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Abstract

The caustic formed inside a manifold via the focusing of neighbouring geodesics em-

anating from a single base point is known as the conjugate locus. The geometry of

the conjugate locus is governed entirely by the curvature of the parent manifold,

and is often full of rich structure including points at which the conjugate locus fails

to be regular. In this thesis we introduce a novel formalism for detecting points of

the conjugate locus for convex manifolds in general. We then extend our results to

construct a novel coordinate system that serves as a natural choice for studying the

singular structure of the conjugate locus. We also present new images of the conju-

gate locus for 3-manifolds, including the quadraxial ellipsoid and various orders of

3-dimensional spherical harmonic manifolds before analysing their singular structure

using our constructed coordinate system.
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Chapter 1

Introduction

The emergence of caustics (or envelopes) from the focusing of lines or curves is a

widely observed phenomenon, and the study of such caustics has become a worthwhile

endeavour both analytically, in terms of caustic geometry, as well as in application,

since there are many natural processes from which caustics emerge. When studying

these envelopes we often find they have some singular structure, such as the cusps

on caustic curves, or cuspidal edges (ribs) on caustic surfaces, which are structurally

rich, and are often useful to understand. For example, in [48] Nye investigates the

caustic structures produced by seismic events, and found that due to bumps on the

core-mantle boundary, the caustics produced can have cusps which may be viewed as

the cross section of a caustic surface with a sharp rib structure. The study of caustics

of a variety of phenomena has shown that generally caustics hold more information

than simply their image, for example Joets & Ribotta [37] found that the caustic

produced by parallel rays interacting in a liquid crystal held information regarding

the amplitude of flow, and other essential features. Furthermore, caustics appear

due to the focusing of light rays in a variety of natural situations, from coffee cup

caustics (see [14, 59]) to the phenomenon of strong gravitational lensing, as in [18], or

the caustics produced by wavefronts in General relativity (see [30]); in each of these

cases the structure of the caustic in question may spontaneously bifurcate, growing

or losing cusps and arcs as the light source is moved around relative to the caustic.

A well studied family of caustic curves are the evolutes of plane curves, obtained

by the envelope of normals to the curve itself, as depicted in Figure 1.1. The study

of evolutes and involutes of planar curves is well documented, and there are various
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Figure 1.1: Left: The evolute of a limacon, known as a nephroid (shown in black) produced

via the envelope of normal lines to the limacon. Right: An ellipse (red), with its evolute

shown by the focusing of normals (blue), with 4 clear cusps connected by smooth arcs.

methods for obtaining and studying these caustics. For instance, one can pass a

curve along its normal lines to generate its parallels, the cusps of which trace out its

evolute (see [27]), or one can follow the locus of centers of osculating circles rolling

along the parent curve as in [26]. An important feature of the evolute is that its

cusps occur where the curvature κ of the parent curve is stationary with respect to

the parameter of the curve.

This approach of studying envelopes of normals to planar curves extends naturally

to surfaces, where a family of lines generated by surface normals will focus in much

the same way as the evolute, to produce another surface known as the focal set. Our

methodology for approaching focal sets differs from that of most prevalent authors

in the field, notably [29], as we consider the components βi of the singular set of the

normal map of a surface patch σ = σ(u, v), given by

βi = σ(u, v) +
1

ki(u, v)
N̂ (u, v), i = 1, 2.

where by ki(u, v) we mean the principal curvatures of the surface at each point, and by

N̂ (u, v) we mean the unit surface normal at each point. This approach for studying

focal sets serves as a natural euclidean analogue for the objects of study present in

the later chapters, with particular focus on the types of singularity present and their

relationship to the parent surface. We categorise the various orders of singularity

with the same notation as in [38]. There is much in the literature about these focal
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sets, in particular see [50, 35], and the focal sets of surfaces are typically made up

of two sheets of focal points. Figure 1.2 depicts the classic example of the focal

set of the triaxial ellipsoid (E2 or the 2-ellipsoid as we refer to it), whose picture is

strangely absent from the literature (but see [38]).

We see in sub-figures (a) and (b) of Figure 1.2 that each sheet of the focal set has

its own structure of smooth regions as well as sharp cuspidal edges which we refer to

as ribs. Some works aim to find the preimages of the singularities of these focal sets,

namely the A3 (ribs), and D±
4 (hyperbolic/elliptic umbilic) singularities, and draw

them as lines and points on the surface itself (known as ridges), as in [16]. Others

may look to find the local form of such singularities, to further investigate their

analytical structure, along with possible bifurcations or higher order singularities

forming under certain perturbations (see [38]). The study of focal sets serves as a

strong Euclidean analogue for the conjugate locus.

Riemannian geometry generalises the study of regular surfaces in R3 to the study of

differentiable manifolds in higher-dimensional, and non-Euclidean spaces. The de-

velopment of formalising geometry without reliance on ambient spaces via a basis of

points, curves, and directional derivatives has allowed for the employment of math-

ematical tools and machinery in a much broader setting than before. Riemannian

geometry has been integral in the evolution of humankind’s understanding of the

nature of the universe, by famously providing a rigorous mathematical framework

within which Einstein could describe his General Theory of Relativity [25]. Recently,

there has been much attention surrounding the use of the techniques of Riemannian

geometry in the field of Brain-Computer Interfaces (BCI) to classify and decode var-

ious brain signals via the study of symmetric, positive definite covariance matrices

of electroencephalogram (EEG) signals ([68], [41], [67], [17], [20],[21], [39], [51], [4],

[5], [3]). Navarro [47] used this approach to propose a BCI to automatically and

non-invasively detect disharmony between respiratory patients and their ventilators.

An alternative approach in [22] also relies on measures of functional connectivity to

decode EEG signals, and recently won first place at the Clinical BCI Challenge posed

at the “World Congress on Computational Intelligence”, showing the scope of Rie-

mannian geometry is comprehensively vast, and can help us understand the workings

of our world: from the nature of gravitation to the decoding and interpretation of

the signals of the human brain.
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(a) The “first” sheet of the focal set,

corresponding to the focal radius 1
k1
.

Showing one complete rib, with a par-

tial rib either side.

(b) The “second” sheet of the focal set,

corresponding to the focal radius 1
k2
.

Also having one complete rib, with a

partial rib either side.

(c) Both sheets of the focal set, shown

at low opacity for better clarity. Notice

here how the partial ribs of each sheet

marry up, with the partial red ribs pass-

ing to partial blue ones to form another

closed rib.

(d) A close up view of the 3 types of

singularity that occur for this focal set.

Regular parts of the focal set (A2 folds)

are classified as Σ1, ribs (A3) Σ
1,1, and

(hyperbolic) umbilics (D+
4 ) Σ

2.

Figure 1.2: The focal set of a triaxial ellipsoid with semi-axes a = 2,b = 1.5,c = 1.1, we set

k1 ≥ k2.
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Riemannian geometry has also been used heavily in the field of Optimal Control

Theory (see for example [11, 13, 10, 9, 12, 8]), in which one aims to develop algorithms

governing system inputs with the goal of guiding the system towards a desired state.

Lenglet et al [40] used this approach to map the connectivity of white matter in

the brain, and describes optimal paths in the white matter as geodesics, showing

that they are reasonable approximations of neural fiber bundles. Brockett [15] has

investigated some of the expected structures of the sets of conjugate points, where

optimal geodesic segments fail to be unique. The focusing of neighbouring geodesics

has been studied in its own right, with focus regarding the structure of the set of all

conjugate points on a given manifold, known as its conjugate locus, and will be the

central object of study in this thesis. The conjugate locus is itself a classical topic in

global Differential Geometry, and one of the driving open problems has been the ‘last

geometric statement of Jacobi’: “The conjugate locus of a generic point on a triaxial

ellipsoid has four cusps” [36]. In [52] R. Sinclair provides experimental evidence

in support of Jacobi’s last geometric statement found in [36], and even provided

evidence that Jacobi’s statement could be extended to a broader class of surfaces in

[55]. The question was then settled recently by Itoh and Kiyohara in [31], who then

also showed the statement extends to the broader class of surfaces known as Liouville

surfaces [33]. It seems natural to ask how these results extend to higher dimensions,

and indeed Itoh and Kiyohara in [32, 34] have considered the cut and conjugate

locus in n-dimensional ellipsoids and Liouville manifolds. Naturally their analysis

relies heavily on the integrability of the geodesic flow in these manifolds, however

integrability is the exception rather than the norm; see [65, 64, 19] for example. A

guiding principle in this thesis is to develop a method for studying the conjugate

locus in manifolds without relying on integrability, thereby opening up the scope of

such research to much broader classes of manifolds such as spherical harmonics.

The conjugate locus along with its cousin the cut locus, has been studied by some of

the giants of Mathematics including: Jacobi [36], Poincaré [49], Arnol’d [2], Morse

[46], and Warner [60]. As well as investigations related to the Jacobi statement (see

for example [52, 55, 56, 54, 53]) and a test-bed for developments in Hamiltonian dy-

namics (see for example [43, 44]), there is also interest in the application to problems

in optimal control (see for example [11, 13, 10, 9, 12, 8]). T. Waters showed how the

number of cusps can spontaneously change as the base point is dragged around in

the surface [66], and the connection between the number of cusps and the rotation

index [61]. However (aside from [34, 43] mentioned above and perhaps [58]) there

11



is very little in the literature regarding the conjugate locus in dimensions three or

higher; a notable exception being Ardoy [1] which showed the generic singularities

of the exponential map in 3-manifolds come in five varieties: fold, edge, swallowtail,

elliptic and hyperbolic umbilic, which are also the five generic singularities of the

normal map. We use this fact to predict and discern the nature of the structures

observed in conjugate loci by comparing them with those found in the Euclidean

focal sets of surfaces and 3-dimensional ellipsoids (see [38]).

The research aims of this thesis are twofold. Firstly, we provide a novel formalism for

detecting conjugate points in convex manifolds, using a Jacobi fields based approach;

we note here that this approach is made formal, but it is often convenient to describe

this in terms of “neighbouring geodesics” as an intuitive analogy. This formalism has

enabled us to generate images of conjugate loci for various convex 3-manifolds, which

to the best of the authors knowledge have not yet appeared in the literature, apart

from sketches found in [34]. Viewing the conjugate locus naturally leads to questions

regarding its structure, as one can see the various type of singularities (as described

in [1]), such as ribs and umbilics, and begin to conjecture about their nature and

the potential bifurcations which could occur as the base-point is moved around the

manifold (as in [66]). Secondly, we extend the machinery for detection of conjugate

points and provide the construction of a novel coordinate system with which to anal-

yse the singular structures of the conjugate locus on the unit sphere in the tangent

space. We hope this research can compliment current methods for detection of con-

jugate points in convex manifolds by means of introducing a new way of searching

for vanishing Jacobi fields, whilst aiding the development and investigation of con-

jectures regarding the nature of conjugate loci and their singular structure, by use

of our novel coordinate system.

We feel that the approach of [38] serves as somewhat of a Euclidean analogue for

our methods of conjugate point detection outlined in Chapter 3, and our analysis in

Chapter 4. The approach of [38] to studying the focal set involves deriving an explicit

parameterisation f of the ambient space in terms of points along the normal lines

to the 3-ellipsoid in R4, before inspecting the rank of the Jacobian of f at various

singular points and classifying the resulting singularities. Our approach consists of

deriving an explicit parameterisation for the family of admissible Jacobi fields along

a given geodesic, and searching for when this vanishes; indicating a conjugate point.

Then we proceed by classifying its singular rank through examination of the Jacobian
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of the sheets of the conjugate locus at these singular points, adopting the ‘Σ’ notation

of [38] when doing so. Our definition of the conjugate locus is similar to that found in

[34] as we define the sheets of the conjugate locus as the image of the singular points

of the exponential map, but in terms of their focal radii and corresponding vector

in the tangent space. This approach is highly useful since it allows us to inspect

the Jacobian of the various sheets, and classify their singularities by the associated

corank of the Jacobian. Our results agree with those in [34] regarding conjugate

loci of 3-ellipsoids and their rib and Lagrangian singularity structure. Whilst our

approach is not as analytically sophisticated as that of [34], we feel that its flexibil-

ity and lack of assumptions regarding the manifold (other than curvature) make it

an insightful route of exploration. Other notable relevant works belong to R. Sin-

clair, who provided much computational evidence in support of Jacobi’s statement

in [52] shortly before its proof, and then in [55] provided computational evidence

that Jacobi’s statement could be extended, which it then was in [33]. In [53] Sinclair

presented software for computing cut loci before demonstrating it on a non-trivially

deformed torus in R3, we feel that this work is contextually similar to our machinery

for computing conjugate loci, with our demonstration on the quadraxial ellipsoid and

various spherical harmonic manifolds. However, due to the recent advancements in

computing, and the development of the Mathematica programming language, this

type of computational experimentation is now faster to perform, and the increase in

computing power is allowing for the consideration of more complex cases, as well as

the ability to generate more precise results.

Despite these advancements in computation, there are numerous limitations one

encounters when taking a computational approach. For instance, to compute the

geodesics of a manifold one must derive the components of its Riemannian Curva-

ture, which for general manifolds will be extremely complicated and thus incredibly

computationally costly (even with the restriction of convexity we see this is the case),

and means that solving equations involving these terms will be a serious task, and

can take an extremely long (sometimes indefinite) amount of time. For manifolds

such as the quadraxial ellipsoid we see that the Riemann curvature terms are all mul-

tiples of one main term, and thus we can use this to reduce the computational power

needed to produce results, however we note that this is the exception and certainly

not the norm. One approach employed to remedy this was in the case of generalised

sectoral spherical harmonic manifolds where we employed series expansions of the

Riemann curvature terms with respect to some small parameter, essentially perturb-
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ing our manifold gradually away from a sphere, we shall discuss this approach more

in Chapter 4. One of the more challenging limitations is the restriction of dimen-

sionality as we may only view spaces of a maximum of 3 dimensions, and as a result

can only gain a complete external picture of surfaces which sit in these spaces, not

3-manifolds themselves. A direct consequence of this is that we are only able to view

the conjugate locus of 3-manifolds at most, since the conjugate locus of anything

higher-dimensional would itself be a manifold of dimension 3 or more. However, we

shall see that the methods developed for the research conducted in the later chapters

is extendable to higher dimensions, but viewing the conjugate locus seems to only

be possible in manifolds of dimension ≤ 3.

In the coming chapters we begin by revisiting the necessary theory to contextualise

the research of the last 2 chapters. With regards to the notation and conventions

of this thesis, we will use bold to represent vectors (due to the high amount of

vectors present in this thesis, please excuse any potential places where this bold-

vector convention is accidentally missed), and for most other conventions we follow

Do Carmo [24], unless otherwise stated. Beginning in Chapter 2 we lay the theoretical

groundwork for the requisite mathematical machinery developed in chapters 3 and 4,

building upwards from the notion of differentiable manifolds including the necessary

features from Riemannian geometry, namely the exponential map, and Jacobi fields

as the formalism used to define geodesics and conjugate points in a rigorous manner.

