’. Now one can imagine a cross-country 

comparison using a single set of weights that act as a representative set for all the countries involved. 

Understandably, it is a rather difficult assumption to make, given Arrow’s theorem (Arrow, 1950). 

Decancq and Lugo (2013, p.10) describe this fundamental problem with a simple example of a theoretical 

well-being index. According to the authors, the literature is well documented with respect to the variation 

of personal opinions on what a ‘good life’ is. Therefore, following the same reasoning, how can a 

developer assume that a set of weights acts as a representative of all this variation? Quoting the authors 

(p.10): ‘Whose value judgements on the “good life” are reflected in the weights?’ This is a classic example 

of a conflictual situation in public policy, arising due to the existence of a plurality of social actors (see, 

e.g., Munda, 2016). This issue of the representative agent (see, e.g. Hartley and Hartley, 2002) has long 

been criticised in the economics literature, one of the most well-known criticisms being made by Kirman 

(1992). According to Decancq et al. (2013), inevitably there are many individuals who are ‘worse off’ 

when a policymaker chooses a single set of weights. On the one hand, SMAA extends above and beyond 

the issue of representativeness by providing the developer of an index with the option to include all 

possible viewpoints. However, for every viewpoint taken into account, a different ranking is produced; 

thus, a choice has to be made afterwards regarding how to deal with these outcomes. Usually, the mode 

ranking is chosen, obtained by the ranking acceptability indices (see, e.g., Greco et al., 2017). Moreover, in 
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its current form, SMAA can only provide the developer with a ranking of the units evaluated. Thus, it still 

suffers from the same issue as other non-compensatory techniques: swapping the available information in 

possession with an ordinal scale in the form of a ranking. 

4.3 Other approaches 

Several other approaches appear in the literature, with which the robustness of composite indices may be 

evaluated or which may simply provide more robust rankings. An example of the latter is given by 

Cherchye et al. (2008b), presenting a new approach according to which several units may be ranked 

‘robustly’ (i.e. rankings are not reversed for a wide set of weighting vectors or aggregation schemes). To 

achieve this, they propose a generalised version of the Lorenz dominance criterion, which leaves to the 

user the choice of how ‘weak’ or ‘strong’ the dominance relationship will be for the ranking to be 

considered robust. This approach can be implemented via linear programming, an illustrative application 

of which is given with the well-known HDI. In regard to the robustness evaluation, Foster et al. (2012) 

present another approach,32 in which several other weight vectors are considered to monitor the existence 

of rank reversals. In essence, by changing the weights among the indicators, this approach measures how 

well the units’ rankings are preserved (e.g. in terms of percentage). In an illustrative application, the 

authors examine three well-known composite indices, namely the HDI, the Index of Economic Freedom, 

and the Environmental Performance Index. Similar to Foster et al. (2012), Permanyer (2011) suggests 

considering the whole space of weight vectors, though the objective is slightly different this time. The 

author proposes to find three sets of weights according to which: (i) a unit, say ‘α’, is not ranked below 

another unit, say ‘β’; (ii) units ‘α’ and ‘β’ are equally ranked; and (iii) ‘β’ dominates ‘α’. Essentially, the 

original intended weight vector set by the developer can fairly be considered to be ‘robust’ the further it is 

from the second subset (viz. the set of weights according to which ‘α’ is equal to unit ‘β’), because the 

closer to it that it is, the more possible it is for a rank reversal to happen. This intuitive approach is further 

extended to multiple examples and specifications, details of which can be found in Permanyer (2011, 

pp.312–316). An illustrative example is provided using the well-known HDI, the Gender-related 

Development Index, and the Human Poverty Index.  

While still considering the robustness evaluation, Paruolo et al. (2013) propose another approach, 

which is mainly concerned with the perception of weights and the actual effect that they have on the final 

output. More specifically, the authors stress how far off the mark a weighting scheme might be when it is 

assigned in comparison with the actual effect that it has on the overall index (what they call the ‘main 
 

32 Conceptually introduced by Foster et al. (2010). 
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effect’, p.610). This effect is notably apparent in the case of linear aggregation. They propose to measure 

this effect via Karl Pearson’s correlation ratio, often applied in sensitivity analysis as a first-order measure. 

According to the authors, this measure can potentially fill a gap in the criticism regarding the difference 

between the stated importance (given by the weighting) and the actual importance achieved (after the 

aggregation has taken part) in the case of compensatory aggregation. In a recent study, Becker et al. (2017) 

extend this area of research by introducing three tools to aid the developers of composite indices in gaining 

a better insight into the effect that weights have on the final synthetic measure. The first tool is based on 

Paruolo et al. (2013), estimating the main effect of weights using either Gaussian processes or penalised 

splines, depending on the size of the considered data set and thus the computational cost. The second tool 

relates to the isolation of indicators’ correlation in the main effect measured by Karl Pearson’s correlation 

ratio. Using a regression-based approach, the correlation effect can be isolated from this first-order 

measure so that the developer has an insight into the pure effect of the weights on the composite index, 

regardless of the correlation among indicators. Finally, the authors propose a third tool allowing stated 

weights to be aligned perfectly with their actual importance in the final index. 

Undeniably, robustness analysis in any form, ‘traditional’ or otherwise, may act as a quality assurance 

tool. This exhibits the strength of an index by delineating all its potential forms in the case of different 

choices made in the inputs. However, one of the first points stressed in the OECD’s Handbook is that one 

cannot interpret an assessment of robustness as the validation of a ‘sensible’ index (OECD, 2008, p.35). 

Rather, it is the creation of a sound theoretical framework that determines whether the index is actually 

sensible. Robustness might only help the developer to answer the questions related to the fit of the model 

and the meaning of its concept (OECD, 2008). Unfortunately, but no doubt reasonably, the Handbook 

cannot provide any form of aid to the developer regarding which theoretical framework fits best. Quoting 

the authors (OECD, 2008, p.17): ‘[...] our opinion is that the peer community is ultimately the legitimate 

forum to judge the soundness of the framework and fitness for purpose of the derived composite’. 

However, they do urge developers to bear in mind that, whichever framework is used, transparency is of 

the utmost importance. Making an effort to reduce this uncertainty stemming from the creation of the 

theoretical framework, Burgass et al. (2017) suggest the following actions: first, the use of systems 

modelling (either quantitative or qualitative) to aid the developers of indices to make the proper choices; 

second, the promotion of open discussions among modellers, experts, and stakeholders to construct a 

sound theoretical framework that works for all. 
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5 Conclusions 

In this paper we have put composite indicators under the spotlight, examining a wide variety of the 

methodological approaches in existence. We particularly focused on the issues of weighting and 

aggregation, the reason being that we find that these are the focus of the paramount criticism in the 

literature and interesting developments. Additionally, we considered the robustness section of composite 

indicators that follows their construction. We find that it is an area that attracts increased attention for two 

main reasons. First, it illustrates how ‘sound’ an index is, when changes occur in the steps leading to its 

construction, while at the same time further enhancing its overall transparency. This is of the utmost 

importance given the uncertainties introduced in the previous stages of the construction. Second, 

uncertainty techniques like SMAA stimulate interest in considering the preferences of different classes of 

individuals, as they are represented by different weighting vectors. This allows the measurement of the 

uncertainty (e.g. through probabilistic rankings) but most importantly overcomes the issue of the 

representative agent that is inherent in the single, allegedly representative, weight vector.  

As previously outlined, the purpose of this review was mainly to compensate for the absence of a 

recent similar study. More specifically, the most recent review studies that focus on the methodological 

framework, irrespective of the research discipline, are now over a decade old. With the number of 

applications constantly growing, we took the opportunity to re-examine this topic and offer a more recent 

outlook. There was by no means any intention to replace any previous studies, like the Handbook on 

Constructing Composite Indicators. In fact, we find it to be a remarkable and indispensable manuscript for 

both newcomers in this field and developers who would like to base their work on it. On the contrary, this 

study offers some recent developments on a heated topic that continues to attract the interest of the public 

and remains at the forefront of upcoming developments. In the following, we offer some concluding 

remarks to summarise this study and our thoughts about future development. 

In an era of ever-increasing availability of information, composite indicators meet the need for 

consolidation, aggregating a plethora of indicators into a sole number that encompasses and summarises all 

this information. Their success and widespread use by global organisations, academics, the media, and 

policymakers around the world can be attributed to this irresistible characteristic. However successful, they 

should be interpreted with extreme caution, especially when important conclusions are to be drawn on the 

basis of these measures (e.g. by policymakers, media, or even the public). This is because their validity is 

intrinsically linked to their construction, and, as highlighted in this paper, there is no element in their 

construction that is above criticism. Each approach in every single step has both its benefits and its 



   

32 
 

drawbacks. More specifically, in the weighting stage, developers encounter a wide variety of approaches 

along a subjective to objective spectrum. Approaches falling at the former end could assign a more 

meaningful set of weights, according to a theoretical framework or an expert’s opinion. However, with the 

norm being the lack of a theoretical framework and the existence of ‘biasedness’ in each developer’s 

opinion, they may result in inconsistencies and broad criticism. At the other end of this spectrum (i.e. 

‘objective’ approaches), these kinds of inconsistencies or subjectivity are claimed to be missing. 

Nonetheless, their criticism involves accusations of assigning conceptually meaningless weights that are 

driven by the data, while they are often considered unrealistic. What is more, irrespective of their 

classification (e.g. as ‘objective’ or ‘subjective’), all these methods assume that the weights are 

representative of the whole population associated with the evaluation. This is something that should be 

taken into account by the developer when interpreting the results, as it is argued that it is a rather strong 

hypothesis to make. With respect to the step of aggregation, developers’ choices are still burdensome. 

More specifically, they suffer from a trade-off between compensability and complexity or a loss of 

information. That is because, moving from ample compensation (e.g. linear aggregation) to a complete 

lack of it (e.g. NCMA), the developer soon finds that the complexity and the computational cost increase 

dramatically.  

Understandably, each choice made for the construction of a composite index appears to be ‘between 

the devil and the deep blue sea’. The developer is compelled to make compromises in each stage, valiantly 

bearing their drawbacks at the end. Despite often being omitted, robustness analysis should follow the 

construction of an index. It is an excellent quality assurance tool in the hands of the developer that further 

enhances the overall transparency. However, it should not be misinterpreted as a guarantee of the 

sensibility of the composite index. This mainly lies in the evaluation of the theoretical framework, which 

for this reason should be completely transparent. In fact, robustness could be guaranteed when each choice 

concisely links back to the aim of construction. As suggested in the literature, a great way to achieve this is 

to hold an open discussion between the modeller and the implicated stakeholders (e.g. experts, 

policymakers, or even the public).  

Moving forwards, we see a promising trajectory towards eliminating the main criticism surrounding 

composite indicators. More specifically, it is apparent from the latest publications that, after a vast amount 

of suggestions in the literature, there is a shift towards the spectrum of non-compensatory approaches. The 

newly presented methodologies act in favour of adjusting the compensability inherent in the linear 

aggregation setting, thereby considering one of the main key criticisms in the literature, that of 

aggregation. Moreover, some recent tools appearing in the sensitivity literature deal with this issue in a 
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different manner, by trying to match the stated and the actual importance of indicators in the final index, 

compensation and correlation aside. Furthermore, much work has been carried out in the DEA literature to 

address significant issues, such as improving the discriminatory power, dealing with compensability, or 

classifying units’ performances into groups. Last, but not least, another interesting development in the 

literature is the introduction of SMAA, a tool that extends above and beyond the concept of the 

representative agent by considering the viewpoints of the whole population associated with the evaluation 

process. From the above, it is apparent that the recent literature has followed a long and interesting route, 

providing solutions on all fronts. Undeniably, there is still great room for improvement and a long road 

ahead to reach a pleasing state. However, after all, the interest in composite indicators is currently growing 

at an ever-increasing pace, and their future is seemingly somewhat promising. 
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1 Introduction

In recent years, composite indicators are witnessed as increasingly popular tools for evaluating the perfor-
mance of units such as countries and institutions (Becker et al., 2017). In fact, there are over 500 official
composite indicators evidenced to date, mainly produced by institutions, scholars and universities, with the
aim of assessing countries in a complex socio-economic phenomenon (Bandura, 2011; Yang, 2014). Under-
standably, their adoption by global institutions (e.g. the OECD, UN, World Bank etc.) over the past years has
gradually drawn the attention of the media and policy-makers around the globe (Saltelli, 2007), and the num-
ber of applications in the literature has surged ever since (Greco et al., 2018b). This spiral of attention raises
several flags on issues that are still debated in the literature, mainly regarding two stages in the construction
of an indicator; namely, the weighting and aggregation. There is a wide variety of methods available in these
steps, and there is no documented approach without a single drawback (Gan et al., 2017). Undeniably, the
choice of the proper method lies in the developer’s craftsmanship and the objective of the indicator (OECD,
2008). Nonetheless, these issues are still in great need of consideration; especially when something as crucial
as a policy is to be drawn on the basis of a synthetic measure that could easily be ‘manipulated’ (Grupp and
Schubert, 2010; Abberger et al., 2017).

