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Abstract

The nature of Dark Energy is one of the most open and fascinating questions

in all of science. To add to the intrigue, there are questions about whether

the cosmological standard model, ΛCDM, is truly the concordance model

that it previously appeared to be, as tensions between low and high redshift

data persist, particularly with H0 and σ8. This, in addition to the multiple

theoretical issues (some old, like the cosmological constant problem and some

new like the swampland conjecture) suggest, that a new cosmological model

may be needed.

One interesting family of models are interacting Dark Energy models.

These models allow an interaction between Dark Energy and Dark Matter,

letting energy and momentum be exchanged. We will focus on a particular

subset of these models; where the interaction is only in the form of momentum

exchange. These models come with a rich phenomenology which we explore

within this thesis. We initially concentrate on how the coupling effects the

sound speed and how this in turn effects the evolution of the Dark Energy

perturbations.

To further understand these models, we compare them to observational

data from both high and low redshift observations. We find that, when only

CMB data is used, interacting models are comparable with ΛCDM. When

we include low redshift data, particularly the Planck cluster counts from

the Thermal Sunyaev Zel’dovich effect, we see that the data now prefers a

lower value of σ8 than ΛCDM can accommodate. This is seen explicitly in

the improvement in χ2 for the coupled models when compared to ΛCDM.

Additionally, one of our chosen interacting models does a good job of fitting

the CMB data and the data from cluster counts simultaneously.
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Chapter 1

Introduction

We will begin by looking at the standard model of Cosmology, starting with

General relativity, then homogeneity and isotropy, Dark matter (DM) and fi-

nally Dark Energy (DE). These are the key components of our understanding

of the late time Universe and any model that aims to describe the Universe

must account for these key tenets or chose to modify them.

1.1 General relativity

I will begin by discussing Einstein’s General Relativity (GR) [9, 10]. GR is a

theory of gravity, where gravity is described by metrics. Einstein’s equation

describes the interaction between matter and curvature, and was extremely

succinctly described by John Archibald Wheeler, “Spacetime tells matter

how to move; matter tells spacetime how to curve” [11].

Rµν −
1

2
Rgµν + Λgµν =

1

MP

Tµν , (1.1)

In general I will work in natural units throughout this thesis. Here MP

is the Planck mass.

On the left hand side we have R and Rµν , the Ricci scalar and Ricci tensor

respectively, (which are built from the metric and it’s derivatives), as well as

gµν the metric, these terms describe the curvature. On the right hand side

we have the energy momentum tensor Tµν and the Planck mass MP these

2



1.1. GENERAL RELATIVITY

describe matter. I have also included Λ, this is the cosmological constant,

originally added by Einstein to stop his GR universe from collapsing, but

now is extremely important when considering cosmology, I will return to this

later.

GR is an extension of Einstein’s theory of Special Relativity (SR) [12].

SR unified Newtons laws of motion with electromagnetism. However, SR

is incompatible with Newtonian gravity, so a new theory of gravity was re-

quired. The guiding concept in the formulation of GR, is the principle of

equivalencies. Firstly, that the laws of physics are the same in any inertial

frame, regardless of it’s velocity and the second is that free fall due to gravity

is indistinguishable from acceleration.

Since it’s formulation over 100 years ago, GR has been our best descrip-

tion of gravity, and it is well supported by observational data. It can account

for the perihelion procession of Mercury [9, 13] and also predicted both grav-

itational lensing [14] and gravitational waves [15, 16]. However, it is not

without its problems. It does an extremely good job of describing gravity at

the scale of our solar system to everyday scales we experience on Earth but

it breaks down at extremely small scales and seems to be incompatible with

quantum field theory.

Additionally, when we look at GR at the scale of galaxies and larger,

something else goes wrong. If we consider GR and the matter we are familiar

with the observations do not match the predictions. This means we need to

modify gravity or introduce some new types of matter, this leads us to the

cosmological standard model.

In spite of these issues, there are no particularly compelling alternatives to

GR, and a true quantum description of gravity remains elusive. Additionally,

Lovelock’s theorem [17, 18] of GR tells us that Einstein’s field equations are

unique equations of motions for a four-dimensional, local spacetime that

contains only second order derivatives at the level of the action. What this

means in practice is that alternative theories of gravity must break some key

tenet of GR (Lorentz invariance, massless graviton, equivalence principle and

second order derivatives at the level of the action).

3



1.2. COSMOLOGICAL ASSUMPTIONS

1.2 Cosmological assumptions

With GR in our toolkit we can now go and try and understand the Universe.

However, we must make two important assumptions, without these assump-

tions it is difficult to make any general statements about the Universe. The

Copernican principle is the assertion that we are not privileged observers.

This means we are not in a special place in the Universe. Additionally, when

we look out at the Universe we see that on large enough scales it is isotropic

(the same in all directions). Combining this with the Copernican principle

leads to the conclusion that the Universe (once again on the largest scales)

is homogeneous.

These assumptions lead to the Friedman Robertson Walker metric [19–

22],

ds2 = −dt2 + a(t)2

[
dr2

1− kr2
+ r2(dθ2 + sin2 θdφ2)

]
. (1.2)

This metric describes a homogeneous and isotropic space time, k is the

curvature and a is the scale factor, this determines the size of the space time,

(when considering the Universe this is normalised so that a = 1 today).

Observations tell us that k ≈ 0 [6] though examining this is still an active

area of research [23]. The Friedman Robertson Walker metric is an ansatz

for the spacetime geometry.

1.3 Inflation

We observe homogeneity and isotropy even at the earliest times of the Uni-

verse in the Cosmic Microwave Background (CMB), (discussed more in de-

tail in section 2.3) but this poses a problem. Based on the simple big bang

model of the Universe distant parts of the sky in the early Universe should

not be and have never been causally connected, creating the question, why

are seemingly causally disconnected parts of the sky the same temperature?

This is the horizon problem and this is the main motivation for inflation.

This section largely follows [24].

4



1.4. PERTURBATION THEORY

Inflation is a period of accelerated expansion in the early Universe, it

allows the Universe to be causally connected before inflation solving the

horizon problem whilst still fitting the post CMB expansion history.

The simplest models of inflation use a slow rolling scalar field to drive the

accelerated expansion, reviewed in depth in [25]. The quantum fluctuations

of this simple scalar field are stretched due to the super-luminal expansion.

These perturbations are the seeds for the late-time structure we see in the

Universe today.

The current best constraints on inflation come from [26].

1.4 Perturbation theory

At this point it is useful to discuss perturbation theory. It is often useful and

at times necessary to divided cosmological quantities, such as the metric, into

two parts, the background and perturbations of that background. If we think

about this idea in terms of the cosmological assumptions, the background is

isotropic and homogeneous and the perturbations is the structure we observe

on top of this background. This section is largely based on [27].

In this section I will focus on metric perturbations. Perturbations of dif-

ferent DE models are discussed when appropriate in chapter 3. A perturbed

metric is described by,

gµν = ḡµν + δgµν , (1.3)

in a spatially flat FRW background this,

ḡ00 = a2, ḡ0i = 0, ḡij = a2δij, (1.4)

we can perturb each of these terms.

δg00 = 2a2A, (1.5)

δg0i = a2 (∇iB − Si) , (1.6)

δgij = a2 (2Cδij + 2∇i∇jE +∇iFj +∇jFi + hij) , (1.7)

these terms can then be split into scaler, vector or tensor perturbations.

5



1.5. ΛCDM

These three sectors evolve independently in the linear limit.

Tensor perturbations are responsible for gravitational waves, discussed in

detail in section 2.8. In models where the structure of the Universe is seeded

from a scalar field, like in many models of inflation, Vector perturbations are

either absent or quickly decay.

Here I will focus on scalar perturbations, which can be rewritten in the

following way,

ds2 = a2(τ){−(1 + 2A)dτ 2 + 2 (∂iB) dxidτ

+ [(1 + 2C)δij + 2 (∂ijE)]}dxidxj, (1.8)

here A is the lapse perturbation, ∂iB is the shift perturbation, C is the spatial

curvature perturbation and ∂ijE is the off diagonal spatial perturbation.

Each of these parameters have some gauge freedom.

Here, I focus on the co-moving synchronous gauge and the Newtonian

gauge as these are the gauges used throughout this thesis. In the synchronous

co-moving gauge the lapse function is chosen to be zero, this means that

the proper time is not perturbed with respect to the metric time. In the

longitudinal or Newtonian gauge the shear is chosen to be zero, leading to

simple diagonal perturbations to the metric.

At this point, it is important to note that quantities such as density are

physical quantities and are thus gauge independent, despite the fact they

can be describe by gauge dependent perturbations. This may seem like a

contradiction, but when one chooses a gauge one is effectively choosing how

to split up the background and the perturbations.

1.5 The cosmological standard model: ΛCDM

The cosmological standard model is known as the concordance model or

ΛCDM, is based on Einstein’s GR and the standard model of particle the-

ory. However, observations in the 20th century told us that this is not the full

picture. Observations of the inner workings of galaxies [28] and their move-

ments throughout the Universe [29] told us that the model of the Universe

6



1.5. ΛCDM

was missing some key features.

One remarkable thing about ΛCDM is how a variety of different and

largely independent probes of the Universe all point to the same (or at least

very similar model), this can be seen in fig:1.1. Although, recent tensions

between different data sets has lead some people to question whether ΛCDM

is the correct description of the Universe (this is discussed more thoroughly

in sec:2.9). In spite of this, it still does a very good job of describing our

observations, with remarkably few parameters. I will disscuss observations

in more detail in chapter 2.

1.5.1 Dark matter and rotation Curves

The first detection of Dark matter (DM) came from the observations of ro-

tation curves of galaxies [28]. Newtonian orbital mechanics tells us there is

a relation between the velocity of an object, the mass of the object it is or-

biting and the distance. As seen in Figure 1.2, when comparing the velocity

of objects orbiting a galaxy to the prediction that comes from estimating

the mass of the galaxy from optical observation, there is a discrepancy. To

fit the curve, there must be more matter within the galaxy that we do not

observe optically, DM or there must be a modification to Newton dynamics

(MOND).

More recent and different types of observations (bullet cluster [31, 32],

gravitational waves [33], CMB [6, 26] and LSS [34]) have placed extremely

strong constrains on MOND, leaving DM to be the only really feasible theory.

An additional feature of our understanding of DM is that it is probably cold

(CDM). This means that the velocity the of DM is slow relative to the speed

of light.

The exact nature of DM remains an open question. There are many

different proposed ideas that generally fall into two camps, massive compact

objects such as primordial black holes [35] or particle model such as weakly

interacting massive particles (WIMPS) [36] or axions [37].

Although we do not know much about the exact nature of DM, we can

do a fairly good job of modelling it in simulations. The Navarro-Frenk-

7



1.5. ΛCDM

Figure 1.1: This plot is taken from [1]. Shows the constraints on Ωm and ΩΛ

The plot includes the BAO (Green) measurement from the Sloan Digital Sky
Survey Data Release 7 Galaxy Sample [30], CMB measurement from WMAP
(orange) and the SNe Ia sample from Hubble space telescope

White (NFW) profile [38] was first proposed in 1995. It is an extremely

simple description of how DM is distributed around a Galaxy, with very

few unknowns, yet when compared to observations it does a good job at

describing what we see. In recent years discrepancies between simulations

and observations, such as the too big to fail issue or the missing dwarf galaxies

(this is the idea that in ΛCDM, halos exist that are too big not to have

8



1.5. ΛCDM

Figure 1.2: This plot is taken from [2], and shows the rotation curve of
galaxy NGC 6503, showing the distance velocity relation. The plot shows
the different contributions to the mass of the galaxy, dust, disk (visible stars)
and halo (DM).

visible stars, but we do not see these smaller galaxies in observations) [39–

41], have caused people to question how accurate the NFW profile is, but it

is important to say that any alternatives are not drastically different to the

NFW profile.

1.5.2 Dark energy and Λ

The second piece of the cosmological standard model is Dark Energy (DE).

DE is the name given to the phenomenon that causes the accelerated expan-

sion of the Universe at late times. This was first observed in the 90’s, when

the redshift distance relation was first measured using type Ia supernova as

standardised candles [29, 42] (this is covered in more detail in 2.2).

The dominant theory for describing DE remains the cosmological con-

stant, Λ (other DE models are covered in Chapter 3). The cosmological con-

stant is the simplest answer to the question “what is dark energy?”, adding a

constant in the Einstein-Hilbert action, that results in an additional pressure

9



1.5. ΛCDM

Figure 1.3: This plot is taken from [3] and is a Hubble diagram (distance red-
shift relation) from of SN Ia, observed using a variety of cosmological probes
as well as the residuals compare to a cosmology where H0 = 70km s−1Mpc−1.

term in the Friedman equations.

We begin by considering an Einstein-Hilbert action with a cosmological

constant (and Mp set to equal to 1),

S =

∫
d4x
√
−g(R− 2Λ). (1.9)

For now we will only consider the classical cosmological constant (we will

cover the contribution from QFT in Section 1.5.3 ). With GR we are free to

add a constant to the action.

If we then consider the Friedmann equations with a cosmological constant,

we can see how this addition effects the evolution of the Universe,

10



1.5. ΛCDM

H =
ȧ

a
, (1.10)

H2 =
8πG

3
ρ+

Λ

3
, (1.11)

ä

a
=− 8πG

3
(ρ+ 3p) +

Λ

3
, (1.12)

here ρ is density, p is pressure and dot refers to a derivative with respect to

time.

It is also useful here to define the density parameter,

Ω ≡ ρ

ρc
=

8πGρ

3H2
(1.13)

where ρc is the critical density.

If one considers a static universe with a = constant and H = 0,

8πG

3
ρ = −Λ

3
(1.14)

here we see that the cosmological constant counterbalances the gravitational

collapse. This was Einstein’s original motivation for including a cosmological

constant, an idea that he called his “biggest blunder”.

However, when we look out at the Universe we do not see a static Uni-

verse, we observe a rich history of different epochs from radiation domination

to matter domination to the latest epoch of accelerated expansion and DE

domination. What this means is that H 6= 0.

From here it is not hard to see how if H 6= 0 or a = a(t) then 8πG
3
ρ 6= −Λ

3
.

Observations tell us H0 ≈ 70km s−1Mpc−1, this informs us on how the first

Friedman equation is balance and the energy density of Λ required to give

us the observed expansion rate (though the tightest constraints on ΩΛ come

from the CMB [26]).

If we now turn to the second Friedmann equation Equation 1.12, we once

again see a balancing act. Matter is reducing the rate of expansion whilst

the cosmological constant is trying to accelerate it. One can simply include
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the value for Λ inferred from observations of H0 and it is clear that the rate

of expansion is accelerating.

We can also see how the density each species of matter evolves with the

expansion of the universe.

H2

H2
0

= Ω0,ra
−4 + Ω0,ma

−3 + Ω0,ka
−2 + Ω0,Λ, (1.15)

here Ω0 refers to the density parameter today, r, m and k refer to radiation,

matter and curvature resepctively.

This is the final piece of our cosmological standard model ΛCDM.

1.5.3 The cosmological constant problem

The cosmological constant problem is the largest discrepancy between predic-

tion and observation in all of science [43]. One of the most attractive aspects

of the cosmological constant being responsible for DE, is that quantum field

theory (QFT) predicts a contribution to the cosmological constant from the

vacuum energy of quantum fields. However, when we compare the prediction

from QFT to the observed value there is a big discrepancy [43].

The QFT vacuum contribution to the cosmological constant comes from

the zero point energies of every field in one’s theory. These contributions

are proportional to the mass of the particles to the power of 4. If we only

account for observed particles from the Standard Model the largest contri-

bution comes from the top quark, this is the most conservative estimate

of magnitude of ΛQFT (the value of the cosmological constant predicted by

QFT). Other approaches to calculating the cosmological constant have the

vacuum contribution as large as the M4
p [43]. This becomes a problem when

we compare this predicted value with the observed value of Λ.

If we once again consider the action for GR with a cosmological constant

ΛB,

S =

∫
d4x
√
−g(R− 2ΛB) + Smatter, (1.16)

here ΛB is the bare cosmological constant, however if we include contributions
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1.5. ΛCDM

from QFT we see,

Λobserved = ΛQFT + ΛB. (1.17)

This is where the cosmological constant problem appears. The observed

value is extremely small when compared to the prediction from QFT; ΛQFT is

at least 52 orders of magnitude larger than Λobserved [44]. This means that ΛB

must be equal to ΛQFT to with a very small remainder that is Λobserved. The

simplest way of thinking about this is if you take one number from another

that has the same order of magnitude, then one expects the answer to be

the same order of magnitude; this would be a technically natural solution.

A priori there is no physical reason ΛB should take any particular value, so

if we fix ΛQFT through the theory and were then to choose ΛB at random,

assuming it is the same order of magnitude ΛQFT , then there is an extremely

small chance that the result would be of the order of Λobserved.

There are several attempts to solve the cosmological constant problem,

but it remains an active area of research (see [45] and the citations within).
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Chapter 2

Cosmological observation

We are truly in a golden age for cosmological and astronomical observations,

three of the last four Nobel prizes for Physics have been given for break-

throughs in this field: in 2017 it was given for the observation of gravitational

waves (GW), in 2019 for the observation of an exoplanet orbiting a solar

system like star and in 2020 it was given for the prediction and observation of

the supermassive compact object at the centre of our galaxy [46]. In addition

to these headline grabbing achievements there have been other breakthroughs

in cosmology that may not be as glamorous but that are equally as important

to the field. The Gaia satellite has examined our galaxy in incredible detail

[47] whereas the Planck satellite looked back at the first light of the Universe,

giving us one of the most complete pictures of the universe that a single probe

could possibly give [26]. The future also looks incredibly bright; probes

like Euclid [48–51] will offer unprecedented catalogs of galaxies, whilst the

Square Kilometre array [52], will use intensity mapping of hydrogen to probe

the universe in new and novel ways. The James Webb Space telescope [53]

will be able to look deeper and in more detail than its predecessor, the

Hubble telescope. Finally, the age of gravitational wave cosmology has barely

begun, with more and better ground based observatories the number of events

we will detect will increase, as well as our ability to locate them in the

sky. Additionally space based gravitational wave detectors, like LISA (Laser

Interferometer Space Antenna) [54]; will offer a picture of different wave
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2.1. TEST OF GENERAL RELATIVITY

lengths of GWs and thus different phenomena.