Then, in Chapter 3 we introduce our novel method for detecting conjugate points in

n-dimensional convex manifolds via the following theorem:

Theorem 1. Let γ be a unit-speed geodesic emanating from p ∈ M. Then, away

from the origin and conjugate points, the entire family of admissible Jacobi fields

along γ may be parameterised as an (n− 2) dimensional ellipsoid, given by:

Jα =

[
m−1∏
i=1

sin (xi)

]
J2 +

m∑
k=2

(
m−k∏
j=1

sin (xj)

)
cos (xm−k+1)Jk+1,

where m = dim(M)− 1.

We then demonstrate the computational efficacy of this method via obtaining images

of the conjugate locus of the quadraxial 3-ellipsoid before discussing its structure in

relation to the focal set of a triaxial 2-ellipsoid. We also present the following con-

jecture regarding the singular sets of the normal and exponential maps of ellipsoids

of co-dimension 1:
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Let En denote an n-dimensional ellipsoid with n+1 distinct semi-axes and principal

curvatures k1, · · · , kn at each point. Then, the conjugate locus of a point p of En

has the same singular structure as the focal set of the (n − 1)-dimensional ellipsoid

whose semi-axes are given by k1, · · · , kn at p.

By “the same singular structure” we mean the same number and type of ribs and

umbilics. Note that [31] proved this conjecture for the case of n = 2, and we shall

see evidence in support of the n = 3 case in Chapter 3. Chapter 4 contains the main

results of the thesis, which are presented as the following theorems:

Theorem 2. Let U , p, M, and γ be as defined above. Suppose γ exhibits n−1 distinct

conjugate points, each having an associated vanishing direction denoted J ′
i(t = 0).

Then, these conjugate points together with their vanishing directions naturally induce

a coordinate system on U .

Theorem 3. Let U be a generic coordinate patch on Sn−1
1 . Then, the image of U

under X (at t = Ri), the i-th sheet of the first conjugate locus, is regular except for

points where the distance to the i-th first conjugate point is stationary with respect

to the i-th Jacobi coordinate.

Theorem 4. Let M be a convex Riemannian manifold of odd-dimension. Then,

ridges must exist for each radius function Ri, i.e. there exists ridge lines on Sn−1
1 ∈

TpM such that
∂Ri

∂ui
= 0.

Theorem 5. Let M be a convex, three-dimensional Riemannian manifold, then there

exist perfect umbilic directions on S2
1 ∈ TpM.

Theorem 6. Let p be a Σn−1 singularity; i.e. a perfect umbilic, then p is also a

Σ1,n−2 singularity on each sheet of the conjugate locus.

Theorem 2 gives rise to the Jacobi coordinate system, which we demonstrate to be a

natural choice for studying the singular structure on conjugate loci of convex mani-

folds. Theorem 3 employs this coordinate system to prove the conditions under which

ribs occur on the sheets of the conjugate locus, whilst Theorem 4 proves the existence

of ridge curves for convex manifolds of odd-dimension. Theorem 5 guarantees the

existence of “perfect” umbilics for convex 3-manifolds (see conclusions for discussion

on the possible extension of this), and finally Theorem 6 proves that all perfect um-

bilics are also singularities of rank Σ1,n−2 on each sheet of the conjugate locus (this
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is a generalisation of the notion that umbilics are found along ribs). Following the

proofs of these theorems we present plots of the conjugate locus for various orders of

sectoral spherical harmonic 3-manifolds which, to the best of the authors knowledge,

are new to the literature. We then plot the corresponding Jacobi coordinate curves

for the spherical harmonic 3-manifolds of orders 3 and 7, and attempt to classify the

types of umbilics found on the conjugate locus via the Jacobi coordinate structure on

S2
1 ∈ TpM near to umbilic directions. Finally, in the concluding chapter we review

the results along with the limitations of our approach, before providing some possible

avenues for future research.
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Chapter 2

Preliminary Riemannian

Geometry

In this chapter we introduce the necessary preliminary results from Riemannian

geometry. We assume that the reader is familiar with the concept of differentiable

manifolds, as well as some more standard features of Riemannian geometry, in partic-

ular: the covariant derivative, affine connections, Christoffel symbols, and Riemann

curvature. We begin by defining Riemannian manifolds before formally introducing

geodesics and their relation with the exponential map, this in-turn naturally leads

to the notion of Jacobi fields which we may first use to formally define conjugate

points (and thus the conjugate locus), before providing motivation for the formalism

presented in Chapter 3. We adhere to the following conventions: displaying vectors

in bold, superscript indices representing components of a vector, subscript indices

representing various basis vectors, and D signifies the covariant derivative. Unless

otherwise stated, we follow the definitions, theorems, and propositions found in [24].

2.1 Riemannian Manifolds

Definition 2.1.1. A Riemannian Metric on a differentiable manifold M is a corre-

spondence associating to each point p ∈ M an inner product ⟨ , ⟩p on TpM which

is symmetric, bilinear and positive definite. This inner product must vary smoothly

with changes in parameters in various coordinate patches of M.
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Hence if

x : U ⊂ Rn → M

is a system of coordinates about p, with

x(x1, ..., xn) = q ∈ x(U)

and

∂

∂xi
(q) = dxq(0, ..., 1, ...0),

then 〈
∂

∂xi(q)
,

∂

∂xj(q)

〉
q

≡ gij(x1, ..., xn) (2.1)

where gij is a differentiable function on U .

Here, gij is the local representation of the metric in the given coordinate system, and

acts on vectors in the following way. Let X,Y be vector fields defined by

X = xi
∂

∂xi
,Y = yj

∂

∂xj,

then, the inner product of X and Y will be

⟨X,Y ⟩ =
〈
xi

∂

∂xi
, yj

∂

∂xj,

〉
=
∑
i,j

xiyj
〈
∂

∂xi
,
∂

∂xj

〉
=
∑
i,j

xiyjgij

Hence, the metric gij is defined via the inner product of basis vectors of the tangent

space, and may be used to calculate metrical properties on the manifold.

Definition 2.1.2. A differentiable manifold M equipped with a Riemannian metric

g is known as a Riemannian Manifold, denoted (M, g) or (M, ⟨ , ⟩).

From now on, M will denote a Riemannian manifold.
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Definition 2.1.3. A vector field V on Riemannian manifold M is said to be parallel

along the curve c(t) = (x1(t), . . . , xn(t)) if

DV

dt
=
dvk

dt
+
∑
i,j

dxi
dt
vjΓk

ij = 0. (2.2)

Definition 2.1.4. Let (M,⟨, ⟩) be a Riemannian Manifold with Riemann curvature

R, and let X,Y ,Z,T ∈ χ(M), where χ(M) is the set of differentiable vector fields

on M. Then we now write

⟨R(X,Y )Z,T ⟩ = (X,Y ,Z,T ), (2.3)

and note that (X,Y ,Z,T ) has the following properties:

1. (X,Y ,Z,T ) + (Y ,Z,X,T ) + (Z,X,Y ,T ) = 0,

2. (X,Y ,Z,T ) = −(Y ,X,Z,T ),

3. (X,Y ,Z,T ) = −(X,Y ,T ,Z),

4. (X,Y ,Z,T ) = (Z,T ,X,Y ).

The following propositions are important for the derivation of the Jacobi equation,

but we introduce them here since the placement is more natural.

Proposition 1. If M is a differentiable manifold with a symmetric connection ∇,

and s : A→ M is a submanifold of dimension two, parameterised by u and v, then:

D

∂v

∂s

∂u
=

D

∂u

∂s

∂v
. (2.4)

Proof. let x : V ⊂ Rn → M be a system of coordinates in a neighbourhood of a

point s(A). Then, we may write

x−1 ◦ s(u, v) = (x1(u, v), ..., xn(u, v)).

Hence,

D

∂v

(
∂s

∂u

)
=
D

∂v

(∑
i

∂xi

∂u

∂

∂xi

)
(2.5)

=
∑
i

∂2xi

∂v∂u

∂

∂xi
+
∑
i

∂xi

∂u
∇∑

j

(
∂xj

∂v

)
∂

∂xj

∂

∂xi
(2.6)

=
∑
i

∂2xi

∂v∂u

∂

∂xi
+
∑
i,j

∂xi

∂u

∂xj

∂v
∇ ∂

∂xj

∂

∂xi
. (2.7)
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Using the symmetry of ∇, we have that ∇ ∂

∂xj

∂
∂xi = ∇ ∂

∂xi

∂
∂xj . Calculating

D
∂u

(
∂s
∂v

)
we

obtain the same expression, thus they are equal.

Proposition 2. Let f : A ⊂ R2 → M be a parameterised submanifold and let (s, t)

be the usual coordinates of R2. Let V = V (s, t) be a vector field along f . For each

(s, t), it is possible to define R(∂f
∂s
, ∂f
∂t
)V in the following manner (from [24]).

D

∂t

D

∂s
V − D

∂s

D

∂t
V = R

(
∂f

∂s
,
∂f

∂t

)
V . (2.8)

Proof. Choose a system of coordinates (U,x) based at p ∈ M. Let V =
∑

i v
iXi,

where vi = vi(s, t) and Xi =
∂
∂xi

. Then

D

∂s
V =

D

∂s

(∑
i

viXi

)
=
∑
i

vi
D

∂s
Xi +

∑
i

∂vi

∂s
Xi,

and

D

∂t

(
D

∂s
V

)
=
∑
i

vi
D

∂t

(
D

∂s
Xi

)
+
∑
i

∂vi

∂t

D

∂s
Xi +

∑
i

∂vi

∂s

D

∂t
Xi +

∑
i

∂2vi

∂t∂s
Xi.

Now, by swapping s and t above, and then subtracting, we obtain

D

∂t

D

∂s
V − D

∂s

D

∂t
V =

∑
vi
(
D

∂t

D

∂s
Xi −

D

∂s

D

∂t
Xi

)
.

Calculating D
∂t

D
∂s
Xi, we set

f (s, t) = (x1 (s, t) , ..., xn (s, t)) .

Then

∂f

∂s
=
∑
j

∂xj
∂s

Xj

and

∂f

∂t
=
∑
k

∂xk
∂t

Xk.

Thus, we have

D

∂s
Xi = ∇∑

j

(
∂xj
∂s

)
Xj

(Xi) =
∑
j

∂xj
∂s

∇Xj
Xi,
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and

D

∂t

D

∂s
Xi =

D

∂t

(∑
j

∂xj
∂s

∇Xj
Xi

)

=
∑
j

∂2xj
∂t∂s

∇Xj
Xi +

∑
j

∂xj
∂s

∇∑
k

(
∂xk
∂t

)
Xk

(
∇Xj

Xi

)
=
∑
j

∂2xj
∂t∂s

∇Xj
Xi +

∑
jk

∂xj
∂s

∂xk
∂t

∇Xk
∇Xj

Xi,

or (
D

∂t

D

∂s
− D

∂s

D

∂t

)
Xi =

∑
jk

∂xj
∂s

∂xk
∂t

(
∇Xk

∇Xj
Xi −∇Xj

∇Xk
Xi

)
.

Joining everything together, we finally obtain(
D

∂t

D

∂s
− D

∂s

D

∂t

)
V =

∑
ijk

vi
∂xj
∂s

∂xk
∂t

R (Xj, Xk)Xi

= R

(
∂f

∂s
,
∂f

∂t

)
V .

2.2 Geodesics

A geodesic is the generalisation of the notion of a straight line. These curves are

defined with the property that their tangent vector remains parallel to itself ev-

erywhere, and as such geodesics are influenced by the intrinsic geometry of their

associated manifold. Since they are the “straight lines” of a given manifold they

naturally embody its structure, with no external influences governing their path,

only the geometry of the manifold itself. These curves also have the property of

being (locally) distance minimizing, so a geodesic joining p to q will be (locally) the

shortest path between them.

Definition 2.2.1. A curve γ : I ⊂ R → M, given by γ = γ(t), is a geodesic if

D

dt

(
dγ

dt

)
= 0, (2.9)

for all t ∈ I.
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Conventionally we will also refer to the image γ(I) of the geodesic γ, as a geodesic.

For γ to be a geodesic, its tangent vector dγ
dt

must be parallel transported along γ,

leading to the following theorem.

Proposition 3. Let γ(t) be a geodesic. Then, the length of dγ
dt

remains constant

along γ.

Proof. We aim to prove that the length of the tangent vector to γ(t) is independent

of t, hence we compute the following derivative:

d

dt

〈
dγ

dt
,
dγ

dt

〉
.

Using the compatibility of ∇ we may write

d

dt

〈
dγ

dt
,
dγ

dt

〉
=

〈
D

dt

(
dγ

dt

)
,
dγ

dt

〉
+

〈
dγ

dt
,
D

dt

(
dγ

dt

)〉
= 0

since D
dt

(
dγ
dt

)
= 0 is the condition for γ to be a geodesic. Hence, we see that the

length of the tangent vector to γ remains constant.

From now on, we will always assume |dγ
dt
| = 1. Next, we would like to derive the local

equations that γ would satisfy as a geodesic. For this, we need a coordinate system

(U,x) in which we write γ as

γ(t) = (x1(t), ..., xn(t)).

We see from (2.9) that γ is a geodesic if and only if

D

dt

(
dγ

dt

)
=
∑
k

(
d2vk

dt2
+
∑
i,j

Γk
ij

dxi
dt

dxj
dt

)
∂

∂xk
= 0.

Hence, any curve which is a solution to the second order system

d2vk

dt2
+
∑
i,j

Γk
ij

dxi
dt

dxj
dt

= 0 (2.10)

is a geodesic.
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We can reduce the order of this system by doubling the dimension. To do this, we

let

dxk
dt

= yk,

dyk
dt

= −
∑
i,j

Γk
ijyiyj, k = 1, ..., n. (2.11)

Hence, we now have a first order system of ODEs with twice the number of equations

as before, describing the components of a geodesic curve. From the theory of ordinary

differential equations we obtain existence and uniqueness of geodesics. This is a

direct consequence of the existence and uniqueness of solutions to initial-value ODE

problems, to which the geodesic γ is a solution. To see this, consider the system

in (2.11), geodesics are curves whose functional components the solutions to this

system. From the theory of ODEs this first order system will admit a unique solution

γ, in some open interval (−δ, δ), determined by its specific initial conditions. These

initial conditions are γ(0) (the base point of γ) and the initial tangent vector γ′(0).