A fundamental step in the construction of composite indicators regards the weighting of the elementary
indicators. Very often, this point is not taken into account and an equally-weighted mean -typically the arith-
metic mean (e.g. see, among others, the Index of Economic Freedom (Miller et al., 2018) and the Inclusive
Development Index (Samans et al., 2018)), but sometimes also the geometric mean (see, e.g., the 2010 HDI;
UNDP, 2010)- is considered, mainly due to simplicity, or a lack of framework to suggest otherwise (Freuden-
berg, 2003). This oversimplifying choice, however, is “obviously convenient but also universally considered to be
wrong” (Chowdhury and Squire, 2006, p.762). By contrast, sometimes the dimensions are weighted by tak-
ing into account reasonable differences in the importance of the considered dimensions (Decancq and Lugo,
2013). Either way, at first sight, this procedure of weighting the indicators -with, or without equal weights-
could appear as a neutral approach to the problem of aggregating the different dimensions, given a single,
well-determined vector of weights. Of course, this implicitly assumes a representative agent (Hartley and
Hartley, 2002), summing up in itself the preferences of all the individuals potentially interested in the com-
posite indicator. However, one has to admit that, in a miscellaneous group of people, each one may assign
a radically different importance to the considered dimensions and, consequently, in order to ensure that the
composite indicator is meaningful, the diversity of existing viewpoints has to be considered (Decancq et al.,
2013).

Undeniably, the hypothesis of the representative agent is rather stringent. Moreover, it has been long
criticized in economics with the so-called “fallacy of composition”, proposed by Kirman (1992), who gave an
example in which the representative agent disagrees with all individuals in the economy (a similar point can
be found in Blackburn and Ukhov (2013), examining the relationship between individual and aggregate risk
preferences in the financial markets). Besides the observation of a plurality of preferences corresponding to
the individuals interested in the composite indicator; one has to take into account that each individual can
be seen as a multiplicity of ‘selves’ that she is composed of (see, e.g., Elster, 1987). Several researchers have
acknowledged the relevance of this point in economics (see, e.g., Ainslie, 2001; Schelling, 1980; McClure
et al., 2004), so that even to represent an individual’s preferences, we need to consider a set of weight vectors
for the considered dimensions. Something similar happens in Multiple Criteria Decision Aiding (MCDA) (for
an updated survey, see Greco et al., 2016). In particular, some recently-introduced MCDA models consider a
plurality of value functions compatible with the preferences expressed by a decision maker (see, e.g., Greco
et al., 2008, 2010; Corrente et al., 2013), or even a probability distribution in the set of value functions (see,
e.g., Corrente et al., 2016b). This can be interpreted as a plurality of selves for each individual, from the point
of view that each considered value function is a specific ‘self’. Similar arguments hold for multi-prior models
proposed for decisions under uncertainty, where each individual takes a decision considering a plurality of
probability distributions on the state of the worlds (see, for example, Gilboa and Schmeidler, 1989; Bewley,
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2002; Gilboa et al., 2010; Cerreia-Vioglio et al., 2018).
On a more general note, there is a growing interest in multi-utility models (see e.g. Evren and Ok, 2011;

Giarlotta and Greco, 2013) representing preferences of individuals with a set of utility functions U , such
that an alternative a is at least as good as alternative b if the value assigned to a is not smaller than the
value assigned to b by all utility functions u 2 U . Multi-utility models are appreciated, because they permit
to represent incomplete preferences, which are considered more realistic for individual preferences than the
classical models assuming perfect comparability among all alternatives (see e.g. Aumann (1962), but also
Von Neumann and Morgenstern (1944, pp.19-20)). This point is also related to the question of interpersonal
comparability. In fact, apart from the extremely egalitarian approach (Rawls, 2009), between the two extreme
positions of perfect comparability, i.e. between single individual preferences (see e.g. Marshall, 1961), and
of absolute interpersonal incomparability (see e.g. Robbins, 1935); there could be an intermediate position,
such as the one proposed by Sen (1970), which is based on the idea that the preferences of each individual are
represented by a set of welfare functions rather than a single one. In the context of composite indicators, in
which the utility function is represented by the weighted sum of single indicators, these arguments suggest to
abandon the idea of a single, allegedly well-defined weighting of dimensions corresponding to a single utility
function.

Indeed, by taking into account the whole set of admissible weight vectors, one can consider the whole
spectrum of preferences of individuals, as well as multiple selves within each individual interested in the
composite indicator. With respect to the domain of composite indicators, this approach was recently proposed
by Greco et al. (2018a) using Stochastic Multiattribute Acceptability Analysis (SMAA) (Lahdelma et al., 1998;
Lahdelma and Salminen, 2001). More specifically, by considering a probability distribution on the set of
feasible weight vectors, SMAA reveals the probability that a unit attains a given ranking position, as well as
the probability that a given unit is better than another. It is worth noting that the above consideration of
multiple selves also suggests to consider a plurality of weight vectors for composite indicators not only at the
level of a collectivity of individuals, but also at the level of single individuals. In this case the typical results
of SMAA, which are the probability that an alternative a is the most preferred, or the probability that a is
preferred to alternative b, can be interpreted in terms of random choices (Luce, 1959; McFadden, 1981). In
fact, this is perfectly in line with the prevailing application of SMAA within MCDA, that is to support decision
problems with a single decision-maker.

The use of SMAA in this context seems alluring. Indeed, the difficulty that is intrinsically associated to the
choice of a single, well-defined vector of preferences is moderated through the use of SMAA. Yet, this comes
at the expense of the ability to produce a single composite indicator value. Moreover, up to this point and
to the best of our knowledge, SMAA has been put to use to provide ordinal information through probabilistic
rankings, or an expected overall ranking. This motivated us to consider another use of SMAA in conjunction
with renowned methods in the field of Operations Research to construct composite indicators that, based
on the distribution of SMAA evaluation, encapsulate a more holistic evaluation in a single value providing
information about the magnitude of the performance of each alternative, something that is completely in
line with the cardinal nature of composite indicators (Booysen, 2002). We call this method “�� µ efficiency
analysis”.

Last but not least, let us now point out two remarks related again to the above recalled interpretation of a
plurality of weight vectors in terms of a plurality of utility functions for an individual with multiple selves:
1. The proposed concept of ��µ efficiency can be also applied to represent evaluations of single individuals

whose preferences can be represented in terms of a plurality of weight vectors. In this case, the set of
considered weight vectors can be elicited by interacting with the decision maker, following the basic idea of
robust ordinal regression (Greco et al., 2008; Kadziński and Tervonen, 2013). Note that, in this context, it
is also possible to elicit a distribution of probabilities in the space of feasible weight vectors (Corrente et al.,
2016b). Of course this probability can be used to define the mean and the variance of the approach we are
proposing.

2. The proposed methodology can be also seen as a different SMAA approach, that is, instead of computing
the probability that each considered alternative could obtain a given rank position and the probability of
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being preferred to another alternative; one could compute the mean µ and the standard deviation � of the
values assigned by the weighted sum to each alternative. Afterwards, µ and � could be used to arrive at a
single overall evaluation using the overall (global) efficiency measure that we propose in this study. In fact,
this represents a new method in the SMAA family (Tervonen and Figueira, 2008) that we call ��µ�SMAA.

The aim of this paper is to introduce a methodology for constructing composite indicators that we call “�-µ
efficiency analysis”, illustrating its potential in a case study of world happiness, based on the homonymous
report by Helliwell et al. (2017). In what follows: Section 2 describes in more detail the issues of weighting
in the construction of a composite indicator. Section 3 introduces the �-µ efficiency analysis, followed by a
brief didactic example given in Section 4 to illustrate its application on real-world data on a step-by-step basis.
Section 5 contains the case study of world happiness and a robustness analysis of the obtained results. Section
6 contains a discussion about further considerations and generalization of the proposed approach. Section 7
provides conclusive remarks and future direction of research.

2 Composite indicators: Some methodological issues

2.1 Weighting dimensions in composite indicators

The use of composite indicators is constantly growing by the day. This can be witnessed by an ever-increasing
number of composite measures produced every year by global institutions, academics and media around the
world (Bandura, 2011; Yang, 2014), despite the severe criticism these synthetic measures received in their
inauguration (see Sharpe, 2004, pp.9-11). This is mainly owed to their irresistible property of summarizing
complex phenomena with a sole number that can be easily interpreted as a benchmark (Saisana et al., 2005).
Of course, this can be seen as both an asset and a liability at the same time. More specifically, lack of trans-
parency in their construction allows significant room for ‘manipulation’ (Grupp and Schubert, 2010; Abberger
et al., 2017). The reason is that there exists a sequence of steps in the construction of a composite indicator
and, admittedly, different choices in each step might radically alter the final outcome. As one would expect, not
a single step in the construction process lacks criticism (Booysen, 2002); nonetheless, the paramount critique
lies in two stages, namely the weighting and aggregation of the underlying indicators. The former refers to
the process of declaring the importance of indicator dimensions, whereas the latter refers to the final synthesis
of the overall measure. In this paper we are engrossed with the former, thus the discussion of this section will
solely revolve around it.

The basic model of composite indicators is the following. There exists a set of units I = {1, . . . , n} to be
evaluated with respect to the set of dimensions J = {1, . . . , m}, the values of which are xi j . For each unit
i 2 I , the vector xi = [xi1, . . . , xim] collects the values assigned to that unit in the dimensions from J . To each
dimension j 2 J , a weight, wj , is attached such that wj � 0 for all j 2 J and

Pm
j=1 wj = 1. Given a weight

vector w= [w1, . . . , wm], the composite indicator assigns the following value to each unit i 2 I :

C I(xi ,w) =
nX

j=1

xi jw j .

The authoritative Handbook on Constructing Composite Indicators (OECD, 2008) lists several approaches
regarding the weighting procedure in the construction of a composite indicator (for a recent review of existing
methodologies, criticism and proposed solutions, see Greco et al., 2018b), with equal weighting being the
most common scheme on the grounds of equal importance (Paruolo et al., 2013, p.627). This, however, also
appears to be the most criticized (Decancq and Lugo, 2013). More specifically, assignment of equal weights can
be seen as a convenient solution of the last resort that is “obviously convenient, but also universally considered
to be wrong” (Chowdhury and Squire, 2006, p.762). It is mainly used when there is no scientific basis to justify
peculiar weighting (OECD, 2008), or when an alleged objectivity, or simplicity (Babbie, 1995; Freudenberg,
2003) is desired; the latter often justified using the principle that is known as ‘Occam’s Razor’ (Hopkins,
1991, as cited in Cherchye et al. (2007)). Nonetheless, this rationale could be contradicted for the following
reasons. First, equal weights could be reasonably considered subjective as they are considered objective (see,
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e.g., Ray, 2008; Mikulić et al., 2015). The reason being equal weights consist a specific weight vector that
could represent a specific type of person who equally prefers all attributes of a composite indicator. Second, as
far as the uncertainty around the lack of a framework to support differential weighting is concerned, there are
more realistic solutions to equal weights that have been proposed in the literature to deal with this issue (see,
e.g., Doumpos et al., 2016, 2017; Greco et al., 2018a). Third, in response to the argument corresponding to
Occam’s parsimony (i.e. “since it is probably impossible to obtain agreement on weights, the simplest arrangement
[equal weighting] is the best choice”, Hopkins (1991, p.1471)), we could argue that, perhaps, a better principle
to abide by would be Einstein’s parsimony that “things should be made as simple as possible - but no simpler1”. In
addition, in contradicting Babbie (1995)’s argument that equal weighting is the virtue of simplicity; Cherchye
et al. (2007, p.141) add: “our own opinion regarding Babbie’s statement is, hence, the other way around: the
burden of the proof should be on equal weighting whereas the norm should be differential [benefit of the doubt]
weighting”.

Other past solutions revolve around two sets of approaches, often characterized as ‘subjective’, and ‘ob-
jective’ respectively (Booysen, 2002). The former set involves participatory techniques such as the Budget
Allocation Process (BAP) (see OECD, 2008, p.96) or Analytic Hierarchy Process (AHP) (Saaty, 1977, 1980).
These engage a single, or a number of stakeholders (e.g. a panel of experts) to decide upon the weights to
be assigned, according to their beliefs/expertise (hence, the term ‘subjective’). These approaches appear to
be ideal where a well-defined framework for national policy exists (see Munda, 2005b). Still, they might
yield radically different results (see Saisana et al., 2005, p.314, for a comparison between AHP and BAP),
while in the presence of many criteria, they can give decision-makers ‘cognitive stress’ that is amplified in the
AHP due to the number of pairwise comparisons required (Ishizaka and Nemery, 2013). The second set of
approaches are awarded their epithet (‘objective’) from the fact that they do not rely on human judgment,
but rather on the use of data-driven techniques (e.g. Multiple linear regression analysis, Principal Component
Analysis (Pearson, 1901), Factor Analysis (Spearman, 1904), or Data Envelopment Analysis (Charnes et al.,
1978)). These have been conceptually criticized for being disoriented from the objective at hand, or that they
provide non-reasonable weight vectors (Decancq and Lugo, 2013), while at the same time they have a few
methodology-related drawbacks that need to be addressed (Greco et al., 2018b).