2.1 Test of General Relativity

One thing that has not changed in the last one hundred years of studying

the Universe, is that at the scale of the solar system GR remains our best

theory of gravity. There are many different ways to test Gravity on these

scales; the perihelion procession of Mercury [13]; lensing [55]; Shapiro time

delay [56]; these techniques and their constraints are reviewed in [57].

These local tests have interesting consequences for cosmology; they tell

us that any model of the Universe that accounts for DM or DE must leave

GR in the solar system unaffected. This has the biggest effect on models of

MG, either forcing them to adhere to a strict limit at the scale of the solar

system or screen out non GR effects at these scales.

GR can also be tested on cosmological scales. This is often done by

looking for gravitational “slip”. If we consider a perturbed FRW metric,

ds2 = −(1 + 2Ψ)dt2 + a2(t)(1 + 2Φ)δijdx
idxj. (2.1)

where Ψ and Φ are gravitational potentials. In general, in GR these two

potentials are the same, but in some alternate models they deviate from

one another; this difference is the “slip”. Gravitational slip would effect

weak lensing; the growth of large scale structure and galaxy clustering [58].

Cosmological tests of GR are discussed in detail in [59].

2.2 Distance Ladder

A distance ladder is a series of methods used to measure distances throughout

the Universe. It is only possible to directly measure distances to relatively

close objects. To measure objects that are further away we must use corre-

lated measurements, often this takes the form of standard (or standardisable)

candles. These correlated measurements are calibrated using the previous

rung of the distance ladder.
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The standard distance ladder begins with parallax measurements. Paral-

lax is the apparent change of the position of an object due to the movement

of the observer. In the case of observational astronomy a star may appear to

move relative to more distant objects as the Earth moves around the Sun.

The distance to the star is inversely proportional to the change in apparent

position. This can be used to measure distances of the order of one parsec

(pc).

The next rung on the ladder are standard candles. Cepheid variable stars

are stars that vary in both temperature, diameter and thus brightness. The

key to using variable Cepheids as standard candles, comes from the fact there

is a well known relation between the rate of pulsation and the luminosity.

Given this, if we can measure the rate of pulsation of variable Cepheid stars

we can work out their intrinsic luminosity, and as observed luminosity scales

with distance, we can calculate how far a given Cepheid is. However, one

must calibrate standard candles; in the case of variable Cepheids this means

one can derive the relation between the rate of pulsation and luminosity.

To do this one must measure the luminosity of a pulsating star at a known

distance, to calculate this distance we must rely on the previous rung of

the distance ladder, parallax. Once we understand the relation between the

rate and intrinsic luminosity we can then calculate the intrinsic luminosity

of any pulsating Cepheid and thus use it’s observed luminosity to estimate

the distance. Variable Cepheid stars can be used to measure distance up to

tens of Mpc; at distances beyond this, they are no longer bright enough to

be observed with current technology.

The next step on the distance ladder is Type Ia supernova (SNeIa). Much

like variable Cepheid stars these can be standardised. SNeIa come from

binary systems consisting of a white dwarf and another star or 2 white dwarfs.

The white dwarf accretes matter from the other star until it achieves a

maximum mass, above which the electron degeneracy pressure is insufficient

to balance the force of gravity. This is known as the Chandrasekhar limit

[60]. This process ignites carbon fusion reactions, leading to an explosion,

causing the supernova. The Chandrasekhar limit is consistent throughout

the Universe and given that this is the trigger point that leads to all SNeIa;
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this leads to consistent light curves for these explosions.

SNeIa are bright objects and have been seen as far out as redshift 1 and

even further with lensed SNeIa. As the distance of our probes increase we

reach the point where the Universe is statistically homogeneous and isotropic,

this means we can begin to measure quantities such as H0.

The current state of the art constraints come from the SH0ES (Supernova

H0 for the Equation of State) collaboration, which measures H0 = 74 ±
1.42km/s/Mpc [61].

2.2.1 Alternative distance ladders

The distance ladder described in the previous section is just one way of mea-

suring distances using distance ladders and alternative distance ladders can

be constructed. One of these alternative distance ladder approaches replaces

the use of variable cepheid stars with the tip of the red giant branch (TRGB).

If one looks at a colour magnitude plot of the stars in a galaxy there is a

sharp cut off that occurs at the point when red giant stars become unstable,

this can be used as a standardised measure of luminosity and redshift.

The main advantage of using TRGB rather than variable cepheid stars

is the abundance of red giant stars; they exist in all galaxies in both high

and low density environments. The fact that they exist in all galaxies helps

to remove any biases that are due to galaxy population; cepheids tend to

exist in star forming galaxies whereas SNeIa tend to be abundant in many

types of galaxies. The fact that red giants occur throughout the galaxies

means that we can measure the TRGB in low density regions, where effects

like dust and metallicity can complicate measurements. The current best

constraints on H0 coming from a TRGB distance ladder come from [62] and

give H0 = 69.8 ± 2.5km/s/Mpc. This sits in the middle of the results from

the SH0ES measurement and the prediction from Planck.
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2.3. COSMIC MICROWAVE BACKGROUND

2.3 Cosmic Microwave Background

The discovery that the cosmic microwave background (CMB) is a black body

won the Nobel prize in 2006 [46] and it remains one of our most powerful

observational tools for understanding cosmology. It is a snap shot of the

early Universe at the surface of last scattering, just 400,000 years after the

Big Bang.

Before this point the Universe was a hot dense plasma of photons and

ionised hydrogen (protons) as well as DM. This primordial plasma was too

dense for photons to free-stream to us, this means the rate of interactions in

the early Universe was so high that any photon would be scattered before

it could reach us. As the Universe cooled, the density dropped and neutral

hydrogen was formed and the mean free path of a photon grew where it was

comparable to the size of the Universe and thus these photons could freely

propagate through the Universe until we observe them [63].

The most remarkable thing about the CMB is how uniform it is. When we

look at the CMB power spectrum we are looking at perturbations five orders

of magnitude smaller than the background. This is the main motivation for

inflation, as it explains why parts of the Universe that would otherwise not

be causally connected are so similar. The perturbations we see in the CMB;

can be traced back to the quantum fluctuations of the field responsible for

inflation and are the seeds of the structure we see in the late time Universe.

These inhomogeneities are correlated. By measuring these correlations

we can construct a power spectrum (see Figure 2.1), as well as higher order

statistics such as the trispectrum.

The CMB is very sensitive to the matter content of the Universe. The

relative positions and heights of the peaks tell us the relative energy densities

of different types of matter [26].

2.3.1 Sachs Wolfe

The Sachs-Wolfe effect is the gravitational redshifting of CMB photons [64].

This effect happens at different times, as photons from the CMB propagate

towards us. The non-integrated Sachs-Wolfe is due to the variation in the
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2.3. COSMIC MICROWAVE BACKGROUND

Figure 2.1: This plot is taken from [4] and show the CMB temperature-
temperature power spectrum observer by the Planck satellite. The red line
shows the prediction from best fit ΛCDM model and the blue markers show
the data.

gravitational potentials at the surface of last scattering.

The Integrated Sachs-Wolfe effect (ISW) is an effect on the light that

travels to us from the CMB. The photons enter the potential wells of galax-

ies or dense regions of space, or under-dense regions such as voids. If the

potential well evolves whilst the light is traveling through it, it changes the

energy of the photons. In the late time Universe the evolution of the poten-

tial wells and peaks is affected by DE [65], as the expansion flattens out over

and under densities. The effect can be seen on the largest scales of the CMB

temperature temperature power spectrum. This means late time (ISW) is a

powerful probe of DE but is limited by cosmic variance.

2.3.2 Thermal Sunyaev-Zel’dovich

The thermal Sunyaev-Zel’dovich effect (TSZ) is also a late time modification

to CMB photons, it is caused by the scattering of photons in dense regions
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of space. High energy electrons in galaxy clusters scatter photons from the

CMB through inverse Compton scattering. This leads to a boost to the

energy of the photons. Observationally this appears as a suppression in power

at certain frequencies and a boost in power at higher frequencies. Once this

observation is made it is calibrated with objects of know mass (measured

using other observables).

Using the CMB and the TSZ signal one can count the number of galaxy

clusters in the observable sky. This measurement is sensitive to Ωm and σ8

(I will discuss σ8 in more detail in section 2.7) [66].

2.3.3 CMB Lensing

As the light from the CMB streams towards us it is lensed by the foreground

matter. Generally this leads to a weak lensing of the CMB light (weak lensing

is discussed in more detail in section 2.6). This effects the CMB observations

on the small scales in a non-Gaussian way [67].

When considering lensing of the CMB, it is also important to consider the

polarisation of the CMB. Photons from the CMB are polarised into E-modes

(modes with vanishing curl) through Thompson scattering. The temperature

anisotropies in the CMB cause asymmetry in the temperature of photons that

scatter of an electron in Thompson scattering. B-mode (modes with vanish-

ing divergence) polarisation comes from two sources: the lensing of E-modes

or primordial gravitational waves that are yet to be detected. This means

that by using the B-mode and E-mode polarisations, we can reconstruct the

lensing potential.

2.4 Baryon Acoustic Oscillations

In the early Universe there was hot dense plasma containing baryons and

photons and DM. In over-densities there are two forces acting on the plasma,

gravity trying to pull the baryons into the over-density and thermal pressure

pushing outwards, these forces cause baryons to oscillate around the centre

of the over-density. The DM however, does not interact electromagnetically
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so is only attracted by gravity and doesn’t have the thermal pressure forcing

it outwards, so remains at the centre of the over density and continues to

collapse.

Eventually the density and the temperature of the Universe drops to the

point that neutral hydrogen can form and the photons can free stream; this

means there is no longer thermal pressure pushing the baryons outwards. At

this point the baryons freeze in position creating shells of baryons around

the DM that was left at the centre of the original over-density. The distance

between the DM core and the baryon shell is known as the sound horizon.

The size of the sound horizon is imprinted in the anisotropies in the Universe

The size of the sound horizon can be measured extremely accurately at

the CMB but is also imprinted on the large scale structure (LSS) of the late

time Universe [68–70]. This can then be used as a standard ruler that can

be used to measure the expansion of the Universe

The constraints from measuring the BAO signal in LSS has reached an

impressive threshold and is now accurate enough to rule out “dark-energy-

free models” [34]. The late time BAO signal is also incredibly powerful when

combined with other probes; (see Figure 1.1).

2.5 Gravitational Strong Lensing

Gravitational lensing happens when the light from a distant object is dis-

torted by the gravitational wells between the object and the observer. The

lens is normally a massive galaxy or cluster of galaxies in the foreground.

The lensing can lead to multiple images of the same object, arcs or in the

most extreme cases, Einstein rings (see [71] for review).

Strongly lensed objects can tell us a lot about the Universe. Firstly, they

tell us about the distribution of matter in the galaxy that is acting as the

lens, offering a unique insight into the nature and distribution of DM.

Another unique probe from strong lensing comes from time delays. When

an object is strongly lensed, different light rays from the same object take

different paths through the lensing galaxy that are different lengths. This

means that the light from these different paths reaches us at different times.
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If a transient (such as a supernova) or object with varying luminosity (such

as a quasar) is strongly lensed we can measure the time delay between these

different paths and derive a measurement for cosmological parameters such

as H0.

In 2019 the H0LiCOW (H0 Lenses in COSMOGRAIL’s (Cosmological

Monitoring of Gravitational Lenses) Wellspring) collaboration used strong

lensing time delays to measure H0 = 73.3+1.7
−1.8km/s/Mpc [72]. Though when

this data was reassessed with fewer assumptions and more strongly lensed

objects the new value was H0 = 67.4+4.1
−3.2km/s/Mpc [73], this value is in good

agreement with the prediction from Planck but with much larger error bars.

The increase in the error bars comes from using kinematics to measure matter

distribution in the lens (which is very difficult using current telescopes) rather

than physically motivated assumptions.

Whether or not strong gravitational lensing can currently be used to

measure H0 with similar precision and accuracy as type Ia supernova or the

prediction from Planck is still a somewhat open question. However, with

future telescopes such as the James Webb Space telescope, strongly lensed

supernova should become one of our most powerful tools to measure H0 [74].

2.6 Gravitational Weak Lensing

Strong lensing is the lensing of individual objects, weak lensing is a much

weaker signal but can be used in a statistical way. Strong lensing events are

relatively rare, as most gravitational lenses are not strong enough to cause

arcs or multiple images, but weak lensing occurs whenever there is mass

between the source and the observer.

When we observe galaxies, we observe a distribution of alignments and

ellipticity. This ellipticity can be divided into two categories: intrinsic align-

ment and the shear due to gravitational lensing. The contribution of the

gravitational lensing is generally much smaller than the intrinsic alignment.

However, the intrinsic alignment and shape of galaxies is (mostly) random

whereas the shear from gravitational lensing is systematic. This means that

at a statistical level we can extract the effect of weak lensing on the alignment
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of galaxies. The key concepts in weak lensing are reviewed in [75–77].

As a probe of cosmology weak lensing is a good measure of the matter

content of the Universe and gives constraints on the matter power spectrum,

Ωm and σ8.

The current state of the art is KiDS (Kilo-Degree Survey) [78], DES (Dark

Energy Survey) [79] and Subaru [80], and future experiments such as Euclid

[48–51] will push the field forward with higher resolution.

2.7 Large Scale Structure and the Matter Power

Spectrum

Much like the hot and cold regions of the CMB, the distribution of structure

throughout the Universe is correlated. This is unsurprising as the pertur-

bations in the CMB are the seeds of the late time structure. To study this

structure it is useful to compress the information about the positions of ob-

jects on the sky into a power spectrum (or higher order statistics such as the

trispectrum), this is the matter power spectrum.

The matter power spectrum is defined as the Fourier transformation of

the autocorrelation function,

P (~k) =

∫
d~r 〈δ(~x)δ(~x+ ~r)〉 e−i~k·~r (2.2)

where δ(~x) is the density at position x, r is the distance between 2 points,

〈δ(~x)δ(~x+ ~r)〉 is the autocorrelation defined as the probability of finding an

object (such as galaxy or over-density), at x+ r given an object at x, and k

is the wave number.

As the majority of matter is dark, meaning we cannot directly measure

the matter power spectrum, we rely on objects that trace the matter power-

spectrum such as galaxies and galaxy clusters; this can be seen in Figure 2.2.

A byproduct of the matter power spectrum is σ8. σ8 is the average of over-

densities at a given length scale, for σ8 the length scale is 8h−1Mpc, this is the

scale of galaxy clusters. This is a useful statistic that compresses that matter
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Figure 2.2: This plot is taken from [5] and shows the matter power spectrum
as measured by a number of different probes.

power spectrum into a single number that is a measure of structure. σ8 can

be measured by a number of different probes such as SZ [66], weak lensing

[78–80] red shift space distortions (RSD) [81] (see [82] for RSD review).

2.8 Gravitational Waves

Gravitational waves (GW) are ripples of space and time itself. These tiny

perturbations are a prediction of GR [15, 16].

GW astronomy is the newest method of studying cosmology. So far we

have only observed GW using ground based interferometers such as LIGO

(Laser Interferometer Gravitational-Wave Observatory) and Virgo [83]. This

type of GW observatory allows us to observe the inspiral and merger of

extremely massive objects such as black holes or neutron stars.

With future experiments we will be able to explore more wavelengths,

allowing us to explore other features of the Universe. Space based detectors
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like LISA will probe gravitational waves from the early universe, LISA will

also measure some astrophysical objects. However, these objects will be at a

different mass range, ratio or period of the in-spiral than LIGO. Using pulsar

timing arrays we will be able to probe a frequency range different to both

ground and space based interferometers. By examining the rate at which

pulsars pulse, one can measure any variance as this could be caused by the

shrinking or stretching of space time itself caused by gravitational waves.

Primarily pulsar timing arrays will examine the background rate of mergers.

Already this method of measuring GW has yielded some intriguing results

[84]. Finally, future ground based experiments will increase the number of

events we detect, the distances to which we can detect GW and improve

sky localisation, these include but are not limited to the proposed Einstein

telescope [85] and Cosmic Explorer[86].

Although the age of GW astronomy has only just begun, it has already

yielded very interesting results for cosmology.

2.8.1 Speed of gravity

With the gravitational wave event GW170817 the first neutron star neutron

star merger event [87] was observed. This was also the first GW event with

an observed electromagnetic counterpart, this was observed in the form of a

gamma ray bust (GRB) event. With the additional information gained from

the electromagnetic signal, we could compare how long it took for the light

and gravitational wave to reach us. This enables us to measure the speed at

which gravity propagates with unparalleled precision compared to previous

methods.

The measurement showed that −3 × 10−15 ≤ ∆c
c
≤ 7 × 10−16 where c is

the speed of light and ∆c is the difference between the speed of light and the

speed of gravity, [88], this tell us the speed of gravity is extremely close to

the speed of light. This had profound consequences for our understanding of

the Universe. This single measurement has ruled out a large section of MG

models [89]. This is also another prediction that comes from GR.

25



2.8. GRAVITATIONAL WAVES

2.8.2 H0 measurement

GW observations can also help us measure the expansion rate of the Uni-

verse, H0. GWs can be used a standard sirens as their luminosity and thus

the distance can be directly measured in the observed signal. If the GW

event also has an electromagnetic counterpart then it is possible to associate

the event with a host galaxy. By measuring the recession velocity of the

given galaxy due to the expansion rate we now have a distance and redshift

measurement.

The current constraints on H0 are far from competitive with measure-

ments coming from more conventional measurements of H0, however as the

number of detections of GWs with electromagnetic counter parts increase,

this method will yield better and more competitive results. The current

constraints give H0 = 68+14
−7 km/s/Mpc [90].

Figure 2.3: This plot is taken from [91], and shows the constraints on H0

coming from the GW event GW170817 as well-as the constants from Planck
and SHoES

As the number of GW detectors increase the sky localisation should be-

come so accurate that we no longer need an electromagnetic counterpart to

assign an event to a galaxy. This will allow us to measure H0 with events

that don’t produce an electromagnetic signal, such as blackhole-blackhole

mergers.
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2.9 Tensions

Probably the biggest topic in cosmology today, is the presence of tensions

between different measurements of certain cosmological parameters from dif-

ferent probes. The two biggest tensions are in the measurements of H0 and

σ8.

