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Abstract

The recent advances in the field of quantum mechanics have been incessantly stimulating the de-

velopment of increasingly ingenious and innovative technologies which exploit the laws and rules of

the microscopic world. Ranging from computing to biology, medicine, cosmology, imaging, sensing,

cryptography and neural networks, quantum technologies appear to consistently outperform their

classical counterparts. In particular, the fields of quantum sensing and quantum metrology propose

schemes for the estimation of physical properties, such as lengths, time intervals, temperatures,

and more, achieving enhanced levels of precision. However, such an enhanced sensitivity usually

comes at a price: the use of probes in highly fragile states, the need to adaptively optimise the

estimation schemes to the value of the unknown property we want to estimate, and the limited

working range, are some examples of challenges which prevent quantum sensing protocols to be

practical for applications.

This thesis addresses these challenges, proposing feasible estimation schemes employing easily

realisable resources, such as squeezed light or single photons, which achieve the desired metrologi-

cal quantum advantage. More in detail, it is here shown that, in the estimation of any parameter

affecting multiple components of an arbitrary M -channel linear optical network, the need to adap-

tively optimise the network can be reduced to a requirement of prior knowledge on the parameter

which can be achieved through a classical estimation strategy, while it can be completely removed

at the price of simultaneously employing multiple detectors. In this way, schemes for the quantum

enhanced estimation of a parameter distributed in a linear network, or linear and non-linear func-

tions of multiple parameters are proposed. Moreover, it is shown that resolving the frequencies of

two independent photons, after they impinge on a beam-splitter, unveils information on their delay

in time also in the regime of small temporal overlap between the photons, to which instead non-

resolving strategies are insensitive. The sensitivity to the time delays here stems from interference

which can be observed through frequency-resolving detectors regardless of the distinguishability in

time of the photons.
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keeping us apart. Grazie, mamma e papà, I owe my attitude towards scientific subjects to you

and your education since I was a kid. Grazie, Lenny, for you advices, for it is thank to you that I

decided to start my physics undergraduate courses.

I am extremely thankful to my friends, fellows of many university adventures, since the first year

as undergraduate student in Bari. Thank you Gianvito, Giulio, Josè, Lucia, Marco, Margherita,
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Guide for the Reader

Observations lay at the foundations of modern science and technology. From observing the nature,

hypotheses on the reality can be both formulated and evaluated. In Albert Einstein’s words: “All

knowledge of reality starts from experience and ends in it. Propositions arrived at by purely logical

means are completely empty as regards reality” [7]. Nevertheless, measurements are imperfect,

affected by errors, and conditioned by noise. Science needs to deal with uncertainty, and every

quantitative proposition is true within certain confidence intervals. Although the precision of the

measuring instruments improves with the development of technologies, impassable limits imposed

by statistics are in place. To make matters apparently worse, quantum mechanics, the theory

describing the behaviour of nature at the microscopic scale, introduces fundamental uncertainties

in the measurement of ‘incompatible’ observables, such as the position and the momentum of a

particle, or the components of its angular momentum.

However, despite these limitations, quantum mechanics can equip technologies, and in par-

ticular estimation protocols, with tools enhancing their efficacy beyond the possibilities provided

by classical physics. Whether implemented by quantum entanglement, coherent superposition of

quantum states, or other means, these tools generally consist in establishing correlations between

physical systems (e.g. photons, atoms, qubits, etc.) which cannot be achieved classically. Then,

the quantum advantage stems from typical phenomena caused by the presence of these correlations,

emerging for example in quantum interference patterns which are highly sensitive to the variations

of certain properties of the system, or in drastic reductions of the quantum fluctuations of a given

observable. The goal of this manuscript is to tackle this quantum advantage, proposing some

feasible interferometric schemes for the quantum-enhanced sensing of physical properties, such as

optical lengths, refractive indices, thickness of biological samples, temperatures, magnitudes of

fields and their gradients, polarisations, and more, with applications in quantum computation,

biology, gravitational-wave detection, quantum thermometry, imaging, and sensing technologies in

general.

This manuscript can be divided in two parts, and it is organised as follows. The first part,

which consists in the first three Chapters 1-3, serves as a thorough introduction to the tools and

concepts required to understand the theoretical results presented in this manuscript, and their

applications. In particular, Chapter 1 mathematically introduces the problem of the statistical

estimation of physical parameters and justifies the presence of certain bounds on the achievable

precision even when employing flawless instruments. After a brief introduction on quantum optics

13



and on the quantization of the electro-magnetic field, Chapter 2 proceeds with the description of

a remarkable family of quantum states of the electro-magnetic field possessing properties of high

interest in quantum metrology: the Gaussian states and, in particular, squeezed states. Finally,

Chapter 3 contextualises the results which will be discussed in the second part of the manuscript

within the relevant state-of-the-art in quantum metrology. The ultimate quantum bound on the

precision achievable in the estimation of physical properties, i.e. the Heisenberg limit, is hereby

introduced, as well as the working principle of squeezing-based estimation schemes. In this chapter,

the challenges found in state-of-the-art quantum sensing schemes are discussed, such as the need

to adaptively optimise the network, or the small working range of the interferometric schemes

employed to achieve the desired quantum metrological advantage.

The second part of this manuscript, which comprises the last three Chapters 4-6, consists in

novel results which can be found in Refs. [1, 3–6]. In it, we propose and analyse several schemes

for the estimation of physical properties of optical systems, overcoming the limitations of current

quantum estimation schemes. Chapter 4 presents two schemes for the estimation at the Heisenberg

limit of a single parameter distributed across an arbitrary passive and linear optical network. For

example, this is the case of the estimation of the temperature affecting multiple components of

the network [1, 4, 5]. Here, the analysis of the presented schemes will show that the requirement

of the network adaptivity can be eased to a simple request of prior knowledge on the parameter

achievable with a classical estimation strategy [4, 5], or even lifted if multiple detectors are employed

simultaneously [1]. In Chapter 5, a scheme for the estimation at the Heisenberg limit of functions of

multiple parameters is described [3]. In particular, the use of suitable auxiliary networks provides

additional degrees of freedom, which can be employed to manipulate how the information on the

parameters within the network is encoded in the probe and, ultimately, to select the function

of the parameters to be estimated, which can be linear or non-linear [3]. Lastly, in Chapter 6,

the precision achievable in the estimation of the time delay between two photons in a frequency-

resolved two-photon interferometer is analysed [6]. It will be shown that the resolution of the

frequencies restores the sensitivity of the scheme to the delay between the photons in regimes

in which standard two-photon interferometry fails [6]. This approach can be employed for the

observation of nanomaterials and biological samples, such as DNA structures and cell membranes.

14



Chapter 1

Introduction to Estimation Theory

In this chapter, we will introduce the mathematical tools needed to theoretically assess the perfor-

mance of an estimation scheme. After an introduction on probability theory, random variables and

on the properties of estimators, we will discuss a series of bounds, of both classical and quantum

nature, on the precision which is ultimately achievable in the estimation of physical properties.

Moreover, we will discuss how and under what conditions it is possible to attain these bounds.

1.1 Elements of probability theory

The mathematical formalism describing the concepts such as ‘probabilistic event’ and more in

general ‘measurable sets’ lays at the base of several abstract structures modern science is built on,

from quantum mechanics, statistical mechanics, probability and estimation theory. The pioneering

results by Borel, Lebesgue, Fréchet and others in measure theory, and the rigorous foundations for

probability theory provided by Kolmogorov [8], gave birth to a field of mathematics extensively

studied even nowadays (e.g. see Refs. [9–11], among several others). In this section we will

introduce some basic notions of probability theory with the goal to fix our notation and define

concepts that will be used in the following of the thesis. Finally, we end the section briefly

introducing the concepts and tools needed to handle probabilities in quantum mechanics (e.g. see

Ref. [12]). In doing so, it should be clear that this section’s intent is to intuitively justify the

definitions and the concepts rather than rigorously demonstrate them, and that the interested

reader might pursue more mathematical approaches, found in the referenced literature.

1.1.1 Probability spaces

Let us imagine that we are performing a certain experiment, and let Ω be the set of its possible

outcomes ωi with i ∈ I, and I being a certain set of possible values for the index i. According to

the nature of the experiment the set Ω can either be countable or uncountable. An example of a

countable set of outcomes Ω is the set of all the possible results of throwing a die or a coin, while

examples for a uncountable set are the times taken by radioactive atoms to decay, or the possible

15



1.1. ELEMENTS OF PROBABILITY THEORY 16

positions of a dart thrown by an inexperienced player on a dartboard. We call Ω the sample space

of the experiment. In general, we are interested in describing more complex statements about the

outcomes of the experiment, such as “the result of the thrown die is greater than 4”, or “the dart

falls in the doubling ring of a dartboard”, which are not elementary outcomes present in Ω: instead,

these complex statements are described by a collection of elements of Ω, namely by some of its

subsets. We call any subset of Ω an event of the experiment, and we say that an event A ‘happens’

when the outcome ω̄ of the experiment belongs to the event A, namely ω̄ ∈ A. Interestingly, logic

operations acting on these statements, e.g. AND or OR, are well represented by the basic set

operations between events, e.g. intersection ∩ and union ∪.

It is then important to choose a family F of events, namely a family of subsets of Ω, that

includes all the meaningful events we are interested in considering in our model. Generally, for

finite or countably infinite sample spaces it is convenient to consider the family of all the possible

events, namely the partition of Ω. On the other hand, the partition of an uncountably infinite set

Ω might contain particularly complex and irrelevant subsets we are not interested to include in

our model. Of course, we would like that such family of events satisfies some properties, the most

important being the closeness with respect of logic operations, so that given two events A1 and

A2, both A1 ∩ A2 and A1 ∪ A2, namely the events consisting in (A1 AND A2), and (A1 OR A2)

respectively happen, still belongs to the family of events considered

A1 ∪A2 ∈ F , A1 ∩A2 ∈ F ∀A1, A2 ∈ F . (1.1)

A particular type of families F of subset of Ω satisfying this condition are called σ-algebras1.

Trivial examples of σ-algebras of a set Ω are the family containing only the empty set and Ω itself,

or the family containing the empty set, Ω itself, a subset A of Ω and its complement Ā. For a finite

or countably infinite sample set Ω, its partition is trivially a σ-algebra of Ω. The σ-algebra that is

implicitly almost always considered for Ω = RM , with M ∈ N, is the Borel algebra B(RM ), which

is the smallest σ-algebra containing all the open (and closed) subsets of RM , while each element of

B(RM ) is called Borel set.

In order to construct a probabilistic model of our experiment, we now need to associate a

probability P (A) with each event A of the σ-algebra F considered of the sample set Ω, i.e. a

number ranging from 0 to 1 expressing the ‘likeliness’ that such event happens. Moreover, it needs

to be consistent, namely we must require that the probability of the event union A1 ∪ A2 of two

disjoint event A1 and A2 is given by the sum of the probabilities of A1 and A2, namely

P (A1 ∪A2) = P (A1) + P (A2), if A1 ∩A2 = ∅. (1.2)

Extended to the union of a countable amount of disjoint events, this property of P is called σ-

additivity. The probability P of a probabilistic model can thus be thought as a function from the

σ-algebra F of a sample space Ω to the interval [0, 1] which is σ-additive and such that P (Ω) = 1.

In other words, the probability P is a measure of the sample space Ω that is finite, and in particular

such that P (Ω) = 1. Finally, in accordance with Kolmogorov’s Axioms, we define the probability

1More precisely, a σ-algebra F of a set Ω is a family of subsets of Ω such that the empty set, the complementary

set of each element of F , and the intersections of any countable amount of elements of F , still belong to F
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space as the ordered triple (Ω,F , P ) composed of a sample space Ω, a σ-algebra F of Ω and a

probability P defined on F .

1.1.2 Random variables

The probability space (Ω,F , P ) we now constructed is an abstract structure, where the outcomes

of the experiment are qualitative propositions described by elements of the sample space. In order

to perform statistical analyses on our probabilistic model, and to make use of concepts such as

‘average value’ or ‘fluctuations around the average’, we need to associate with each element ω of

the sample space Ω a number, e.g. the values 0 and 1 to the outcomes head and cross for the

toss of a coin respectively, the amounts of money won or lost to each outcome of a game of dice,

or the intensity of a photocurrent observed in a noisy optical signal. Of course, we would like

that this function from the sample space to any field of number, e.g. R, preserves somehow the

characteristics of the probability P defined on the σ-algebra of the original probability space. For

this reason, we define a (one-dimensional) random variable X as a function from Ω to R such that,

for any given Borel set B ∈ B(R), X−1(B) belongs to the σ-algebra F , namely X is a measurable

function of (Ω,F)

X−1(B) := {ω ∈ Ω : X(ω) ∈ B} ∈ F , ∀B ∈ B(R) (1.3)

This property of the random variables allows us to define an induced probability PX on B(R) that

inherits the characteristics of the original probability P . This induced probability measure PX is

defined by the relation

PX(B) := P (X−1(B)), ∀B ∈ B(R), (1.4)

definition that is possible precisely because of the measurability of X required in Eq. (1.3). We

call PX the distribution, or law of X. The function PX is thus a probability defined over B(R),

and can be employed to evaluate quantitatively some statistical properties of the model. It is

straightforward to generalise the definition of random variables to multiple dimensions, as measur-

able functions with values in Rn. A random variable is said to be discrete if it takes only a finite or

at most a countable infinite number of values, while it is said to be absolutely continuous if there

exists an integrable probability density function pX ≥ 0 which can be employed to evaluate the

probabilities PX(B) associated with Borel sets B ∈ B(R), e.g. for B = [a, b]

PX(B = [a, b]) =

∫
B

dPX ≡
∫ b

a

dx pX(x). (1.5)

The generalisation to M -dimensional random variablesX = (X1, . . . , XM ), namely M -dimensional

vectors of random variables, is straightforward, and yields multivariate probability measures PX

defined over B(RM ).

Once the distribution PX of the random variable X is known, it is possible to evaluate numerical

indicators about the statistical properties of X. The expectation value E[X] is an important

quantity representing the center of mass of the random variable X. For a discrete random variable
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which can take at most a countable amount of values xk, namely

X =
∑
k

xkIk, (1.6)

where the sum can run to infinity, and the functions Ik correspond to characteristic functions over

the sample set Ω

Ik =

1, for ω ∈ X−1({xk})
0, otherwise

, (1.7)

the expectation value, if it exists2, is defined as the weighted average

E[X] =
∑
k

xkPX(xk) ≡
∑
k

xkP
(
X−1({xk})

)
. (1.8)

For an arbitrary random variable, the expectation value is defined through the Lebesgue integral

E[X] =

∫
Ω

dP X =

∫
Ω

P{dω} X(ω). (1.9)

If (Ω,F) = (R,B(R)), and X is absolutely continuous, the definition in (1.9) translates into the

more common Lebesgue integral

E[X] =

∫
R

dx xpX(x). (1.10)

Further numerical values that can be employed to describe the distribution PX are its momenta.

In particular, the m-th moment of PX is defined as the expectation value of the random variable

Xm

E[Xm] =

∫
Ω

dP Xm, (1.11)

with a straightforward specialisation for discrete variables

E[Xm] =
∑
k

xmk PX(xk), (1.12)

and absolutely continuous variables

E[Xm] =

∫
R

dx xmpX(x). (1.13)

The benchmark quantity that describes how far a random variable can fluctuate around its expec-

tation value is the variance. The variance of a random variable X is defined as

Var[X] = E[(X − E[X])2] = E[X2]− E[X]2, (1.14)

or equivalently, as the second central moment of X, where the m-th central moment of a random

variable is the m-th moment of the variable X − E[X], which is centred in zero.

2For a non-negative (non-positive) random variable X ≥ 0 (X ≤ 0), the expectation value E[X] always exists,

although it can be infinite. This is related to the fact that it is always possible to find a monotone sequence of

non-negative (non-positive) discrete random variables converging pointwise to X. For a generic random variable X,

its positive and negative parts can both have infinite expectation value. In this case, it is said that E[X] does not

exists.
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Both the concepts of expectation value and variance can be easily generalized for multi-

dimensional random variables, which can be thought as a vector X = (X1, . . . , Xν) of ν vari-

ables. In particular, the expectation value of X is the vector of the expectation values of each

one-dimensional variable Xi, i = 1, . . . , ν. On the other hand, the fluctuations of X are described

by a ν × ν matrix called covariance matrix

Cov(X)ij = E
[
(Xi − E[Xi])(Xj − E[Xj ])

]
= E[XiXj ]− E[Xi]E[Xj ], (1.15)

of which the diagonal terms correspond to the variances of the single random variables. From

Eq. (1.15), we easily see that covariance matrices are always positive semi-definite and symmetric.

Random variables whose covariance matrix is diagonal are said to be uncorrelated. Given a vector

of random variables X = (X1, . . . , Xν), they are said to be independent if the multivariate prob-

ability PX (and thus the probability density function pX when the variables of X are absolutely

continuous) can be factorized

P (X1 ∈ A1, . . . , Xν ∈ Aν) = P (X1 ∈ A1) . . . P (Xν ∈ Aν), ∀Ai ∈ B(R) (1.16)

Independent random variables are always uncorrelated, while the opposite implication is not always

guaranteed. Moreover, we say that multiple random variables Xi, i = 1, . . . , ν are identically

distributed if they have the same distribution PXi = PXj , i, j = 1, . . . , ν. Since we will mostly

work with the distribution PX , or with the probability density functions pX , for a given random

variable X, and not with the parent probability P defined on the σ-algebra F of the abstract

sample space Ω, in the following of the thesis we will drop the subscript X in PX and pX . We

remind that no ambiguity arises from this overlap of notation, since these functions are defined

in different domains, F for the original probability P , B(R) for the distribution PX of a random

variable X, and R for a probability density function pX of an absolutely continuous random variable

X.

1.1.3 Probabilities in quantum mechanics

We now conclude briefly summarizing how probabilities are defined in quantum mechanics. Phys-

ical states in quantum mechanics are in general described by density matrices ρ̂, namely opera-

tors defined over an Hilbert space which are positive semi-definite ρ̂ ≥ 0 and with unitary trace

Tr[ρ̂] = 1. In order to extract probabilities, we need a prescription yielding scalars, given the den-

sity matrix ρ̂ and the outcome i ∈ I whose probability we are interested to evaluate. A Positive

Operator-Valued Measure (POVM) is a measure of the sample space whose values are not positive

numbers – as in the classical definition of probability at the beginning of this section – but positive

operators {Π̂i}i∈I . The probability Pi of the outcome i is then obtained through

Pi = Tr
[
ρ̂Π̂i

]
. (1.17)

In order to guarantee that the quantities Pi resulting from the POVM {Π̂} actually compose a

normalised probability, the elements Π̂i of the POVM must sum to the identity of the Hilbert
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space, namely ∑
i∈I

Π̂i = 1̂, (1.18)

while the non-negative definiteness of ρ̂ and Π̂i guarantee that Pi is non-negative.

1.2 Estimators

With the tools developed in the previous section, we can now formalise the estimation problem,

which consists in performing observations on a given system in order to infer a single or a group

of physical properties through a statistical analysis of the outcome data. A typical example is

the measurement of distances through radar sensing: we want to measure the distance of a flying

aircraft from a given point in space in which we place a radio waves emitter. Observing the signal

reflected on the aircraft and measuring the delay ∆t between the emission and detection time, it is

possible to infer the distance between the emitter and the aircraft through the relation R = c∆t/2,

where c is the propagation speed of light. Due to the presence of a functional dependence between

the distance R and the time delay ∆t, in a noiseless ideal setup, we would not need any statistical

method to perform the estimation. However, in every experimental situation there might be several

causes that increase the uncertainty on the estimation of the parameter: the environmental noise,

delays caused by the electronics of the receiver, and the dispersion of the signal through the

propagation mean are a few examples. Due to this uncertainty, each iteration of the experiment

would likely yield a slightly different value of the distance R. In this sense, the time delay observed

between the emission and detection of the signal is a random variable, whose law will depend on

the unknown value of the distance R. Hence the need of defining a procedure that yields the ‘best

bet’ we can make on the value of R, according to the results of the multiple measurements.

Let us consider again a given experiment, in which a certain random variable X possesses a

law Pϕ which depends on an unknown parameter ϕ ∈ Φ, where Φ is the parameter space, namely

the set of all the possible values that the parameter ϕ can assume. We suppose that we perform

multiple iterations of the measurement of X, say ν times. Each of the ν outcomes x = (x1, . . . , xν)

can be thought as the result of a random variable Xi, i = 1, . . . , ν. Each of these random variables

are independent and identically distributed, with the same distribution Pϕ of X. We will call the

collection of random variables X = (X1, . . . , Xν) a (random) sample of size ν from the distribution

Pϕ, or equivalently ν independent observations of X. We need now to identify a law that yields

the best estimate of the parameter ϕ from the observed outcomes x. Given any measurable and

completely known function f from Rν to R, namely a real function not depending on any unknown

parameter, we will call the random variable f(X) a (sample) statistic. Common examples of

statistics are the sample mean

X̄(X) =
1

ν

∑
i

Xi, (1.19)

or the sample variance

S(X)2 =
1

ν − 1

∑
i

(Xi − X̄)2. (1.20)
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We thus call estimator of ϕ any statistic ϕ̃ ≡ ϕ̃(X) that only takes values in the parameter space

Φ of ϕ. Of course, this definition is extremely broad, and it includes estimators that perform their

task – estimating the parameter ϕ from the sample X – very poorly. For example, we can think

of an estimator that, after a series of measures of the height of a person, always guesses 180 cm.

Surely it satisfies the definition of estimator since 180 cm is a possible value for the height of a

person, but its guesses will be correct only for a small group of people, which makes this estimator

unreliable. We thus need to identify some properties help us discriminate between ‘good’ and ‘bad’

estimators.

We would like for our estimator ϕ̃ to be close to the parameter ϕ it is designated to estimate.

Since ϕ̃ is a statistic, also the distance |ϕ̃− ϕ| is in general a random variable. Thus, a way to

assess this ‘closeness’ is through the probability Pϕ and, more precisely, through the expectation

values Eϕ, where the subscript ϕ reminds us that the probability Pϕ we are using for evaluating

the expectation values depends on the parameter ϕ. The most common measure of this closeness

is the mean square error

MSEϕ(ϕ̃) = Eϕ

[
(ϕ̃(X)− ϕ)2

]
, (1.21)

which is the average of the squared distance of the estimator from the parameter. We call bias of

the estimator ϕ̃ the quantity

bϕ(ϕ̃) = Eϕ

[
ϕ̃(X)− ϕ

]
, (1.22)

and we will say that an estimator is unbiased if its bias is zero

bϕ(ϕ̃) = 0. (1.23)

For an unbiased estimator, the mean squared error coincides with the variance of the estimator,

since

MSEϕ(ϕ̃) = Eϕ

[
(ϕ̃(X)− ϕ)2

]
= Eϕ

[
(ϕ̃(X)− Eϕ[ϕ̃(X)] + Eϕ[ϕ̃(X)]− ϕ)2

]
= Varϕ[ϕ̃] + b2ϕ(ϕ̃). (1.24)

If we consider a large sample X = (X1, . . . , Xν) of the random variable X, namely with large ν,

we would expect that a good estimator ϕ̃(X) would approach the value of ϕ with great accuracy.

Given a sequence of independent and identically distributed random variables X1, X2, . . . with

common distribution Pϕ, and given a sequence of estimators ϕ̃ν ≡ ϕν(X1, . . . , Xν), we will say

that the sequence ϕ̃ν is consistent if

lim
ν→∞

Pϕ(|ϕ̃ν − ϕ| > ε) = 0, ∀ε > 0, (1.25)

namely if the sequence of estimators ϕ̄ν converges in probability to ϕ, while it is said to be

asymptotically unbiased if the corresponding sequence of biases tends to zero

lim
ν→∞

Eϕ[ϕ̃ν ] = ϕ. (1.26)
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1.2.1 Maximum-likelihood estimator

An example of estimator of great importance in metrology is the Maximum-Likelihood Estimator

(MLE). To define the MLE ϕ̃(X) for a given sample X of size ν from a probability distribution

pϕ, we first introduce the likelihood function (where we recall that the random variables Xi are

also independent)

L(ϕ;x) ≡ pϕ(x) ≡
ν∏
i=1

pϕ(xi), (1.27)

namely the distribution pϕ(x) as a function of ϕ ∈ Φ. The MLE ϕ̃MLE(X) is an estimator that,

for each realization x of the sample X, maximises L(ϕ;x), namely

L(ϕ̃MLE;x) = sup
ϕ∈Φ
L(ϕ;x). (1.28)

From the definition (1.28), we notice that the existence of a MLE is in general not guaranteed.

Nevertheless, a continuous likelihood function defined on a compact parameter space Φ is a suf-

ficient (but not necessary) condition for its existence [13], and most likelihood functions that are

usually found in experimental scenarios are regular enough to guarantee the existence of a MLE.

Since the logarithm is a monotone function, it is usually convenient to maximise the log-likelihood

function logL(ϕ;x) instead, operation which yields the same estimator. If the probability distri-

bution pϕ(x) is differentiable, and the parameter space Φ is an open subset of Rp, then the MLE

satisfies
∂L(ϕ;X)

∂ϕ

∣∣∣∣∣
ϕ=ϕ̃MLE

= 0. (1.29)

We notice that the MLE may not be the only root of Eq. (1.29), thus it is important to verify

that the solution found provide the absolute maximum of L(ϕ;X) when searching for the MLE.

In Sec. 1.3.4, we will further discuss some properties of the MLEs which make it an estimator of

fundamental interest for metrological schemes.

1.3 Cramér-Rao bounds

In the previous section, we have provided a definition for estimators of unknown parameters en-

coded in the distribution of a random variable. We have discussed some of the most relevant

properties of an estimator, such as (asymptotic) unbiasedness and consistency, while we have also

introduced the mean square error – which coincides with the variance for unbiased estimators – as a

measure of how statistically close the estimate is to the true value of the parameter. In this section

we will introduce an important benchmark for the sensitivity of any estimator, the Cramér-Rao

bound, that will be used throughout the entirety on the thesis. This benchmark represents the

ultimate precision that is possible to achieve within a given estimation scheme. Beside theoreti-

cal, this bound is of great practical importance, since it can always be saturated asymptotically:

namely it is always possible to find an estimator that reaches the ultimate precision theoretically

possible in the regime of large samples. Finally, we will briefly discuss an improved version of this

benchmark, obtained when quantum mechanics comes into play.
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Fig. 1.1: Typical metrological scheme for the estimation of an unknown parameter ϕ. The probe

ρ0 generated from the source S (1.) interacts with a system Uϕ (2.) and the propriety ϕ gets

encoded in the probe state ρϕ. Measurements are performed by some detector D (3.), the results

x are collected, and an estimate ϕ̃(x) (4.) of the property ϕ is evaluated.

Let us consider a scenario where we are interested in estimating a physical property ϕ of a

system Uϕ, such as its temperature, its distance from a radar detector or its refraction index. The

typical estimation scheme in such scenario consists in four steps (see Fig. 1.1)

1. Preparation of a probe, namely another system that we can freely manipulate and on which

we can perform observations;

2. Parameter-dependent evolution that imprints the information about the parameter into the

probe, for example originated by the interaction of the probe with the physical sample;

3. Acquisition of data through measurements performed on the probe after the interaction with

the physical sample;

4. Post-processing of the data, which results in the estimation of the unknown parameter.

Typically, the second step is the only one that cannot be controlled by the experimenter: the

parameter-dependent evolution of the probe is given by the interaction between the probe and the

investigated system and, ultimately, fixed by the laws of nature. On the other hand, the other three

steps can be controlled and optimized in order to increase the sensitivity of the estimation scheme.

In particular, the first step corresponds to finding a convenient initial state ρ0 of the probe that is

sensitive to the variations of ϕ; the third corresponds to choosing the decomposition of the sample

space of all the possible outcomes of the experiment – or equivalently, from a quantum mechanical

prospective, choosing a POVM – that well discriminates the final states ρϕ of the probe; the

fourth consists in choosing an estimator ϕ̃ to retrieve the unknown value of the parameter from

the outcome of the measurements. The first three steps of an estimation scheme – the choice of a

probe, the interaction with the system, and the measurement of the probe final state – ultimately

fix a probability Pϕ which governs the stochastic behaviour of the experiment. The probability Pϕ,

together with a (possibly) consistent and unbiased estimator ϕ̃, allow us to assess the uncertainty

δϕ̃ in the estimation of ϕ through the mean square error δϕ̃2 ≡ MSEϕ(ϕ̃) introduced in Eq. (1.21),

which coincides with the variance of ϕ̃ for an unbiased estimator.

1.3.1 Single-parameter estimation

An important result of classical estimation theory is the existence of a benchmark assessing the

efficacy of any unbiased estimator. In fact, given an experimental setup for the estimation of
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a parameter ϕ – i.e. fixed the first three steps of the estimation scheme – the variance of any

estimator ϕ̃ is bounded from below. This bound is called Cramér-Rao (CR) bound in honor of the

mathematicians who discovered it, although other authors have independently derived the same

bound [14–18]. We will now enunciate and prove the theorem following the more modern approach

carried out in Ref. [19]. We will suppose that all the random variables that will be considered are

absolutely continuous, with the premise that analogous considerations can be made for discrete

variables.

Theorem 1 (Single-parameter Cramér-Rao bound). Let (Ω,F ,Pϕ) be a probability space with Pϕ

measure of probability depending on the unknown parameter ϕ ∈ Φ, where Φ is the parameter space,

and F a σ-algebra of the sample space Ω. Let pϕ be the probability distribution of a sample X of

ν observations of a random variable X, which satisfies the following regularity conditions:

1) The support S = {x : pϕ(x) > 0,x ∈ Rν} of pϕ does not depend on ϕ;

2) The derivative
∂

∂ϕ
log pϕ(x) exists and is finite for x ∈ S and ϕ ∈ Φ;

3) For every statistic h(X) such that Eϕ[h(X)] < +∞ for every ϕ ∈ Φ, the operations of

derivation with respect to ϕ and integration are interchangeable when evaluating Eϕ[h(X)],

namely
∂

∂ϕ

∫
dxh(x)pϕ(x) =

∫
dxh(x)

∂

∂ϕ
pϕ(x) (1.30)

Let T (X) be a statistic such that Varϕ[T (X)] < +∞ for every ϕ ∈ Φ, and set ψ(ϕ) := Eϕ[T (X)].

If the quantity

Fν(ϕ) := Eϕ

[(
∂

∂ϕ
log pϕ(X)

)2
]

(1.31)

satisfies 0 < Fν(ϕ) < +∞, then

Varϕ[T (X)] ≥ ψ′(ϕ)2

Fν(ϕ)
(1.32)

Proof. Since condition 3) is satisfied for h(X) = 1, and pϕ(x) is normalized, we have

0 =

∫
S

dx
∂

∂ϕ
pϕ(x) =

∫
S

dx

(
∂

∂ϕ
log pϕ(x)

)
pϕ(x) = Eϕ

[
∂

∂ϕ
log pϕ(X)

]
. (1.33)

Exploiting again condition 3), we can relate the derivative of ψ(ϕ) with the following covariance

(see Eq. (1.15))

ψ′(ϕ) =

∫
S

T (x)
∂

∂ϕ
pϕ(x) =

∫
S

T (x)

(
∂

∂ϕ
log pϕ(x)

)
pϕ(x)

= Covϕ

[
T (X),

∂

∂ϕ
log pϕ(X)

]
. (1.34)

Moreover, due to Eq. (1.33) and the definition of variance in Eq. (1.14), we also have

Varϕ

[
∂

∂ϕ
log pϕ(X)

]
= Eϕ

[(
∂

∂ϕ
log pϕ(X)

)2
]
. (1.35)
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Using the Cauchy-Schwarz inequality3 in Eq. (1.34), we obtain

ψ′(ϕ)2 ≤ Varϕ[T (X)]Eϕ

[(
∂

∂ϕ
log pϕ(X)

)2
]

(1.36)

which proves Eq. (1.32).

We now make some comments concerning the result of Theorem 1. If the statistic T (X) ≡ ϕ̃

is an unbiased estimator of ϕ, namely if E[T (X)] ≡ ψ(ϕ) = ϕ, the CR bound becomes

Varϕ[ϕ̃] ≥ 1

Fν(ϕ)
. (1.37)

The quantity Fν(ϕ) in Eq. (1.31) is the Fisher information (FI) in the sample X of size ν. Since

the random variables in the sample X are independent and identically distributed, we can rewrite

Fν(ϕ) = Eϕ

[(
∂

∂ϕ
log pϕ(X)

)2
]

= ν Eϕ

[(
∂

∂ϕ
log pϕ(X)

)2
]

= ν F(ϕ), (1.38)

where, with a slight abuse of notation, we have denoted with pϕ(x) the distribution of X. The

quantity

F(ϕ) = Eϕ

[(
∂

∂ϕ
log pϕ(X)

)2
]

(1.39)

is the FI in the variable X. Eq. (1.38) shows that the FI is additive, and it expectedly grows with

the size of the sample X. From this point forward, we will mostly write the CR bound in terms

of the FI F(ϕ) in the random variable X

Varϕ[ϕ̃] ≥ 1

νF(ϕ)
, (1.40)

and we will refer to F(ϕ) as the FI of the estimation setup. We notice from Eq. (1.39) that the

FI ultimately only depends on the distribution pϕ(x) of the random variable X we measure, and

its expression is relatively simple to evaluate for well-behaved pϕ(x). Nevertheless, if we had no

guarantee that the inequality in Eq. (1.40) could actually be saturated by an estimator, the Cramér-

Rao bound would just be an elegant constraint with no real applications. In Section 1.3.4 we will

discuss how the maximum-likelihood estimator (MLE) saturates the CR bound in Eq. (1.40), in

the asymptotic limit of large samples ν → +∞. We will say that an estimator whose uncertainty

saturates the CR bound is efficient, while if it saturates the bound only in the limit of large ν, it

is said to be asymptotically efficient.

3It is easy to show that E[AB], with A and B random variables, is a scalar product. In fact, it satisfies the

requirement of linearity, symmetry and positive definiteness. Thus, the inequality E[AB]2 ≤ Var[A]Var[B] is true

for every couples of random variables A and B.
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1.3.2 Multiple-parameter estimation

It is possible to generalise the CR bound in Eq. (1.40) for the case of the estimation of multiple

parameters. Here, we will only state the inequality without proving it. The first demonstrations

of the bound can be found in the original works of Cramér [18], Rao [17], Frechet [15], while a

more modern approach can be found in refs. [20, 21]. Let ϕ = (ϕ1, . . . , ϕp) ∈ Φ be a vector

of unknown parameters, and pϕ(x) the probability distribution of a sample X of ν observations

of a random variable X. Let T (X) be a l-dimensional (column) vector of statistics such that

Varϕ[Ti(X)] < +∞ for i = 1, . . . , l, and let ψ(ϕ) = Eϕ[T (X)]. If similar regularity conditions to

the ones presented in Theorem 1 are satisfied, so that Eϕ[ ∂∂ϕ log pϕ(X)] = 0, then

Covϕ[T (X)] ≡ Eϕ[(T (X)−ψ(ϕ))(T (X)−ψ(ϕ))T] ≥ HFν(ϕ)−1HT, (1.41)

where

Hij =

(
∂ψ(ϕ)

∂ϕT

)
ij

=
∂ψi(ϕ)

∂ϕj
, i = 1, . . . , l, j = 1, . . . , p (1.42)

is the l × p Jacobian matrix of ψ(ϕ), and

Fν(ϕ) = Eϕ

[(
∂

∂ϕ
log pϕ(X)

)(
∂

∂ϕT
log pϕ(X)

)]
(1.43)

is called the Fisher information matrix (FIM) in the sample X. The matrix inequality used in the

expression (1.41) must be interpreted so that, given two matrices A and B, A ≥ B means that

A− B is positive semi-definite. Once again, we can see from Eq. (1.43) that the FIM is additive,

so that Fν(ϕ) = νF(ϕ), with

F(ϕ) = Eϕ

[(
∂

∂ϕ
log pϕ(X)

)(
∂

∂ϕT
log pϕ(X)

)]
(1.44)

being the FIM in the variable X. For the particular case in which the statistics T (X) ≡ ϕ̃ are

unbiased estimators of ϕ, namely Eϕ[T (X)] ≡ ψ(ϕ) = ϕ, then the Jacobian G = 1p reduces to

the identity matrix, and the multi-parameter CR bound in Eq. (1.41) becomes

Covϕ[ϕ̃] ≥ 1

ν
F(ϕ)−1 (1.45)

From the matrix inequality (1.45), it is possible to extract scalar inequalities on the variances of the

estimators ϕ̃. In fact, introducing the p-dimensional unit vectors ei, i = 1, . . . , p, of the canonical

basis of Rp, we have from Eq. (1.45)

eT
i

(
Covϕ[ϕ̃]− 1

ν
F(ϕ)−1

)
ei ≡ Varϕ[ϕ̃i]−

1

ν

(
F(ϕ)−1

)
ii
≥ 0, (1.46)

which is a collection of p scalar inequalities, involving the uncertainties of the estimators ϕ̃, each

formally similar to the single-parameter CR bound in Eq. (1.40).

As a last remark, we notice from Eq. (1.46) that the lower bound for the variance of the

estimator ϕ̃i is not given by (F(ϕ)ii)
−1, i.e. by the reciprocal of the diagonal element of the FIM,

but instead it is given by the diagonal element of the inverse matrix F(ϕ)−1. In fact, a bound given
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by (F(ϕ)ii)
−1 would be too optimistic for the estimation of the parameter ϕi in a multi-parameter

setting4: instead, it coincides with the CR bound obtained in a single-parameter scenario, where

all the parameters ϕ are known with the exception of ϕi, in which case the FIM reduces to a single

element, i.e. F(ϕ)ii (See Ref. [22] for a in-depth geometric approach to the problem).

1.3.3 Singular Fisher information matrix

Our last observation on the multi-parameter CR bound regards singular Fisher information matri-

ces. It is evident that, for singular F(ϕ), neither the inequality (1.41) nor (1.45) are well defined,

since F(ϕ) is not invertible. It is indeed possible to generalise the multi-parameter CR bounds,

substituting the inverse of F(ϕ) with the Moore-Penrose pseudo-inverse5 F(ϕ)+ [23], obtaining

Covϕ[T (X)] ≥ 1

ν
HF(ϕ)+HT, (1.47)

with H given by Eq. (1.42). Nevertheless, a singular FIM is symptomatic of the presence of

statistics T (X) with divergent covariances. Although inequality (1.47) is mathematically correct,

it conceals the fact that certain parameters, or functions of parameters, may not possess unbiased

estimators with finite variance. It can be shown that a condition that must be satisfied by the

Jacobian H in Eq. (1.42) in order for ψ(ϕ) = Eϕ[T (X)] to admit estimators with finite variance

is [21]

H = HF(ϕ)F(ϕ)+, (1.48)

which is identically satisfied if F(ϕ) is invertible (i.e. if F(ϕ)+ = F(ϕ)−1), and instead is not

satisfied for H = 1p if F(ϕ) is singular, which means that in such case it is impossible to find a

set of unbiased estimators of ψ(ϕ) ≡ ϕ with finite variances. An alternative condition, equivalent

to Eq. (1.48), can be obtained through the eigendecomposition of F(ϕ). Let V = (v1, . . . ,vp) be

the orthogonal matrix composed of the (column) eigenvectors vi of F(ϕ), i = 1, . . . , p, so that

F(ϕ) = V DV T, (1.49)

with D diagonal matrix. Since F(ϕ) is singular, at least a diagonal entry of D is zero. Let

us suppose that the first h < p diagonal elements of D are non vanishing, namely that D =

diag(f1, . . . , fh, 0, . . . , 0). Thus, the pseudoinverse F(ϕ)+ admits the decomposition

F(ϕ)+ = V D′V T (1.50)

where D′ = diag(f−1
1 , . . . , f−1

h , 0, . . . , 0). We can now rewrite condition (1.48)

H = HVDD′V T ≡ HV PV T ≡ HPV , (1.51)

4If Eq. (1.41) holds, the FIM is a positive definite matrix. It is then possible to find a positive definite ma-

trix S so that S2 = F(ϕ). We can thus apply the Cauchy-Schwarz inequality to 1 = ((eTi S
−1) · (Se1))2 ≤

(eTi S
−2ei)(e

T
i S

2ei) = F(ϕ)ii(F(ϕ)−1)ii, hence we obtain (F(ϕ)ii)
−1 ≤ (F(ϕ)−1)ii.

5The Moore-Penrose pseudo-inverse A+ of a matrix A can be geometrically constructed as follows: we define

ker(A) the kernel, ran(A) the image and A|V the restriction on the subspace V of A. Then A+ is defined so that

A+|ran(A) = A−1|ker(A)⊥ , while A+|ran(A)⊥ = 0. For an invertible matrix A, the image of A is the whole space,

hence A+ ≡ A−1.
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where P = diag(1, . . . , 1, 0, . . . , 0) is the projector onto the subspace spanned by the first h vectors

of the canonical basis of Rp, and PV is thus the projector over the subspace spanned by (v1, . . . ,vh),

i.e. PV is the projector over the space orthogonal to the kernel of F(ϕ). A further manipulation

of Eq. (1.51) leads to

0 = HV (1p − P )V T ≡ HP0, (1.52)

where P0 is the projector over the kernel of F(ϕ). If we multiply Eq. (1.52) with a vector of the

kernel of F(ϕ), e.g.