Irrespective of classification though (i.e. ‘subjective’, or ‘objective’), the above approaches produce a single
weight vector overall -or, in the case of DEA, a single weight vector for each unit- that is then used in the
stage of aggregation to synthesize the composite indicator. While this procedure is common practice in the
domain of composite indicators (OECD, 2008), either unwittingly or deliberately, the developer assumes that
the obtained set of weights is representative of the whole population interested in the composite indicator.
Understandably, one could argue that this is a rather stringent assumption, as in a miscellaneous group of peo-
ple, each individual may assign a radically different importance to each dimension, and the representativeness
assumption may be only valid for a very small portion of the population or it could even become infeasible
overall. Decancq et al. (2013) argue that when a policy-maker chooses a weight-vector, there are several in-
dividuals who are inevitably ‘worse-off’. This situation highly resembles the case of the representative agent
in economics (see e.g. Hartley and Hartley, 2002), which has been long criticized in the literature by Kirman
(1992). Kirman provides an example in which, quaintly to his title, the ‘representative’ agent disagrees with
all the individuals in the economy. Acknowledging this confounding situation, Greco et al. (2018a) recently
proposed the use of SMAA (Lahdelma et al., 1998; Lahdelma and Salminen, 2001) to take into account the
whole set of possible weight vectors in the evaluation process. According to the authors, the standard proce-
dure of choosing a single weight vector produces a single, allegedly ‘representative’ ranking for the evaluated
units that “amalgamates different preferences in the population” (p.6). SMAA essentially permits the inclusion
of several potential viewpoints in the decision-making process, e.g. in the form of weight vectors, enriching
this way the single ranking that is obtained from a single preference. In terms of output, probabilistic rankings
are assigned to each unit, expressing its probability to be ranked first, second etc.; or, its probability to be

1A reputed paraphrase of Einstein’s following phrase: “It can scarcely be denied that the supreme goal of all theory is to make the
irreducible basic elements as simple and as few as possible without having to surrender the adequate representation of a single datum of
experience” (Einstein, 1934, p.165) (also known as Einstein’s razor) by Rogers Sessions (1950).
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preferred to another unit. The use of SMAA in this exercise seems alluring, whether it is applied to take into
account potential representations of citizens’ preferences (Greco et al., 2018a), or simply to deal with uncer-
tainty in the lack of information about decision-makers’ preferences (see e.g. Doumpos et al., 2016, 2017).
Since SMAA is the fundamental framework that we take into account in this paper, we present it in more detail
in the following subsection.

2.2 Stochastic multiattribute acceptability analysis (SMAA)

SMAA offers a solid solution to real-world decision-making that is surrounded by any source of uncertainty. In
the domain of composite indicators, such an example would involve a decision-maker that is unable to provide
the parameters required for the evaluation process (see e.g. Doumpos et al., 2016, 2017). In this paper we are
engrossed with the step of weighting, hence, we are solely considering this source of uncertainty. Essentially,
SMAA takes it into account by considering a probability distribution fw over the space of all weight vectors

W =

(
w= [w1, . . . , wm] : wj � 0, j = 1, . . . , m,

mX

j=1

wj = 1

)
.

Understandably, if a different importance has to be assigned to the dimensions from J , the space W is trans-
formed accordingly. For instance, if dimension j(1) is the most important, j(2) is the second most important
and so on until the least important, e.g. j(m), and we have to assign higher weights to the more important
dimensions; then the space W is transformed as follows:

W =

(
w= [w1, . . . , wm] : wj(1) � wj(2) � . . . wj(m) � 0, j = 1, . . . , m,

mX

j=1

wj = 1

)
.

SMAA (Lahdelma et al., 1998; Lahdelma and Salminen, 2001) proposes to compute the following meaningful
values:

• The rank acceptability index br
i , i 2 I and r = 1, . . . , n, that gives the probability that randomly picking a

weight vector w 2W , unit i is rth in the final rank provided by C I ;

• The central weight vector wi that, in case b1
i 6= 0, gives the barycenter of the set of weight vectors for which

unit i 2 I is the the best according to C I ;

• The pairwise winning index Tervonen et al. (2009); Leskinen et al. (2006) pii0 that gives the probability
that, according to C I , unit i is better than unit i0 randomly picking a weight w from W .

SMAA was only recently introduced in the field of composite indicators. More specifically, Doumpos et al.
(2016) use it to deal with the uncertainty arising from the lack of information regarding the parameters to
be used in the evaluation process of some financial institutions. Using 10,000 uniformly distributed random
weights and marginal value functions, the authors evaluate the overall financial strength of 1,200 commercial
banks through an additive value function setting, given five financial characteristics from the CAMEL frame-
work. A similar application is found in Doumpos et al. (2017), comparing the overall financial strength of
Islamic and conventional banks. Greco et al. (2018a) propose the use of SMAA in the context of composite
indicators as a way to deal with the issue of representativeness inherent in the single weight vector. The au-
thors evaluate the 20 regions of Italy based on 65 socio-economic criteria. By enlarging the space of weight
vectors, they refrain from the classic setting of the univocal set of weights, including 1,000,000 uniformly
distributed weight vectors. In an alternative interpretation, this could be potentially seen as an expression
of several decision-makers’ preferences, e.g. ranging from policymakers to citizens, regarding the importance
of the indicator’s dimensions. This involvement of a ‘multiplicity of participants’, or even ‘selves’ (see Elster,
1987) could indeed be enriching to consider in such an exercise. Quoting Munda (2005a, p.132): “when
science is used in policy, the appropriate management of quality has to be enriched to include this multiplicity of
participants and perspectives”. While the author’s point refers to the context of a sustainability policy exercise
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(regarding the objectives and scales of such an analysis and the set of dimensions to be used in the evalu-
ation process), the intended allegory is astonishingly fit to the context of the decision-makers’ number and
preferences respectively.

3 The �-µ efficiency

We stand by the principle that a meaningful composite indicator should ideally reflect a multiplicity of view-
points. Technically speaking, this can be achieved in the weighting stage, in which individuals that the indicator
concerns can participate, by expressing their preferences on the importance of indicator dimensions. These
individuals could constitute different clusters, e.g. experts, policy-makers, or even citizens at whom policies
are addressed. Therefore, the main driver of this concept refrains from the classic scheme of a single, allegedly
representative weight vector in the construction of an indicator, by taking into account all these individuals’
viewpoints. In the past, this has been feasible with the use of SMAA (see, e.g., Greco et al., 2018a). Still,
SMAA comes at the expense of a single composite indicator, given the fact that its outputs are probabilistic
indicators for a unit to be ranked at a given place, or to dominate/be dominated from another unit. In Section
3.1, we re-consider the framework of SMAA to obtain the two main parameters of the � � µ approach that
serve as its starting point. In Section 3.2 we present the definitions of dominance as well as the measures of
local and global efficiencies that we obtain with the proposed approach. Section 3.3 shows how this approach
can be used in real-life problems, as well as how it compares to other measures of efficiency in the literature.

3.1 The starting point: µ and �

We re-consider the framework of SMAA, and for each unit, i 2 I , we synthesize the distribution of its composite
indicators values, C I(xi ,w), by computing its mean value µi and standard deviation �i in the weight vector
space W as follows:

µi =
Z

w2W
fw(w)C I(xi ,w) dw, (1)

�i =

vut
Z

w2W
fw(w) [C I(xi ,w)�µi]

2 dw. (2)

As it will become clear towards the end of this section, but mainly in Section 4, where we go through the
steps using a didactic example, the integrals defining the values of µi and �i can be approximated in a Monte
Carlo simulation environment. This analogy between the original inferential problem and such techniques
(e.g. bootstrap) is greatly described in Daraio and Simar (2007a, p.53), in terms of “an analogy between the
real world, where we want to make inference about [a parameter of interest] but most of the desired quantities
are unknown, and the bootstrap world, where we mimic the real world but where everything is known and so can
be computed or simulated by Monte-Carlo methods”.

These two -µ and �- will be our parameters of interest and the main input to the remaining part of the
proposed approach that we present in this section. Understandably, µi is intended to be maximized, because it
represents the average evaluation of a unit taking into account the variability of the weight vectors w. Instead,
�i has to be minimized, as it exhibits the instability in the overall evaluations with respect to the variability of
weights. In fact, as it will forthwith become apparent, the rationale for minimizing � is manifold.

On abstract and general grounds, it is worth stressing that -once the variety of perspectives on the dimen-
sions under analysis has been fully considered in the preceding weighting stage- the dispersion is a measure
such that the lower it is the better. Thus, the dispersion of the CIs is an inverse measure of the robustness of
the performance of a given unit as to the weighting choice. On a conceptual ground, it somehow reflects how
balanced is the performance of a given unit among the considered dimensions. If its performance depends
on one or very limited number of dimensions to a greater extent, that unit will achieve very different overall
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performances according to those dimensions being valued most or least in relative terms (i.e. according to
different vectors of weights). The dependence on a given (eventually) favorable vector of weights is something
that needs to be minimized in the construction of an overall efficiency measure, in order to pursuit robustness
in the evaluation process.

The above argument about the opportunity of the methodological choice to minimize � can be expanded
on economic grounds. For example, assuming that the evaluation exercise involves the creation of a composite
indicator intended to measure multidimensional well-being in an attempt to go beyond GDP (Stiglitz et al.,
2010), our approach can be interpreted in the following neo-Benthamite perspective (see e.g. Collard, 2006).
The value given by the composite indicator when the weight vector representing a given individual is adopted
can be seen as the “happiness” of that individual. Consequently, the distribution of the values assumed by the
composite indicators computed in the space of the considered weight vectors can be seen as an estimate of
the distribution of the well-being among the considered population. In this perspective, the average, µ, and
the standard deviation, �, of the distribution can be seen as two parameters describing it. Moreover, if we
suppose that the distribution is approximately normal (which is reasonable, considering the relatively great
number of weight vectors we extract with a random sampling), then, � and µ unambiguously characterize
the distribution. In this context, µ should be clearly maximized because multiplying µ for the number of
individuals in the considered population we get an estimate of the sum of individual “happiness”.

Since Bentham’s social welfare function (SWF) is simply additive with equal weights, substituting the mean
to the the actual values will not change the overall SWF level. Instead, � can be seen as a measure of inequal-
ity in the distribution of well-being in the population, which is an important issue in the “GDP economics”
discussion (see e.g. Piketty, 2014). Moreover, the argument about the perverse effects of excessive levels of
inequality has been connected to the recent financial crisis using the ‘suspension bridge’ figurative narrative
(see e.g. Reich, 2010). Thus, the discussion on inequality with respect to the distribution of well-being seems
to us quite relevant in this neo-Benthamite “beyond GDP economics” perspective. In this respect, the standard
deviation, �, can be regarded just as a common measure of inequality used in the economic literature (Atkin-
son, 1970). Once transposed to the multidimensional well-being setting, the dispersion between different CIs
maintains its conceptual nature of inequality. Consistent with this conceptual framework, we argue that � has
to be minimized. Put differently, expanding to the multidimensional setting at hand, Atkinson (2015, p.9)’s
argument with respect to the single measure of inequality based on income is: “[We are] not seeking to elimi-
nate all differences in economic outcomes. [We are] not aiming for total equality. Indeed, certain differences
[...] may be quite justifiable. Rather, the goal is to reduce inequality [...]”.

Therefore, it is reasonable that, ceteris paribus, the performance of units showing higher levels of disper-
sion will be considered worse than the performance of units registering lower levels of dispersion around the
average well-being of the hypothetical community under investigation. Of course, this comparative static can
be extended to include the dynamic case accordingly. Indeed, building upon Barro and Sala-i Martin (1992)’s
seminal contribution in terms of (�-)convergence of GDP, a given set of units could, in principle, be observed
and evaluated at regular intervals (e.g. years) to check whether a more balanced multidimensional perfor-
mance (still according to a variety of different weighting choices) is occurring over time.

On the same premises, a higher dispersion of the measure of performance -as a result of an unbalanced
endowment along the considered dimensions- is undesirable when dealing with capital endowment. For exam-
ple, Hansen (1965, p.13), with reference to the case of regional development, argued that “persons benefited
most by SOC [Social Overhead Capital] may migrate to other regions in the absence of supplementary policy
measure”. More recently, Martin (2011, p.14), in analyzing the resilience of UK regions to economic shocks,
pointed out how an unbalanced economic structure and, “especially the relative dependence on production in-
dustry, is generally regarded as having a major influence on the sensitivity of regional economies to recessionary
shock”. A similar argument has been made by Collins et al. (2017) with reference to the effects of smartness on
resilience at city level. Indeed, the study of Collins et al. (2017) shows that the unbalance between different
dimensions of ‘smartness’ does increase the cities’ vulnerability to shocks. Hence, for example, in measuring
the competitiveness of these regions via a CI considering the different economic sectors, the unbalance towards
the production industry clearly has to be penalized. In terms of our proposed measure, the heavy dependence
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on the production industry would result in higher levels of dispersion generated by extremely high [low] CIs
depending on the weights randomly assigning a relative higher [lower] importance to this sector. Nonetheless,
this high dispersion will be taken into account by the methodological choice setting the minimization of � as
an objective of the evaluation exercise.

3.2 Defining dominance relationships: Local and global efficiencies

Consideration of the mean value and the standard deviation along with the related dominance and efficiency
concepts clearly reminds the Markowitz mean-variance analysis (Markowitz, 1952), which formed the foun-
dations of modern portfolio theory (Elton et al., 2009). Following his influential theory, taking into account
the mean, µi , and the standard deviation, �i , one can draw a plane that units i 2 I are plotted on, pend-
ing evaluation. To be consistent with the proposed concept of � � µ efficiency analysis, we will refer to this
throughout the text as ‘The � � µ plane’, which is illustrated in Figure 1 and shows the standard deviation
� (on the horizontal axis) and the mean µ (on the vertical axis) of ten European countries with respect to
the data of the 2017 World Happiness Report (WHR) (Helliwell et al., 2017) that will be detailed in Section
4. One can define a � � µ Pareto dominance relation on the set of units I as follows: for all i, i0 2 I , unit i
is Pareto dominating unit i0 if µi � µi0 and �i  �i0 , with at least one of the two inequalities being strict. A
unit i 2 I is � � µ Pareto efficient if there is no other unit dominating it. The set of all Pareto efficient units
constitutes the Pareto frontier.