The H0 tension is the larger of the two tensions, sometimes quoted as

being as large as 3.4σ [61]. The local/late time measurement comes from

the SH0ES collaboration and is a measurements SN Ia and the distance

ladder [61]. The H0LiCOW collaboration has measured H0 consistent with

SH0ES measurement using time delay cosmography [72], this method should

largely be independent of any systematics that might have effected the SH0ES

measurement; however, recent work using the same techniques and fewer

assumptions appears to be consistent with early time measurements, with a

larger region of error [73]. Other distance ladder measurements such as those

obtained when using the TRGB method are in better agreement the Planck

than SH0ES and H0LiCOW [62].

The high redshift value comes from the Planck collaboration. This value

of H0 is not a direct measurement but relies on using measurements from the

CMB and evolving the Universe forward until today, this value is obtained

using ΛCDM and is model dependent [26]. A value for H0 can be obtained

from early Universe observations, independently of CMB measurement using

a combination of Big Bang Nucleosynthesis and BAO [73], this prediction is

in good agreement with the measurement from Planck.

Solutions to the H0 tension are non-trivial. Although it’s possible to bring

the prediction from the CMB and the late time measurements back to concor-

dance or a least towards it by changing the late time expansion history, once

one includes other probes, such as BAO the datasets are no longer in good

agreement. The BAO scale is initially set in the early Universe and it then

tracks the expansion history, any solution to the H0 tension must change

the effect scale in the early universe. In practice this means that simple

extensions of ΛCDM, such wCDM, quintessence, phantom models or most

modified gravity theories, fail to resolve the tension. The most promising
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Figure 2.4: This plot is taken from [2] and shows the constraints on H0

coming from a variety of probes and shows the tension between high and low
redshift probes.

models are those that effect the early Universe, such as Early Dark Energy

(EDE), see [92] and the references within; however there are still some open

questions as to whether these models truly restore concordance or simply

move the issue to somewhere else within the parameter space [92]. Addi-

tionally, interacting Dark Energy models (IDE) have been used to try and

resolve the H0 tension [93–95], however, much like the models that modify

the late time expansion history these models fall down when additional data

sets are added [94]

Much like the H0 tension, the σ8 tension is a disagreement between the

predicted value of a parameter using the CMB vs the later time measure-

ments. Here the discrepancy is between the Planck measurements and weak

lensing and to a lesser extent the Sunyaev Zeldovich signature coming from
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CMB measurements [26]. The early time measurements predict a greater

amount of structure at late times than is observed in weak lensing surveys.

The greatest tension is between the Planck data and KiDS weak lensing data

[78, 96]; however there is some tension in other weak lensing data sets such

as the one coming from DES [79] and Subaru [80] but to a lesser extent.

Figure 2.5: This plot is taken from [97] and shows the constraints on σ8

coming from a variety of probes and shows the tension between high and low
redshift probes.

Once again finding a solution to the tension is non-trivial, and the stan-

dard extensions to ΛCDM fail to restore concordance. In general, modified

gravity models make things worse, as the addition of a 5th force leads to

greater clustering, not less; (though there are some exceptions see [98]). IDE

models offer a possible solution. Many people have tried to do this by having

DM decay into DE [95, 99]. However, models of IDE where the interaction

takes the form of momentum exchange seem more promising [8, 100–102].

In these models the evolution of the background parameters is unaffected by

the interaction, the changes only appear at the level of the perturbations. As

σ8 is a measure of perturbations it makes sense that these models could be

effective at resolving this tension. These models are discussed in more detail

in chapter 3.
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Chapter 3

Dark Energy models beyond Λ

Observations of the CMB, the distance ladder, strongly lensed supernova

as well as many other probes, all tell us that the Universe is experiencing

a period of accelerated expansion. However, what is causing the acceler-

ated expansion is still an open question. There are many different proposed

solutions with different merits and issues.

The first thing to note is that almost all DE models that go beyond ΛCDM

assume that the cosmological constant is either zero or does not gravitate.

This is an assumption and it is almost always assumed without proposing a

model or explanation for why this could be the case.

3.1 Modified Gravity

There are numerous reasons why someone might wish to modify GR; one may

want to describe DE or DM or address the incompatibility of GR and QFT.

Here we will focus on models that attempt to describe DE with Modified

Gravity (MG). As MG is not the focus of this thesis, I will only discuss MG

in terms of concepts and not individual models.

As mentioned in section 1.1, Lovelock’s theorem tells us that GR is a

unique theory, given a limited number of specific assumptions; so to mod-

ify gravity one must break one of these unique things about GR. Breaking

assumptions such as: Lorentz invariance, number of dimensions, assuming
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3.2. WCDM

locality or the fact that GR is second order in terms of derivatives. Al-

ternatively, one can add additional fields; either scalars, tensors or vectors.

Finally, in GR the graviton is massless, so one could deviate from GR by

considering a massive graviton. Models of MG are reviewed in [103, 104] and

compared to other DE models in [105].

The distinction between DE models and MG models can be blurry. It is

useful to return to the Einstein-Hilbert action for GR,

Rµν −
1

2
Rgµν =

1

MP

Tµν . (3.1)

A model that effects the lefthand side of this equation would generally be

called a MG model and a model that changes the righthand side would gen-

erally be referred to as a DE model. This definition is complicated somewhat

by the fact the previous statement is frame dependent, meaning that in one

frame something may appear on one side and in another frame it may ap-

pear on the other. A more rigorous way to make this distinction is to look

at the strong equivalence principal, in general MG models break the strong

equivalence principe whereas DE models leave it intact. This is discussed in

more detail in [105].

As mentioned in chapter 2, MG models that attempt to explain DE are

under increasing observational pressure, with observations like the speed of

GWs ruling out vast regions of the parameter space. Additionally, high

precision solar system tests mean that models must look like GR locally (see

section 2.1).

3.2 wCDM

We begin with the simplest extension of ΛCDM, wCDM. In wCDM DE is

described by a fluid with equation of state w. An equation of state is an idea

taken from fluid dynamics and is defined as the ratio of the pressure to the

density, w = p
ρ
. This is a phenomenological model.

If we consider a Universe containing only a fluid with equation of state

w, the Friedman equations gives the following equations:
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3.2. WCDM

ä

a
= −8πG

3

(
ρ+ 3p

)
= −8πG

3

(
ρ+ 3wρ

)
= −8πG

3
ρ(1 + 3w). (3.2)

This tells us that a Universe containing only this fluid; will expand at an

accelerated rate ä > 0 if w < −1/3. Current constraints for wCDM tell us

that w is very close to −1.

wCDM is often expanded to include a dynamical equation of state. This

is generally done with the following parameterisation w(a) = w0 + (1− a)wa

where w0 and wa are constants. Current constraints on wa are weak and

remain consistent with 0 and w0 near to −1,[26] this is ΛCDM limit.

3.2.1 Perturbations

If DE is described by a vacuum it is homogeneous, meaning the background

solution is the solution and there are no perturbations (though this may not

be true in interacting vacuum models [106]). However, a fluid with equation

of state w does have perturbations, this is discussed in detail in [107] (also see

[108] for a review of perturbation theory). In the synchronous gauge these

perturbations are described by the following equations,

δ̇ =− (1 + w)

(
θ +

ḣ

2

)
− 3

(
c2
s − w

)
Hδ − 9(1 + w)

(
c2
s − c2

a

)
H2 θ

k2
(3.3)

θ̇ =−
(
1− 3c2

s

)
Hθx +

c2
sk

2

1 + w
δ. (3.4)

where δ = δρ = ρ/ρ̄− 1 where bar refers to a background quantity, so δ is a

small perturbation on top of the background, θ is the velocity divergence.

This equation also includes ca and cs. ca is the adiabatic sound speed

which is equal to w if w is constant. For the rest of this discussion we will

assume this is the case. cs is the sound speed of the fluid and is defined as

c2
s = δp

δρ
. In general 0 ≤ c2

s ≤ 1, the lower bound prevents exponential growth

and the upper bound prevents superluminal perturbation propagation. The

smaller the value of c2
s the greater the clustering of the perturbations.
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3.3. QUINTESSENCE

In [107] the authors find the following attractor solution, to lowest order

in (kτ),

δ = −C
2

(1 + w)
4− 3c2

s

4− 6w + 3c2
s

(kτ)2, (3.5)

θ = −C
2

c2
s

4− 6w + 3c2
s

(kτ)3k. (3.6)

Equation 3.5 and Equation 3.6 tell us that the closer w is to −1, the smaller

δ is. As previously stated, cosmological observations tell us that w is close

to −1. Additionally we see that the closer c2
s is to 0 the larger δ will be.

Any observation that measures DE perturbations would have a huge im-

pact on our understanding of the Universe, but given the size of these pertur-

bations, any direct detection seems very unlikely. Additionally, the current

constraints on c2
s are very weak [109–125].

3.3 Quintessence

Quintessence is a canonically normalised scalar field that can be used to

explain the late time accelerated expansion [126]. This model follows on

from the ideas of inflation, where a scalar field is used to explain the period

of accelerated expansion in the early Universe.

Scalar fields are common in theoretical particle physics and models such

as string theory offer a fundamental reason why such a field could be present.

Additionally, discussions about the viability of DE models in the context of

string theory (often referred to as the swampland) seem to prefer scalar field

DE over a cosmological constant (see [127] for an example of this).

The action for a scalar field is,

S =

∫
d4x
√
−g
[
gµν∂µφ∂νφ− V (φ)

]
, (3.7)

varying with respect to φ gives,

φ̈+ 3Hφ̇+
dV

dφ
= 0. (3.8)
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3.3. QUINTESSENCE

To understand how a scalar field can be responsible for the accelerated ex-

pansion it is useful to start with the energy momentum tensor. The Einstein-

Hilbert action tells us that varying with respect to the metric gives the energy

momentum tensor,

Tµν =
2√
−g

δS

δgµν
. (3.9)

So for the quintessence action,

Tµν = ∂µφ∂νφ− gµν
[
gαβ∂αφ∂βφ+ V (φ)

]
. (3.10)

We know that the energy momentum tensor has the following form.

Tµν =


ρ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p


By separating out the time-time and space-space components of Equa-

tion 3.10, we can find equations for p and ρ. So in a flat Minkowski metric

we can relate the quintessence action to the density and the pressure,

−T 0
0 =ρ =

1

2
φ̇2 + V (φ), (3.11)

T ii =p =
1

2
φ̇2 − V (φ). (3.12)

If one considers a Universe only containing a Quintessence field the Fried-

mann equations become,

H2 =
8πG

3

[
1

2
φ̇2 + V (φ)

]
(3.13)

ä

a
=− 8πG

3

[
φ̇2 − V (φ)

]
(3.14)

The first Friedmann equation tells us that the H0 is nonzero, meaning the
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Universe is either expanding or contracting. If we look at the second Fried-

mann equation, we can see that if V (φ) > φ̇2 then ä > 0 (given that a is

0 < a < 1) this means that the Universe is expanding at an accelerated rate.

Cosmological observations tell us that for any DE model the equation of

state must be close to −1 today. Equation 3.11 and Equation 3.12 tells us

that for this to be true V (φ)� φ̇2 is often referred to as slow roll.

3.3.1 Quintessence: perturbations

Much like the wCDM case and in the case of inflation, a quintessence field is

not uniform and has perturbations. We can expand the scalar field into its

background φ̄ and the perturbations on the background δφ, so that,

φ = φ̄+ δφ,

and the velocity divergence for a scalar field is defined as,

θ =
δφ
˙̄φ
.

Throughout this thesis we will use the notation δφ = ϕ.

In general these perturbations are too small to have any observational

effect in current or proposed experiments. This is because they will be sub-

dominant when compared to the DM perturbations. Equation 3.2.1 and

Equation 3.4 can also applied to pressureless DM. Looking at Equation 3.5

for DE the are suppressed by the (w+1) term (which is observations suggest

is less than 10−2), for DM this term is 1. Additionally for most DE models

the sound speed is 1, for cold DM it’s 0.

3.3.2 Quintessence: potential

A key aspect of quintessence is the potential, V (φ). There are a number of

possible quintessence potentials, some of which are compared in [128]. Unlike

in inflation, models of scalar field DE do not need to provide a mechanism to

end the accelerated expansion or deal with issues to do with the perturbations
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as seeding the late time structure.

Different potentials have different benefits and downsides. Some poten-

tials require large amounts of fine tuning to match current observation con-

straints, such as polynomial potentials, to some extent recreating the cos-

mological constant problem. Potentials fit one of two groups: those that

thaw, meaning w gets further from -1 as the model evolves (such as cosine

potentials), and those that freeze, meaning w gets closer to -1 as the model

evolves (such as exponentials potentials). The effects of different potentials

are discussed in more detail in [129, 130].

We use exponential potentials for our scalar field DE models through-

out this work in the form of V (φ) = V0e
λφ, exponential potentials for DE

are discussed at length in [131]. For the case when λ2 < 2 we have a slow

roll solution, when λ2 > 3(wd + 1) we have a scaling solution, here wd is

the equation of state for the dominant energy density at the time (matter or

radiation). When there is a scaling solution the DE energy density is propor-

tional to the matter energy density. The scaling solution has been suggested

as a possible solution to the coincidence problem, but it does introduce new

problem such as the “why now?” problem [131].

3.4 K-essence

K-essence is an extension to Quintessence and allows for non-canonically

normalised kinetic terms. The idea of a K-essence DE comes from inflation

or K inflation [132] and was first used for DE in [133–135].

The general Lagrangian is defined as,

L = F (Y, φ), (3.15)

where Y is the usual kinetic term, Y = ∇µφ∇µφ 1 . Often the models studied

1 In the literature this is commonly referred to as X, however we will use Y to follow
the notation in [136].
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are from the subset of the Lagrangian,

L = v(φ)h(Y )− V (φ), (3.16)

we can see that if v(φ) = 1 and h(Y ) = Y we have quintessence.

We can also see how the equation of state w evolves for this model,

w =
p

ρ
=

−F
2Y FY − F

, (3.17)

(where the subscript refers to a derivative with respect to that parameter i.e.

FY := ∂F
∂Y

I will use this notation throughout this thesis) this is derived in the

same way we derived the density and pressure equations for quintessence; by

varying the action with respect to the metric and separating out the time-

time and space-space components.

We can also look at the sound speed in these models,

c2
s =

δp

δρ
=

FY
2Y FY Y + FY

. (3.18)

For the case in Equation 3.16, this is

w =
v(φ)h(Y )− V (φ)

2Y v(φ)hY − v(φ)h(Y ) + V (φ)
. (3.19)

If v(φ)h(Y ) and its derivative with respect to Y , Y v(φ)hY are negative

we have a field that has an equation of state w < −1. Models with w < −1

are often referred to as phantom models. These models are increasingly

interesting from an observational prospective as some data sets appear to

prefer w < −1 (such as [26]). However, scalar field models where w < −1

have many theoretical problems such as being unbounded from below and

are often associated with issues related to unphysical sound speeds i.e. c2
s > 1

or c2
s < 0 (see [137, 138] for a review of phantom models).

For quintessence then c2
s = 1; we can see in Equation 3.19 how the sound

speed can vary depending on the Lagrangian, this is explored in [139–142]

and is related to the idea of K-essence describing both DE and DM discussed

later.
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Often K-essence models are simplified further to include only terms that

depend on the kinetic term,

L = F (Y ), (3.20)

this is Kinetic K-essence.

The idea of Kinetic K-essence is attractive for a number of reasons, one

is that you no longer need a potential. A scalar field without a potential or

a constant potential has a shift symmetry, this means the field is technically

natural [139].

Kinetic K-essence is also appealing as it can act like an attractor solution

[135], following the equation of state of radiation when it dominates the

Universe. Then when matter begins to dominate the energy contribution of

the Universe, the K-essence field begins to slow roll and act as DE leading to

the accelerated expansion at later times [133, 135]. This is a possible solution

to the “why now?” problem.

It was also previously proposed that K-essence could describe a combined

dark sector, describing both DE and DM [142, 143], however, observational

and theoretical stability constraints have now ruled this out [144, 145].

3.5 Interacting Dark Energy models

Interacting DE (IDE) models allow energy and momentum to flow from DE

to DM or visa versa. The Bianchi identity tells us that the total energy

momentum is conserved.

∇µT
µ
ν = 0. (3.21)

In non-interacting models the energy momentum tensor of each species is

conserved independently,

∇µT
µ
(SM)ν = ∇µT

µ
(DM)ν = ∇µT

µ
(DE)ν = 0. (3.22)

This is an assumption, put in by hand to models like LCDM.
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3.5. INTERACTING DARK ENERGY MODELS

In IDE models this assumption is relaxed,

∇µT
µ
(DE)ν +∇µT

µ
(DM)ν = 0, (3.23)

or alternatively,

∇µT
µ
(DE)ν = Jν = −∇µT

µ
(DM)ν , (3.24)

where Jν is a coupling current.

From observations we know that the cross section between DM and SM,

and DE and standard model of particle physics (SM) is small [146, 147],

however the cross section between DE and DM remains fairly unconstrained.

3.5.1 Parameterised Interacting Dark Energy models

Throughout the remainder of this thesis we will talk extensively about the

models defined in [136] and further investigated in [148]. These models con-

sist of a scalar field DE coupled to a fluid DM. They are constructed through

the Lagrangian formalism; this approach leads to models that are self con-

sistent and key features such as the equation of state or sound speed can be

derived from the Lagrangian rather than being arbitrarily chosen, which is

often the case in ad-hoc models.

The pull back formalism is a method of mapping relativistic fluids to

a Lagrangian. We begin with the concept of a perfect fluid; this is a fluid

without collisions. For a cosmological fluid this means that the free streaming

length for a particle is larger than the Hubble scale and that the worldline of

a particle does not cross the worldline of any other particle. This is analogous

to the Lagrangian description of a fluid, following a part of a fluid as it moves

through space and time. With this as a starting point one can describe a

relativistic fluid and couple it to a scalar field. We can then construct a

general Lagrangian for this coupled system out of invariant tensors.

This leads to the general Lagrangian, L(n, φ, Y, Z). Here φ is the DE

field, n is the number density of the DM fluid and Z := uµ∇µφ, this term

directly couples the gradient of the scalar field ∇µφ, to the fluid velocity uµ.