Intuitively, we can see why this would admit a unique solution, if one exists, since

the parallel transport of the tangent vector means that a geodesic never turns, it

is always traveling in a ’straight’ path relative to M, hence why geodesics can be

described as curves in M with zero acceleration. Thus, a geodesic starting from

a point γ(0) = p ∈ M heads straight out from p, in the direction of its parallel

transported tangent vector, γ′(0) = v and trivially there can never be two distinct

ways to continue to travel in a straight path. Since each geodesic is determined by its

initial conditions, the geodesic γ : (−δ, δ) → M passing through p in the direction

v will be unique. This means there is a unique correspondence between the vectors

in TpM and the geodesics of M, since each vector u in TpM corresponds to exactly

one geodesic with its base point at p and tangent vector u at γ(0) i.e. γ′(0) = u (See

Fig 2.1). This relationship between the vectors in TpM and the geodesics passing

through p is the motivation for the definition of the exponential map, which we shall

introduce shortly.

2.3 Sectional Curvature

Gaussian Curvature is natural in its motivations for two dimensions, but struggles to

extend easily into higher dimensions. Gaussian Curvature is defined as the product of
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Figure 2.1: Two vectors in TpM and their corresponding geodesics.

two principal curvatures, another concept dependent on an ambient Euclidean space.

Extending this notion to introduce a third principal curvature introduces new diffi-

culties regarding the meaning of positive and negative curvature, since these notions

become ambiguous in a higher dimensional setting. The analogue we can introduce

here is known as Sectional Curvature. Essentially, this expression of curvature is a

measure of the Gaussian Curvature of the two dimensional submanifold generated

by a subset of the geodesics emanating from a point of the manifold. Since Gaussian

Curvature may be defined in terms of (linearly independent) tangent vectors to the

manifold, so too can sectional curvature. Intuitively, sectional curvature is computed

by taking two linearly independent tangent vectors x,y ∈ TpM, these will define

a plane which we take as the two dimensional subspace of TpM, often denoted σ.

Next, we take the image of σ under expp, giving us a two dimensional submanifold

created entirely by the geodesics emanating from p, denoted Sσ (See Figure 2.2).

The sectional curvature of thisM at p is the Gaussian curvature of the 2-dimensional

submanifold of M generated by the image under expp of the subspace of TpM
spanned by x and y. Formally, we define sectional curvature using the tangent

vectors x and y, but first we clarify the following notation.

|x ∧ y| =
√

|x|2|y|2 − ⟨x,y⟩2. (2.12)

Definition 2.3.1. Let x and y be vectors in TpM. Then, the sectional curvature of

the submanifold Sσ generated by the image under expp of the 2-dimensional subspace

of TpM spanned by x and y, denoted Kσ, is given by

Kσ =
(x,y,x,y)

|x ∧ y|2
. (2.13)
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Figure 2.2: A 2-dimensional subspace σ of TpM (generated by linearly independent vectors

x and y) is mapped to a 2-dimensional submanifold of M under expp, generated by the

geodesics emanating from p whose associated tangent vectors belong to σ, denoted Sσ.

Here, v (shown in red) is a vector which belongs to σ, with its associated geodesic γv

(shown in red) belonging to Sσ.

Hence, when x and y are orthonormal we see that

Kσ = (x,y,x,y). (2.14)

Hence, we see that for the two-dimensional case, the expressions for Gaussian and

Sectional curvature coincide.

2.4 The Exponential Map

Definition 2.4.1. Let p ∈ V ⊂ M and let U ⊂ TM be an open set given by

U = {(p,w); p ∈ V,w ∈ TpM} .

Then the map exp : U → M given by

exp(p,v) = γp,v(1) = γp,v̂(|v|), (p,v) ∈ U, (2.15)

is known as the Exponential Map on U , where γp,v(t) is the unique geodesic with

γ(0) = p and γ̇(0) = v.

Extending the previous concept from a single geodesic emanating from p, to a family

of geodesics all emanating from p, we can take the exponential map of a subset of
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TpM. This maps all of the vectors inside some open ball (about 0) in TpM to a

point along their respective geodesics in M. Hence, we can see how the structures

endowed upon TpM deform under expp, as well as examining the invertibility of expp

in neighbourhoods of TpM, more precisely, when expp fails to be a diffeomorphism.

Theorem 2.4.1. Given p ∈M , there exists an ϵ > 0 such that

expp : Bϵ(0) ⊂ TpM → M

is a diffeomorphism of Bϵ(0) onto an open subset of M.

Proof. By the inverse function theorem, we can show that expp is differentiable with

a differentiable inverse in some neighbourhood of p, if the Jacobian d(expp) has

maximal rank at p. We denote the Jacobian of expp at p as d(expp)0, and compute

its rank as follows:

d(expp)0(v) =
d

dt
(expp(tv))

∣∣∣∣
t=0

=
d

dt
(γp,tv(1))

∣∣∣∣
t=0

=
d

dt
(γp,v(t))

∣∣∣∣
t=0

= v.

Here we are taking the derivative of expp along the radial line tv ∈ TpM, and

evaluating at t = 0. This is the Jacobian of expp evaluated at t = 0, acting on

the vector v. Since d(expp)0(v) = v, this means d(expp)0 is the identity in Bϵ(0) ∈
TpM, and thus has maximal rank. Hence, expp is differentiable, with a differentiable

inverse, in some neighbourhood of 0 ∈ TpM, i.e. expp is a local diffeomorphism on

the neighbourhood Bϵ(0) into M.

The above theorem implies that if the exponential map is a diffeomorphism at p then

it is invertible in some neighbourhood of p, V say, and thus every point in V ⊂M has

an inverse via exp−1
p in TpM. This means there is a one-to-one correspondence be-

tween the points of V obtained via geodesics emanating from p, and vectors in TpM.

Points where expp fails to be a diffeomorphism occur when two linearly independent

vectors in TpM map to the same point in M under expp, we shall refer to these as

the singular points of the exponential map. At singular points, expp fails to be either

globally or locally diffeomorphic; naturally if expp fails to be locally diffeomorphic

then it also fails to be globally diffeomorphic, however the converse is not true since

expp can at once be locally diffeomorphic, but not globally diffeomorphic. For expp

to fail being globally diffeomorphic we only require that any two linearly independent
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vectors in TpM map to the same point under expp, i.e. any two geodesics emanating

from p intersect. Points at which expp fails to be globally diffeomorphic are known as

cut points to p, and the set of all cut points to p is known as the cut locus. For expp

to fail being locally diffeomorphic we require that two neighbouring vectors in TpM
map to the same point under expp, i.e. two neighbouring geodesics which emanate

from p intersect; it is this notion which we use to define conjugate points to p, and

in turn, the conjugate locus (we shall give a more technical and complete definition

of conjugate points, and the conjugate locus in the following section).

2.5 Jacobi Fields

The derivative of the exponential map gives rise to special vector fields along geodesics,

known as Jacobi fields, which inform us about the rate at which geodesics spread

apart in M. Intuitively Jacobi fields measure the separation between neighbouring

geodesic, and are defined by means of the Jacobi Equation; a second order ODE

which arises from the study of the exponential map. Previously, we saw that radial

lines in TpM are mapped to radial geodesics under expp. The field d(expp)tv(tw)

will be the image under d(expp) of the vector field tw along the radial geodesic given

by expp(tv) and thus will measure the separation between this radial geodesic and

its neighbour in the direction of w. Figure 2.3 shows this (the vectors do not live in

M but are shown in M here for clarity).

Figure 2.3: The vector field tw generates a Jacobi field along the geodesic expp(tv).
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2.5.1 The Jacobi Equation

If expp is defined at v ∈ TpM, and if w ∈ Tv(TpM), then

(dexpp)vw =
∂f

∂s
(0, 1),

where f is the parameterised surface given by

f(s, t) = expptv(s), −ϵ < s < ϵ, 0 ≤ t ≤ 1,

and v(s) is a curve in TpM such that v(0) = v, v′(0) = w. Hence, for different values

of s, tv(s) describes neighbouring rays emanating from the origin. Furthermore,

under exp the image of these rays will be neighbouring geodesics emanating from

p. Thus the s derivative describes the rate of separation between neighbouring

geodesics. Here, note that |(dexpp)v(w)| can tell us about the rate at which the

geodesics t → expptv(s) which begin from p, spread apart. Intuitively, this makes

sense as this describes a vector perpendicular to the tangent vector of a geodesic (if

w is perpendicular to v), which can capture some measure of the distance between

geodesics. Hence, if we wish to examine this separation then we must extend the

above vector (dexpp)v(w) = ∂f
∂s
(0, 1) into a vector field along the radial geodesic (i.e.

the geodesic we will be measuring separation from), given by

∂f

∂s
(0, t), (2.16)

along the geodesic γ(t) = expp(tv), 0 ≤ t ≤ 1.

Since γ is a geodesic we have for all (t, s), D
∂t

∂f
∂t

= 0. Thus we can write

0 =
D

∂s

(
D

∂t

∂f

∂t

)
=
D

∂t

D

∂s

∂f

∂t
+
D

∂s

D

∂t

∂f

∂t
− D

∂t

D

∂s

∂f

∂t
. (2.17)

Here, we use proposition 2, where R is the Riemann curvature:

R

(
∂f

∂t
,
∂f

∂s

)
V =

D

∂s

D

∂t
V − D

∂t

D

∂s
V .

Setting V = ∂f
∂t

we see that

D

∂s

D

∂t

∂f

∂t
− D

∂t

D

∂s

∂f

∂t
= R

(
∂f

∂t
,
∂f

∂s

)
∂f

∂t
.

Hence, we can substitute this into (2.17) to obtain

D

∂t

D

∂s

∂f

∂t
+R

(
∂f

∂t
,
∂f

∂s

)
∂f

∂t
= 0. (2.18)

28



Now, since f is a parameterised surface and∇ is symmetric we have that (proposition

1)

D

∂s

∂f

∂t
=
D

∂t

∂f

∂s
.

Using this, we may rewrite (2.18) as

D

∂t

D

∂t

∂f

∂s
+R

(
∂f

∂t
,
∂f

∂s

)
∂f

∂t
= 0. (2.19)

Setting ∂f
∂s
(0, t) = J(t), and labelling ∂f

∂t
= γ ′ we obtain the fact that J satisfies

D2J

dt2
+R(γ ′(t),J)γ ′(t) = 0. (2.20)

This is the Jacobi Equation and is used to define Jacobi fields, and as such is an in-

credibly integral part of research regarding conjugate loci, since computing conjugate

points is achieved by finding the zeroes of the solutions to the Jacobi equation, as

this tells us when a Jacobi field vanishes, and thus when two neighbouring geodesics

intersect. Now we present a formal definition followed by some simple examples.

Definition 2.5.1. Let γ : [0, a] → M be a geodesic in M. A vector field J along γ

is a Jacobi field if it satisfies equation (2.20), for all t ∈ [0, a].

Solving the Jacobi equation can be reasonably straightforward in 2-dimensions as we

shall see later on, however for higher dimensions there is the added complexity of the

Riemann curvature term making the Jacobi equation markedly harder to solve, since

in the two dimensional case geodesics must intersect if they are converging, whereas

in higher dimensions the geodesics can simply pass around each other. These two

complications are inherent with studying conjugate loci in dimensions greater than

2, and as such it is almost impossible to say anything in generality regarding the

solutions to equation (2.20) unless we make tight restrictions on the curvature of the

manifolds we shall examine, which we introduce shortly.

Example 2.5.1. It is worth noting a few trivial examples of Jacobi fields, namely

γ ′ and tγ ′. Beginning with J = γ ′ we see that

D2J

dt2
+R(γ ′,J)γ ′ =

D2γ ′

dt2
+R(γ ′,γ ′)γ ′ = 0.

We see that the second term is zero from definition 2.1.4, since for any vector w

we have R(w,w)w = 0. Moreover, the first term is taking the derivative of the

derivative of a tangent vector to a geodesic, and is therefore also identically zero.
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Now setting J = tγ ′ we obtain

D2J

dt2
+R (γ ′,J)γ ′ =

D

dt

(
D

dt
(tγ ′)

)
+R (γ ′, tγ ′)γ ′

=
D

dt

(
γ ′ + t

D

dt
(γ ′)

)
+ tR (γ ′,γ ′)γ ′ = 0

Note that we can place t on the outside of R(γ ′, tγ ′)γ ′ as a result of the properties

of R, which are inherited from the properties of the connection ∇.

These two trivial Jacobi fields are parallel to γ ′. Since a Jacobi field J is a solution

to a second order, linear ODE it is determined by its initial conditions DJ
dt
(0) and

J(0). Thus, as a consequence of the theory of ODEs there will exist 2n linearly

independent Jacobi fields along γ. We now shift our focus to when and where Jacobi

fields vanish, known as conjugate points.

2.5.2 Conjugate Points

As we have seen previously, a Jacobi field is determined by its initial conditions J(0)

and D
dt
J(0). Hence, if we would like to investigate a particular behaviour of Jacobi

fields then we need only pick the correct initial data. For the purposes of studying

the conjugate locus we would like to develop the relationship between Jacobi fields

and the singularities of the exponential map, by investigating the intersection or

focusing of neighbouring geodesics. First, we require the following definitions.

Definition 2.5.2. Let γ : [0, a] → M be a geodesic. The point γ(t0) is said to be

conjugate to γ(0) along γ, t0 ∈ (0, a], if there exists a Jacobi field J along γ, not

identically zero, with J(0) = 0 = J(t0). Observe that if γ(t0) is conjugate to γ(0),

then γ(0) is conjugate to γ(t0).

A conjugate point occurs along a geodesic γ when a Jacobi field J along γ vanishes,

since J measures the separation between γ and a neighboring geodesic. We know

that radial lines in the tangent space map to radial geodesics in the manifold under

the exponential map. Hence, if we wish to look for a conjugate point along a geodesic

then we may examine the corresponding radial line in the tangent space to see if it

contains a singularity of expp. The following proposition formalises this point.
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Theorem 2.5.1. Let γ : [0, a] → M be a unit speed geodesic and let γ(0) = p.

The point q = γ(t0), t0 ∈ (0, a], is conjugate to p along γ if and only if t0γ
′(0) is a

singular point of expp.

Proof. The point q = γ(t0) is a conjugate point of p along γ if and only if there

exists a non-zero Jacobi field J along γ with J(0) = J(t0) = 0. Let v = γ′(0) and

w = J ′(0). Since J(t) = (dexpp)tv(tw), t ∈ [0, a], we see that J is non-zero if and

only if w ̸= 0. Thus q = γ(t0) is conjugate to p if and only if

0 = J(t0) = (dexpp)t0v(t0w), w ̸= 0,

that is, if and only if t0v is a singular point of expp.

Here we must note that we have been talking exclusively about first conjugate points.

It is entirely possible to keep following a radial geodesic past the first conjugate point,

and have it reach another conjugate point later on. This means one can also follow

radial lines in the tangent space and find further singularities of expp. From now on

we will only be consider admissible Jacobi fields; for which J(0) = 0, and J ′(0) is

orthogonal to γ ′(0).

Definition 2.5.3. Let γ be a radial geodesic emanating from a point p ∈ M, and let

J be an admissible Jacobi field along γ. Suppose q is the point at which J vanishes

for the first time (by which we mean this is the first time since t = 0 that J has

vanished) then q is a first conjugate point (to p); the set of all first conjugate points

is the first conjugate locus which may have many sheets as we will see.