[INSERT FIGURE 1 ABOUT HERE]

However, we are not only interested in finding dominating solutions (i.e. alternatives lying on the Pareto-
efficiency frontier), but in measuring the efficiency of each unit with respect to the frontier. In the domain of
Operations Research this naturally leads to the consideration of Data Envelopment Analysis (DEA) (Charnes
et al., 1978; Cooper et al., 2011), which brings us to acknowledge another definition of efficiency, taking into
account this time the possibility to combine different units. This permits us to define a concept stricter than
� � µ Pareto efficiency that was defined above: That is the � � µ Pareto-Koopmans efficiency (Charnes and
Cooper, 1962). In particular, a unit i 2 I is ��µ Pareto-Koopmans efficient if there is no convex combination
of µi0 and �i0 of the remaining units, i0 6= i, with a mean value µ that is not smaller, and a standard deviation
� that is not greater, with at least one of these inequalities being strict. Formally, a unit i 2 I is ��µ Pareto-
Koopmans efficient if for all vectors [�i0 , i0 6= i], with �i0 � 0, for all i0 6= i and

P
i0 6=i �i0 = 1, neither (3) nor

(4) hold: X

i0 6=i

�i0µi0 > µi and
X

i0 6=i

�i0�i0  �i (3)

X

i0 6=i

�i0µi0 � µi and
X

i0 6=i

�i0�i0 < �i . (4)

The set of all � � µ Pareto-Koopmans efficient units constitutes the � � µ Pareto-Koopmans frontier. The
membership of a unit i 2 I to the Pareto-Koopmans efficiency frontier can be verified with a direct or an
indirect procedure described below.

The direct procedure verifies that there exists no unit -obtained as linear combination of mean µi0 and
standard deviation �i0- dominating unit i. This is obtained by considering the following LP problem:
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"⇤i =Max "

s.t.
8
>>>>>>>><
>>>>>>>>:

X

i0 6=i

�i0µi0 æ µi + "

X

i0 6=i

�i0�i0 ∂ �i � "

�0i æ 0, 8i0 6= iX

i0 6=i

�i0 = 1

where a unit, i, is ��µ Pareto-Koopmans efficient if "⇤i ∂ 0.
The indirect procedure to test the ��µ Pareto-Koopmans efficiency requires to consider the following LP

problem:

�⇤i =Max �

s.t.
8
<
:

↵µi � ��i æ ↵µi0 � ��i0 +�, 8i0 6= i
↵,� æ 0

↵+ � = 1

(5)

which can be interpreted as follows. An evaluation ↵µi0 � ��i0 , with ↵,� æ 0 and ↵+ � = 1, is assigned to
all units i0 2 I . The non-negative coefficient ↵ for the mean µi0 and the non-positive coefficient �� for the
standard deviation �i0 are coherent with the idea that µi0 is intended to be maximised and �i0 is intended to
be minimised. Therefore, ideally, the greater ↵µi0 ���i0 , the better the unit i0 performs with respect to µi0 and
�i0 . The LP problem verifies whether a pair (↵,�) exists, for which unit i 2 I receives an evaluation that is not
worse than the remaining units, i0 6= i, that is if ↵µi � ��i æ ↵µi0 � ��i0 + �, 8i0, with a non-negative value
of �. This happens if �⇤i æ 0, which, for the units belonging to the ��µ Pareto-Koopmans efficiency frontier,
represents the margin that can be subtracted from the overall evaluation ↵µi � ��i of unit i maintaining the
maximality of its evaluation with respect to all other units i0 6= i. For all units i 2 I that do not belong to the
� � µ Pareto-Koopmans efficiency frontier, the greater the absolute value of �⇤i , the greater the margin that
has to be added to ↵µi � ��i , in order to attain the evaluation ↵µi0 � ��i0 of at least one unit belonging to
the �� µ Pareto-Koopmans efficiency frontier. In this sense, the value of �⇤i can be interpreted as a measure
of efficiency of unit i 2 I with the following characteristics:

• if �⇤i is non-negative, then unit i is efficient, with higher values of �⇤i indicating greater efficiency for i,

• if �⇤i is non-positive, then unit i is inefficient, with higher values of |�⇤i | indicating greater inefficiency for i.

For this reason, in the following we shall refer to �⇤i as the ��µ Pareto-Koopmans efficiency score of unit i.
The following proposition enunciates the equivalence between the direct and the indirect test of the ��µ

Pareto-Koopmans efficiency.

Proposition 1. �⇤i æ 0 if and only if "⇤i ∂ 0

Proof. Let us start by proving that if �⇤i æ 0 then "⇤i ∂ 0.

If �⇤i æ 0, then there exists ↵,� æ 0, with ↵+ � = 1, for which:

↵µi � ��i æ ↵µi0 � ��i0 for all i0 6= i.
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Therefore, for all � = [�i0 , i0 6= i] with �i0 æ 0, for all i0 6= i, and
P
i0 6=i
�i0 = 1, we have:

�i0(↵µi � ��i)æ �i0(↵µi0 � ��i0) for all i0 6= i (6)

By (6) we can get the following:
X

i0 6=i

�i0(↵µi � ��i)æ
X

i0 6=i

�i0(↵µi0 � ��i0), and, consequently,

↵µi � ��i æ ↵
X

i0 6=i

�i0µi0 � �
X

i0 6=i

�i0�i0 .

This implies that the following condition is not verified

8
>><
>>:

X

i0 6=i

�i0µi0 æ µi

X

i0 6=i

�i0�i0 ∂ �i

with at least one strict inequality. This amounts to the Pareto-Koopmans efficiency of unit i, so that we have
"⇤  0. Thus, we proved that if �⇤i æ 0, then "⇤i ∂ 0. Let us now prove that if "⇤i ∂ 0, then �⇤i æ 0.

For a given unit, i, let us consider the pair (�i ,µi) and the two following sets:

• the set P+(�i ,µi) of all the pairs (�,µ) 2 R
2
+ Pareto dominating (�i ,µi), that is

P+(�i ,µi) = {(�,µ) 2 R
2
+ : �  �i and µ� µi with at least one strict inequality}

• the set P�(�i ,µi) given by the convex hull of the pairs (�i0 ,µi0) with i0 6= i, that is

P�(�i ,µi) =

( X

i0 6=i

�i0µi0 ,
X

i0 6=i

�i0�i0

!
: �i0 � 0 for all i0 6= i and

X

i0 6=i

�i0 = 1

)
.

Let us note that the condition "⇤i ∂ 0 implies that (�i ,µi) is Pareto-Koopmans efficient. This means that there
exists no pair (�,µ) 2 R

2
+ being a convex combination of the pairs (�i0 ,µi0) 2 R

2
+, i0 6= i that is dominating

(�i ,µi). As the set of pairs (�,µ) 2 R
2
+ dominating (�i ,µi) is P+(�i ,µi) and the set of convex combinations

of the pairs (�i0 ,µi0), i0 6= i, is P�(�i ,µi), the Pareto-Koopmans efficiency of (�i ,µi) amounts to the condition
that P+(�i ,µi) and P�(�i ,µi) are disjoint. Let us point out that both P+(�i ,µi) and P�(�i ,µi) are convex
sets in R

2. Therefore, for the hyperplane separating theorem (see e.g. Boyd and Vandenberghe (2004), there
must be a hyperplane separating P+(�i ,µi) from P�(�i ,µi) in the ��µ space. In fact, this means that there
exists a straight line ↵µ� �� = �, such that:

↵µ� �� > �, for all (�,µ) 2 P+(�i ,µi), and
↵µ� �� < �, for all (�,µ) 2 P�(�i ,µi).

For contradiction, suppose now that �⇤i < 0. This means that for all ↵,� � 0 we have
↵µi � ��i < ↵µi0 � ��i0

for at least one i0 6= i. Thus, for all � 2 R

↵µi � ��i > �
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implies
↵µi0 � ��i0 > �

for at least one i0 6= i. But (�i0 ,µi0) 2 P�(�i ,µi) and therefore, there cannot exist any hyperplane

↵µ� �� = �

separating P+(�i ,µi) from P�(�i ,µi). Thus, in this case the pair (�i ,µi) is not��µ Pareto-Koopmans efficient.
So, if "⇤i ∂ 0 and, consequently (�i ,µi) is efficient, then �⇤i æ 0.
É

The � � µ Pareto-Koopmans efficiency �⇤i of unit i 2 I refers to the � � µ Pareto-Koopmans efficiency
frontier. However, for a unit that is quite remote from the ��µ Pareto-Koopmans efficiency frontier, it might
not be very meaningful to compare it with units of that frontier, as they could be seen as potentially implausible
benchmarks. Instead, it could be useful to compare these remote units with their counterparts that are closer
to them in the � � µ plane, and as such, constitute more realistic benchmarks. This suggests taking into
consideration the idea of a sequence of efficiency frontiers considered within the celebrated evolutionary multi-
objective optimization algorithm NSGA-II (Deb et al., 2002).

A first sequence of ��µ efficiency frontiers can be defined by taking into consideration the Pareto domi-
nance. In this perspective, the set of all ��µ Pareto-efficient units constitutes the first ��µ Pareto efficiency
frontier, denoted by PF1. Removing PF1 from I and computing again the � � µ Pareto efficiency frontier for
the remaining units, we get the second ��µ Pareto-efficiency frontier denoted by PF2. The third ��µ Pareto
efficiency frontier, PF3, and the following ones can be computed analogously.

The sequence of Pareto efficiency frontiers PF1, PF2, . . . , PFp based on the concept of Pareto dominance is
used in NSGA-II (Deb et al., 2002). However, for the sake of our analysis, an analogous sequence of efficiency
frontiers based on the concept of Pareto-Koopmans dominance seems more appropriate. The idea of a series
of Pareto-Koopmans frontiers has been originally introduced by Seiford and Zhu (2003) as “context-dependent”
data envelopment analysis. It was developed to show the ‘attractiveness’ or ‘progress’ of each evaluated DMU,
according to each frontier in the sequence. The reason being is that the authors assume each efficiency frontier
(or ‘level’) to be an alternative ‘evaluation context’ that, measuring the ‘attractiveness’ of each unit from, greatly
facilitates identifying DMUs with outstanding performance, or simply to differentiate between efficient DMUs.
In the spirit of their study, we suggest decomposing the set of evaluated DMUs into a sequence of Pareto-
Koopmans frontiers that illustrate the ��µ efficient DMUs on each level. We call the efficiency frontiers of this
new sequence first��µ Pareto-Koopmans efficiency frontier, denoted by PKF1, second��µ Pareto-Koopmans
efficiency frontier, denoted by PKF2, and so on and so forth. Let us denote by PKF= {PKF1, . . . , PKFp} the set
of all the ��µ Pareto-Koopmans efficiency frontiers. For each unit i 2 I , and for each ��µ Pareto-Koopmans
efficiency frontier PKFk 2 PKF, we can define a ‘local’ � � µ Pareto-Koopmans efficiency �ik with respect to
PKFk as follows:

�ik =Max �

s.t.
8
>>><
>>>:

↵µi � ��i æ ↵µi0 � ��i0 +�, 8i0 2 I \
k�1[

h=1
PKFh

↵,� æ 0

↵+ � = 1

(7)

The above LP problem verifies whether there exists a pair (↵,�), for which unit i 2 I receives an evaluation
↵µi � ��i which is not worse than the analogous evaluation of the rest of the units i0 2 I \

Sk�1
h=1 PKFh,

that is, all the units i0 belonging to the kth � � µ Pareto-Koopmans efficiency frontier, or to a better � � µ
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Pareto-Koopmans efficiency frontier. This happens if �ik æ 0. Instead, if �ik < 0, then unit i belongs to a
� � µ Pareto-Koopmans efficiency frontier worse than PKFk, that is, i 2 PKFh with h = k + 1, . . . , p. The
interpretation of �ik with respect to the kth � � µ Pareto-Koopmans efficiency frontier is analogous to the
interpretation of �⇤i with respect to the overall �� µ Pareto-Koopmans efficiency frontier. More precisely, for
the units in the kth ��µ Pareto-Koopmans efficiency frontier or better, �ik æ 0 represents the margin that can
be subtracted from the overall evaluation ↵µi ���i of unit i maintaining an evaluation that is superior to all
units in the kth � � µ Pareto-Koopmans efficiency frontier or worse. Instead, for all units i 2 I belonging to
the kth ��µ Pareto-Koopmans efficiency frontier or worse, the absolute value of �⇤i < 0 represents the margin
that has to be added to ↵µi � ��i , in order to obtain the same evaluation of at least one unit belonging to
k-th � � µ Pareto-Koopmans efficiency frontier or better. Therefore, as �⇤i constitutes an efficiency measure
with respect to the overall � � µ Pareto-Koopmans efficiency frontier (that, in fact, corresponds to the first
� � µ Pareto-Koopmans efficient frontier), �ik constitutes an efficiency measure with respect to the overall
kth �� µ Pareto-Koopmans efficiency frontier. For this reason, in the following we shall refer to �ik as �� µ
Pareto-Koopmans efficiency of unit i with respect to the kth frontier.

The following proposition gives a simple, yet useful result with respect to the � � µ Pareto-Koopmans
efficiency corresponding to the kth frontier.

Proposition 2. The � � µ Pareto-Koopmans efficiency respects the � � µ Pareto dominance, that is, for all
i, i0 2 I if µi æ µi0 and �i ∂ �i0 , then �ik æ �i0k for any k = 1, . . . , p.

Proof. As µi æ µi0 and �i ∂ �i0 , ↵µi � ��i æ ↵µi0 � ��i0 for all ↵,� æ 0 with ↵+ � = 1. Consequently,

↵µi0 � ��i0 æ ↵µi00 � ��i00 +�

implies
↵µi � ��i æ ↵µi00 � ��i00 +�

for any i00 2 I and any � 2 R. Therefore

↵µi0 � ��i0 æ ↵µi00 � ��i00 +�i0k, 8i00 2 I \
k�1[

h=1
PKFh

implies

↵µi � ��i æ ↵µi00 � ��i00 +�i0k, 8i00 2 I \
k�1[

h=1
PKFh.

Consequently, since �ik is the maximum � satisfying

↵µi � ��i æ ↵µi00 � ��i00 +�, 8i00 2 I \
k�1[

h=1
PKFh,

we have to conclude that �ik æ �i0k.