0 = HP0vi = Hvi, i = h+ 1, . . . , p, (1.53)

we see that it also belongs to the kernel of H. Thus, condition (1.52) tells us that ψ(ϕ) admits

unbiased estimators with finite variance if the kernel of H includes the kernel of F(ϕ). Since, for a

given vector u, Hu = 0 if and only if u is orthogonal to each row of H, Eq. (1.52) can be restated

as a condition on the rows of H (i.e. the gradients of ψ(ϕ) as we can see from the definition in

Eq. (1.42)) which must be orthogonal to the kernel of F(ϕ). This means that, for statistics T (X)

with finite variances, the rows of H can be written as linear combinations of the vectors vT
1 , . . . ,v

T
h

∂

∂ϕT
ψj(ϕ) =

h∑
i=1

gijv
T
i . (1.54)

For example, if vi for i = 1, . . . , h are independent of ϕ, a differentiable function of the form

ψ(ϕ) = w(v1 ·ϕ, . . . ,vh ·ϕ) (1.55)

satisfies condition (1.54), and thus allows an unbiased estimator ψ̃ with finite variance. The CR

bound for such estimator can be obtained from Eq. (1.47), and it reads

Varϕ[ψ̃] ≥ 1

ν

(
h∑
i=1

∂iw v
T
i

)
F(ϕ)+

 h∑
j=1

∂jw vj


=

1

ν

h∑
i,j=1

∂iw ∂jw

fi
δij

=
1

ν

h∑
i=1

(∂iw)2

fi
, (1.56)

where we denote with ∂iw the derivative of w(·) with respect of the i-th argument. We notice that

the inequality (1.56) is similar to the single-parameter CR bound in Eq. (1.32), with the difference

that the bound is now composed of several contributions, one for each non-zero eigenvalue of F(ϕ).

1.3.4 Saturability of the Cramér-Rao bound

Previously, we have introduced several lower bounds on the uncertainty in the estimation of a set

of p parameters ϕ. The FI F(ϕ), or its matrix counterpart for the multi-parameter case, can be

thought as the amount of information on the parameter that it is possible to extract for a given

estimation setup regardless of the data analysis we perform on the outcome x of the measurements,
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i.e. regardless of the estimator ϕ̃(X) of the parameter ϕ employed. For this reason, the FI is often

considered the quantity of interest to assess the performance of an estimation scheme: the larger

F(ϕ), the more precise the estimation.

Another reason which makes the FI analyses even more practical is that the classical CR bounds

are always asymptotically saturable: it is always possible to find, at least in the regime of a large

samples, a set of estimators whose covariances are equal to the CR bounds shown in the previous

section. In particular, the MLEs ϕ̃MLE introduced in Sec. 1.2.1 are viable asymptotically efficient

estimators. While there may be other efficient estimators specific for each given estimation scheme,

the vast applicability and the general scope of the MLE make this estimator of fundamental im-

portance in metrological problems. In fact, if some non-restrictive regularity conditions on the

probability distribution pϕ are satisfied, essentially allowing to exchange the symbols of derivative

with the expectation value and preventing the presence of divergences, then the Likelihood Equa-

tion (1.29) admits with probability approaching 1 for ν → +∞ a consistent solution ϕ̃ν which is

asymptotically normal and efficient [18, 19]. In particular, the distribution of the random vari-

able (νF(ϕ)−1)ϕ̃ν tends to a Gaussian distribution with zero average and unitary variance, where

F(ϕ) is the Fisher information matrix in Eq. (1.44). In other words, provided that the probability

distribution from which the sample X of size ν is regular enough, the MLE always exists in the

regime of large samples ν → +∞ and, in this regime, it is efficient and Gaussian.

1.3.5 Quantum Cramér-Rao bounds

The CR bounds previously presented represent the lowest uncertainty theoretically possible in the

estimation of a set of parameters once the probability distribution Pϕ that we are able to observe in

the experiment is fixed, namely after the steps from 1 to 3 in Fig. 1.1 have been chosen. Therefore,

for the estimation of a single parameter ϕ, the bounds reported previously represent, once it is

proven that they can be saturated, the lowest level of uncertainty δϕC achievable by any estimator

ϕ̃ that can be conceived for the chosen probe, ϕ-dependent evolution, and measurement, namely

δϕC = inf
ϕ̃
δϕ̃ (1.57)

However, the minimization in Eq. (1.57) is performed for a fixed probability Pϕ, and can in principle

be outperformed with a different measurement setup. One of the most important results, which

lies at the foundations of quantum metrology, is that it is possible to perform the minimization

of the uncertainty δϕ̃ over all the estimators and over all the possible classical and quantum

measurements [24–27]. This is equivalent to find the best possible precision achievable once only

step 1 and 2 of the estimation scheme in Fig. 1.1 are fixed. In quantum mechanics, measurements

can be described by POVMs {Πi}i∈I , as discussed at the end of Section 1.1, where Πi are positive

operators which sum to the identity. This further minimization hence runs over all the possible

estimators and POVMs, and the uncertainty δϕQ found in this way is in general smaller than or

equal to the CR bound

δϕQ = inf
{Πi},ϕ̃

δϕ̃ ≤ inf
ϕ̃
δϕ̃ = δϕC. (1.58)
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This ultimate bound δϕQ is called quantum Cramér-Rao (QCR) bound. We will now obtain the

QCR bound for the estimation of a single parameter and generalise it without proof to the multiple

parameter scenario, while addressing the saturability of such bounds.

Let ρ̂ϕ be the state of the probe after the interaction encoding the information on the unknown

parameter ϕ. We first introduce the Symmetric Logarithmic Derivative (SLD), which is defined as

the Hermitian operator L̂ϕ satisfying

∂ρ̂ϕ
∂ϕ

=
L̂ϕρ̂ϕ + ρ̂ϕL̂ϕ

2
. (1.59)

Recasting the probability distribution pϕ(x) in Theorem 1 through the corresponding POVM

{Πx}x∈S , with S support of pϕ(x), via pϕ(x) = Tr
[
Π̂xρϕ

]
, we can then write the FI in Eq. (1.39)

in terms of the SLD

F(ϕ) =

∫
S

dx
Re
[
Tr
[
ρ̂ϕΠ̂xL̂ϕ

]]2
Tr
[
ρ̂ϕΠ̂x

] , (1.60)

where we exploited the definition (1.59) and the relation ∂
∂ϕpϕ(x) = Re

[
Tr
[
ρ̂ϕΠ̂xL̂ϕ

]]
. In order

to find the QCR bound, we need to maximise the FI in Eq. (1.60) over all the possible POVMs

{Π̂x}. This can be done with the chain of inequalities

F(ϕ) ≤
∫
S

dx

∣∣∣∣∣∣∣∣
Tr
[
ρ̂ϕΠ̂xL̂ϕ

]
√

Tr
[
ρ̂ϕΠ̂x

]
∣∣∣∣∣∣∣∣
2

=

∫
S

dx

∣∣∣∣∣∣∣∣Tr


√
ρ̂ϕ
√

Π̂x√
Tr
[
ρ̂ϕΠ̂x

]√Π̂xL̂ϕ
√
ρ̂ϕ


∣∣∣∣∣∣∣∣
2

≤
∫
S

dx Tr
[
Π̂xL̂ϕρ̂ϕL̂ϕ

]
= Tr

[
ρ̂ϕL̂

2
ϕ

]
, (1.61)

where we exploited the inequality f(x) ≤ |f(x)| in the first line, the positivity of the density matrix

and of the elements of the POVM to exploit the property Â =
√
Â
√
Â for any positive operator A

in the second line, the Cauchy-Schwarz inequality |Tr[Â†B̂]|2 ≤ Tr[Â†Â] Tr[B̂†B̂] in the third line,

and the normalization
∫

dx Π̂x = 1̂ of the POVMs in the last step. We notice that the right-hand

side in Eq. (1.61) is independent of {Π̂x}, hence it maximise the FI over all the POVMs. We thus

define the SLD Quantum Fisher information (QFI) H(ϕ) as the upper bound for the FI found in

Eq. (1.61)

F(ϕ) ≤ H(ϕ) := Tr
[
ρ̂ϕL̂

2
ϕ

]
, (1.62)

and the single-parameter CR bound (1.32) can be improved into the single-parameter SLD QCR

bound

Varϕ[T (X)] ≥ ψ′(ϕ)2

νH(ϕ)
, (1.63)
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with Eϕ[T (X)] = ψ(ϕ), which specialises to

Varϕ[ϕ̃] ≥ 1

νH(ϕ)
, (1.64)

for unbiased estimators ϕ̃, such that Eϕ[ϕ̃] = ϕ.

It can be easily shown that the inequality in Eq. (1.62) can always be saturated: let us consider

as POVM {Π̂i}i∈I the set of projectors over the eigenspaces of the L̂ϕ, so that we can write the

spectral decomposition (with a discrete notation)

L̂ϕ =
∑
i∈I

LiΠ̂i, (1.65)

with Li ∈ R eigenvalues of the SLD. With this choice of POVM, we can rewrite the FI in Eq. (1.60)

F(ϕ) =
∑
i∈I

Re
[∑

j∈I Lj Tr
[
ρ̂ϕΠ̂iΠ̂j

]]2
Tr
[
ρ̂ϕΠ̂i

]
=
∑
i∈I

(
Li Tr

[
ρ̂ϕΠ̂i

])2

Tr
[
ρ̂ϕΠ̂i

]
=
∑
i∈I

L2
i Tr

[
ρ̂ϕΠ̂i

]
= Tr

[
ρ̂ϕL̂

2
ϕ

]
≡ H(ϕ), (1.66)

which coincides with the SLD QFI and saturates the inequality (1.62). This means that, at least

in the single parameter scenario, it is always possible to saturate the SLD QCR bound (1.63) by

choosing a measurement which projects on the eigenspaces of the SLD, and to find an (asymptot-

ically) efficient estimator, such as the MLE (see Sec. 1.2.1).

The form of the SLD in Eq. (1.59), and thus the form of the QFI in Eq. (1.62), simplify in

certain physical scenarios. In fact, for pure states of the probes ρ̂ϕ = |ψϕ〉〈ψϕ|, since ρ̂2
ϕ = ρ̂ϕ, we

can rewrite ∂ρ̂ϕ/∂ϕ = ∂ρ̂2
ϕ/∂ϕ, and from Eq. (1.59) we obtain

L̂ϕ = 2
∂ρ̂ϕ
∂ϕ

. (1.67)

Moreover, if the evolution Ûϕ which imprints the value of the parameter ϕ into the probe ρ̂0 is

unitary, it is in general possible to define a self-adjoint operator

Ĝϕ := iÛ†ϕ
dÛϕ
dϕ

, (1.68)

which locally ‘generates’ the evolution Ûϕ for every value of ϕ. We will call Ĝϕ the (generally ϕ-

dependent) generator of the unitary evolution. If the generator does not depend on the parameter,

so that Ĝϕ ≡ Ĝ, it is possible to easily integrate Eq. (1.68), obtaining the exponential form of the
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unitary evolution Ûϕ = exp(−iϕĜ), and Ûϕ and Ĝϕ trivially commute. We will call the unitary

evolutions of the form

Ûϕ = exp(−iϕĜ) (1.69)

a ‘generalised phase-shift ’: since the eigenstates and the eigenvalues of the generator Ĝ do not

depend on ϕ, the action of the unitary operator Ûϕ on each eigenstate simply translates into a

phase of magnitude proportional to ϕ.

For evolutions given by generalised phase-shift Ûϕ = exp(−iϕĜ) and pure states |ψ0〉 of the

probes, we can write the derivative d
dϕ Ûϕ |ψ0〉 = −iĜÛϕ |ψ0〉. It thus follows from Eq. (1.67) that

L̂ϕ = −2i[Ĝ, ρ̂ϕ] , and ultimately, recalling the definition of the QFI in Eq. (1.62),

H(ϕ) = −4 Tr
[
|ψϕ〉〈ψϕ| [Ĝ, |ψϕ〉〈ψϕ|]

2
]

= −4 〈ψϕ|
(
−Ĝ2 + Ĝ |ψϕ〉〈ψϕ| Ĝ

)
|ψϕ〉

= 4
(
〈Ĝ2〉ϕ − 〈Ĝ〉

2
ϕ

)
≡ 4Var[Ĝ], (1.70)

where we denote with Var[Â] the variance 〈ψ0|Â2|ψ0〉 − 〈ψ0|Â|ψ0〉2 of the operator Â over the

initial state |ψ0〉6.

In the scenario of multiple unknown parameters, the degree of complexity of the quantum

estimation problem considerably increases. A direct generalization of the SLD QFI in Eq. (1.62)

to the case of p parameters ϕ can be obtained introducing p SLD operators L̂ϕ defined by

∂ρ̂ϕ
∂ϕ

=
1

2
(L̂ϕρ̂ϕ + ρ̂ϕL̂ϕ). (1.71)

It can be proved that the FIM in the inequality (1.41) can be substituted with its quantum

counterpart [25, 28, 29]

H(ϕ) = Tr
[
ρ̂ϕSym

[
L̂ϕL̂

T

ϕ

]]
, (1.72)

where Sym[A] ≡ (A + AT)/2 is the symmetric part of the matrix A, and the CRB in Eq. (1.41)

can be improved to

Covϕ[T (X)] ≥ 1

ν
HH(ϕ)−1H−1, (1.73)

where H is the usual Jacobian defined in Eq. (1.42) of the map ψ(ϕ) = Eϕ[T (X)]. Although

this generalization is fairly straightforward, it comes with a downside: the existence of a POVM

{Π̂i}i∈I which generates a F(ϕ) equal to the SLD QFI in Eq. (1.72) is not guaranteed. In fact, it

can be shown that such POVM exists only if the expectation values on the state of the probe of the

SLD operators L̂ϕ are vanishing and, in such case, the POVM is given by the set of projectors over

the eigenspaces of L̂ϕ [29, 30]. Different quantum bounds for the sensitivity of multi-parameter

estimation scheme have been studied in literature: the Right Logarithmic Derivative QCR bound

employs a slightly modified derivative operator L̂
′
ϕ to evaluate ∂ρ̂ϕ/∂ϕ [25, 29], while the Holevo

Cramér-Rao bound [31, 32] is a weaker version of the SLD CR bound which presents the advantage

6Notice that the last step in Eq. (1.70) is made possible due to the commutativity between Ĝ and Ûϕ =

exp(−iϕĜ), so that the expectation values of Ĝ and its powers do not depend on ϕ, namely 〈ψϕ|Ĝk|ψϕ〉 =

〈ψ0|Û†ϕĜkÛϕ|ψ0〉 = 〈ψ0|Ĝk|ψ0〉
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to be always saturable if the state of the probe is pure [29]. However, the SLD QCR bound is

still widely used as a quantum benchmark of the performance of an estimation scheme, especially

in those cases where we want to asses the efficiency of a measurement setup – i.e. a POVM –

comparing the FI to its quantum counterpart.



Chapter 2

Elements of Quantum Optics

In this chapter, we will briefly retrace the steps for the quantization of the free electromagnetic field,

in order to introduce a particular family of states of light, the Gaussian states, particularly useful

from a metrological perspective. We will then categorize the pure Gaussian states, and describe

their evolution through Gaussian unitaries, namely the family of unitary operators preserving the

Gaussian nature of optic states.

2.1 Quantization of the electromagnetic field

The quantization of the electromagnetic field is the foundation of modern quantum optics, allowing

(also) to describe and analyse quantum multi-photon systems. Often called ‘second’ quantization,

the ‘first’ being the description of the microscopic world through wave-functions, it is thus explained

and discussed with different degrees of deepness in a large number of works in literature [33–39].

In this section, we will retrace the salient steps of the quantization of the free electromagnetic

field in vacuum, following the approach of Mandel and Wolf [33], which will provide the reader

of the fundamental tools to approach the study of quantum optics – tools extensively employed

throughout the whole manuscript.

In empty space, the electromagnetic field is fully described by the transverse vector potential

A(r, t) through the relations

E(r, t) = − ∂

∂t
A(r, t)

B(r, t) = ∇×A(r, t)

(2.1)

at every point of space r and time t, valid in the Coulomb gauge

∇ ·A(r, t) = 0, (2.2)

and in the natural units system c = 1 = ~. Its propagation is given by the Maxwell equations,

which are equivalent in this gauge to the homogeneous wave equation

∇2A(r, t) = ∂2
tA(r, t), (2.3)

34
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The classical solution to the wave Eq. (2.3) can be conveniently expressed through the Fourier

decomposition of A(r, t) with respect of the spacial variables r = (x, y, z) and, in a cube of size L

with periodic boundary conditions, it is given by

A(r, t) =
∑
k,s

1√
2ωL3

aksεkse
i(k·r−ωt) + c.c., (2.4)

where k runs over all the possible angular wavenumbers compatible with the boundaries conditions,

i.e. ki = 2πni/L with ni ∈ Z and i = 1, 2, 3, Eq. (2.3) imposes the “on-shell” condition ω = |k|,
εks are the polarization vectors for s = 1, 2 which satisfy k · εks = 0 due to the gauge condition

(2.2), and aks are the Fourier coefficient of the decomposition. The classical Hamiltonian of the

electromagnetic field

H =
1

2

∫
L3

d3r
(
E2(r, t) +B2(r, t)

)
(2.5)

can thus be easily evaluated employing Eqs. (2.1) [33]

H =
∑
k,s

ω|aks|2 ≡
1

2

∑
ks

[
p2
ks(t) + ω2x2

ks(t)
]
, (2.6)

where the two real canonical variables

xks(t) ≡
1√
2ω

(akse
−iωt + a∗kse

iωt),

pks(t) ≡ −i

√
ω

2
(akse

−iωt − a∗kseiωt)

(2.7)

are defined with the purpose to explicitly recognise the Hamiltonian (2.6) as the energy of a system

of independent harmonic oscillators, one for each mode (k, s) of the electromagnetic field.

In quantum mechanics, dynamical variables are associated with operators acting on a Hilbert

space which do not necessarily commute with each others. For instance this is the case of the

operators associated with the components of the angular momentum, or with canonically conju-

gate variables, whose commutator is postulated to be non-vanishing. To “quantize” the classical

electromagnetic field then, the canonical variables xks(t) and pks(t) are promoted to Hilbert-space

operators x̂ks(t) and p̂ks(t) acting on a Hilbert space called Fock space, and the following commu-

tation relations are imposed

[x̂ks(t), p̂k′s′(t))] = iδ3
kk′δss′ Î ,

[x̂ks(t), x̂k′s′(t))] = 0,

[p̂ks(t), p̂k′s′(t))] = 0,

(2.8)

where Î is the identity operator on the Fock space and δ3
kk′ = δk1k′1δk2k′2δk3k′3 . As a consequence,

the harmonic oscillators appearing in the Hamiltonian (2.6) become quantum harmonic oscillators,

and thus their energy spectra quantized. To see this, it is convenient to introduce the annihilation

and creation operators âks and â†ks, obtained by promoting the coefficients aks and a∗ks to operators,
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which satisfy the commutation relations[
âks, â

†
k′s′

]
= δ3

kk′δss′ Î ,[
âks, âk′s′

]
= 0,[

â†ks, â
†
k′s′

]
= 0,

(2.9)

as a direct consequence of the definitions (2.7) and the canonical commutation relations (2.8).

Then, we define the number operators n̂ks = â†ksâks, so that the quantum counterpart of the

classical Hamiltonian in (2.6) becomes (up to a constant but divergent term1)

Ĥ =
∑
k,s

ωâ†ksâks =
∑
ks

ωn̂ks, (2.10)

namely a sum of independent hermitian operators, whose spectra can be readily found to be discrete

and bounded from below, whence the description of the electromagnetic field through its quanta,

i.e. the photons, comes to light. The lowest eigenvalue of n̂ks is zero, and the corresponding

eigenstate represents the absence of photons with momentum k and polarization s. Moreover,

it is easy to see that the creation and annihilation operators â†ks and âks, when acting on any

eigenstate |nks〉 of the number operator n̂ks corresponding to the eigenvalue nks, respectively

create and destroy a photon with impulse k and polarization s, so that

â†ks |nks〉 =
√
nks + 1 |nks + 1〉

âks |nks〉 =
√
nks |nks − 1〉 ,

(2.11)

with the state |0ks〉 being noticeably the only eigenstate of the number operator n̂ks such that

âks |0ks〉 = 0.

Due to their property of adding or subtracting photons from quantum states of the free electro-

magnetic field, the creations and annihilation operator can be employed to express every possible

quantum state of the free field. In particular, every state with a fixed number of photons in each

mode – also called Fock state – can be obtained applying the correct number of creation operators

to the vacuum state |vac〉, i.e. the state with zero photons in each mode. Since creation and

annihilation operators associated with different modes of the electromagnetic field commute, it

is not relevant in what order the creation operators are applied, fact that reflects the symmetry

for exchange of particles proper of bosonic fields. Moreover, the set of all the states with a fixed

number of photons in each mode is a basis – usually called occupation-number basis – of the whole

set of quantum states, i.e. the Fock space. Although in the previous derivation the modes are

indexed through the momentum and the polarization (k, s) of the electromagnetic field in a cubic

1The presence of this divergence is due to the zero point energies for each quantum oscillator, which generate

an unbounded ground energy of Ĥ when the set of wavenumbers k is of infinite cardinality. Several approaches

can be undertaken to solve this physical discrepancy (e.g. assuming that only the energy differences are actually

observable, or appealing to the correspondence principle and admitting that classical and quantum Hamiltonian

need to agree only in the high-energy regime, when the constant zero point energy is negligible with respect to the

energy of a highly excited field), whose effect is to ultimately cancel the constant term.
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box, it is always possible to define different sets of modes (e.g. spatial modes for each channel of

an interferometer) depending on what properties of the electromagnetic field are distinguishable

in the problem at hand, with the only requirement that the commutation relations (2.9) are still

verified with the new set of indices.

2.2 Phase-space formalism

As it is clear from the free Hamiltonian (2.10), the electromagnetic field can be thought as a col-

lection of quantum harmonic oscillators. The presence of pairs of canonically conjugated variables

(2.7), namely the position and momentum of each of these harmonic oscillators, suggests the pos-

sibility of a simple description of the electromagnetic field through the phase-space formalism [38,

40–42]. In this section, we will introduce the fundamental concepts from this formalism, which

will allow us to define properties that characterise the states of the electromagnetic field mostly

considered in this manuscript.

Let us consider a finite set of M modes for the electromagnetic field, and define the creation

and annihilation operators, â† and â respectively, which satisfy the commutation relations[
âi, â

†
j

]
= δij Î ,[

âi, âj

]
= 0[

â†i , â
†
j

]
= 0

i, j = 1, . . . ,M, (2.12)

as well as the position- and momentum-like hermitian operators

x̂i =
1√
2

(âi + â†i ), p̂i =
1

i
√

2
(âi − â†i ), (2.13)

which accordingly satisfy the canonical commutation relations

[x̂i, p̂j ] = iδij Î

[x̂i, x̂j ] = 0

[p̂i, p̂j ] = 0

i, j = 1, . . . ,M, (2.14)

with i, j = 1, . . . ,M and Î being the identity operator on the Fock space. No specific conno-

tation is assumed on these M modes apart from their orthogonality, which might be spacial (e.g.

representing each a different channel of an interferometer), polarization, frequency modes, or any

combination of these. It is possible to express the commutation relation in a more compact way if

we define the 2M -vector ẑ = (x̂1, . . . , x̂M , p̂1, . . . , p̂M )T, so that

[ẑa, ẑb] = iΩabÎ , a, b = 1, . . . , 2M, (2.15)

where Ω is the orthogonal and symplectic matrix

Ω =

(
0M 1M

−1M 0M

)
, (2.16)
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where 0M and 1M are the M ×M zeros and identity matrices respectively. Since the operators

ẑ are hermitian, they describe physical observables and thus can be measured, although the non-

vanishing commutators (2.14) prevent a simultaneous measurement of all 2M observables. Given

a bosonic state described by the density matrix ρ̂, it is then possible to define the displacement or

expectation value d and the covariance matrix Γ associated with the observables ẑ

di = 〈ẑ〉ρ , (2.17a)

Γij =
1

2
〈ẑiẑj + ẑj ẑi〉ρ − 〈ẑi〉ρ 〈ẑj〉ρ , (2.17b)

where we denote with 〈·〉ρ ≡ Tr[ρ̂ ·] the expectation value on the quantum state ρ̂. The commu-

tation relations (2.14) impose the constraint on the covariance matrix [43]

Γ +
i

2
Ω ≥ 0, (2.18)

where A ≥ 0 means that the matrix A is positive semi-definite. This constraint can be regarded

as an uncertainty principle between the 2M canonical variables, and the well-known Heisenberg

relation between position and momentum

∆x̂i∆p̂i ≥
1

2
i = 1, . . . ,M (2.19)

can be easily obtained2. A meaningful example that will also serve as useful comparison with more

complex quantum states is the vacuum state |vac〉, of which we can easily evaluate the displace-

ment dvac = 0 and the covariance matrix Γvac = 12M/2 by applying the respective definitions in

Eqs. (2.17). Despite the absence of photons, and hence the average values of the electromagnetic

field modes being zero, the vacuum possess intrinsic fluctuations of the quadratures ẑ, usually

referred as vacuum noise or vacuum shot-noise. Noticeably, these fluctuations are reduced to

the quantum limit, i.e. the fluctuations of the vacuum state saturate the Heisenberg uncertainty

inequality (2.19).

2.2.1 The Wigner function

The quantities in Eqs. (2.17) are respectively the first two statistical moments of the quantum state

ρ̂. Indeed, it is possible to represent any quantum state in terms of a quasiprobability distribution

and its moments. To do so, we first introduce the (unitary) Weyl operator

D̂(ξ) = eiẑTΩξ, (2.20)

with ξ ∈ R2M . We can now define the Wigner characteristic function associated with the quantum

state ρ̂

χ(ξ) = Tr
[
ρ̂ D̂(ξ)

]
, (2.21)

2Due to its positive semi-definiteness, each diagonal block of Γ + iΩ/2 is positive semi-definite. In particular,

the determinant of matrix
[
(Γjk + iΩjk/2)

]
j=i,i+M
k=i,i+M

is non-negative.
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and then the Wigner function, through the Fourier transform

W (z) =
1

(2π)2M

∫
R2M

d2Mξ e−izTΩξχ(ξ), (2.22)

where the variables z ∈ R2M span the real symplectic space, with symplectic form Ω, called

phase space. The Wigner function (2.22) is a quasiprobability distribution: although it is correctly

normalized to 1, it is generally nonpositive, and thus it is impossible to interpret it as a classical

probability distribution. Nonetheless, it possesses handy properties [37]: its marginals involving

at most one symplectic variable per mode coincide with the probability distributions associated

with the respective quadrature operators; moreover it can be readily employed to evaluate the

expectation values of the symmetrically ordered form of any function of âi and â†i in a classical

fashion; as a consequence, since the mean value d and the covariance matrix Γ in (2.17a) and (2.17b)

are expectation values of symmetrically ordered operators – we can easily see that x̂ip̂i + p̂ix̂i ≡
−i(â2

i − â†2i )/2 – these are also the first two moments of the Wigner distribution.

2.3 Gaussian states

A particularly notable class of field states is the Gaussian family, namely quantum states whose

Wigner distribution W (z) and its characteristic function χ(ξ) are Gaussian

WG(z) =
1√

(2π)2M det[Γ]
exp

(
−1

2
(z − d)TΓ−1(z − d)

)
(2.23)

Within this family, all quantum states are uniquely characterised by their first two moments d

and Γ. Moreover, the Wigner distribution in Eq. (2.23) is non-negative, and hence it is a proper

probability distribution. Noticeably, the vacuum state |vac〉 falls into this category of states, and it

is the only Gaussian state which also is eigenstate of any number operator n̂i = â†i âi, i = 1, . . . ,M :

in fact, we can readily evaluate the characteristic Wigner function for the vacuum state from

Eq. (2.21) and show that it is indeed Gaussian. To do that, it is useful to rewrite the Weyl

operator in terms of the annihilation and creation operators (usually called displacement operator

in this form) as

D̂(ξ) ≡ D̂(β) = eβ·â
†−β∗·â = eβ·â

†
e−β

∗·âe−
β†·β

2 = e−β
∗·âeβ·â

†
e
β†·β

2 , (2.24)

with βi = (ξi + iξM+i)/
√

2, for i = 1, . . . ,M , as shown in Appendix A. Finally, we can easily see

that exp(β∗i âi) |vac〉 = |vac〉, we can now evaluate the characteristic function

χvac(ξ) ≡ 〈vac|D̂(ξ)|vac〉 = e−
β†·β

2 = e−
ξT·ξ

4 (2.25)

and hence the Wigner distribution

Wvac(z) =
1

(2π)2M

∫
R2M

d2Mξ e−izTΩξe−
ξT·ξ

4 =
1

πM
e−z

T·z, (2.26)

in accordance with the displacement dvac = 0 and covariance matrix Γvac = 12M/2 for the vacuum

state which have been evaluated through their definition in Eqs. (2.17a) and (2.17b). Finally, in
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Fig. 2.1: Wigner distributions and corresponding (non-normalized) marginals of single-mode pure

Gaussian states, categorised according to their displacement and squeezing: (a) Vacuum state; (b)

Coherent state; (c) Squeezed-vacuum state; (d) Squeezed-coherent state
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view of considering Gaussian states for metrological purposes, it is useful to evaluate the average

number of photons Ntot in a generic Gaussian state, which coincides with the amount of resources

employed in a Gaussian probe to perform the estimation of a given unknown parameter. To do so,

we can rewrite each number operators n̂i = â†i âi in a symmetrically ordered manner and in terms

of the quadrature operator x̂i and p̂i, namely n̂i = (x̂2
i + p̂2

i −1)/2, so that it is possible to evaluate

its expectation value through the Wigner distribution in a classical way

〈n̂i〉 =

∫
R2M

d2Mz
x2
i + p2

i − 1

2
WG(z) =

1

2
(Γii + d2

i + Γi+M i+M + d2
i+m − 1), (2.27)

so that the total number of photons Ntot is given by

Ntot =

M∑
i=1

〈n̂i〉 =
1

2

(
Tr

[
Γ− 12M

2

]
+ dT · d

)
. (2.28)

Interestingly, we notice that not only the displacement d – i.e. the mean value of the electro-

magnetic field – is a source of photons: also the difference of the quadratures variances from the

vacuum fluctuations, namely the diagonal terms of Γ−12M/2, contribute to the total count of the

photons.

In the following, we will introduce a common characterization of pure Gaussian states, obtained

employing a special family of unitary operators that preserve the Gaussian nature of the states,

usually called Gaussian unitary transformations. All Gaussian unitaries are generated via Û =

exp (−iθĤ) with Ĥ Hermitian operator which are second order polynomials in the creation and

annihilation operators â† and â.

2.3.1 Coherent states

The first type of Gaussian states we introduce are the coherent states |α〉, which are obtained apply-

ing the displacement operator (2.24) on the vacuum state, namely |α〉 = D̂(α) |vac〉. These states

are characterised by non-vanishing displacement d, with αi = (di + i dM+i)/
√

2, i = 1, . . . ,M , and

covariance matrix equal to Γ = 12M/2. In other words, a coherent state is a state of the electro-

magnetic field with a non-vanishing average field, but with noise reduced to vacuum fluctuations.

To show this, we first show in Appendix A that the action of the displacement operator (2.24) on

the creation and annihilation operators â† and â is a rigid translation, namely

D̂(α)†â†D̂(α) = â† +α∗,

D̂(α)†âD̂(α) = â+α.
(2.29)

Employing these relations, we can now evaluate the characteristic function χc(ξ) of a coherent

state |α〉
χc(ξ) = 〈α|D̂(ξ)|α〉 = e−

ξT·ξ
4 eidTΩξ. (2.30)

Finally the Wigner distribution

Wc(z) =
1

(2π)2M

∫
R2M

d2Mξ e−i(z−d)TΩξe−
ξT·ξ

4 =
1

πM
e−(z−d)T·(z−d), (2.31)
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which is Gaussian, with covariance matrix Γ = 12M/2 and displacement d, with αi = (di +

i dM+i)/
√

2, as expected. Coherent states are not eigenstates of the number operators n̂, but can

easily be expanded in the number operators basis [44]

|α〉 = e−
|α|2

2

M⊗
i=1

( ∞∑
ni=0

αnii√
ni!
|ni〉

)
, (2.32)

from which we can infer the multinomial Poissonian photon-number statistic

P(n) = e−|α|
2 ∏

i

|αi|2ni
ni!

(2.33)

with Poisson parameters |αi|2, i = 1, . . . ,M . This is in agreement with the expression found in

Eq. (2.28) for the average number of photons in a Gaussian state Ntot = (dT · d)/2 = |α|2.

2.3.2 Single-mode squeezed states

The unitary transformations generated by a Hermitian operator of the type H = âT · â+ h.c. are

called one-mode squeezing operators. Differently from the displacement operators, their generators

contain the squares of the creation and annihilation operators. The quantum state |r〉 = Ŝ(r) |vac〉
obtained applying the single-mode squeezing

Ŝ(r) = e
1
2r·(â†2−â2) (2.34)

on the vacuum state are called single-mode squeezed vacuum states, where we denoted in a compact

way â2 ≡ (â2
1, . . . , â

2
M ) and equivalently for â†2, and r ∈ RM are called squeezing parameters.

These states are characterized by zero displacement and a squeezed covariance matrix, compared

to the vacuum: although the variances products (∆xi∆pi)
2, i = 1, . . . ,M , of each pair of conjugate

quadratures still saturate the Heisenberg uncertainty inequality (2.19), and thus are reduced to

the quantum limit, one quadrature for each pair has a smaller variance than the vacuum noise, at

the expenses of a larger noise on the respective conjugate quadrature. To show this, once again

we evaluate in Appendix A how the squeezing operator Ŝ(r) acts on the creation and annihilation

operators, with similar steps to the ones performed for the displacement operator in Eq. (2.29)

Ŝ(r)†â†Ŝ(r) = cosh r · â† + sinh r · â
Ŝ(r)†âŜ(r) = cosh r · â+ sinh r · â†.

(2.35)

Adding together Eqs. (2.35), we explicit the action of the squeezing operator on the quadrature

fields

Ŝ(r)†ẑŜ(r) = exp(R)ẑ, (2.36)

where R = diag(r,−r) is a 2M × 2M diagonal matrix whose elements on the diagonal are the M

squeezing parameters r followed by −r. From the relation (2.36) it is straightforward to obtain

the characteristic function

χs(ξ) = 〈r|D̂(ξ)|r〉 = e−
(Ωξ)T exp(2R)(Ωξ)

4 = e−
ξT exp(−2R)ξ

4 , (2.37)
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and ultimately the Wigner distribution

Ws(z) =
1

(2π)2M

∫
R2M

d2Mξ e−izTΩξe−
ξT exp(−2R)ξ

4 =
1

πM
e−z

T exp(−2R)z, (2.38)

which is Gaussian, with zero displacement and covariance matrix

Γ =
1

2
exp(2R). (2.39)

With this notation, to a positive squeezing parameter ri, it corresponds a reduced variance as-

sociated with the quadrature p̂i, i.e. Γi+M i+M = e−2ri/2, and a larger variance associated with

the conjugate quadrature x̂i, i.e. Γii = e2ri/2, while the roles are inverted for ri < 0, with

i = 1, . . . ,M . In either cases, their product still saturates the Heisenberg uncertainty relation

(2.19). From Eq. (2.28), we find the average number of photons in each mode 〈n̂i〉 = sinh2 ri,

the only contribution to this quantity being the squeezed covariance matrix. Now it is possible

to express the dependence of the quadrature variances Γii and Γi+M i+M on the mean number of

photons ni = 〈n̂i〉 = sinh2 ri of the i-th mode, assuming ri > 0

Γii =
1

2
e2ri =

2ni + 1 + 2
√
ni(ni + 1)

2
= 2ni +O(1), (2.40a)

Γi+M i+M =
1

2
e−2ri =

2ni + 1− 2
√
ni(ni + 1)

2
=

1

2ni
+O(n−2

i ), (2.40b)

where, given two functions f(n) and g(n) of a common variable n, we say that f(n) = O(g(n))

iff lim supn→∞ |f(n)/g(n)| < ∞, namely that f(n) is, in the large n regime, at most of the same

order of g(n). We notice from Eq. (2.40b) that not only the squeezed noise is reduced compared

to the vacuum fluctuations, but also that it becomes smaller the higher the number of photons

in the squeezed state. This is the essential property that makes the squeezed states a powerful

metrological resource: differently from coherent states, for which a strong signal increases the

fluctuations of any measurements of the intensity of the state due to its Poissonian statistic, for a

squeezed state it is possible to have an high average number of photons and, at the same time, an

increasingly reduced variance, much smaller than the vacuum shot-noise, for one of the quadrature

fields. Also for this states, it is possible to express them in the number operator basis [44]

|r〉 =

M⊗
i=1

1√
cosh ri

∞∑
ni=1

√
(2ni)!

2ni ni!
(tanh ri)

ni |2ni〉 , (2.41)

and we notice that every squeezed vacuum state is a superposition of only states with even number

of photons, which reflects both the form of the generator of Ŝ(r) in Eq. (2.34), and the way these

states are generated in laboratory through degenerate spontaneous parametric down conversion

(SPDC) [36].

A squeezed state |α, r〉 = D̂(α)Ŝ(r) |vac〉 which also possess a non-vanishing displacement is

called squeezed coherent state. From Eq. (2.28), we see the total average number of photons for

this state is the sum of the two contributions coming from the squeezing and the displacement,

namely Ntot =
∑
i sinh2 ri + |αi|2. It is important to notice that the operators D̂(α) and Ŝ(r) do

not commute, thus in general |α, r〉 6= Ŝ(r)D̂(α) |vac〉.
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2.3.3 Linear and passive operators

For a given pair of optical modes, identified by the annihilation operators â = (â1, â2), the 2-

mode Gaussian unitaries Ûk = exp (−iĤk) generated by the Hermitian operators Ĥk given by

Ĥ1 ≡ −γ1(â†1â2 + â†2â1), Ĥ2 ≡ iγ2(â†1â2 − â†2â1), or Ĥ3 ≡ −γ3(â†1â1 − â†2â2), are said to be passive

and linear, meaning that they preserve the total number of photons and their action on the creation

and annihilation operators takes the form of 2× 2 unitary matrices Uk such that

Û†k â
†Ûk = Ukâ

†

Û†k âÛk = U∗k â
k = 1, 2, 3. (2.42)

Based on this definition, the (i, j) element of the unitary matrix Uk is the transition amplitude

of a single photon from the i-th to the j-th optical mode, with i, j = 1, 2. In Appendix A, we

see that the matrix representations Uk of these operators are given by Uk = exp(−iγkσk), where

σ = (σ1, σ2, σ3) are the Pauli matrices, or explicitly

U1 =

(
cos γ1 −i sin γ1

−i sin γ1 cos γ1

)
, U2 =

(
cos γ2 − sin γ2

sin γ2 cos γ2

)
, U3 =

(
e−iγ3 0

0 eiγ3

)
. (2.43)

In particular, if the two optical modes represent the two channels of a network, we see from

Eq. (2.43) that the passive and linear unitaries generated by Ĥ1 and Ĥ2 correspond to the action

of a beam-splitter, while the one generated by Ĥ3 corresponds to a relative phase between the

two modes. Interestingly, it follows that the set of all the passive and linear operations on a

two-modes system that are non-trivial (namely modulo a global phase) form the special unitary

SU(2) group, whose generators are the Pauli matrices. This allows for a simple and complete

mathematical description of this set of Gaussian unitaries in two-modes systems, that can be

represented as rotations, for this reason, it has been extensively studied in literature [45]. As an

example, a balanced beam-splitter can be obtained for γ1 = ±π/4, or alternatively γ2 = ±π/4
according to the phase acquired during the transmission or reflection, and hence it can be thought

as a π/4 rotation about the x or y axes respectively. Moreover, every M ×M unitary matrix

can always be decomposed in two-level unitary matrices [46], which means that every linear and

passive Gaussian unitary can be built up with only beam-splitters and phase-shifts. For a generic

unitary and passive transformation Û , acting on an arbitrary number M of optical modes, the

transformations in Eq. (2.42) generalise to

Û†â†Û = U â†

Û†âÛ = U∗â,
(2.44)

where U is a M ×M unitary matrix and â is now a vector of M annihilation operators. Lastly,

we can easily see from Eqs. (2.44) that to a subsequent action of two passive and linear networks

Û = Û2Û1, it corresponds the matrix representation U = U2U1, where U2 and U1 are the matrices

associated with Û2 and Û1 respectively.