In this language uncoupled quintessence is described as,
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3.5. INTERACTING DARK ENERGY MODELS

L(n, φ, Y ) = Y + V (φ) + f(n). (3.25)

Varying the general Lagrangian with respect to φ we find the equation of

motion,

∇µ (LY φ
µ + LZu

µ)− Lφ = 0. (3.26)

Varying with respect to gµν we get the total energy-momentum tensor

Tµν = LY φµφν + (nLn − ZLZ)uµuν + (nLn − L)gµν . (3.27)

These equations illustrate how intertwined the fluid and field are. To study

these models in a cosmological sense we must separate out the description

of the fluid and field, by restricting the Lagrangian. One can restrict the

Lagrangian in three distinct ways leading to the three types defined in [136].

Before we explore each of these types in more detail, it is useful to define

some of the parameters defined in [148]. Returning to the coupling current

Jµ the fact the that the Universe is homogeneous and isotropic tells us about

the structure of Jµ. We know that J0 is the only quantity that can affect the

background, and is often notated as J0 := Q, additionally δJ0 := q and in

[148] δJi := ∇iS.

Type I

Type I models are described by the Lagrangian,

L(n, φ, Y, Z) = F (Y, φ) + f(n, φ). (3.28)

Here F is the part of the action that describes the scalar field and f is the

fluid function.

For CDM f is defined as,

f(n, φ) = neα(φ), (3.29)

where α is a free function of φ. This is a consequence of the fact that we

chose our DM to be pressureless. By decomposing the energy momentum
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tensor the same way we did for quintessence, we can obtain equations for the

pressure and density,

ρDM = f, (3.30)

PDM = n
∂f

∂n
− f, (3.31)

if f(n) = n, PDM = 0 so we have our pressureless DM.

This model has a coupling current,

Jµ = −ρDMαφ∇µφ. (3.32)

This means,

Q = −ρ̄DMαφ
˙̄φ (3.33)

q = Q

(
δDM +

ϕ̇
˙̄φ

)
− ρ̄DMαφφϕ (3.34)

S = Q
ϕ
˙̄φ

(3.35)

As we have a Lagrangian we can also derive quantities such as the equa-

tion of state and sound speed of the field, however Equation 3.28 tells us

that the part of the Lagrangian responsible for the DE, F , depends only on

φ and Y . This means that the equation of state and sound speed are the

same as in the uncoupled K-essence or quintessence case (see Equation 3.17

and Equation 3.19).

The Amendola coupled quintessence model [149] is a specific subclass

of Type 1 models. The Lagrangian for the scalar field is the same as the

standard uncoupled quintessence Lagrangian, Equation 3.7.

The coupling current is chosen to be,

Jµ = −βAρc∇µφ (3.36)
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and we can see that this breaks down to,

Q =− βAρ̄c ˙̄φ, (3.37)

q =Q

(
δc +

ϕ̇
˙̄φ

)
, (3.38)

S =Q
ϕ
˙̄φ
. (3.39)

The Amendola coupled quintessence model is of particular significance as it

is one of the earliest and most widely studied IDE models.

Observationally Type 1 models have a big effect on ΩM shifting both the

CMB and matter power spectrum, this is discussed in [136]. These models

are sometimes discussed in the context of solving the H0 tension, discussed

in section 2.9, however, the data still seems to prefer ΛCDM [94, 150].

Type II

Type II models are probably the least studied of the three types. Type II

models are described by the Lagrangian,

L(n, φ, Y, Z) = F (Y, φ) + f(n, Z). (3.40)

Once again we can restrict our model to CDM, so f is defined as,

f(n, Z) = nh(Z), (3.41)

where h is a free function of Z.

Much like in the Type I case the coupling does not appear in the DE part

of the Lagrangian so the sound speed and equation of motion are the same

as in the uncoupled K-essence or quintessence case (see Equation 3.17 and

Equation 3.19)

These models have a coupling current,

Jµ = ∇ν (ρcβu
ν)∇µφ, (3.42)
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where,

β(Z) =
hZ

h− ZhZ
. (3.43)

For the Type II model the equations for Q, q and S are long and compli-

cated, they do not give one an intuitive understanding of how the model will

effect observations so are not included here (see [136, 148] for the complete

equations). What is important to note is Q 6= 0, S ∝ Q and q 6= 0, this is

structurally very similar to the Type 1 model and explains why the models

have similar effects on the CMB and matter power spectrum.

In [136] they explore the sub-case where,

β(Z) =
β0

Z
(3.44)

where β0 is a constant. They find similar results to the Type I case. The

coupling effects the evolution of background parameters like Ωm, leading

to significant changes to the CMB. Additionally this causes changes to the

matter power spectrum, suppressing or enhancing power depending on the

sign of the coupling.

Type III

Finally we will discuss the Type III model. The Type III model is one of

the primary focuses of this thesis. It is particularly interesting as, to first

order in perturbation theory, the interaction is only in the form of momentum

exchange. This means that background quantities such as Ωm are unaffected

by the coupling.

The Lagrangian for the Type III models is,

L(n, φ, Y, Z) = F (Y, φ, Z) + f(n), (3.45)

and the coupling current is,

Jµ = qβµ

(
∇ν(FZu

ν)∇βφ+ FZ∇βZ + ZFZu
ν∇νuβ

)
, (3.46)
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here,

Q = q = 0 (3.47)

and

S = −
(
X̄ ˙̄φ+ F̄Z

˙̄Z + Z̄F̄ZH
)
θc − Z̄F̄Z θ̇c −

1

a
F̄Zϕ̇+ X̄ϕ (3.48)

where

X̄ =
1

a

[(
Z̄F̄ZY − F̄ZZ

) ˙̄Z − F̄Zφ ˙̄φ− 3HF̄Z
]
. (3.49)

When comparing to other types we can now see that the DE part of the

Lagrangian depends on Z; this means that the equation of state and sound

speed is modified because of the coupling,

w =
−F

Z2FY − ZFZ + F
, (3.50)

and

c2
s =

Z̄F̄Y − F̄Z
Z̄(F̄Y − 2Z̄F̄ZY − F̄ZZ − Z̄2F̄Y Y )

. (3.51)

Observationally the Type III is distinct from the other Types. As the

coupling only effects the perturbations, the CMB is unaffected on all but the

largest of scales. On the largest scale we see a modification to the ISW this

is shown in chapter 4.

The Type III models do have a significant effect on the matter power

spectrum, again this is shown in chapter 4. The fact that these models have

a significant effect on the matter power spectrum but a very limited effect on

the CMB is what makes them so interesting in the context of the σ8 tension

discussed in section 2.9 [100].
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Chapter 4

Variable sound speed in

interacting dark energy models

In this chapter, we consider a self-consistent and physical approach to inter-

acting dark energy models described by a Lagrangian, and identify a new

class of models with variable dark energy sound speed. We show that if

the interaction between dark energy in the form of quintessence and cold

dark matter is purely momentum exchange this generally leads to a dark

energy sound speed that deviates from unity. Choosing a specific sub-case,

we study its phenomenology by investigating the effects of the interaction on

the cosmic microwave background and linear matter power spectrum. We

also perform a global fitting of cosmological parameters using CMB data,

and compare our findings to ΛCDM. This chapter is based on [8].

4.1 Introduction

Discovering the nature of dark energy is arguably one of the main goals of

modern cosmology. Whether the observed accelerated expansion of the Uni-

verse is due to a cosmological constant, a dynamical field like quintessence

(see [130] and references therein), a signature of modified gravity (see [103]

and references therein), or some more exotic or undiscovered phenomena,

there is still much debate and many unanswered questions. In this chapter
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we will focus on one of these questions: if dark energy is due to a dynami-

cal scalar field that can also have a non-gravitational interaction with dark

matter, can this interaction affect the sound speed of dark energy?

When discussing exotic models of dark energy, the focus is often on the

equation of state w and how it affects observations such as the Cosmic Mi-

crowave Background (CMB) and the matter power spectrum. However, an-

other parameter of interest is the dark energy speed of sound (cs) and its

observational signatures and constraints using various cosmological probes

(see, for example, [109–125]).

Although the dark energy sound speed cs remains practically uncon-

strained by observation, future cosmological experiments such as Euclid [48–

51] or SKA [113, 151] could constrain it. Therefore, it is important to fully

explore the possibility of a varying cs using well formulated, self consistent

models and understand what effects this would have on various cosmologi-

cal observables. This would affect the matter power spectrum through the

growth of structure [117, 121, 122], as well as the halo abundances and cluster

counts [125]. This is due to the fact that if cs < 1 then dark energy clusters

and affects observations in a non-trivial way.

Interacting dark energy models relax the assumption of ΛCDM and un-

coupled dynamical dark energy models, which consider dark energy and dark

matter to be only gravitationally coupled. In this chapter we show that an

interacting model of dark energy in the form of quintessence with evolving

w and c2
s can be constructed from a Lagrangian. For this purpose we follow

the Lagrangian formalism for coupled fluids developed in [136], where three

new general families of interacting quintessence and k-essence models were

constructed. We focus in particular on their ‘Type 3’ models, which are pure

momentum-transfer models up to linear order in perturbation theory. We

will examine the impact of such interactions on the CMB temperature and

matter power spectra.

The key advantage to using the Lagrangian formalism, as opposed to an

ad-hoc approach at the level of the field and fluid equations, is self consis-

tency. This approach leads to dynamically evolving w and c2
s that are directly

derived from the Lagrangian. This approach also avoids unforeseen instabil-
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ities such as those discussed in [152], since usual pathologies like ghost and

strong coupling problems can be immediately identified from the Lagrangian.

The plan of the chapter is as follows: In Section 4.2 we summarise the gen-

eral families of interacting dark energy models (i.e. Type 1, Type 2 and Type

3) constructed in [136], and explore the properties of the dark energy sound

speed for each one, demonstrating that Type 3 models are characterised by

a varying dark energy sound speed. In Section 4.3 we choose a specific Type

3 sub-case and derive the background and linear perturbations equations.

We then evaluate the CMB and linear matter power spectrum for different

values of the coupling using our modified version of the Einstein-Boltzmann

solver class [153], and compare with uncoupled quintessence. We show and

discuss the behaviour and effects of the coupling and the varying dark energy

sound speed. Finally, we use a Markov chain Monte Carlo (MCMC) analysis

to compare the chosen sub-case with ΛCDM using the Planck 2015 CMB

data [6, 7]. We conclude in Section 5.5.

4.2 The sound speed of dark energy coupled

to dark matter

We choose a Minkowski metric signature (−+ ++) and begin by setting the

speed of light, c = 1. We write the Einstein field equations as

Gµν = 8πG

(
T (SM)
µν + T (DM)

µν + T (DE)
µν

)
, (4.1)

where Gµν is the Einstein tensor, G is Newton’s constant, Tµν is the energy

momentum tensor, SM refers to the standard model particles and DM, DE

to dark matter and dark energy, respectively. The Bianchi identities imply

that

∇µ

(
T µ(SM)

ν + T µ(DM)
ν + T µ(DE)

ν

)
= 0 , (4.2)

which describes the total energy-momentum conservation. For an uncoupled

model, ∇µT
µ (i)
ν = 0 for each species i = (SM,DM,DE), and we assume that

this is the case for standard model particles which is well supported by strong
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observational constraints on standard model interactions [146].

For a model with a coupling between dark energy and dark matter, only

their total energy-momentum is conserved. That is, there exists a coupling

current such that

∇µT
µ(DM)
ν = −∇µT

µ(DE)
ν = Jν . (4.3)

We will denote J̄0 = Q, δJ0 = q, and δJi = ∇iS, where bars signify back-

ground quantities [136]. Note that because of isotropy, J̄i = 0.

Using the relativistic fluid description, the energy-momentum tensor for

a general perfect fluid is written as

T µν = (ρ+ P )UµUν + Pgµν , (4.4)

where ρ is the energy density, P the pressure, and Uµ the velocity of a general

fluid. The equation of state is then defined as w ≡ P̄ /ρ̄. The sound speed is

defined by

c2
s ≡

δP

δρ
, (4.5)

where δP is the pressure perturbation and δρ is the energy density perturba-

tion in the fluid rest frame. Since it is defined in the rest frame of the fluid,

this is a gauge invariant quantity.

A Lagrangian formalism for models of dark energy in the form of a scalar

field coupled to dark matter using the fluid description was developed in

[136], and we will utilise it to investigate the properties of the sound speed of

dark energy in such models. We begin by considering the general functional

form of the Lagrangian for dark energy and dark matter [136]

L = L(n, Y, Z, φ) , (4.6)

where φ is the dark energy scalar field, Y = 1
2
(∇µφ)2 the usual kinetic term,

Z = uµ∇µφ is a coupling of the dark matter fluid velocity uµ to the gradient of

the scalar field, and n the dark matter fluid number density. This Lagrangian

can be used to discuss general classes of quintessence and k-essence dark

energy models, including a non-gravitational coupling between dark energy
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and dark matter. By splitting the Lagrangian in different ways, the authors

of [136] constructed three distinct families of coupled models. Here we will

briefly review these types of models and concentrate on the implications of the

interaction for the speed of sound of dark energy in the form of quintessence.

4.2.1 Uncoupled models

We first consider models with no interactions, where the Lagrangian can be

split into independent terms representing the dark energy and dark matter,

L = F (Y, φ) + f(n) . (4.7)

This class includes popular alternatives to the cosmological constant model,

namely the k-essence and quintessence models.

Quintessence models have a minimally coupled dynamical dark energy

field. These models have F (Y, φ) = Y +V (φ), where V (φ) is the quintessence

potential. Quintessence models have a variable w and c2
s = 1 so that dark en-

ergy perturbations are negligible. One of the main goals of forthcoming large

scale structure surveys like Euclid [48–51] is determining the equation of state

parameter w, since w 6= −1 would signal a deviation from the concordance

model (ΛCDM).

In the fluid description, ρ̄φ = F̄−2Ȳ F̄Y and P̄φ = −F̄ , where the subscript

Y denotes partial differentiation (i.e. F̄Y ≡ ∂F̄ /∂Y ). We also find [154, 155]

c2
s =

F̄Y
F̄Y + 2F̄Y Y Ȳ

. (4.8)

For a standard quintessence model, i.e. for F (Y, φ) = Y + V (φ), we have

F̄Y = 1 and F̄Y Y = 0, so we see that the speed of sound is always equal to

unity (c2
s = 1).

However, for a class of models that contain non-canonical kinetic terms,

termed k-essence models, we have F (Y, φ) = K(φ)p(Y ). This results in a

non-unitary speed of sound c2
s 6= 1 [139].
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4.2.2 Interacting models (Types 1 and 2)

Considering interacting models, [136] discussed different ways the general

Lagrangian could be split, and constructed three general classes of coupled

theories (labelled Type 1, 2 and 3). For Type 1 the Lagrangian takes the

form

L = F (Y, φ) + f(n, φ) , (4.9)

with the φ dependence in f leading to interactions between dark energy and

dark matter.

By restricting F = Y+V (φ), we can describe general coupled quintessence

models. Taking a particular form for f(n, φ) = g(n)eα(φ), the coupling cur-

rent was found to be [136]

Jµ = −ρ∂α
∂φ
∇µφ . (4.10)

Considering a cold dark matter (CDM) fluid we can write f = neα(φ) and by

choosing a specific form α(φ) = α0φ with α0 a constant, we recover one of

the most commonly studied coupled quintessence models [149, 156].

For the Type 1 models the background energy density and pressure are

found to be [136]

ρ̄φ = Z̄2 + F̄ ,

P̄φ = −F̄ , (4.11)

and the perturbed quantities are given by

δρφ = Z̄δZ +
∂F

∂φ
ϕ ,

δPφ = Z̄δZ − ∂F

∂φ
ϕ ,

θφ =
ϕ
˙̄φ
. (4.12)

Here ϕ ≡ δφ is the field perturbation, and θ is the scalar mode of the mo-

mentum, such that Ui = a∇iθ for a general fluid. Note that Z̄ = − ˙̄φ/a. We
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also have [152]

δPφ = c2
sδρφ + 3H(c2

s − c2
a)(1 + wφ)ρ̄φθφ − (c2

s − wφ)Qθφ . (4.13)

Here, ca is the adiabatic sound speed with c2
a = ˙̄Pφ/ ˙̄ρφ [157]. For a general

Type1 model, we find that the dark energy sound speed is given by [148]

c2
s =

F̄Y
F̄Y + 2Ȳ F̄Y Y

. (4.14)

This is the same expression as in the case of uncoupled quintessence, which

means that for Type 1 coupled quintessence we get the standard result c2
s = 1.

In the case of coupled k-essence we have F = F (Y, φ) and the speed of sound

can be different than unity, as in the uncoupled k-essence case.

Type 2 models interact instead through a coupling of the dark matter

fluid velocity to the gradient of the scalar field; the Lagrangian is split as

[136]

L = F (Y, φ) + f(n, Z) . (4.15)

For CDM we can write f(n, Z) = nh(Z), and for this case the coupling

current is found to be [136]

Jµ = ∇ν(ρcβu
ν)∇µφ (4.16)

where β = hZ/(h − ZhZ) [148]. The speed of sound for Type 2 models is

also given by Equation (4.14) [148].

4.2.3 Interacting models (Type 3)

Type 3 models are classified by the Lagrangian [136]

L = F (Y, Z, φ) + f(n), (4.17)
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where again Z ≡ uµ∇µφ couples the dark matter fluid velocity to the gradient

of the scalar field. Here the coupling current is

Jµ = qβµ

(
∇ν(FZu

ν)∇βφ+ FZ∇βZ + ZFZu
ν∇νuβ

)
, (4.18)

with qνµ = uνuµ + δνµ. From the above formula we calculate J0 = 0 up to

second order. This means Q = q = 0 for all Type 3 models, but δJi ≡ ∇iS 6=
0, so Type 3 is a theory of pure momentum exchange up to linear order [136].