We may now employ the following proposition found in [24] which is obtained as a

consequence of the Rauch Comparison Theorem.

Proposition 4. Suppose that the sectional curvature K of a Riemannian manifold

M satisfies the inequality

0 < L ≤ K ≤ H,

where H and L are constants. Let γ be a geodesic in M. Then the distance d along

γ between two consecutive conjugate points of γ satisfies

π√
H

≤ d ≤ π√
L
.
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An immediate consequence of this proposition is that for manifolds with positive sec-

tional curvature in all directions at every point (i.e. convex manifolds), the distance

d to a conjugate point along each geodesic γ will be bounded above by π√
L
. This

condition is sufficient to prove the existence of conjugate points along all geodesics

in convex manifolds. From now on we shall be conducting analysis on convex man-

ifolds exclusively, as we may then assume that there are conjugate points to detect

along all geodesics. Conjugate points are defined in terms of the vanishing of Jacobi

fields (the more intuitive picture of intersecting neighbouring geodesics can be made

formal in the variational framework [28]). The problem is that not all admissible Ja-

cobi fields vanish at a (generic) conjugate point, and we do not know a priori which

Jacobi fields to track. What we seek is some scalar along each geodesic γ which

vanishes (or changes sign) at a conjugate point. We can devise such a scalar through

a specific choice of basis in which to describe the Jacobi fields we are measuring, this

in turn allows us to parameterise the entire family of Jacobi fields and search them

all at once for the fields which vanish. From this we can extract the t-values of the

conjugate points, as well as the initial velocity vectors of the vanishing Jacobi fields.

We emphasise that the methods we wish to develop are to apply to convex manifolds

in general, without assuming integrability or symmetry for example.

2.5.3 Separation of Jacobi Field Components

To begin, let γ(t) be a geodesic, with the tangent vector to γ being given by γ ′ = e1

(we assume, since γ ′ can always be re-scaled, that e1 is of length 1). Next, we define

the vectors e2, ..., en to be an orthonormal basis to the orthogonal compliment of e1,

generating a frame which when parallel transported along γ, can be used as a basis

for describing J (See Figure 2.4). Hence, we can write

J(t) = c1(t)e1 + ...+ cn(t)en. (2.21)

Here we note that there is no a priori choice for the vectors e2, ..., en
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Figure 2.4: The set of n−1 vectors {e2, ..., en} forms a basis for the orthogonal complement

of e1 (shown in green), and when parallel transported also acts as a basis for J(t) along γ.

The frame described and shown in Figure 2.4 is parallel transported along γ, i.e.

they are the vector fields which satisfy

D

dt
(ei) = 0, i = 1, · · · , n. (2.22)

Now we substitute (2.21) into the Jacobi Equation to obtain

D2

dt2
(c1(t)e1 + ...+ cn(t)en) +R(γ ′,J)γ ′ = 0.

Here we have only expanded J in the first term for reasons that shall become clear

shortly. We see that this term can be written as

D2

dt2
(c1(t)e1 + ...+ cn(t)en) =

D

dt

(
D

dt
(c1(t)e1 + ...+ cn(t)en)

)
=
D

dt

(
c′1(t)e1 + ...+ c′n(t)en + c1(t)

D

dt
(e1) + ...+ cn(t)

D

dt
(en)

)
.

From (2.22) we know the derivatives of our basis vectors will all vanish, leaving us

with

D

dt
(c′1(t)e1 + ...+ c′n(t)en) +R(γ ′,J)γ ′

= c′′1(t)e1 + ...+ c′′n(t)en +R(γ ′,J)γ ′ = 0.

Now we note that R(γ ′,J)γ ′ is also a vector field, and hence can be expressed as a

linear combination of our orthonormal basis vectors by successively taking its inner

product with the relevant components:

R(γ ′,J)γ ′ = ⟨R(γ ′,J)γ ′, e1⟩ e1 + ...+ ⟨R(γ ′,J)γ ′, en⟩ en.
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Now, collecting these pieces together, we have

e1 (c
′′
1 + ⟨R(γ ′,J)γ ′, e1⟩) + ...+ en (c′′n + ⟨R(γ ′,J)γ ′, en⟩) = 0. (2.23)

Since {e1, ..., en} is an orthonormal basis, equation (2.23) can only be zero when the

following n scalar equations hold;

c′′1 + ⟨R(γ ′,J)γ ′, e1⟩ = 0,

... (2.24)

c′′n + ⟨R(γ ′,J)γ ′, en⟩ = 0.

Now for each equation in (2.24) we again expand J into its basis components, leading

to:

c′′i + ⟨R(γ ′,J)γ ′, ei⟩ = c′′i + ⟨R(γ ′, c1(t)e1 + ...+ cn(t)en)γ
′, ei⟩ = 0.

Now we can use the bilinearity of the Riemannian Curvature as well as the linearity

of the metric (Definition 2.1.1), to write

c′′i + ⟨R(γ ′, c1(t)e1 + ...+ cn(t)en)γ
′, ei⟩

= c′′i + c1 ⟨R(γ ′, e1)γ
′, ei⟩+ ...+ cn ⟨R(γ ′, en)γ

′, ei⟩ = 0, i = 1, ..., n.

Next we use the fact that γ ′ = e1, and we adopt the (X,Y ,Z,T ) = ⟨R(X,Y ,Z),T ⟩
notation from Definition 2.1.4 to obtain the system of n equations

c′′i +
n∑

m=1

cm(e1, em, e1, ei) = 0, i = 1, ..., n. (2.25)

Now we can make use of the following properties of (X,Y ,Z,T ) (from Definition

2.1.4) to somewhat reduce the system:

1. (X,Y ,Z,T ) = (Z,T ,X,Y ),

2. (X,Y ,Z,Z) = 0.

From this we clearly see that the first equation of (2.25) becomes

c′′1 + c1(e1, e1, e1, e1)+...+ cn(e1, en, e1, e1) = 0

=⇒ c′′1 = 0

=⇒ c1 = c′1(0)t+ c1(0) (2.26)

= c′1(0)t, (2.27)
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which will only vanish at t = 0, and as such we “switch off” this tangential component

by setting c′1(0) = 0.

Remark. Since the tangential component will only vanish trivially, we now reduce

our search to include only those Jacobi fields whose initial velocity vector resides in

the orthogonal complement of γ ′ (and which have J(0) = 0), i.e. admissible Jacobi

fields.

Similarly, we see that each equation in (2.25) loses the first bracket term since for

m = 1 this term becomes

c1(e1, e1, e1, ei) = 0, (2.28)

Thus the system from (2.25) now becomes

c′′i +
n∑

m=2

cm(e1, em, e1, ei) = 0, i = 2, ..., n. (2.29)

We may represent the system in (2.29) in matrix form as
c′′2
...

c′′n

 = −


(e1, e2, e1, e2) · · · (e1, en, e1, e2)

...
. . .

...

(e1, e2, e1, en) · · · (e1, en, e1, en)



c2
...

cn

 . (2.30)

Note that the matrix from (2.30) is symmetric since, denoting the matrix A, we see

that

Ai,j = (e1, ei, e1, ej) = (e1, ej , e1, ei) = Aj,i.

Hence we have obtained expressions which can describe how the functions ci(t), i =

1, ..., n change over time. From Definition 2.3.1 we see that the diagonal entries of

the matrix in (2.30) corresponding to (ei, em, ei, em) are the sectional curvatures

of the geodesic submanifolds generated under expp by the plane of vectors in TpM
containing {ei, em}.

Example 2.5.2. (n = 2)

Solving the system in equation (2.30) is reasonably straightforward in 2 dimensions

since there is only one equation to solve, given by

c′′2 = −(e1, e2, e1, e2)c2.
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We see this simply becomes the following initial value problem

c′′2 +K|γ c2 = 0, c2(0) = 0, c′2(0) = 1

(where K is the Gauss curvature) until c2 = 0; in a convex surface this is guaranteed

to happen within t ≤ π/
√
Kmin. Thus, in 2 dimensions we can solve the scalar

equation and obtain the times of conjugate points, but for manifolds of dim(M) > 2

this is far more complex as we have seen. Hence, we must find some novel way

of approaching this problem for higher dimensional manifolds, which we shall now

present.

36



Chapter 3

Identifying Conjugate Points

3.1 An (n− 2)-Parameter Family of Jacobi Fields

Theorem 3.1.1. Let γ be a unit-speed geodesic emanating from p ∈ M. Then,

away from the origin and conjugate points, the entire family of admissible Jacobi

fields along γ may be parameterised as an (n− 2) dimensional ellipsoid.

Proof. We distinguish solutions to equation (2.30) by their initial conditions, and

hence if we are to specify J(0) and J ′(0) for n equations this gives us a 2n-d space of

initial conditions. The constraint of J(0) = 0 implies that ci(0) = 0 and reduces the

space of initial conditions to n-d. Moreover, “switching off” the tangential component

gives the further constraint of c′1(0) = 0 resulting in an (n − 1)-d space of initial

conditions in which to search for conjugate points, and this is the space spanned by

{c′2(0), · · · , c′n(0)}. Due to the linearity of equation (2.30) we are able to re-scale

the c′i(0) initial conditions to lie on the unit (n− 2) sphere, to arrive at an (n− 2)-

parameter space of admissible Jacobi fields. To realise this we define n − 1 linearly

independent Jacobi fields, Jk, whose initial conditions are given by

Jk := {ci(0) = 0, c′k(0) = 1, c′i(0) = 0, for i = 2, · · · , n, i ̸= k} (3.1)

respectively (i.e., each initial velocity vector grows in the direction ek). The following

linear combination describes the entire family of admissible Jacobi fields:

Jα =

[
m−1∏
i=1

sin (xi)

]
J2 +

m∑
k=2

(
m−k∏
j=1

sin (xj)

)
cos (xm−k+1)Jk+1, (3.2)
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where m = dim(M)−1. The coordinate system in 3.2 is a spherical polar coordinate

system, with each of the spherical polar coordinates being given by xi ∈ [0, 2π). Now,

by writing equation (3.2) in matrix form we obtain

Jα =


y2
...

yn

 =


J2,2(t) · · · Jn,2(t)

...
...

J2,n(t) · · · Jn,n(t)




m∏
i=1

sin (xi)

...

cos (x1)

 . (3.3)

Since we are away from the origin and conjugate points, we know by construction that

the columns of the (n− 1)× (n− 1) matrix in equation (3.3), which we shall denote

A, will be linearly independent, and thus it will be invertible. Hence, pre-multiplying

by A−1 leads us to 
m∏
i=1

sin (xi)

...

cos (x1)

 = A−1


y2
...

yn

 . (3.4)

Now we let the elements of A−1 be given by a−1
i,j . Note that we shift the indices such

that the first element of A−1 is given by a−1
2,2, this is simply for ease of notation.

m∏
i=1

sin (xi)

...

cos (x1)

 =


a−1
2,2 · · · a−1

2,n
...

...

a−1
n,2 · · · a−1

n,n



y2
...

yn

 (3.5)

=


(a−1

2,2y2 + ...+ a−1
2,nyn)

...

(a−1
n,2y2 + ...+ a−1

n,nyn)

 , (3.6)

and denote the entries of the (n−1)×1 vector in equation (3.6) as wi. Here we note

that the LHS of equation (3.6) is a parameterisation of a unit n-sphere, and thus the

sum of the squares of its components must be equal to 1, thus the same must be the

case for the RHS, hence we obtain

w2
1 + ...+ w2

n = 1. (3.7)

Finally, since the coefficients in equation (3.2) are all bounded we know Jα is not a

paraboloid or hyperboloid, and thus is an ellipsoid.

Corollary 3.1.1.1. Points along a geodesic γ for which the volume of Jα is equal

to zero are conjugate points.
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Proof. The volume of an ellipsoid is proportional to the product of its semi-axes,

hence we define

[J2, · · · ,Jn] = det(A), (3.8)

where the matrix A is the same one defined in the proof of Theorem 3.1.1. Each

point on Jα corresponds to a specific Jacobi field, growing and shrinking as we move

along γ. When we reach a conjugate point a Jacobi field vanishes, meaning that Jα

collapses at that value of t, and some linear combination of J2, · · · ,Jn will vanish,

meaning the following determinant will also vanish

[J2, · · · ,Jn] = 0.

Since [J2, · · · ,Jn] is a scalar, we can plot it against t in order to find its roots, and

hence find the t values of the (n − 1) conjugate points along γ. Then we can plot

the solutions to the geodesic equations which describe γ(t) at the values of t for

which [J2, · · · ,Jn] = 0, and obtain the associated conjugate points. Even better,

the ellipsoid must pass through itself (or change orientation) as we pass through a

conjugate point and so this scalar will change sign, which makes detecting zeroes

easier. This is because conjugate points must be simple zeroes of Jacobi fields (we

cannot have a non-trivial J which satisfies both J = 0 and J ′ = 0 at some point),

and so the vanishing Jacobi field must change sign at a conjugate point and thus

the ellipsoid changes orientation (the exception to this is at an umbilic direction;

where several conjugate points occur simultaneously). We can now demonstrate

this formalism on manifolds of constant, positive, sectional curvature, such as the

n-sphere of radius r, denoted Sn
r .

Example 3.1.1. Let M = Sn
r and let p be a point on M from which the geodesic

γ emanates. Now, let J be a Jacobi field along γ. We now employ the following

lemma from [24]:

Lemma 3.1.2. K(p, σ) = K0 for all σ ⊂ TpM, if and only if

Rijkl = K0(δikδjl − δilδjk),

where δ is the Kronecker delta.
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Applying this lemma to the matrix in equation (2.30) we see that the only non-zero

terms of the Riemann curvature will be given by

R1i1i = K0, i = 2, · · · , n.

And thus we have that every sectional curvature at every point is given by

K =
1

r2
.

Hence, the matrix from equation (2.30) will now be
c′′2
...

c′′n

 = −


1
r2

· · · 0
...

. . .
...

0 · · · 1
r2



c2
...

cn

 .

This then gives us the following system of equations

c′′i = − 1

r2
ci.

Solving this gives a general solution of

ci = A cos

(
1

r
t

)
+B sin

(
1

r
t

)
.

Using our initial conditions we have

ci(0) = A cos 0 +B sin 0 = A = 0

=⇒ ci = B sin
1

r
t.

Furthermore, we see that

c′i(0) =
1

r
B cos 0 = 1

=⇒ B = r

=⇒ ci = r sin
1

r
t

So we see that the Jacobi field J =
n∑

i=2

ci(t)ei =
n∑

i=2

1
r
sin
(
t
r

)
ei vanishes when t = 0

and t = rπ i.e. at the point p where the geodesics emanate and the point antipodal

to p. Hence, geodesics emanating from a point p will converge at the point antipodal

to p. Hence, this manifold’s constant sectional curvature allowed us to analytically

solve the Jacobi equation and describe C1
p exactly; the antipode to p.
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3.2 The Conjugate Locus of the 3-Ellipsoid

The formalism described for identifying conjugate points was for an arbitrary convex

Riemannian manifold, we now employ these methods to realise the conjugate locus

from a particular case: the 3-ellipsoid E3 (also known as the quadraxial ellipsoid)

given by:
x21
a2

+
x22
b2

+
x23
c2

+
x24
d2

= 1, with a, b, c, d ∈ R.