To show how this family of Gaussian unitaries transforms the Wigner distribution of a Gaussian

state, we first obtain the action of such unitaries on the quadrature operators from Eq. (2.44)

Û†ẑÛ = Rẑ, (2.45)
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where R is a 2M × 2M symplectic and orthogonal matrix

R =

(
Re(U) − Im(U)

Im(U) Re(U)

)
, (2.46)

representing a rotation in the coordinates in phase space3. As we have seen for the previous Gaus-

sian unitaries, the action of the unitary on the quadratures operators reflects the transformation

of the phase space variables in the Wigner distribution. In fact, an initial state |ψ0〉 with Wigner

characteristic function χ0(ξ), defined in Eq. (2.21), and Wigner distribution W0(z), defined in

Eq. (2.22), transforms after a linear and passive operation Û into the state |ψ〉 = Û |ψ0〉, with

characteristic function

χ(ξ) = 〈ψ0|Û†eiẑTΩξÛ |ψ0〉 = 〈ψ0|eiẑTRTΩξ|ψ0〉 = χ0(RTξ), (2.47)

since RTΩ = ΩRT – i.e. R is a symplectic and orthogonal matrix – and with Wigner distribution

W (z) =
1

(2π)2M

∫
R2M

d2Mξ e−izTΩξχ0(RTξ) = W0(RTz). (2.48)

Thus, if the initial state |ψ0〉 is Gaussian with covariance matrix Γ0 and displacement d0, with

Wigner distribution of the type shown in Eq. (2.23), the state after the evolution |ψ〉 = Û |ψ0〉 is

thus described by the Wigner distribution

WG(z) =
1√

(2π)2M det[Γ0]
exp

(
−1

2
(RTz − d0)TΓ−1

0 (RTz − d0)

)
=

1√
(2π)2M det[Γ0]

exp

(
−1

2
(z −Rd0)TRΓ−1

0 RT(z −Rd0)

)
(2.49)

with covariance matrix Γ and displacement d given by

Γ = RΓ0R
T, d = Rd0, (2.50)

namely obtained rotating the initial covariance matrix and displacement through the same orthog-

onal matrix R in Eq. (2.46).

2.4 Homodyne measurements

In the previous section, we have seen how different Gaussian states possess the peculiar property

of a reduced variance in one of the quadratures, even below the vacuum shot-noise, at the expenses

of a larger variance on the conjugated variable. We have also seen that the larger the energy of the

squeezed light, namely the larger the average number of photons employed in squeezing the state,

the smaller is the noise in the squeezed quadrature. This makes this family of Gaussian states a

3Exploiting the definition (2.13), we have from Eq. (2.44) Û†x̂Û = 2−1/2(Û†âÛ + Û†â†Û) = 2−1/2(U∗â +

U â†) = Re(U)x̂+Im(U)p̂. Similar steps can be performed for Û†p̂Û = − Im(U)x̂+Re(U)p̂, obtaining the compact

expression in Eq. (2.45).
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∆

Fig. 2.2: Setup for balanced homodyne detection. The signal in the mode âs is mixed with the local

oscillator, namely a strong coherent state in the mode âlo. The difference of the photo-currents in

the two output modes â′1 and â′2 is proportional to the quadrature x̂θ of the signal, with θ phase

of the local oscillator.

perfect candidate for metrological protocols, in which the purpose is to estimate unknown physical

quantities with the smallest uncertainty possible and with a limited number of resources available.

But how to measure a quadrature field?

Balanced homodyne detection is a method designed to measure the quadratures of a field [47].

It consists in mixing the signal whose quadrature needs to be measured with a strong coherent state

|α〉, called local oscillator, through a balanced beam-splitter. The phase θ of the local oscillator

serves as a reference phase for the quadrature x̂θ that is going to be measured

x̂θ ≡ eiθâ†s âs x̂ e−iθâ†s âs =
1√
2

(e−iθâs + eiθâ†s) = cos θ x̂+ sin θ p̂, (2.51)

where âs is the optical mode of the signal. For this reason, we assume that the phase relation

between the signal and the local oscillator is constant: this can be easily obtained in experimental

setups, where ultimately both the fields are generated by the same source. After the optical-mode

mixing, the difference in the photocurrents in the two output channels is measured employing

photodetectors. We will show that this quantity is indeed proportional to the quadrature field x̂θ

with a hybrid quantum-classical analysis, following the steps presented in Ref. [48], whilst more

rigorous approaches to the theory describing homodyne detection can be found in Ref. [49].

The mix of the optical modes of the signal âs and the local oscillator âlo due to the balanced

beam splitter is described the unitary matrix (see Sec. 2.3.3)

U =
1√
2

(
1 −1

1 1

)
. (2.52)

In the Heisenberg picture, the photon-number operators n̂′1 = â′†1 â
′
1 and n̂′2 = â′†2 â

′
2 in each output

arm of the beam splitter after the mode mixing are related with the mode operators âs and âlo at
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the input through Eq. (2.44)

n̂′1 =
1

2
(â†s − â†lo)(âs − âlo) n̂′2 =

1

2
(â†s + â†lo)(âs + âlo). (2.53)

Since the local oscillator field is much stronger than the signal, we assume that its quantum

fluctuations are negligible, so that we can substitute the mode operator âlo with the displacement

α = |α|eiθ of the coherent state, accordingly to Bohr’s correspondence principle. The difference in

the photocurrents measured after the mode mixing is thus given by

n̂′2 − n̂′1 = (â†sα+ âsα
∗) = |α|(â†seiθ + âse

−iθ) =
√

2 |α|x̂θ, (2.54)

which is proportional to the quadrature field x̂θ in Eq. (2.51). Noticeably, since both the output

photocurrents are proportional to the strength of the local oscillator, the two photodetectors do

not need to resolve the number of photons, instead they only measure a classical photocurrent.

We have already discussed how the marginals of the Wigner distribution yield the probability

distribution of the corresponding quadrature amplitude. It is also possible to obtain the statistic

of the quadrature x̂θ shown in Eq. (2.51) for an arbitrary phase reference θ. More in general, given

a system with M optical modes, it is always possible to obtain the joint M -variate probability dis-

tribution p(x;θ) associated with the measurement of M quadrature fields x̂θ = (x̂1,θ1 , . . . , x̂M,θM )

through the Wigner distribution W (z) of a state |ψ〉. To do so, we can first apply the reference

phases θ on each mode through the passive and linear operator Û(θ) =
∏M
i=1 exp

(
−iθiâ

†
i âi

)
acting

on |ψ〉. The action of Û(θ) on the optical modes is given by Eq. (2.44), with the unitary matrix

U(θ) = diag(exp(−iθ1), . . . , exp(−iθM )), while the Wigner distribution is transformed through

Eq. (2.48), with R ≡ R(θ) given by

R(θ) =

(
cos(Θ) sin(Θ)

− sin(Θ) cos(Θ)

)
, (2.55)

where Θ = diag(θ). Lastly, to obtain the probability distribution p(x;θ), it suffices to marginalise

the transformed Wigner distribution W (R(θ)Tz), i.e. tracing away the last M variables p =

(zM+1, . . . , z2M ) of z,

p(x;θ) =

∫
dMpW (R(θ)Tz). (2.56)

In particular, if the state |ψ〉 is a Gaussian state with displacement d and covariance matrix Γ, the

probability distribution p(x;θ) is itself Gaussian

p(x;θ) =
1√

(2π)M det[Σ]
exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
, (2.57)

obtained as marginal of the Gaussian Wigner distribution WG(z) in Eq. (2.49) for R = R(θ), i.e.

with mean µ given by the first M components of R(θ)d, and covariance matrix Σ given by the

first M rows and columns of R(θ)ΓR(θ)T.



Chapter 3

Background in Quantum

Metrology

In this chapter we will inspect the more physical facet of estimation theory, establishing a link be-

tween the ultimate precision achievable for a given estimation scheme and the number of resources

employed to perform it. We will introduce a limit in the precision that can be only achieved through

quantum estimation strategies, briefly reviewing the different approaches present in literature that

manage to attain it. We will see how Gaussian states are suitable candidate for metrological pro-

tocols, outlining their features and drawbacks which still need to be resolved. Finally, we will

conclude reviewing recent advances in estimation schemes involving one of the most archetypal

interferometers in optics: the quantum interference of two photons impinging on a balanced beam

splitter.

3.1 Heisenberg scaling

When estimating a physical property as parameter ϕ encoded in a system, it is typical to pursue

the smallest uncertainty possible on the value of the estimate. In Sec. 1.3 we have introduced some

benchmarks for the precision of a given estimation scheme, namely the Cramér-Rao (CR) and

the Quantum Cramér-Rao (QCR) bounds. The Fisher information (FI), the Fisher Information

Matrix (FIM), or their quantum counterparts QFI and QFIM, play a central role in these bounds,

representing the amount of information that can be extracted with a given estimation scheme.

An important property of the FI F(ϕ), and of all its analogue versions, is its additivity, made

evident in Eq. (1.38): if F(ϕ) is the FI associated to a single measure, when we repeat the measure

independently ν times, the overall Fν(ϕ) is νF(ϕ). The uncertainty δϕ̃ =
√

Varϕ[ϕ̃] from Eq. (1.40)

of a given estimator ϕ̃ goes to zero for large ν, and in particular it scales with ν−1/2. This scaling

order of δϕ̃ with the number ν of independent measurements, or equivalently of the copies of the

probe employed to perform the estimation, is typical for classical estimation protocols. Naturally,

if we were able to employ an infinite number of probes, or if we could iterate the measurement

48
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an infinite number of times, we would be able to reduce the uncertainty to zero. On the other

hand, most of the times this approach is impracticable, if not impossible. Even assuming that we

are able to perform a large enough number of iterations of the measurement, employing numerous

copies of the probe for a long period of time, a prolonged interaction with the probes can tamper

the integrity of the sample: it can change the sample properties, causing a slow drift in time of

the value of the unknown parameter, or in some extreme scenarios, for high-energy probes or long

enough exposures, it can damage or even destroy the sample.

It is thus evident, especially in those cases where the number of probes at our disposal is large

but restricted for experimental (e.g. due to limitations imposed by the nature of the physical

sample) or financial (e.g. finite ‘budget’ of resources, such as energy and time) reasons, that the

limit alone of δϕ̃ for ν → +∞ cannot be the figure of merit for the efficacy of metrological schemes.

Instead, for practical purposes, the ‘rate’ – i.e. the order – at which the uncertainty δϕ̃ tends to

zero for growing ν is more indicative of a given estimation performance. This corresponds, in

a CR bound analysis, to study the degree of the Fisher information Fν(ϕ) in Eq. (1.32) as a

polynomial of ν or, more in general, of the number of resources employed. The additivity of the FI

shown in Eq. (1.38) already tells us about an important classical benchmark for the scaling of the

precision with the number of probes: when the estimation procedure consists of ν iterations of the

measurement on ν independent and identical probes, the FI of the whole estimation is of order of

ν, yielding a scaling of ν−1/2 for the uncertainty δϕ̃, in agreement with the central limit theorem.

In quantum mechanical terms, this is the best scaling that can be obtained when employing a state

of ν separable probes, namely that can be achieved when all the sources of experimental noise are

removed, leaving only the fundamental noise given by quantum uncertainty relations. For this

reason, the scaling of the FI with the number of probes is usually called Standard Quantum Limit

(SQL), in the sense that it reaches the fundamental limit imposed by quantum mechanics for a

separable state of ν probes.

In interferometry, or more in general in the context of electrical or optical measurements, the

SQL coincides with the uncertainty arising from the quantum fluctuations of a signal, originated

by the randomised emission times of the electrons and photons. These fluctuations, also called

shot noise or Poisson noise, are modelled by Poisson processes, and thus are proportional to
√
N ,

where N is the number of quanta in the beam, which in turns are proportional to the (photo-)

current intensity I ∝ N . For example, we can imagine that the intensity of the beam I = ϕI0

is proportional to a parameter ϕ we are interested to measure (as it is customary in schemes for

the estimation of the transmittivity of a sample). We can consider as estimator of ϕ the quantity

ϕ̃ = I/I0, where I can be thought as random variable with variance Var[I] ∝ N , while I0 ∝ N is

known. A straightforward calculation yields a variance of the estimator ϕ̃ proportional to N−1,

namely Var[ϕ̃] ∝ N/I2
0 ∝ 1/N , which coincides with the SQL scaling when we identify each

quantum as a probe for the estimation

δϕ̃ ≡ δϕSQL ∝
1√
N
. (3.1)

For this reason, for the rest of the manuscript, we will be using interchangeably the nomenclatures

“standard quantum limit” and “shot-noise limit” (SNL).
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On the other hand, limits are limits until they are broken, and the SQL does not make ex-

ceptions. In the early works by Caves [50] and Bondurant and Shapiro [51], it has been shown

that it is possible to overcome the SQL employing coherent squeezed states of light, introduced in

Sec. 2.3.2. In particular, it was shown in Ref. [51] that the uncertainty δϕ̃ in the estimation of a

relative phase ϕ can reach a faster scaling in the mean number of photons N than the one given

by the SQL in Eq. (3.1)

δϕ̃ = δϕHL ∝
1

N
, (3.2)

with an improvement of N−1/2 in the scaling. The scaling of the uncertainty in Eq. (3.2) is often

referred to as the Heisenberg scaling [52], because of the traditional heuristic argument which

relates it with the Heisenberg uncertainty principle [53]: being the phase ϕ and the number of

photons N canonically conjugated variables [54], their uncertainties must satisfy the Heisenberg

inequality1

δϕ δN ≥ 1, (3.3)

but, intuitively, the uncertainty δN cannot scale larger than the average number of photons N

in the state because of energy constraints, hence the scaling (3.2). Moreover, despite it has been

conjectured for years [53, 56–58], only recently it has been shown that this scaling is the ultimate

limit in the precision for the estimation of a phase [59], hence justifying the name of “Heisenberg

limit” (HL) with which it is typically referred.

Since these initial works, much effort has been put by the scientific community to conceive

quantum estimation schemes able to overcome the classical scaling of the SQL and achieve the

more efficient HL, giving birth to a new field of research called quantum metrology (See refs. [28,

52, 60, 61], and refs. [62–67] for more recent reviews, and refs. therein). The greatest common

factor among all protocols reaching the HL is the presence of a high degree of correlation among the

probes undergoing the parameter-dependent evolution: whether caused by entanglement [68–77],

squeezed noise [30, 45, 50, 51, 78–89], or other means [65], quantum-correlated probes appear to

be the ubiquitous, necessary (but not sufficient) ingredient in the recipe for the HL. While we will

discuss more in depth about squeezing-based protocols in the next section, we conclude the present

one briefly describing the operating principles of a typical entanglement-based estimation scheme

(see Fig. 3.1), highlighting its advantages and drawbacks [71].

Let us consider a unitary evolution Ûϕ = exp (−iϕĜ) encoding into a probe with pure state |ψ0〉
the value of the unknown parameter ϕ. These scenarios are generally referred to as phase-estimation

problems, since the unknown parameter ϕ is the magnitude of a unitary rotation generated by the

ϕ-independent Hermitian operator Ĝ, i.e. the generator of the evolution Ûϕ (see also discussion

around Eq. (1.69)). Phase-estimation protocols are extensively studied in literature [56, 68, 70,

71, 79, 84], since they provide a mathematical model with a wide range of applications – e.g.

estimation of field phases, optical lengths and delays, coefficients of refraction or density – which

is also relatively easy to analyse, and which yields simple analytical solutions. From Eq. (1.70)

we see that the QFI associated with the estimation of ϕ for a given initial state of the probe |ψ0〉
1Although intuitive, this argument ignores the elusive problem of defining a quantum phase operator, problem

that only later in time has been rigorously treated [55]
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Fig. 3.1: Entanglement-based quantum metrological scheme presented in Ref. [71]. A number of

probes, generated by the sources S, and entangled by a global unitary transformation, experiences

a generalised phase-shift of magnitude ϕ (see discussion around Eq. (1.69)). Then, local measure-

ments are performed on each probe. Heisenberg-limited precision in the estimation of ϕ is reached

when the probe is in the entangled state shown in Eq. (3.4).

is given by the variance of the generator Ĝ over the state |ψ0〉. If a single probe is employed in

the estimation, the maximum value for the QFI H1(ϕ) = (gmax − gmin)2 is obtained for the state

|ψ0〉 ≡ |ψC〉 = (|gmin〉+|gmax〉)/
√

2, where |gmax〉 and |gmin〉 are the eigenstates of Ĝ with maximum

and minimum eigenvalue gmax and gmin respectively. Due to the additivity of the QFI [61], if the

state |ψ0〉 is composed of N separable copies of the same probe |ψ0〉 ≡ |ψC〉⊗N , the QFI becomes

H(ϕ) = NH1(ϕ), reaching the SQL as expected [71]. If instead we are able to entangle the N

probes in the state |ψ0〉, each one evolving according to the unitary Û(ϕ), it becomes possible to

vastly increases the variance of the generator compared to the separable case: in fact, the evolution

of the whole entangled state is now Û(ϕ)⊗N , the overall generator becomes the direct sum of N

single-probe generators Ĝ, and the (entangled) state maximising its variance becomes

|ψ0〉 ≡ |ψQ〉 =
|gmax, gmax, . . . , gmax〉+ |gmin, gmin, . . . , gmin〉√

2
, (3.4)

for which the QFI

H(ϕ) = N2(gmax − gmin)2 = N2H1(ϕ) (3.5)

reaches the HL in the number of probes N [71]. The substantial difference between the classic

approach with N separable probes and the quantum approach with the evolution of N entangled

probes is that in the latter, allowing multiple probes to evolve simultaneously, we are essentially

increasing the size of the Hilbert space, which becomes the tensor product of N single-probe Hilbert

spaces, and the phase ϕ gets encoded in the probe N times in a single iteration. In fact, we can

notice how the sensitivity on ϕ reached in Eq. (3.5) can be equivalently reached with a single probe
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evolving N times through Ûϕ before being measured – hence replacing Ĝ with NĜ – without the

need of entanglement. This shows how the role of the entanglement in this setup is to ‘convert

spatial resources into temporal resources’, using Ref. [71] authors’ words: it allows us to reach the

same sensitivity with a parallelizable estimation strategy, requiring a shorter running time. It is also

important to notice that the quantum state in Eq. (3.4), which is the state of maximum sensitivity

for the estimation of ϕ, in general is not a maximally entangled state2, which supports the idea

that the link between entanglement and super-sensitivity is not straightforward [77, 91]. In other

words, not all the entanglement is metrologically useful. Nevertheless, the quantum correlations

between probes in an entangled state can be exploited in those scenarios where the quantity to be

estimated is a global property, or multiple non-commuting properties, of a network composed of

spatially distanced nodes [77, 92]

The scheme presented in Ref. [71] can be recast into an equivalent quantum optics estimation

protocol. Let us identify the N probes as N photons propagating in a two-channels network in

which, for example, the unknown parameter is a non-vanishing relative phase between the two

channels. In this case, the generator Ĝ of the evolution of each photon is Ĝ = â†1â1 − â†2â2, where

â†i and âi are the creation and annihilation operators for the i-th channel (see Sec. 2.3.3). The

eigenstates of Ĝ are the states with a defined number of photons in each channel, and for a fixed

total number of photons N , the eigenstate of the maximum (minimum) eigenvalue corresponds

to the state where all the photons are in the first (second) channel. The state in Eq. (3.4) thus

translates into

|ψ0〉 =
|N, 0〉+ |0, N〉√

2
(3.6)

yielding the same QFI as the one shown in Eq. (3.5). The state in Eq. (3.6) is usually called

N00N state, and it has been extensively studied for metrological purposes [70, 93]. On the other

hand, metrologically useful entanglement is hard to produce. To our knowledge, the ‘highest’

N00N state experimentally produced had N = 5 [94]. Moreover, entangled states are subjected

to decoherence, an irreversible process that destroys the entanglement, and inevitably ruins the

quantum advantage [95].

3.2 Squeezing metrology for phase estimation

Another most promising path towards the HL is the one enabled by squeezing. As discussed

in Sec. 2.2, squeezed states are particular Gaussian states characterised by a quadrature with

smaller fluctuations than the vacuum quadratures itself. This peculiar property, together with

the Gaussian nature of these states which makes them relatively easy to produce, resilient to

noise, and mathematically simple to manipulate [41, 96], makes these states evident candidates

for metrological purposes, so much so that the first HL-reaching estimation protocols proposed

employed squeezed states [50, 51].

2The Schmidt number of this state, often used as a measure of entanglement, is 2. According to this measure, the

Schmidt number of a maximally entangled state is equal to the dimension of the Hilbert space of each subsystem [90].
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The traditional approach with squeezed states in quantum metrology, initially proposed by

Caves [50], involves the use of a squeezed vacuum and a coherent state at the two input ports of a

Mach-Zehnder interferometer, whose two arms present an unknown relative phase ϕ [94, 97, 98].

It has been shown that photon-counting measurements at the output ports of the Mach-Zehnder

yield the HL in the estimation of ϕ, with a FI saturating the QCR bound (1.62) [80, 99]

F(ϕ) = |α|2e2r + sinh2 r ≡ ND(
√
NS + 1 +

√
NS)2 +NS, (3.7)

where α is the displacement of the coherent state and r the squeezing parameter of the squeezed

vacuum, so that |α|2 = ND and sinh2 r = NS are respectively the photons in the coherent and

squeezed state. We see that, in order to achieve the HL, both the resources in the displacement

and in the squeezing need to grow with the total number of photons N , i.e. it is required that

both ND = βN and NS = (1− β)N are proportional to N , with 0 < β < 1. Although this scheme

is optimal for the probe employed, in the sense that saturates the QCR bound [80, 99], detectors

able to resolve the number of photons with high fidelity appear still to be a distant goal [100].

For this reason, increasing attention has been put on the study of completely Gaussian esti-

mation protocols, namely employing homodyne detection concurrently with squeezed states, fully

exploiting in this way the continuous-variable nature of Gaussian states. The working principle

of these protocols is rather straightforward, and can be outlined as follows: the probe, a pure

squeezed state with a squeezed quadrature x̂γ0 = x̂ cos γ0 + p̂ sin γ0 along the phase γ0 – i.e. the

quadrature for which Var[x̂γ0
] = e−2r/2, with r > 0 squeezing parameter – undergoes a phase-

shift of unknown magnitude ϕ we are interested to measure. According to Eq. (2.45), after the

phase-shift the new squeezed quadrature becomes x̂γ0+ϕ and, to gain metrological advantage, we

need to measure a ‘sufficiently’ squeezed quadrature, namely a quadrature close to x̂γ0+ϕ. We

will highlight two major different approaches undertaken in literature, according to what type of

squeezed state is employed and, ultimately, to how the information about ϕ is encoded on and

then retrieved from the probe:

� for ‘displacement-encoding’ approaches [51, 78], the initial overall state possesses a non-

vanishing displacement α – i.e. a squeezed vacuum and a coherent state are injected into two

input ports of the network [51], or a squeezed coherent state is employed [78] – so that the

value of ϕ is encoded into the variation of the displacement, as shown in Eq. (2.50). This

approach presents the advantage that the unknown parameter ϕ can be retrieved through

the measurement of the displacement of the probe, namely the mean value of the signal

experimentally observed in a laboratory when performing homodyne detection. When the

squeezed quadrature x̂γ0+ϕ is measured, the CRB analysis of this scheme yields a FI of the

form [51, 84]

F(ϕ) ∝ |α|2e2r = ND(
√
NS + 1 +

√
NS)2. (3.8)

Notice that the QFI in Eq. (3.8) corresponds to the HL only when both the photons in

the squeezing NS and in the displacement ND grow with N = NS + ND, similarly to what

happens in the original photon counting strategy proposed in ref. [80]: the term achieving

the HL in both the FI in Eq. (3.7)-(3.8) are the same. Moreover, in order for this approach to



3.2. SQUEEZING METROLOGY FOR PHASE ESTIMATION 54

yield super-sensitivity, the complex phases of the displacement and squeezing must be chosen

so that the squeezed quadrature is sensitive to the presence of small phases, e.g. when it is

orthogonal to the displaced quadrature (i.e. for α, r > 0);

� in the ‘squeezing-encoding’ approach [79, 84, 101], all the resources are accumulated in the

squeezing of the probes, i.e. squeezed vacuum states, so that the information on ϕ is encoded

into the rotation of the covariance matrix, as shown in Eq. (2.50). This is the optimal

approach for squeezing-based estimation protocols in the sense that, for a fixed total average

number of photons N , the strategy that maximise the QFI is to concentrate all the photons

in the squeezing [79, 84]. Since the information on the parameter is encoded in the covariance

matrix of the probe, with this approach the estimation consists in retrieving the value of the

parameter from the modulation of the noise. The CRB analysis of this approach yields a FI

saturating the QCR inequality in Eq. (1.62) of the form

F(ϕ) = 2 sinh2 2r ≡ 8N(N + 1), (3.9)

when the noise of the quadrature x̂θ is measured, with θ = γ0 + ϕ± atan e2r[79]. Differently

from the displacement-encoding approach, in this case the average number ND = sinh2 r of

photons in the squeezing of the probe coincides with the total number of photons N .

Another interesting approach involves the use of an active component for the estimation of phases,

i.e. anti-squeezing the signal before the detection [45, 102–104]. In this approach, the goal is

generally to estimate the value of the unknown phase detecting whether the final state of the probe

is different from the one injected in the network, namely performing a projective measurement on

the initial state.

However, Gaussian estimation protocols still present some challenges. Adaptivity – i.e. the fact

that a scheme for the estimation of the parameter ϕ depends on ϕ itself – is known to be a typical

feature of ab initio Gaussian metrology [79, 83, 105–107], namely schemes for the estimation of a

parameter of which no prior information is known. Intuitively, the cause of the adaptivity stems

from the fact that the phase θ of the squeezed quadrature which needs to be measured to achieve

the HL depends on the phase acquired by the probe through the interferometric evolution and,

ultimately, on ϕ. Naturally, adaptivity represents an important experimental challenge which needs

to be overcome in applications to not incur in the need of iterative schemes which unavoidably

ruin the efficiency of the estimation. A common approach to avoid adaptivity is limiting the

range of values that the unknown parameter is allowed to take, for example requiring that ϕ is

small, a condition that is not unusual in a typical interferometric setup [82, 86, 88, 108]. In fact,

in the regime of small phases, the transformation the probe undergoes is small enough to make

the rotation of the squeezed quadrature negligible, which in turn remains practically unchanged.

Nevertheless, in some practical scenarios the experimenters have no control on the value of the

phase – e.g. the system under investigation is unreachable or cannot be manipulated – and in such

cases, this approach becomes inaccessible.

In Chapters 4-5 we will perform an analysis of schemes for the estimation of unknown parame-

ters which addresses the problem of the adaptivity of the protocols. In particular, we will quantify
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the minimum resolution required in tuning the phase of the local oscillator in order to achieve the

HL.

3.3 Beyond single-phase estimation

The estimation of a single phase is the necessary first step towards more complex experimental

situations. In the following, we will briefly review two different approaches to generalise the

estimation problems.

3.3.1 Multiple unknown parameters

The presence of a single unknown parameter is usually an abstraction which neglects the possi-

ble presence of nuisance-parameters, namely unknown properties of the system that we are not

interested in estimating, such as losses, noise and efficiencies of the components, which inevitably

decreases the precision of the estimation [109]. Furthermore, in some cases we may be interested

in the simultaneous estimation of multiple unknown parameters – e.g. a phase and the losses of a

channel, or the components of the angular momentum [29, 30, 63, 75]. In this case, the metrolog-

ical scene becomes relatively more complicated due to problems concerning the saturability of the

QCR bound, as already discussed in general terms in Sec. 1.3.5. In multi-parameter metrology,

one of the main arguments becomes whether it is possible to gain any (quantum) advantage in

the simultaneous estimation of such parameters, compared to a sequential strategy in which the

parameters are measured one at the time. Toward this direction, distributed quantum metrology

studies schemes in which we are interested in measuring a certain function or linear combination

of multiple parameters, each one locally affecting a node of the overall network [77, 82, 86, 87, 102,

108, 110]. In this framework, it has been shown that entangling the probes which interact with

the nodes of the networks can be beneficial for the overall precision, especially for non-commuting

parameters, sometimes achieving the HL in the number of nodes in the network [77, 82]. However,

Gaussian protocols for distributed quantum metrology found in literature typically require small

parameter to avoid incurring in the usual adaptivity complications [82, 86, 102, 108]. Moreover,

scarce is the number of works which focus on the study of schemes allowing estimation of non-linear

functions of phases [110], or functions of parameters which cannot be described as phases.

In Chapter 5 we propose a scheme for the estimation of functions of parameters – not necessarily

phases – which can be arbitrarily distributed in the network, with applications in field-gradients

or non-homogeneous field sensing, or non-linear functions interpolation. We will show that such

general scheme allows us to estimate linear or non-linear functions, while indicating how is it

possible to control the functional dependence of the quantity measured on the parameters, by

manipulating the structure of some auxiliary networks.

3.3.2 A global parameter distributed in the network

A different approach to distributed quantum metrology is the following: instead of considering a

network of nodes, each one affected locally by a different phase, and aiming to estimate a combina-
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tion of such phases, we can consider a network Ûϕ which depends on a single but global property ϕ

of the network that we want to estimate. For example, this unknown parameter can represent the

value of an external field, such as temperature or magnetic field, which affects multiple components

on the network. In this sense, the parameter ϕ is in general distributed among the components of

the network. Sensing of magnetic and electric fields, as well as sensing of temperatures through the

use of thermo-optic components, or imaging of multiple identical copies of a biological sample are

some examples of applications of this technology. This framework entails a further complication,

since in general the generator Ĝϕ in Eq. (1.68) of the unitary evolution depends on ϕ, and thus it

does not commute with Ûϕ. In other words, this is a more general approach than phase-estimation,

since the unitary evolution imprinting the value of the parameter ϕ on the probe cannot in general

be written as exp (−iϕĜ). Since in this approach the network is generally described as a black-box,

namely the structure of the network is not specified, the applicability of the results is universal –

i.e. guaranteed for any passive and unitary evolution of the probe – covering in this way experi-

mental situations rarely treated in literature. Moreover, the absence of a defined network structure

makes the results of the analysis of such models more abstract, and in this way general properties

of the precision of an estimation protocol can been found, such as the average performance of the

estimation over some set of local transformations [111], or the best possible Gaussian QFI for a

multi-channel network [83]. On the other hand, it appears that in such optimized metrological

networks, both the input Gaussian probe and the homodyne measurement which maximise the

QFI require auxiliary preparatory stages which depend on the unknown value of the parameter ϕ,

suggesting that an highly adaptive procedure is required, not only for the phase of the homodyne

local oscillator as customary, but also in engineering the multi-channel network that allows us to

reach the HL [83].

In Chapter 4 we will show that the adaptivity of the network can actually be highly reduced, if

not completely erased, while still achieving the HL. In particular, we will present two schemes for

the estimation of a single parameter generally distributed among several components of a network.

For the first, discussed in Sec. 4.1, we will show that the prior knowledge on the parameter required

to prepare the network is classical, i.e. can be obtain with a classical estimation strategy which

reaches the SQL scaling. This optimization can be performed by adding a single optimised auxiliary

stage, which depends on the classical knowledge on the parameter. In Sec. 4.2 we will also show

that, once the optimization has been performed, the typical sensitivity achieved by this estimation

scheme is essentially unaffected by further additional auxiliary stages, when the number of channels

of the network is large enough. In the second scheme, presented in Sec. 4.3, we will show that it

is possible to entirely remove the need of adapting the network, at the cost of employing multiple

homodyne detectors.

3.4 Quantum sensing based on two-photon interference

The interference pattern of two single photons impinging on the two faces of a balanced beam

splitter is one of the archetypal quantum optics phenomena that most highlights the bizarre –

from a classical point of view – behaviour of nature. Known since the second half of the 1980s,
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Fig. 3.2: Standard Hong-Ou-Mandel setup. Two identical single photons impinge on a balanced

beam splitter, generating an entangled state given by the coherent superposition of the two states

where the photons bunch in the same channel. Two on-off detectors never click simultaneously if

the photons are completely indistinguishable.

it is hard to attribute the authorship for the discovery of this phenomenon, since multiple works

describing the action of a beam splitter on single-photon states have been written simultaneously

by multiple authors [112–118]. However, it has become customary in literature to name this

phenomenon after Hong, Ou and Mandel (HOM), and for the rest of the manuscript we will abide

by this convention.

In order to introduce the HOM effect, we first consider the oversimplified scenario of two

photons being completely identical, namely exactly in the same optical mode (see Fig. 3.2). Let

us call âi and â†i the annihilation and creation operators associated with this optical mode, with

i = 1, 2 index denoting the two channels of a beam splitter (see Sec. 2.1). The state of the two

photons impinging on the two input ports of a beam splitter can thus be written as (see Sec. 2.1)

|ψ0〉 = â†1â
†
2 |vac〉 . (3.10)

The action of the balanced beam-splitter on |ψ0〉 can be evaluated exploiting the transformation

of the optical modes shown in Eq. (2.44), with a unitary matrix U representing the rotation of the

optical modes given by (See Sec. 2.3.3)

U =
1√
2

(
1 1

−1 1

)
. (3.11)

This matrix corresponds to the transformations â†1 → (â†1 − â†2)/
√

2, and â†2 → (â†1 + â†2)/
√

2. The

state |ψ〉 of the photons after the propagation through the beam-splitter is thus given by

|ψ〉 =
1

2
(â†1 − â†2)(â†1 + â†2) |vac〉 =

1

2
(â†21 +

0︷ ︸︸ ︷
â†1â
†
2 − â†2â†1−â†22 ) |vac〉 =

1

2
(â†21 − â†22 ) |vac〉 , (3.12)
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where the two contributions associated with the two photons coming out from different output

ports cancel out due to the commutation relation of bosonic fields in Eq. (2.12). We thus notice

that the final state |ψ〉 is a coherent superposition of two states given by the photons bunching in

the same output port of the beam-splitter3. This means that, if on-off detectors – i.e. detectors

which deliver a click whenever they detect one or more photons – are employed in this setup, and

the experiment is repeated multiple times, the two detectors will never click at the same time or,

in other words, no coincidence event is observed. Of course, this effect is highly non-classical: if

we replaced the photons with classical objects, we would observe on average as many coincidence

events as bunching events. This would also be the case for completely distinguishable photons at

the input, namely for an initial state |ψi〉 = â†1b̂
†
2 |vac〉 with â†i and b̂†i commuting creation operators,

since â†1b̂
†
2 6= b̂†1â

†
2. As it is customary in quantum mechanics [119], the indistinguishability between

the two photons, and thus our inability to tell which path has been undertaken by each photon,

causes non-classical interference to occur.

If the two photons are not completely undistinguishable, but a certain degree of distinguisha-

bility η exists, the rate of coincidences becomes non-vanishing and depends on η. This distin-

guishability can be given by a certain delay between the times of emission of the two photons, or

equivalently if there is a difference in the optical lengths of the paths leading to the beam-splitter,

or even by a different polarization. For example, if we let the time delay ∆t between the two

photons vary continuously from negative to positive values while monitoring the ratio between

coincidence and bouncing events, we obtain the well-known HOM dip, going to zero when there is

complete indistinguishability for ∆t = 0, and tending to 1/2 for large delays [113]. The shape and

the width of the dip depend on the line-shapes and coherence times of the photons respectively: the

larger the temporal overlap between the photons, the less distinguishable they become, reducing

the number of coincidence events observed. This makes it possible to exploit the HOM effect to

estimate with high-precision two-photons time delays [113, 120–122], or the state of polarization

of the photons [123].

Moreover, recent advances in the analysis of the minimum uncertainty achievable through HOM

interferometry by making use of the study and maximisation of the FI of the estimation [120–122],

have pushed the precisions in the estimation of time delays from the sub-picoseconds in the origi-

nal work by Hong, Ou and Mandel [113] up to the attoseconds regime [120], which corresponds to

the nanometre scale, thus making the measuring of cell membranes and DNA structures possible.

However, every HOM estimation scheme based on coincidence counting suffers from a common

limitation: in order for interference between the two photons to take place, and ultimately for the

coincidence count be sensible on the variations of the time delay, the two photons must overlap

in the temporal domain [120]. Instead, in the regime of coherence times much smaller than the

temporal delay – i.e. the region far from the dip – the two photons are almost completely distin-

guishable, and the coincidence count is essentially not sensitive to the variations of the parameter

∆t.

In addition to the CR bound analysis, a different approach that has been undertaken in litera-

3Coincidentally, the state |ψ〉 is a N00N state as shown in Eq. (3.6) for N = 2, and this is the only value of N

for which it is known how to experimentally create N00N states in a deterministic way.
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ture to enhance the precision of the HOM interferometry is introducing more advanced detectors.

In fact, employing detectors able to resolve the time of arrival of the photons [124–128], or their

frequencies [129–131], in general yields more information on the inner structure of the photons.

An interesting phenomenon that emerges when time- or frequency-resolving measurements are em-

ployed is the quantum beating: when two photons with different central frequency (emission times)

impinge on a beam-splitter and coincidence count is performed while resolving the difference in

time (frequency) at the detectors, the coincidence count oscillates with a periodicity proportional

to the frequency shift (time delay) of the two photons [124–133]. In particular, it has been shown

that quantum advantage in the estimation of the time delay between two entangled photons –

namely produced by spontaneous parametric down-conversion [134] – can be achieved for specific

values of time delays when time-resolving detectors are employed [128], although resolving times

of arrival on time-delayed photons does not yield the quantum beating. As expected, in the regime

of coherence times much smaller than the time delay between the photons, this approach reaches

the same precision of time-of-arrival measurements, since in this regime the two photons are com-

pletely distinguishable in the time domain. However, entangled states of photons are less robust

than separable states, and subjected to decoherence, and a question than naturally may arise is

whether entanglement is a necessary ingredient for such enhanced precision.

In Chapter 6, we will analyse the precision achievable with frequency-resolved HOM interfer-

ometry in the estimation of the time delay between two photons in a separable state. We will

see that resolving the frequencies restores the sensitivity of the two-photon interferometer to time

delays much larger than their temporal dispersion, a regime in which the standard HOM does not

yield any information due to the temporal distinguishability of the photons. This allows for the

sensing of nanostructures, such as cell membranes, DNA structures, and integrated chips, without

limitations imposed by the coherence time of the two photons. In this sense, observing the fre-

quency allows to erase the distinguishability in the domain conjugate to the frequency – i.e. the

time domain – enabling the interference between the two photons to take place. Moreover, being

in a separable state, the two photons can be produced independently by two separate sources in a

robust way.



Chapter 4

Distributed Quantum Metrology

We will now present some novel results in the field of distributed quantum metrology, for the

estimation at the HL of a single parameter ϕ, distributed throughout an arbitrary, multi-channel

passive and linear network Ûϕ (see Fig. 4.1). The parameter ϕ can be thought as a physical

property of an external field – such as the temperature of the environment, or the magnitude

of the electromagnetic field – which globally affects some or all the components of the network.

Examples of experimental applications of this model are the sensing of magnetic and electric fields,

or the sensing of temperatures through the use components whose optic properties are sensible to

variations of temperature (without losing the unitarity of the overall interferometric evolution), or

imaging of multiple identical copies of biological samples.

This chapter is organised in three major sections. In Sec. 4.1, we will present a squeezing-

encoding scheme achieving the HL employing a single squeezed vacuum and homodyne detection

at a single output channel [4]. We will assume that no prior knowledge on the value of ϕ is known,

and that the structure of the network Ûϕ, as well as the nature of the parameter ϕ, are completely

arbitrary. We will present the conditions that need to be satisfied in order to reach the HL in such

a generic model, and we will show that in general only a classical prior estimation of ϕ suffices

to prepare a single auxiliary linear network required to optimize the setup. These results show

that it is possible to conceive feasible two-steps estimation strategies, composed of a first classical

estimation of ϕ required to engineer the auxiliary stage, and then the actual quantum estimation.

In Sec. 4.2 we will show that, once an auxiliary network has been opportunely engineered, a second

auxiliary network can be employed to influence the precision of the estimation scheme through the

pre-factor multiplying the Heisenberg scaling [5]. We will also show that, for networks with a high

number of channels, this pre-factor typically takes values far from zero, which are concentrated

around its average value. Finally, in Sec. 4.3, we describe a different scheme achieving the HL,

which makes use of a single-mode squeezed-coherent state as a probe and homodyne detection in

every output port of the network Uϕ [1]. Once again, the model will assume no prior knowledge

on the parameter, nor on the structure of the network. We will see that, in this case, no auxiliary

stage is required to achieve the HL, so that the estimation can be carried out in a single step, at

the cost of employing a local oscillator for each homodyne detector. Moreover, we will show that,

60
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Fig. 4.1: Example of a passive and linear network Ûϕ which depends on a single global parameter

ϕ. The parameter can be thought as a physical property of an external agent (e.g. temperature,

electromagnetic field) which affects multiple components of the network. Differently from phase-

estimation approach described in Sec. 3.1, the presence of a global parameter generally results in a

generator Ĝϕ (see Eq. (1.68)) which depends on the value of the parameter, being thus unknown.

due to the introduction of non-vanishing displacement in the probe, the overall precision becomes

sum of two contribution, one deriving from the information on ϕ encoded in the sample mean of

the outcomes of the homodyne measurements, the other in the sample covariance matrix.

4.1 Quantum estimation based on single-homodyne mea-

surements

In this section we will describe a generic model of a M -channel linear network Ûϕ that allows to

reach the HL in the estimation of a parameter ϕ distributed arbitrarily in Ûϕ, regardless of the

structure of the network. Our model makes use of two auxiliary stages, namely two other linear

networks V̂in and V̂out, whose purposes are to distribute the probe, a single-mode squeezed vacuum

injected in the first channel, in all the optical modes of Ûϕ and then to refocus it in the only channel

observed through homodyne detection. We will show that only one of the two auxiliary networks

must be optimized, and although the optimal choice of such network depends on the value of ϕ,

the required precision for this optimization can be achieved with a classical estimation strategy.

This allow to conceive two-step estimation protocols, where a prior classical estimation to engineer

the optimal auxiliary stage is followed by the quantum HL-achieving estimation.
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Fig. 4.2: Schematic diagram of the setup described in Sec. 4.1.1. The squeezed vacuum state in

Eq. (4.1) is injected in the first channel of a network composed of a first auxiliary stage V̂in, a

network Ûϕ which depends on a generally distributed parameter ϕ we want to estimate, and a

second auxiliary stage V̂out, before being detected through homodyne measurements in the first

output port. The role of the two auxiliary stages V̂in and V̂out is to respectively distribute the

photons of the probe in all channels, and then to refocus them into the only observed channel.