The background energy density and pressure are

ρ̄φ = Z̄2F̄Y − ZF̄Z + F̄ ,

P̄φ = −F̄ , (4.19)

and the perturbed quantities are

δρφ = Z̄[F̄Y − Z̄2F̄Y Y + 2Z̄F̄Y Z − F̄ZZ ]δZ

+ [Z̄2F̄Y φ − Z̄
∂F̄Z
∂φ

+
∂F̄

∂φ
]ϕ ,

δPφ = (Z̄F̄Y − F̄Z)δZ − ∂F̄

∂φ
ϕ ,

θφ =
a−1F̄Y ϕ+ F̄Zθc
F̄Z − Z̄F̄Y

. (4.20)

In these models the sound speed is found to be [148]

c2
s =

Z̄F̄Y − F̄Z
Z̄(F̄Y − 2Z̄F̄ZY − F̄ZZ − Z̄2F̄Y Y )

. (4.21)

Assuming a quintessence form for F we can write

F = Y + V (φ) + h(Z) . (4.22)

We then find

c2
s =

Z̄ − hZ
Z̄(1− hZZ)

. (4.23)
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Type 3 models with a quadratic coupling, i.e. h(Z) = β0Z
2 with β0 a

dimensionless coupling constant, have been already proven to be phenomeno-

logically interesting, since it has been shown that they can reconcile the σ8

tension between high and low redshift cosmological probes [100]. For this

case the dark energy sound speed is equal to unity as

c2
s =

1− 2β0

1− 2β0

= 1 . (4.24)

Here we will generalise the coupling function to h(Z) = βn−2Z
n with n an

integer n ≥ 2; this can still be thought of as similar to the quadratic case, but

allowing for a Z-dependent (hence time dependent) dimensionless coupling

parameter β(Z) = βn−2Z
n−2. We find

c2
s =

1− βn−2nZ̄
n−2

1− βn−2n(n− 1)Z̄n−2
, (4.25)

with Z̄ = − ˙̄φ/a.

From this relation it is evident that the speed of sound can deviate from

unity for n 6= 2. In the limit |βn−2Z̄
n−2| � 1 we find

c2
s →

1

n− 1
. (4.26)

This means, that in the case where the coupling is large, c2
s reaches a constant

value.

In the following section we will implement a Type 3 model with variable

speed of sound in the Einstein-Boltzmann solver class [153], which will allow

us to quantify the above properties.

4.3 Interacting models with variable speed of

sound

In the previous section we showed that it is possible to construct a Lagrangian

describing a quintessence field coupled to dark matter that results in an
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effective dark energy sound speed deviating from unity. In this section we

will study the phenomenology of such models by exploring a specific case

F = Y + V (φ) + h(Z) , (4.27)

with h(Z) = β1Z
3, where the effective dimensionless coupling parameter is

β1Z.

Following [136] we will work in the synchronous gauge and assume a

Universe described by a flat Friedmann-Lemâıtre-Robertson-Walker (FLRW)

metric

ds2 = a2(τ)(−dτ 2 + dxidx
i) (4.28)

in the background, and

ds2 = −a2dτ 2 + a2

[(
1 +

1

3
h

)
γij +Dijν

]
dxidxj (4.29)

for linear perturbations, where γij is the metric for a 3 dimensional, spatial

hyper-surface, ~∇k is the covariant derivative associated to γij such that,
~∇kγij = 0 and Dij is the traceless derivative operator Dij = ~∇i

~∇j − 1
3
~∇2γij.

The scalar field action in the dark matter frame is

Sφ =

∫
dtd3xa3

[
1

2
(1 + 2β1

φ̇

a
)φ̇2 − 1

2
|~∇φ|2 − V (φ)

]
. (4.30)

In the models we consider, we will have φ̇ > 0 and so we limit ourselves to

positive values of β1; this ensures that we do not have to worry about ghosts

or strong coupling pathologies in the model. In addition, Equation (4.23)

suggests that there is a singularity in c2
s if hZZ = −6β1

˙̄φ/a → 1, but for

positive values of β1 we have hZZ < 0 so this potential instability does not

manifest itself.

For the Type 3 model under consideration the background energy density
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and pressure for the field follow from Equation (4.19):

ρ̄φ =

(
1

2
+ 2β1

˙̄φ

a

)
˙̄φ2

a2
+ V (φ) ,

P̄φ =

(
1

2
+ β1

˙̄φ

a

)
˙̄φ2

a2
− V (φ) . (4.31)

The perturbed quantities are found to be

δρφ =
˙̄φ

a2

(
1 + 6β1

˙̄φ

a

)
ϕ̇+

∂V

∂φ
ϕ ,

δPφ =
˙̄φ

a2

(
1 + 3β1

˙̄φ

a

)
ϕ̇− ∂V

∂φ
ϕ ,

θφ =
aϕ+ 3β1

˙̄φ2θc

3β1
˙̄φ2 + a ˙̄φ

. (4.32)

For this model the sound speed follows from (4.25):

c2
s =

1 + 3β1( ˙̄φ/a)

1 + 6β1( ˙̄φ/a)
. (4.33)

We also derive the background(
1 + 6β1

˙̄φ

a

)
( ¨̄φ−H ˙̄φ) + 3H ˙̄φ(1− 3β1Z̄) + a2Vφ = 0 (4.34)

and perturbed Klein-Gordon equations(
1 + 6β1

˙̄φ

a

)
(ϕ̈+ 2Hϕ̇)− 6β1Żϕ̇+ (k2 + a2Vφφ)ϕ

+( ˙̄φ+ 3β1

˙̄φ2

a
)
ḣ

2
+ 3k2β1

˙̄φ2

a
θc = 0. (4.35)
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4.3.1 Initial conditions

In order to study the observational signatures of this model, we implement

it in the Einstein-Boltzmann solver class [153]. We assume a single expo-

nential potential

V (φ) = V0e
−λφ , (4.36)

with λ = 1.22 [mPl]
−1 where mPl is the reduced Planck mass; the parameter

λ can have a range of values and we choose this value as it leads to uncoupled

and coupled quintessence models consistent with observations [100, 112]; V0

is tuned by the code to match a fixed Ωφ today. The initial conditions for the

quintessence field are chosen to be φini = 10−4 [mPl] and φ̇ini = 0, initially, as

in [100]. The dynamics then quickly approaches the tracking solution.

It is useful to discuss how the dark energy perturbations are initialised.

We focus on the uncoupled case for simplicity, though this should not make

much difference as at early times the coupling is small (see Fig. 4.2). We

work in the synchronous gauge and follow the description in [107] (note our

conventions are different due to the difference in definitions of θi). Starting

from the continuity and Euler equations for a fluid without anisotropic stress,

we find

δ̇i =− (1 + w)(∇2θi +
ḣ

2
)− 3(c2

s − w)Hδi

− 9(1 + w)(c2
s − c2

a)H2θi, (4.37)

θ̇i =− (1− 3c2
s )Hθi +

c2
s

1 + w
δi , (4.38)

where the subscript i refers to the different species.

We assume for simplicity a constant equation of state and sound speed. As

we initialise our numerical studies from early times, we work in the radiation

dominated era, providing simple relations for H, a and τ . We will also use

that h ∝ (kτ) outside the horizon. We can then derive a relation between

the metric perturbations h and δi, outside of the horizon to leading powers
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in kτ :

δi = −(1 + w)
(4− 3c2

s )

(4− 6w + 3c2
s )

h

4
, (4.39)

θi = − c2
sτ

(4− 6w + 3c2
s )

h

4
. (4.40)

Reproducing this in the matter dominated era gives:

δi = −(1 + w)
(5− 6c2

s )

(5− 15w + 9c2
s )

h

2
, (4.41)

θi = −(1 + w)
τc2

s

(5− 15w + 9c2
s )

h

2
. (4.42)

Although these initial conditions assume constant w and c2
s (as we are

focused on the uncouple model c2
s = 1), the analytic predictions are in rea-

sonable agreement with the output from class. This is demonstrated in

Fig. 4.1. Even when the initial conditions are away from this solution the

expected behaviour is quickly found and this does not have a significant effect

on the late time result for the dark energy perturbations. Note the change

in sign in δφ when using class; this occurs as the model evolves from the

radiation dominated era to matter domination, which can also be seen when

comparing the analytic solutions Equation (4.39) and (4.41).

57



4.3. IDE WITH VARIABLE SPEED OF SOUND

10-3 10-2 10-1

kτ

10-16

10-14

10-12

10-10

10-8

10-6

10-4

10-2

|δ φ δ c
|
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matter
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CLASS output

Analytic prediction radiation domination

Analytic prediction matter domination

Figure 4.1: The plot shows how the analytic predictions (red and green

lines) compares with the class output (solid line shows where
δφ
δc
< 0 and

the dashed lines shows
δφ
δc

> 0) for k = 10−5 Mpc−1. This value of k is
chosen such that kτ < 1 for the age of the universe and thus we can trust
the first order result given in Equation (4.39), but the behaviour remains
qualitatively the same for any value of k given this condition is met. The
analytic solutions are derived using the values from class for c2

s and w.

4.3.2 Sound speed evolution

The sound speed behaviour reflects how the dimensionless quantity β1Z̄

evolves over time, shown in Fig. 4.2.
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Figure 4.2: The evolution of the dimensionless, time-dependent coupling β1Z̄
for two values of β1.

The coupling behaviour is directly reflected in the evolution of the sound

speed, shown in Figure 4.3. From Equation (4.33), we see that the sound

speed can vary from unity for |β1Z̄| � 1 to c2
s → 1

2
for |β1Z̄| � 1. This

is reflected in the figures: |β1Z̄| � 1 at early times and the sound speed

is unity, while at later times its increase translates to c2
s < 1. For larger

couplings, the deviation from c2
s = 1 occurs at earlier times.
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Figure 4.3: The evolution of c2
s for the uncoupled case β1 = 0 (solid black

line) and two coupled cases (dot-dashed and dashed coloured lines). The
dashed black line shows the limit c2

s = 1/2.
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We have also included a plot of the equation of state wφ = P̄φ/ρ̄φ in

Figure 4.4. For the largest coupling it remains practically constant and very

close to −1, while for the smaller coupling it evolves considerably and is more

similar to the wφ of uncoupled quintessence. This agrees with the findings

in [100] and it is because the term ∝ β1 in the equation of state formula

becomes completely subdominant to V (φ) and wφ → −1.

In [109] it was shown that the effects of a non-unitary sound speed are

more pronounced when (w + 1) is large. This suggests that its effects are

suppressed for large positive β1 and that any observable effects of the non-

unitary sound speed would appear only at late times.

0.2 0.4 0.6 0.8 1.0

a

10-9

10-7

10-5

10-3

10-1

101

ω
φ
+
1

wφ = − 0. 9

β1 =0

β1 =104 [Mpc/mPl]

β1 =1015 [Mpc/mPl]

Figure 4.4: The evolution of the equation of state wφ = P̄φ/ρ̄φ as a function of
the coupling parameter β1. A constant wφ = −0.9 is shown for comparison.

We next examine the effects that this new type of interaction has on

cosmological observables, focusing on the CMB temperature (TT) and matter

power spectra. In order to highlight the effects of the coupling we fix the

sound horizon angular scale at decoupling θs and the physical energy densities

of CDM and baryons, ωc,b = Ωc,bh
2 to the Planck 2015 best-fit model [6].
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4.3.3 CMB

In Figure 4.5 (Left) we show the CMB temperature power spectra for the cho-

sen coupled models and the predictions of the uncoupled quintessence model,

as well as the ratio of the coupled models CMB spectra to the uncoupled one

(Right). We can see that the greatest impact is on the largest scales through

the Integrated Sachs-Wolfe (ISW) effect. These differences are small relative

to the large cosmic variance and the theories remain consistent with current

observational data. Similar effects were seen in the quadratic coupling case

[100].
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Figure 4.5: Comparison of the CMB temperature (TT) power spectra for
a range of values of β1. The plots show the predictions from the coupled
models and uncoupled quintessence (Left) as well as the ratio between the
coupled models and uncoupled quintessence (Right).

4.3.4 Matter power spectrum

In Figure 4.6 (Left) we show the matter power spectra at z = 0 for the

coupled models and the predictions of the uncoupled quintessence model, as

well as the ratio of the coupled models matter power spectra to the uncoupled

one (Right). Note that we chose to show the matter power spectra in log-

linear scale instead of the traditional log-log scale, because the differences are

clearer using the former. We see a suppression of power on observable scales

for β1 = 104[Mpc/mPl] and an increase for the large value of the coupling

parameter β1 = 1015[Mpc/mPl].
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This feature has been also seen in other momentum transfer interacting

dark energy models [100]; in the same paper it was shown that the models

that suppress power can reconcile the σ8 tension between CMB and large

scale structure data.
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Figure 4.6: Comparison of the linear matter power spectrum P (k) at z = 0
for a range of values of the coupling parameter β1. The plots show the
predictions from the coupled and uncoupled quintessence models (Left) as
well as the ratio between the coupled models and uncoupled quintessence
(Right). Note that the linear description is expected to be valid only up to
k ∼ 0.1 Mpc−1.

It is also useful to investigate how the changing sound speed affects the

dark energy power spectrum; we do this by comparing the size of the per-

turbations, δρφ and δρc, for different values of the coupling; this is shown in

Figure 4.7. One can see that the variable sound speed should make very little

difference to the total (CDM+DE) power spectra for our models, since the

dark energy perturbations remain much smaller than the CDM ones for all

scales and couplings. In [158] it is shown how changing the c2
s in an uncoupled

quintessence model affects the behaviour of the dark energy perturbations.

As c2
s → 0 they find an increase in δφ(k) for all values of k, however it is still

the case that |δφ(k)| � |δc(k)|. Comparing Figure 4.7 to the results in [158]

implies that in this coupled model δφ is insensitive to the changes we observe

in c2
s , which is expected as in our case c2

s never becomes very small. However,

the analytic prediction given in Equation (4.39) suggests δφ is very sensitive

to wφ. In Figure 4.4 one can see that wφ is sensitive to the coupling. This is
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the dominant effect that leads to δφ varying with β1, rather than the change

we see in the sound speed.
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β1 =1015 [Mpc/mPl]

Figure 4.7: The evolution of δρφ (thick lines) and δρc (thin lines) as a function
of k for a variety of couplings. Note that the linear description is expected
to be valid only up to k ∼ 0.1 Mpc−1.

4.3.5 MCMC analysis

In this Section we perform a first MCMC analysis using the TT (including

the low `) and the lensing reconstruction from Planck 2015 CMB data set

[6, 7], and the MontePython code [159], and compare with ΛCDM. A full

analysis using a suite of CMB and low-z data sets is left for an upcoming

publication, where we will also study other Type 3 models.

We exclude the negative values of β as they can lead to pathologies like

ghosts (see Equation (4.30)) and choose the following priors for λ and β1:

λ ∈ [0; 2.1], log10 β1 ∈ [−4; 15] . (4.43)

We choose flat priors for the rest of the cosmological parameters (ωb, ωcdm,

θs, As, ns, τreio), and the collection of nuisance parameters required by the

Planck likelihoods.
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ΛCDM T3 [h(Z) =
β1Z

3]

100 ωb 2.23+0.02
−0.02 2.23+0.02

−0.02

ωcdm 0.119+0.002
−0.002 0.119+0.002

−0.002

109As 2.16+0.07
−0.06 2.16+0.05

−0.07

ns 0.967+0.006
−0.006 0.967+0.006

−0.006

τreio 0.07+0.02
−0.02 0.07+0.02

−0.02

σ8 0.818+0.010
−0.010 0.795+0.032

−0.014

H0 67.8+0.9
−0.9 66.8+2.2

−0.6

λ - 0.9+0.3
−1

log10 β1 - 6.0+9
−10

χ2 11271.38 11271.80

Table 4.1: Cosmological parameters for ΛCDM and the T3 model with the
coupling function h(Z) = β1Z

3, including the χ2 value.
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Figure 4.8: One-dimensional posterior distributions of the parameters {σ8,
H0, β1, λ} for the coupled T3 model (solid red lines) and ΛCDM (blue dashed
lines).

This analysis shows that this model is compatible with the current con-

straints from Planck, though marginally disfavoured if compared to ΛCDM,

additionally a full Bayesian analysis would disfavour the T3 model due to

the extra parameters. This is qualitatively similar with the results in [136],

where it is shown that the advantage of T3 models is that they can resolve

the current (tentative) σ8 tensions between high and low redshift data. Ex-

amining this in detail for a variety of momentum transfer models will be the

subject of an upcoming publication. We expect that adding low redshift data

will help mitigate the σ8 tension and constrain β1, as seem in [136].
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4.4 Conclusions and Discussion

In this chapter we have presented a new approach to exploring the sound

speed of dark energy. Using the Lagrangian formalism, we demonstrated how

one can obtain a dark energy quintessence field with varying sound speed via

pure momentum exchange interactions with dark matter. We also examined

the effect this kind of interaction has on cosmological observables, such as

the CMB temperature and matter power spectra, and showed that the model

is compatible with cosmological constraints from the Planck mission.

For the most common coupled quintessence models (Types 1 and 2), we

have shown that the speed of sound is always unity (c2
s = 1). For Type

3 quintessence models that involve a coupling of the fluid velocity to the

gradient of the scalar field, one can easily construct a model with an evolving

sound speed. Type 3 models are special as the form of the coupling results

in an effective “non-canonical” kinetic term, similar to k-essence, which then

allows for a varying sound speed of dark energy.

Using our modified version of class we have looked at the impact of

such an interaction in the CMB temperature and matter power spectra. Our

current results imply that the effects of the interaction and the dark energy

equation of state are much stronger than the effect of the varying sound

speed. This is expected since previous studies have shown that in order for

the sound speed to leave an important observational imprint it has to be very

small c2
s = O(10−3) [107, 112, 118, 140].

Moving forward, there is a vast parameter space to explore for these

momentum transfer interactions: any coupling of the form βn−2Z
n where

n 6= 2 would result in a non-unitary sound speed. One could also explore

more complex forms for the coupling function. We have to completed a full

MCMC analysis, and compare these variable sound speed models with a

variety of other models, against current observational constraints, this is the

subject of chapter 5.

In general, dark energy interactions result in modifications of the Euler

and continuity equations. When the Euler equation is modified, as is the case

for the models presented here, we have the breaking of the weak equivalence
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principle [160]. The possibility of observing this effect with future surveys

will be the subject of future work.

Recently, it has been argued in [124] that “cold dark energy” with c2
s = 0,

which adds the clustering of the dark energy perturbations on top of the

matter ones, is compatible with observations, and that future cluster growth

data can help distinguish it from dark energy with sound speed one. In [124]

the importance of having self consistent models in which both the equation of

state and the sound speed of dark energy evolve with redshift was emphasised.