Augmenting the above analysis and the classic concept of context-dependent DEA, we may proceed to a more
holistic evaluation as follows. To all units i 2 I , we can assign an overall, ‘global’ � � µ Pareto-Koopmans
efficiency score, denoted by smi , that reflects its efficiency with respect to all frontiers from PKF, as follows:

smi =
pX

k=1

�ik. (8)

The following corollary of Proposition 2 ensures that overall � � µ Pareto - Koopmans efficiency score smi
respects the ��µ Pareto dominance.
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Proposition 3. For all i, i0 2 I if µi æ µi0 and �i ∂ �i0 , then smik æ smi0k.

Proof. By Proposition 2: µi æ µi0 and �i ∂ �i0 implies �ik æ �i0k for all k = 1, . . . , p. Consequently, we have

smi =
pX

k=1

�ik æ
pX

k=1

�i0k = smi0 .

3.3 Applying �-µ analysis to real life problems and alternative measures of efficiency

In this section we provide a couple remarks related to the application of our approach in real life problems,
as well as some definitions of efficiency. In particular, we refer to the technical parts of how our approach can
be applied in real life problems and how our proposed measure of efficiency compares with other respective
measures. For a non-technical, step-by-step analysis on real-world data, we refer the reader to Section 4,
where we provide a didactic example using a sub-set of the data set analysed in its entirety as a case study in
Section 5.

As usual for the other indicators of SMAA, the integrals defining the mean value µi and the standard
deviation �i , i 2 I , can be approximated by numerical methods or via the use of a Monte-Carlo simulation,
which, as noted in Daraio and Simar (2005, 2007a) (as applied to the computation of the m, or a-order
efficiency measures), is a usual and convenient way to avoid numerical integration. In fact, as the authors
acknowledge (Daraio and Simar, 2005, p.103), “the quality of the approximation can be tuned” by increasing
the number of simulations (in our particular case, this would refer to the number of random draws of the weight
vectors). Therefore, using a random sampling of q vectors of weights - with q being a relatively large number;
for instance, following the suggestions of Tervonen and Lahdelma (2007), q could equal 10, 000- we may
approximate the two parameters of interest. The q random extracted weight vectors wh = [w1h, . . . , wmh], h=
1, . . . , q can be collected in the following m⇥ q RW matrix:

RW
m⇥q
=

0
BB@

w11 w12 · · · w1q
w21 w22 · · · w2q

...
... · · · ...

wm1 wm2 · · · wmq

1
CCA

Using the weight vector matrix RW, a composite indicator C I(xi ,wh) can be computed for each unit i 2 I and
each weight vector wh, and the obtained results can be ordered in the following n⇥q matrix CI shown below:

CI
n⇥q
=

0
BB@

C I(x1,w1) C I(x1,w2) · · · C I(x1,wq)
C I(x2,w1) C I(x2,w2) . . . C I(x2,wq)

...
... · · · ...

C I(xn,w1) C I(xn,w2) · · · C(xn,wq)

1
CCA

Using the values collected in CI, for each unit i 2 I one can compute the approximated values eµi and e�i for
the mean µi and the standard deviation �i as follows:

eµi =
1
q

qX

h=1

C I(xi ,wh), e�i =

vut1
q

qX

h=1

(C I(xi ,wh)� eµi)
2.

It is worth noting that, when it comes to real-world applications, the existence of outliers is a constant struggle
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and an issue that appears more often than not (Hawkins, 1980). The presence of outliers in a working data
set could seriously impact the obtained estimators of local and global efficiency measures respectively. In such
case, the preceded analysis could greatly benefit from established robust frontier techniques (e.g. see, among
others, the studies of Simar and Wilson, 1998; Daraio and Simar, 2005, 2007b). In this study we will consider
the use of ‘partial’ frontier techniques, such as the m-order frontiers (Cazals et al., 2002; Daraio and Simar,
2005) to obtain robust estimators for the local and global � � µ efficiencies. An extended discussion and
application is presented in sub-section 5.1.

Last but not least, before concluding this section, let us comment on the concept of efficiency we are
proposing, comparing it with other efficiency measures proposed in the literature. First, note that we are
considering a non-parametric frontier approach for the “production set”  of pairs (�,µ). In fact, in our
approach,  is the set of all pairs (�,µ) obtained as convex combination of pairs (�i ,µi), i = 1, . . . , n, that is

 =

®Ç nX

i=1

�iµi ,
nX

i=1

�i�i

å
: �i � 0, i = 1, . . . , n, and

nX

i=1

�i = 1

´
,

which has the following efficient frontier:

b =
�
(�,µ) : there is no (�0,µ0) 2  such that (�0,µ0) 6= (�,µ),�0  � and µ0 � µ

 
.

The Pareto-Koopmans efficiency �⇤i we compute can be interpreted as a distance from the efficient frontier
b . Indeed, we can imagine to scalarize the vectors (�,µ) introducing the scalarization function F↵,� (�,µ) =
↵µ � ��,↵,� � 0,↵ + � = 1, measuring the distance D

�
(�,µ), b 

�
between (�i ,µi), i = 1, . . . , n, and the

efficient frontier b as:
D
�
(�i ,µi), b 

�
= min(�0,µ0)2b F↵,� (�i ,µi)� F↵,� (�0,µ0),

and, finally, taking into account all the feasible pairs (↵,�) we get:

�⇤i = min↵,��0,↵+�=1D
�
(�i ,µi), b 

�
.

In fact, practically all the measures of efficiency proposed in the literature can be expressed in terms of a
distance from a frontier. In this sense, the Debreu-Farrell efficiency measure (Debreu, 1951; Farrell, 1957)
gives the radial distance of the point with respect to the efficiency frontier, which in the context of the � �
µ�efficiency analysis amounts to the following two efficiency measures:

• a µ-oriented efficiency measure that provides the value ✓µ(�i ,µi), which shall be multiplied by the average
µi to permit unit i to become Pareto-Koopmans ��µ�efficient, that is:

✓µ(�i ,µi) = min{✓ |(�i ,✓µi) 2 b }, (9)

so that, the smaller ✓µ(�i ,µi), the more efficient is unit i that can be considered Pareto-Koopmans efficient
if ✓µ(�i ,µi) = 1;

• a�-oriented efficiency measure that provides the value ✓�(�i ,µi) to be multiplied by the standard deviation
�i to permit unit i becoming Pareto-Koopmans ��µ�efficient, that is:

✓�(�i ,µi) = max{✓ |(✓�i ,µi) 2 b }, (10)

so that, the greater ✓�(�i ,µi), the more efficient is unit i that can be considered Pareto-Koopmans efficient
if ✓�(�i ,µi) = 1.

15



Of course, in such case the LP problem formulation for the µ and �-oriented efficiency measures (eq.9 &10
respectively) would be the following:

✓
µ
i =Max ✓

s.t.
8
>>>>>>>>><
>>>>>>>>>:

✓µi 
nX

j=1

� jµ j

�i �
nX

j=1

� j� j

� j æ 0X
� j = 1

(11a)

✓�i =Min ✓

s.t.
8
>>>>>>>>><
>>>>>>>>>:

µi 
nX

j=1

� jµ j

✓�i �
nX

j=1

� j� j

� j æ 0X
� j = 1

(11b)

while, in the spirit of Andersen and Petersen (1993), one could compute the ‘super-efficiency’ of each unit not
only with respect to the first, but with respect to each Pareto-Koopmans frontier in the sequence (e.g. ‘lifting’
each time the units lying on a PKF from the constraints and re-computing the LP formulation). This would
permit to have an efficiency measure in the [0, 1] space for local efficiencies, and in the [0,1) space for global
efficiencies. Yet, the drawback associated with these measures of efficiency is that, in our proposed model, we
consider a twofold kind of a trade-off between µ and � (see Section 6 for a discussion of this point) that is
hereby lost.

4 The �-µ efficiency analysis step by step: A didactic example

The present section illustrates the application of � � µ efficiency analysis with a concise didactic example.
We consider a sample of the dataset supplied by the 2017 World Happiness Report (WHR) (Helliwell et al.,
2017) that will be analyzed in its entirety as a case study in Section 5. The WHR provides an evaluation of
life satisfaction in more than 150 countries, based on citizens’ responses to a Gallup World Poll survey. The
report further supplies data on six key variables, analysing their relation with life satisfaction. For this didactic
example, we take into consideration a sub-set of ten European countries (namely, Austria, Denmark, France,
Germany, Italy, Netherlands, Norway, Sweden, Switzerland and United Kingdom) for the latest available year
(data regarding the year 2016) to be evaluated through ��µ efficiency analysis. For the sake of simplicity, we
only consider three of the six key variables, and more precisely, GDP per capita, Social support and Perceptions
of corruption. We report these in Table 1.

[INSERT TABLE 1 ABOUT HERE]

Normalization is an essential part of data aggregation to avoid adding-up “apples and oranges” (OECD,
2008, p.27). The reason is that indicators often come in a variety of ranges or scales that might render them
incomparable in the stage of aggregation (Freudenberg, 2003). According to the author, the most common
approach is standardization due to its desirable characteristics that we forthwith quote:

It converts all variables to a common scale and assumes a “normal” distribution; it has an average of zero, meaning
that it avoids introducing aggregation distortions stemming from differences in variable means. In the other
approaches, the scaling factor is the range of the distribution, rather than the standard deviation, which means
that extreme values can have a large effect on the composite indicator (Freudenberg, 2003, p.11).

We start by standardizing the raw data reported in Table 1. As Booysen (2002, p.123) argues, “standard scores
can be further adjusted if calculations yield awkward values”. Adjustment of these values is in fact a reasonable
exercise. De Muro et al. (2011) choose to adjust these values around the range [70,130] with the value of a
100 being a good reference point (mean around which the standard deviations will revolve). In their spirit,
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Greco et al. (2018a, see online Appendix A.2) choose a different adjustment range for the standardized values.
In particular, they set it to [0,1], with 0.5 being the mean around which the standard deviations will revolve.
Values falling outside this range (3 standard deviations away from the mean) will be replaced with the lower
or upper bound accordingly, as they could generally be considered extreme given that within this range lie
99.73% of the values in the case of a normal distribution, and 89% of the values in the case of any distribution
(Chebyshev’s inequality). We will hereby adopt this normalization that we describe in the following:

Let us denote by yi j , i 2 I , j 2 J the raw value assumed for unit i with respect to dimension j. For each
dimension j 2 J , the mean value Mj and the standard deviation s j can be computed as follows:

Mj =

Pn
i=1 yi j

n
, s j =

vutPn
i=1(yi j �Mj)2

n
.

Using the mean Mj and the standard deviation s j , for each i 2 I and j 2 J we obtain the z-score :

zi j =
yi j �Mj

sj
.

Finally, we compute the normalized values xi j as follows:

xi j =

8
>><
>>:

0, if yi j ∂ Mj � 3s j

0.5+
zi j

6
, if Mj � 3s j < yi j < Mj + 3s j

1, if yi j æ Mj + 3s j

The normalization is applicable to positively-oriented dimensions, that is, dimensions for which the greater
the raw value the better (e.g. GDP per capita and Social Support). Instead, for negatively-oriented dimensions,
for which the greater the raw value the worse for a unit’s performance (e.g. Perception of corruption), the
normalization is formulated as follows:

xi j =

8
>><
>>:

0, if yi j æ Mj + 3s j

0.5�
zi j

6
, if Mj � 3s j < yi j < Mj + 3s j

1, if yi j ∂ Mj � 3s j

Let us explain the general idea behind this normalization. Let us denote by yj⇤ and y⇤j the worst and best values
respectively that are taken under consideration, such that, beyond these values we consider the evaluation yi j
with respect to dimension j 2 I an outlier. This means that, if the dimension j is positively-oriented, then
yj⇤ < y⇤j , and all the values yi j  yi⇤ are assigned a value xi j = 0, as well as all the values yi j � yi⇤ are
assigned a value xi j = 1. Instead, if the dimension j is negatively-oriented, then yj⇤ > y⇤j , and all the values
yi j  yi⇤ are assigned a value of xi j = 1, while all the values yi j � yi⇤ are assigned a value of xi j = 0. We
consider as outlier a value yi j which extends �⇥ s j beyond/above the mean Mj , and, since we hereby fixed
� = 3 (though, of course, other values of � can be assigned according to the nature of the problem), this
amounts to yj⇤ = Mj � 3s j and y⇤j = Mj + 3s j if j is positively-oriented, and yj⇤ = Mj + 3s j and x⇤j = Mj � 3s j
if j is negatively-oriented. Then, in case the value of yi j lies between the values of yj⇤ and y⇤j , it can be
normalized as follows (where ±means + in case j is positively-oriented and � in case j is negatively oriented,
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and vice versa for ⌥):

xi j =
yi j � yj⇤
y⇤j � yj⇤

=
yi j � (Mj ⌥ 3s j)

(Mj ± 3s j)� (Mj ⌥ 3s j)
=

yi j �Mj ± 3s j

±6s j
= 0.5±

yi j �Mj

6s j
= 0.5±

zi j

6s j
.

If the value of yi j lies outside the interval of yj⇤ and y⇤j , then the normalized value of yi j (i.e. xi j) is either 0
or 1 as explained above.

With respect to the creation of the weight vector matrix RW, in this didactic example we consider the fol-
lowing two scenarios, where wGDP , wSoc , wCorr denote weights for GDP per capita, social support and perception
of corruption respectively:

• Scenario 1: No definite ranking importance for the three considered dimensions, so that the set of feasible
weight vectors is

W= {[wGDP , wSoc , wCorr] : wGDP æ 0, wSoc æ 0, wCorr æ 0, wGDP + wSoc + wCorr = 1} ;

• Scenario 2: Social support is more important than perception of corruption that in turn is more important
than GDP per capita, so that the set of feasible weight vectors is

W= {[wGDP , wSoc , wCorr] : wSoc æ wCorr æ wGDP æ 0, wGDP + wSoc + wCorr = 1} .