We will show that only one auxiliary network needs to be optimized to reach the HL, while, for

networks with a large number of channels, the effect of the non-optimized network is typically

irrelevant on the overall precision of the estimation.

4.1.1 Setup

Let us consider a M -channel passive linear network, whose action on the state of the probe is

described by the unitary operator Ûϕ, ϕ being a single, generally distributed, unknown parameter

we are interested to estimate. Due to its passive and linear nature, this network can be represented

by a unitary matrix, as discussed in Sec. 2.3.3. Let then Uϕ be the M × M unitary matrix

representing the action of Ûϕ on the modes âi, i = 1, . . . ,M , as shown in Eq. (2.44). We will

consider a single-mode squeezed state

|ψ0〉 = |r〉 ≡ Ŝ(r) |vac〉 , r = (r, 0, . . . , 0), (4.1)

as a probe (see Sec. 2.3.2), with average number of photons N = sinh2 r, all injected in a single

channel of the apparatus, namely the first with the choice of squeezing parameters r in Eq. (4.1).

In other words, the state |ψ0〉 presents a non-vanishing number of photons only in the first mode.

As discussed in Sec. 3.2, the approach of squeezing-based estimation strategies is to infer the value

of ϕ from the transformation (2.50) of the covariance matrix Γ = diag(e2r, 1, . . . , e−2r, 1, . . . )/2. To

do so, we will consider the model where a single output channel, say the first, is measured through

homodyne detection. We will denote with θ the phase of the local oscillator, which coincides with

the phase of the quadrature x̂θ measured. We will assume that r > 0 without loss of generality.

We recall that, with this assumption, the squeezed quadrature of the state |ψ0〉 is p̂ ≡ x̂π/2 with

Var[x̂π/2] = e−2r/2.

Since the linear network Ûϕ is arbitrary, the average number of photons that can be actually

detected after the interferometric evolution ranges between 0 and N . Naturally, if this number were
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to be small, or far from N , we would expect a sub-optimal performance of the estimation scheme,

since most of the photons would come out the network Ûϕ from channels that are not observed,

and information on ϕ would in this way be lost. Moreover, it may happen that the transformation

that it imposes on the probe in the transition to the first output port is trivial, namely that the

element (Uϕ)11 of the transition amplitude matrix Uϕ does not depend on ϕ. This occurrence

would preclude the probe from acquiring any observable information on the parameter. In order

to prevent these conditions to happen, this model includes the presence of two auxiliary linear and

passive networks acting on the probe, V̂in before and V̂out after the linear network Ûϕ (see Fig. 4.2).

The first auxiliary stage V̂in can be understood as a scattering network, which distributes the probe

in any number of channels. The purpose of second stage V̂out is instead to refocus the probe, after

the interaction with Ûϕ, into the only observed channel. The unitary matrix describing the overall

network is thus

uϕ = VoutUϕVin, (4.2)

given by the matrix product of the three single matrix representation Vout, Uϕ and Vin as discussed

in Sec. 2.3.3.

Since in this model all the photons are injected in the first input channel, which is also the only

channel observed at the output, the only relevant transition amplitude is the element (uϕ)11 of the

overall unitary matrix in Eq. (4.2). We can then rewrite

(uϕ)11 = (VoutUϕVin)11 =
√
Pϕeiγϕ , (4.3)

where Pϕ = |(VoutUϕVin)11|2 is the probability that a single photon injected in the first port

is detected at the first output port of the overall network, and γϕ = arg((VoutUϕVin)11) is the

phase acquired by the probe during the interferometric evolution. As discussed in Secs. 2.2-2.4,

the Gaussian nature of the probe and of the measurement yield a Gaussian probability density

function (see Eq. (2.57))

pϕ(x) =
1√

2πσ2
ϕ

e
− x2

2σ2
ϕ (4.4)

which governs the outcomes of the homodyne detection. The univariate Gaussian probability

density function in Eq. (4.4) is centred in zero due to the absence of a displacement in the probe,

while its variance is given by (see Appendix B)

σ2
ϕ =

1− Pϕ
2

+
Pϕ
2

[cosh(2r) + cos(2γϕ − 2θ) sinh(2r)] , (4.5)

where θ is the phase of the local oscillator.

Once the probability density function pϕ(x) is known, it is possible to evaluate the FI F(ϕ)

of the estimation scheme through Eq. (1.39). For a Gaussian distribution centred in zero, the FI

reads (see Appendix C)

F(ϕ) =
1

2

(
∂ϕσ

2
ϕ

σ2
ϕ

)2

, (4.6)

where ∂ϕ ≡ d/dϕ. We notice from Eq. (4.5) that all the information on the parameter ϕ is encoded

in the variance σ2
ϕ of the quadrature x̂θ measured through the two quantities Pϕ and γϕ. Then we



4.1. QUANTUM ESTIMATION BASED ON SINGLE-HOMODYNE MEASUREMENTS 64

can split ∂ϕσ
2
ϕ in two contributions, one containing the derivative of Pϕ, the other the derivative

of γϕ, namely

∂ϕσ
2
ϕ = (∂ϕPϕ)∂Pσ

2
ϕ + (∂ϕγϕ)∂γσ

2
ϕ, (4.7)

where ∂P and ∂γ are derivatives with respect to Pϕ and γϕ respectively, so that

∂Pσ
2
ϕ =

1

2
(−1 + cosh(2r) + cos(2γϕ − 2θ) sinh(2r))

∂γσ
2
ϕ = −Pϕ sin(2γϕ − 2θ) sinh(2r). (4.8)

4.1.2 Heisenberg scaling

Generally, without imposing any condition on the setup, this model does not achieve the HL in

the precision for the estimation of ϕ. In fact, we can explicitly rewrite the variance σ2
ϕ in Eq. (4.5)

in terms of the average number of photons N = sinh2 r in the probe

σ2
ϕ =

1− Pϕ
2

+
Pϕ
2

[
1 + 2N + 2 cos(2γϕ − 2θ)

√
N(N + 1)

]
= NPϕ(1 + cos(2γϕ − 2θ)) +O(1), (4.9)

where O(1) is a term of order equal or smaller than 1, negligible in the asymptotic regime of N

large1. We can also rewrite the derivatives ∂Pσ
2
ϕ and ∂γσ

2
ϕ in terms of N

∂Pσ
2
ϕ = (N + cos(2γϕ − 2θ)

√
N(N + 1))

= N(1 + cos(2γϕ − 2θ)) +O(1)

∂γσ
2
ϕ = −2Pϕ sin(2γϕ − 2θ)

√
N(N + 1)

= −2NPϕ sin(2γϕ − 2θ) +O(1). (4.10)

Plugging the asymptotics shown in Eqs. (4.9) and (4.10) into the expression of the FI in Eq. (4.6),

we notice that the numerator of F(ϕ) can be of order N2 at most. Since the denominator is in

general of order N2 as well, it yields an overall general scaling of the FI of O(1) – i.e. even lower

than the SQL.

In order for this setup to reach the HL, we show in Appendix D that the conditions

γϕ − θ ∼ ±
π

2
+
k

N
, k 6= 0 (4.11a)

Pϕ ∼ 1− `

N
, 0 ≤ ` < N (4.11b)

need to be verified2, with 0 ≤ ` < N and k 6= 0, and both arbitrary but independent of N .

Intuitively, conditions (4.11) assure that σ2
ϕ at the denominator of F(ϕ) does not grow as fast as

∂ϕσ
2
ϕ at the numerator: instead, we can see in Appendix D that, when these conditions hold, the

1We will say that given two functions f(N) and g(N), f(N) = O(g(N)) when limN→∞ |f(N)/g(N)| < +∞
2Given a function f(N) and a finite sum p(N) of powers of N , we will say that f(N) ∼ p(N) when they show

the same asymptotic behaviour. In formulas, f(N) ∼ p(N) when f(N) = p(N)+O(Ns−ε), ∀ε > 0, with s exponent

of the smallest power of N appearing in the sum p(N)
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variance σ2
ϕ becomes of order 1/N , while its derivative ∂ϕσ

2
ϕ remains constant for large N . In

particular, we show in Appendix D that the FI in Eq. (4.6) asymptotically reads

F(ϕ) ∼ 8%(k, `)(∂ϕγϕ)2N2, (4.12)

proving the achievement of the Heisenberg scaling, with

%(k, `) =

(
8k

1 + 16k2 + 4`

)2

(4.13)

positive factor reaching its maximum value for k = ±1/4 and ` = 0, namely %(1/4, 0) = 1.

In the next section, we will discuss more in detail about the conditions (4.11), their physical

meaning and their repercussion on the estimation setup. Now, we limit ourself in drawing the

natural comparison between the asymptotic behaviour of the FI in Eq. (4.12) achieved with this

model, and the maximum of the QFI for a Gaussian probe in a multi-channel distributed-parameter

network H(ϕ) = 8‖Gϕ‖2N(N + 1), shown for example in Ref. [83], where ‖Gϕ‖ is the norm of

the generator Gϕ (see Eq. (1.68)) of the unitary matrix Uϕ – i.e. the highest eigenvalue of Gϕ

in absolute value. We will establish the link between the pre-factor ‖Gϕ‖2 appearing in H(ϕ)

and the pre-factor (∂ϕγϕ)2 appearing in Eq. (4.12) later, in Sec. 4.2. For now, we will assume

equal pre-factors, and we can see that F(ϕ) ∼ H(ϕ) for k = ±1/4 and ` = 0. In fact, the protocol

proposed in Ref. [83] meets the conditions in Eq. (4.11) for the optimal choices γϕ−θ = tan−1 e2r ∼
π/2+(4N)−1 and Pϕ = 1. What we managed to show finding the conditions (4.11) is thus twofold:

� We present looser conditions than the optimal ones found in literature which still allow us

to reach the HL, at the price of a multiplying factor 0 < %(k, `) ≤ 1 which does not depend

on N and hence does not ruin the scaling of the precision;

� We are able to explicitly express conditions to reach the HL in terms of the average number

N of photons in the probe and, therefore, in terms of the precision we want to achieve. In

Sec. 4.1.3, we will show how this allows us to assess the precision needed to engineer suitable

auxiliary stages Vin and Vout to reach the HL.

Lastly, as discussed in Sec. 1.2.1, for a given FI F(ϕ), it is always possible to asymptotically

saturate the CRB

δϕ ≥ 1√
νF(ϕ)

(4.14)

in the limit ν → +∞ of large samples X = (X1, . . . , Xν). In particular, the MLE ϕ̃MLE is an

asymptotically efficient and Gaussian estimator which can be obtained through the maximisation

of the Likelihood function L(ϕ;X) in Eq. (1.27). Once the realisation x of ν observations of x̂θ has

been performed on the setup proposed in this section, the Likelihood function of such realisation

is thus given by

L(ϕ;x) =

ν∏
i=1

pϕ(xν) =
1

(2πσ2
ϕ)ν/2

exp

(
−|x|

2

2σ2
ϕ

)
, (4.15)

since the outcome of each observation xi follows the probability distribution in Eq. (4.4). In

Appendix E we see that the solution of the Likelihood Equation (1.29) is simply given by the
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estimator ϕ̃MLE satisfying

σ(ϕ̃MLE)2 := σ2
ϕ̃MLE

= S(x)2, (4.16)

where σ2(ϕ) is the variance in Eq. (4.5) as a function of ϕ, and S(x)2 is the usual sample variance

S(x)2 =
1

ν

ν∑
i=1

x2
i . (4.17)

Generally, Eq. (4.16) cannot be solved analytically, so that numerical methods need to be employed

to find non-trivial solutions. Nevertheless, it is possible to find some exceptions, for particularly

elementary functional dependencies of Pϕ and γϕ on the unknown parameter ϕ. For example, in

the case for which Pϕ ≡ P is independent of ϕ, and the functional dependence γ(ϕ) := γϕ on ϕ

of the phase acquired by the probe is invertible, the function σ(ϕ)2 in Eq. (4.16) can be easily

inverted as well, and the MLE reads

ϕ̃MLE(x) = γ−1

(
θ +

1

2

(
2nπ ± arccos

((
2S(x)2 − 1

)
− 2Pϕ sinh2 r

2Pϕ sinh r cosh r

)))
. (4.18)

We can notice how, due to the presence of the cosine in σ2
ϕ in Eq. (4.5), some prior knowledge on

the parameter ϕ is required in order to correctly choose the invertibility interval for cos(2γ(ϕ)− 2θ)

– i.e. to choose the correct value of n ∈ N and the sign of the arccos function in Eq. (4.18). In the

next section we will see how a classical prior knowledge of the parameter ϕ is required to satisfy

condition (4.11b), achievable with a prior coarse estimation reaching an uncertainty of the order

of 1/
√
N . Such prior knowledge on the parameter, for large enough N , can be employed to choose

the correct invertibility interval.

4.1.3 Conditions for the Heisenberg scaling

The physical meaning of the conditions in Eq. (4.11) can be readily derived once the parallel

between the model here presented and the squeezing-encoding approach for single-phase estimation

discussed in Sec 3.2 is traced. In particular, we can see that both conditions in Eq. (4.11) are ϕ-

dependent, suggesting that an adaptive procedure must take place in order to satisfy them, as it is

customary for ab-initio Gaussian estimation strategies (See discussion in Sec. 3.2). However, some

considerations can be made in this regard.

Condition (4.11a) fixes the phase of the quadrature x̂θ which needs to be measured. The

quantity γϕ is in fact the phase acquired by the squeezed vacuum during the interferometric

evolution from the first input port to the first output port, and for γϕ ≡ ϕ Eq. (4.11a) resembles

the condition θ = ϕ+ tan−1 e2r found in literature for single-phase estimation [79]. On the other

hand, condition (4.11a) is a looser condition to reach the HL, and it puts in relation the precision

with which we are able to choose the phase θ of the local oscillator – given by the resolution

of the homodyne detection apparatus – with the precision achievable in the estimation of ϕ. In

particular, it is evident how the minimum resolution required to reach an uncertainty δϕ of order

1/N must be in turn of order 1/N . This agrees with the common notion in metrology for which
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Fig. 4.3: Polar plot of the standard deviation σϕ (see Eq. (4.5)) in blue, and of the FI F(ϕ) in

Eq. (4.12) in orange as functions of the phase θ of the quadrature x̂θ measured, for Pϕ = 1. The

large values of F(ϕ) are reached for θ satisfying condition (4.11a). Interestingly, for θ = γϕ± π/2,

namely when measuring the quadrature with minimum variance, σϕ reaches its minimum, but the

FI drops to zero: as a squeezing-encoding estimation scheme, this model relies on the information

about ϕ inscribed in the variance of the quadrature measured. On the other hand, the minimum

variance is a stationary point as a function of ϕ, and thus is locally insensitive to the variations of

the parameter.

a sensor cannot detect changes in the quantity that is being measured which are smaller than its

resolution.

Interestingly, we notice from Eq. (4.11a) that the constant k cannot be equal to zero. Coun-

terintuitively, the value k = 0 coincides with the choice of measuring the quadrature x̂γϕ+π/2,

namely the minimum-variance quadrature after the squeezed vacuum undergoes a phase-shift of

magnitude γϕ. This apparent incongruity can be explained by observing the expression of ∂ϕσ
2
ϕ

in Eq. (4.7). Differently from displacement-encoding approaches – in which the information on

the parameter is obtained from the transformation of the displacement of the probe, and thus

minimizing the noise of the signal is always the optimal choice – here the value of ϕ is encoded in

the variance of the quadrature itself. For us to be able to extract information on the parameter,

the variance of the signal needs to be sensitive to small variations of ϕ – i.e. the derivative ∂ϕσ
2
ϕ

must be non-vanishing. Of the two contributions of ∂ϕσ
2
ϕ in Eq. (4.7), the one originated from the

variations of Pϕ is identically vanishing when condition (4.11b) is verified, since ∂ϕPϕ ' 0 for Pϕ
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close to its maximum. The remaining contribution derives from the variations of the overall phase

γϕ, and the variance of the maximally squeezed quadrature x̂γϕ+π/2 is a stationary point with

respect to variations of the phase γϕ and thus insensitive to ϕ, namely ∂γσ
2
ϕ = 0 for γϕ − θ = π/2

in Eq. (4.8). (See Fig. 4.3).

Condition (4.11b) is the requirement that most of the photons injected into the network end

up in the observed output channel. In fact, this condition can be rewritten in terms of the average

number of photons that are not correctly refocused N(1 − Pϕ) ∼ `. Thus, condition (4.11b) tells

us that the number of photons which are not observed must be a constant `, not growing with N .

In other words, this condition assures that most of the information on ϕ encoded in the probe is

not lost in channels that are not observed. In fact, we can see from Eq. (4.5) that the variance

of the observed quadrature x̂θ after the interferometric evolution is the convex combination of the

variances of a squeezed vacuum and the pure vacuum, with coefficients Pϕ and 1−Pϕ respectively.

In order for this variance to be ‘squeezed’, in the sense that it is of order 1/N , the contribution

from the pure vacuum must be of order 1/N , namely 1− Pϕ = O(1/N).

This condition can also be seen as a requirement on the performance of the refocusing stage

V̂out. In fact, in order to satisfy condition (4.11b) for a given choice of V̂in, the auxiliary stage V̂out

must be chosen so that |VoutUϕVin|2 ∼ 1 − `/N . As discussed earlier, this implies that in general

the auxiliary stage V̂out which satisfies this condition depends on the value of the parameter itself,

requiring an adaptive approach to find an optimal refocusing stage to reach the HL. We show

now that the information on ϕ required to engineer an adequate refocusing stage to reach the HL

can be obtained through a classical estimation strategy, namely which achieves the scaling 1/
√
N

typical of the SQL. Since some information on the parameter ϕ is required in order to satisfy

condition (4.11b), we will call ϕcl the rough guess on the value of ϕ that is good enough to satisfy

this condition. The estimation strategy to obtain this rough estimate of ϕ is classical when the error

δϕ = ϕ− ϕcl committed in the rough prior estimation is of order 1/
√
N . For a given choice of V̂in

and `, we will call V̂out(ϕcl) a solution of Eq. (4.11b). The single-photon transition probability Pϕ

appearing in this condition can be written as the squared complex modulus of the scalar product

of two M -dimensional complex vectors UϕVine1 and Vout(ϕcl)
†e1, with e1 = (1, 0, . . . , 0)T. We can

then write

Pϕ =
∣∣eT

1 Vout(ϕcl)UϕVine1

∣∣2 ≡ η(ϕ,ϕcl), (4.19)

where η(ϕ,ϕcl) is a smooth function of ϕ and ϕcl, with a locus of points of maxima along the

condition ϕcl = ϕ, since for a perfect knowledge of the parameter the auxiliary stage V̂out(ϕcl = ϕ)

would satisfy η(ϕ,ϕ) = 1. If the prior estimation ϕcl slightly deviates from the real value of the

parameter ϕ = ϕcl + δϕ, we can write the expansion

Pϕ = η(ϕ,ϕ− δϕ)

= 1− ∂η(ϕ, x)

∂x

∣∣∣
x=ϕ︸ ︷︷ ︸

0

δϕ+
1

2

∂2η(ϕ, x)

∂x2

∣∣∣
x=ϕ

δϕ2 +O(δϕ3), (4.20)

where the derivative of η(ϕ,ϕcl) is zero along the condition ϕ = ϕcl. We can see, comparing

Eqs. (4.20) and (4.11b), that an error δϕ of order 1/
√
N suffices to correctly engineer a refocusing
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Fig. 4.4: Schematic diagram of the two-channel network described in Sec. 4.1.4. The linear network

Ûϕ is composed of a beam splitter with coefficient ηϕ and two phase-shifts of magnitudes λϕ

and λ′ϕ. The auxiliary stage V̂in at the input is ϕ-independent, while the output stage V̂out is

optimized after a classical prior estimation ϕcl of the parameter. In particular, the quantity

αϕcl
= (λϕcl

− λ′ϕcl
)/2− π/4 depends on ϕcl only through the phase-shifts λϕcl

and λ′ϕcl
.

stage V̂out that allows for the HL. It is then possible to conceive two-steps ab initio protocols

exploiting the model presented in this section: a first, coarse, classical estimation of the parameter

ϕ is performed and the rough estimate ϕcl is obtained, with an error δϕ = ϕ−ϕcl = O(1/
√
N) of the

same order of the SQL. Then the classical information obtained on ϕ can be employed to engineer

the refocusing stage V̂out, once V̂in is fixed, so that the overall network satisfies condition (4.11b),

allowing us to reach the HL through the quantum strategy described in Sec. 4.1.1.

Lastly, we notice that, in order to satisfy condition Eq. (4.11b), it is also possible to optimize the

input auxiliary stage V̂in while fixing arbitrarily the refocusing stage V̂out. In such case, identical

considerations can be made regarding the possibility of a two-step protocol since the optimization

V̂in still requires only a classical coarse estimation ϕcl of the parameter. Interestingly, only one

of the auxiliary stages needs to be optimized, and thus depends on ϕcl, whether it is V̂in or V̂out.

This leaves the choice of the second auxiliary stage completely arbitrary, notwithstanding that

the pre-factor (∂ϕγϕ)2 appearing in the FI in Eq. (4.12) is not vanishing. Indeed, the condition

(∂ϕγϕ)2 = 0 corresponds to the situation in which the optimized network ûϕ = V̂out(ϕcl)ÛϕV̂in

acts trivially, namely without imprinting any information about ϕ, on the probe. In Sec. 4.2

we will further discuss about the pre-factor (∂ϕγϕ)2, and we will show how it is related to the

non-optimised auxiliary stage.

4.1.4 A two-channel network

In this section we will apply our model for the estimation of distributed parameters to a particular

example of a 2-channel network, in which the unknown parameter ϕ influences the reflectivity ηϕ of

a beam-splitter and the magnitudes λϕ and λ′ϕ of two phase-shifts (see Fig. 4.4). We can think of

the global parameter ϕ as an external physical property, such as the temperature or the magnitude

of the electromagnetic field, affecting the components of the network Ûϕ. We will suppose that

the functional dependence of the phase-shifts λϕ, λ′ϕ and of the reflectivity ηϕ on the true value
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of the parameter ϕ are known and smooth, whether given by some law of nature or opportunely

engineered. With reference to Fig. 4.4, and recalling the notation introduced in Sec. 2.3.3, we can

write the matrices representing the action of the beam-splitter and the phase-shifts as

UBS(ηϕ) = exp(iηϕσ2) =

(
cos ηϕ sin ηϕ

− sin ηϕ cos ηϕ

)

UPS(λϕ, λ
′
ϕ) = exp

(
i
λϕ + λ′ϕ

2
12 + i

λϕ − λ′ϕ
2

σ3

)
=

(
exp(iλϕ) 0

0 exp
(
iλ′ϕ
)) (4.21)

respectively, where σi, i = 1, 2, 3, is the i-th Pauli matrix and 12 is the 2 × 2 identity matrix, so

that the network Ûϕ is represented by the matrix

Uϕ = UPS(λϕ, λ
′
ϕ)UBS(ηϕ) =

(
cos ηϕ exp(iλϕ) sin ηϕ exp(iλϕ)

− sin ηϕ exp
(
iλ′ϕ
)

cos ηϕ exp
(
iλ′ϕ
)) . (4.22)

We easily notice that |(Uϕ)11|2 = cos2 ηϕ which in general is different from one and thus does not

satisfy condition (4.11b), with the exception of the two values ηϕ = 0, π which correspond to the

absence of the mixing between the two modes. As described in the model earlier, we then add two

auxiliary stages Vin and Vout ≡ Vout(ϕcl), of which only one depends on a prior coarse estimation

ϕcl of ϕ realised with a classical strategy, so that ϕ − ϕcl = δϕ = O(1/
√
N). In particular we

choose as input stage

Vin = UPS

(π
4
,−π

4

)
UBS

(π
4

)
=

1√
2

(
exp
(
iπ4
)

exp
(
iπ4
)

− exp
(
−iπ4

)
exp
(
−iπ4

)) , (4.23)

and as output stage

Vout = UBS

(
−π

4

)
UPS(−αϕcl

, αϕcl
) =

1√
2

(
exp(−iαϕcl

) − exp(−iαϕcl
)

exp(iαϕcl
) exp(iαϕcl

)

)
, (4.24)

where αϕcl
= (λϕcl

−λ′ϕcl
)/2−π/4 is a quantity which can be obtained through a classical estimation

ϕcl of ϕ. A straightforward calculation of Pϕ = |(Vout(ϕcl)UϕVin)11|2 yields

Pϕ =
1

2
(1 + sin

(
λϕ − λ′ϕ − 2αϕcl

)
) =

1

2
(1 + cos(δλ− δλ′)), (4.25)

where δλ = λϕ − λϕcl
and δλ′ = λ′ϕ − λ′ϕcl

are the error in the estimates of λϕ and λ′ϕ due to the

imprecision of the classical estimation ϕcl. We can then easily see that Pϕ in Eq. (4.25) satisfies

condition (4.11b), since both the errors δλ and δλ′ are of order 1/
√
N , – i.e. δλ = (∂ϕλϕ) δϕ =

O(1/
√
N), and similarly for δλ′ – and thus we obtain from Eq. (4.25)

Pϕ ∼ 1− 1

4
(∂ϕλϕ − ∂ϕλ′ϕ)2δϕ2. (4.26)

In order to evaluate the FI in Eq. (4.12) we need to calculate both the phase acquired by the

probe throughout the whole interferometric evolution γϕ, and the coefficient `. The phase γϕ is

easily obtained as the complex phase of (uϕ)11 ≡ (Vout(ϕcl)UϕVin)11

γϕ =
λϕ + λ′ϕ

2
+ ηϕ +

π

2
. (4.27)
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Since δϕ = O(1/
√
N), we call h the finite N -independent constant such that δϕ ∼ h/

√
N . The

transition probability Pϕ can then be written as

Pϕ ∼ 1− h2

4

(
∂ϕλϕ − ∂ϕλ′ϕ

)2 1

N
, (4.28)

so that the factor ` = h2(∂ϕλϕ − ∂ϕλ′ϕ)2/4 appearing in the FI in Eq. (4.12) is easily evaluated

comparing Eqs. (4.11b) and (4.28). The FI can be obtained from Eq. (4.12), with ∂ϕγϕ given by

Eq. (4.27), and %(k, `) given by Eq. (4.13), with k given by the condition on the local oscillator

phase and ` = h2(∂ϕλϕ − ∂ϕλ′ϕ)2/4.

We notice from the expression of αϕcl
= (λϕcl

− λ′ϕcl
)/2− π/4 that the unknown reflectivity of

the beam splitter ηϕ does not influence the refocusing stage V̂out(ϕcl), but it appears in the phase

γϕ acquired by the probe in Eq. (4.27). In particular, if the two phases λϕ and λ′ϕ are vanishing,

the dependence of αϕcl
, and thus of refocusing stage V̂out(ϕcl), on the classical estimation ϕcl of

the parameter disappears completely. In other words, this network for λϕ = λ′ϕ = 0 transforms

the reflectivity ηϕ of a beam splitter into the magnitude of a phase shift, independently from

ηϕ
3. We will exploit this behaviour later in the manuscript in Sec. 5.3.2, proposing a protocol

for the estimation of linear combinations of parameters which can be magnitudes of phase-shifts,

reflectivities of beam-splitter, or more general parameters.

4.2 Typicality of quantum enhanced sensitivity

In the previous section we have presented a generic protocol that allows us to achieve the HL in

the estimation of a parameter ϕ distributed in an arbitrary network Ûϕ when conditions (4.11)

are met. In particular, we have shown how it is possible to satisfy condition (4.11b) with the use

of a single auxiliary stage (say V̂out) which can be correctly engineered once a classical knowledge

ϕcl on the parameter, namely so that ϕ − ϕcl = O(1/
√
N), is obtained. The remaining auxiliary

stage (say V̂in) is thus left completely arbitrary, and one may wonder how the choice of this stage

can influence the precision of the estimation, and in particular the pre-factor (∂ϕγϕ)2 in the FI in

Eq. (4.12). More precisely, it may happen that a particularly unfortunate choice of V̂in causes this

pre-factor to vanish, for example if this auxiliary stage transforms the optical mode of the probe

into a mode which is insensible on or independent of the value of the parameter4. In this section

we will show that, for an arbitrary choice of the auxiliary stage V̂in, the pre-factor (∂ϕγϕ)2 tends

to be far from zero, meaning that small values are mostly unlikely, especially for networks with a

large number M of channels.

3This can be explained through the SU(2) description of 2-channel interferometers discussed in Sec. 2.3.3. The

unknown beam-splitter UBS in Fig. 4.4 can be described as a rotation of amplitude ηϕ along the y axis, while a relative

phase shift can be thought as a rotation along the z axis. After a π/4 rotation along the z axis and a π/4 rotation

along the y axis, given respectively by the phase shifts and the beam-splitters in the auxiliary stages, the beam-

splitter action is transformed into a ηϕ rotation along the z axis, namely e−iσ2π/4e−iσ3π/4eiσ2ηϕeiσ3π/4eiσ2π/4 =

eiσ3ηϕ

4A trivial example is the case where the unitary matrix describing the network is Uϕ = diag(1, exp(iϕ)), and the

auxiliary stage is the identity Vin = 12, for M = 2. In this case the probe is left in the first channel of the network,

which does not depend on ϕ.
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4.2.1 The role of the generator Gϕ

We can link the pre-factor (∂ϕγϕ)2, appearing in the expression of the FI in Eq. (4.12), to the

derivative of the matrix element (uϕ)11 in Eq. (4.3):

|(∂ϕuϕ)11|2 =
∣∣∣(∂ϕ√Pϕ + i(∂ϕγϕ)

√
Pϕ

)
eiγϕ

∣∣∣2
= (∂ϕ

√
Pϕ)2 + (∂ϕγϕ)2Pϕ. (4.29)

When the condition (4.11b) for the HL holds, Eq. (4.29) simplifies to

(∂ϕγϕ)2 = |(∂ϕuϕ)11|2 +O
(

1

N

)
, (4.30)

so that the two quantities are equal up to a term of order 1/N . Condition (4.11b) can be recast in

terms of a constraint on the form of Vout or Vin, depending on which auxiliary stage is optimized

(Vout)1i = (V †inU
†
ϕ)1i +O

(
1√
N

)
(4.31a)

(Vin)i1 = (U†ϕV
†
out)i1 +O

(
1√
N

)
, (4.31b)

If we now introduce the (generally ϕ-dependent) generator

Gϕ := iU†ϕ
∂Uϕ
∂ϕ

(4.32)

of the unitary matrix Uϕ (see Eq. (1.68) and discussion around it), we can further manipulate the

pre-factor (∂ϕγϕ)2. Employing the relation in Eq. (4.31a), which holds in the case of optimization

of the output auxiliary stage Vout, we can write

|(∂ϕuϕ)11|2 =

∣∣∣∣(Vout
∂Uϕ
∂ϕ

Vin

)
11

∣∣∣∣2
= |(VoutUϕGϕVin)11|2

= (V †inGϕVin)2
11 +O

(
1

N

)
(4.33)

where we employed the definition of uϕ in Eq. (4.2), the definition of Gϕ in Eq. (4.32), and the

optimization of the output stage in Eq. (4.31a) respectively in the first, second and third line. If

instead the input stage is optimised, and condition (4.31b) is used, we obtain through similar steps

the alternative expression

|(∂ϕuϕ)11|2 = (VoutUϕGϕU
†
ϕV
†
out)

2
11 +O

(
1

N

)
. (4.34)

Eqs. (4.29) and (4.33)-(4.34) conveniently express the pre-factor (∂ϕγϕ)2 as a function of the

generator Gϕ of the network and a unitary matrix U independent of the optimized stage (U = Vin

or U = U†ϕV
†
out respectively in the case of output-optimized o input-optimized network), so that

ultimately we can write

(∂ϕγϕ)2 ∼ f(U,Gϕ) = (U†GϕU)2
11 (4.35)
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and thus the FI in Eq. (4.12) becomes

F(ϕ) ∼ 8%(k, `)f(U,Gϕ)N2. (4.36)

It is easy to see that the pre-factor f(U,Gϕ) can be written as the square of a convex combi-

nation of the eigenvalues {gi}i=1,...,M of the generator Gϕ. In fact, if we call Vϕ the matrix whose

columns are the eigenvectors of Gϕ, so that D ≡ diag(g1, . . . , gM ) = V †ϕGϕVϕ, we can recast the

pre-factor in terms of the eigenvalues {gi}i=1,...,M

(U†GϕU)2
11 =

 M∑
i,j=1

wigi

2

, (4.37)

where wi =
∣∣(V †ϕU)i1

∣∣2, with
∑
i wi = 1 for the unitarity of V †ϕU . If we suppose, without lack

of generality, that the eigenvalues gi are ordered so that |g|i ≥ |g|i+1, the maximum value of the

pre-factor is achieved for

w1 ≡
∣∣(V †ϕU)11

∣∣2 = 1, (4.38)

namely when the first column of U coincides (up to a complex phase) with the first eigenvector

of Gϕ. Recalling that U represents the action of the input auxiliary stage (see Eq. (4.33)), and

that the elements of its first column coincides with the transition amplitudes from the first input

channel (see Eq. (2.44)), we can understand the meaning of the condition (4.38): the input stage

must be chosen in order to maximise the effect of the network Ûϕ on the probe, which must evolve

under the optical mode (not necessarily coinciding with a physical channel) which is most sensitive

to the variations of ϕ – i.e. corresponding to the maximum eigenvalue of Gϕ. For a choice of U

satisfying condition (4.38) (e.g. for U = Vϕ), the pre-factor in Eq. (4.35) coincides with the highest

eigenvalue of the generator squared

max
U

f(U,Gϕ) ≡ fmax = g2
1 ≡ ‖Gϕ‖2, (4.39)

namely the squared norm of the generator Gϕ. This coincides with the pre-factor of the maximum

of the QFI for Gaussian states found in Ref. [83].

4.2.2 Typical behaviour of the pre-factor in the Heisenberg scaling

Although the condition for the optimal choice of the unitary U has been easily found, the eigen-

vectors of Gϕ in general depend on the value of a distributed parameter, and so do the solutions

of Eq. (4.38). In our model, we are assuming to not hold any prior knowledge on ϕ, and moreover

that no prior information on the structure of the network – and thus on Gϕ – is given. In general,

with these assumptions, finding the optimal stage that maximises the pre-factor f(U,Gϕ) and

satisfies condition (4.38) is impossible. Instead, in this scenario it becomes more appropriate to

study the behaviour of the pre-factor for arbitrary choices of the auxiliary network. In particular,

one may be interested in knowing how likely the value of f(U,Gϕ) is equal or close to zero, when

the auxiliary stage is chosen at random. However, to introduce concepts such as ‘how likely’ and

‘at random’, we must somehow endow the set of all the auxiliary linear network of a measure of
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probability, as discussed in Sec. 1.1. Conveniently, there is already a mathematical structure which

well represents this set, which we have already extensively employed: every M -channel linear and

passive network is described through the action of a M ×M unitary matrix, and the ‘composition

rules’ of linear networks is well represented by the composition rules of U(M), the group of M×M
unitary matrices.

Since we are supposing that we do not possess any prior information on the structure of Uϕ,

all the auxiliary stages U are equivalent candidate to achieve the optimal value for the pre-factor.

For this reason, we can endow U(M) with the unitarily invariant Haar measure P [135]. This

is the measure on the space of the M ×M unitary matrices that most resembles the uniformly

distributed measure on a Borel algebra B(I), with I ⊂ R finite interval of R (see Sec. 1.1). In fact,

the Haar measure on U(M) is defined so that the measure P of any open subset U ⊂ U(M) is

invariant under left or right unitary transformations, namely P(U) = P(V U) = P(UV ), for every

V ∈ U(M). In other words, it is a measure that only depends on the ‘size’ of the subsets of U(M).

Once we have chosen the prescription to sample the network U , we are able to evaluate statistical

properties of the pre-factor f(U,Gϕ). In particular, we show in Appendix F that

EP [f(U,Gϕ)] =
Tr
(
G2
ϕ

)
+ Tr(Gϕ)

2

M(M + 1)
(4.40)

is the expectation value of the pre-factor (4.35) over random choices of the matrix U , with respect

of the Haar measure. In the case of a generator proportional to the identity Gϕ = ‖Gϕ‖1M , which

corresponds to a network made of M identical copies of single-channel unitaries acting in parallel

– of which the scheme shown in Ref. [71] is a particular case for generators Gϕ independent of ϕ –

we have Tr(Gϕ)
2

= M2‖Gϕ‖2 and Tr
(
G2
ϕ

)
= M‖Gϕ‖2, so that the average value of the pre-factor

equals the maximum fmax = ‖Gϕ‖2 in Eq. (4.39). Indeed, with this kind of network, the auxiliary

stage which distribute the probe on all M channels becomes irrelevant, since the networks acts

identically in each channel (and every unitary U diagonalises Uϕ).

In general, an average value of the pre-factor close to the maximum in Eq. (4.39) is favourable to

a smaller value, since it implies a better FI and a better precision in average. The only case for which

EP [f(U,Gϕ)] is equal to zero is when the whole generator is vanishing, occurrence happening only

for networks Uϕ which do not actually depend on the unknown parameter. Moreover, a generator

Gϕ with small eigenvalues – i.e. a network which is not extremely sensitive to the variations of the

parameter ϕ – would cause the average in Eq. (4.40) to decrease, diminishing the average precision

of the estimation scheme. However, it is possible to find a lower bound on the average value (4.40)

using Jensen’s inequality E[X2] ≥ E[X]2 to obtain

EP [f(U,Gϕ)] ≥ EP [(U†GϕU)11]2 =

[
Tr(Gϕ)

M

]2

, (4.41)

where the average EP [(U†GϕU)11] has been evaluated with respect of the Haar measure (see

Appendix F). We notice how the right-hand side term in Eq. (4.41) is the squared average of

the eigenvalues of Gϕ. This means that if we are able to control the value of the average of the

generator, say in such a way that it is larger of a certain fraction R of the norm of the generator,
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Fig. 4.5: Histograms of the pre-factor f(U,Gϕ) in Eq. (4.35) for M = 2 (left) and M = 20 (right),

obtained numerically with 105 samplings of U with respect of the unitarily invariant Haar measure.

The generator Gϕ chosen is a diagonal matrix with half 1s and half 3s as entries. The histograms

are normalised to the unity. We can see that in the histogram in the right, the values of the

pre-factor are more concentrated around its average EP [f(U,Gϕ)] ' 4.

i.e. Tr[Gϕ]/M ≥ R‖Gϕ‖, then it follows from Eq. (4.41) that we can assure that the average of the

pre-factor is larger than a fraction R2 of its maximum value EP [f(U,Gϕ)] ≥ R2‖Gϕ‖2 ≡ R2fmax.

Even though we may be able to control the average of f(U,Gϕ) through Eq. (4.41), it may

happen that the typical values that the pre-factor assumes are far from EP [f(U,Gϕ)], for random

choices of the unitary U . A paradigmatic example of a random variable which typically assumes

quite different values than its average is a quantity which can only be equal to 0 or 1 with equal

probabilities: in such case, its average 1/2 is never an effective outcome of the random variable,

let alone typical. Fortunately, this is not the case for the pre-factor f(U,Gϕ), which is instead a

well-behaved function of the random unitary U . In fact, we show in Appendix F that f(U,Gϕ)

is instead typical for networks with many channels, i.e. that it is possible to apply results on

the concentration of the measure of high-dimensional spaces, which assure that f(U,Gϕ) becomes

almost constant for random choices of U ∈ U(M) for large M , and thus it concentrates around its

average value

P(|f − EP [f ]| ≥ ε) ≤ 2 exp

(
− AM

‖Gϕ‖4
ε2

)
, ∀ε > 0 (4.42)

with A = (72π3)−1. This results tell us that, for an arbitrary choice of auxiliary stage U (with

U = Vin for output-optimized or U = U†ϕV
†
out for input-optimized schemes), the value of the pre-

factor (∂ϕγϕ)2 ≡ f(U,Gϕ) appearing in the FI in Eq. (4.12) is with overwhelming probability close

to its average, for networks with a large enough number of channels M (see Fig. 4.5). Moreover,

Eq. (4.41) shows that it is possible to bound from below the average EP(f(U,Gϕ)) of the pre-

factor if some control on the average of the eigenvalues of Gϕ is possible. This shows that, beside

very unlikely exceptions, the choice of the non-optimized stage is mostly irrelevant in regard of

the precision of the estimation scheme. In Chapter 5 we will see how it is possible to exploit
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the additional degrees of freedom introduced by the non-optimised network to manipulate how

the information on the structure of the network is encoded in the probe. This will give us some

freedom in choosing the function of a given set of parameters that can be estimated with the HL

precision.

4.3 Quantum estimation based on multi-homodyne mea-

surements

In Sec. 4.1 we have presented a scheme for the estimation of a distributed parameter encoded

in multi-channel network, reaching the HL employing a squeezed vacuum state and homodyne

detection performed at a single output channel. In particular, in Sec. 4.1.2 we have discussed in

depth about the conditions in Eq. (4.11) which need to be satisfied to reach the HL: Eq. (4.11a)

imposes a minimum resolution in tuning the local oscillator phase, in order to infer the value of

the parameter from the noise of a sufficiently squeezed quadrature. Eq. (4.11b) is a requirement on

the refocusing of the probe into the only observed channel and, in order to be satisfied, a classical

knowledge on the parameter is generally required to engineer the optimal refocusing network.