Our formalism provides this and looking at the effects of our proposed models

on cluster abundances will be the subject of future work.

66



Chapter 5

Momentum transfer models of

interacting Dark Energy

We consider two models of interacting dark energy, both of which inter-

act only through momentum exchange. One is a phenomenological one-

parameter extension to wCDM, and the other is a coupled quintessence model

described by a Lagrangian formalism. Using a variety of high and low red-

shift data sets, we perform a global fitting of cosmological parameters and

compare to ΛCDM, uncoupled quintessence, and wCDM. We find that the

models are competitive with ΛCDM, even obtaining a better fit when certain

data sets are included.

5.1 Introduction

The nature of dark energy (DE) remains an open and intriguing question

of modern cosmology. Whether the observed accelerated expansion of the

Universe is due to a cosmological constant, a dynamical field like quintessence

(see [130] for a review), a signature of modified gravity (see [103] for a review),

or some more exotic or undiscovered phenomena, is still a matter of debate.

As current and forthcoming high precision experiments explore the Uni-

verse using multiple probes and high precision measurements, we are able to

test our cosmological models with greater rigour than ever before. At the
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moment, the standard cosmological model, ΛCDM, is still the statistically

preferred model to fit CMB and LSS data [26, 78, 79, 161–165], but the ex-

istence of the Hubble constant (H0) and structure growth (σ8) cosmological

tensions has fueled interest in a plethora of alternative models to see if they

can alleviate them (see e.g. [164, 166–170]).

Models of interacting dark energy (IDE) are more popular than ever.

This broad range of models does away with the assumption in ΛCDM that

the DE and dark matter (DM) are isolated systems and allows them to in-

teract (see, e.g., [136, 149, 168, 171]). Additionally these models appear to

be flexible enough to solve perceived problems in cosmology such as the H0

or the σ8 tensions [94, 100, 172], although it is not clear if they can truly

restore concordance [150, 169, 173]. Many of these models come with un-

desirable features such as complex or large quantum corrections [174, 175],

unnaturally small coupling parameters and new, ad hoc degrees of freedom.

The most common interacting dark energy models involve energy exchange

in the background, which has severe observational consequences and fails to

fit CMB data [150, 156, 176, 177]. Models that involve momentum-only in-

teractions can circumvent many of these problems. These models leave the

background evolution of the Universe unchanged, only affecting the pertur-

bations [8, 102, 136, 148, 178–180]. This allows them to fit the CMB data

very well, and to alleviate the σ8 tension [100, 101, 181]. In this work we

test two such models using data from the CMB, SNe Ia, BAO, and cluster

counts.

The chapter is structured in the following way: in section 5.2 we describe

the two pure momentum transfer models under consideration and outline

their key features. In section 5.3 we discuss the methodology of the parameter

fitting, the data and surveys used, and outline our results. We discuss the

impact on the tensions in section 5.4 and conclude in section 5.5.

5.2 The models

As we already mentioned, both of the models we will examine in this chap-

ter have interactions that exhibit pure momentum exchange at the level of
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perturbations, and no energy exchange in the background. The first is an

elastic scattering (ES) model, first proposed in [102]. The second is part of

the so-called Type 3 (T3) class of models constructed in [136], and a partic-

ular subclass where the sound speed c2
s 6= 1 as discussed in [8] and chapter 4.

For both models we have modified a version of class[153, 182] and will be

using the Monte Carlo code MontePython[159] for cosmological param-

eter estimation. Both models have shown the ability to suppress late time

structure growth when compared to a ΛCDM universe [8, 100, 101, 178, 183].

5.2.1 Elastic Scattering

This phenomenological elastic scattering model adds a momentum coupling

to the wCDM model inspired by Thompson scattering [102]. wCDM is an

extension of ΛCDM but DE is treated as a fluid where the equation of state

w 6= −1. It is one of the most popular extended models and a priority model

to be tested with Stage IV cosmological surveys like Euclid [177, 184]. The

ES model introduces a single new parameter when compared to wCDM, σD,

that is defined as the scattering cross section between DE and DM.

To understand how this new parameter affects the cosmology it is useful

to initially look at the perturbation equations for the standard (uncoupled)

wCDM model. Working in the Newtonian gauge, the dark matter perturba-

tion equations in wCDM are:

δ′DM = −θDM + h′

2
, (5.1)

θ′DM = −HθDM , (5.2)

where δ is the density contrast and θ is the velocity divergence, H the con-

formal Hubble parameter, h is the metric perturbation and prime refers to a

derivative with respect to conformal time [107].

We can now see how the introduction of the scattering cross section mod-

ifies the second of these perturbation equations [101, 102]:

θ′DM = A∆θ −HθDM , (5.3)
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where ∆θ := θDM − θDE, and,

A := (1 + w)σD
ρDE

ρDM

nDM . (5.4)

Here, nDM is the number density of dark matter (DM). As the value of nDM

remains unconstrained, we choose to rewrite A in the following way:

A = (1 + w)ξρDE , (5.5)

where ξ = σD
nDM

ρDM
= σD

mDM
. In principle, ξ has to be positive as it is a ratio

of a cross-section and a mass; however, we will also consider couplings with

a negative sign. When we use a negative coupling it can be thought of as a

redefinition of the model, taking equation Equation 5.3 and placing a minus

sign in front of A. For simplicity we will just notate this as a coupling with

a negative sign.

Throughout this chapter we will work in the synchronous gauge unless

otherwise stated. Some previous work on the ES model has been done in the

Newtonian gauge [101, 185], however any true observable is gauge indepen-

dent [186]. Although the matter power spectrum is not a true observable, we

can see that the two gauges agree on all but the largest scales as demonstrated

in Figure 5.1. Additionally the coupling term A∆θ is gauge independent.
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Figure 5.1: The plots show the effects of the elastic scattering model de-
scribed in [102]. The matter power spectrum (top) and its relative suppres-
sion with respect to wCDM (bottom) are shown for different values of ξ, and
w = −0.9. The differences between the synchronous (left) and Newtonian
(right) gauges are also shown.

Like other momentum-only models of IDE, the effect these models have

on the CMB is minimal when compared to an equivalent uncoupled model. In

Figure 5.2, we see that these models only affect the CMB on the largest scales.

This is due to a modification to how the perturbations and potential wells

evolve, leading to the well-known late-time integrated Sachs-Wolfe (ISW)

effect [187].
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Figure 5.2: The CMB temperature-temperature (TT) power spectra for a
range of values of ξ. The plots show the predictions from the ES models and
uncoupled wCDM model (upper), the ratio between the coupled models and
uncoupled (lower) with w = −0.9.

One of the key differences of the Elastic Scattering model compared to

the Type 3 model (discussed below) is the fact that in the ξ → 0 (or w → −1)

limit we recover wCDM. This relates to another feature of the model that

must be taken into account: there is a non-trivial relation between A, ξ and

w. While ξ can be very large, if w+1 is very close to 0, then its effect will be

very small. This becomes an even greater issue if one considers cosmologies

where w < −1 is allowed, as this will cause the sign of A to flip. Despite this,

it is still interesting to explore the behaviour of the model when w < −1;

however we will examine the w < −1 and w > −1 branches separately to

help disentangle the ξ and w dependence.

In addition, it is interesting to examine the observational effects of w and

ξ in more detail to understand if and how the effects can be separated. A
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comparison of the effects of w on the matter power spectrum can be seen

in Figure 5.3. Comparing this and Figure 5.1, which shows the effect on

the matter power spectrum for different values of ξ, one might be concerned

that the two effects are so entangled that it may not be possible to separate

them. However, Figure 5.2 shows how different values of ξ affect the CMB

temperature power spectrum; one can see that the effect is only visible as a

change to the integrated Sachs-Wolfe effect. Whereas in Figure 5.4 the value

of w is varied, here one can see the change in the peaks is of the order of 5%.

The key difference is that w, unlike the coupling ξ, affects the background

evolution and thus the distance to the last-scattering surface, leading to a

shift in the angular positions of the Doppler peaks.
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Figure 5.3: A comparison of the synchronous gauge, linear matter power
spectrum P (k) at z = 0 for a range of values of w and fixed coupling, ξ = 10
(top). The lower plot shows the ratios between these ES models and ΛCDM.
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Figure 5.4: Comparing the CMB temperature (TT) power spectra for a range
of values of w. The plots show the predictions from the ES model, with fixed
coupling ξ = 10 for different values of w (top) as well as the ratio between
these models and the ΛCDM case (bottom).

5.2.2 Type 3 models

While the elastic scattering model is a phenomenological implementation

of pure momentum transfer interacting dark energy, similar models can be

constructed from a Lagrangian formalism [136, 171]. In this approach, it can

be shown that momentum-only exchange arises in so-called Type 3 models

where the Lagrangian takes the form,

L = F (Y, Z, φ) + f(n). (5.6)
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Here φ is the dark energy scalar field, n is the dark matter fluid number

density, Y ≡ 1
2
(∇µφ)2 is the usual kinetic term and Z ≡ uµ∇µφ. It is this

latter term that couples the dark matter fluid velocity, uµ, to the gradient of

the scalar field. Here, the coupling current is,

Jµ = qβµ

(
∇ν(FZu

ν)∇βφ+ FZ∇βZ + ZFZu
ν∇νuβ

)
, (5.7)

with, qνµ = uνuµ+δνµ and the subscripts denote derivatives, e.g. FZ = dF/dZ.

From the above formula we find J0 = 0 up to second order, but δJi 6= 0, hence

Type 3 is a theory of pure momentum exchange up to linear order.

Different implementations of these models have previously been studied

[8, 100, 136, 148]. Here we focus on a specific model with variable sound speed

(c2
s), which was first presented in [8]. The Lagrangian takes the following

form:

L = Y + β1Z
3 + V (φ) . (5.8)

Working in the DM frame, the Lagrangian is

L =
1

2

(
1 + 2β1

φ̇

a

)
φ̇2 − 1

2
|~∇φ|2 − V (φ) , (5.9)

where β1 is a coupling constant with dimensions

[
1
φ̇

]
. The dark energy

originates from a quintessence field assumed to have an exponential potential

V (φ) = V0e
−λφ , (5.10)

where λ and V0 are constants.

5.2.3 Comparing the models

As mentioned above, these models are both IDE models and, to linear or-

der, only effect the perturbations through momentum exchange. In [148] the

authors compared the ES model from [102], with a Type 3 model. The au-

thors followed and extended the parameterized post-Friedmannian approach,
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previously applied to modified gravity theories [188], in order to include in-

teracting dark energy. This was then used to describe a very broad range of

scalar field DE models that are coupled to a DM fluid. For a Type 3 model

the momentum flux, S, is [148]

S = B3δDE +B5θDE +B6θCDM , (5.11)

where the B3, B5 and B6 coefficients depend on quantities that appear in the

Lagrangian and their derivatives.

In the case of the ES model,

S = (1 + w)ρDEξ∆θ, (5.12)

so for the models to be equivalent, we would require

B3 =0, (5.13)

B5 =−B6 = (1 + w)ρDEξ. (5.14)

If we examine the expressions for B3, B5 and B6 for a Type 3 model,

B3 =
1

1− Z̄F̄Z
ρ̄DM

Z̄F̄Zc
2
s

1 + w
, (5.15)

B5 =
a

1− Z̄F̄Z
ρ̄DM

[
X̄

(
F̄Z
F̄Y
− Z̄

)
+ F̄Z

[
µ

aF̄Z
− Fφ
FY

] ]
, (5.16)

B6 = −B5 + 3H(1 + w)B3 , (5.17)

where,

µ ≡ 3FZ
Z̄F̄Y

(c2
s − c2

a)(ρ̄DE + P̄DE)H ,

X̄ ≡1

a

[
(Z̄F̄ZY − F̄ZZ) ˙̄Z − F̄Zφ ˙̄φ− 3HF̄Z

]
,

˙̄Z =− 3HZ̄
[
c2
a +

aFφ
3H(Z̄F̄Y − F̄Z)

]
.
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The adiabatic sound speed, c2
a, is given by

c2
a =

3H(Z̄FY − FZ)− a
[
Fφ + Z̄2FY φ − Z̄FZφ

]
3HZ̄(F̄Y + 2Z̄F̄Y Z − Z̄2F̄Y Y − FZZ)

− aFφ
3H(Z̄F̄Y − F̄Z)

,(5.18)

and the sound speed, c2
s, is

c2
s =

Z̄F̄Y − F̄Z
Z̄
(
F̄Y + 2Z̄F̄Y Z − F̄ZZ − Z̄2F̄Y Y

) . (5.19)

Although this is a complex set of equations, we can see that in the limit that

c2
s → 0, B3 → 0 and B5 = −B6 reducing the Type 3 model to something

that appears similar to the ES model.

However, finding a Lagrangian where c2
s → 0 is challenging. It is shown

in [8] that for an action of the form

F = Y + βn−2Z
n + V (φ) , (5.20)

when n > 2, the minimum value of c2
s = 1

n−1
. So c2

s → 0, only in the case

where n → ∞. However, it is unclear how physical a model with a very

large n is. In addition, it has also been shown [178] that for a model in this

form ˙̄φ is inversely proportional to n, so as n increases, the field becomes less

dynamic.

Although finding a model where B3 = 0 and B5 = −B6 appears difficult,

this does not mean that the models are dissimilar. It is important to con-

sider the effect these parameters have on observables. In the coupling, B3

is multiplied by δDE which is shown in [8] to be very small for the Type 3

model considered here. Based on this, it seems reasonable to assume that

this term will be small compared to the other coupling terms and that the

contribution of B3δDE to S and any observables will be minimal, compared

to contributions from the other terms.

It is difficult to compare the size of the two contributions to B6 in Eq.

5.17. The complexity of the two functions means it is challenging to do

an order of magnitude calculation to estimate their relative size. Using a

Boltzmann solver such as classone can test the size of these terms, but we
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have found the results inconclusive suggesting that the magnitude B5 and

B6 may be similar at some scales but different at others.

Although the construction of the two models under consideration in this

work is different, their main common feature is that the interaction is pure

momentum exchange that only affects perturbations. We find that this leads

to similar results in our MCMC analysis, but as we will see, some important

differences remain.

5.3 MCMC analysis

To constrain our models of IDE we perform an MCMC analysis using the

MontePython code [159], and compare with ΛCDM, wCDM and uncou-

pled quintessence. All of the subsequent MCMC plots were created using

GetDist [189].

5.3.1 Data sets

The data we will consider include:

CMB: The CTT
` -data from Planck 2018 [26], including high and low -` po-

larisation as well as the Planck lensing data from Planck 2018 [190].

BAO: Baryon Acoustic Oscillation (BAO) data from BOSS [191].

JLA: Joint Light-curve Analysis (JLA) supernova data [3].

SZ: Planck SZ cluster counts [26, 66].

We choose not to include any weak lensing data directly in our MCMC

analysis; this is due the lack of knowledge of the non-linear modelling of

our chosen IDE models (both the dark matter non-linear modelling and the

effects of baryonic feedback). While there has been some work on N-body

simulations of the ES model [101, 192], as well as on perturbation theory

predictions [185], to be conservative we will constrain ourselves to the linear
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regime for both models. We choose flat priors on the cosmological parame-

ters,

{ωb, ωcdm, 100θs, log10As, ns, τreio} , (5.21)

and we also include the nuisance parameters required by the Planck and JLA

likelihoods. Additionally we consider the derived parameters H0, σ8 and Ωm.

It is also important to note the relation between σ8 and the mass bias

parameter b. For the Planck SZ data this is set to (1 − b) = 0.62 ± 0.03

and is derived from the cluster counts and the CMB [26]. It also uses the

Tinker et al halo mass function [193], which has been calibrated against N-

body simulations assuming ΛCDM. This implies a non-linear reanalysis of

this mass function is required to ensure consistency, but this is beyond the

scope of this chapter. A significantly lower value of this parameter would

also solve the σ8 tension, however, other observations such as weak lensing,

place constraints on this parameter [26].

5.3.2 Non-interacting dark energy models

For context, we briefly describe constraints on non-interacting versions of the

models considered here, namely wCDM and quintessence. The CMB data

constrains the dark energy behaviour to be close to that of a cosmological

constant, but with relatively loose constraints on the dark energy parameters.

Related to this, the H0 peak also broadens; this degeneracy between w and

H0 in CMB is well documented [4], but it is interesting in the context of the

much discussed H0 tension (particularly in the w < −1 case) [169, 194].

The dark energy and H0 constraints are tightened considerably by the

addition of the BAO and JLA data, making the models very close to ΛCDM

in practice. As a result, these non-interacting models also exhibit the σ8

tension exhibited by ΛCDM, which is evident when the Planck SZ is added.

Additionally, these uncoupled models have similar χ2 results to ΛCDM. In

the following, we will see how this tension is moderated in the momentum-

transfer models.
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5.3.3 Elastic scattering MCMC

Before beginning our MCMC analysis of the ES model we must first consider

the degeneracy highlighted in subsection 5.2.1. For models where the equa-

tion of state is close to w = −1, 1 + w is small and poorly constrained; thus

there is an effective degeneracy in the coupling term A, between 1 +w and ξ

that prevents convergence of the MCMC. In order to break this degeneracy,

we introduce a new parameter,

ξ̄ = ξ(1 + w), (5.22)

so A can now be written as,

A = ξ̄ρDE. (5.23)

We choose a flat prior on w and a logarithmic prior on ξ̄. For the w > −1

case,

w ∈ [−1;−0.3], log ξ̄ ∈ [−2, 3], (5.24)

and for the w > −1 case,

w < −1, log ξ̄ ∈ [−2, 3]. (5.25)
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Figure 5.5: The plot shows the 1 and 2σ constraints for ΛCDM with CMB
data (grey) and the ES model w > −1 using the CMB data (maroon), using
the CMB+BAO (blue) or using CMB, SZ, BAO and JLA (green). With only
CMB and CMB+BAO data sets the ES model remains fairly unconstrained,
allowing a wide range of values for the parameters w and ξ. This leads to
large contours on the derived parameters H0 and σ8. The inclusion of Planck
SZ data independently constrains σ8 which can be accommodated in the ES,
resulting in a much more tight ξ̄ contour.