This manifold has been studied in several works, for example [42] describe lines of

umbilic points, [38] describe the focal sets in R4, and [23] study the integrability

of the geodesic flow in the case of equal middle semi-axes. An immediate question

is what parameterisation to use; in [23] (and [34]) the ellipsoidal/elliptic coordinate

system is used, in [38] the ambient coordinates are used, and in [42] a combination

of spherical polar and elliptic coordinates are used depending on the symmetry class

of the ellipsoid. For this current work we will use the following spherical polar type

parameterisation:

(a sin θ sinϕ cosψ, b sin θ sinϕ sinψ, c sin θ cosϕ, d cos θ),

with θ, ϕ ∈ (0, π), ψ ∈ (0, 2π). For demonstration purposes we will set the semi-axes

to be (a, b, c, d) = (0.9, 1.05, 1.15, 1.2), the base point p to be (θ, ϕ, ψ) = (π
3
, 2.3,−π

5
),

and for any plots involving a single geodesic, we have used the initial conditions

(θ̇, ϕ̇, ψ̇) = (−0.730, 0.425,−0.774).

To detect conjugate points along a given geodesic we must simultaneously solve

the geodesic equations, the parallel transport equations for e2, e3, and the Jacobi

equations in equation (2.30) which require the components of the Riemann curvature.

Fortunately, in this parameterisation there is essentially one term:

R1212 =

(
sin2(ϕ)

(
cos2(ψ)

a2
+

sin2(ψ)

b2

)
+

cos2(ϕ)

c2
+

cot2(θ)

d2

)−1

,

and from this we have

R1313 = R1212 sin
2 ϕ, R2323 = R1212 sin

2 θ sin2 ϕ

and the other non-zero terms come from the symmetries of the Riemann curvature.

All other terms are zero, and this markedly reduces computational time. Now let p

be a point of E3. We define a unit sphere of directions in TpM centered about p,
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of which the radial vectors will map to geodesics under expp. We locate conjugate

points along geodesics emanating from p as follows:

For each geodesic construct the orthonormal frame {e1, e2, e3} (referred to in this

section as {T ,N ,B} respectively, with associated Jacobi field coefficients given by

β(t), ξ(t), η(t) respectively). Firstly, we parameterise our sphere of directions S2 ∈
TpM by

(cos(u) sin(v), sin(u) sin(v), cos(v)) .

Now, select a point of S2 and let that point be T , i.e. the tangent vector to a radial

geodesic γ. Next generate two arbitrary vectors T1 and T2 via small perturbations

to T , ensuring all three vectors remain linearly independent. We may now construct

the orthonormal basis {T ,N ,B} from the above vectors (via the Gram-Schmidt

process; note that for this process we must use the inner product given by the

Riemannian metric of M at p, as the vectors must be orthogonal with respect to

this inner product evaluated at p). In order to use the {T ,N ,B} frame as a basis

in which to describe admissible Jacobi fields it must be parallel transported along

its corresponding geodesic. Hence, we must derive and solve the equations which

describe the parallel transport of this frame. Recall equation (2.2) which describes

the parallel transport of a vector v along a differentiable curve xi = xi(t)

Dv

dt
=
∑
k

{
dvk

dt
+
∑
i,j

Γk
ijv

j dxi
dt

}
= 0.

We generate and solve this system of equations for each of T ,N , and B, with the

initial values being given by each of the vectors at p, with dxi

dt
= T . These basis

vectors are 3-dimensional and as such each have three components, leading to a

system of nine equations describing the parallel transport of the frame along γ. As

we have seen previously, the Jacobi equation can be decoupled into a system of second

order equations (three equations in this case), leaving a system of three equations

(a 3 × 3 version of the matrix in equation (2.30)), which depend on the sectional

curvatures of the various planes generated by our frame vectors. Now we define

Jacobi fields in terms of our basis vectors as J(t) = β(t)T + ξ(t)N + η(t)B. The

Jacobi Equation is an initial-value problem, thus we must specify initial conditions

to determine specific solutions. From equation (2.30) we see that we must specify

the values of (ξ(0), ξ′(0)) and (η(0), η′(0)), producing a 4-dimensional space of initial

conditions within which to search for vanishing Jacobi fields.We require a way to
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narrow our search. Knowing that we have constructed a geodesic spray emanating

from p implies that the initial geodesic separation will be 0. Hence we have

ξ(0) = η(0) = 0, (3.9)

constraining the first two initial conditions, leaving us with only a 2-dimensional

space of initial conditions in which we need to search. The remaining conditions are

the values of ξ′(0) and η′(0), both of which are components of the initial velocity

vector of J , since

J(t) = ξ(t)N + η(t)B =⇒ J ′(0) = ξ′(0)N + η′(0)B,

neglecting the tangential component as we know it only vanishes trivially. Distin-

guishing Jacobi fields by their ξ′(0) and η′(0) conditions means we may represent

them in a 2-dimensional (ξ′(0), η′(0)) space. Employing Theorem 3.1.1 allows us to

define a 1-parameter family of admissible Jacobi fields (represented as an ellipse) via a

linear combination of two linearly independent Jacobi fields, whose initial conditions

we shall specify after the following lemma:

Lemma 3.2.1. Let J(t) be a Jacobi field with initial conditions J(0) = 0, and

J ′(0) = v, which vanishes at t = t∗. Then, any Jacobi field whose initial conditions

are a scalar multiple of that of J(t), must also vanish at t = t∗.

Proof. Define the initial conditions of some Jacobi field J(t) with a point in the

{ξ′(0), η′(0)} space, given by

J := {ξ′(0) = a, η′(0) = b}, a, b ∈ R. (3.10)

The point (a, b) represents a Jacobi field with initial conditions ξ′(0) = a and η′(0) = b

(See Figure 3.1). Now suppose that J(t) vanishes when t = t∗. We define a new

Jacobi field, denoted J̃(t), given by

J̃(t) =
1√

a2 + b2
J(t). (3.11)

Using the constraints of our initial condition J(0) = 0, along with differentiating

both sides of equation (3.11) and setting t = 0, we find that

J̃ ′(0) =
1√

a2 + b2
J ′(0).
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Figure 3.1: The initial conditions of a Jacobi field J , represented as the point J ′(0) = (a, b)

in the {ξ′(0), η′(0)} space.

This is a normalised version of the vector J ′(0). Hence,

J̃(t∗) =
1√

a2 + b2
J(t∗) = 0.

Hence, any pair of initial conditions that live along η′(0) = b
a
ξ′(0) in the {ξ′(0), η′(0)}-

plane will define a Jacobi field which gives rise to the same conjugate point, at the

same (see Figure 3.1). Note that even though the line in Figure 3.1 passes through

the origin, we do not include this point in our search since the initial conditions

ξ′(0) = 0 and η′(0) = 0 define a Jacobi field which is trivially zero along γ(t).

Figure 3.2: The initial conditions of J(t) and J̃(t), given by J ′(0) and J̃ ′(0) respectively,

both lying along their radial line with J̃ ′(0) on the unit circle.
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Figure 3.3: The initial conditions of the Jacobi fields Jξ and Jη, denoted J ′
ξ(0) J

′
η(0) repre-

sented as points on the unit circle in the {ξ′(0), η′(0)} space, and are linearly independent.

Thus we are free to scale our remaining initial conditions so that they lie on the unit

circle in the (ξ′(0), η′(0)) space, and so we may parameterise them with a parameter,

say α ∈ [0, 2π]). To do this we define two distinct Jacobi fields, which we shall denote

Jξ and Jη, given by

Jξ := {ξ(0) = η(0) = 0, ξ′(0) = 1, η′(0) = 0} (3.12)

Jη := {ξ(0) = η(0) = 0, ξ′(0) = 0, η′(0) = 1}. (3.13)

Here, Jξ has initial velocity in the N direction, and Jη has initial velocity in the

B direction. Hence, a linear combination of both will span the set of all admissible

Jacobi fields (See Figure 3.3). This provides a parameterisation to describe all admis-

sible Jacobi fields along γ, and we need only check that one of these fields vanishes to

obtain a conjugate point. However, we do not know apriori which value of α will give

the initial conditions of a Jacobi field which goes on to vanish. Employing Theorem

3.1.1 we may construct a 1-parameter family of Jacobi fields (describing an ellipse)

from a linear combination of Jξ and Jη, given by

Jα = Jξ cosα + Jη sinα, α ∈ [0, 2π], (3.14)

Note that equation (3.14) is the m = 2 case of equation (3.2). Trivially, we can see

that when α = 0 we have Jα = Jξ and at α = π
2
we have Jα = Jη, and as we

move the values of α through [0, 2π] we move between the linear combinations of

Jξ and Jη. Moreover, knowing that the area of Jα will become zero at conjugate
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Figure 3.4: The ellipse Jα plotted against t, generating the Jacobi surface (about γ).

points we expect Jα to generically collapse to a line segment at distinct conjugate

points (since only one Jacobi field collapses), and to a point at conjugate points

for which all Jacobi fields vanish (we term these umbilic points and shall give a

more formal definition in the following section). Plotting Jα against t produces the

surface traced out by Jα as we move along γ, enabling us to see the behaviour of

the entire family of Jacobi fields simultaneously. Figure 3.4 shows the behaviour of

the entire family of admissible Jacobi fields along γ. We observe that the initial

growth is relatively uniform, and that the surface pinches in two distinct directions

highlighting two distinct conjugate points along γ, before continuing to grow again

as we move beyond the second pinch. Figure 3.5 depicts Jα for discrete t-values,

generating a skeleton of the surface swept out by Jα which can give a clear picture

of the directions in which the pinching occurs (shown in red).

Here we note that all experimental evidence has shown that the two directions in

which each Jacobi ellipse collapses are always orthogonal, this was a surprising ob-

servation. Initially, the orthogonality of vanishing Jacobi fields was thought to be a

product of the symmetry of the ellipsoid, however this phenomenon has also been

observed in all plots of the Jacobi ellipse for spherical harmonic 3-manifolds. The

modality of thought is now that the symmetry of equation (2.30) plays a key part

in this behaviour. This may potentially be an emergent feature of the symmetries of

the Riemannian Curvature, as its terms generate the matrix in equation (2.30), and

thus it may be possible that some hidden cancellations are occurring. One potential

approach is that of [7] regarding the diagonalization of time-dependent symmetric
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Figure 3.5: The ellipse Jα, plotted at various values of t, collapsing to a line at conjugate

points (shown in red).

matrices, however an analytic explanation as to the orthogonal nature of these di-

rections would certainly serve further research of conjugate points. However, we also

note that this orthogonality of vanishing directions could potentially result from the

symmetry of the ellipsoid, and the perturbative approach taken for studying spheri-

cal harmonic 3-manifolds (see Chapter 4). At a conjugate point, Jα degenerates into

a line segment with zero area. Thus, if we plot the area of Jα and solve for the roots

then we may extract the t-value at which the conjugate point occurs. As we approach

a distinct conjugate point Jα collapses to a line segment as the corresponding Jacobi

field vanishes, as we move beyond the conjugate point, the corresponding Jacobi field

now grows in the opposing direction to before. Consequentially, this causes Jα to

pass through itself at a conjugate point, reversing its orientation and causing its area

to become negative. This change of sign for the area of Jα computationally aides

the extraction of the roots. Furthermore, the area of an ellipse is proportional to the

product of its semi-axes, which for Jα is given by

Area(Jα) ∝

∣∣∣∣∣Jξ,2 Jη,2

Jξ,3 Jη,3

∣∣∣∣∣ = Jξ,2Jη,3 − Jξ,3Jη,2, (3.15)

Note here that equation (3.15) is again the two term case of equation (3.8), since

the area of the ellipse will vanish when the columns of the matrix in equation (3.15)

become linearly dependent, which will occur when some linear combination of Jξ

or Jη vanishes. Plotting this area against time allows us to see where the ellipse
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contracts and flips, since when the ellipse passes through itself it reverses orientation

and thus its area becomes negative.

Figure 3.6: The blue curve on the left (close up on the right) depicts the area of Jα

plotted against t and looks like a perturbed sin2(t), as expected. The red curve is simply

for demonstration and depicts the area of Jα given by the initial conditions (θ̇, ϕ̇, ψ̇) =

(0.36, 0.694, 0.997), which touches the t-axis at a double-root, indicating an umbilic point.

We denote the roots of the blue curve as t1 ≤ t2.

Hence, we have developed an algorithm for extracting the values of t for first which

conjugate points occur. Thus, if we plot the points on the geodesics at these specific

values of t, we will have a collection of points belonging to the conjugate locus. More

specifically, since conjugate points generically occur at two distinct values of t (i.e.

t1 ≤ t2) we see that the conjugate locus will be comprised of two sheets; the “first”

sheet is the set of conjugate points which occur at t1, and the “second” sheet is

the set of conjugate points which occur at t2. Mathematica can then interpolate the

surface from a sufficient number of these points to produce an image of the conjugate

locus itself. Hence, we run this whole process for a sphere of geodesics emanating

from p (i.e., we sample the initial conditions of geodesics from p over the sphere) and

obtain a plot of the conjugate locus (of p) of the quadraxial ellipsoid.

In Figures 3.7 and 3.8 we observe the sheets of the conjugate locus to be closed and

smooth everywhere except for sharp edges which we shall refer to as ribs. The rib

structure of the sheets of the conjugate locus are similar to those found on the focal

set of the 2-Ellipsoid (see Figure 1.2 and [34]). Both the sheets of the conjugate locus

of the 3-ellipsoid, and those of the focal sets of the two ellipsoid, have one closed rib

and two partial ribs.

Figure 3.9 depicts two views of the “distance sphere” for the first conjugate locus
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Figure 3.7: The first conjugate locus in the quadraxial ellipsoid, for the semi-axes and base

point given in the text. On the left we see both sheets of the conjugate locus together

(low-opacity). Shown thick are the 4 quarter-ribs of both sheets joining to form a closed

curve, along with the complete rib from each sheet, and the umbilic points shown in purple.