A natural question that arises is whether it is possible to ease these conditions when we carry

some changes on our model. In particular, what would happen if homodyne measurements were

performed, not only at a single channel, but at all the output ports of the network instead? Would

condition (4.11b), and thus condition (4.31) become looser, allowing us to engineer the optimal

auxiliary stages with even less information on the unknown parameter? Moreover, as we have

already discussed in Sec. 3.2, a non-vanishing displacement in the probe would make it possible

to infer the value of the parameter directly from the average of the quadrature with minimum

variance, and not from its noise, which may be a more direct approach in practical scenarios. In

this section we will investigate a model that implements these changes (see Fig. 4.6). We will

see that, with these assumptions, not only there is no need to perform a prior estimation of the

parameter to optimize the network, but the HL can be achieved without employing an auxiliary

stage in the first place. Moreover the presence of displacement in the probe will allow us to perform

the estimation directly measuring the minimum-variance quadrature, relying on the information

about the parameter encoded in the average signal of the homodyne, and not in its noise.

4.3.1 Setup

We will consider a linear and passive network Ûϕ, which depends on a single and generally dis-

tributed parameter, for example affecting several components of the network as shown in Fig. 4.1.

Once again, Ûϕ admits a unitary matrix representation Uϕ obtained through Eq. (2.44). Differently

from Sec. 4.1 though, we consider as probe the single-mode squeezed state

|ψ0〉 = |α, r〉 ≡ D̂(α)Ŝ(r) |vac〉 , α = (α, 0, . . . , 0), r = (r, 0, . . . , 0), (4.43)

i.e. a squeezed coherent state with mean number of photons N = ND + NS = α2 + sinh2 r,

α, r > 0, where we recall the displacement d is given by αi = (di + idi+M )/
√

2, i = 1, . . . ,M
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Fig. 4.6: Scheme of the setup described in Sec. 4.3. A squeezed coherent state is injected in the first

input port of a network Ûϕ which depend on a parameter ϕ generally distributed among multiple

components of the network. Homodyne detection is performed at each of the output port. We will

show that, differently from the setup in Fig. 4.2, no auxiliary stage is required to reach the HL.

(see Secs. 2.3.1-2.3.2). We remark that the choice α, r > 0 is a specific (ϕ-independent) condition

which is required in displacement-encoding approaches, as discussed in Sec. 3.2: squeezing and

displacement can in general have different complex phases, and the condition α, r > 0 assures

that the squeezed quadrature (x̂π/2 for r > 0) is orthogonal – i.e. conjugated – to the displaced

quadrature (x̂0 for α > 0), and hence it is the most sensible to the presence of phases. Moreover,

in our model, we will consider homodyne detection in all M output channels of the linear network,

so that M quadrature fields x̂i,θi are measured, where θi is the phase of the i-th local oscillator,

i = 1, . . . ,M .

Since we are observing all the output ports of the network, but a non-vanishing number of

photons is injected only in the first channel, only the first column of the unitary matrix Uϕ is

relevant in our model, consisting of the transition amplitude of single photons from the first to

every channel of the network (see Eq. (2.44)). We can thus employ the parametrisation

(Uϕ)i1 =
√
Pie

iγi , (4.44)

where Pi is the probability that a single photon is transmitted through the linear network from

the first to the i-th channel, and γi is the phase that it would acquire5. Once again, due to the

Gaussian nature of the model, the (joint) probability distribution associated with the outcome x

of the M homodyne detectors is Gaussian (see Eq. (2.57))

pϕ(x) =
1√

(2π)M det[Σ]
exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
, (4.45)

where det[A] is the determinant of the matrix A (see Sec. 2.4). In Eq. (4.45), both the covariance

matrix Σ and the mean µ depend on the parameter ϕ. The elements of the covariance matrix Σ

5In order to keep the notation lighter, we are dropping the subscript ϕ in Pi, γi, µ and Σ. It rests assured that

these quantities in general depend on the unknown parameter.



4.3. QUANTUM ESTIMATION BASED ON MULTI-HOMODYNE MEASUREMENTS 78

are evaluated in Appendix B, and read

(Σ)ij =
δij
2

+
√
PiPj

(
cos(γ̄i − γ̄j) sinh(r)

2
+ cos(γ̄i + γ̄j) cosh(r) sinh(r)

)
, (4.46)

where δij is the Kronecker delta, γ̄i = γi−θi is the phase acquired at the output of the i-th channel

relative to the correspondent local oscillator, and µ is the mean vector

µi = d
√
Pi cos γ̄i, i = 1, . . . ,M. (4.47)

The determinant det[Σ] can as well be written in compact form (see appendix B)

det[Σ] =
1

2M
+

sinh(r)

2M−1

M∑
i=1

Pi(sinh(r) + cos(2γ̄i) cosh(r))

− sinh2(r)

2M−2

M∑
i=1

M∑
j=i+1

PiPj sin2(γ̄i − γ̄j). (4.48)

For a multivariate Gaussian distribution of the form shown in Eq. (4.45), the FI can be easily

evaluated from Eq. (1.39) (see Appendix C)

F(ϕ) =
1

det[Σ]
∂ϕµ

TC∂ϕµ︸ ︷︷ ︸
FD(ϕ)

+
1

2

(
∂ϕ det[Σ]

det[Σ]

)2

− 1

2 det[Σ]
Tr[(∂ϕΣ)(∂ϕC)]︸ ︷︷ ︸

FS(ϕ)

(4.49)

where C = det[Σ]Σ−1 is the cofactor matrix of Σ and Tr[A] =
∑
iAii denotes the trace of the

matrix A. Compared with the FI shown in Eq. (4.6) for the model described in Sec. 4.1, the FI

for this setup includes an additional term FD(ϕ) which depends on the derivative of the average µ

with respect of the parameter ϕ. Moreover, the contribution FS(ϕ), representing the information

on ϕ encoded in covariance matrix Σ, can be split in two terms, of which the first resembles the

FI in Eq. (4.6) once we perform the substitution σ2
ϕ → det[Σ]: we will show in the following that,

in the asymptotic regime of large NS, this is the only contribution of FS(ϕ) which, beside FD(ϕ),

reaches the HL.

4.3.2 Heisenberg scaling

Similarly to what happens to the setup described in Sec. 4.1, the FI in Eq. (4.49) does not generally

reach the HL unless certain conditions are met. To show this, it is necessary to evaluate all the

contributions of F(ϕ) in terms of the number of photons ND and NS in the asymptotic regime.

First, it is convenient to express the cofactor matrix C explicitly in terms of the squeezing parameter

r. In Appendix C we see that a closed form for C in such terms exists

Css =
1

2M−1
+

1

2M−2

M∑
i=1
i 6=s

(Σii −
1

2
)− 1

2M−3

M∑
i=1
i6=s

M∑
j=i+1
j 6=s

Siij , (4.50a)

Cst = − 1

2M−2
Σst +

1

2M−3

M∑
i=1
i 6=s,t

Ssti , s 6= t, (4.50b)
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where

Ssti = sinh2 r
√
PsPtPi sin(γs − γi) sin(γt − γi), (4.51)

and Σij are shown in Eq. (4.46). We then notice that, in order to analyse the generic asymptotic

behaviour of the Fisher information in Eq. (4.49), it suffices to separately examine the asymptotics

of the terms µ, Σij , Ssti, det[Σ], and of their derivatives.

From Eqs. (4.46)-(4.48) and (4.50)-(4.51) we see that Σ, S and det[Σ] are all of order NS

in general, while µ is of order
√
ND. The same asymptotic behaviours are kept also for their

respective derivatives, since both ∂ϕγ̄i ≡ ∂ϕγi and ∂ϕPi are independent of the probe, and thus of

ND and NS. We can thus see from the expression of F(ϕ) in Eq. (4.49) that its numerator grows

at most with N2, while the denominator – i.e. the denominator det[Σ] – in general grows with NS.

Therefore, in order for F(ϕ) to reach the Heisenberg scaling, namely a scaling of order N2, some

conditions must be imposed so that the denominators in FD(ϕ) and FS(ϕ) do not grow for large

NS. In Appendix D it can be seen that, in order to achieve the HL, the determinant det[Σ] must

be of order N−1, similarly to what happens to σ2
ϕ in the single-homodyne setup in Sec. 4.1.2, and

the conditions for this to occur are

γ̄i = ±π
2

+O(N−1
S ), i = 1, . . . ,M. (4.52)

When these conditions hold, we can introduce the finite (possibly vanishing) quantities ki =

limNS→∞NS(γi ∓ π/2), so that the determinant det[Σ] reduces to (see Appendix D)

det[Σ] ∼ 1

2M−2NS

(( M∑
i=1

Piki

)2

+
1

16

)
, (4.53)

while ∂ϕ det[Σ], ∂ϕΣ, ∂ϕC and C tend to constant values, and ∂ϕµ scales as
√
ND. We can easily

see that this makes only the first two terms of F(ϕ) in Eq. (4.49) dominant for large ND and NS.

When conditions (4.52) are met, we can thus neglect the last term in Eq. (4.49), and the FI

F(ϕ) ∼ 1

det[Σ]
∂ϕµ

TC∂ϕµ+
1

2

(
∂ϕ det[Σ]

det[Σ]

)2

∼ 8(∂γ)2
avg

(
ζ(kavg)2NDNS + % (kavg)N2

S

)
, (4.54)

reaches asymptotically the HL in NDNS and N2
S (see Appendix D), where we introduced the

quantities

kavg ≡
M∑
i=1

Piki, (∂γ)avg ≡
M∑
i=1

Pi∂ϕγi, (4.55)

while

ζ(x) = (16x2 + 1)−1, %(x) = (8x)2/(16x2 + 1)2 (4.56)

are positive, even function which reach their maxima at x = ±1/4 and x = 0, respectively, namely

%(1/4) = 1 and ζ(0) = 1.

It is now possible to compare the FI in Eq. (4.54) achieved with the present scheme, with the

FI in Eq. (4.12) obtained with the setup for distributed metrology employing a squeezed vacuum
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state and homodyne detection on a single channel. Since this setup employs a squeezed probe

with a non-vanishing displacement, it lends itself to both displacement-based and squeezing-based

estimation approaches (see Sec. 3.2). This is reflected by the presence of two separate contribution

to the FI in Eq. (4.54): the first is given by the variations of the displacement µ, the second by the

variations of the determinant det[Σ], with respect to changes of the value of ϕ. Both terms present

a pre-factor (∂γ)2
avg shown in Eq. (4.55) which resembles the pre-factor (∂ϕγϕ)2 in Eq. (4.12) for

the single-homodyne counterpart: in particular, (∂γ)2
avg is a weighted average of the sensitivities

of the complex phases γi to changes of the parameter ϕ, each one weighted by the ‘fraction’ Pi of

the probe undergoing the phase shift γi. Indeed, we can see that (∂γ)2
avg reduces to the single-

homodyne counterpart when the whole probe is refocused into a single channel – say the first – so

that P1 = 1 and Pi = 0 for i = 2, . . . ,M , i.e. (∂γ)2
avg = (∂ϕγ1)2.

In the term of the FI associated with the squeezing-encoding in Eq. (4.54), the factor %(kavg)

coincides in turn with the function %(k, `) in Eq. (4.13) for ` = 0 – i.e. the ideal case of perfect

refocusing of the probe, and all photons being observed – and after the substitution k → kavg,

namely the weighted average of the coefficients ki with the same weights Pi. In other words,

this term can be thought as a generalisation of the FI for single homodyne due to the presence of

multiple observed channels. Noticeably, this term can be put equal to zero only for NS = 0, in which

case the whole expression in Eq. (4.54) vanishes ruining the HL, or for kavg = 0. In fact, we can see

from Eq. (4.48) that the condition kavg = 0 – i.e. γ̄i = ±π/2, namely when the quadratures with

minimum variances are measured at each channel – minimises det[Σ], which becomes a stationary

point with respect to the variations of ϕ, and ∂ϕ det[Σ] in Eq. (4.54) vanishes. On the other hand,

the first contribution to Eq. (4.54) is instead a new term which does not appear in the FI for single

homodyne, deriving from the information on the parameter encoded in the displacement µ. This

term achieves the HL in NDNS, in the sense that it reaches the HL in N = ND + NS if both ND

and NS grow with N , i.e. if ND = βN and NS = (1 − β)N with 0 ≤ β < 1 independently of N .

The function ζ(kavg) in Eq. (4.56) does not have roots, hence the first contribution to F vanishes

only for ND = 0, i.e. for a squeezed vacuum as a probe.

Finally, we will now write the Likelihood Equation (1.29) for the setup described here, and

discuss about the MLE ϕ̃MLE saturating the CRB

δϕ ≥ 1√
νF(ϕ)

(4.57)

After performing ν measurements of the field quadratures x̂i,θi , the Likelihood of the outcomes

(x1, . . . ,xν) is given by (see Eq. (1.27))

L(ϕ;x1, . . . ,xν) =

ν∏
j=1

pϕ(xj), (4.58)

with pϕ(xj) given by Eq. (4.45). In Appendix E we show that the MLE, solution of the Likelihood
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Equation (1.29), is implicitly given by the estimator ϕ̃MLE which satisfies the equation

0 =
1

2
Tr

[
∂ϕΣ−1

(
νΣ−

ν∑
j=1

(xj − µ)(xj − µ)T
)]

ϕ=ϕ̃MLE

+

[
(∂ϕµ)TΣ−1

(
νµ−

ν∑
j=1

xj

)]
ϕ=ϕ̃MLE

, (4.59)

where Σ is the covariance matrix in Eq. (4.46), and µ the mean vector in Eq. (4.47). This equation

cannot in general be solved analytically, hence numerical methods typically need to be in place

to find ϕ̃MLE. On the other hand, Eq. (4.59) simplifies for certain particular cases. For example,

when measuring all the minimum-variance quadratures so that γ̄i = ±π/2 in Eq. (4.52), and the

probabilities Pi are independent of ϕ, we can see from Eq. (4.46) that ∂ϕΣ = 0. In this case, the

Likelihood Equation becomes

0 =

[
(∂ϕµ)TΣ−1

(
µ− 1

ν

ν∑
j=1

xj

)]
ϕ=ϕ̃MLE

, (4.60)

where the term in the right-hand side can be seen as a linear combination of the quantities µ− µ̃,

where µ̃ =
∑ν
j=1 xj/ν are estimators of the mean µ. We see here how the displacement of the

probe allows us to perform the estimation of ϕ through the sample mean µ, i.e. the average of

the outcomes of the homodyne measurements. For a squeezed vacuum as a probe, µ = 0, so that

Eq. (4.59) becomes

0 =
1

2
Tr

[
∂ϕΣ−1

(
Σ− 1

ν

ν∑
j=1

xjx
T
j

)]
ϕ=ϕ̃MLE

, (4.61)

where it is possible to recognise the sample covariance matrix Σ̃ =
∑ν
j=1 xjx

T
j /ν, estimator of the

covariance matrix Σ.

4.3.3 On the conditions for the Heisenberg scaling

Also for the model introduced in this section, some considerations regarding the conditions in

Eq. (4.52) can be drawn, especially in light of the feature of the single-homodyne, squeezed-vacuum

scheme discussed in Sec. 4.1.3.

In fact, these conditions do nothing but fixing the phases θi of the quadratures x̂i,θi that need

to be measured to achieve the HL. Regarding the minimum resolution on the homodyne sensors,

it appears there is no evident advantage in this setup compared to the single-homodyne scheme,

since the resolution required to tune the local oscillators of each channel is still of order 1/N . On

the other hand, introducing displacement in the probe allows, as previously discussed, to infer the

value of the parameter from the information inscribed in the average of the measured quadratures

µ. Therefore, it is possible with this scheme to measure exactly the minimum-variance quadratures

x̂i,γi±π/2, possibility that was prevented in the previous scheme due to the requirement k 6= 0 in

Eq. (4.11a). Although the situation for which ki = 0 for i = 1, . . . ,M sets to zero the contribution

FS(ϕ) in Eq. (4.54), associated with the information encoded in the covariance matrix Σ, the first

contribution FD(ϕ) of the FI still reaches the HL.
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Another interesting feature of this protocol, which differentiate it from its single-homodyne

counterpart, is that it does not require any adaptation of the network: since every output channel

is observed, no condition on the transition probabilities Pi is required. Therefore, not only there is

no requirement for a ϕ-dependent auxiliary stage, but there is no need for an auxiliary stage in the

first place to reach the HL. However, the precision in the estimation is still affected by the network

through the terms kavg and (∂γ)avg, which appear in the constant factors multiplying the scaling

in the FI in Eq. (4.49). In fact, we can see from Eq. (4.56) that these two quantities depend on the

transition probabilities Pi and on the derivatives of the complex phases ∂ϕγi. In particular, F(ϕ)

can be vanishing for exceptionally poorly conceived networks, for which (∂γ)avg = 0: for example,

a network for which γi is independent of ϕ for all values of i such that Pi 6= 0, is associated with

a vanishing factor (∂γ)avg, as we can see from its definition in Eq. (4.55). In this case, adding a

ϕ-independent auxiliary network V , either at the input or at the output of Uϕ, would modify the

transition amplitude of the overall interferometric evolution, and ultimately yield a non-vanishing

value of (∂γ)avg.

4.4 Summary

In this chapter we have introduced and analysed estimation schemes for distributed Gaussian

quantum metrology achieving the HL. As already discussed in Sec. 3.3.2, the estimation of a

physical property distributed among several components of an optical network is a task generally

more complex than the estimation of a localised parameter, and finds its applications in biomedical

imaging of identical samples positioned in multiple parts of the network, and sensing of uniform

fields (temperature, electric or magnetic field) affecting the every or some components of the

network.

In Sec. 4.1 we introduced an estimation scheme, based on single-mode squeezed vacuum states

and homodyne detection at a single output port of the network, which achieves the HL when an

auxiliary passive and linear network is employed either at the input or the output. We showed that

the role of the auxiliary stage is to prepare the probe so that, after the whole interferometric evolu-

tion, it is refocused on the only channel observed with homodyne detection, condition represented

by Eq. (4.11b), while condition (4.11a) can be traduced as a minimum-resolution requirement in

tuning the local-oscillator phase of the homodyne detector. Remarkably, we demonstrated that the

auxiliary network required to achieve the HL can be engineered with only a classical knowledge on

the parameter, i.e. after a single SNL-achieving prior estimation has been performed, which shows

that the scheme here presented overcomes the obstacle of the network adaptivity usually found in

quantum-enhanced Gaussian schemes.

In Sec. 4.2, we analysed the influence of a second non-optimised auxiliary network on the preci-

sion of the scheme described in Sec. 4.1. We showed that, once the refocusing condition (4.11b) is

satisfied, most choices of the second auxiliary network affect only marginally the precision achieved

by the estimation scheme. In fact, employing concentration results of measures on high-dimensional

spaces, we demonstrated that, after a random choice of the non-optimised auxiliary network, the

probability that the pre-factor multiplying the scaling N2 in the FI in Eq. (4.12) becomes close
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to zero is exponentially suppressed, and this effect is more intense for increasing numbers M of

network channels.

In Sec. 4.3, we introduced and analysed a second Gaussian estimation scheme achieving the

HL, based, differently from the scheme in Sec. 4.1, on a squeezed coherent state and homodyne

detection at each output channel of the linear and passive network. Two major differences can

be highlighted between the two schemes of Secs. 4.1 and 4.3. The presence of multiple homodyne

detectors entirely removes the need of auxiliary networks to refocus the probe, which in turns

allows us to conceive one-step protocols for the estimation of the distributed parameter without

any prior classic measurement. Moreover, the presence of a non-vanishing displacement makes it

possible to pursue a displacement-encoding estimation strategy, other than the squeezing-encoding

already present in the other scheme, which allows the experimenter to better tailor the estimation

scheme to the experimental circumstances.



Chapter 5

Estimation of Functions of

Parameters

In the previous chapter, we introduced some schemes for the estimation at the HL of a single

parameter encoded in an arbitrary linear network. We have found the conditions that need to be

verified to reach this enhanced sensitivity when employing a squeezed vacuum state as a probe

and a single homodyne detector (Sec. 4.1), or a squeezed coherent state and multiple homodyne-

detectors (Sec. 4.3). A natural question that may arise is whether the same setup can be employed

in achieving the HL when the number of unknown parameters affecting the arbitrary network

increases, and our goal is to estimate a certain function of these parameters. Although such task can

be easily performed estimating separately each single parameter, and then evaluating the function

in the data analysis, the ability to directly estimate a global property (e.g. spatial average of a field,

field-gradients, or non-linear functions interpolation) allows us to not waste resources to obtain

superfluous information on each single parameter. These techniques allow, for example, for the

mapping and characterisation of spacial properties of fields, such as average values and gradients, or

interpolation of physical properties of biological samples (density, thickness) distributed spatially

in a non-uniform manner.

We have also seen that it is always possible to add a ϕ-independent auxiliary stage, which

introduces degrees of freedom that essentially do not affect the precision of the estimation scheme,

especially for networks with a large number of channels (Sec. 4.2). Therefore, it may be possible to

employ this auxiliary stage to manipulate the way the information on the structure of the network

is encoded in the probe. However, in such a scenario, it cannot be excluded that complications may

arise due to the presence of multiple sources of uncertainty, complications which already materialise

starting from the more complex mathematical formalism required to describe the multi-parameter

scenario (Sec. 1.3.2). In other words, although similar to the situation presented in Sec. 4.1 and a

single quantity is ultimately estimated, the presence of a network affected by multiple independent

parameters substantially changes the nature of the estimation procedure, and a careful analysis

within the multi-parameter formalism is due to ensure whether quantum-enhancement can still be
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attained.

In this chapter we will show how such a scheme for the estimation of functions of multiple

parameters encoded in a generic linear passive network achieving the HL can be realised [3]. We

will show that, employing a single squeezed vacuum state and a single homodyne detector, it is

possible to reach the HL in the estimation of functions of the parameters, satisfying conditions that

are similar to the ones found for the single-parameter scheme. We find also in this scenario that a

classical knowledge on the unknown parameters is required to optimize the network through the

use of auxiliary stages, allowing us to conceive two-steps protocols achieving the HL. Moreover, we

will see how the exceeding degrees of freedom of the auxiliary stages which are not employed to

optimize the network can be used to change the functional dependence between the quantity that

can be estimated and the unknown parameters.

Once we will have described the estimation scheme and discussed the conditions that need to

be met in order to reach the HL, we will present two examples. The first is a 2-channel network

which allows us to estimate a function of three parameters, of which two optical phases and a

beam-splitter reflectivity, parametrised by some quantities that can be chosen arbitrarily through

the auxiliary stages employed. We will see that, according to the choice of the auxiliary networks,

the function estimated can be linear or non-linear in the three parameters. The second is a scheme

for the estimation of any linear combination of parameters with positive weights. In particular,

we will show how it is possible to employ this scheme when the unknown parameter are not only

phase-shifts, but also reflectivities of beam-splitters, or more in general phases acquired through

complex local networks.

5.1 Setup

Let us consider a M -channel linear and passive network Ûϕ which depends on p unknown parame-

ters ϕ = (ϕ1, . . . , ϕp). The parameters ϕ may represent certain physical properties associated with

each component of the network, such as reflectivities of beam-splitters, or phase-shift magnitudes,

or they may be the values of external non-uniform fields which influence several components of

the network, such as the temperature and the electromagnetic field. (see Fig. 5.1) The action of

the network can be described with the usual unitary matrix representation Uϕ, defined through

Eq. (2.44). The probe employed is a single-mode squeezed vacuum (see Sec. 2.3.2)

|ψ0〉 = |r〉 ≡ Ŝ(r) |vac〉 , r = (r, 0, . . . , 0) (5.1)

injected in a single input port, say the first, with N = sinh2 r number of photons in average in the

probe. With the assumption that r > 0 and the conventions outlined in Sec. 2.3.2, the squeezed

quadrature of the state |ψ0〉 is x̂π/2, with Var[x̂π/2] = e−2r/2. In order to infer some information

on the parameters from the interferometric evolution of the probe, we will perform homodyne

measurements at a single output port, say the first, of the quadrature x̂θ, where θ is the phase of

the local oscillator (see Sec. 2.4).

Similarly to the setup described in Sec. 4.1, we will consider in this model the presence of two

auxiliary networks, V̂in and V̂out, acting on the probe before and after the evolution given by the
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|vac〉

|vac〉

|vac〉

...

|vac〉

1

2

3

...

M

l.o.ÛϕV̂in V̂out

Ŝ(r)
ϕ1

ϕ2

ϕ3

ϕ4

ϕ5

ϕp

Fig. 5.1: Diagram of the setup described in Sec. 5.1. A squeezed vacuum state is injected in the

first input port of a network composed of a first auxiliary stage V̂in, a linear and passive network

Ûϕ which depends on multiple unknown parameters ϕ, and a second auxiliary stage V̂out. The

two auxiliary stages are linear and passive networks whose purpose is to manipulate how the

information on ϕ and on the structure of the network is encoded into the probe, and to refocus it

in the only output channel observed through homodyne detection. This setup reaches the HL in

the estimation of the overall phase acquired by the probe, which is a function of the parameters ϕ

that can be manipulated through the choice of V̂in and V̂out.

network Ûϕ respectively. Also in this model, intuitively the role of the stage V̂in is to distribute

the probe among all the channels of the network, while V̂out refocuses the probe into the only

output port which is observed. However, in light of the results of typicality presented in Sec. 4.2,

which showed that the overall precision of the single-parameter estimation scheme is essentially

not affected by the choice of the non-optimised network for a large number M of channels, we

will exploit the remaining degrees of freedom in the two auxiliary stages to manipulate how the

information about the structure of the network Ûϕ and on the parameters ϕ is encoded into the

probe. Since the photons of the probe are all injected in the first channel, and only the first output

port is observed, the only relevant element of the unitary matrix uϕ = VoutUϕVin – representing

the action of the whole setup on the probe – is (uϕ)11, namely the transition amplitude from the

first input to the first output port. We will employ the parametrisation

(uϕ)11 ≡ (VoutUϕVin)11 =
√
Pϕeif(ϕ), (5.2)

which emphasizes the two relevant physical quantities, i.e. the transition probability Pϕ :=

|(uϕ)11|2 and the phase f(ϕ) := arg(uϕ)11 acquired by the probe through the network, which

is in general a function of the unknown parameters ϕ. We will see later that the function f(ϕ) can

be estimated at the HL. After the interferometric evolution, the squeezed variance hence becomes

x̂f(ϕ)+π/2. If the quadrature x̂θ is observed through homodyne detection, the probability distri-

bution pϕ(x) which governs the outcomes of the measurement is Gaussian, due to the Gaussian

nature of the probe (see Sec. 2.2), and centred in zero, due to the absence of displacement. We



5.2. HEISENBERG SCALING 87

thus have, from Eq. (2.57),

pϕ(x) =
1√

2πσ2
ϕ

e
− x2

2σ2
ϕ , (5.3)

where the variance σϕ has been calculated in Appendix B

σ2
ϕ =

1− Pϕ
2

+
Pϕ
2

[cosh(2r) + cos(2f(ϕ)− 2θ) sinh(2r)] , (5.4)

and can be thought as the average between the noises of the vacuum and of the squeezed states,

weighted by the factors 1− Pϕ and Pϕ respectively.

The presence of multiple independent parameters imposes the multi-parameter approach for

the analysis of the ultimate precisions achievable with this setup, and the use of the FIM F(ϕ), as

shown in Sec. 1.3.2. A Gaussian probability density function centred in zero, as shown in Eq. (5.3),

yields a FIM of the form (see Appendix C)

F(ϕ) =
1

2σ4
ϕ

(
∂σ2
ϕ

∂ϕ

)(
∂σ2
ϕ

∂ϕT

)
, (5.5)

where ∂
∂ϕT = ( ∂

∂ϕ1
, . . . , ∂

∂ϕp
). Similarly to the scheme described for the estimation of a single

parameter in Sec 4.1.1, all the information on the parameters ϕ is encoded in the variance σϕ

through the transition probability Pϕ and the phase acquired f(ϕ). It is thus convenient to

separate the derivative of the variance in Eq. (5.4) in two contributions

∂σ2
ϕ

∂ϕ
= (∂Pσ

2
ϕ)
∂Pϕ
∂ϕ

+ (∂fσ
2
ϕ)
∂f(ϕ)

∂ϕ
, (5.6)

where ∂P and ∂f denote the operation of differentiation with respect of Pϕ and f(ϕ), so that we

easily obtain from Eq. (5.4)

∂Pσ
2
ϕ =

1

2
(−1 + cosh(2r) + cos(2f(ϕ)− 2θ) sinh(2r)) (5.7a)

∂fσ
2
ϕ = −Pϕ sin(2f(ϕ)− 2θ) sinh(2r). (5.7b)

5.2 Heisenberg scaling

Similarly to the FI for the estimation of a single parameter in the protocols described in Secs. 4.1-

4.3, if not specific conditions are imposed on the network uϕ, the FIM cannot generally reach the

HL. This is due to the presence of the squared variance σ4
ϕ at the denominator of Eq. (5.5), which

may grow with order N2, with N number of photons injected, since

σ2
ϕ =

1− Pϕ
2

+
Pϕ
2

[
1 + 2N + 2 cos(2f(ϕ)− 2θ)

√
N(N + 1)

]
= NPϕ(1 + cos(2f(ϕ)− 2θ)) +O(1), (5.8)

while the derivatives in Eqs. (5.7) only contain terms of the type sinh(2r) and cosh(2r), which

are of order N . Thus the need arises to impose conditions which prevent the variance of the
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observed quadrature to grow with the number of photons. The presence of multiple independent

parameters in general may complicate the estimation process, as discussed in Sec. 1.3.2, since each

parameter constitutes a further source of uncertainty. Nevertheless, we show in Appendix D that

this setup reaches the HL in the estimation of f(ϕ) if similar conditions to the ones described for

a single-parameter scheme in Sec. 4.1.2 are met. In particular, the conditions are

f(ϕ)− θ ∼ ±π
2

+
k

N
, k 6= 0, (5.9a)

Pϕ ∼ 1− `

N
, 0 ≤ ` < N, (5.9b)

with k and ` arbitrary factors which are independent of N . In Sec. 5.2.1, we will discuss about

the meaning of the conditions in Eq. (5.9), exploring their consequences and highlighting the

similarities with the single-parameter protocol in Sec. 4.1. In Appendix D we show that, when

conditions (5.9) are met, the FIM in Eq. (5.5) becomes

F(ϕ) ∼ 8%(k, `)N2

(
∂f(ϕ)

∂ϕ

)(
∂f(ϕ)

∂ϕT

)
, (5.10)

where %(k, `) is the same constant factor defined in Eq. (4.13) for the single-parameter estimation

%(k, `) =

(
8k

1 + 16k2 + 4`

)2

, (5.11)

which reaches its maximum for k = 1/4 and ` = 0 in Eq. (5.9), i.e. %(1/4, 0) = 1.

Despite the presence of the factor N2 in the FIM in Eq. (5.10), it is generally impossible to

reach the HL in the estimation of each of the p parameters ϕ. In fact, we can easily see that

the (asymptotic) expression of the FIM (5.10) is non-invertible: the (column) vector ∂
∂ϕf(ϕ) is

trivially the only eigenvector associated with a non-vanishing eigenvalue of the FIM. As discussed

in Sec. 1.3.3, a singular FIM is symptomatic of the presence of parameters which do not admit

estimators with finite variances, and the traditional multi-parameter CRB, as shown in Eq. (1.41),

is not applicable. As discussed in Sec. 1.3.3, only specific functions ψ(ϕ) of the parameters ϕ

– i.e. functions satisfying condition (1.54) – admit unbiased estimators with finite variance. In

particular, specialised to the FIM in the problem at hand in Eq. (5.10), condition (1.54) becomes

∂ψ(ϕ)

∂ϕ
∝ ∂f(ϕ)

∂ϕ
(5.12)

since ∂
∂ϕf(ϕ) is the only eigenvector whose eigenvalue

λ = 8%(k, `)N2

∣∣∣∣∂f(ϕ)

∂ϕ

∣∣∣∣2 (5.13)

is non vanishing, with F(ϕ)
(
∂
∂ϕf(ϕ)

)
= λ ∂

∂ϕf(ϕ), where |w| =
√∑

i w
2
i is the norm of the vector

w. The solutions of Eq. (5.12) for all the possible values of ϕ are of the form ψ(ϕ) ≡ a1f(ϕ) + a2,

with a1/2 independent of ϕ, and in particular ψ(ϕ) ≡ f(ϕ) belongs to this family, which entails

the fact that the function f(ϕ) can be estimated with finite variance. We can finally evaluate the
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CRB associated with any estimator f̃ of f(ϕ) from Eq. (1.41), obtaining in the asymptotic regime

(see Appendix G)

Varϕ[f̃ ] ≥ 1

ν

1

8%(k, `)N2
, (5.14)

which reaches the HL in the mean number of photons N .

Lastly, as discussed in Sec. 1.2.1, we can saturate the CRB in the limit of large samples X =

(X1, . . . , Xν), namely it is always possible to find the MLE f̃MLE ≡ f̃MLE(X) which is unbiased

and efficient in the asymptotic regime of large samples ν → +∞. In order to find the MLE, we

need to maximise the Likelihood function L(ϕ;x) in Eq. (1.27) for a given realisation x of the

sample X, which specialise in this model into

L(ϕ;x) =

ν∏
i=1

pϕ(xν) =
1

(2πσ2
ϕ)ν/2

exp

(
−|x|

2

2σ2
ϕ

)
(5.15)

In Appendix E we see that the solution of the Likelihood Equation (1.29) is given by the estimator

f̃MLE satisfying

σ(f̃MLE)2 = S(x)2, (5.16)

where σ2(f) is the variance in Eq. (4.5) as a function of f ≡ f(ϕ), supposing that Pϕ satisfies

Eq. (5.9b) and is known, while S(x)2 is the usual sample variance

S(x)2 =
1

ν

ν∑
i=1

x2
i . (5.17)

Inverting the function σ2(f), we can obtain the explicit expression of the MLE in this regime

f̃MLE(x) = θ +
1

2

(
2nπ ± arccos

((
2S(x)2 − 1

)
− 2Pϕ sinh2 r

2Pϕ sinh r cosh r

))
, (5.18)

with n ∈ Z integer. Similarly to the MLE of single-parameter estimator in Eq. (4.18), the presence

of the cosine function, which is invertible only on intervals of its argument of the type [nπ, (n+ 1)π[,

requests a prior knowledge on the argument 2f(ϕ) − 2θ in order to choose the correct value of n

in Eq. (5.18). However, we will discuss in the next section that a classical coarse estimation of the

parameters ϕ is required in order to optimise the network and satisfy condition (5.9b). In other

words, the error δϕ committed in the prior coarse estimation must be of order 1/
√
N , decreasing

at the SQL with the number of photons N . For a large enough N , δϕ will be small enough to

unequivocally choose the correct interval of invertibility of the cosine, and thus the correct n in

Eq. (5.18).

5.2.1 On the conditions for the Heisenberg scaling

Despite the presence of multiple parameters, the substantial similarity of conditions (5.9) with the

single-parameter counterparts in Eq. (4.11) allows us to draw the same consideration discussed in

great detail in Sec. 4.1.3. Condition (5.9a) is a minimum resolution requirement on the tuning of

local-oscillator phase θ, which must be controlled with steps of order 1/N . Moreover, in agreement
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with the principles of squeezing-encoding estimation schemes described in Sec. 3.2, the requirement

k 6= 0 in Eq. (5.9a) implies that θ must be tuned in such a way to measure a quadrature field x̂θ

which is slightly different from the minimum-variance quadrature x̂f(ϕ)±π/2. This can be explained

by the fact that the minimum variance – i.e. σ2
ϕ for θ = f(ϕ) ± π/2 – is a stationary point for

variations of f(ϕ), and hence its gradient in Eq. (5.6) is vanishing for Pϕ close to its maximum

and σ2
ϕ to its minimum (see Sec. 4.1.3 for a more in-depth discussion).

Condition (5.9b) is a requirement on the refocusing of the probe into the only observed channel.

Similarly to how discussed in Sec. 4.1.3, in order for the variance in Eq. (5.4) of the observed

quadrature to be ‘squeezed’ – i.e. σ2
ϕ ∼ 1/N – the contribution of the vacuum (1 − Pϕ)/2 must

be of order 1/N . Moreover, similar considerations also for the prior knowledge on the parameter

required for the optimization of the refocusing network can be drawn. First of all, condition (5.9b)

can be satisfied by only optimizing a single auxiliary stage, while choosing arbitrarily the other.

We can call ϕcl the result of a prior coarse estimation of the parameters ϕ required to optimise

a single auxiliary stage, say V̂out ≡ V̂out(ϕcl). The single-photon probability transition Pϕ can be

written as the squared modulus of the scalar product of the two vectors UϕVine1 and Vout(ϕcl)
†e1,

with e1 = (1, 0, . . . , 0)T

Pϕ =
∣∣eT

1 Vout(ϕcl)UϕVine1

∣∣2 ≡ η(ϕ,ϕcl), (5.19)

where, similarly to Eq. (4.19), η(ϕ,ϕcl) is a smooth function of ϕ and ϕcl which is maximised for

ϕcl = ϕ, since V̂out(ϕcl = ϕ) would satisfy η(ϕ,ϕ) ≡ 1. For small deviations δϕ = ϕ−ϕcl of the

coarse estimation from the true values of the parameters ϕ, we can expand Eq. (5.19)

η(ϕ,ϕ− δϕ) = 1−
p∑
i=1

∂η(ϕ,x)

∂xi

∣∣∣
x=ϕ︸ ︷︷ ︸

0

δϕi +
1

2

p∑
i,j=1

∂2η(ϕ,x)

∂xi∂xj

∣∣∣
x=ϕ

δϕiδϕj +O(δϕ)3, (5.20)

where the gradient ∂
∂ϕcl

η(ϕ,ϕcl) is zero for ϕ = ϕcl. Thus, also in the presence of multiple

unknown parameter ϕ, if the errors δϕ in the prior estimations ϕcl are of order 1/
√
N , it becomes

possible to engineer the refocusing stage V̂out(ϕcl) that satisfies condition (5.9b), and thus that

allows to reach the HL, similarly to the single-parameter estimation protocol (see discussion in

Sec. 4.1.3).

5.3 Examples

The presence of two auxiliary stages V̂in and V̂out, and the need to optimise only one of them

in order to satisfy condition (5.9b) – and ultimately to reach the HL – entail the possibility to

exploit the remaining degrees of freedom in the network to manipulate how the information on the

parameters ϕ are encoded in the probe. In this section, two examples are proposed, which make

use of these degrees of freedom to allow us to choose the function to be estimated from a family of

functions of some parameters ϕ. The first example is a 2-channel network for the estimation at the

HL of linear and non-linear functions of three parameters, of which two are magnitudes of phase-

shifts and one is the reflectivity of a beam-splitter. The second is a network for the estimation of

linear combination with positive weights of an arbitrary number of parameters.
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1
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V̂in

ω

α1

α2

Ûϕ

ϕ1

ϕ3

ϕ2

V̂out

ω− π
2

α3−ϕ2,cl

α4−ϕ3,cl

Fig. 5.2: A 2-channel example of a network which allows to estimate at the HL certain functions

of the reflectivity ϕ1 of a beam-splitter and the magnitudes ϕ2/3 of phase-shifts. The form of

the function can be manipulated by changing the values of the arbitrary parameters α, with

α1 − α2 = α4 − α3 = ∆α (see Eq. (5.27)), while the value of ω is shown in Eq. (5.24). Similarly

to the setup described in Sec. 4.1, a classical knowledge ϕcl of the unknown parameters suffices to

optimise the network.

5.3.1 Non-linear function

We here consider a 2-channel network Ûϕ for the estimation of non-linear functions f(ϕ;α) of

the reflectivity of a beam-splitter ϕ1 and the magnitudes of two phase-shifts ϕ2/3, with reference

to Fig. 5.2. The functions f(ϕ;α) are parametrised by the quantities α = (α1, α2, α3, α4), which

can be implemented arbitrarily, with the only condition that α1 − α2 = α4 − α3 ≡ ∆α. The

possibility to choose the quantities α stems from the presence of abundant degrees of freedom in

the auxiliary networks V̂in and V̂out, which are not employed for the optimization of the network

needed to satisfy Eq. (5.9b). The protocol employed is the same considered in Sec. 5.1, with a

single squeezed-vacuum state with N = sinh2 r average number of photons injected in the first

input port of the overall network, with r squeezing parameter of the probe, and only the first

output channel observed through homodyne detection, to measure the quadrature x̂θ, where θ is

the phase of the homodyne local oscillator.