Examining the ES model with just the CMB data shows some interesting

features, as can be seen in Figure 5.5. For this data, the model is comparable

to the wCDM model; w and ξ̄ are relatively weakly constrained but we see the

contours for both H0 and σ8 broaden compared to ΛCDM. The weakening of

the σ8 constraint to admit smaller values is effectively by design; this feature
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appears in other momentum only IDE models [8, 100] and is consistent with

the suppression in the matter power spectrum seen in Figure 5.1 and explored

in [101, 185]. It is also a feature of models where w > −1, which can be seen

in Figure 5.3. Given that the CMB data itself does not constrain σ8 directly

means that to 2σ, ξ remains consistent with zero; this was also seen for the

models explored in [8, 100].

Adding BAO or supernova data to the CMB, places much stronger con-

straints on w and prevents this model from accommodating the higher values

of H0 observed by distance ladder measurements [61]. This is also consistent

with previous studies [169]. Finally, when we add the SZ data we now see

that ξ has become much more tightly constrained. We see that the data

prefers a small value for log ξ̄. The non-zero coupling allows σ8 to be smaller

than in the ΛCDM model, relieving some of the tension seen in that case.

(See below for a further discussion of this tension.)
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Figure 5.6: As above, but with a w < −1 ES model. The plot shows con-
straints for ΛCDM with CMB data (grey) and the ES model w > −1 using
the CMB data (maroon), using the CMB+BAO (blue) and CMB, SZ, BAO
and JLA data (green). The results are very similar to the w > −1 case seen
above because the observations constrain the dark energy equation of state
to be close to w = −1.

The results for the elastic scattering model with w < −1 are shown in

Figure 5.6. When all the data sets are considered, the w > −1 and the

w < −1 branches look very similar; this is due to the fact that for both cases

w is very close to −1. The suppression of σ8 indicates a positive value for

A ∝ ξ(1+w) However, while for w > −1 this is equivalent to a positive value

for ξ, for the w < −1 this is actually equivalent to a negative value for ξ.
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5.3.4 Type 3 MCMC

For the Type 3 models, we exclude the negative values of β1 as they lead

to pathologies like ghosts [136]. Following [8, 100] we choose the following

priors for λ and β1:

λ ∈ [0; 2.1], log β1 ∈ [−2, 15] . (5.26)

For the Type 3 model, λ is the parameter that has the biggest influence

on the equation of state parameter today, w. Similar to what we see in

the ES case, the two new parameters, λ and β1, remain fairly unconstrained

when we only consider the CMB data. The lack of constraint on λ means

that the effective w remains relatively free. It follows that the observational

parameters closely related to w and β1, H0 and σ8, are similarly weakly

constrained. In the case of H0 we see similar or lower values when compared

to ΛCDM as we chose to restrict ourselves to the non-phantom branch of

these models by having the kinetic term with the usual sign and β1 > 0.

With regards to σ8, we see that the Type 3 model can accommodate lower

values than ΛCDM.
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Figure 5.7: 1 and 2 σ contours from ΛCDM CMB (grey), T3 model using
CMB data alone (maroon), using CMB and BAO data (blue), and using
CMB, SZ, BAO and JLA data (green).

As we saw in the ES case, introducing the BAO data places tighter con-

straints on w and H0. For the Type 3 model this means that λ is more tightly

determined. However, with just the CMB and BAO datasets β1 and thus, σ8

continue to be unconstrained.

When we add in the Planck SZ data we push σ8 down and see that β1

settles to a value around 108. Both the T3 model and the ES model are

able to accommodate the lower σ8 values arising from the SZ data. We also

see that there is a slight shift of the parameter λ when we use all the data

compared to the CMB only and the CMB+BAO data.
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It is also interesting to compare this model to the Type 3 quadratic case

studied in [100]. This model has the Lagrangian

L = Y + β0Z
2 + V (φ), (5.27)

but unlike the previous T3 model, this model does not have a varying sound

speed. The MCMC analysis shows that these two models are very simi-

lar. Both models can fit the data and accommodate lower values of σ8 than

ΛCDM. The main difference is the sign and the size of the coupling param-

eters, β0 and β1. These changes are a direct result of the different coupling

functions, for the model studied in [100] β0Z
2 and for the model studied here

and in [8], β1Z
3. It is useful to consider a dimensionless and dynamical cou-

pling, β1Z
3 = β0(Z)Z2 where β0(Z) = β1Z. For the chosen potential Z < 0,

so for a positive β1, β0(Z) is negative, like the quadratic case. This method

of looking at the coupling function is also useful when comparing the scale of

the coupling. In [8] the evolution of β1Z is shown for given parameters, for

β1 = 1015, β0(Z) ≈ 106 today; this is similar scale to the couplings discussed

in [100].

Given that the coupling functions are very similar at late times, the main

difference between the models is that one has a varying sound speed and

one does not. As the MCMC analysis produces similar results for both

models and it suggests that the varying sound speed has a limited effect on

observations. It was shown in [8], that the cubic model has a sound speed

between 1 and 1/2. Previous studies have shown that if a change in the

sound speed of DE is to produce observational effects, it must have c2
s � 1

[107, 112, 118, 140]. This idea is reinforced by the fact that in [8], it is shown

that the DE perturbations remain very subdominant when compared to the

DM perturbations, despite the reduction in the sound speed.

5.3.5 Results

The best-fit model parameters and the resulting χ2 values using the CMB

and full data sets are shown in Table 5.1 and Table 5.2 respectively. With

the CMB data alone, we find all of the models fit with comparable χ2. The
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ΛCDM model is within the wCDM and the ES models, and effectively in

the Type 3 model if the quintessence potential is made flat enough; the

best fit models are all consistent with this and the additional parameters are

generally poorly constrained. Thus considering the CMB data alone, ΛCDM

is significantly preferred compared to these more complex models.

This picture changes considerably when the other data sets are included.

As discussed below, the σ8 tension manifests when the Planck SZ data is

included, meaning the more complex models provide a significantly improved

χ2. The contributions to the χ2 for each data set are shown in Table 5.3.

LCDM ES (w > −1) ES (w < −1) Type 3
CMB CMB CMB CMB

Param mean±σ mean±σ mean±σ mean±σ
100 ωb 2.234+0.025

−0.027 2.233+0.025
−0.027 2.214+0.082

−0.18 2.233+0.026
−0.027

ωcdm 0.1176+0.0026
−0.0023 0.1177+0.0024

−0.0025 0.124+0.068
−0.014 0.1177+0.0024

−0.0024

ns 0.9704+0.007
−0.0077 0.9704+0.007

−0.0077 0.966+0.020
−0.029 0.9701+0.0072

−0.0075

τreio 0.0868+0.021
−0.025 0.0930+0.023

−0.025 0.072+0.043
−0.035 0.0875+0.021

−0.025

H0 68.3+1.1
−1.2 65.1+3.2

−1.8 81+40
−30 67.25+2.3

−0.85

109As 2.226+0.08
−0.1 2.254+0.089

−0.11 2.16+0.18
−0.15 2.229+0.081

−0.1

σ8 0.828+0.011
−0.013 0.797+0.028

−0.019 0.94+0.22
−0.14 0.804+0.034

−0.016

Ωm 0.302+0.015
−0.015 0.332+0.061

−0.051 0.27+0.58
−0.22 0.312+0.012

−0.027

wfld − −0.897+0.028
−0.1 −1.42+0.53

−0.80 −
wscf − − − −0.945+−0.022

−0.055

log ξ̄ − −0.78 * −0.6+1.8
−1.5 −

log β1 − − − 6.31*
λ − − − 0.95*
χ2 790.6 791.5 790 791
∆χ2 − +0.9 −0.6 +0.4

Table 5.1: Constraints of cosmological parameters for ΛCDM, the T3 model
and the ES model obtain using an MCMC and CMB data. When only the
CMB data is used log ξ̄ for the ES w > −1 case, log β1 and log β1 remain un-
constrained and saturate the priors so we do not include standard deviations,
these parameters are marked with *.
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LCDM ES (w > −1) ES (w < −1) Type 3
Full Full Full Full

Param mean±σ mean±σ mean±σ mean±σ
100 ωb 2.243+0.02

−0.02 2.244+0.021
−0.023 2.228+0.041

−0.041 2.238+0.02
−0.021

ωcdm 0.1157+0.0012
−0.001 0.1157+0.0017

−0.0015 0.1180+0.0029
−0.0029 0.117+0.0014

−0.0012

ns 0.9722+0.0044
−0.0045 0.9755+0.0054

−0.0059 0.9690+0.0097
−0.010 0.9717+0.0047

−0.0051

τreio 0.05877+0.0068
−0.017 0.109+0.021

−0.022 0.091+0.037
−0.037 0.0901+0.017

−0.017

H0 69.08+0.49
−0.57 67.73+0.93

−0.77 69.2+1.7
−1.6 68.39+0.66

−0.63

109As 2.094+0.032
−0.06 2.315+0.085

−0.1 2.24+0.16
−0.15 2.237+0.068

−0.072

σ8 0.797+0.0061
−0.0085 0.767+0.011

−0.012 0.771+0.022
−0.022 0.762+0.01

−0.012

Ωm 0.2909+0.0068
−0.006 0.301+0.018

−0.016 0.293+0.016
−0.016 0.2995+0.0076

−0.0079

wfld − −0.958+0.011
−0.042 −1.038+0.041

−0.060 −
wscf − − − −0.9913+0.0013

−0.0087

log ξ̄ − 0.86+0.24
−0.11 1.06+0.25

−0.28 −
log β1 − − − 8.6+2.8

−1.7

λ − − − 1.73+0.34
−0.13

χ2 1500 1487 1488 1478
∆χ2 − −13 −12 −22

Table 5.2: Constraints of cosmological parameters for ΛCDM, the T3 model
and the ES model obtain using an MCMC and CMB, BAO, JLA and SZ
data.

5.4 Discussion

Interacting dark energy models are discussed in the context of resolving ten-

sions between different data sets and momentum-only models are of partic-

ular interest in the context of the σ8 tension. One way of quantifying the

tension in ΛCDM is examining how the best-fit model with the CMB data

changes when the fuller data set is included, particularly the Planck SZ (or

weak lensing) data. From Table 5.1, for ΛCDM, we see that σ8 = 0.83±0.01

with the CMB data, which falls to σ8 = 0.797 ± 0.007 when the full data

are included. While the SZ data would prefer even lower values (as will be

seen in the momentum-exchange models below), even this compromise model

raises the contribution to χ2 from the CMB significantly (∆χ2 ∼ 14, as can

be seen in Table 5.3).

The situation is improved in the elastic scattering model, but some tension
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does remain. If one looks at the 1D posteriors for ΩM and σ8 one might

naively conclude that the ES model is able to resolve the tension between the

CMB data and the SZ data, but if we look at the 2D posterior of ΩM and σ8,

we see there is still very little overlap between the ES CMB contour and the

ES CMB+BAO+JLA+SZ contour. As above, this can be seen by comparing

the CMB contribution to χ2 for the best-fit models with and without the

other data. In this case, ∆χ2 ∼ 6, which is a significant improvement over

the ΛCDM case, but is still somewhat concerning. This is demonstrated in

Figure 5.9; when we consider the ES model using only the CMB data, the

region of the parameter space where the lower values of σ8 are found require

a very large value for ΩM that is not compatible with what we see when we

include the other data sets. This can be seen more clearly when we look at

S8, which is motivated by weak lensing and defined as S8 = σ8

√
Ωm/0.3.

The origin of the residual can be found in the fact that the CMB itself

prevents the coupling from becoming too large through the late-time ISW

effect (see Figure 5.2 and also Figure 5.8.) This truncates the distribution of

the coupling above ξ ∼ 1, as can be seen in Figure 5.5 ; only when the SZ is

included does the coupling rise sufficiently (to ξ ∼ 7) to suppress the power

spectrum. Despite this, the χ2 improvement for the elastic scattering models

is significant when all the data are included; from Table 5.3, we see that it

provides a ∆χ2 ∼ 15, which is sufficient to justify the extra two degrees of

freedom.

The Type 3 contours in the S8−Ωm plane are very similar to what we see

in the ES case when we consider all data (see Figure 5.10). There is however

a significant difference in the CMB-only results; the Type 3 models are looser

and seem to avoid the tension entirely. In this case, it appears that the CMB

constraint on the coupling arising from the ISW contribution is not as strong,

meaning some significant suppression of the power spectrum can be achieved

without disrupting the fit to the CMB data (see Figure 5.8.) Therefore the

Type 3 models have a significantly lower chi-squared still, ∆χ2 ∼ 23. Again,

this is strong enough to justify the extra degrees of freedom, making these

models a better candidate to resolve the tensions.
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Figure 5.8: The plot shows the CMB temperature (TT) power spectra when
we take the best fit with all of our chosen data for: ΛCDM, ES model and
the Type 3 model, with the ΛCDM CMB best fit for reference (top) and
the ratio of these best fits to ΛCDM CMB (bottom). The ES model has an
enhanced ISW contribution which is disfavoured by the data; in the Type 3
case, this effect appears to be compensated somewhat by shifts in the scalar
amplitude and τreio

When not constrained by the model, the SZ data prefers a lower value

for σ8 = 0.76 ± 0.01. We note that the chi-squared differences largely come

from the CMB and SZ data. As the background evolution in all models

are consistent with a cosmological constant, the JLA and BAO data do not

distinguish between the models.
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Figure 5.9: 1 and 2 σ contours from ΛCDM CMB (grey), ΛCDM CMB,
SZ, BAO and JLA (red), ES model with CMB (maroon) and ES model with
CMB, SZ, BAO and JLA (red), wCDM CMB (orange) and wCDM CMB SZ,
BAO and JLA (purple). For this plot we restrict both the ES and wCDM
models to w > −1.

There is also a tension between the Planck CMB observations and the

weak lensing observations of KiDS [78, 96] and DES [79]). However, the

analysis of weak lensing data requires very careful consideration as it heavily

depends on nonlinear effects, which are model dependent (see e.g. [164, 167,

195–197]). A complete reanalysis of weak lensing data for interacting dark

energy models is beyond the scope of this chapter but is the subject of future
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ΛCDM ES w > −1 ES w < −1 T3
CMB χ2 805.1 797.4 800.8 791.4

∆ ΛCDM − 7.7 4.3 13.7
BAO χ2 2.5 3.2 2.6 2.7

∆ ΛCDM − −0.7 −0.1 −0.2
JLA χ2 683.3 683.6 683.4 683.3

∆ ΛCDM − −0.3 −0.1 −0.06
SZ χ2 9.5 1.5 1.0 0.3

∆ ΛCDM − 8.0 8.5 9.2
Total χ2 1500.4 1485.7 1487.8 1477.7

∆ ΛCDM − 14.7 12.6 22.7

Table 5.3: Break down of the contributions to the χ2, for the best fit value,
when all the data is considered, for ΛCDM, ES w > −1, ES w < −1 and T3
model.

work.

92



5.5. CONCLUSIONS

0.75 0.80 0.85
8

0.75

0.80

0.85

0.90

S 8

0.30

0.35

0.40

0.45

m

0.3 0.4

m

0.75 0.80 0.85 0.90
S8

T3 CMB
Quintessence  CMB 
LCDM CMB
Quintessence Full
LCDM Full
T3 Full
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with CMB, SZ, BAO and JLA (red), Quintessence CMB (orange) and
Quintessence CMB SZ, BAO and JLA (purple).

5.5 Conclusions

In this chapter we have explored models of interacting dark energy with pure

momentum exchange. We have tested their viability when they are compared

to data from early and late time cosmological probes using a modified version

of classand MontePython. We found that they are competitive with the
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cosmological standard model ΛCDM, even obtaining significantly better fits

when certain data sets are included.

Looking to the future, there is still much to learn about interacting

dark energy models. Current and forthcoming experiments such as the

Dark Energy Spectroscopic Instrument (DESI)1 [198], Euclid2 [184, 199],

the Nancy Grace Roman Space Telescope3 [200], and the Vera C. Rubin Ob-

servatory Legacy Survey of Space and Time (LSST)4 [201] will test these

models in greater detail and forecasting this is a valuable process (see e.g.

[177, 202, 203]). We only consider models with time-independent couplings

in this chapter, but there is no obvious physical reason why this would be the

case. In addition to studying models with a parameterised coupling (possibly

similar to a w0, wa parameterisation commonly used to study a dynamical

equation of state), one could employ reconstruction techniques such as the

ones used in [204, 205], to explore how the coupling could evolve with time

in a very general way. Finally, there has been little work looking at the

micro-physics of IDE models. In general one would expect the introduction

of the coupling to DM to introduce large corrections to the DE field, possibly

disrupting its ability to cause the accelerated expansion. Momentum only

models would likely not have this problem and investigating this in a general

and rigorous way is the subject of future work.

1https://www.desi.lbl.gov/
2http://euclid-ec.org
3https://www.nasa.gov/roman
4https://www.lsst.org/
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Chapter 6

Conclusions and Discussion

The fact that we have models that can describe the Universe from its begin-

ning, until today, and predict the fate of the Universe is one of humankind’s

greatest achievements.

The nature of DE is one of the most intriguing and perplexing questions in

all of science. Since it was first discovered that the Universe was undergoing

a period of accelerated expansion, there have been a plethora of different

models that attempt to describe and explain DE. A cosmological constant Λ,

remains the default model for DE, from an observational point of view, its

ability (with GR and CDM) to describe such a variety of observations with

so few parameters means it is difficult to beat. It does have its issues from

a theoretical prospective. Understanding why the vacuum has the energy

density that we observe is very difficult, the prediction from QFT tells us

that the energy density should be 52 orders of magnitude larger [43]. A

less dramatic issue is “why are the energy densities of matter and DE so

similar today?”. Future observations such as Euclid [48–51] will place tighter

constraints on the equation of state of DE, this will either strengthen the case

of a cosmological constant DE or show signs of a deviation.

Additionally, the nature of DM also remains a mystery. A number of

observed phenomena are linked to DM. Initially DM was required to explain

the rotation curves of stars around galaxies but DM is now key to our under-

standing of other probes such as LSS and CMB. Much like with DE we have
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indirectly observed DM, but there is still much we do not know about DM.

This is most striking when we consider that we do not know if DM is a par-

ticle (such as axion) or larger compact object (such as high mass primordial

black holes).