For both scenarios, a set of 10,000 weight vectors wh, h= 1, . . . , 10, 000, was randomly sampled from a uniform
distribution on the feasible set of weight vectors W and collected in the matrix RW = [wjh, j = 1, 2, 3, h =
1, . . . , 10, 000]. The weight vectors from RW and the normalized values xi j , i = 1, . . . , 10, j = 1, 2, 3, are then
used to compute the composite indicators:

C I(xi ,wh) = wGDP xi,GDP + wSoc xi,Soc + wCorr xi,Corr , h= 1, . . . , 10,000.

Using the values C I(xi ,wh), i = 1, . . . , 10, h = 1, . . . , 10, 000, the approximation of the mean value eµi and the
standard deviation e�i of composite indicators were calculated for each considered country. For the sake of
simplicity, we refer to them as µi and �i , respectively. These two measures are reported for both considered
scenarios in Table 2 and plotted, along with the respective Pareto-Koopmans frontiers, on Figure 2.

[INSERT FIGURE 2 ABOUT HERE]
[INSERT TABLE 2 ABOUT HERE]

The � � µ Pareto-Koopmans local efficiencies �ik of the considered countries with respect to the dif-
ferent � � µ Pareto-Koopmans efficiency frontiers are given in Table 3. In both examined scenarios, the
� � µ Pareto-Koopmans family of frontiers consists of five frontiers. For the first scenario, that without a
definite ranking of importance for the considered dimensions, the five frontiers are the following: PKF1 =
{Norway, the Netherlands, Austria} , PKF2 = {Denmark, Switzerland, Germany}, PKF3 = {Sweden, France},
PFK4 = {United Kindom}, PKF5 = {Italy}. In the second scenario, the � � µ Pareto-Koopmans frontiers re-
main the same with the exceptions of Switzerland, that was in the second � � µ Pareto-Koopmans efficiency
frontier in the first scenario but descended to the third frontier in the second scenario. Similarly, Sweden,
which was in the third frontier in the first scenario has been now descended to the fourth frontier.

[INSERT TABLE 3 ABOUT HERE]
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In terms of their overall, global efficiencies (smi), Norway presents the highest score, while the second
highest score is attributed to Denmark in both scenarios. It is worthwhile to observe that Denmark is not in
the first ��µ Pareto-Koopmans efficiency frontier, which, instead, is the case for the Netherlands and Austria.
Therefore, we can say that even if Denmark is in a worse Pareto-Koopmans efficiency frontier with respect
to the Netherlands and Austria, overall it compares better relative to the whole set of efficiency frontiers (as
shown by the global efficiency scores, smi). The reason being can be better explained in the following. Let
us compare Austria and Denmark in the unconstrained case. First, it is apparent that none of these countries
is dominating the other in both parameters. In particular, Denmark has a greater average score (µDenmark =
0.628, µAustria = 0.471), while Austria has a lower deviation (�Austria = 0.013, �Denmark = 0.064). Second,
by breaking down their global scores (smDenmark = 0.561, smAustria = 0.338), it appears that Austria has a
greater local score as to the first two frontiers, which is reasonable given that it lies on a higher frontier
(�Austria1 = 0.001, �Denmark1 = �0.012, �Austria2 = 0.032, �Denmark2 = 0.018); still, Denmark is ‘catching-up’
and, in fact, surpassing Austria by being more efficient with respect to the remaining three frontiers and, in
particular, boasting almost twice the Austria’s efficiency (�Austria3 = 0.047, �Denmark3 = 0.095, �Austria4 = 0.065,
�Denmark4 = 0.11, �Austria5 = 0.193, �Denmark5 = 0.35). Understandably, the same applies also when it comes
to the comparison of Denmark and the Netherlands, as well as Switzerland and the Netherlands or Austria.
Of course, as proven in proposition 3, the same could not apply to Germany, which, despite the fact that it
shares the frontier with Switzerland and Denmark, it is dominated by both Austria and the Netherlands in
both parameters. Additionally, let us also observe that in both scenarios Italy is the only country for which
the efficiency score, smi , is negative. On the other hand, Italy is also the only country in the worst efficiency
frontier.

Observe, finally, that the � � µ efficiency analysis described above can be interpreted as the application
of a multiple criteria decision aid method to evaluate the attractiveness of the considered countries. In this
perspective this procedure can be seen as a new method in the SMAA family. We call this method ��µ�SMAA
(for another method taking into account mean and variance of the evaluations of alternatives, but in another
context see Ishizaka and Kunsh (2018))."

5 Case study: World Happiness Index

In this section, we apply��µ efficiency analysis to the whole set of data supplied by the 2017 Report of ‘World
Happiness’. The age-old concept of happiness can be traced back to Aristotle’s ‘eudaimonia’, a word commonly
translated as ‘welfare’ (Shin and Johnson, 1978). Central concept of the Aristotelian ethics, welfare was seen as
the ultimate human good (Robinson, 1989), which, more than two millennia after Aristotle’s era, appears to be
at the centre of academics and policy-makers’ discussions. More specifically, world-renowned economists have
recently criticized the use of traditional, economic output measures like the GDP as a proxy for welfare (see
e.g. Costanza et al., 2009; Stiglitz et al., 2009). In April 2012, an initiative of a group of independent experts
-in support of the United Nations’ High Level Meeting on happiness and well-being- further paved this way.
Through the Sustainable Development Solutions Network of the UN, they published the first ‘World Happiness
Report’ (Helliwell et al., 2012). Since 2012, these reports have gained considerable attention, while, in the
authors’ words (Helliwell et al., 2017, p.3): “happiness is now increasingly considered the proper measure of
social progress and the goal of public policy”. In fact, on a recent OECD meeting at the ministerial level (OECD,
2016, p.12), the OECD committed to “redefine the growth narrative to put people’s well-being at the center of
governments’ efforts”.

The ‘World Happiness’ report (WHR) presents and analyses the data of a survey question conducted by
the Gallup World Poll. More specifically, 3,000 respondents in each of the -roughly- 150 countries considered,
evaluate their lives on a 0-10 scale which is known as ‘Cantril Ladder’ (see Helliwell et al., 2017, p.123). The
authors use a three-year rolling window of the average response in each country (Subjective Well-Being; SWB)
to rank them accordingly. For instance, the 2016 ranking is based on the average response of the three-year
period 2014-2016. According to the report, 6 key variables (namely GDP per capita, healthy life expectancy at
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birth, social support, freedom to make life choices, generosity and perceptions of corruption) used as proxies for
6 socio-economic aspects respectively, may on average explain 75% of the respondents’ subjective evaluations
(Pooled OLS regression). Detailed information about the description and sources of the 6 key variables can
be found in Helliwell et al. (2017, Technical Box 2, p.17). We applied � � µ efficiency analysis adopting the
same procedure extensively described in the previous section (which considered a sub-sample of 10 European
countries) apart from the following step. We use a three-year rolling-window for the six variables, in order to
be consistent with the procedure used by the World Happiness Report for the subjective evaluation. This means
that the values we consider in each dimension in year 2016 are in fact non-weighted arithmetic averages of
the period 2014-2016. We restrict the sample to only these countries that possess data for all 6 dimensions for
the 2016 and at least one of the years 2014 and 2015. After this data cleaning procedure we are left with a
final sample of 119 countries.

In applying the proposed approach, we find that the family of � � µ Pareto-Koopmans frontiers consists
of 31 frontiers, which are illustrated in Figure 3. We computed the local (�ik) and global (smi) ��µ Pareto-
Koopmans efficiencies for each country. However, due to a large number of countries and frontiers in our
sample, we will hereby discuss and report only the efficiency of the top-10 ranked countries of the 2017
‘World Happiness’ report. The results for the rest of the countries (e.g. local/global efficiencies and rankings)
are disclosed in the on-line supplementary appendix (available here: https://goo.gl/URBRuC). According
to the 2017 report, the countries found in the top ten rankings are the following: Norway, Denmark, Iceland,
Switzerland, Finland, the Netherlands, Canada, New Zealand, Australia and Sweden, which are ranked in this
exact order. In our analysis, these 10 countries are found to be spread in the first seven frontiers, which will
therefore be the focus of our analysis for the rest of this section.

[INSERT FIGURE 3 ABOUT HERE]

The countries spread over the first seven frontiers are reported in Table 4, ordered according to their
attributed rankings by the WHR (denoted ‘WHR rank’ respectively). Also reported in the table are the mean
score (µi) and the standard deviation (�i) of the countries’ scores in the 10, 000 extractions, the ��µ Pareto-
Koopmans local efficiency (�ik) of each country with respect to the efficient frontiers PKFk, k = 1, . . . , 7, and
the global efficiency score (smi) with its corresponding ranking (denoted ‘��µ rank’).

[INSERT TABLE 4 ABOUT HERE]

First of all, we should note that it is by definition reasonable to observe a shuffle, or even entirely different
patterns between the SWB (‘WHR rank’) and the �� µ efficiency rankings (‘�� µ rank’). The first expresses
peoples’ own subjective beliefs, while the latter refers to the aggregation of 6 variables that are considered
key determinans of the average SWB. Moreover, there is a whole ongoing discussion between the difference
of SWB and objective conditions attributed to psychological reasons and cultural differences (see Kroll and
Delhey, 2013). In other words, the two rankings are not directly comparable, nor should they necessarily be;
though one could make a few interesting inferences. To start with, it is notable, that the countries which are
self-claimed to be ranked in the top-10 positions (i.e. having the top-10 highest subjective evaluation) are
positioned in our top-10 list as well, with the exception of Iceland and Finland, which we position in the 11th

and 13th places accordingly.
A second interesting point relates to the measurement of efficiency with respect to the frontiers, and how

the dynamics of these might change under some circumstances. Consider for instance Finland, a country that
is ranked 13th according to our overall ��µ Pareto-Koopmans efficiency, and which participates in the ��µ
Pareto-Koopmans family by lying on the 7th frontier. The reason Finland is not participating in the previous
frontier (i.e. PKF6) can be better clarified when it is compared to Luxembourg. The latter clearly dominates
the former in terms of standard deviation (�Luxembour g = 0.059 versus �F inland = 0.076), but only marginally
dominates in terms of average performance (µLuxembour g = 0.70865 versus µF inland = 0.70864 - in Table 4
both are rounded to three decimals). Therefore, if Finland slightly increases its average performance to surpass
that of Luxembourg, it will then, ceteris paribus, move to frontier 6. This is also clear by looking at the efficiency
of Finland with respect to the 6th frontier (Table 4: �F inland,6 = �0.00001), which is almost zero. Following
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this line of reasoning, one could be interested to compare Finland with Iceland (µF inland = 0.70864 versus
µI celand = 0.7111), e.g. by looking at the inefficiency of the former with respect to the frontier that the latter
is lying on (Table 4: �F inland,5 = �0.002).

Another interesting point arises from tracking the frontiers’ formation from a dynamic viewpoint. More
specifically, one could be interested in tracing changes in the performance of units in the � � µ plane within
a time period and thus, how were the frontiers re-structured accordingly. This could be accomplished in
several ways. For instance, one could trace all, or a subset of the � � µ PKF, or even trace the frontiers and
performance of only certain countries. An example is given in Figure 4, which illustrates how the first two
frontiers were changed from 2015 (illustrated in gray) to the following year (illustrated in black). To some
extent, this augments the analysis of Färe et al. (1994, see Fig.3, p.77) by visualizing the dynamic formations
of all subsequent frontiers. It quickly becomes obvious that Singapore did not participate in the first two
frontiers in 2015, but it joined the second one in 2016. Moreover, one can distinguish how the performance of
the countries lying in the first two �� µ PKF changed during this time period. For instance, as it is apparent
in Fig.4, almost all countries exhibit a drop as to their mean values in 2016. This is less noticeable in some
countries and more apparent in others. Exception to this rule are Germany, Luxembourg and Singapore, with
the latter meeting with such an improvement that positioned the country in the second frontier. Of course
this can be attributed to both a remarkable improvement in the elementary indicators, and the fact that the
performance of the surrounding countries was deteriorated (e.g. see Denmark in Fig.4). This highlights
the fact that even if a unit’s performance remains steady through a time period examined, the distance with
respect to other frontiers might alter either due to an improvement, or a downturn of the surrounding units.
Understandably, this reminds of the decomposition of total factor productivity (see Färe et al., 1997). In this
sense, it is possible to directly measure the change in the overall relative efficiency (EC) by considering a
ratio in the spirit of the efficiency change component of Malmquist Productivity Index (see Färe et al., 1994,
p.71). Although it extends beyond the scope of this study, it is worth noting that such an analysis from a
dynamic viewpoint could greatly benefit the explanation of results, by decomposing the total productivity into
relative efficiency and technical change. In fact, an interesting study in the domain of composite indicators
is presented by Kortelainen (2008), constructing an Environmental Performance Index in which they exhibit
how changes in the environmental performance of 20 EU member states over the period 1990-2003 may be
decomposed into shifts in relative efficiency and environmental technology respectively. Additionally, in this
particular example we have used two consecutive years, which, from a policy-maker’s perspective might not
be enough; thus, the time period examined in the plane could be re-considered to that of specific ‘goalposts’
(i.e. the start and end dates of a scheduled policy period, see Mazziotta and Pareto, 2016, p.989).