Recalling the notation introduced in Sec. 2.3.3, we can write the matrices representing the

action of the beam-splitter and the phase-shifts in the network Ûϕ as

UBS(ϕ1) = exp(iϕ1σ2) =

(
cosϕ1 sinϕ1

− sinϕ1 cosϕ1

)

UPS(ϕ2, ϕ3) = exp

(
i
ϕ2 + ϕ3

2
12 + i

ϕ2 − ϕ3

2
σ3

)
=

(
exp(iϕ2) 0

0 exp(iϕ3)

)
(5.21)

respectively, where σi, i = 1, 2, 3, is the i-th Pauli matrix and 12 is the 2 × 2 identity matrix, so

that the network Ûϕ is represented by the matrix

Uϕ = UPS(ϕ2, ϕ3)UBS(ϕ1) =

(
cosϕ1 exp(iϕ2) sinϕ1 exp(iϕ2)

− sinϕ1 exp(iϕ3) cosϕ1 exp(iϕ3)

)
. (5.22)
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The quantity ∆α = α1 − α2 that we will use to parametrise the family of functions f(ϕ;α) is the

relative phase between the arms of the input auxiliary stage V̂in ≡ V̂in(α1, α2), which is overall

described by the unitary matrix

Vin(α1, α2) = UPS(α1, α2)UBS(ω). (5.23)

This auxiliary network consists of two phase-shifts of arbitrary magnitudes α1 and α2 in the first

and second channel, and a beam splitter with reflectivity

ω =
1

2
arctan

(
cos(ϕcl,1)

sin(ϕcl,1) cos ∆α

)
, (5.24)

which can be engineered once a classical estimation ϕcl,1 of the unknown reflectivity ϕ1 of the

beam-splitter in Ûϕ has been carried out, namely after a coarse prior estimation so that the error

δϕ1 = ϕ1 − ϕcl,1 is of order 1/
√
N . The refocusing auxiliary network V̂out is described, with

reference to Fig. 5.2, by the unitary matrix

Vout(α3, α4) = UBS(ω − π/2)UPS(α3 − ϕcl,2, α4 − ϕcl,3), (5.25)

where the quantity ∆α = α4 − α3 enters in the relative phase of the two channels, this time

changed in sign. We can see from the expression of Vout that this auxiliary stage in general depend

on the classical estimation ϕcl of the unknown parameters, namely on the results of a coarse prior

estimation for which the committed errors δϕ = ϕ−ϕcl are of order 1/
√
N .

We will now see that the HL can be achieved in the estimation of the complex phase f(ϕ;α) ≡
arg(Vout(α3, α4)UϕVin(α1, α2)) of the network ûϕ depicted in Fig. 5.2, showing that it satisfies

condition (5.9b). In fact, employing Eqs. (5.22)-(5.25), we can explicitly evaluate the transition

amplitude

(uϕ)11 = ei(α1+α3+
δϕ2+δϕ3

2 )

(
cos

(
δϕ2 − δϕ3

2

)
sin 2ω cosϕ1

+ cos

(
∆α− δϕ2 − δϕ3

2

)
cos 2ω sinϕ1 + i sin

(
∆α− δϕ2 − δϕ3

2

)
sinϕ1

)
, (5.26)

where the quantity ω is defined in Eq. (5.24). In Appendix H we see that the transition probability

Pϕ ≡ |uϕ|211 actually satisfies the condition (5.9b) on the network for the HL, which means that

the auxiliary networks correctly operate on the probe so that it gets refocused on the only observed

channel. In Appendix H the complex phase is evaluated

f(ϕ;α) = arctan

(
Im(uϕ)11

Re(uϕ)11

)
= α1 + α3 +

δϕ2 + δϕ3

2
+ arctan(Φ), (5.27)

with

Φ =
sinϕ1 sin

(
∆α− δϕ2−δϕ3

2

)√
1− sin2(ϕcl,1) sin2 ∆α

cosϕ1 cosϕcl,1 cos
(
δϕ2−δϕ3

2

)
+ sinϕ1 sinϕcl,1 cos ∆α cos

(
∆α− δϕ2−δϕ3

2

) , (5.28)
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which is in general a non-linear function of the parameters ϕ. We see from Eqs. (5.27)-(5.28) how

the choice of the arbitrary values of the parameters α affects the functional dependence of the

phase arg(uϕ)11 on the parameters ϕ, and thus of the quantity which can be estimated at the HL.

In particular, beside the term α1 + α3 which simply adds an overall phase, the relative phase ∆α

affects the functional dependence between the quantity Φ in Eq. (5.28) and ϕ.

For example, for ∆α = π/2 the beam-splitters in the auxiliary stages V̂in and V̂out become

balanced – i.e. ω = ±π/4 from Eq. (5.24) – while the function of ϕ in Eq. (5.27) we can estimate

reduces to

f(ϕ; ∆α = π/2) = α1 + α2 −
ϕcl,2 + ϕcl,3

2
+ ϕ1 +

ϕ2 + ϕ3

2
, (5.29)

thus becoming a linear function of the parameters. From Eq. (5.26), we can evaluate the transition

probability Pϕ = |(uϕ)|211 for the choice of ∆α = π/2, and for ω = π/4

Pϕ = cos2

(
δϕ2 − δϕ3

2

)
= 1− (δϕ2 − δϕ3)2

4
+O(δϕ)3, (5.30)

which satisfies condition (5.9b) as expected, since the error in the coarse estimation are assumed

to be classical, i.e. so that δϕ = O(1/
√
N). Comparing Eqs. (5.9b) and (5.30), and assuming that

δϕi = ki/
√
N with ki independent of N , it is easy to evaluate the factor

` =
(k2 − k3)2

4
(5.31)

which enters through %(k, `) in Eq. (5.11) in the CR bound in Eq. (5.14). Moreover we notice that,

if the two phase-shifts are completely known quantities, so that we are able to perfectly balance

them with the auxiliary stage V̂out with δϕ2/3 = 0, the overall network ûϕ in Fig. 5.2 reduces (up

to a global phase (α1 + α2)/2) to a setup which transform the reflectivity ϕ1 in an optical delay,

without any prior information on the parameter, as also discussed in Sec 4.1.4. In fact in this case,

the overall phase f(ϕ; ∆α = π/2) in Eq. (5.29) becomes α1 + α2 + ϕ1. In Sec. 5.3.2 we will make

use of this type of networks specifically for this purpose and be able to treat the reflectivities of

beam-splitter as if they were simple phase-shift.

For ∆α = 0, the reflectivity ω in Eq. (5.24) becomes ω = −ϕcl,1/2 − π/4, while the function

estimated at the HL in Eq. (5.29) reads

f(ϕ; ∆α = 0) = α1 + α2 +
δϕ2 + δϕ3

2
+ arctan

(
− tan

(
δϕ2 + δϕ3

2

)
sinϕ1

cos δϕ1

)
= α1 + α2 +

δϕ2 + δϕ3

2
− δϕ2 + δϕ3

2
sinϕ1 +O(δϕ)3, (5.32)

where the term O(δϕ)3 can be neglected since it is of order N−3/2 or smaller, i.e. beyond the HL

resolution. In particular, we notice from Eq. (5.32) that f(ϕ; ∆α = 0) is a relatively simple non-

linear function, in which we can find the products ϕ2 sinϕ1 and ϕ3 sinϕ1, between each phase-shifts

and the transmittivity amplitude of the beam-splitter. If we once again evaluate the transition

probability Pϕ = |(uϕ)|211 from Eq. (5.26) for ∆α = 0 we obtain

Pϕ = 1− δϕ2
1 −

(δϕ2 − δϕ3)2 cos2 ϕ1

4
+O(δϕ)3, (5.33)
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which satisfies condition (5.9b) as expected, since δϕ is of order 1/
√
N . In particular, we can easily

evaluate the N -independent factor

` = k2
1 +

(k2 − k3)2 cos2 ϕ1

4
(5.34)

which enters in the CR bound in Eq. (5.14), if we assume δϕi = ki/
√
N with ki independent of

N . If moreover ϕ1 = 0, the network in Fig. 5.2 reduces to a balanced Mach-Zehnder, which allows

us to estimate the average of the two phase-shifts since the overall phase in Eq. (5.32) reduces, for

ϕ1 = 0, to

f(ϕ; ∆α = 0) = α1 + α2 −
ϕcl,2 − ϕcl,3

2
+
ϕ2 + ϕ3

2
, (5.35)

where the average of the two phase-shifts ϕ2 and ϕ3 sums a known quantity, which can thus be

subtracted during the estimation without affecting the overall precision. In the next example,

we will generalise such scheme, considering a similar network, but with an arbitrary number of

channels and generally unbalanced beam-splitters.

5.3.2 Linear combination

We now consider a network Ûϕ which depends on M independent parameters ϕ (see Fig. 5.3),

that allows us to estimate with a precision at the HL any linear combination

L(ϕ) =

M∑
i=1

ωiϕi ≡ w ·ϕ (5.36)

with positive weights w = (w1, . . . , wM ). As also discussed previously in this chapter, the ability

to change arbitrarily the weights stems from the presence of degrees of freedom in the auxiliary

stages V̂in and V̂out that are not employed to refocus the probe in the only observed channel, i.e. to

satisfy condition (5.9b). At first, we will suppose that the parameters ϕ can either be magnitudes

of phase-shifts or reflectivities of beam-splitters. Later, we will show how it is possible to generalise

the scheme for an arbitrary set of parameters. We will also suppose, without loss of generality,

that the weights w sum to one, namely that the linear combination in Eq. (5.36) is a convex sum.

To estimate a generic linear combination, it would suffice to rescale the estimated convex sum,

causing a rescaling of the error in the estimation which does not affect the HL.

With reference to Fig. 5.3, and recalling the notation in Sec. 2.3.3, we now describe the network

Ûϕ affected by M unknown parameters ϕ. The parameters ϕ act in parallel, in the sense that

the i-th parameter ϕi only affects the i-th mode of the network, and they can equivalently be the

magnitudes of a phase-shifts UPS(ϕi) = eiϕi or the reflectivities of beam-splitters UBS(ϕi) = eiϕiσ2 ,

with σ2 the second Pauli matrix. For each unknown beam-splitter, a 2-channel passive and linear

network is employed in Ûϕ, whose purpose is to transform the reflectivity into a relative phase

between the two ports of the beam-splitter (see the panel (b) in Fig. 5.3). Similarly to what

happens in particular cases of the examples in Secs. 4.1.4 and 5.3.1, this can be done through the

network

V UBS (ϕ)V † = UPS(ϕ) ≡
(

eiϕ 0

0 e−iϕ

)
, (5.37)
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Fig. 5.3: Network for the estimation at the HL of any linear combination of M parameters with

positive weights, as shown in Eq. (5.36). As shown in the lower panel, each parameter ϕi can

either be (a) an optical phase acquired through a single-mode phase-shift, or (b) the reflectivity of

a lossless beam-splitter. The network (b) is given in Eq. (5.37), and its purpose is to transform the

reflectivity into an optical phase. Two auxiliary stages V̂in and V̂out are employed, whose purpose

is to distribute the probe according to the weights in the linear combination (see Eq. (5.40)), and

to refocus the probe into the first output port of the network (see Eq. (5.41)).

with

V = UBS

(π
4

)
UPS

(π
4

)
. (5.38)

We also remark that, despite each mode of Ûϕ with an unknown beam-splitter is practically

composed of two separated channels, the overall network V UBS (ϕ)V † in Eq. (5.37) acts as a

phase-shift in each of the two channels, namely the two modes are not mixed. Since this local

network V UBS (ϕ)V † is only fed through a single input port, it essentially acts as a single-channel

phase shift of magnitude ±ϕ on the probe, depending on which of the two arms are employed. The

overall network Ûϕ can be thus described with the unitary matrix

Uϕ = diag(eiϕ1 , . . . , eiϕM ), (5.39)

regardless of the nature of the parameters ϕ, whether they are phase magnitudes or beam-splitter

reflectivities.

The input auxiliary stage is a M -channel generalised beam-splitter, which scatters the probe

injected in the first input port into each of the M channels of Ûϕ according to the weights w.

Specifically, the unitary matrix Vin representing the input network is chosen so that

|(Vin)i1|2 = wi. (5.40)
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Noticeably, this constraint is ϕ-independent, i.e. V̂in does not need to be optimized after a prior

coarse estimation of ϕ. The output auxiliary network V̂out can be thought as been composed of

three separate stages. First, a phase shift of magnitude −ϕcl,i is applied to the i-th channel, where

ϕcl,i is a coarse estimate of the prior classical measurement of ϕi, so that the error committed

δϕi = ϕi − ϕcl,i is of order 1/
√
N . Then, a second generalised beam-splitter which does not

depend on ϕ is in place, whose purpose is to invert the action of V̂in and thus refocusing the probe

into the first channel of the network. Finally, a phase-shift of magnitude L(ϕcl) is applied before

the homodyne detection at the first output port. The overall action of the network V̂out is thus

described by the unitary matrix

Vout = UPS(L(ϕcl), 0, . . . , 0)V †in UPS(−ϕcl), (5.41)

where we denoted with UPS(λ1, . . . , λl) = diag(eiλ1 , . . . , eiλl).

With this setup, the probability amplitude (uϕ)11 = (VoutUϕVin)11 found in Eq. (5.2) can be

easily evaluated through Eqs. (5.39)-(5.41), and it reads

(uϕ)11 = eiL(ϕcl)
M∑
i=1

ωie
iδϕi = eiL(ϕcl)

(
1 +

M∑
i=1

iωiδϕi −
1

2

M∑
i=1

ωiδϕ
2
i

)
+O(δϕ)3, (5.42)

where we can neglect the term O(δϕ)3 since it is of order N−3/2 and thus beyond the HL resolution

we can achieve. We can now evaluate the transition probability Pϕ = |uϕ|211 through Eq. (5.42)

Pϕ =

∣∣∣∣∣eiL(ϕcl)
M∑
i=1

ωie
iδϕi

∣∣∣∣∣
2

= 1 +

(
M∑
i=1

ωiδϕi

)2

−
M∑
i=1

ωiδϕ
2
i +O(δϕ)3 (5.43)

which clearly satisfies condition (5.9b), so that the HL can be achieved in the estimation of the

complex phase f(ϕ) = arg(uϕ)11. We can thus evaluate, comparing Eqs. (5.9b) and (5.43), the

factor ` which enters in the FI shown in Eq. (5.14),

` =

(∑
i

ωiki

)2

−
∑
i

ωik
2
i , (5.44)

where we supposed that δϕi = ki/
√
N with ki independent of N . From Eq. (5.42) we obtain

f(ϕ) = L(ϕcl) +

M∑
i=1

ωiδϕi +O(δϕ)3 = L(ϕ) +O(δϕ)3, (5.45)

so that it is possible to recover the linear combination (5.36) at the HL from the estimation of

f(ϕ). We notice in fact that L(ϕ) in (5.36) and the complex phase f(ϕ) in (5.45) are equal up

to a quantity of order O(N−3/2), since the errors δϕ in the classical prior estimation are of order

1/
√
N , which is beyond the Heisenberg resolution, and thus negligible for our estimation purposes.

In conclusion, we will discuss about two distinctive features of this protocol. First, we notice

from Eq. (5.37) that the network employed to transform the reflectivity ϕ of the beam-splitters into

phase-shifts inverts the sign of the parameter in the second channel. This means that, if the portion
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of the probe which has been scattered into this network is injected in its second port, it acquires

a phase −ϕ. It is then possible to exploit this behaviour to estimate a linear combination which

admits negative weights for the reflectivities of the beam-splitters, employing the same protocol

described in this section with the only precaution to invert the sign of the classical estimation ϕcl

of this parameter. Second, it is possible to further generalise the local networks in each mode of

Ûϕ. In fact, we can replace the networks in the panel of Fig. 5.3 with a generic m-channel network

V̂ and, provided that the probe comes out of this local network from a single output channel – i.e.

the network acts as a phase-shift on the probe – the same results found in this section still apply.

Not only, in Appendix I we show that it is not necessary that the all the photons come out from

a single output port of each local network: instead, it suffices that a similar refocusing condition

to the one in Eq. (5.9b) is satisfied locally by each V̂ . It is thus possible to conceive, for example,

a scheme that allows to reach the HL in the estimation of linear combination of parameters and

functions of parameters, if we choose as V̂ the whole network described in the example in Sec. 5.3.1.

5.4 Summary

In this chapter we have introduced a scheme for the estimation of functions of multiple independent

parameters encoded in a single network, with applications in field-gradients or non-homogeneous

field sensing, or non-linear functions interpolation. This scheme can be seen as the natural devel-

opment of the setup analysed in Sec. 4.1, as it replaces a network whose components are all affected

by the same physical property (e.g. a uniform field, or identical copies of a biological sample) with

a network whose components are influenced by multiple independent physical properties (e.g. a

non-uniform field whose values change within the network, or different biological samples appear-

ing in the network). Although both schemes presented in Sec. 4.1 and in this chapter perform the

estimation of a single quantity, the presence of multiple independent parameters, each one being

an independent source of uncertainty in the estimation, substantially changes the nature of the

estimation of the latter, demanding a more careful approach in the multi-parameter setting.

The analysis performed in this chapter demonstrate that, despite the increased complexity of

the network, it is still possible to achieve the HL in the estimation of a function of the parameters,

given by the phase acquired by the probe through the whole interferometric evolution. Remarkably,

we found that also in this scheme a classical prior measurement of the unknown parameters is

sufficient to engineer an optimal auxiliary stage in order to satisfy condition (5.9b), ultimately

overcoming the obstacle of the network adaptivity also in this case. Moreover, we showed how a

further auxiliary network can be employed to control the function of the parameter to be estimated

at the HL, and two schemes for the estimation of non-linear (Sec. 5.3.1) and linear (Sec. 5.3.2) are

investigated.



Chapter 6

Estimation of the Time Delay

between two Independent Photons

In this chapter, we will analyse the ultimate precision achievable in the estimation of the delay

between two independent photons, when HOM interferometry is enhanced by employing frequency-

resolving measurements [6]. The estimation of time delays between photons can be easily employed

for the measurement of the difference of their emission times, or for the difference in the optical

length between two paths. In turns, this can be employed for applications in imaging of biomedical

samples, analysis of composition and structures of materials and integrated optical and electronic

components for engineering purposes. Employing a state of independent photons, this estimation

scheme can be performed by simply feeding the interferometer with probes generated by indepen-

dent single-photon sources, such as heralded spontaneous parametric down conversion sources [129,

136] or quantum dots [137].

We will show that frequency-resolved two-photons interference is an optimal approach for the

estimation of the time delay when the photons are completely indistinguishable aside from their

temporal properties, in the sense that the FI associated with frequency-resolving measurements on

indistinguishable photons saturates the QCR bound in Eq. (1.62), and that the precision achieved

is independent of the value of the delay. Since we consider independent photons in our model, we

show that entanglement between the two photons is not an essential resource for the estimation

through frequency-resolved interferometry, which can be performed with independent single-photon

sources. Instead, the metrological resource which allows the estimation is the quantum interference

between the components of the two photons with different frequencies. In other words, it is possible

to infer the value of the delay in time of the photons by observing interference in the domain of

its conjugated variable, i.e. the difference in the frequencies of the photons. We will see that the

requirement for this interference to take place is that the photons have a similar spectrum – we will

consider photons with identical frequency distribution – while the emission times can be arbitrarily

distant.

Moreover, we show that even if a non-vanishing distinguishability degree between the two

98
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photons other than in the temporal domain is present, e.g. given by different polarizations or inner

spatial modes, frequency-resolved two-photon interference still provides advantage compared to the

standard HOM interferometry. Indeed, as discussed in Sec. 3.4, a standard HOM interferometer

cannot be employed to infer values of delays much larger than the temporal dispersion of the

photons, due to the high distinguishability of the photons at the detectors. Instead, we show

that the simultaneous observation of the frequencies of the photons and correlation measurements,

unveil the presence of quantum interference that is otherwise hidden, also in the regime of large

delays and partially indistinguishable photons, since frequency-resolving detectors are blind to

their temporal distinguishability.

We conclude the chapter presenting an illustrative example, analysing the features of the FI

of this model associated with a specific photonic spectrum. In particular, we will analyse the

behaviour of the estimation scheme when employing photons in a coherent superposition of two

frequencies. We will here see explicitly that the indistinguishability between the photons, and

thus the impossibility to discern which photon is observed with each frequency at the detectors,

generates the interference which allows us to infer the time delay of the photons. Moreover,

this family of states admits an explicit and closed form for the MLE, the asymptotically efficient

estimator introduced in Sec. 1.2.1.

6.1 Setup

We start describing more in detail the setup shown in Fig. 6.1 for the estimation of time delays

between independent photons. We will suppose that the two photons, before impinging on the

beam-splitter, are described by the separable state

|ψ〉 =

∫
R2

dω1dω2 ξ1(ω1)ξ2(ω2)
(
ηâ†1,ω1

+
√

1− η2b̂†1,ω1

)
â†2,ω2

|vac〉 . (6.1)

Here, ξi(ω) := ξ̄(ω)e−iωti is the frequency probability amplitude of the photon in the i-th channel

emitted at the time ti, i = 1, 2. In other words, we are assuming that the two photons share the

same frequency probability distribution |ξi(ω)|2 = ξ̄(ω)2. For a given frequency ω and input-arm i

of the beam-splitter, the creation operators â†i,ω and b̂†i,ω denote orthogonal modes in an additional

degree of freedom, such as polarisation or inner spatial modes: for η = 1, the two photons in the

two separate channels differ only in their injection times – i.e. no contribution arises from the

mode operator b̂†i,ω – while for 0 ≤ η < 1 a further source of distinguishability between the states

of the two photons arises – e.g. they can be in different polarisations, where η = 0 is the limit

case of orthogonal polarizations. The unknown quantity we are interested in estimating is thus the

delay ∆t = t1 − t2 between the emission times of the two photons.

As discussed in Sec. 3.4, when the frequencies of the photons coming out from opposite arms of

the beam splitter are measured, the coincidence count oscillates in the difference of the observed

frequencies with a period inversely proportional to the time delay ∆t = t1 − t2 (see Fig. 6.2). We

will suppose for our analysis that the resolution δω of the detectors is high enough, so that it is
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Fig. 6.1: Scheme of the interferometric setup. Two independent photons in the state in Eq. (6.1)

with same frequency distributions ξ̄(ω)2 are produced by independent sources S1 and S2 with a

given degree of indistinguishability η deriving from different properties of the two photons other

than their temporal properties (e.g. different polarizations, or inner spacial modes). The two pho-

tons then impinge onto the two faces of a balanced beam splitter with an unknown time delay ∆t.

The photons are then observed by the frequency-resolving detectors D1 and D2. The probability

distributions in Eqs. (6.3)-(6.4) for coincidence (a) and bunching (b-c) events, respectively, are

plotted in Fig. 6.2 as functions of all the detected frequencies ω and ω′.

much smaller than the spectral width σ of the photons, and so that it satisfies

δσ � 1

|∆t| , (6.2)

condition under which the detectors become blind to any temporal distinguishability between time-

delayed photons [132]. In particular, in Appendix L we explicitly obtain the expressions of the

probabilities for the photons in the state |ψ〉 in Eq. (6.1) to bunch together in any output port of
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Fig. 6.2: Plots of the probabilities of bunching PB
η (ω1,Ω2) (blue solid line) and coincidence

PC
η (ω1,Ω2) (green solid line) in Eqs. (6.3)-(6.4) of two photons with a delay ∆t and Gaussian

spectra (red dotted line), as functions of the difference of the observed frequencies ω1 − ω2. For

these plots, the spectral width of the Gaussian distribution is σ = 2.5∆t−1, while the indistin-

guishability parameter η in Eq. (6.1) is η = 0.75. The presence of a indistinguishability parameter

η < 1 reduces the visibility of the beating: the dashed blue and green lines represent the same

probabilities PB
η=1(ω1,Ω2) and PC

η=1(ω1,Ω2) for completely indistinguishable photons, i.e. η = 1.

the beam-splitter with frequencies ω1, ω2

PB
η (ω1, ω2) = (1− γ)2ξ̄(ω1)2ξ̄(ω2)2

(
1 + η2 cos((ω1 − ω2)∆t)

)
, (6.3)

and to end up in opposite ports of the beam-splitter with frequencies ω1, ω2

PC
η (ω1, ω2) = (1− γ)2ξ̄(ω1)2ξ̄(ω2)2

(
1− η2 cos((ω1 − ω2)∆t)

)
, (6.4)

where we assumed that, due to imperfections of the detectors, each photon has a probability γ to

arrive at the output ports of the beam-splitter without being actually detected. We see, both from

Eqs. (6.3) and (6.4), and from Fig. 6.2, that the distinguishability of the photons in properties

other than time and frequency – corresponding to 0 ≤ η < 1 – causes a reduction in the visibility

of the beating of the probabilities of coincidence and bunching, thus affecting the precision of the

estimation scheme, as it will be shown in Sec. 6.3.

6.2 Quantum Cramér-Rao bound

We will initiate the analysis of the frequency-resolved two-photon interference by assessing a bench-

mark for the precision of the time delay that can be achieved performing measurements on the

initial state |ψ〉 in Eq. (6.1). We can then utilize the QFI H(∆t) (see Sec. 1.3.5), and thus the
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QCR bound in Eq. (1.64), as a benchmark for the precision on the estimation of ∆t, since the

QCR bound represents the smallest error achievable by any measurement scheme and any unbiased

estimator for the given state |ψ〉. In Appendix J we show that the QFI for the estimation of ∆t

associated with the factorised two-photon state in Eq. (6.1) is

H(∆t) = 2σ2, (6.5)

where σ2 is the variance of the frequency spectrum ξ̄(ω)2 of the two photons. Compared with the

QFI HE(∆t) = 4σ2 arising from an entangled pair of photons produced by spontaneous parametric

down conversion [128], the QFI for independent photons in Eq. (6.5) is only reduced of a factor 1/2.

This means that the advantage in employing independent photons results only in the increment

of a factor
√

2 of the optimal error in the estimation of ∆t, for equal values of the variance σ2 of

the photonic spectra. Moreover, we notice that H(ϕ) in Eq. (6.5) is not affected by the degree of

indistinguishability η between the two photons. This can be explained by the fact that the QCR

bound expresses the minimum of the uncertainty over all the possible operations of measurement

performed on the state |ψ〉. Among them, some measurements implement a unitary rotation be-

tween the modes â1,ω1
and b̂1,ω1

such that (ηâ†1,ω1
+
√

1− η2b̂†1,ω1
) → â†1,ω1

, which restores the

indistinguishability between the two photons1. On the other hand, such a unitary rotation may

not be feasible in certain experimental scenarios. Hence the practical interest in investigating the

precision achievable through measurements which do not restore the indistinguishability. Never-

theless, the QFI in Eq. (6.5) will serve as a useful indicator throughout the rest of the chapter on

how effective frequency-resolving measurements are for the estimation of ∆t.

Lastly, we notice that the QFI in Eq. (6.5) does not depend on the unknown time delay ∆t.

As an example, we show in Appendix K that H(ϕ) coincides with the FI associated with infinite-

resolution time-of-arrival measurements on the two photons in the state |ψ〉 shown in Eq. (6.1) with

Gaussian spectra. Unlike typical HOM interferometry, in which the ability to discriminate the time

delays heavily relies on the indistinguishability of the two photons, as discussed in Sec. 3.4, and thus

does not yield any information if the coherence time τ = (2σ)−1 of the photons is much smaller

than their temporal separation, time-of-arrival measurements only rely on the photo-detectors

time-resolution. If the latter is assumed to be infinite, the uncertainty in the estimation only

stems from the intrinsic temporal dispersion of the two photons, expressed by τ , and does not

depend on the delay itself. However, the time-resolution of current single-photon detectors does

not reach the level of precision that can be achieved by interferometric strategies, such as HOM

interferometry, especially given the recent advances in this technology [120, 128], also discussed in

Sec. 3.4. In the following we will see that employing frequency-resolving photodetectors in a HOM

interferometer restores the ability to perform time-delay estimations also in the regime ∆t� τ of

photons with a temporal separation much larger than their coherence time, hence overcoming this

critical limitation typical of standard HOM interferometry.

1For example, if â and b̂ represent orthogonal polarizations of the photons, the unitary operation which restores

the indistinguishability is given by a polarization rotator such as a birefringent material.



6.3. ANALYSIS OF THE PRECISION 103

6.3 Analysis of the precision

We are now ready to investigate the precision that can be achieved when frequency-resolving

photodetectors are employed in a two-photon interferometer, as shown in Fig. 6.1. Given the

probabilities in Eqs. (6.3)-(6.4) governing the outcomes of the frequency-resolved correlation mea-

surements, we evaluate in Appendix M the FI associated with the estimation of the time delay

∆t = t1 − t2 between the two photons

Fη(∆t) = η4(1− γ)2

∫
R2

dω1dω2 ξ̄(ω1)2ξ̄(ω2)2(ω1 − ω2)2ζη((ω1 − ω2)∆t), (6.6)

where

ζη(x) =
sin2 x

1− η4 cos2 x
(6.7)

is, for η 6= 1, a periodic function oscillating between 0, for x = kπ, and 1, for x = (1/2 + k)π,

k ∈ Z. We immediately notice that the FI in Eq. (6.6) is affected by the loss rate γ only through a

proportionality factor (1−γ)2. Interestingly, for η = 1 the function in Eq. (6.7) identically reduces

to ζη=1(∆t) = 1, and Fη=1(∆t) ≡ Fη=1 becomes independent of ∆t

Fη=1 = (1− γ)2

∫
R2

dω1dω2 ξ̄(ω1)2ξ̄(ω2)2(ω1 − ω2)2 = 2(1− γ)2σ2, (6.8)

where we reintroduced the squared spectral width σ2 – i.e. the variance of the frequency distribu-

tion ξ̄(ω)2.

A typical experimental scenario is the case of Gaussian photons, with frequency distribution

ξ̄(ω)2 =

√
1

2πσ2
exp

[
− (ω − Ω0)2

2σ2

]
, (6.9)

where Ω0 and σ2 are central frequency and variance of the wave-packet, respectively. The FI in

Eq. (6.6) reduces in this case to (see Appendix M)

FG
η (∆t) = η4(1− γ)2Iη(∆t), (6.10)

where

Iη(∆t) =

√
1

4πσ2

∫ ∞
−∞

dd e−
d2

4σ2 d2ζη (d∆t) . (6.11)

This FI manifests a clear metrological advantage compared to the FI associated with the standard

non-resolved HOM (see Appendix M and Ref. [120])

FC
η (∆t) = 2Fη=1

η4

exp[2∆t2σ2]− η4
∆t2σ2, (6.12)

as evident from the comparison plots in Fig. 6.3. We now proceed with a detailed discussion of

the expression of the FI in Eq. (6.6), analysing its behaviours for photons which are completely

indistinguishable apart from their temporal properties – i.e. η = 1 – and partially distinguishable

– i.e. η < 1. Moreover, we will be able to obtain some generic behaviour of the FI which are

independent of the spectra ξ̄(ω)2 of the photons in the regimes of small and large delays ∆t.



6.3. ANALYSIS OF THE PRECISION 104

Fig. 6.3: Plots of FG
η (∆t) in Eq. (6.10) (thicker lines) and FNR

η (∆t) in Eq. (6.12) (thinner lines) for

different values of η for the estimation of the time delay ∆t between two photons with Gaussian fre-

quency distribution through lossless frequency-resolved correlation measurements and non-resolved

correlation measurements, respectively. The two FI are represented as functions of the time de-

lay ∆t, measured in arbitrary units, while fixing the value σ = 1arb.u.−1 (left), and as functions

of the variance σ2 while fixing the value of the time delay ∆t = 1arb.u. (right). The quantum

metrological advantage of resolved measurements with respect to non-resolved measurements is

evident for any value of the time delay ∆t and of the variance σ2. In particular, such advantage

is most visible for large ∆t or for large σ2. Indeed, in both cases, and independently of the degree

of indistinguishability η, the FI FNR
η (∆t) tends to zero, while FG

η (∆t) becomes independent of ∆t

(left plot) and proportional to σ2 (right plot). Noticeably, both cases describe the regime ∆t� τ ,

with τ = 1/σ coherence time of the photons, for which the FI FG
η (∆t) assumes the expression

shown in Eq. (6.15).

6.3.1 Discussion

We first focus our discussion on the expression of the FI in Eq. (6.6) for η = 1, i.e. completely

indistinguishable photons at the detectors. We immediately notice that, in the case of lossless

detectors γ = 0, the FI in Eq. (6.8) saturates the QCR bound, namely it coincides with the QFI

H(∆t) shown in Eq. (6.5), since

Fη=1 ≡ (1− γ)2H(∆t). (6.13)

This means that this estimation scheme is optimal for the quantum state in Eq. (6.1) when the

two photons are indistinguishable in any property other than their temporal distribution – i.e. for

η = 1 – and for lossless detectors. In particular, as discussed in Sec. 6.2 for the QFI, the FI Fη=1

is independent of the time delay between the two photons. This is a remarkable improvement
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compared to the standard two-photon interferometry (see also solid-line plots in Fig. 6.3 for the

case of Gaussian photons). In fact, if the information on the time delay ∆t is only retrieved through

the count of coincidence events, time delays much larger than the photonic temporal dispersion

τ = (2σ)−1 cannot be estimated, since non-resolving detectors are able to distinguish the two

photons in base of their temporal properties, and thus interference is not observed [113, 120] (as also

discussed in Sec. 3.4). Instead, by observing the interference in the frequency-domain – i.e. for each

pair of frequencies ω1, ω2 that can be measured – we are always able to infer the value of ∆t, also

when the temporal overlap between the two photons (and thus the temporal indistinguishability) is

negligible. Employing frequency-resolving measurements, we can retrieve information on the time

delay that is hidden in the inner modes of the photons, and that would be ‘averaged out’ if only the

coincidence count were taken into consideration. In particular, despite being in principle possible

to distinguish the photons in the time-domain for ∆t � τ , resolving the frequencies restores the

indistinguishability of the photons at the detectors required in order for interference to be visible.

In fact, when the pair ω1, ω2 is observed, there is no way to determine which photon has been

measured with which frequency, leading to interference between the two possible contributions.

For this reason, it is important that the two photons have a substantial overlap in the frequency

domain – in our setup, the spectra ξ̄(ω)2 are identical. Indeed, if the two photons were completely

distinguishable also in the frequency domain (i.e. if the overlap between the frequency spectra

were vanishing), it would become possible to uniquely associate the observed frequency with each

photon. Moreover, it is important to point out that the presence of the beam-splitter, and thus

the mixing of the two photonic modes, is essential for the estimation of ∆t. Differently from time-

resolving measurements performed on the two-photon state |ψ〉 in Eq. (6.1) without mode-mixing

– which, as discussed in Sec. 6.2, saturates the QCR bound for Gaussian photons – no information

on the time delay can be obtained performing frequency-resolving measurements directly on the

state |ψ〉. Lastly, we notice that the FI for η = 1 in Eq. (6.8) only depends on the variance σ2 of the

photonic spectra ξ̄(ω)2, and not on its higher moments. In particular, it is possible, in principle, to

quadratically increase arbitrarily the precision of the estimation by increasing the spectral width

σ of the photons – i.e. arbitrarily reducing the coherence time τ = (2σ)−1.

When η 6= 1 instead, the frequency distribution generally affects the FI in Eq. (6.6). For

example, in some extreme cases, certain discrete distributions ξ̄(ω)2 set to zero the FI. In fact, it

is easy to see that if ξ̄(ω)2 is a discrete spectrum concentrated on q frequencies Ω1, . . . ,Ωq such

that Ωi+1 − Ωi is a multiple of π/∆t for i = 1, . . . , q − 1, then the summation in Eq. (6.6) only

runs on values of ω1 and ω2 for which ζη((ω1−ω2)∆t) = 0. This can be explained by the fact that

the bunching and coincidence probabilities PB
η (ω1, ω2) and PC

η (ω1, ω2) in Eqs. (6.3) and (6.4) are

locally insensitive to the variations of the time delay for all the pairs of frequencies ω1, ω2 such that

(ω1−ω2)∆t is a multiple of π – i.e. the value of ∆t becomes a stationary point of both PB
η (ω1, ω2)

and PC
η (ω1, ω2). However, despite the FI in general depends, as we have seen, on the spectrum of

the photons employed, it is still possible to obtain some generic information on the behaviour of

Fη(∆t) in the regimes of small and large delays ∆t, which will be analysed in the next section.

Finally, as already discussed in Sec. 1.2.1, it is always possible to saturate asymptotically the

CR bound in Eq. (1.40) if the estimator employed is the MLE ∆̃tMLE, defined by the solution of
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the Likelihood Equation (1.29), in the regime of large size ν of the sample. In Appendix N we

specialise the Likelihood Equation to the estimation setup described in this chapter, from which

we can define the MLE ∆̃tMLE. Although in general ∆̃tMLE is defined only implicitly, so that

numerical methods are typically required in an experimental scenario, we will present in Sec. 6.4

a particular example – i.e. photons in a coherent superposition of two frequencies – in which the

MLE can be expressed explicitly and in closed form.

6.3.2 Large and small delay regimes

As discussed in Sec. 6.3.1, in the regime of time delays ∆t much larger than the coherence time τ of

the photons the frequency-resolving approach greatly outclasses the standard HOM interferometry

for η = 1, namely when the photons are completely indistinguishable beside their temporal distri-

bution. We will now see that, for photons whose spectra ξ̄(ω)2 satisfy some regularity conditions,

the same holds for every value of η: also for partially distinguishable photons 0 < η < 1, equipping

a two-photon interferometer with frequency-resolving detectors yields a finite and non-vanishing

FI in the regime of large time delays, as opposed to standard non-resolving HOM interferometry

(see, for example, the FI for Gaussian photons in Eq. (6.12), and the comparison plots in Fig. 6.3).

We first notice that in this regime the function ζη((ω1−ω2)∆t) in Eq. (6.7) oscillates increasingly

fast in ω1 − ω2, with period π/∆t. If the spectra ξ̄(ω)2 of the two photons is regular enough so

that it does not show intrinsic fast fluctuations (as for the Gaussian case), such as sudden peaks,

we can assume that the remaining of the integrand in the FI (6.6) is essentially constant within

the small period π/∆t for ∆t � τ , since ξ̄(ω)2 is broadly spread, with a spectral width σ = 1/τ ,

in this regime. This justifies the possibility to replace ζη((ω1 − ω2)∆t) with its average value 〈ζη〉
over its period Γ = [0, π/∆t] (see Appendix O for a more formal approach), namely

〈ζη〉 :=
∆t

π

∫
Γ

dd ζη(d∆t) =
1−

√
1− η4

η4
. (6.14)

Replacing ζη((ω1 − ω2)∆t) in Eq. (6.6) with 〈ζη〉 from Eq. (6.14), we thus obtain, in the regime of

large time delays

Fη(∆t� τ) = 2η4(1− γ)2σ2 1−
√

1− η4

η4
≡
(

1−
√

1− η4
)
Fη=1. (6.15)

Thus, for sufficiently regular photonic spectra ξ̄(ω)2, the FI associated with frequency-resolved

two-photon interference for the estimation of large ∆t is finite for fixed bandwidths σ of ξ̄(ω)2,

it is independent of ∆t, and non-vanishing for η > 0, entailing the presence of a plateau in

the precision achievable for large time delays. Interestingly, we notice that, in this regime, the

indistinguishability factor η only affects Fη(∆t) through the term 1 −
√

1− η4, which multiplies

the FI Fη=1 associated with indistinguishable photons in Eq. (6.8). Moreover, similarly to Fη=1

and, ultimately, to the QFI H(∆t) in Eq. (6.5), the FI for large delays in Eq. (6.15) only depends

on the photonic spectra through their variance σ2, while it neglects higher moments. We can easily

see that the substitution of the function ζη((ω1 − ω2)∆t) in the expression of F(∆t) in Eq. (6.6)

with its average 〈ζη〉 in Eq. (6.14) cannot be performed in general for strongly peaked and discrete
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spectra, since the latter vary abruptly – i.e. in a discontinuous manner – in the frequency domain.

In other words, discrete spectra do not vary slowly compared to the oscillations of ζη((ω1−ω2)∆t).

In Sec. 6.4, we will analyse in more detail a specific case of photons with a discrete spectrum, i.e.

the scenario of photons in a coherent superposition of two frequencies. We will see that, in this

case, the asymptotic expression Fη(∆t� τ) in Eq. (6.15) for large delays is not respected: instead,

we will observe an oscillatory behaviour of the FI, for which the limit for large time delays does

not even exist.

In the opposite regime of small delays ∆t for a fixed bandwidth σ, and a fixed indistinguisha-

bility factor η < 1, we can stop the series expansion of the function ζη((ω1−ω2)∆t) to the smallest

order

ζη((ω1 − ω2)∆t) =
(ω1 − ω2)2∆t2

1− η4
+O

(
∆t4

)
. (6.16)

We can easily realise that the presence of a pole for η = 1 in the right-hand side of Eq. (6.16) is

purely artificial, since we have assumed the factor η to be fixed in order to perform this expansion:

for η = 1, we have already seen from Eq. (6.7) that ζη=1(x) = 1 identically, while for η → 1, the

expansion in Eq. (6.16) is only valid for (ω1 − ω2)∆t � (1 − η4). We now introduce the fourth

moment K of the frequency distribution ξ̄(ω)2

K =

∫
R

dω ξ̄(ω)2(ω − ω0)4, (6.17)

with ω0 central frequency of spectrum ξ̄(ω)2. If we replace ζη((ω1−ω2)∆t) with its series expansion

in Eq. (6.16) into the expression of the FI in Eq. (6.6)

Fη(∆t) =
η4

1− η4
(1− γ)2∆t2

∫
R2

dω1dω2 ξ̄(ω1)2ξ̄(ω2)2(ω1 − ω2)4 +O
(
∆t4

)
= η4Fη=1

∆t2σ2

1− η4
(
K

σ4
+ 3) +O

(
∆t4

)
, (6.18)

we see how higher moments of the photonic spectrum, and in particular the kurtosis K/σ4 when

we neglect orders higher than ∆t2, contribute to Fη(∆t). Compared with the case of completely

indistinguishable photons η = 1, in which we have already seen the FI in Eq. (6.8) remains con-

stant for every value of ∆t, we can see from Eq. (6.18) that any degree of distinguishability η < 1

ruins the precision achieved in the estimation of ∆t ' 0 with frequency-resolved measurements.