On the right we see the sheets of the conjugate locus at full opacity.
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(a)

(b)

(c)

(d)

Figure 3.8: In (a) and (b) we show the first sheet of the conjugate locus from two different

angles; note the closed rib and two partial ribs. (c) and (d) show the second sheet of the

conjugate locus from two angles also with one closed rib and two partial ribs.
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Figure 3.9: Two views of the distance sphere for the first conjugate locus of the quadraxial

ellipsoid.

of the quadraxial ellipsoid. This sphere is obtained by plotting a sphere (centered

on 0) in the tangent space (i.e., each point on this sphere specifies the tangent

vector to some geodesic emanating from p) whose radius function is given by t2 − t1

(i.e., the difference between t-values of the conjugate points along the corresponding

geodesic). We clearly observe four prominent directions where this sphere tends

towards the origin (i.e., where t1 = t2), these directions give rise to the four D+
4

Lagrangian singularities discussed in [34]. Whilst distance spheres are useful for

indicating the number of umbilics found in the conjugate locus, they do not present

any information regarding the type of umbilic singularity. In the following chapter

we generate a specific coordinate system to see the preimages of the ribs on the

unit sphere in the tangent space, known as ridges. This coordinate system can

then inform us on the number of umbilic points on the conjugate locus, as well

as indicate their type (D−
4 or D+

4 ). We shall also see that for Spherical Harmonic

3-Manifolds, viewing the structure of the conjugate locus in the coordinate space

becomes increasingly complex (with the order) as the sheets of the conjugate locus

can have self-intersections, as well as the sheets of the conjugate locus (for odd-order

Spherical Harmonic 3-Manifolds) being nested within each other. This presents a

limitation of the efficacy of externally viewing the conjugate locus in the coordinate

space, and hence we devise a new coordinate system via the initial directions of the

vanishing Jacobi fields for each geodesic, which then allows for the ridge curves to

51



be plotted on the unit tangent-sphere. This makes the structure of the ribs of the

conjugate locus clear to see, as well as pinpointing the number (and type) of umbilics

present via local coordinate structure. Furthermore, we can assign an index to each

of these umbilics (see [50, 6]) based on its type, the sum of which is then constrained

by the Euler Characteristic of the unit tangent-sphere, and in turn constraining the

difference between the number of each type of umbilic.
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Chapter 4

The Jacobi Coordinate System

The previous chapter described a novel approach for identifying conjugate points in

a convex Riemannian manifold via the construction of an n − 2 dimensional family

of admissible Jacobi fields along a given geodesic, denoted Jα. We have shown that

Jα may be parameterised as an (n − 2) dimensional ellipsoid whose semi-axes are

each a distinct admissible Jacobi field along γ. Conjugate points, of which there are

generically n−1 along each given geodesic, occur at points along γ for which a point of

Jα (representing some linear combination of Jacobi fields), and therefore the volume

of the associated ellipsoid, vanishes. Hence, when applying this construction over

a sphere of directions in TpM, for each direction we can recover the initial velocity

vectors for the n − 1 vanishing Jacobi fields (we often refer to these as vanishing

directions for brevity), and we may then use these vanishing directions to induce a

coordinate system on Sn−1 ∈ TpM. This coordinate system, which we refer to as the

Jacobi coordinate system, is constructed from the integral curves of the vanishing

directions (see Figure 4.1). We demonstrate that this coordinate system is a natural

choice for describing and analysing features of the conjugate locus, namely ribs and

the location of umbilic directions. For the purposes of this chapter it is convenient

to use “X” rather than “exp”, when referring to the exponential map. Beginning

with several definitions:
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4.1 Definitions and General Results

Definition 4.1.1. Let p be a point in the n-dimensional manifold M and endow

TpM with a spherical polar coordinate system. Let U be a coordinate patch on Sn−1
1

and let vi (where from now on i, j will run from 1 to n − 1) parameterize U . We

define the exponential map at p as

X(t, vi) = γ(t)

where γ(t) is the geodesic through p whose tangent vector at p is the point in U

with coordinates vi. If for each radial unit-speed geodesic in U , all conjugate points

occur at distinct values of t, we say U is generic (this is equivalent to saying that all

singularities of X over U are co-rank 1, or Σ1 to use the notation of [38]).

Definition 4.1.2. Let M be a convex, n-dimensional Riemannian manifold, and let

p ∈ M. Suppose γ is a unit-speed geodesic emanating from p. We define the focal

radii R1, R2, . . . , Rn−1 to be the ordered distance along γ until each first conjugate

point.

Defining focal radii as above naturally produces the following definition for the var-

ious sheets of the conjugate locus:

Definition 4.1.3. We define the i-th sheet of the first conjugate locus (at p) as

Ci = X(t = Ri(v1, · · · , vn−1), v1, · · · , vn−1).

Hence, we define the first conjugate locus (at p) as

C1
p =

n−1⋃
i=1

Ci.

When previously describing the first conjugate locus of the 3-ellipsoid we stated that

there were four umbilic directions, by which we meant that there are four directions

on S2 for which R1 = R2. However, for n > 3 we will have at least three focal radii,

and thus the definition of umbilic needs to be made clear for these cases (see the

conclusions for further discussion).

Definition 4.1.4. Let M be a convex manifold with n > 3, and suppose that for

q ∈ Sn−1
1 all n− 1 focal radii coincide such that

Ri = Rj, i ̸= j.
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Then we say that q is a perfect umbilic, denoted Σn−1.

Definition 4.1.5. Let M be a convex manifold with n > 3, and suppose that for

q ∈ Sn−1
1 m (1 < m < n− 1) focal radii coincide such that

Ri = Rj, i ̸= j.

Then, we say q is a partial umbilic, denoted Σm.

Conjugate points occur where the exponential map is singular, and with one column

of the Jacobian of X given by ∂X/∂t = γ′(t) the co-rank of DX can be at most

n−1. From now on we only consider admissible Jacobi fields. We will now use these

conjugate points to define a particular set of coordinates on U .

Theorem 4.1.1. Let U , p, M, and γ be as defined above.

Suppose γ exhibits n − 1 distinct conjugate points, each having an associated van-

ishing direction denoted J ′
i(t = 0). Then, these conjugate points together with their

vanishing directions naturally induce a coordinate system on U .

Proof. Since U is generic the n−1 focal radii are distinct, and so each Ri corresponds

to the vanishing of a distinct member of Jα, which we denote Ji. We now let ui be

the coordinate on U whose coordinate lines have tangent vector J ′
i(t = 0) (see Figure

4.1). This holds for each of the n−1 conjugate points along γ and thus induces n−1

coordinate lines, whose respective tangent vectors are the n− 1 associated vanishing

directions, and as such we can parameterise a patch on Sn−1
1 , i.e., we have generated a

coordinate system on U . We refer to these coordinates as ‘Jacobi coordinates’, since

they are the integral curves of the initial velocity vectors of the vanishing Jacobi

fields.

Remark. The ui coordinate system is specifically adapted to the initial velocity vec-

tors of vanishing Jacobi fields, whereas the vi coordinate system, as in Definition

4.1.1, is just an arbitrary coordinate system covering a patch on Sn−1
1 .

The Jacobi coordinate system parameterizes both the patch U on Sn−1
1 in TpM and

each Ci, and is a natural coordinate system in which to describe the structure of the

conjugate locus, providing the following results:
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Figure 4.1: The Jacobi coordinates in the case that M is 3 dimensional. The u1 coordinate

line (u2 = constant) and u2 coordinate line (u1 = constant) are shown dotted and dashed

respectively.

Theorem 4.1.2. Let U be a generic coordinate patch on Sn−1
1 . Then, the image of

U under X (at t = Ri), the i-th sheet of the first conjugate locus, is regular except for

points where the distance to the i-th first conjugate point is stationary with respect

to the i-th Jacobi coordinate.

Proof. The Jacobian of the i-th sheet of the first conjugate locus has columns

∂Ci

∂uj
=
∂X

∂t

∂Ri

∂uj
+
∂X

∂uj
= γ ′∂Ri

∂uj
+ Jj(t = Ri),

and when j = i we see that the “i-th” column of the Jacobian becomes

γ′
∂Ri

∂ui
. (4.1)

Since γ′ and Jj are linearly independent their terms cannot cancel, meaning that

each sheet of the conjugate locus is regular in general; however we see the rank of

the Jacobian DCi will be non-maximal if ∂Ri

∂ui
= 0, i.e. the distance to the i-th first

conjugate point is stationary with respect to the i-th Jacobi coordinate.

We will refer to these Σ1,1 singularities (when restricted to U) as ‘ridges’ and their

image under X as ‘ribs’, in analogy with the Euclidean case described in the intro-
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duction. Moreover, in [62] we classify these ribs as ordinary cuspidal edges. When

attempting to extend the Jacobi coordinates over Sn−1
1 we may encounter patches

which are not generic, meaning that the patch contains some point for which Ri = Rj

for i ̸= j; we refer to such points on Sn−1
1 as umbilic directions.

Theorem 4.1.3. Let M be a convex Riemannian manifold of odd-dimension. Then,

ridges must exist for each radius function Ri, i.e. there exists ridge lines on Sn−1
1

such that
∂Ri

∂ui
= 0.

Proof. Due to the convexity of M we know that each Ri is a well defined, real-valued

function over Sn−1 (which is itself of even-dimension). Then, where ui is defined, we

can define the tangential vector field

∇Ri =
∂Ri

∂ui

over Sn−1, and as a result of the Poincaré–Hopf theorem we know that there must

exist at least one p ∈ Sn−1 which is a zero of ∂Ri

∂ui
, as required.

The next Theorem is presented for n = 3, however its extension is discussed in the

conclusions.

Theorem 4.1.4. Let M be a convex, three-dimensional Riemannian manifold, then

there exist perfect umbilic directions on S2
1.

Proof. Since M is three-dimensional it generically admits two first conjugate points

along each geodesic which induces two tangent vector fields to S2
1, given by J ′

1(0) and

J ′
2(0) associated to R1 and R2 respectively. Now suppose that R1 ̸= R2 everywhere

on S2
1; if this were the case then we would have that J ′

1(0) and J ′
2(0) would be well

defined over the whole sphere and as such would have to admit critical points on

S2
1 (Poincaré–Hopf theorem), since we know this cannot happen in convex manifolds

(Rauch comparison theorem) we know that there must exist at least one point on S2

for which J ′
1(0) and J ′

2(0) are not well defined, i.e. there must exist some point on

S2 for which every direction is a vanishing direction and R1 = R2, as required.
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The proofs of theorems 4.1.4 and 4.1.3 raise an interesting point regarding the ex-

istence of umbilic directions in manifolds of even dimension. For even n, the as-

sociated sphere in the tangent space would be of odd dimension, and as such the

Poincaré–Hopf theorem cannot be applied in the same way. As a consequence, it

may be possible that there exist even-dimensional, convex manifolds with no umbilic

directions or ridge points.

Theorem 4.1.5. Let p be a Σn−1 singularity, i.e. a perfect umbilic; then p is also a

Σ1,n−2 singularity on each sheet of the conjugate locus.

Proof. Let p be a perfect umbilic (i.e., a Σn−1 singularity), then at p R1 = R2 =

· · · = Rn−1. We know p belongs to each Ci, now we show that p is also Σ1,n−2 on

each Ci. Beginning with C1, we inspect its Jacobian, given by

∂C1

∂ui
=
∂X

∂ui
+
∂X

∂t

∂R1

∂ui

= Ji + γ ′R1,ui
.

Since all focal radii coincide at p, we have that each Jui
= 0 we see that the columns

the Jacobian for C1 become

γ ′R1,ui
.

Thus, at p all columns of the Jacobian of C1 become multiples of γ ′ and hence p is

also a Σ1,n−2 singularity on C1. By the same method we can show that p is Σ1,n−2

on each Ci.

In [62] we discuss some of these results in further detail, as well as provide several

other results of a similar nature; namely that the ribs of the conjugate locus are

ordinary cuspidal edges, and that the image of the Jacobi coordinate lines (away

from ridge points) under X are the geodesics of the conjugate locus.

4.2 Recovery of Vanishing Directions

The Jacobi coordinate system is defined by the integral curves of the initial velocity

vectors of vanishing Jacobi fields, and thus we also detail an algorithm to recover

these vanishing directions:
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Figure 4.2: The norm of each point of Jα(t = R1), plotted against α, shows two clear

roots. The second root is simply the first root plus π, due to the symmetry of the ellipse,

and the fact that a reflection of a Jacobi field will also vanish when the field itself vanishes.

Let n = 3 and suppose we are tracking Jα along a geodesic γ which exhibits distinct

conjugate points at t = R1 and t = R2 (if the focal radii were not distinct then every

direction would become a vanishing direction). Whilst we know the location of the

two first conjugate points along γ (see Chapter 3) we do not know which Jacobi fields

vanish at these conjugate points, and this is equivalent to not knowing which points

of Jα are at the origin at t = R1 and t = R2. Observe that at a conjugate point Jα

collapses from an ellipse into a line segment passing through the origin, and as such

only one point of Jα is found at the origin, meaning there is only one point (and its

reflection) on Jα with zero norm. Hence, the associated α value to each conjugate

point will be given by the roots to

|Jα(t = R1)| = 0.

Thus, plotting the norm of Jα(t = R1) against α produces a clear root (and its reflec-

tion obtained by adding π), see Figure 4.2. We denote the values of α corresponding

to the first and second conjugate points by α1 and α2 respectively. Now we define

the associated vanishing directions J ′
1(0) and J ′

2(0), given by

J ′
1(0) = cosα1N (0) + sinα1B(0), (4.2)

J ′
2(0) = cosα2N (0) + sinα2B(0). (4.3)

We then use J ′
1(0) and J ′

2(0) to generate their respective Jacobi coordinate lines in

the following way:
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Figure 4.3: Left: The Jacobi Coordinate lines of the 3-Ellipsoid described previously, shown

on the unit tangent sphere (with respect to the metric of the manifold at the base point).

Right: The integral curves of the principal directions over the 2-Ellipsoid, as found in [57].

Begin by selecting a (non-umbilic) starting point q on S2 to define our γ ′. Now

employ the methods described in the previous and current chapter to recover the

corresponding J ′
1(0) and J ′

2(0) velocity vectors. Suppose we are generating the Jacobi

coordinate curve for J ′
1(0), then observe that the point q and the direction J ′

1(0)

(translated along γ ′ such that it becomes tangent to S2
1 at q) define a great circle on

S2
1 which passes through q with velocity vector J ′

1(0), and which is given by

C(s) = γ ′ cos s+ J ′
1(0) sin s, s ∈ (0, 2π). (4.4)

We now step along C(s) by setting s equal to some small step, say s = 0.02 (as this

value was used to generate the images of Jacobi coordinate curves in this chapter).

Once we have stepped a small amount around C(s) to a new point, say q′, we then

let q′ define the tangent vector to the new geodesic we are following. Repeating this

process for a sufficient number of steps produces a plot of the associated Jacobi coor-

dinate curve. Figure 4.3 depicts the Jacobi coordinate curves for the 3-ellipsoid (left)

with the J ′
1 and J ′

2 coordinate curves shown in red and blue respectively. Moreover,

the striking similarity between the Jacobi Coordinate lines and the curvature lines

of the 2-Ellipsoid is clear, with coordinate lines having a locally ”lemon” (see later)

structure near to umbilic directions. These observations certainly agree with our pre-

vious conjecture regarding conjugate loci and focal sets of ellipsoids of co-dimension

1.