[INSERT FIGURE 4 ABOUT HERE]

Consequently, there are several points that could be noted from the outputs of our proposed approach.
From an overall score/ranking that takes into account all potential viewpoints (i.e. space of weight vectors)
and all potential benchmarks (as denoted by the family of � � µ Pareto-Koopmans frontiers), to the analysis
of the dynamic performance of a unit. These could be all advantageous to both the developer of an indicator
and the individuals interested in it. We should hereby note again that subjective evaluations (i.e. those of
the WHR in this case) and our own output (i.e. smi global efficiency scores and �� µ rankings accordingly)
cannot be directly compared due to the intrinsic differences in their representation.

5.1 Robustness of results to outliers

A crucial question at this point relates to the sensitivity of the obtained results from the preceded � � µ
analysis. Such question is mainly driven from the fact that extreme points (outliers) could be distorting the
results. The problem of outliers is one of the oldest in Statistics that is constantly reemerging (Hawkins, 1980).
The intention to explore the mechanisms driving the outliers extends beyond the scope of this paper (for a
comprehensive analysis, we refer the reader to the book of Hawkins, 1980), though it is of interest to explore
the steps in which outliers could distort our analysis, along with ways to make our inferences more robust to
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them. In particular, we can identify two stages in which outliers could pose a threat, and which we forthwith
explain in more detail along with ways to mitigate their impact.

The first stage is in the process of normalizing the sub-indicators, the chosen method of which could distort
the transformed indicators in the presence of ‘extreme’ units (see some common normalization techniques and
their drawbacks in OECD, 2008, sect. 1.5). Distorted transformed indicators could in turn affect the computed
composite indicators’ values, on which our two measures of interest (� and µ) rely upon for the subsequent
part of the analysis. We believe that, up to some extent, the normalization procedure that we follow (Greco
et al., 2018a) takes this issue into account by replacing the values of extreme units (see Section 4 for a detailed
description of the procedure). Moreover, the fact that in our method, a variety of weight vectors are involved
(hereby, 10,000) -contrary to the classic scheme involving a unique weight vector- means that it could alleviate
this issue even more. The reason is that, in the case of a single weight vector, it could happen that this particular
vector favors the dimension(s) which are affected the most from the existence of an ‘extreme’ unit in the set of
DMUs. On the contrary, 10,000 weight vectors could even out this issue, of course, always up to some extent.

The second stage in which outliers could pose a threat comes after the computation of the parameters of
interest (�i and µi) has taken place. Outliers in this stage could affect the local efficiency scores (�ik), which in
turn would distort the global efficiencies (smi). The reason is that in DEA the addition or removal of efficient
DMUs would alter the efficiencies of the remaining DMUs (Seiford and Zhu, 2003). This means that, if an
extreme unit exists in the��µ plane, it could compromise the results up to some extent, as the overall (global)
efficiency scores do not solely rely on the first Pareto-Koopmans efficient frontier, but also on all the remaining
frontiers in the sequence. In such a case, our analysis could benefit from well-established approaches in the
literature of ‘robust’ (or ‘partial’) frontiers, such as the order-m (Cazals et al., 2002; Daraio and Simar, 2005,
2007b) or order-↵ (Aragon et al., 2003; Daouia and Simar, 2007) frontiers that we explore in this section. In
brief2, although slightly different in their principles, the advantage of both above-mentioned techniques is that
they are more robust to outliers than the classic efficient estimators, as they do not simultaneously envelop
all the data points but rather a sub-sample of them (the choice of which consists the fundamental difference
among the two approaches). In this paper we consider the order-m robust frontiers, originally introduced by
Cazals et al. (2002) and later generalized and extended by Daraio and Simar (2005, 2007b), although the
intuition could be similar in applying the order-a robust frontiers (Aragon et al., 2003; Daouia and Simar,
2007).

The procedure to obtain robust DEA estimators of order-m -which, we hereby use to obtain robust local
and global � � µ Pareto-Koopmans efficiency scores- is extensively covered in the study of Daraio and Simar
(2007b, pp.18-19). The authors provide a simple Monte-Carlo simulation implemented in four steps, which
we adopt to be fitted to our proposed approach. We implement it in two ways, described in the following.
First, if one is solely interested in taking into account a single frontier, we adopt it without any modification.
That is, for each unit i 2 I , we randomly draw a sample of size m (in this case we choose a ‘strict’ value of
m = 10) with replacement so that it satisfies the following conditions: µl � µi and �l  �i; l = 1, . . . , m.
We then proceed by solving the LP formulation given in equation 5 to obtain the efficiency score, �i1 for the
evaluated unit i with respect to PKF1. We repeat this procedure B times for every unit i 2 I , with B being
a relatively large number, averaging the results afterwards. Following the suggestions of Daraio and Simar
(2007a, p.72), we use a value of B = 200. Understandably, this analysis could be extended to include the
case where additional information is provided by other variables Z 2 Rr that are exogenous to the process but
could explain part of it. In such a case, the conditional order-m efficient estimators could be used (see e.g.
Daraio and Simar, 2005, 2007b).

We avoid using the exact procedure of robust m-order frontiers for the case of multiple-frontier evalua-
tion, as this is only ‘forward-looking’ for competitors in the sense of trying to find competitors from only the
dominating choices (i.e. µl � µi , and �l  �i , l = 1, . . . , m). We believe that the concept of global scores
(smi) should not only take into account the frontiers that lie ahead of a unit, but also to be ‘backward-looking’,
giving a sort of ‘net position’ evaluation for a unit with respect to the ‘competitors’ in front and back of that

2For a comprehensive review of the intuition behind the robust frontier techniques and a set of empirical applications, we refer the
reader to the book of Daraio and Simar (2007a).
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unit in the plane. Thus, a second way in which we apply the m-order robust frontiers is by modifying this
procedure to equally look for the exact opposite scenario; that is, for each unit i 2 I , we randomly draw (with
replacement) m units exactly as before (i.e. µl � µi , and �l  �i l = 1, . . . , m), but also m units dominated
by the evaluated unit (i.e. µl  µi , and �l � �i l = 1, . . . , m). Then we solve the LP formulation as given
in eq.7 and compute the global scores (smi) as in eq.8. A visual interpretation of the two above-mentioned
procedures is given in Fig.5 for the case that we evaluate a random unit of interest (e.g. Hong-Kong).

[INSERT FIGURE 5 ABOUT HERE]

To compare our results with both above-mentioned applications of the m-order partial frontiers, we nor-
malize the original and robust scores to the [0, 1] space. The diagonal in Fig.6 shows perfect equality, while
deviations from it show under or over-evaluation of units with respect to each set of estimators (robust or
non-robust to outliers). Understandably, in the case of a single frontier (Fig.6, left sub-plot) the deviations are
very small and negligible. Taking into account the multiple-frontier case (Fig.6, right sub-plot) though, we can
clearly see the existence of three outliers (Thailand, Indonesia and Rwanda) that were affecting the original
set of estimators. With respect to the ‘scoreboards’ of the evaluated countries, 17 of them (approx. 14% of the
sample) do not present any change whatsoever, while another 17 of them only change by a single ranking. 32
countries (approx. 27%) present a change of between 2 and 3 rankings (median change is 3), while another
27 (approx. 22.7%) change between 4 and 7 rankings (that completes the 3rd quartile). The fourth quartile
contains changes between 8 and 19 rankings with only the outliers exceeding this range, changing 35 rank-
ings. As it is also visually apparent from Fig.7, the biggest changes are presented at and around the frontiers
in which the outliers are participating. In this respect, the robust m-order frontiers aid significantly in adjust-
ing the estimators to account for these outliers, and given these noticeable differences (especially around the
frontiers containing the outliers), we strongly encourage their use alongside our proposed approach.

[INSERT FIGURES 6 & 7 ABOUT HERE]

6 Further considerations and generalizations

A basic and natural question arising from our approach is the following: What is the trade-off between µ and
�? To answer this, let us first note the following main general interpretations of a ‘trade-off’:

• Trade-off as rate of technical substitution; that is, taking into account the “production frontier”, how much
can we increase µ and decrease � to remain in the same “isoquant”?

• Trade-off as rate of substitution; that is, taking into account the “preferences” of the stakeholder, the policy-
maker or the ‘expert’ considered in the composite indicator, how much can we increase µ and decrease �
to maintain the same level of “utility”?

Our approach permits to take into consideration both interpretations of a trade-off. In fact, on the one hand,
the Pareto-Koopmans frontier can be interpreted as the isoquant between � and µ, so that, in this perspective,
the weights ↵ and � attached to µ and � respectively in the solution of eq.5 can be interpreted as the rate of
technical substitution between them. On the other hand, our approach based on the Pareto-Koopmans frontier
in the ��µ space can be considered as a specific application of the Benefit of Doubt (BoD) method (Cherchye
et al., 2007) in that space. BoD is a well-known methodology in the domain of composite indicators assigning
to each unit the most favorable set of weights that maximize its performance. Therefore, ‘weights’ ↵ and �
obtained from the solution of eq.5 can be interpreted analogously to the weights of BoD. That is, they define
a rate of substitution in the case that the most awarding evaluation is adopted for the considered unit.

Another interpretation of the trade-off between µ and � in terms of a rate of substitution relates to
their use in evaluating units to give an approximate value to the p-th percentile of the distribution of val-
ues assumed by the composite indicator C I(xi ,w) in the space of weight vectors w 2 W . Indeed, one can
assume that this distribution is approximately normal and therefore we can compute the p-th percentile
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as µ � ��1(p)� where ��1(p) is the percentile of the standard normal distribution, so that, for example,
��1(0.1) = 1.645,��1(0.05) = 1.960 and ��1(0.01) = 2.576. Suppose now that a stakeholder is interested
in evaluating units on the basis of a specific percentile, e.g. 0.05. Since each unit i 2 I will be attached a value
µi � 1.960�i , implicitly weights ↵ and � such that �↵ = 1.960 are adopted and, consequently, a trade-off in
terms of substitution rate such that each decrease of an amount, say �, in terms of µ has to be compensated
by a decrease of 1.960� in terms of � is adopted.

In this study we have considered the development of a composite indicator in terms of a weighted sum
that, in fact, is a weighted arithmetic mean of the underlying sub-indicators. Nonetheless, one may easily
generalize the weighted sum by considering the weighted quasi-arithmetic mean that is

C I(xi ,w) = f �1

 
nX

j=1

wj f (xi j)

!
,

with f : [0, 1]! [0, 1] being a strictly increasing function. A typical example of the weighted quasi arithmetic
mean is the weighted geometric mean that is obtained as: f (x) = log x . Notice that, our current proposal
formulating a composite indicator of the form C I(xi ,w) can thus be straightforwardly extended to the general
formulation in terms of weighted quasi-arithmetic mean. It is also worth noting that, independently of the
formulation of C I(xi ,w), also the utility function

U(�,µ) = ↵µ� ��
that we considered to define our ��µ efficiency, can be written as a weighted quasi arithmetic mean, that is

U(�,µ) = f �1 (↵ f (µ)� � f (�)) .

In case of f (x) = log x , we get

U(�,µ) = µ↵ ·��� .

In any case, whatever the function f is, the whole procedure we proposed to define the � � µ efficiency can
be easily extended accordingly, substituting µ and � with f (µ) and f (�).

7 Conclusion

There is a long discussion in the literature of composite indicators regarding the issue of weighting in their
construction. Years of disputes and past solutions revolve around the use of a weight vector that allegedly
perfectly represents a specific unit or all evaluated units overall. Still, quite different results can be obtained
even by slightly changing this vector, the choice of which resembles a quest for the “holy grail”. Extending
this argument from a conceptual point of view, this set of weights (commonly univocal) could be never repre-
sentative for the population interested in this synthetic measure. Therefore, it seems reasonable to take into
account for each unit the distribution of values assumed by the composite indicator on the whole set of feasible
weight vectors. Our proposed methodology called ‘��µ efficiency analysis’ synthesizes such distributions for
each unit with its mean value, µ, intended to be maximized, and its standard deviation, �, intended to be
minimized, as it denotes instability in the evaluations with respect to the variability of weights. We further
defined the concepts of � � µ Pareto-Koopmans dominance and efficiency, which permitted us to define for
each unit under analysis, several types of meaningful efficiency measures. This way we outlined the � � µ
efficiency analysis, which finds its basis in some well-known Operational Research methodologies listed below:

• Stochastic Multiattribute Acceptability Analysis (SMAA), for the idea of considering the whole set of feasible
weight vectors. With respect to this point, let us remark that our proposed approach can be seen as another
method in the SMAA family: the ��µ� SMAA;

• Data Envelopment Analysis (DEA), for the idea of measuring efficiency;

24



• Markowitz modern portfolio theory, for the idea of representing distributions in terms of mean and standard
deviation.
• NSGA-II, for the idea of a sequence of Pareto frontiers.
• Context-dependent DEA, for the idea of a sequence of Pareto-Koopmans frontiers.

Additionally, the��µ analysis can be seen as being at the crossroads of the following three prominent research
domains in economics:

• Well-being economics in a neo-Benthamite perspective, because consideration of the whole set of feasible
weight vectors can be seen as a means of taking into account the utility of all individuals in the population.

• Research on inequality in economics, because in a “post-GDP” perspective, the standard deviation of the
distribution of composite indicators values in the space of weight vectors can be seen as the counterpart of
an income inequality measure in a standard, “GDP economics” perspective.
• Efficiency analysis taking into account, among others, the contributions of Koopmans, Debreu and Farrell,

because it permits fruitful investigation and scrutiny of mean and standard deviation of the composite
indicator values’ distribution.