Ultimately, the same destructive effect on the precision can be observed for a non-vanishing de-

gree of distinguishability η between the photons also in a standard HOM interferometer, without

frequency-resolving detectors [120]. As a comparison, we can evaluate the small delays regime also

for the FI FC
η (∆t) in Eq. (6.12) associated with a conventional two-photon interferometer, which

does not employ frequency-resolving detectors, for photons with Gaussian spectra, and for small

delays we obtain

FC
η (∆t) = 2Fη=1

η4

1− η2
∆t2σ2 +O(∆t)4, (6.19)

which is three times smaller than the expression for small delays of the FI in Eq. (6.18) for Gaussian

photons – i.e. K/σ4 = 3 – with frequency-resolving detectors.
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The reason for this behaviour for small delays in frequency-resolved interferometry can be found

in the expressions of the probabilities of bunching and coincidence in Eqs. (6.3)-(6.4), which can

be rewritten in the limit of small ∆t

PB(ω1, ω2) = (1− γ)2ξ̄(ω1)2ξ̄(ω2)2

(
1 + η2 − η2

2
(ω1 − ω2)2∆t2

)
+O(∆t4) (6.20a)

PC(ω1, ω2) = (1− γ)2ξ̄(ω1)2ξ̄(ω2)2

(
1− η2 +

η2

2
(ω1 − ω2)2∆t2

)
+O(∆t4). (6.20b)

As it can be seen from the definition of the FI in Eq. (1.39), the quantities playing a fundamental

role in assessing the ultimate precision achieved in the estimation of ∆t are the logarithmic deriva-

tives – i.e. the relative variations with respect to changes in ∆t – of the probabilities PB(ω1, ω2)

and PC(ω1, ω2). We can see from Eqs. (6.20) that, for η 6= 1, both probabilities are locally inde-

pendent of the delay in the regime of small ∆t for every pair of frequencies Ω1,Ω2 observed, since

d

d∆t
logPB/C(ω1, ω2)

∣∣∣
∆t=0

= 0. (6.21)

The only exception to this behaviour can be seen in the coincidence probability in Eq. (6.20b) for

η = 1: in this case, also the probability of observing coincidence PC(ω1, ω2) drops to zero regardless

of value of the frequencies, so that the logarithmic derivative

d

d∆t
logPC(Ω1,Ω2) =

(Ω1 − Ω2) sin((Ω1 − Ω2)∆t)

1− cos((Ω1 − Ω2)∆t)
=

2

∆t
+O

(
1

∆t2

)
(6.22)

grows the smaller is the time delay, thus yielding a non-vanishing FI also for ∆t as seen in Eq. (6.8).

However, despite frequency-resolving detectors do not restore the sensitivity of small delays ∆t

in a HOM interferometer, as seen in Eq. (6.18), it is always possible to remedy this drawback by

adding a known, finite and non-small delay ∆t0 in one of the input channels of the beam splitter. In

this way, the physical delay between the two photons that can be inferred becomes ∆t′ = ∆t0 +∆t,

which is non-small, and corresponds to a generally non-vanishing FI, as we have seen for example

in the expression of the FI for large delays in Eq. (6.15). Once the physical delay ∆t′ has been

inferred, it is possible to retrieve the unknown delay ∆t = ∆t′−∆t0 we are interested in measuring,

with a precision which is bounded by Fη(∆t′) ' Fη(∆t0) – i.e. the FI evaluated in ∆t0 – and not

by Fη(∆t) ' 0.

6.4 Photons with narrow-peaked bimodal spectra

We will now discuss more in detail the features of the FI in Eq. (6.6) for the case of photons

in a coherent superposition of two frequencies Ω1 and Ω2. These states are closely related to

the time-frequency Schrödinger-cat-like states, which can be produced through the same HOM

apparatus and local spectral filtering [138]. This simple example will serve us as an expedient to

better understand the principle upon which frequency-resolved HOM interferometry is based: the

indistinguishability between the two photons, and in particular the impossibility to discern which

of the two photons was measured with each frequency Ω1 or Ω2, gives rise to quantum interference
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Fig. 6.4: Plots of the FI FS
η (∆t; ∆Ω) in Eq. (6.24) for the estimation of the time delay ∆t between

two independent photons with bimodal spectra shown in Eq. (6.23), with highly narrow peaks

centred in the frequencies Ω1,Ω2, as a function of ∆t for σ = 1arb.u.−1 (left) and the spectral

variance σ2 = ∆Ω2/4 for ∆t = 1arb.u. (right), with ∆Ω = Ω1 − Ω2, for γ = 0 and various values

of η. For η < 1 and γ = 0, the FI oscillates between η4H(∆t) for ∆t σ = π/2 + kπ, and zero for

∆t σ = kπ, k =∈ Z.

which is susceptible to the time delay between the photons. In particular we will see that the

expression of the FI in Eq. (6.6) can be understood as an average, weighted through the photonic

spectra ξ̄(ω1)2ξ̄(ω2)2, of contributions arising from pairs of photons in a coherent superposition of

frequencies ω1 and ω2. Remarkably, we will also see that these photonic spectra allow us to express

the MLE ∆̃tMLE in an explicit and closed form.

Our model assumes that the frequency probability amplitudes ξi(ω) appearing in the state |ψ〉
of the two photons in Eq. (6.1) is given by

ξi(ω) =
1√
2

(λ(ω − Ω1) + λ(ω − Ω2)) e−iωti , (6.23)

where λ(ω) is an arbitrary ti-independent narrow frequency probability amplitude centred in zero

(e.g. a narrow Gaussian or rectangular frequency amplitude distribution), whose width is much

smaller than the frequency resolution of the detectors δω, and much smaller than the difference

of the frequencies ∆Ω = Ω1 − Ω2, so that λ(ω − Ω1) and λ(ω − Ω2) do not overlap. We show in

Appendix M that, with this assumption, the FI (6.6) reduces to

FS
η (∆t) =

η4(1− γ)2

4

∑
i,j=1,2

(Ωi − Ωj)
2ζη((Ωi − Ωj)∆t)

=
1

2
η4(1− γ)2∆Ω2ζη(∆Ω ·∆t), (6.24)
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with ∆Ω2 = (Ω1 − Ω2)2 proportional to the variance σ2 = ∆Ω2/4 of the frequency distribution ξ̄

(see Fig. 6.4). We can thus rewrite the FI in terms of

FS
η (∆t; ∆Ω) ≡ η4Fη=1(∆t) ζη(∆Ω ∆t), (6.25)

where Fη=1(∆t) is the generic FI for completely indistinguishable photons, which is independent on

their spectra, given in Eq. (6.8). We can see that the events where the two observed frequencies are

identical do not contribute to the FI in Eq. (6.24), and therefore to the overall precision. Instead,

the only relevant events are associated with observing different frequencies, being the only cases

where interference arises due to the indistinguishability between the two photons. Comparing

the expressions of the FI in Eqs. (6.6) and (6.24), we notice that the FI Fη(∆t) for a generic

spectrum ξ̄(ω)2 of photons is given by the average of FS
η (∆t) in Eq. (6.24), weighted by the factor

4 ξ̄(ω1)2ξ̄(ω2)2, namely

Fη(∆t) = 4

∫
Γ

dω1dω2 ξ̄(ω1)2ξ̄(ω2)2FS
η (∆t;ω1 − ω2), (6.26)

where Γ is the set of all the possible pairs of observable frequencies2. This result is in agreement

with the discussion in Sec. 6.3.1, i.e. that the information on the time delay is inferred from the

interference arising, for each pair of frequencies ω1, ω2, from the lack of ability to distinguish which

photon has been observed with frequency ω1 or ω2.

Another interesting feature of the FI in Eq. (6.24) is that it is periodic in ∆t (see Fig. 6.4). As

discussed in Sec. 6.3.2, discrete spectra do not generally satisfy the regularities condition required

for the asymptotic expression in Eq. (6.15) to hold for large time delays, and the spectrum in

Eq. (6.23) is an example of two-photon state not satisfying these conditions. In particular, the

periodicity in ∆t of FS
η (∆t; ∆Ω) is the same of the function ζη(∆Ω ∆t) in Eq. (6.7), with the FI

oscillating between its peaks η4Fη=1(∆t) for ∆t = (π/2 + kπ)/∆Ω, and zero for ∆t = kπ/∆Ω,

k ∈ Z (see plots in Fig. 6.4). Thus, provided that ∆t is not a multiple of π/∆Ω ≡ π/(Ω1−Ω2), the

FI associated with photons in a superposition of two frequencies Ω1,Ω2 grows proportionally to

Fη=1(∆t), and hence to the variance σ2 = ∆Ω2/4 of the photonic spectrum. On the other hand, it

can be easily seen that the regime of small delays is correctly given by the expression in Eq. (6.18)

FS
η (∆t; ∆Ω) = 4Fη=1

η4

1− η4
∆t2σ2 +O(∆t4), (6.27)

in agreement with the fact that the kurtosis of the uniform discrete distribution ξ̄(Ω1)2 = ξ̄(Ω2)2 =

1/2 is K/σ4 = 1.

The periodicity of FS
η (∆t) is symptomatic of the fact that the estimation scheme employing

photons in a balanced superposition of frequencies Ω1,Ω2 can only discriminate the value of the

time delay within intervals [kπ/∆Ω, (1 + k)π/∆Ω[, with k integer. In fact, this coincides with the

invertibility interval of the cosines in the probabilities of bunching and coincidence in Eqs. (6.3)-

(6.4). In Appendix N we evaluate the MLE ∆̃tMLE, the estimator introduced in Sec. 1.2.1 which

2The factor 4 arises from discrete spectrum of the superposition of frequencies ξ̄(Ω1)2ξ̄(Ω2)2 = 1/4 which enters

in FS
η (∆t; ∆Ω).
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asymptotically saturates the CR bound in Eq. (1.40), specialised to the spectra in Eq. (6.23). For

this state, the MLE can be expressed in an explicit and closed form

∆̃tMLE =
1

∆Ω

(
kπ + arccos

(
1

η2

NC −NB

NC +NB

))
, (6.28)

with k ∈ Z, where NC and NB are the number of times photons with different frequencies are

observed bunching and coming out from different channels, respectively. As already discussed

when presenting the FI in Eq. (6.24), the events where the two photons are measured with the

same frequency do not yield information on the time delay, and in fact the count of these events

does not enter in the expression of the MLE in Eq. (6.28). Moreover, the loss rate γ of the

detectors does not enter in the expression of the MLE, since the physical quantity which detains

information about ∆t is the relative difference between bunching and coincidence counts. As

expected, ∆̃tMLE depends on an integer k which uniquely fixes the invertibility interval of the

Likelihood Equation (1.29). For this reason, a preliminary estimation is required in order to find

the correct k, and then to estimate the time delay ∆t.

6.5 Summary

In this chapter we have analysed the precision achievable in the estimation of the time delay

between two independent photons through frequency-resolving correlation measurements. Due to

the high level of precision achievable with two-photon interferometry [120], these techniques find

application in sensing of nanostructures, such as DNA structures, cell membranes, characterisation

of integrated optical and electronic components, and engineering of nanomaterials.

Our analysis has shown that the use of frequency-resolving detectors constitutes a substantial

upgrade to the estimation scheme. In fact, for photons completely indistinguishable at the detectors

(i.e. which differ only in their temporal properties), this scheme is optimal, the precision of the

estimation is independent of the value of the time delay, and thus it overcomes both minimum-time

resolution requirements and the insensitivity for delays much larger than the coherence time of the

photons. For photons with a further degree of distinguishability, due to different polarisations or

inner spacial modes, we showed that this scheme still overcomes the obstacle of the insensitivity for

large time delays typical of non-resolving two-photon techniques, and advantage is present also in

the regime of time delays smaller than the photonic coherence times. Moreover, we demonstrated

that the precision of the estimation can be arbitrarily increased by choosing larger bandwidths for

the photons (i.e. shorter coherence times).

Finally, we discussed how the remarkable advantages of our scheme stems from the possibility

to erase the information about the temporal distinguishability between the two photons through

frequency-resolving measurements, i.e. resolving the inner property conjugated to time delay, and

hence to observe quantum interference despite the distinguishability. This suggests the possibility

to apply the same scheme for high-precision sensing of differences in colours through time-resolving

measurements, or possibly overcoming minimum-resolution limitations in imaging and sensing of

the spacial separations between light sources through far-field correlation techniques.



Conclusions

The quantum metrological revolution is, at this moment in time, exciting and thrilling. The in-

creasingly deep understanding of the laws of the quantum realm is causing an incessant thrust in the

development of quantum technologies. What once was a far or apparently impossible achievement,

now is feasible and routinely performed, with the gravitation-waves detection being maybe the

most striking example. The advances in quantum metrology made possible the realisation of pro-

tocols achieving super-sensitivity in the estimation of optical lengths, time delays and space-time

distortions due to gravitational waves, refractive indices in given materials, density and thickness

of biological samples up to the nanometre scale, temperatures, polarisations of light, magnitudes

of fields and their gradients, and so on.

However, as we have discussed, current quantum sensing technologies still present some limita-

tions. Whether caused by the requirement of adaptively optimise the estimation procedure to the

unknown value of the parameter that needs to be measured, by the fragility of the metrological

resources which yield super-sensitivity, or by the scarce operating range of the protocols, imprac-

ticalities arise when tackling the metrological schemes with quantum mechanics. Moreover, it is

possible to experience, in the state-of-the-art of quantum metrology, a lack of universal estimation

schemes, namely which can operate independently of the unknown parameter nature and value,

and of the unitary evolution which encodes the value of the parameter into the probe employed

for the estimation. Overcoming these limitations and pushing the boundaries of the measurement

sensitivity to the quantum limit, is not only an interesting academic matter, but it is also of ex-

ceptional applicative interest for the realisation of feasible and high-precision quantum estimation

schemes in laboratory.

In this manuscript, we have tackled these limitations. By employing analyses based on the

Cramér–Rao bound, i.e. the ultimate precision achievable for a given estimation scheme, and on

the Fisher information, we were able to assess the super-sensitivity of various feasible metrological

setups, always achievable in the regime of large statistical sample through the maximum-likelihood

estimator. In particular, we addressed in Chapters 4-5 the adaptivity problem of Gaussian metrol-

ogy (the branch of metrology which employs Gaussian states of light as probes) at the Heisenberg-

limit precision – i.e. the ultimate precision admissible by the laws of quantum mechanics – for

universal estimation schemes. We showed in Chapter 4 that, without making any assumptions on

the structure of the multi-channel passive and linear network encoding the unknown parameter,

which can as well be distributed among multiple components of the interferometer (such as a tem-
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perature affecting the network in a distributed manner) it is possible to relax the adaptivity of the

network to a requirement of classical knowledge – i.e. not at the quantum limit – on the parameter.

This prior knowledge serves to engineer an auxiliary stage needed to perform the super-sensitive

estimation with a single squeezed-vacuum state and homodyne detection at a single output port.

The adaptivity on the network can actually be completely circumvented when all the output ports

of the network are observed with homodyne detectors. We discussed how this allows us to conceive

estimation schemes at the Heisenberg limit which can be performed with a single optimization step,

when a classical knowledge is needed to engineer the auxiliary stage, or without any optimization

at all, when no prior knowledge is required.

We have also shown in Sec. 4.2 that it is possible to add further degrees of freedom in the

network, which affect how the value of the unknown parameter is encoded into the probe, by

adding a second auxiliary stage. We have seen that this auxiliary stage leaves essentially unchanged

the precision achieved by the setup, especially for networks with a large number of channels, and

we have discussed how this result allows us to assume that the constant factor multiplying the

Heisenberg scaling of the precision can be controlled and is typically far from zero. In Chapter 5

we demonstrated that it is possible to exploit this ability to manipulate how the information on

multiple parameters encoded in a passive and linear network. We have seen that this results in the

possibility to estimate functions of the unknown parameters which we can manipulate by acting

on these further degrees of freedom through the auxiliary stages. The advantage of estimating

directly functions of parameters lies in the fact that it allows us to save resources which would

otherwise be employed to estimate each parameter singularly and at a high precision. In this way,

both linear and non-linear functions can be estimated at the Heisenberg limit, and two example

have been proposed.

Finally, in Chapter 6 we employ the Cramér–Rao bound analysis to investigate the precision

achievable through an upgraded version of the Hong-Ou-Mandel interferometer which employs

frequency-resolving detectors, for the estimation of time delays between independent photons. In

particular, we have shown that such scheme achieves remarkable levels of precision which overcome

the standard non-resolving two-photon interference schemes for any value of time delays. More-

over, we have seen that it is possible, in principle, to arbitrarily increase the achieved precision

by employing photons with wider frequency bandwidth. We have shown that this advantage is

especially interesting in the regime of time delays much larger than the coherence time between

the two photons. In fact, non-resolving correlation measurements are not sensible to values of the

time delays in this regime, since the two photons are highly distinguishable at the detectors which

do not resolve the frequencies, preventing interference to be observed. Conversely, resolving the

frequency restore the indistinguishability of the photons at the detectors, as well as the interference

which is sensitive to the unknown time delay.

These results improve the viability of quantum metrological schemes reaching the Heisenberg

limit, by both generalising the squeezing-based estimation scheme to more universal networks and

distributed parameters, and also by presenting general conditions to achieve the ultimate scaling

which only require a single-step optimization of the network through a single auxiliary stage, in

the worst case of single-homodyne measurements, or no network optimization at all otherwise.
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Applications requiring the estimation of single parameters which affect in a distributed manner

several components of an optical network, such as a global temperature, or the magnitude of an

external field, which thus cannot be described by a simpler phase-estimation model, can benefit

from the results presented in this thesis. Moreover, the improvement of the scheme based on

two-photon interference for the estimation of the photonic time delay impacts applications for the

observation of structures at the nanoscale, such as cell membranes and DNA structures.



Appendix A

Transformations under Gaussian

Unitary Operations

In this appendix we will prove some identities and explicitly evaluate the transformations under

Gaussian operations regarding the creation and annihilation operators â and â†. In particular, we

will prove Eqs. (2.24), (2.29), (2.35), (2.42) and (2.43).

First, given two elements X and Y of a Lie algebra, we introduce the Baker-Campbell-Hausdorff

(BCH) formula [139]

exp(X) exp(Y ) = exp

(
X + Y +

1

2
[X,Y ] +

1

12
[X, [X,Y ]]− 1

12
[Y, [X,Y ]]

)
+ . . . , (A.1)

where only the first terms of the expansion are reported, and a useful identity deriving from the

BCH formula [139]

eXY e−X = Y + [X,Y ] +
1

2!
[X, [X,Y ]] +

1

3!
[X, [X, [X,Y ]]] + . . . . (A.2)

We will employ the identities (A.1)-(A.2) several times throughout this appendix. Notice that,

if X and Y are two commutative elements of the Lie algebra, the BCH formula simplifies to the

usual property of the exponential exp(X + Y ) = exp(X) exp(Y ).

Let us now consider the Weyl operator defined in Eq. (2.20)

D̂(ξ) = eiẑTΩξ, (A.3)

where Ω is the symplectic form defined in Equation (2.16). If we introduce the parameters βi =

(ξi + iξM+i)/
√

2, for i = 1, . . . ,M , we can manipulate the expression (A.3), obtaining

D̂(ξ) ≡ D̂(β) = eβ·â
†−β∗·â (A.4)

by direct calculation. We now notice that the commutators [â†i , âj ] = −δij Î is a c-number, meaning

that it commutates with both â and â†. We can thus apply the BCH formula in Eq. (A.1), since

all terms beyond the first commutator are vanishing, obtaining

D̂(β) = eβ·â
†−β∗·â = eβ·â

†
e−β

∗·âe−
β†·β

2 = e−β
∗·âeβ·â

†
e
β†·β

2 , (A.5)
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as shown in Eq. (2.24).

We can now evaluate the action of the displacement operator in Eq. (A.5) on the creation and

annihilation operators â† and â shown in Eq. (2.29). To do so, we can exploit the identity (A.2),

together with the relations [
−(βiâi

† − β∗i âi), â†j
]

= β∗i Î[
−(βiâi

† − β∗i âi), âj
]

= βiÎ
(A.6)

and the expression of the displacement operator in Eq. (A.5), yielding

D̂(β)†â†D̂(β) = e−(β·â†−β∗·â) â†eβ·â
†−β∗·â = â† + β∗

D̂(β)†âD̂(β) = e−(β·â†−β∗·â) â eβ·â
†−β∗·â = â+ β

, (A.7)

as shown in Eq. (2.29).

To obtain the transformations (2.35) due to the squeezing operator

Ŝ(r) = e
1
2r·(â†2−â2) (A.8)

defined in Eq. (2.34), we must repeat similar steps than the ones just performed. In fact, we first

evaluate the commutators [
−1

2
ri(â

†2
i − â2

i ), â
†
j

]
= riâiδij ,[

−1

2
ri(â

†2
i − â2

i ), âj

]
= riâ

†
i δij ,

(A.9)

but this time we notice that effect of these commutators is to swap the operators â ↔ â† other

than multiply by r. It is then possible to express the left-hand side of Eqs. (2.35) through the

expansion in Eq. (A.2), obtaining

Ŝ(r)†â†Ŝ(r) = â† + r · a+
1

2!
r2 · â† +

1

3!
r3 · â+ · · · = cosh r · â† + sinh r · â

Ŝ(r)†âŜ(r) = â+ r · a† +
1

2!
r2 · â+

1

3!
r3 · â† + · · · = cosh r · â+ sinh r · â†,

(A.10)

where we collected all the term with an even (odd) number of commutators, obtaining the trans-

formation in Eqs. (2.35).

Finally, we evaluate the action of the passive and linear operators Ûk = exp (−iĤk) generated

by the Hermitian operators Ĥk given by Ĥ1 ≡ −γ1(â†1â2 + â†2â1), Ĥ2 ≡ iγ2(â†1â2 − â†2â1), or

Ĥ3 ≡ −γ3(â†1â1 − â†2â2) introduced in Sec. 2.3.3. Starting from U1, we can easily evaluate the

commutators [
−iγ1(â†1â2 + â†2â1), â†1

]
= −iγ1â

†
2

[
−iγ1(â†1â2 + â†2â1), â†2

]
= −iγ1â

†
1[

−iγ1(â†1â2 + â†2â1), â1

]
= +iγ1â2

[
−iγ1(â†1â2 + â†2â1), â2

]
= +iγ1â1.

(A.11)
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Thus, every time a commutator is applied to a creation operator, its effect is to change the creation

operator and multiply by a factor−iγ1. It is then possible to express the left-hand side of Eqs. (2.42)

through the expansion in Eq. (A.2), obtaining

Û†1 â
†
1Û1 = â†1 − iγ1â

†
2 −

1

2!
γ2

1 â
†
1 +

1

3!
iγ3

1 â
†
2 + · · · = cos γ1â

†
1 − i sin γ1â

†
2

Û†1 â
†
2Û1 = â†2 − iγ1â

†
1 −

1

2!
γ2

1 â
†
2 +

1

3!
iγ3

1 â
†
1 + · · · = −i sin γ1â

†
1 + cos γ1â

†
2,

(A.12)

which, compared to the right-hand side of Eq. (2.42), yields

U1 =

(
cos γ1 −i sin γ1

−i sin γ1 cos γ1

)
. (A.13)

Similar steps can be performed to the operator Û2, obtaining

U2 =

(
cos γ2 − sin γ2

sin γ2 cos γ2

)
, (A.14)

To evaluate U3, we simply notice that[
−iγ3â

†
i âi, â

†
j

]
= −iγ3â

†
jδij[

−iγ3â
†
i âi, âj

]
= +iγ3âjδij ,

(A.15)

so that, applying once again the identity (A.2) to the left-hand side of Eq. (2.42) for k = 3, we

obtain

Û†3 â
†
1Û3 = â†1 − iγ3â

†
1 −

1

2
γ2

3 â
†2
1 + · · · = e−iγ3 â†1

Û†3 â
†
2Û3 = â†2 + iγ3â

†
2 −

1

2
γ2

3 â
†2
2 − · · · = eiγ3 â†2

(A.16)

which, in compact form, yields the matrix

U3 =

(
e−iγ3 0

0 eiγ3

)
, (A.17)

in the right-hand side of Eq. (2.43).



Appendix B

Probability Distributions from

Homodyne Measurements

In this appendix, we will obtain the probability density functions which governs the outcomes

of homodyne detections performed on a single-mode squeezed state |α, r〉 = D̂(α)Ŝ(r) |vac〉 (See

Ch. 2 for notation) injected in the first port of a M -channel passive and linear network Û , with

α = (α, 0, . . . , 0) = (
√
ND, 0, . . . , 0), and r = (r, 0, . . . , 0), so that NS = sinh2 r, with α, r >

0, and N = ND + NS sum of the average number of photons in the displacement and in the

squeezing of the state |α, r〉. As discussed in Sec. 2.2, |α, r〉 is a Gaussian state which is completely

described, through its Wigner distribution shown in general in Eq. (2.23), by its displacement

d =
√

2 (α, 0, . . . , 0), and its covariance matrix Γ = diag(e2r, 1 . . . , 1, e−2r, 1 . . . , 1)/2. Moreover,

passive and linear networks preserve the Gaussian nature of |α, r〉 (see Sec 2.3.3). For this reason,

we will first obtain in generality the final displacement dU and covariance matrix ΓU of the state

Û |α, r〉, which define its Wigner distribution. Then, we will marginalise the Wigner distribution,

rotated by the symplectic and orthogonal matrix R(θ) in Eq. (2.55) accordingly to the phases

θ = (θ1, . . . , θM ) of the local oscillators of the homodyne, as described is Sec. 2.4. In doing so, we

will be able to obtain the expressions in Eqs. (4.5), (4.46)-(4.48), and (5.4).

The Wigner distribution of the state Û |α, r〉 after the interferometric evolution Û is given

by the transformation in Eq. (2.48), with the orthogonal and symplectic matrix R given by (see

Eq. (2.46))

R =

(
Re(U) − Im(U)

Im(U) Re(U)

)
, (B.1)

where U is the unitary matrix representing the transition amplitudes which can be found through

Eq. (2.44). Since the probe in our model is Gaussian, the transformation of the state is completely

described by the rotations in Eq. (2.50) dU = Rd of the displacement and ΓU = RΓRT of the

covariance matrix of the initial state, with Γ = diag(e2R, e−2R)/2, R = diag(r, 0, . . . , 0), and
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d =
√

2 diag(α, 0, . . . , 0). A straightforward calculation shows that

dU = Rd =
√

2α



Re[U11]
...

Re[UM1]

Im[U11]
...

Im[UM1]


(B.2)

and that

ΓU = RΓRT =

(
∆X2 ∆XP

∆XPT ∆P 2

)
. (B.3)

where we have defined the M ×M matrices

∆X2 ≡ 1

2

[
Re[U ]e2RRe[U†]− Im[U ]e−2R Im[U†]

]
=

1

2

[
Re[U cosh(2R)U†] + Re[U sinh(2R)UT]

]
, (B.4a)

∆P 2 ≡ 1

2

[
− Im[U ]e2R Im[U†] + Re[U ]e−2RRe[U†]

]
=

1

2

[
Re[U cosh(2R)U†]− Re[U sinh(2R)UT]

]
, (B.4b)

∆XP ≡ 1

2

[
−Re[U ]e2R Im[U†]− Im[U ]e−2RRe[U†]

]
=

1

2

[
− Im[U cosh(2R)U†] + Im[U sinh(2R)UT]

]
. (B.4c)

We can see that the only elements of U entering in Eq. (B.2) are the ones in the first column Ui1,

since these are all the transition amplitudes from the only populated input port (namely the first)

to every output port. We can easily see that the same is true for the matrices in Eqs. (B.4). In

fact, exploiting the relations

cosh(2R)ij = δij + δi1δj1(cosh 2r − 1) (B.5a)

sinh(2R)ij = δi1δj1 sinh 2r, (B.5b)

where δij is the Kronecker delta, we can evaluate

(U cosh(2R)U†)ij =

M∑
k,l=1

Uik cosh(2R)klU
†
lj = δij + Ui1U

∗
j1(cosh 2r − 1) (B.6a)

(U sinh(2R)UT)ij =

M∑
k,l=1

Uik sinh(2R)klU
T
lj = Ui1Uj1 sinh 2r. (B.6b)

We can thus parametrise only the first column of U , introducing the quantities Pi = |Ui1|2 and

γi = argUi1 for i = 1, . . . ,M , which are respectively the transition probabilities from the first

input to the i-th output port, and the complex phases of the relevant transition amplitudes, so
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that Ui1 =
√
Pie

iγi . We can then rewrite the displacement d′ in Eq. (B.2) and the covariance

matrix Γ′ in Eq. (B.3) in terms of Pi and γi

dU = Rd =
√

2α



√
P1 cos γ1

...√
PM cos γM√
P1 sin γ1

...√
PM sin γM


, (B.7)

and

∆X2
ij =

1

2
δij +

√
PiPj

(
cos(γi − γj) sinh2 r + cos(γi + γj) sinh r cosh r

)
(B.8a)

∆P 2
ij =

1

2
δij +

√
PiPj

(
cos(γi − γj) sinh2 r − cos(γi + γj) sinh r cosh r

)
(B.8b)

∆XPij =
√
PiPj

[
− sin(γi − γj) sinh2 r + sin(γi + γj) sinh r cosh r

]
. (B.8c)

Finally, we notice that if we are performing homodyne to measure the quadratures x̂i,θi , where

θ = (θ1, . . . , θM ) are the phases of the local oscillators at each output channel, we recall from

Sec. 2.4 that this correspond to apply a further unitary rotation U(θ) = diag(e−iθ1 , . . . , e−iθM )

on the state U |α, r〉. This corresponds to substituting U → U(θ)U in the expression of R in

Eq. (B.1), whose effect is to add a phase e−iθi to every element of the i-th row of U . Thus, if

we define γ̄i = γi − θi, we can write the displacement dθ and the covariance matrix Γθ of the

(accessory) state Û(θ)Û |α,d〉

dθ =
√

2α



√
P1 cos γ̄1

...√
PM cos γ̄M√
P1 sin γ̄1

...√
PM sin γ̄M


, (B.9)

and

Γθ =

(
∆X2

θ ∆XPθ

∆XPT
θ ∆P 2

θ

)
, (B.10)

with

∆(X2
θ)ij =

1

2
δij +

√
PiPj

(
cos(γ̄i − γ̄j) sinh2 r + cos(γ̄i + γ̄j) sinh r cosh r

)
(B.11a)

∆(P 2
θ )ij =

1

2
δij +

√
PiPj

(
cos(γ̄i − γ̄j) sinh2 r − cos(γ̄i + γ̄j) sinh r cosh r

)
(B.11b)

∆(XPθ)ij =
√
PiPj

[
− sin(γ̄i − γ̄j) sinh2 r + sin(γ̄i + γ̄j) sinh r cosh r

]
. (B.11c)

If we are performing homodyne detection only on a single channel, say the first, as we do for

example is Secs. 4.1 and 5.1, we need first to trace away the M − 1 channels we are not observing.
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The probability density function p(x) is thus given by the marginal of the Wigner distribution of

the state Û(θ)Û |α, r〉 associated with the first symplectic variable x1 and, equivalently, a Gaussian

distribution with average µ given by the first element of dθ in Eq. (B.9)

µ =
√

2α
√
P1 cos γ̄1 (B.12)

and variance σ2 given by the first row, first column element of Γθ in Eq. (B.10)

σ2 =
1

2
+ P1(sinh2 r + cos 2γ̄1 sinh r cosh r). (B.13)

For a squeezed vacuum state, α = 0 and we recognise the expression of the variance in Eqs. (4.5)

and (5.4) from Eq. (B.13).

If instead we are observing all M output channels of the network U , the probability density

function p(x) will be a Gaussian distribution with average µ given by the first M elements of dθ

µ =
√

2α


√
P1 cos γ̄1

...√
PM cos γ̄M

 , (B.14)

from which we recognise Eq. (4.47), while the covariance matrix Σ is given by the first M rows

and columns of Γθ, i.e. by the matrix in Eq. (B.11a)

Σij =
1

2
δij +

√
PiPj

(
cos(γ̄i − γ̄j) sinh2 r + cos(γ̄i + γ̄j) sinh r cosh r

)
, (B.15)

from which we obtain the expression in Eq. (4.46).

To evaluate the determinant |Σ| in Eq. (4.48), we first notice that the covariance matrix Γ

of the initial state |α, r〉 can be written as the sum Γ ≡ 12M/2 + K0, where 1 is the 2M × 2M

identity matrix and K0 = Γ − 12M/2 is a diagonal matrix of rank 2. Since the rank is invariant

under orthogonal rotations, the same holds true for Γθ = RΓRT ≡ 12M + K, with rank(K) = 2.

By definition of rank, none of the sub-matrices of K can have rank greater than 2, hence we can

write

Σ = 1M/2 + (Σ− 1M/2) ≡ 1M/2 +A, (B.16)

with rank(A) ≤ 2, since A is a submatrix of K

Aij =
√
PiPj

(
cos(γ̄i − γ̄j) sinh2 r + cos(γ̄i + γ̄j) sinh r cosh r

)
(B.17)

We can thus apply the results in Appendix P to Σ and write |Σ| = |1M/2 +A| as a sum of deter-

minants of the matrices obtained replacing any number of columns of 1M/2, with the respective

columns of A

|Σ| = 1

2M
+

1

2M−1

M∑
i=1

Aii +
1

2M−2

M∑
i=1

M∑
j=i+1

AiiAjj −A2
ij , (B.18)

where the first term is the determinant of 1M/2, the terms in the first summation are determinants

of matrices obtained substituting the i-th column of 1M/2 with the i-th column of A, and the
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terms in the last summation from substituting the i-th and j-th columns, while also exploiting the

symmetry of A. Noticeably, since rankA ≤ 2, all the contributions involving the replacement of

three or more columns of A are vanishing for the definition of rank of a matrix. Replacing the

expression of A found in Eq. (B.17) into Eq. (B.18), the expression in Eq. (4.48) can then be easily

obtained after some elementary trigonometry.



Appendix C

Fisher Information for Gaussian

Probabilities

In this Appendix we will evaluate the FIM F(ϕ) associated with the estimation of a set of param-

eters ϕ = (ϕ1, . . . , ϕp), with p arbitrary, from a M -variate Gaussian distribution

pϕ(x) =
1√

(2π)M det[Σ]
exp

(
−1

2
(x− µ)TΣ−1(x− µ)

)
, (C.1)

where we assume that both the covariance matrix Σ and the average µ depend on the parameters

ϕ.

Recalling the definition of the FIM in Eq. (1.44), we first evaluate the logarithmic derivative

∂

∂ϕ
log pϕ(x) = −1

2

∂

∂ϕ
log det[Σ]− 1

2
(x− µ)T ∂Σ−1

∂ϕ
(x− µ)

+
∂µT

∂ϕ
Σ−1(x− µ). (C.2)

In order to evaluate the FIM in Eq. (1.44), we first notice that the expression ∂
∂ϕ log pϕ(x) ∂

∂ϕT log pϕ(x)

contains terms of order up to fourth in (x−µ). Obtaining the FIM thus reduces to the evaluation

of the expectation values of a polynomial in (x− µ), for which we can exploit standard results of

Gaussian integrals:

Epϕ [xi − µi] = 0 (C.3a)

Epϕ [(xi − µi)(xj − µj)] = Σij (C.3b)

Epϕ [(xi − µi)(xj − µj)(xk − µk)] = 0 (C.3c)

Epϕ [(xi − µi)(xj − µj)(xk − µk)(xl − µl)] = ΣijΣkl + ΣikΣjl + ΣilΣjk, (C.3d)

from which we see that only even powers of the term (x−µ) contribute to the FIM. We can thus
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evaluate

F(ϕ)ij = Epϕ

[(
∂

∂ϕi
log pϕ(x)

)(
∂

∂ϕj
log pϕ(x)

)]
=

1

4

(
∂

∂ϕi
log det[Σ]

)(
∂

∂ϕj
log det[Σ]

)
+

M∑
s,t=1

(
∂µT

∂ϕi
Σ−1

)
s

(
∂µT

∂ϕj
Σ−1

)
t

Epϕ [(xs − µs)(xt − µt)]

+
1

4

(
∂

∂ϕi
log det[Σ]

) M∑
s,t=1

∂Σ−1
st

∂ϕj
Epϕ [(xs − µs)(xt − µt)]

+
1

4

(
∂

∂ϕj
log det[Σ]

) M∑
s,t=1

∂Σ−1
st

∂ϕi
Epϕ [(xs − µs)(xt − µt)]

+
1

4

M∑
s,t,u,v=1

∂Σ−1
st

∂ϕi

∂Σ−1
uv

∂ϕj
Epϕ [(xs − µs)(xt − µt)(xu − µu)(xv − µv)]. (C.4)

By substituting the expressions in Eq. (C.3) into Eq. (C.4), and exploiting the Jacobi’s formula

for the derivative of the determinant of square matrices which assures that

1

det[Σ]

∂ det[Σ]

∂ϕi
= Tr

[
Σ−1 ∂Σ

∂ϕi

]
≡ −Tr

[
∂Σ−1

∂ϕi
Σ

]
, (C.5)

we see that most of the terms in Eq. (C.4) cancel out

F(ϕ)ij =
((((

((((
((((

(((
((

1

4

(
∂

∂ϕi
log det[Σ]

)(
∂

∂ϕj
log det[Σ]

)
+
∂µT

∂ϕi
Σ−1 ∂µ

∂ϕj

+
(((

((((
(((

((((
(

1

4

(
∂

∂ϕi
log det[Σ]

)
Tr

[
∂Σ−1

∂ϕj
Σ

]
+
((((

((((
(((

((((1

4

(
∂

∂ϕj
log det[Σ]

)
Tr

[
∂Σ−1

∂ϕi
Σ

]
+

���
���

���
���

�
1

4
Tr

[
∂Σ−1

∂ϕi
Σ

]
Tr

[
∂Σ−1

∂ϕj
Σ

]
+

1

2
Tr

[
∂Σ−1

∂ϕi
Σ
∂Σ−1

∂ϕj
Σ

]
. (C.6)

The FIM thus reads

F(ϕ)ij =
∂µT

∂ϕi
Σ−1 ∂µ

∂ϕj
+

1

2
Tr

[
∂Σ−1

∂ϕi
Σ
∂Σ−1

∂ϕj
Σ

]
(C.7)

We can easily reduce Eq. (C.6) to the FI in Eq. (4.6) for the single-parameter, single-homodyne

case with µ = 0, and to the FIM in Eq. (5.5) for the single-homodyne with µ = 0.
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To obtain the FIM in Eq. (4.49), we first exploit the relation

Σ
∂Σ−1

∂ϕj
Σ = − ∂Σ

∂ϕj
, (C.8)

and thus we express the covariance matrix Σ−1 in terms of its cofactor matrix, i.e. Σ−1 = C/det[Σ],

where we have exploited the symmetry of Σ so that CT = C. We can thus rewrite, in the single-

parameter case

F(ϕ) =
∂µT

∂ϕ
Σ−1 ∂µ

∂ϕ
− 1

2
Tr

[
∂Σ−1

∂ϕ

∂Σ

∂ϕ

]
=
∂µT

∂ϕ
Σ−1 ∂µ

∂ϕ
+

1

2 det[Σ]
2

∂ det[Σ]

∂ϕ
Tr

[
C
∂Σ

∂ϕ

]
− 1

2 det[Σ]
Tr

[(
∂C

∂ϕ

)(
∂Σ

∂ϕ

)]
(C.9)

We can recognise in the second term of Eq. (C.9) the Jacobi’s formula for the derivative of the

determinant in Eq. (C.5), which allows us to obtain the expression for the FIM shown in Eq. (4.49)

F(ϕ) =
∂µT

∂ϕ
Σ−1 ∂µ

∂ϕ
+

1

2 det[Σ]
2

(
∂ det[Σ]

∂ϕ

)2

− 1

2 det[Σ]
Tr

[(
∂C

∂ϕ

)(
∂Σ

∂ϕ

)]
. (C.10)

In order to explicit the cofactor matrix C in terms of the elements of Σ and thus obtain

Eq. (4.50), we first need to make some observations. First, the (s, t)-cofactor Cst is defined as the

determinant of the L− 1× L− 1 sub-matrix of Σ obtained deleting its s-th row and t-th column,

then multiplied by (−1)s+t. This can be equivalently thought as the determinant of the L × L
matrix Σ[s,t],1, where we denote with X [s,t],n the matrix obtained from the matrix X replacing all

its elements in the s-th row and in the p-th column with zeros, with the exception of the element

(s, t) which is replaced by n, namely

Cst = det





Σ11 . . . Σ1t−1 0 Σ1t+1 . . . Σ1L

...
...

...

Σs−11 . . . Σs−1t−1 0 Σs−1t+1 . . . Σs−1L

0 . . . 0 1 0 . . . 0

Σs+11 . . . Σs+1t−1 0 Σs+1t+1 . . . Σs+1L

...
...

...

ΣL1 . . . ΣLt−1 0 ΣLt+1 . . . ΣLL




. (C.11)

For the particular case of the covariance matrix Σ in Eq. (4.46), as discussed in Appendix B, we

can write Σ = 1M/2+A, with A symmetric matrix such that rank(A) = ρ ≤ 2 given in Eq. (B.17).