Finally, we identify ridge points on S2
1 by computing R1 and R2 along their respective
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coordinate curves, and recovering their stationary points. That such points must

exist is immediate if the Jacobi coordinate curves are closed, as this would ensure

that they exhibit extrema, and hence an equal number of maxima and minima with

an even number of ridge points along each coordinate curve. Again we let red and

blue denote R1,u = 0 and R2,v = 0 ridge lines respectively. Observe in Figure 4.4 the

two closed ridge lines, one red and one blue, and one ridge line which passes from red

to blue at the umbilic directions. These stationary points may be further separated

into maxima and minima, allowing us to see the structure more clearly: the closed

red ridge line represents minima of R1, the closed blue line maxima of R2. Along the

ring of partial ridges, maxima of R1 meet the minima of R2 at the umbilic directions

(R1 < R2).

Figure 4.4 depicts the ridge structure of the conjugate locus for the 3-ellipsoid, which

we observe as highly similar to the ridge structure of the focal set of the 2-ellipsoid (see

Figure 4.5), this is indeed further support for the conjecture given in the introduction.

While the plots shown seem quite complex, nonetheless we conjecture that the rib

structure on the quadraxial ellipsoid is the simplest possible, that is (in analogy with

the 4 vertex theorem or vierspitzensatz) the conjugate locus of a generic base point

in a compact convex 3-manifold must have at least three ribs.

4.3 Spherical Harmonic 3-Manifolds

The methods described so far are manifold independent, with the only constraint

being global convexity, hence we will demonstrate the efficacy of the algorithms for

detecting conjugate points, and plotting the Jacobi Coordinate curves, for manifolds

other than the 3-ellipsoid, namely spherical harmonic 3-manifolds (SH3Ms). These

manifolds are defined by spherical harmonic functions with the following polar form:

σ(θ, ϕ, ψ) = (r sin θ sinϕ cosψ, r sin θ sinϕ sinψ, r sin θ cosϕ, r cos θ), θ, ϕ, ψ ∈ [0, 2π),

where r(θ, ϕ, ψ) = 1 + ϵ sinm(θ) cosm(ϕ) cos (mψ), ϵ is a small parameter, and m

is a positive integer. The manifolds defined by the radius function given above are

generalisations of sectoral spherical harmonic surfaces, and are a good choice of man-

ifold to study since they are convex (for small ϵ), smooth, and regular enough for

the purposes of our investigation, and are also non singular for ϵ < 1. Further-

more, using ϵ as a small parameter allows us to slightly perturb the manifold away
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(a)

(b)

(c)

Figure 4.4: The ridges and associated ribs of the first conjugate locus in the quadraxial

ellipsoid, for the semi-axes and base point given in the previous chapter. In (a) we see both

sets of ridge curves; with one complete blue ridge, one complete red ridge, and a complete

ridge formed buy the 4 partial ridges, passing from red to blue at the umbilic points. Note

how the partial ridges begin and end only at umbilic points. In (b) and (c) we show the

corresponding ribs on each sheet of the conjugate locus, as well as which ribs pertain to

the minima and maxima of the respective focal distances; note here that the partial ribs

also begin and end at umbilic points, as expected.
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Figure 4.5: The ridge curves of the 2-ellipsoid.

from the 3-sphere, reducing computational time when keeping |ϵ| < 1, and allows

us to gradually deform our manifold away from the 3-sphere and view the changes

in resulting structure of the conjugate locus. Deriving the necessary equations for

the sectoral manifolds was initially difficult as the terms of the Riemann Curvature

were far more complex than those for the 3-ellipsoid (and even these terms were a

challenge for Mathematica; we found that each of the terms of the Riemannian cur-

vature of the 3-ellipsoid could be written as some multiple of one general term R1212.

This markedly reduced computational time but only in the case of the ellipsoid),

and so Mathematica seriously struggled to compute the terms of some equations,

and struggled further still to find solutions. To remedy this we employed a series

expansion of the Riemann curvature terms with respect to ϵ about 0 (up to ϵ2),

which dictated the deviation of the manifold from being a 3-sphere. Setting ϵ = 0.01

gave us valid results for a fraction of the computational cost, hence we have obtained

plots of the conjugate locus, along with the corresponding Jacobi Coordinate lines,

for the following sectoral SH3Ms, all of which have been plotted for the base-point

(θ, ϕ, ψ) = (π
3
, 2π

3
, π
6
) :

Figure 4.6 depicts a clear nesting structure of the conjugate locus, with the red sheet

(t = R1) sitting entirely inside the blue sheet (t = R2), and the presence of three

external ribbed lobes or “ears” as we have termed them. We observe that the rib

of the upper ear seems to be a partial rib, with the ribs of the two lower ears being
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Figure 4.6: The Conjugate Locus of a 3rd order spherical harmonic manifold, showing three

external ears with a partial rib running around one ear, and a complete rib running around

the remaining two. We also see some inner structure occurring, which could potentially be

another partial rib.
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Figure 4.7: The first sheet of the conjugate locus of a third order spherical harmonic,

with three ribbed ears, one of which has a partial rib and the other two connected by a

complete rib. We observe an inner “almond” structure, with triangular pinching potentially

indicating an elliptic umbilic and/or swallowtail.

connected, and running around the base of the locus. The presence of a clear inner

structure is complicated by the nesting of the sheets,but the similarity of the sheet

structure somewhat remedies this. The inner ”almond” structure of each sheet seems

to touch the partial rib structure tangentially, potentially indicating an umbilic at

each of these points.

Figure 4.7 shows the first sheet of Figure 4.6, and we observe an inner almond which

sits sits orthogonally to the partial external rib. Moreover, observe the triangular

pinching seeming to occur along the portion of the complete rib towards the right end

of the almond, and we note that this could potentially indicate an elliptic umbilic

as this appears to show three rib lines meeting, and since the same structure is

observed in the blue sheet these triangular structures may pinch together to form

D−
4 singularities.

Figures 4.8 and 4.9 depict the conjugate locus of a fourth order SH3M, the sheets

of which each have two smaller and two larger ribbed ears, with the two larger ears

seeming to share a complete rib. We observe again that each sheet has an inner
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(a) The first sheet of the conjugate lo-

cus, presenting 4 ribbed ears with an

inner almond structure, and regions of

triangular pinching.

(b) The second sheet of the conjugate

locus, showing the same structure as the

first sheet, but offset.

(c) Both sheets of the conjugate locus

plotted together at full opacity. Here we

see that the two sheets are offset from

one another, as opposed to the cases of

odd-order spherical harmonics in which

the sheets are nested.

(d) A sliced view of the conjugate locus

shows its complex inner structure, with

multiple cuspidal edges and self inter-

sections.

Figure 4.8: The sheets of the conjugate locus of a fourth order SH3M.
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Figure 4.9: A high transparency plot of the conjugate locus of a fourth order spherical

harmonic manifold.
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almond structure sitting along a portion of the inside of the two smaller ears. In

Figure 4.9 we observe more regions of apparent triangular pinching, with two of each

colour, perhaps indicating four elliptic umbilics.

Plotting the distance sphere of the conjugate locus (see Chapter 3) can assist us

with identifying the number of umbilics present, since the sphere will reach towards

the origin near to an umbilic. Although it cannot give us any indication as to the

type of these umbilics, since we know the Jacobi coordinate lines are tangent vector

fields on the unit tangent-sphere, we can view their local structure near to umbilics

to potentially to classify them. Whilst classifying umbilics in the geodesic setting

is not concretely understood, we believe, from the work of [1] showing that the

normal and exponential maps have the same 5 generic types of singularity, that we

can expect to see the same D±
4 umbilic structures in generic cases. Moreover, when

constructing the Jacobi coordinate curves we saw local lemon structures near the

umbilic directions for the 3-ellipsoid, and both lemon and star structures (as in [50])

for the coordinate curves of the spherical harmonics as we will see. Furthermore, we

can then follow the approach of [50] and assign an index to each of these umbilics

(±1
2
for hyperbolic and elliptic umbilics respectively), the sum of which must be

constrained by the Euler Characteristic of the unit tangent-sphere, which is 2. Thus,

in this way we can argue that there should always (at least for generic cases) be

four more hyperbolic umbilics than elliptic ones on the conjugate locus of convex

manifolds. This hypothesis is certainly supported by the case of the 3-ellipsoid, whose

conjugate locus has 4 hyperbolic umbilics only. We shall also see further support

for this statement when examining the Jacobi coordinate curves for the spherical

harmonics where we shall again employ the same classification as [50], in which a

locally lemon structure indicates a hyperbolic (D+
4 ) umbilic, and a star/monstar

structure indicates an elliptic umbilic (D−
4 ). Moreover, we can then assign an index

to these umbilics, given by ±1
2
for hyperbolic and elliptic umbilics respectively. In

Figure 4.10 we see the associated Jacobi coordinate lines for the conjugate locus of

the 3rd order SH3M, with the two upper-left images depicting clear star structures

indicating 2 possible elliptic umbilics, sitting on either side of a ring of 6 potential

hyperbolics shown by the remaining images. These plots support our notion that

there must always generically be four more hyperbolic umbilics than elliptic umbilics.

The complexity of the Jacobi coordinate structures increased markedly with the

order of spherical harmonic. To illustrate this we show the Jacobi coordinate curves
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Figure 4.10: The Jacobi Coordinate lines of the conjugate locus of the 3rd order SH3M.

We observe a ring of 6 hyperbolic umbilics around the larger equator, with two clear star

structures either side, potentially indicating the presence of 2 elliptic umbilics, of which we

argue there must be 4 less than that of the hyperbolic umbilics.
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Figure 4.11: The Jacobi Coordinate lines of the conjugate locus of the 7th order SH3M.

showing another ring of potential hyperbolic umbilics around the larger equator, with a

webbed structure either side potentially indicating the presence of elliptic umbilics, of

which we argue there must be 4 less than that of the hyperbolic umbilics.
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of the 7th order SH3M are depicted in Figure 4.11, where we observe 10 hyperbolic

umbilics again running in a ring, with a webbed structure on either side of the ring

depicting potential elliptic umbilics. Following our line of thought that hyperbolics

should outnumber elliptics by 4, we should see 6 elliptic umbilics split between the

two sides of the ring of hyperbolics.

Now we may use the Jacobi coordinate curves to examine their respective ridge

points. To do this we evaluate R1 and R2 over the coordinate curves and isolate the

stationary points, which can then be split further into maxima and minima. Figure

4.12 depicts some detected ridge points of the 3rd order SH3M. In (a) we can see

a complete ridge, formed of 6 partial ridges, continually passing from red to blue,

formed by the maxima of R1 and minima of R2. We believe the directions of the

hyperbolic umbilics are located where the colour changes along this ring, and that

there is structure clustered on each side of the complete ridge which looks like 3 ridges

meeting to form a star structure which would be highly interesting since this would

indicate that both sets of umbilics could be inferred by these ridge points alone. In

(b) we see that the minima of R1 and maxima of R2 form two partial ridges on the left

and right respectively, joined at the top and bottom by ring-like structures containing

points of both colours. From (c) we note that the structures found either side of the

complete ridge in (a) seem to lie inside the ring structures found in (b). (d) provides

a picture of the ridge points with their respective curves for context. Whilst in Figure

4.12 we have isolated the ridge points, we do not have an ordering through which

to successively join them. Without such an ordering (or an extremely high number

of ridge points) it becomes increasingly difficult to discern the structure of the ridge

curves for more complex manifolds. This is indeed a limitation of this method, since

capturing and interpreting the ridge curves becomes increasingly difficult with the

complexity of the coordinate lines (see the conclusions for further discussion on this

point).

We have observed that the conjugate loci of odd-order SH3M nest as in the cases of

orders 3 and 5. For even orders, we see that the two sheets are offset with respect

to one another. We also note that the number of “ears” of the conjugate locus is

the same as the order in each case. However, due to the sheets of the conjugate

locus wrapping around themselves, it becomes increasingly difficult to decipher the

structure clearly. This is especially true of the umbilics since we have to see how both

sheets interact in order to understand the nature of the umbilics that are present,
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(a) The set of ridge points shown with-

out the sphere, corresponding to the

maxima of R1 and minima of R2, form-

ing a closed ridge curve with potential

star structures either side.

(b) The set of ridge points correspond-

ing to the minima of R1, and maxima of

R2, showing red and blue partial ridges

on the left and right respectively, con-

nected by two double-coloured ring-like

structures situated at the top and bot-

tom of the sphere.

(c) A plot of all obtained ridge points,

showing several ring-like structures over

the sphere.

(d) A plot of all obtained ridge points,

along with the Jacobi coordinate lines,

plotted in low-transparency for better

clarity.

Figure 4.12: A sample of ridge points of the conjugate locus of the 3rd order SH3M.
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which is incredibly difficult to do by viewing the surface, especially given its self

intersecting structure. Hence, we may use the Jacobi Coordinate lines of each con-

jugate locus to decipher the number of each type of umbilic. To generate the ridge

points one only needs to evaluate the respective focal radius over its corresponding

curve, and find the stationary points. We hope that this research can pave the way

for new conjectures, such as our conjecture regarding ellipsoids of co-dimension 1,

or a ”Three Rib Theorem” for convex 3-manifolds, as well as supporting further re-

search into the study of conjugate loci by providing a general algorithm with which

to image them. Moreover, the use of the Jacobi Coordinate system to analyse the

structure of the conjugate locus is a natural development as it can indicate the types

of singularities found on each sheet of the conjugate locus, as well as naturally lead-

ing to questions regarding the bifurcations of ribs and umbilics, and the associated

structure of the ridge curves.
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Chapter 5

Conclusions

We conclude the study of conjugate loci for convex manifolds by summarising the

key research findings and examining them in relation to the research aims, before

discussing the value and contribution of these findings. This will be followed by a

review of the limitations of our approach, before discussing the avenues for future

research.

5.1 Discussion of Overall Findings

This thesis has aimed to aide the study of conjugate loci in convex manifolds, with

specific case studies of the quadraxial ellipsoid, and various orders of generalised

sectoral, spherical harmonic 3-manifolds. We have produced both experimental evi-

dence and analytic results, with our approach and experimental observations being

most comparable to a (non-Euclidean) analogy of the methods in [38], as well as

similar to the experimental works of R. Sinclair regarding the computation of cut

and conjugate loci [53, 52, 55], and our analytic formalism and results regarding the

Jacobi coordinate system are more analogous to those of [34]. Examining the plots

obtained of the conjugate locus of the quadraxial ellipsoid (see Chapter 3) presented

a clear structural similarity to the focal set of the triaxial ellipsoid, noting in partic-

ular that both objects have the same rib structure, the same number of hyperbolic

and elliptic umbilics, and both sheets of each focal set fit together in the same way,

with 4 partial ribs coming together to form another complete rib, as predicted by the
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sketches shown in the first two figures of [32]. Moreover, in both conjugate loci we

observed that each sheet has a complete rib (which bounds the cut locus, see again

[34]), and two partial ribs found either side of the complete rib, with their ends being

D+
4 singularities where the ribs pass between each sheet (i.e. change colour), agreeing

with [34]. Our approach differs from that of [31], [33], and [32] which involve gen-

erating manifold specific coordinate systems with which to investigate the structure

of conjugate and cut loci; this provides very strong results in the specific cases as

well as thorough descriptions of the cuspidal edges and D+
4 Lagrangian singularities

found in the conjugate loci of ellipsoids. We hope that our general formalism for

detecting conjugate points and describing the structure of the conjugate locus may

support and extend some of these results.