Despite these observations that drastically change our understanding of

the Universe, GR remains the default theory of gravity. This is largely due

to how well it describes gravity at the scale of our solar system. The evidence

supporting GR continues to grow. The recent observations of GWs, which

are themselves a prediction of GR, show that gravity propagates at the speed

of light [88], which is also a prediction of GR. These observations strengthen

the case for GR.

These are the three key tenets of the cosmological standard model, ΛCDM.

We require each of these ideas plus the standard model of particle physics,

or models that produce similar physics, along with some assumptions (in

particular homogeneity and isotopy) to understand what we observe when

we look out at the Universe.

The cosmological standard model is not perfect. In addition to its the-

oretical issues, there is a new question as to whether it can truly be called

a concordance model and is now under more scrutiny, as new observational

data has presented tensions between high and low redshift data sets. The

early time data is normally the Planck CMB [26], though combined BBN

and BAO agree with the CMB [206], the CMB does not measure late time

observables such as H0 and σ8, it does however offer a starting point to make

model dependent predictions of these late time observables.

The strongest of these tensions is the H0 tension. The late time mea-

surements of H0 comes from the distance ladders and SN1a [61] as well as

time delay cosmography from strongly lensed supernova [207]. This tension

is sometimes quoted as be 3.4σ [61], though other approaches to the dis-

tance ladder [62] and reanalysis of the strongly lensed supernova [73] suggest

that the tension may not be this bad or maybe somewhat explained by sys-

tematics. Simple extensions to ΛCDM fail to restore concordance and even

models that are explicitly designed to resolve the tension may not restore

concordance [92], instead creating tensions elsewhere in the data sets.
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There is also the σ8 tension. Once again this is a disagreement between

high and low redshift observations, with CMB data combined with ΛCDM

predicting the size of σ8 that disagrees with the observations. The late time

observations come from weak lensing [78–80, 96]and cluster counts [66]. The

σ8 tension is as large as 2.3σ [208]. Once again, simple extensions to ΛCDM

fail to restore concordance.

One type of model that could possibly solve the σ8 tension are IDE mod-

els, particularly those models that are momentum only interactions. IDE

models are a broad class of model where DE is allow to interact with DM.

In models like ΛCDM assumes that DE and DM do not interact; this is an

assumption put in by hand that must be tested. Momentum only models

of IDE do not effect the evolution of background parameters such as ΩM ,

but do effect the perturbations. It is this feature that makes them a possible

candidates to solve the σ8 tension, allowing them to modify the matter power

spectrum but leave the CMB unaffected.

One momentum only IDE model that is particularly interesting is the T3

model. This model is a subset of the post Friedman parameterisation models

first defined in [136]. These models consist of a scalar field DE coupled to

fluid DM and are constructed using the Lagrangian formalism, ensuring a

self consistency that is often missing from ad-hoc models.

In chapter 4 we discuss how the sound speed of DE can be affected by the

introduction of a coupling. We focus on the models built from the Lagrangian

formalism. For the Type 1 and 2 models we show that the coupling does

not effect the sound speed of DE, but for the T3 models the coupling can

cause the sound speed to deviate from 1. We show that for a model with a

Lagrangian in the form,

F = Y + βn−2Z
n + V (φ) , (6.1)

the minimum value of c2
s = 1

n−1
. We focus on the n = 3 case and explore

whether the change in the sound speed has any effect on observations such as

the CMB and matter power spectrum. We show that despite the change in

the sound speed, the perturbations remain extremely subdominant compared
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to the DM perturbations. This means they have a negligible effect on the

observations. This is largely due to the fact that (for the case we examine) as

the sound speed approaches the minimum, the equation of state w → −1. As

mentioned in chapter 3, as w → −1 the size of the perturbations decreased.

We show that this model is viable by comparing with ΛCDM using the Planck

2015 CMB data, but to fully understand the impact of the dynamical sound

speed we must look at a greater variety of datasets, this is done in chapter 5.

Another interesting model of momentum only IDE is the ES model first

proposed in [102]. This is a phenomenological model that is a single param-

eter extension to wCDM. One of the key advantages of this model is that in

the w → −1 limit one recovers ΛCDM, and in the limit where the coupling

goes to zero one recovers wCDM. The new parameter introduces a coupling

between DE and DM at the level of the perturbations. This means that the

coupling does not effect the evolution of background parameters, but does

effect the perturbations, and much like the T3 model, it does modify the

matter power spectrum but leaves the CMB unaffected, making it another

candidate to solve the σ8 tension.

In chapter 5, we explore the effects that the ES model has on the CMB

and matter power spectrum; before completing a full MCMC analysis of both

the T3 model and the ES model. We find that, when only the CMB data is

included both of these models are competitive with ΛCDM. The additional

parameters relating to the equation of state (λ for the T3 model and w for the

ES model) and the coupling in these models remain unconstrained. When

the BAO data is added, we see that the equation of state is now more tightly

constrained but the coupling remains free. Finally, we see that, with the

addition of Planck SZ data, the best fit value for σ8 drops significantly for

ΛCDM, but even further for the coupled models, suggesting that an extended

model is prefer by the SZ data. We see a significant improvement in χ2 for

both coupled models when compared to ΛCDM, with the T3 performing the

best. To examine these models in the context of the σ8 tension, we examine

S8, a parameter that combines σ8 and ΩM . This shows that ΛCDM and the

ES model struggle to fit both the CMB data and SZ at the same time, even

though the ES model can accommodate the smaller value of σ8 preferred by
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the SZ data. The T3 model however, can fit both the CMB and SZ data well

at the same time. This can be seen more explicitly when we breakdown the

contributions to the χ2 value from each experiment.

The future of IDE models looks bright. These models offer unique solu-

tions to some of cosmology’s most difficult questions. Future surveys such as

Euclid [48–51] will place tighter constraints on these models and forecasting

what these models will look like in these future surveys would be of value.

As mentioned in chapter 3, there is ongoing work reanalysing the KiDS [96]

weak lensing data with the Type 3 IDE model, this should hopefully give us

a better idea of how well these models can resolve the tension.

There has been some work looking at the micro physics of IDE models

[174]. In general this has been focused on specific models, but it may be

possible to produce a more general formalism that can describe most IDE

models. One of the big issues with the micro physics of IDE models is that,

if there are DM corrections to the DE field, it may disrupt features such as

slow roll or the mass of the field; but if one focuses on the momentum only

models, one may be able to avoid these problems. Further more, if one can

produce a general construction, higher order interactions may result in DM

self interactions. Observations such as the bullet cluster place constraints on

the size of the DM-DM cross section, if we have a microphysical description of

IDE models we could use the DM-DM cross section constraints to constrain

the DE-DM cross section.

In general we have focused on models with couplings that do not vary with

time. There is no physical reason why the couplings could not evolve with

time. The simplest way to study this would be to use a parameterisation

like the one that is often used to study the evolution of the equation of

state. However, a more sophisticated approach would be to reconstruct the

evolution of the coupling. This has been done to reconstruct the evolution

of equation of state [205] and the coupling for an interacting vacuum model

[204].

As mentioned in chapter 4, dark energy interactions result in modifica-

tions of the Euler and continuity equations. When the Euler equation is

modified, as is the case for the models presented here, the weak equivalence
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principle is broken [160]. Whether this can be tested using observational

data is an open question.

With regards to the σ8 tension, ongoing weak lensing surveys such as

KiDS [78, 96], DES [79] and Subaru [80], will place tighter constraints on

σ8 hopefully confirming or removing the disagreement between high and low

redshift probes when ΛCDM is used.

100



Bibliography

[1] R. Amanullah et al., Astrophys. J. 716, 712 (2010), 1004.1711.

[2] L. Verde, T. Treu, and A. G. Riess, Nature Astron. 3, 891 (2019),

1907.10625.

[3] M. Betoule et al. (SDSS), Astron. Astrophys. 568, A22 (2014), 1401.

4064.

[4] P. A. R. Ade et al. (Planck), Astron. Astrophys. 594, A14 (2016),

1502.01590.

[5] M. Tegmark et al. (SDSS), Astrophys. J. 606, 702 (2004), astro-ph/

0310725.

[6] P. A. R. Ade et al. (Planck) (2015), 1502.01589.

[7] P. A. R. Ade et al. (Planck), Astron. Astrophys. 571, A17 (2014),

1303.5077.

[8] M. S. Linton, A. Pourtsidou, R. Crittenden, and R. Maartens (2017),

1711.05196.

[9] A. Einstein, Annalen Phys. 49, 769 (1916).

[10] A. Einstein, Sitzungsber. Preuss. Akad. Wiss. Berlin (Math. Phys. )

1917, 142 (1917).

[11] C. W. Misner, K. S. Thorne, and J. A. Wheeler, Gravitation (W. H.

Freeman, San Francisco, 1973), ISBN 9780716703440, 9780691177793.

101

1004.1711
1907.10625
1401.4064
1401.4064
1502.01590
astro-ph/0310725
astro-ph/0310725
1502.01589
1303.5077
1711.05196


BIBLIOGRAPHY

[12] A. Einstein, Annalen Phys. 17, 891 (1905).

[13] R. S. Park, W. M. Folkner, A. S. Konopliv, J. G. Williams, D. E.

Smith, and M. T. Zuber, The Astronomical Journal 153, 121 (2017),

URL https://doi.org/10.3847%2F1538-3881%2Faa5be2.

[14] A. Einstein, Science 84, 506 (1936), ISSN 0036-8075, https:

//science.sciencemag.org/content/84/2188/506.full.pdf, URL

https://science.sciencemag.org/content/84/2188/506.

[15] A. Einstein, Sitzungsberichte der Königlich Preußischen Akademie der

Wissenschaften (Berlin pp. 154–167 (1918).

[16] A. Einstein and N. Rosen, J. Franklin Inst. 223, 43 (1937).

[17] D. Lovelock, J. Math. Phys. 12, 498 (1971).

[18] D. Lovelock, J. Math. Phys. 13, 874 (1972).
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[164] T. Tröster et al. (KiDS) (2020), 2010.16416.

[165] C. Heymans et al., Astron. Astrophys. 646, A140 (2021), 2007.15632.

113

astro-ph/0112438
astro-ph/0112438
1204.5482
0911.4820
0809.3518
1407.2230
1210.7183
0907.2126
http://dx.doi.org/10.1111/j.1365-2966.2012.22066.x
http://dx.doi.org/10.1111/j.1365-2966.2012.22066.x
1507.01592
http://dx.doi.org/10.1093/mnras/stw3298
2010.16416
2007.15632


BIBLIOGRAPHY

[166] S. Joudaki et al., Mon. Not. Roy. Astron. Soc. 471, 1259 (2017), 1610.

04606.
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[206] N. Schöneberg, J. Lesgourgues, and D. C. Hooper, JCAP 10, 029

(2019), 1907.11594.

[207] V. Bonvin et al., Mon. Not. Roy. Astron. Soc. 465, 4914 (2017), 1607.

01790.

[208] H. Hildebrandt et al., Astron. Astrophys. 633, A69 (2020), 1812.

06076.

117

1907.11594
1607.01790
1607.01790
1812.06076
1812.06076


Chapter 7

Appendix

7.1 Certificate of Ethics Review

Following is the attached a copy of the Certificate of Ethics Review, generated

by the University of Portsmouth ethical review process.

118



Certificate Code: 7664-ABC5-6072-FE45-2D74-9D20-7025-287F Page 1

Certificate of Ethics Review
Project Title: Pure momentum transfer interactions in the Dark

Sector
User ID: 834400
Name: Mark Linton
Application Date: 12/09/2017 10:44:16

You must download your certificate, print a copy and keep it as a record of this review.

It is your responsibility to adhere to the University Ethics Policy and any
Department/School or professional guidelines in the conduct of your study including
relevant guidelines regarding health and safety of researchers and University Health and
Safety Policy.

It is also your responsibility to follow University guidance on Data Protection Policy:

• General guidance for all data protection issues
• University Data Protection Policy

You are reminded that as a University of Portsmouth Researcher you are bound by the
UKRIO Code of Practice for Research; any breach of this code could lead to action being
taken following the University's Procedure for the Investigation of Allegations of
Misconduct in Research.

Any changes in the answers to the questions reflecting the design, management or
conduct of the research over the course of the project must be notified to the Faculty
Ethics Committee. Any changes that affect the answers given in the
questionnaire, not reported to the Faculty Ethics Committee, will invalidate this
certificate.

This ethical review should not be used to infer any comment on the academic merits or
methodology of the project. If you have not already done so, you are advised to develop
a clear protocol/proposal and ensure that it is independently reviewed by peers or others
of appropriate standing. A favourable ethical opinion should not be perceived as
permission to proceed with the research; there might be other matters of governance
which require further consideration including the agreement of any organisation hosting
the research.

GovernanceChecklist
A1-BriefDescriptionOfProject: The aim of the project is to explore the possibility that
Dark Energy is coupled to Dark Matter, focusing on momentum transfer interaction.
This is done by comparing these models to observational data and examining the
theoretical consistency of theses models.
A2-Faculty: Technology
A3-VoluntarilyReferToFEC: No
A5-AlreadyExternallyReviewed: No
B1-HumanParticipants: No



Certificate Code: 7664-ABC5-6072-FE45-2D74-9D20-7025-287F Page 2

HumanParticipantsDefinition
B2-HumanParticipantsConfirmation: Yes
C6-SafetyRisksBeyondAssessment: No
D2-PhysicalEcologicalDamage: No
D4-HistoricalOrCulturalDamage: No
E1-ContentiousOrIllegal: No
E2-SociallySensitiveIssues: No
F1-InvolvesAnimals: No
F2-HarmfulToThirdParties: No
G1-ConfirmReadEthicsPolicy: Confirmed
G2-ConfirmReadUKRIOCodeOfPractice: Confirmed
G3-ConfirmReadConcordatToSupportResearchIntegrity: Confirmed
G4-ConfirmedCorrectInformation: Confirmed



UPR16 – April 2018                                                                      

 
FORM UPR16 
Research Ethics Review Checklist 
 

Please include this completed form as an appendix to your thesis (see the 
Research Degrees Operational Handbook for more information 
 

 

 

Postgraduate Research Student (PGRS) Information 
 

 

Student ID: 
 

UP34400 
 

PGRS Name: 
 

 

Mark Linton 
 

Department: 
 

 

ICG 
 

First Supervisor: 
 

Professor Robert Crittenden 
 

Start Date:  
(or progression date for Prof Doc students) 
 

 

October 2016      
 

Study Mode and Route: 
 

Part-time 
 

Full-time   

 

 
 

 

 

MPhil  
 

PhD 
 

 

 
 

 
 

 

MD 
 

Professional Doctorate 

 

 
 

 
 

 
 

Title of Thesis: 
 

 

Pure momentum transfer interactions in the Dark Sector      
 
 

 

Thesis Word Count:  
(excluding ancillary data) 
 

 

31,897      
 

 
 

If you are unsure about any of the following, please contact the local representative on your Faculty Ethics Committee 
for advice.  Please note that it is your responsibility to follow the University’s Ethics Policy and any relevant University, 
academic or professional guidelines in the conduct of your study 

Although the Ethics Committee may have given your study a favourable opinion, the final responsibility for the ethical 
conduct of this work lies with the researcher(s). 
 

 
 

UKRIO Finished Research Checklist: 
(If you would like to know more about the checklist, please see your Faculty or Departmental Ethics Committee rep or see the online 
version of the full checklist at: http://www.ukrio.org/what-we-do/code-of-practice-for-research/) 
 
 

a) Have all of your research and findings been reported accurately, honestly and 
within a reasonable time frame? 

 

 

YES 
NO    

 

 
 

 
 

b) Have all contributions to knowledge been acknowledged? 
 

 

YES 
NO    

 

 
 

 
 

c) Have you complied with all agreements relating to intellectual property, publication 
and authorship? 

 

YES 
NO    

 

 
 

 
 

d) Has your research data been retained in a secure and accessible form and will it 
remain so for the required duration?  

 

YES 
NO    

 

 
 

 
 

e) Does your research comply with all legal, ethical, and contractual requirements? 
 

 

YES 
NO    

 

 
 

 

      
 

Candidate Statement: 
 
 

I have considered the ethical dimensions of the above named research project, and have successfully 
obtained the necessary ethical approval(s) 
 
 

Ethical review number(s) from Faculty Ethics Committee (or from 
NRES/SCREC): 
 

 

7664-ABC5-6072-FE45-
2D74-9D20-7025-287F 

 

If you have not submitted your work for ethical review, and/or you have answered ‘No’ to one or more of 
questions a) to e), please explain below why this is so: 
 
 

      
 
 

Signed (PGRS): 
 

 

 
 

 

Date: 27.04.22 


	Abstract
	Table of Contents
	Acknowledgements
	Introduction
	 General relativity
	 Cosmological assumptions
	Inflation
	Perturbation theory
	CDM
	 Dark matter and rotation Curves
	 Dark energy and 
	The cosmological constant problem


	Cosmological observation
	Test of General Relativity
	Distance Ladder
	Alternative distance ladders

	Cosmic Microwave Background
	Sachs Wolfe
	Thermal Sunyaev-Zel'dovich
	CMB Lensing

	Baryon Acoustic Oscillations
	Gravitational Strong Lensing
	Gravitational Weak Lensing
	LSS
	Gravitational Waves
	Speed of gravity
	H0 measurement 

	Tensions

	Dark Energy models
	Modified Gravity
	wCDM
	Perturbations

	Quintessence
	Quintessence: perturbations
	Quintessence: potential

	K-essence
	Interacting Dark Energy models
	Parameterised Interacting Dark Energy models


	Variable sound speed in interacting dark energy models
	Introduction
	The sound speed of IDE models
	Uncoupled models
	 Interacting models (Types 1 and 2) 
	 Interacting models (Type 3) 

	IDE with variable speed of sound
	Initial conditions
	Sound speed evolution
	CMB
	Matter power spectrum
	MCMC analysis

	Conclusions and Discussion

	Momentum transfer models of interacting Dark Energy
	Introduction
	The models
	Elastic Scattering
	 Type 3 models 
	Comparing the models

	MCMC analysis
	Data sets
	Non-interacting dark energy models
	Elastic scattering MCMC
	Type 3 MCMC
	Results

	Discussion
	Conclusions

	Conclusions and Discussion
	Bibliography
	Appendix
	Certificate of Ethics Review