With respect to its merits, the proposed methodology permits the inclusion of all potential viewpoints in the
construction of a composite indicator, while it takes into account the distances of units from all the��µ Pareto-
Koopmans frontiers lying on the plane, collapsed into a global efficiency score. In addition, the use of robust
order-m or order-↵ efficient frontiers could greatly benefit the proposed approach by providing more accurate
estimators that are robust to outliers. While there is no particular scope in this study to treat compensatory
issues in the construction of a composite indicator; we should note that our methodology permits the use of
non-compensatory aggregation techniques such as PROMETHEE methods (see Brans et al., 1986) or ELECTREE
methods (for a survey see Figueira et al., 2016 and for a review of recent developments see Figueira et al.,
2013) to be applied instead of the additive utility model illustrated in the paper. In this case, to apply the
SMAA to PROMETHEE and ELECTRE methods, see the approaches proposed in Corrente et al. (2014) and
Corrente et al. (2016a) respectively. Moreover, interaction and hierarchy of dimensions can be considered
through the use of Choquet integral and Multiple Criteria Hierarchy Process (see e.g. Angilella et al., 2018).

We attempted to show the potential of ��µ efficiency analysis by applying it to the data supplied by the
‘World Happiness’ report, obtaining some interesting results and insights. Of course, our methodology cannot
be considered a ‘panacea’ for the many problems affecting the adoption of composite indicators, in general,
and the ‘World Happiness’ in particular (see e.g. the critical discussion on composite indicators applied to
wellbeing measures in Kroll and Delhey, 2013). However, we hope that this case study can convince on
the many interesting insights that ��µ efficiency analysis permits in this domain. Finally, as far as its future
direction of research is concerned, we believe that our methodology can be fruitfully applied to all the domains
in which composite indicators are considered, ranging from the ranking of universities to the measurement of
competitiveness of geographical regions and beyond.
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Figures & Tables

Figure 1: The ��µ plane

Units i 2 I are plotted on the plane with coordinates (�i ,µi). The ��µ
analysis hereby presented concerns ten EU countries evaluated with re-
spect to the data of the 2017 World Happiness Report (WHR) (Helliwell
et al., 2017) as explained in Section 4.

Figure 2: The ��µ plane in the two scenarios

Black colour represents � � µ efficiency analysis output in the uncon-
strained case (scenario 1), grey colour represents respective output in
the constrained case (scenario 2). Numbers in parentheses denote re-
spective ��µ Pareto-Koopmans efficiency frontier (PKFi).
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Figure 3: Family of ��µ Pareto-Koopmans frontiers

The 119 countries in our sample are spread over 31 � � µ Pareto-
Koopmans efficiency frontiers (PKF). Further details about the coordi-
nates, efficiency with respect to each PKF, overall � � µ efficiency and
rankings of each country are given in the on-line supplementary ap-
pendix.

Figure 4: Dynamic illustration of the frontiers

An interesting feature of � � µ analysis is the comparison of units or
frontiers from a dynamic viewpoint. A developer might be keen on track-
ing the formation of a frontier of interest, or the performance of a unit
through time (e.g. either consecutive years, or a policy period of inter-
est). This figure delineates the formation of the first two � � µ Pareto-
Koopmans efficiency frontiers (PKF) in two consecutive years. Black
colour represents the year 2016 while grey colour represents the year
2015.
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Figure 5: Didactic illustration of computing the m-order efficiency estimators in the proposed method.

This figure illustrates the computation of m-order robust efficiency estimators (Cazals et al., 2002; Daraio and Simar, 2005,
2007b) for a randomly chosen country (hereby, Hong-Kong).

The un-adjusted case is presented in the left sub-plot, where in evaluating Hong-Kong, a randomly sampled set of countries
of order m (hereby m = 10) is used from the highlighted area to find the efficiency with respect to the single frontier (or
�i1), solving the LP formulation presented in eq.5. This procedure is repeated B times (hereby B = 200), and the expected
estimator is used as an m-order robust estimator for this country, taking into account only the first Pareto-Koopmans frontier.

The adjusted case (right sub-plot) involves the same procedure, sampling this time a set of order m from the highlighted
area above the evaluated country (dominating solutions) and a set of units of order m from the highlighted area beneath it
(dominated solutions), solving the LP formulation presented in eq.7 and computing the global scores (smi) as in eq.8. This
procedure is repeated B times and the expected estimator is used as an m-order robust global estimator for this country, taking
into account all potential Pareto-Koopmans frontiers in the sampling space.

Figure 6: Robustness checks.

This figure delineates the robustness of the obtained results using the unconditional m-order robust estimators Daraio and
Simar (2005, 2007b) to the single frontier case (�i1) [left], or adjusted to the multiple-frontier case [right]. In both figures,
vertical axis represents non-robust measures of efficiency (�i1 left and smi right) and the horizontal axis represents the robust
m-order (m = 10) efficiency estimators. To render them completely comparable (adjusting their scales), we normalize them
(using the ‘min-max’ method). The diagonal thus represents perfect equality among the two, with units lying above (below)
the diagonal being favored more (less) in the case of non-robust estimators.

32



Figure 7: Outliers & rank reversals.

This figure delineates the absolute changes in the rankings of the evaluated countries with
respect to the robust and non-robust global estimators produced up to this point. �rank
denotes absolute change of a country’s ranking with respect to the two compared set of
estimators, Q denotes quartile with respect to the whole range of rank reversals. The PKFs
of the outliers are plotted to delineate how the units at and around these frontiers in which
outliers participate can distort the global efficient (non-robust) estimators.

Table 1: Raw and normalized values of the considered dimensions

Raw Data Normalized values

Country Log of GDP Social Perceptions of Country Log of GDP Social Corruption

per capita support corruption per capita support free

Austria 10.69 0.93 0.52 Austria 0.48 0.49 0.44
Denmark 10.68 0.95 0.21 Denmark 0.47 0.70 0.71
France 10.54 0.88 0.62 France 0.33 0.18 0.35

Germany 10.70 0.91 0.45 Germany 0.49 0.34 0.51
Italy 10.43 0.93 0.90 Italy 0.23 0.50 0.11

Netherlands 10.76 0.93 0.43 Netherlands 0.54 0.49 0.52
Norway 11.07 0.96 0.41 Norway 0.84 0.74 0.54
Sweden 10.74 0.91 0.25 Sweden 0.53 0.38 0.68

Switzerland 10.92 0.93 0.30 Switzerland 0.70 0.50 0.63
United Kingdom 10.57 0.95 0.46 United Kingdom 0.37 0.70 0.50

Average 10.71 0.93 0.46
Standard Deviation 0.17 0.02 0.19

Data: 2017 World Happiness Report (WHR), obtained from: http://worldhappiness.report/ed/2017/. The data regard the year 2016. The detailed
description and the sources of the considered dimensions can be found in Helliwell et al. (2017, p.17).
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Table 2: Evaluating the units with � � µ under the two
alternative scenarios

Scenario 1 Scenario 2

Unconstrained weights Constrained weights
Country µiµiµi �i�i�i smi µiµiµi �i�i�i smi

Austria 0.471 0.013 0.338 0.475 0.011 0.281
Denmark 0.628 0.064 0.561 0.646 0.051 0.514
France 0.289 0.045 0.076 0.262 0.048 0.037

Germany 0.447 0.045 0.188 0.419 0.048 0.074
Italy 0.278 0.093 -0.188 0.333 0.096 -0.209

Netherlands 0.517 0.014 0.393 0.509 0.014 0.303
Norway 0.707 0.073 0.948 0.715 0.052 0.802
Sweden 0.533 0.071 0.219 0.495 0.070 0.081

Switzerland 0.611 0.048 0.512 0.582 0.050 0.287
United Kingdom 0.519 0.078 0.394 0.564 0.080 0.204

µiµiµi and �i�i�i are the means and standard deviations of the composite indi-
cator C I(xi ,w) in the 10, 000 extractions accordingly. sm

i
is the overall

score computed as in eq.8.

Table 3: Measuring ��µ Pareto-Koopmans efficiency

Unconstrained weights Constrained weights

��µ Pareto-Koopmans efficiency ��µ Pareto-Koopmans efficiency
PKF1 PKF2 PKF3 PKF4 PKF5 PKF1 PKF2 PKF3 PKF4 PKF5

Country �i1 �i2 �i3 �i4 �i5 Country �i1 �i2 �i3 �i4 �i5
Austria 0.001 0.032 0.047 0.065 0.193 Austria 0.003 0.037 0.038 0.059 0.143

Denmark -0.012 0.018 0.095 0.110 0.350 Denmark -0.009 0.064 0.064 0.083 0.313
France -0.032 0.000 0.026 0.033 0.048 France -0.037 0.000 0.002 0.022 0.049

Germany -0.032 0.002 0.015 0.034 0.169 Germany -0.037 0.001 0.001 0.022 0.086
Italy -0.080 -0.048 -0.045 -0.015 0.000 Italy -0.086 -0.049 -0.048 -0.026 0.000

Netherlands 0.008 0.032 0.050 0.064 0.239 Netherlands 0.002 0.034 0.035 0.056 0.176
Norway 0.078 0.078 0.174 0.188 0.429 Norway 0.068 0.068 0.132 0.151 0.382
Sweden -0.040 -0.024 0.014 0.014 0.255 Sweden -0.049 -0.021 -0.020 0.010 0.162

Switzerland -0.004 0.013 0.078 0.092 0.333 Switzerland -0.019 0.000 0.028 0.028 0.249
United Kingdom -0.049 -0.031 -0.008 0.241 0.241 United Kingdom -0.047 -0.030 -0.019 0.069 0.231

PKF1-5 denote respective � � µ Pareto-Koopmans frontiers illustrated in Figure 2. �
ik

shows the (in)efficiency of Country i, with
respect to the kth frontier.
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Table 4: Case study results for the first seven frontiers

��µ Pareto-Koopmans efficiency

Country
WHR

rank
µiµiµi �i�i�i smi

����µµµ
rank

PKF1

�i1

PKF2

�i2

PKF3

�i3

PKF4

�i4

PKF5

�i5

PKF6

�i6

PKF7

�i7
Norway 1 0.731 0.034 6.040 6 -0.004 0.003 0.008 0.017 0.020 0.024 0.034

Denmark 2 0.742 0.063 6.312 3 -0.012 0.003 0.005 0.013 0.031 0.033 0.033
Iceland 3 0.711 0.052 5.445 11 -0.022 -0.019 -0.011 -0.002 0.006 0.006 0.016

Switzerland 4 0.728 0.061 5.922 7 -0.018 -0.009 -0.007 0.017 0.017 0.020 0.020
Finland 5 0.709 0.076 5.335 13 -0.036 -0.027 -0.024 -0.017 -0.002 -0.000 0.030

Netherlands 6 0.714 0.034 5.619 10 -0.010 -0.008 0.009 0.010 0.016 0.022 0.028
Canada 7 0.721 0.024 5.843 9 -0.001 0.006 0.009 0.018 0.025 0.031 0.036

New Zealand 8 0.761 0.059 6.904 1 0.018 0.018 0.024 0.032 0.050 0.052 0.052
Australia 9 0.737 0.032 6.218 4 0.002 0.005 0.012 0.021 0.026 0.028 0.038
Sweden 10 0.737 0.056 6.173 5 -0.011 -0.002 0.009 0.009 0.026 0.028 0.028
Austria 13 0.665 0.021 4.496 17 0.002 0.002 0.011 0.020 0.021 0.025 0.032

United States 14 0.639 0.042 3.726 19 -0.021 -0.018 -0.010 -0.001 0.004 0.004 0.011
Ireland 15 0.723 0.024 5.891 8 0.001 0.001 0.010 0.019 0.026 0.032 0.038

Germany 16 0.685 0.023 4.955 15 -0.001 0.001 0.009 0.018 0.022 0.025 0.031
Belgium 17 0.648 0.047 3.925 18 -0.025 -0.023 -0.014 -0.006 -0.003 0.006 0.007

Luxembourg 18 0.709 0.059 5.358 12 -0.027 -0.023 -0.015 -0.007 -0.002 0.010 0.010
United Kingdom 19 0.702 0.042 5.252 14 -0.018 -0.017 -0.008 0.008 0.008 0.013 0.018

Singapore 26 0.743 0.084 6.341 2 -0.018 0.001 0.006 0.015 0.032 0.034 0.034
Nicaragua 41 0.526 0.037 1.668 33 -0.017 -0.014 -0.010 0.000 0.000 0.003 0.005
Ecuador 44 0.519 0.042 1.496 38 -0.021 -0.019 -0.014 -0.005 -0.004 -0.002 0.002

Kazakhstan 60 0.541 0.038 1.871 30 -0.017 -0.014 -0.009 0.000 0.001 0.003 0.006
Hong Kong 71 0.679 0.057 4.592 16 -0.034 -0.033 -0.023 -0.015 -0.008 -0.004 0.012
Honduras 91 0.455 0.025 1.359 40 -0.004 -0.002 0.009 0.012 0.013 0.013 0.016

Macedonia (F.Y.R.) 92 0.487 0.038 1.272 41 -0.017 -0.015 -0.011 -0.001 0.000 0.004 0.004
Egypt 111 0.424 0.041 0.786 55 -0.020 -0.018 -0.016 -0.004 -0.003 -0.003 0.000
Iraq 117 0.442 0.041 0.876 54 -0.020 -0.018 -0.016 -0.004 -0.003 -0.003 0.000

WHR is the rank attributed to Country i by the ‘World Happiness’ report using the Gallup World Poll surveys (i.e. ‘Cantril Ladder’). µiµiµi and �i�i�i are the means and standard
deviations of the composite indicator C I(xi ,w) in the 10, 000 extractions accordingly. smi is the overall score computed as in eq.8. ���-µµµ rank is the rank obtained based on
the overall score sm. PKF1-7 denote respective frontiers and �ik exhibits the (in)efficiency of Country i, with respect to the kth ��µ Pareto-Koopmans frontier.
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