We have provided experimental evidence pertaining to the second concluding remark

in [34] on the question of the existence of manifolds whose conjugate loci exhibit

D−
4 Lagrangian singularities, which were observed in the conjugate loci of spherical

harmonic 3-manifolds through use of the Jacobi coordinate system. We feel it is

worth noting that our approach for this differed greatly from the suggested approach

of the authors of [34], which suggested studying manifolds with indefinite metrics and

integrable geodesic flows (which are rare in the case of spherical harmonic surfaces,

see [65]). Whilst our approach may not have produced as strong analytic results as

that of Itoh & Kiyohara, it is certainly flexible in its lack of assumptions regarding

integrability and manifold parameterisation. Indeed, we have computed and observed

the cuspidal edges and Lagrangian singularities discussed in [34], with Theorem

4.1.2 proving the conditions under which the cuspidsal edges form in terms of the

Jacobi coordinate system (analogously to how the cuspidal edges on Euclidean focal

sets form under certain stationary conditions of the principal curvatures), and with

Theorem 4.1.4 proving that umbilic singularities must exist on the conjugate loci of

convex manifolds with odd dimension.

For the conjugate loci of SH3M we observed that the number of lobes of the conjugate

locus was proportional to the order of the spherical harmonic, and that the conjugate

loci of odd-order spherical harmonics are completely nested whilst those of even-

order were offset. Moreover, for spherical harmonics of order 3 and above there is a

complex inner structure to each sheet, with ribs and D±
4 singularities being present,

in particular we consistently observed several hyperbolic umbilics connected in a

ring by the partial ribs of each sheet of the conjugate locus, with elliptic umbilics
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appearing on either side of this ring (for m > 2). Unfortunately, there is very little in

the literature regarding conjugate loci of spherical harmonic manifolds, so we hope

that our observations along with our formalism may pave the way for new research

in this area.

In Chapter 4 we generated a system of coordinates on the unit tangent-sphere with

which one could clearly draw the ridge lines for each sheet of the conjugate locus

as well as depicting the local structure of coordinate lines around umbilic directions

in such a way that their type could be clearly inferred. Achieving this required

extending our machinery for detection of conjugate points to recover the initial ve-

locity vectors of vanishing Jacobi fields, this was a small but significant step in the

research, since these directions are the basis upon which the coordinate curves are

constructed, and computationally speaking they are essential for plotting the Jacobi

Coordinate system.

Once the necessary directions had been recovered for each geodesic, we were then

able to generate plots of the Jacobi Coordinate lines via an iterative algorithm which

begins at a single point on the unit tangent sphere, and follows the initial direction

of the same vanishing Jacobi field (first or second) until the curve closes (compu-

tationally this is until the displacement of the current point of the curve reaches a

minimum). The first significant observation made using this coordinate system was

the structural similarities between the Jacobi Coordinate curves for the conjugate

locus of the 3-ellipsoid and the curvature lines of the triaxial 2-ellipsoid, with four

clear hyperbolic umbilic directions whose types were clearly indicated by the local

lemon structure found in the nearby coordinate curves, enabling us to understand the

structural similarities between the two objects. This observation inspired our con-

jecture regarding the connection between conjugate loci and focal sets of ellipsoids of

co-dimension 1, for which we also see supporting evidence in the lower dimensional

case (2-ellipsoid and planar ellipse), and we may investigate its higher-dimensional

counterpart using the observations of [38] compared with hyper-plane slices of the

conjugate locus of E4. In each case observations of the number and type of umbil-

ics also align with our argument that there should always be four more hyperbolic

umbilic points than elliptic ones, due to the constraint of the Euler characteristic

of the unit tangent-sphere. If the distance functions are periodic over closed coor-

dinate curves, then they must exhibit equal numbers of maxima and minima over

each curve. Moreover, the ribs of the conjugate locus occur at the stationary values
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of the distance functions from p with respect to the associated Jacobi coordinate.

Computationally, as we step around a Jacobi Coordinate curve, we search for points

at which the respective focal radius is stationary, these were then classified as minima

or maxima in the usual sense. As a result of this, the ridge curves could then be

split even further into maxima and minima, and we observed that the ridges of the

conjugate locus for the 3-ellipsoid could be cleanly split into minima and maxima,

and this could then be related back to the structures on each sheet of the conju-

gate locus (i.e. it became clear for each sheet which rib contained points that were

strictly minima/maxima of the respective distance function), as found in [34]. We

hope that our formalism and analytic results, along with our observations of several

case studies, may help to advance the research of these notoriously difficult objects

to study.

5.2 Limitations

Conjugate loci are notoriously difficult objects to study in general, and as such we

must make tight restrictions on the scope of manifolds we can select from. Re-

strictions on the curvature are necessary when attempting to make solid statements

regarding the solutions of the Jacobi equation in general, especially for higher di-

mensional cases. Thus we study those manifolds which are convex, and where the

curvatures are known along geodesics. In addition, we also require the solutions to

the geodesic equations, which again reduces the scope of this method. Nonetheless,

the lack of reliance on integrability, symmetry, and manifold parameterisation mean

that this method is somewhat flexible within its limited scope.

We are only able to externally view conjugate loci of a maximum of 3-dimensional

manifolds, since the conjugate loci of higher dimensional manifolds would themselves

be of dimension 3 and above. However, this is only a limitation on producing an

image of the conjugate locus; the locations of conjugate points could be recovered for

any dimension, and thus any analysis which only requires the location of conjugate

points can still be conducted. In the case of the Jacobi coordinate system, we see that

whilst it would still be defined for manifolds in n-dimensions, one could not generate

the same view of the coordinate curves as in the 3-dimensional case. However, if

the coordinate curves are also closed in the higher-dimensional cases then the ridge

points can still be identified as stationary values of the associated focal distances
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over these closed curves, and their coordinates could be recovered.

Computationally, the complexity of the terms of the Riemann Curvature cause com-

putational time for solving the Jacobi equation to become problematic, and Math-

ematica can crash when simply attempting to derive these terms, much less solve

the equations involving them. We were able to navigate this issue for the triaxial

ellipsoid due to the symmetry of the terms of the Riemann Curvature, and express all

non-zero terms using the R1,2,1,2 term. This limitation highly influenced our decision

to take a perturbative approach when considering spherical harmonics, using a series

expansion (thematically similar to [52]) with respect to a small parameter ϵ in the

radius function, taken to the first order. This allowed us to generate valid expressions

approximating the Riemann curvature terms and hence obtain plots of the conjugate

locus and the Jacobi coordinate curves for a fraction of the computational cost. This

approach also has its own limitations, since computational time would markedly in-

crease with larger values of ϵ, and the spherical harmonic manifolds would fail to be

regular when ϵ ≥ 1, these manifolds also fail to be convex for values of ϵ which are

not sufficiently small.

Upon viewing the images of the conjugate loci of spherical harmonic 3-manifolds we

see that it becomes increasingly difficult to observe the structure of the conjugate

locus as we increase the order of spherical harmonic, since the sheets of the conjugate

locus begin to self-intersect and much of the rib and umbilic structures are hidden

inside these self-intersections. We remedy this by using the Jacobi Coordinate system

to view the rib and umbilic structures of the sheets of the conjugate locus, but

as a result we lose the ability to understand how each sheet wraps around itself.

This limits understanding the way in which the self intersections of the sheets of

the conjugate locus change when increasing the order of spherical harmonic, which

would be a useful tool in understanding the possible bifurcations of the structures of

conjugate loci of these manifolds.

When plotting the Jacobi coordinate curves, one has to define how we choose the

initial point for each curve, as the rest of the curve is drawn through an iterative

process. One approach for this was to define “seed arcs” on the sphere, the points

of which act as the initial starting points of each coordinate curve. However, this

approach does not evenly cover the sphere of directions with initial points for coor-

dinate curves, and as such there are regions of the sphere which only have a small
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number of coordinate lines passing through them, making it difficult to infer the

local structure. A second approach was to generate the initial seed points via a ran-

dom sampling of points on the sphere, this achieved better general coverage of the

sphere from the resulting coordinate curves, but due to the nature of lemon and star

formations there is a tendency for the curves to cluster around potential hyperbolic

umbilics and leave the remaining regions comparatively sparse. To remedy this, we

suggest sampling points from over the sphere as evenly as possible.

Whilst attaining the ridge points of each coordinate curve is relatively simple once

the curves are constructed, the task of joining the ridge points in the correct order is

decidedly more complex. This problem was much easier in the case of the 3-ellipsoid,

since its ridge lines are three closed rings, one of which connects the umbilics, chang-

ing colour at each one. The remaining two ridges are each comprised entirely of

stationary points of one focal distance, with each one only containing stationary

points of one type (either all maxima or all minima). Moreover, ridge line behaviour

near to umbilics is indicated by the Jacobi coordinate structure, and we see that ridge

lines in locally lemon patches join up at umbilics. However, for the cases of spheri-

cal harmonics we now also observe potential elliptic umbilics via a star structure in

the coordinate curves, this fact combined with the presence of greater numbers of

potentially hyperbolic umbilics leads to a far greater challenge when attempting to

join the ridge points correctly. A possible approach to assist the joining of the ridge

curves is to decompose them into their respective minima/maxima components, as

at least in the case of the ellipsoid these separated in such a way that it became clear

what form their ridge lines would take. In the case of spherical harmonics, we have

observed a ring of potential hyperbolic umbilics in each case, and perhaps this ring

will have a similar minima/maxima structure as that of the red/blue ridge for the

3-ellipsoid. Separating the components of the ridges in this way would better allow

for the joining of their points.

5.3 Future Research

This research has opened up a new avenue for the study of conjugate loci in convex

3-manifolds. We feel that out of this body of work there is potential for research in

various directions, both in the specific sense of convex 3-manifolds as well as more

theoretically for manifolds in general. Avenues of research that are of particular
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interest are:

Further experimentation with the simulations described in the previous chapter:

choosing various base-points (including non-generic and umbilic points) to see how

the structure of the conjugate locus is affected and further test the conjecture relating

to focal sets and conjugate loci of ellipsoids of co-dimension 1. Also alluded to

previously, it would be interesting to see how the conjugate locus transforms as the

base point is dragged around in the manifold, especially in terms of the bifurcations

of the ridges and ribs (see [50]).

Broadening this research to a wider class of manifolds would certainly be of interest,

and we suggest asymmetrical convex manifolds as a good first choice for this since

the symmetry of the spherical harmonics is most likely responsible for the unbro-

ken ring of ridge points passing through the hyperbolic umbilics we observe in the

Jacobi coordinate curves. There may be potentially more interesting structures for

manifolds without this symmetry. Furthermore, including the generalised forms of

tesseral spherical harmonics may provide more interesting geodesic behaviours to

observe.

We also note the symmetric coefficient matrix of (2.30). While there is much known

about constant symmetric matrices and normal modes, there is not much in the

literature about time-dependent symmetric matrices, but see for example [7]; perhaps

the eigenvectors of this matrix might provide a natural choice for N (0),B(0). We

also observe how the rotation of the Jα ellipse in the {N ,B} plane, or lack thereof,

might be worth further attention.

An Extension of Theorem 5 in [61] may be investigated using the Jacobi coordinate

system. Perhaps there is a lower bound on the number of ribs found in the conjugate

loci of convex manifolds. We know from [34] that D+
4 singularities occur at the end

of ribs, thus if one can show the existence of a lower bound on the number of cuspidal

edges (D+
4 singularities resp.), then one may also be able to show a lower bound on

the number of D+
4 singularities (cuspidal edges resp.).

From [49] it is known for surfaces that the end points of the cut locus occur at the

cusps of the conjugate locus, this poses two natural questions: Do complete ribs on

various sheets of conjugate loci give rise to different boundaries of the cut locus?

Furthermore, for manifolds, are the end points of the cut locus now D+
4 Lagrangian
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singularities? and if so, is this always the case?

Investigating the consequences of Theorem 4.1.4 may be interesting for two reasons:

Firstly, it naturally raises the question of the existence of manifolds of even dimension

(n > 3) with no umbilic directions if it is of odd dimension. One possible route of

exploration is to see if one can show the existence of partial ribs is guaranteed for

conjugate loci of convex manifolds with even dimension, then the connection between

the ribs and umbilics could possibly indicate their existence in these cases. Secondly,

partial umbilics are an intriguing phenomena since they can only appear in the

conjugate loci of manifolds where n > 3, as in this case two or more focal radii could

become equal whilst at least one other focal radius remains distinct. This organically

opens the question of the structures of singularities of rank Σm for 1 < m < n − 1,

and their location along/connection to cuspidal edges of the various sheets.

A generalisation of the notion of sub-parabolic curves for the Jacobi coordinate frame-

work could be of interest, as study of these curves along with lines of curvature, ridges

and their counterparts on the focal sheets has proven fruitful in attaining informa-

tion regarding the parent surface, as well as the singular structure and curvature of

the focal set (such as [45]). In the Jacobi coordinate system these curves would con-

sist of points at which one focal radius has an extremal value along another Jacobi

coordinate curve, and it would be interesting to see which theorems regarding sub-

parabolic curves could be generalised in this way. Plotting sub-parabolic points (for

n = 3) would be a simple step beyond from generating the Jacobi coordinate curves,

as the mechanism for detecting ridge points could easily be adapted for this purpose.

However, the limitation discussed previously regarding the difficulty in joining ridge

points could also apply to sub-parabolic points, although the robustness of these

curves could possibly alleviate this difficulty a little.

Expanding on [63] by further exploration of the connection between the geometry

and topology of conjugate loci could be fruitful, analogously to the connection be-

tween the rotation index and number of cusps for conjugate loci on convex surfaces

from [61]. Perhaps there is some connection between the number of umbilics and

some notion of “rotation index” for 2d conjugate loci. This may also lead to better

understanding of the bifurcations of ribs and umbilics that occur as we move the

base point around the manifold.

Finally, the method for detecting conjugate points extends very naturally to higher
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dimensions; for example if n = 4 we will now have a 2d-ellipsoid in the orthogonal

complement of γ′ which collapses to a disc at conjugate points, but provides still an

oriented volume that changes sign (like a perturbed sin3 t). The potential limitations

here come with visualizing the results, as the coordinate space will be of dimension

4, but hyperplane sections might be the way forward (see [38]).
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