Thus, we can write the (s, t)-cofactor as

Cst = det
[
(1M/2)[s,t],0 +A[s,t],1

]
, (C.12)

and evaluate this determinant with the methods discussed in detail in Appendix P. In particular,

Cst is obtained as a sum of determinants of matrices obtained replacing any possible set of columns
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of (1M/2)[s,t],0 with the columns in the same positions of A[s,t],1. Noticeably, by substituting a row

and a column of A with an arbitrary row or column, in general increase its rank by one, so that

rank(A[s,t],1) ≤ 3. To evaluate the cofactor matrix C, it is thus convenient to consider separately

the simpler case s = t first, and then s 6= t.

For s = t in Eq. (C.12), the cofactor becomes Css = det
[
(1M/2)[s,s],0 +A[s,s],1

]
. We notice

that the matrix (1M/2)[s,s],0 is a diagonal matrix with a single zero eigenvalue – i.e. the s-th – and

thus each contribution to Css is non-vanishing only if the s-th columns of (1M/2)[s,s],0 – a column

of only 0s – is replaced. Moreover, the s-th column of A[s,s],1 is as well a column of all 0s, with

the exception of the s-th element, which is equal to 1. We thus obtain

Css =
1

2M−1
+

1

2M−2

M∑
i=1
i6=s

Aii −
1

2M−3

M∑
i=1
i6=s

M∑
j=i+1
j 6=s

AiiAjj −A2
ij , (C.13)

which is the sum of terms obtained substituting the s-th, the s-th and i-th, and the s-th, i-th and j-

th columns, respectively. Noticeably, replacing more than 3 columns yields vanishing contributions,

since rank(A[s,t],1) ≤ 3. When s 6= t, (1M/2)[s,t],0 is still a diagonal matrix but with two zeros in

the diagonal, more precisely the s-th an the t-th elements. Both the s-th and the t-th columns are

thus columns of zeros, and all non-vanishing contributions to Cst must replace these two columns.

For example, the only contribution obtained swapping the s-th and t-th columns is of the type

1

2M−2
det

[(
0 1

Ats 0

)]
= − 1

2M−2
Ast, (C.14)

exploiting at the same time the symmetry of A. The contributions obtained swapping the s-th,

t-th and i-th columns, with i 6= s, t, are of the type

1

2M−3
det


 0 1 0

Ats 0 Ati

Ais 0 Aii


 =

1

2M−3
(AsiAti −AstAii), (C.15)

where once again, we are exploiting the symmetry of A. Once again, substituting more than 3

columns yields no contributions since rank(A[s,t],1) ≤ 3. The final expression for Cst, s 6= t thus

reads

Cst = − 1

2M−2
Ast +

1

2M−3

M∑
i=1
i 6=s,t

(AsiAti −AstAii). (C.16)

Replacing in (C.13) and (C.16) the definition of A = Σ− 1M/2 in Eq. (C.12), it is straightforward

to obtain Eqs. (4.50).



Appendix D

Asymptotic Analyses of Gaussian

Metrology

In this appendix, we will perform all the asymptotic analyses for large number of photons N in

the setups presented in Chapters 4 and 5.

D.1 Single homodyne

We here evaluate the asymptotic expressions of the FI in Eq. (4.12) and the FIM in Eq. (5.10),

showing that the conditions in Eqs. (4.11) and (5.9) yield the HL for the estimation of the re-

spective quantities of interest. We will perform the calculations for the case of arbitrary number

p of unknown parameters ϕ = (ϕ1, . . . , ϕp), from which the single-parameter case can be easily

obtained.

As shown in Eqs. (5.6) and (5.7), the dependence of the variance

σ2
ϕ =

1− Pϕ
2

+
Pϕ
2

[cosh(2r) + cos(2γϕ − 2θ) sinh(2r)] , (D.1)

on the parameters ϕ only appears through the transition probability Pϕ and the acquired complex

phase γϕ
∂σ2
ϕ

∂ϕ
= (∂Pσ

2
ϕ)
∂Pϕ
∂ϕ

+ (∂fσ
2
ϕ)
∂f(ϕ)

∂ϕ
, (D.2)

where ∂P and ∂f represent the differentiation with respect of Pϕ and f(ϕ), and

∂Pσ
2
ϕ =

1

2
(−1 + cosh(2r) + cos(2f(ϕ)− 2θ) sinh(2r)) (D.3a)

∂γσ
2
ϕ = −Pϕ sin(2f(ϕ)− 2θ) sinh(2r). (D.3b)

As discussed in Sec 5.2, to achieve the HL, some conditions must be imposed so that the variance

in Eq. (D.1) does not grow with N . The only option to do that without ruining the sensitivity of

127
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the setup is requesting that γϕ − θ ' π/2, as we can see from Eq. (D.1). In particular, we impose

condition (5.9a), and evaluate the variance in (D.1) and its gradient (D.2) in the large N limit

σ2
ϕ =

1

2
+NPϕ

(
1− cos

(
2k

N

)√
1 +

1

N

)

=
1

2
+NPϕ

(
1−

(
1− 2k2

N2

)(
1 +

1

2N
− 1

8N2

))
+O

(
1

N2

)
=

1− Pϕ
2

+ Pϕ

(
2k2

N
+

1

8N

)
+O

(
1

N2

)
, (D.4)

∂

∂ϕ
σ2
ϕ = N

∂

∂ϕ
Pϕ

(
1− cos

(
2k

N

)√
1 +

1

N

)
+ 2NPϕ

∂

∂ϕ
f(ϕ) sin

(
2k

N

)√
1 +

1

N

= N
∂

∂ϕ
Pϕ

(
1−

(
1 +

1

2N

))
+ 2NPϕ

∂

∂ϕ
f(ϕ)

2k

N
+O

(
1

N

)
= −1

2

∂

∂ϕ
Pϕ + 4kPϕ

∂

∂ϕ
f(ϕ) +O

(
1

N

)
. (D.5)

Then, by imposing condition (5.9b) on Pϕ, we get

σ2
ϕ =

(
2k2 +

1

8
+
`

2

)
1

N
+O

(
1

N2

)
, (D.6a)

∂

∂ϕ
σ2
ϕ = 4k

∂

∂ϕ
f(ϕ) +O

(
1

N

)
. (D.6b)

By substituting the expressions in Eqs. (D.6) into the FIM in Eq. (5.5), we can finally evaluate its

asymptotic expression

F(ϕ) ∼ 8%(k, `)N2

(
∂f(ϕ)

∂ϕ

)(
∂f(ϕ)

∂ϕT

)
(D.7)

with

%(k, `) =

(
8k

16k2 + 1 + 4`

)2

(D.8)

a positive and N -independent pre-factor.

D.2 Multiple homodyne

In this appendix we will study the asymptotic regime of the FI in Eq. (4.49),

F(ϕ) =
1

det[Σ]
∂ϕµ

TC∂ϕµ︸ ︷︷ ︸
FD(ϕ)

+
1

2

(
∂ϕ det[Σ]

det[Σ]

)2

− 1

2 det[Σ]
Tr[(∂ϕΣ)(∂ϕC)]︸ ︷︷ ︸

FS(ϕ)

(D.9)

for large N = NS + ND = sinh2 r + α2. We will show that conditions (4.52) are necessary to

reach the HL, and that, when they hold, the asymptotic expression for the FI is the one shown in

Eq. (4.54).
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As discussed in Sec. 4.3.2, all terms in the numerators of the FI in Eq. (D.9) are at most of

order N2
S or NSND. We thus need to study the asymptotic behaviour of the determinant det[Σ]

in Eq. (4.48), which is at the denominators of the FI, and find what conditions prevents det[Σ] to

grow with NS as well, ruining the HL. In particular, in order to reach the HL, namely a scaling of

order of N2 in the FI, the determinant det[Σ] must be at most of order O(1).

We thus first focus our attention on det[Σ] in Eq. (4.48)

det[Σ] =
1

2M
+

sinh(r)

2M−1

M∑
i=1

Pi(sinh(r) + cos(2γ̄i) cosh(r))

− sinh2(r)

2M−2

M∑
i=1

M∑
j=i+1

PiPj sin2(γ̄i − γ̄j). (D.10)

In particular we will suppose that the asymptotic behaviour of the complex phases γ̄i for large NS

is given by γ̄i = γ̄0i + kiN
−α
S , with ki ∈ R independent of N and α > 01. By expanding in powers

of NS the terms in which the squeezing parameter r appears in (D.10) we obtain

det[Σ] = D1NS +D2 +D3
1

NS
+O

(
1

N2
S

)
, (D.11)

where

D1 =
1

2M−1

(
1 +

M∑
i=1

Pi cos(2γ̄i)

)
− 1

2M−2

( M∑
i=1

M∑
j=i+1

PiPj sin(γ̄i − γ̄j)2

)
, (D.12a)

D2 =
1

2M

(
1 +

M∑
i=1

Pi cos(2γ̄i)

)
, (D.12b)

D3 = − 1

2M+2

M∑
i=1

Pi cos(2γ̄i). (D.12c)

To prevent the scaling with NS of the determinant det[Σ], D1 must be set equal, or tending, to

zero. After some trigonometry, and exploiting the fact that
∑
i Pi = 1 due to the unitarity of the

network, we can rewrite

D1 =
1

2M−2

(( M∑
i=1

Pi cos2 γ̄i

)2

+
( M∑
i=1

Pi sin γ̄i cos γ̄i

)2
)
, (D.13)

which tends to zero only if both terms in the parenthesis tend to zero, i.e. when γ̄0i = π/2 + nπ,

with n ∈ Z. To analyse the order for large NS of the determinant when condition γ̄0i = π/2 + nπ

holds – and thus γ̄i = π/2 + nπ + kiN
−α
S – we need to analyse the behaviour of each term in

Eqs. (D.12). Since cos(2γ̄i) ∼ −1 + 2kiN
−2α
S , and sin(γ̄i − γ̄j)2 ∼ (ki − kj)N−2α

S , both D1 and D2

scale with N−2α
S , while D3 is asymptotically constant. Thus, we find the asymptotic behaviour of

det[Σ] through Eq. (D.11): the term D2 is always negligible with respect to D1NS, while for α ≤ 1

1Notice that this condition is not restrictive, since if γ̄i were to grow with N (i.e. α < 0), it would yield an

oscillating asymptotic behaviour of det[Σ] and every other term appearing in the FI.
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the term D1NS dominates over D3/NS so that det[Σ] is of order N1−2α
S , and for α > 1 instead

D3/NS dominates D1NS and the determinant scales with N−1
S . In equations:

det[Σ] ∼

D1NS ∝ N1−2α
S , forα ≤ 1

D3N
−1
S ∝ N−1

S , forα > 1
(D.14)

Noticeably, the determinant stops growing with NS only for α ≥ 1/2.

We thus now study the asymptotic behaviour of the numerators appearing in the FI in Eq. (D.9),

when the condition γ̄i = π/2 + kiN
−α
S , with α ≥ 1/2, is true. We will perform the same analysis

done for det[Σ] earlier, considering only the dominating term for every value of α. We first obtain

the derivative of Σ from Eq. (4.46), substituting γ̄i = π/2 + ki/N
α
S , with α ≥ 1/2,

∂ϕΣij =− 1

2
∂ϕ(
√
PiPj) +

√
PiPj

(
∂ϕ(γ̄i + γ̄j)(ki + kj)

− ∂ϕ(γ̄i − γ̄j)(ki − kj)
)
N1−α

S +O(N1−2α
S ) +O(N−1

S ), (D.15)

and we notice that each element of Σ scales at most with N1−α
S for 1/2 ≤ α < 1, while it becomes

constant for α ≥ 1. We then analyse the auxiliary term (4.51)

Ssti = sinh2(r)
√
PsPtPi sin(γ̄s − γ̄i) sin(γ̄t − γ̄i) = O(N1−2α

S ), (D.16)

of which we evaluate the derivative, always with the conditions γ̄i = π/2 + ki/N
α
S , with α ≥ 1/2

∂ϕSsti =
√
PsPtPi

(
(∂ϕ(γ̄s − γ̄i))(kt − ki)

+ (∂ϕ(γ̄t − γ̄i))(ks − ki)
)
N1−α

S +O(N1−2α), (D.17)

which scales at most with N1−α
S for large NS. Moreover, the covariance matrix Σ in (4.46) asymp-

totically reads

Σij =
δij −

√
PiPj

2
+O(N1−2α

S ) +O(N−1
S ), (D.18)

which is in general constant asymptotically for large NS. Inserting Eqs. (D.16) and (D.18) in the

cofactor matrix (4.50), we obtain

Cst =
1

2M−1

√
PsPt +O(N1−2α

S ) +O(N−1
S ). (D.19)

Exploiting the asymptotic behaviours of the derivatives found in Eqs. (D.15) and (D.17), we are

able to analyse the remaining terms appearing in the FI

∂ϕ det[Σ] =
1

2M−1

M∑
i=1

∂ϕΣii −
1

2M−2

M∑
i=1

M∑
j=i+1

∂ϕSiij , (D.20)

∂ϕCss =
1

2M−2

M∑
i=1
i 6=s

∂ϕΣii −
1

2M−3

M∑
i=1
i 6=s

M∑
j=i+1
j 6=s

∂ϕSiij , (D.21)

∂ϕCst = − 1

2M−2
∂ϕΣst +

1

2M−3

M∑
i=1
i 6=s,t

∂ϕSsti. (D.22)



D.2. MULTIPLE HOMODYNE 131

It is easy to see that ∂ϕ det[Σ] scales at most with N1−α
S , since

∑M
i ∂ϕPi = 0, while the derivatives

of the elements of C scale at most with N1−α
S for 1/2 ≤ α < 1, and becomes constant for α ≥ 1.

The last step is to evaluate the asymptotic behaviour for the derivative ∂ϕµ of the average, which

can be easily obtained differentiating Eq. (4.47)

∂ϕµi =
√

2ND

(
∂ϕPi

2
√
Pi

cos γ̄i −
√
Pi∂ϕγ̄i sin γ̄i

)
= −

√
2NDPi∂ϕγ̄i +O(

√
NDN

−α
S ). (D.23)

Now we can finally draw our conclusions and obtain the scaling of the FI shown in Eq. (4.54)

by putting together all the asymptotic regimes found. First, we notice that, independently of

α ≥ 1/2, the third contribution to the FI in Eq. (D.9) always scales with NS, hence only reaching

shot-noise precision. Thus, it is always dominated by the other two terms in the HL regime. The

only terms which allow the HL are then the first two: in fact, the term FD(ϕ) scales with NDN
2α−1
S

for 1/2 ≤ α ≤ 1, and with NDNS for α > 1, thus reaching the HL for α ≥ 1, while the second

term reaches sub-shot noise scaling N
2−2|α−1|
S for 1/2 < α < 3/2, achieving the HL for α = 1. It is

interesting to notice the major difference between the two contributions to the HL: the term FD(ϕ)

reaches the HL for every value of α ≥ 1, which means that the choice γ̄i = π/2 – corresponding to

α = +∞ – still yields the HL. On the other hand, α must be equal to 1 in order for the first term

of FS(ϕ) to achieve the HL. The consequences and the physical implications of this difference are

discussed in depth in Sec. 4.3.2.

The conditions to reach the HL can thus be condensed into the request on the complex phases

γ̄i = π/2 +O(N−1
S ), (D.24)

for i = 1, . . . ,M , as shown in Eq. (4.52), or equivalently that γ̄i ' π/2 + ki/NS asymptotically,

with ki ∈ R independent of NS. Moreover, we have seen that the only relevant terms under

this condition are the first two in Eq. (D.9), and that only for α = 1 the first term of FS(ϕ) is

non-vanishing.

Finally, we can now prove (4.54). Substituting condition (D.24) into Eqs. (D.15) and (D.17),

we obtain from Eq. (D.20)

∂ϕ det[Σ] ∼ 1

2M−1

M∑
i=1

4Piki(∂ϕγ̄i)−
1

2M−2

M∑
i=1

M∑
j=i+1

2PiPj(ki − kj)(∂ϕγ̄i − ∂ϕγ̄j)

∼ 1

2M−3

M∑
i=1

Piki

M∑
j=1

Pj∂ϕγ̄j (D.25)

where we exploited the passivity of the interferometer which assures
∑M
i=1 Pi = 1. We also obtain

from (D.10)

det[Σ] ' 1

2M−2NS

(( M∑
i=1

Piki

)2

+
1

16

)
, (D.26)

which coincides with the expression in Eq. (4.53). Lastly, from Eq. (D.23) when conditions (D.24)

hold, we obtain the asymptotic behaviour

∂ϕµi ∼ −
√

2NDPi∂ϕγ̄i. (D.27)
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Substituting Eqs. (D.19) and (D.25)-(D.27) into the FI in Eq. (4.49) yields the asymptotic expres-

sion shown in Eq. (4.54).



Appendix E

Maximum-Likelihood Estimators

for Gaussian Distributions

In this Appendix we will specialise the Likelihood Equation (1.29) to the case of Gaussian probabil-

ity distribution. In doing so, we will demonstrate the expressions in Eqs. (4.16), (4.59) and (5.16).

We first suppose that the M -variate Gaussian probability distribution

pϕ(x) =
1√

(2π)M det[Σ]
exp
(
−(x− µ)TΣ−1(x− µ)

)
(E.1)

governing the outcomes x = (x1, . . . , xM ) depends on a single parameter ϕ through its average

µ and its covariance matrix Σ. If we perform the observation ν times x1, . . . ,xν , the Likelihood

function in Eq. (1.27) becomes

L(ϕ;x1, . . . ,xν) =
1√

(2π)Mν det[Σ]
ν exp

(
−1

2

ν∑
i=1

(xi − µ)TΣ−1(xi − µ)

)
. (E.2)

The MLE is obtained maximising the Likelihood function in Eq. (E.2) – or its logarithm, as

discussed in Sec 1.2.1 – i.e. finding the estimator ϕ̃MLE which solves the Likelihood Equation (1.29),

which applied to the likelihood functionin Eq. (E.2) becomes

0 = ∂ϕ logL(ϕ;x1, . . . ,xν)
∣∣∣
ϕ=ϕ̃MLE

= ∂ϕ

ν∑
j=1

log p(xj ;ϕ)
∣∣∣
ϕ=ϕ̃MLE

=

[
−ν

2
∂ϕ log(det[Σ])− 1

2
∂ϕ

ν∑
j=1

(xj − µ)TΣ−1(xj − µ)

]
ϕ=ϕ̃MLE

=

[
−ν

2
Tr
[
Σ−1∂ϕΣ

]
− 1

2
∂ϕ

ν∑
j=1

Tr
[
Σ−1(xj − µ)(xj − µ)T

]]
ϕ=ϕ̃MLE

=
1

2
Tr

[
∂ϕΣ−1

(
νΣ−

ν∑
j=1

(xj − µ)(xj − µ)T
)]

ϕ=ϕ̃MLE
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+

[
(∂ϕµ)TΣ−1

(
νµ−

ν∑
j=1

xj

)]
ϕ=ϕ̃MLE

, (E.3)

where we exploited Jacobi’s formula for the derivative of the determinant of a matrix shown in

Eq. (C.5), the identity in Eq. (C.8), and the symmetry of Σ. Eq. (E.3) is the expression of

the Likelihood Equation (4.59). This can be easily simplified to the case of univariate Gaussian

distribution for M = 1 and absence of average µ, for which Σ→ σ2 and xj → xj , obtaining

0 = Σ− 1

ν

ν∑
j=1

x2
j (E.4)

as shown in Eq. (4.16).

In order to find the expression in Eq. (5.16), i.e. the Likelihood Equation for the estimation

of the function f(ϕ) of multiple parameters ϕ, we can repeat the same steps taken to obtain the

last line of Eq. (E.3) in the simplified case of M = 1 – i.e. with the substitution Σ → σ2 – and

µ = 0, but this time regarding σ2 as a function of f(ϕ), and thus performing the differentiation

with respect of f(ϕ), obtaining

0 =

∂σ2
ϕ

∂f

σ2
ϕ −

ν∑
j=1

x2
j

ν

∣∣∣∣∣
f=f̃MLE

. (E.5)

Since we can see from the expression of
∂σ2
ϕ

∂f in Eqs. (5.7b) and the condition of f(ϕ in Eq. (5.9a)

that
∂σ2
ϕ

∂f 6= 0, we obtain from Eq. (E.5) the expression for the Likelihood Equation (5.16).



Appendix F

Typicality of Gaussian Metrology

In this appendix, we will derive the statistical results discussed in Sec. 4.2 regarding the pre-factor

f(U,Gϕ) appearing in the FI in Eq. (4.12). First, we will obtain the average of the pre-factor

shown in Eq. (4.40), employing results of computation of averages over the unitary group. Then,

we will apply standard results on concentration of measure to derive the result in Eq. (4.42).

F.1 Derivation of the average of the pre-factor (4.35)

Denoting with P the Haar probability measure defined on the unitary group U(M) of the M ×M
unitary matrices, it is possible to define the average of a given function f : U(M)→ C

E[f(U)] =

∫
Γ

f(U)dP(U), (F.1)

where Γ is the domain of the function f , with the same approach outlined in Sec. 1.1. In order to

derive the average E[f(U,Gϕ)] in Eq. (4.35)

f(U,Gϕ) = (U†GϕU)2
11, (F.2)

we are interested only in the moments of the matrix elements Uij up to the fourth orders, i.e. the

averages of powers of the matrix elements and their complex conjugates. For random choices of the

unitary matrix U ∈ U(M), the only non-vanishing moments up to the fourth order of the elements

Uij are given by [140]

E[|Uij |2] =
1

M
(1 ≤ i, j ≤M), (F.3a)

E[|Uij |4] =
2

M(M + 1)
(1 ≤ i, j ≤M), (F.3b)

E[|Uij |2|Ukj |2] =
1

M(M + 1)
(i 6= k), (F.3c)

E[|Uij |2|Uil|2] =
1

M(M + 1)
(j 6= l), (F.3d)
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E[|Uij |2|Ukl|2] =
1

M2 − 1
(i 6= k, j 6= l), (F.3e)

E[UijUklU
∗
ilU
∗
kj ] = − 1

M(M2 − 1)
(i 6= k, j 6= l). (F.3f)

The results shown in Eq. (F.3) can be conveniently expressed in two compact formulas [141] as:

E[UijU
∗
kl] =

δikδjl
M

(F.4a)

E[UijUklU
∗
mnU

∗
pq] =

δimδjnδkpδlq + δipδjqδkmδln
M2 − 1

+

− δimδjqδkpδln + δipδjnδkmδlq
M(M2 − 1)

(F.4b)

Employing the formulas in Eqs. (F.4), we are able to derive the averages in the main text in

Eqs. (4.40)-(4.41). In fact, given a generic M ×M complex matrix A, employing the result in

Eq. (F.4a), we have

E[(U†AU)ij ] =
∑
k,l

E[U†ikAklUlj ]

=
∑
k,l

AklE[U∗kiUlj ]

=
∑
k,l

Akl
δklδij
M

=
Tr(A)

M
δij , (F.5)

while employing the formula in Eq. (F.4b), we have

E[(U†AU)2
ij ] =

∑
k,l,m,n

E[U†ikAklUljU
†
imAmnUnj ]

=
∑

k,l,m,n

AklAmnE[UljUnjU
∗
miU

∗
ki]

= [Tr
(
A2
)

+ Tr(A)
2
]

(
1

M2 − 1
− 1

M(M2 − 1)

)
δij

=
Tr
(
A2
)

+ Tr(A)
2

M(M + 1)
δij (F.6)

The expressions in Eq. (F.5)-(F.6) reduce to the equalities in Eqs. (4.41)-(4.40) for A = Gϕ and

i = j = 1, respectively.

F.2 Derivation of the typicality results

To show how to derive the result in Eq. (4.42), we start from a standard result on concentration

of measure in high-dimensional spaces known as Levy’s Lemma
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Theorem 2. Let f : Sn−1 → R be a function defined over the unit euclidean sphere

S
n−1 =

{
x ∈ Rn

∣∣∣∣ n∑
k=1

x2
k = 1

}
(F.7)

endowed with the invariant Haar probability measure P. Denote with L the Lipschitz constant of

the function, i.e. the minimum L such that

|f(x)− f(y)| ≤ L ‖x− y‖2 , (F.8)

for all x,y ∈ Sn−1, where ‖x‖2 =
√∑n

k=1 x
2
k is the Euclidean norm. Then:

P(|f − E[f ]| ≥ ε) ≤ 2e−
nε2

CL2 , (F.9)

where C is some positive constant which can be taken to be C = 9π3 [142, 143].

To prove the concentration result in Eq. (4.42), we want to apply Theorem 2 to our case. Thus,

we first need to compute the Lipschitz constant L associated with the pre-factor in Eq. (4.35). To

do so, we first notice that f(U,Gϕ) can be thought as a function defined on the real unit sphere

Sn−1. In fact, it can be written as

f(U,Gϕ) =

 M∑
j=1

|uj |2gj

2

. (F.10)

where u is the complex M -dimensional vector given by u = V †ϕUe with e = (1, 0, . . . , 0)T ∈ CM ,

as shown in Eq. (4.37), with V †ϕ being the matrix whose columns are the eigenvectors of Gϕ. Since

only the squared moduli |uj |2 of this complex vector appear in Eq. (F.10), we can consider the

pre-factor f(U,Gϕ) as a function of a real vector x ∈ R2M whose 2M components are defined by

x2j−1 = Reuj , x2j = Imuj , j = 1, . . . ,M. (F.11)

The unitarity constraint
∑M
j=1 |uj |

2
= 1 translates into

∑2M
j=1 x

2
j = 1, so that x ∈ S2M−1, the unit

sphere sitting inside R2M . We see then that the random factor in Eq. (F.10) can be thought as a

function defined over the unit sphere S2M−1:

f(U,Gϕ) =

 M∑
j=1

|uj |2gj

2

=

 M∑
j=1

(x2
2j−1 + x2

2j)gj

2

(F.12)

=
(
xT G̃x

)2

=: f(x), (F.13)

where we have defined the diagonal matrix G̃ = diag(g̃) with g̃ = (g1, g1, . . . , gM , gM ) ∈ R2M . We

can now estimate the Lipschitz constant L of the function f(x) to apply Theorem 2. To this aim,

we evaluate the gradient of f , which is given by:

∇f(x) = 4(xT G̃x)G̃x. (F.14)
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The Lipschitz constant for f can be then obtained as

L = max
x∈S2M−1

‖∇f(x)‖2 = 4 ‖Gϕ‖2 , (F.15)

since

‖∇f(x)‖2 =
√

[∇f(x)]T [∇f(x)]

= 4|xT G̃x|
√
xT G̃2x

≤ 4‖G̃‖2

= 4 ‖Gϕ‖2 (F.16)

where we used the fact that |xT G̃x| ≤ ‖G̃‖ and xT G̃2x = ‖G̃x‖2 ≤ ‖G̃‖2, while in the last

equality we used the fact that ‖G̃‖ = ‖Gϕ‖ = maxi gi. The value ‖∇f(x)‖2 = 4 ‖Gϕ‖2 can be

obtained with x = ei, supposing that gi is the eigenvalue with highest absolute value. The value

of L = 4 ‖Gϕ‖2 in Eq. (F.15) can then be used when applying Theorem 2, with n = 2M , to finally

prove the result in Eq. (4.42).



Appendix G

Derivation of the CR Bound (5.14)

for a Singular FIM

In this appendix we will show that the FIM in Eq. (5.10)

F(ϕ) ∼ 8%(k, `)N2

(
∂f(ϕ)

∂ϕ

)(
∂f(ϕ)

∂ϕT

)
, (G.1)

which, as discussed in Sec. 5.2, is a matrix of rank(F(ϕ)) = 1, whose only non-vanishing eigenvalue

is given in Eq. (5.13)

λ = 8%(k, `)N2

∣∣∣∣∂f(ϕ)

∂ϕ

∣∣∣∣2 (G.2)

yields the CR bound found in Eq. (5.14) for the estimation of the function f(ϕ).

The Jacobian H which enters in the CR bound shown in Eq. (1.47) for the estimation of f(ϕ)

is trivially

H =
∂f(ϕ)

∂ϕT
≡
∣∣∣∣∂f(ϕ)

∂ϕ

∣∣∣∣vT, (G.3)

which is also the eigenvector of F(ϕ) associated with the eigenvalue λ in Eq. (G.2). Since v is the

only (normalised) eigenvector associated with λ, according to Eq. (1.50) the pseudo-inverse F(ϕ)+

in Eq. (1.47) can be written as

F(ϕ)+ =
1

λ
v vT =

1∣∣∣∂f(ϕ)
∂ϕ

∣∣∣4
1

8%(k, `)N2

(
∂f(ϕ)

∂ϕ

)(
∂f(ϕ)

∂ϕT

)
. (G.4)

We can thus evaluate the CR bound in Eq. (1.47), which reduces to a bound on the estimation of

the single function f(ϕ)

Varϕ[f̃ ] ≥ 1

ν

∣∣∣∣∂f(ϕ)

∂ϕ

∣∣∣∣vT

(
1

λ
v vT

) ∣∣∣∣∂f(ϕ)

∂ϕ

∣∣∣∣v =
1

ν

1

8%(k, `)N2
(G.5)

as displayed in Eq. (5.14).
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Appendix H

Analysis of the Transition

Amplitude (5.26)

We will here show that the transition amplitude

(uϕ)11 = ei(α1+α3+
δϕ2+δϕ3

2 )

(
cos

(
δϕ2 − δϕ3

2

)
sin 2ω cosϕ1

+ cos

(
∆α− δϕ2 − δϕ3

2

)
cos 2ω sinϕ1 + i sin

(
∆α− δϕ2 − δϕ3

2

)
sinϕ1

)
, (H.1)

shown in Eq. (5.26) satisfies condition (5.9b) for the choices of ω satisfying Eq. (5.24)

ω =
1

2
arctan

(
cos(ϕcl,1)

sin(ϕcl,1) cos ∆α

)
, (H.2)

and that the complex phase of (uϕ)11 is the one given in Eqs. (5.27) and (5.28).

First, we notice that if condition (H.2) holds, we can write

sin 2ω = ± cos(ϕcl,1)√
cos2(ϕcl,1) + sin2(ϕcl,1) cos2 ∆α

(H.3a)

cos 2ω = ± sin(ϕcl,1) cos ∆α√
cos2(ϕcl,1) + sin2(ϕcl,1) cos2 ∆α

, (H.3b)

where the signs of both the right-hand expressions must be the same. We will only perform the

calculation with both signs being positive, but the same steps can be done for the other case. In

order to show that the probability of transition Pϕ = |(uϕ)11|2 satisfies condition (5.9b), we will

evaluate Pϕ in the case of perfect prior knowledge on the parameters – i.e. δϕi = ϕi − ϕcl,i = 0

– and show that in this case Pϕ = 1. This is enough to show that condition (5.9b) is satisfied

when the prior knowledge on the parameter is classical – namely δϕi = O(N−1/2) – as discussed

in Sec 5.2.1, since the first non-vanishing order in δϕcl of Pϕ − 1 is O(δϕcl)
2. We thus employ the
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expressions in Eqs. (H.3) with ϕcl,1 = ϕ1 to evaluate

|(uϕ)11|2 = (sin 2ω cosϕ1 + cos(∆α) cos 2ω sinϕ1)
2

+ sin2(∆α) sin2 ϕ1

=

(
cos2 ϕ1 + sin2 ϕ1 cos2(∆α)

)�2
((((

(((
((((

(
cos2 ϕ1 + sin2 ϕ1 cos2 ∆α

+ sin2(∆α) sin2 ϕ1 = 1. (H.4)

To evaluate the complex phase arg(uϕ)11 in Eq. (5.27), and in particular to prove the expression

for Φ in Eq. (5.28), we simply need to replace the condition on Eqs. (H.3) into

Φ = arctan

 sin
(

∆α− δϕ2−δϕ3

2

)
sinϕ1

cos
(
δϕ2−δϕ3

2

)
sin 2ω cosϕ1 + cos

(
∆α− δϕ2−δϕ3

2

)
cos 2ω sinϕ1

, (H.5)

from which we easily verify Eq. (5.28).



Appendix I

Generalising the Setup in Fig. 5.3

In this appendix we will show that it is possible to employ more generic multi-channel setups Ûi,ϕi
as local networks inside Ûϕ in Fig. 5.3, and still reaching the HL in the estimation of the linear

combination

L(ϕ) = w ·ϕ (I.1)

in Eq. (5.36), if conditions (5.9) are satisfied. In particular, the parameters ϕ appearing in Eq. (I.1)

will be in this case the phases acquired by the portion of the probe injected in each local network

Ûi,ϕi . These phases can be in turn parameters distributed in each local network, or functions of

parameters, as in the setup shown in Figures 4.1 and 5.2. We will show that the requirement that

these local networks Ûi,ϕi must met, in order to satisfy condition (5.9b), is

Pi ∼ 1− `i
N
, `i ≥ 0, i = 1, . . . ,m2, (I.2)

similar to the global condition (5.9b), where Pi is the transition probability, associated with each

local setup Ûi,ϕi , that a photon injected in the first channel of the i-th local network comes out

from its upper channel, – i.e. Pi = |Ui,ϕi |211. If conditions (I.2) are satisfied, we can generalise the

global transition amplitude in Eq. (5.42) to

χϕ = eiL(ϕcl)
M∑
i=1

ωi

√
1− `i

N
eiδϕi =

= eiL(ϕcl)

(
1 +

M∑
i=1

iωiδϕi −
1

2

M∑
i=1

ωi

(
δϕ2

i +
`i
N

))
+O(N−3/2), (I.3)

where we made use of condition (I.2) to write the transition amplitudes associated with each local

network of Ûi,ϕi . Exploiting once again the requirement that prior estimations are classical, i.e

that δϕi = O(N−1/2), we notice that the probability,

Pϕ =

∣∣∣∣∣eiL(ϕcl)
M∑
i=1

ωi

√
1− `i

N
eiδϕi

∣∣∣∣∣
2

=
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= 1 +

(
M∑
i=1

ωiδϕi

)2

−
M∑
i=1

ωi

(
δϕ2

i +
`i
N

)
+O(N−3/2)

≡ 1− `

N
+O(N−3/2) (I.4)

still satisfies condition (5.9b). Thus, the HL in the estimation of the total acquired phase shown

in (I.1) is still achieved for generic local networks satisfying the conditions (I.2).



Appendix J

Derivation of the QFI for Time

Delays

Before evaluating the QFI H(∆t) in Eq. (6.5), we need to clarify what parameters of the setup

we are assuming are unknown. In the following steps, we will suppose that the spectra ξ̄(ω)2

of the two photons are known, as well as the indistinguishability factor η, while the time delay

∆t = t1 − t2 and the sum of the emission times ttot = t1 + t2 are unknown, as it is customary in

experimental scenarios. Since in this setup two unknown parameter ∆t and ttot are present, the

formal approach for the analysis of the estimation problem requires the use of the 2 × 2 QFIM

H(∆t, ttot, as discussed in Section 1.3.5.

As a first step, we need to rewrite the probe state |ψ〉 in Eq. (6.1) in terms of the delay ∆t

between the two photons and the sum of emission times ttot.

|ψ〉 =

∫
R2

dω1dω2 ξ̄(ω1)ξ̄(ω2)e−iω1t1−iω2t2
(
ηâ†1,ω1

+
√

1− η2b̂†1,ω1

)
â†2,ω2

|vac〉 ,

=

∫
R2

dω1dω2 ξ̄(ω1)ξ̄(ω2)e−ittot
ω1+ω2

2 −i∆t
ω1−ω2

2 ×

×
(
ηâ†1,ω1

+
√

1− η2b̂†1,ω1

)
â†2,ω2

|vac〉 . (J.1)

We can thus evaluate the QFIM

H(∆t, ttot) =

(
〈ψ|L̂2

∆t|ψ〉 1
2 〈ψ|L̂ttot

L̂∆t + L̂∆tL̂ttot
|ψ〉

1
2 〈ψ|L̂ttotL̂∆t + L̂∆tL̂ttot |ψ〉 〈ψ|L̂2

ttot
|ψ〉

)
(J.2)

from its definition in Eq. (1.72). To do so, we need to introduce the SLDs defined through Eq. (1.67),

since the state |ψ〉 on which we are performing the estimation is a pure state

L̂∆t = 2
∂

∂∆t
|ψ〉〈ψ| ≡ 2(|∂−ψ〉〈ψ|+ |ψ〉〈∂−ψ|) (J.3a)

L̂ttot = 2
∂

∂ttot
|ψ〉〈ψ| ≡ 2(|∂+ψ〉〈ψ|+ |ψ〉〈∂+ψ|), (J.3b)
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where we denoted with |∂−ψ〉 := ∂
∂∆t |ψ〉 and |∂+ψ〉 := ∂

∂ttot
|ψ〉. For notation convenience, we

will use equivalently the notation ∂− ≡ ∂1 and ∂+ ≡ ∂2. The generic element H(∆t, ttot)ij of the

QFIM, with i = 1, 2 is thus given by

H(∆t, ttot)ij =
1

2
〈ψ|L̂iL̂j |ψ〉+

1

2
〈ψ|L̂jL̂i|ψ〉

= 2 〈ψ|(|∂iψ〉〈ψ|+ |ψ〉〈∂iψ|)(|∂jψ〉〈ψ|+ |ψ〉〈∂jψ|)|ψ〉
+ 2 〈ψ|(|∂jψ〉〈ψ|+ |ψ〉〈∂jψ|)(|∂iψ〉〈ψ|+ |ψ〉〈∂iψ|)|ψ〉

= 2 (〈ψ|∂iψ〉 〈ψ|+ 〈∂iψ|) (|∂jψ〉+ 〈∂jψ|ψ〉 |ψ〉)
+ 2 (〈ψ|∂jψ〉 〈ψ|+ 〈∂jψ|) (|∂iψ〉+ 〈∂iψ|ψ〉 |ψ〉)

= 2
(
〈ψ|∂iψ〉 〈ψ|∂jψ〉+ 〈ψ|∂iψ〉 〈∂jψ|ψ〉
+ 〈∂iψ|∂jψ〉+ 〈∂iψ|ψ〉 〈∂jψ|ψ〉

)
+ 2
(
〈ψ|∂jψ〉 〈ψ|∂iψ〉+ 〈ψ|∂jψ〉 〈∂iψ|ψ〉

+ 〈∂jψ|∂iψ〉+ 〈∂jψ|ψ〉 〈∂iψ|ψ〉
)

= 4 Re[〈∂iψ|∂jψ〉] + 4 〈ψ|∂iψ〉 〈ψ|∂jψ〉
+ 4 〈∂jψ|ψ〉 〈∂iψ|ψ〉+ 4 Re[〈∂iψ|ψ〉 〈ψ|∂jψ〉]

= 4 Re[〈∂iψ|∂jψ〉 − 〈ψ|∂iψ〉∗ 〈ψ|∂jψ〉]

+
((((

(((
((((

(
16 Re[〈ψ|∂iψ〉] Re[〈ψ|∂jψ〉] , (J.4)

where in the last step we exploited the fact that 〈ψ1|ψ2〉 = 〈ψ2|ψ1〉∗, while the last term cancels

out because 0 = ∂i 〈ψ|ψ〉 = 〈∂iψ|ψ〉+ 〈ψ|∂iψ〉 = 2 Re[〈ψ|∂iψ〉]. We can thus write

H(∆t, ttot)ij = 4 Re[〈∂iψ|∂jψ〉 − 〈ψ|∂iψ〉∗ 〈ψ|∂jψ〉], i, j = 1, 2, (J.5)

We will now show that the QFIM is diagonal, so that the QCR bound associated with the

time delay, in principle multi-parameter as shown in Eq. (1.73), can be written only in terms of

H(∆t, ttot)11 ≡ H(∆t) with H(∆t) shown in Eq. (6.5). We can easily evaluate the derivatives

|∂1ψ〉 ≡ |∂−ψ〉 and |∂2ψ〉 ≡ |∂+ψ〉

|∂±ψ〉 = − i

2

∫
R2

dω1dω2 (ω1 ± ω2)ξ̄(ω1)ξ̄(ω2)e−ittot(ω1+ω2)/2−i∆t(ω1−ω2)/2

×
(
ηâ†1,ω1

+
√

1− η2b̂†1,ω1

)
â†2,ω2

|vac〉 (J.6)

To evaluate the scalar products in Eq. (J.5), it is useful to first notice that

〈vac|
(
ηâ1,ω3 +

√
1− η2b̂1,ω3

)
â2,ω4

(
ηâ†1,ω1

+
√

1− η2b̂†1,ω1

)
â†2,ω2

|vac〉

= δ(ω1 − ω3)δ(ω2 − ω4), (J.7)

where δ(·) is the Dirac delta distribution. Thus, we get

〈∂−ψ|∂−ψ〉 =
1

4

∫
R2

dω1dω2 (ω1 − ω2)2ξ̄(ω1)2ξ̄(ω2)2 =
1

2
σ2
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〈∂+ψ|∂+ψ〉 =
1

4

∫
R2

dω1dω2 (ω1 + ω2)2ξ̄(ω1)2ξ̄(ω2)2 =
1

2

(
σ2 + 2ω2

0

)
〈∂−ψ|∂+ψ〉 =

1

4

∫
R2

dω1dω2 (ω2
1 − ω2

2)ξ̄(ω1)2ξ̄(ω2)2 = 0

〈ψ|∂−ψ〉 = − i

2

∫
R2

dω1dω2 (ω1 − ω2)ξ̄(ω1)2ξ̄(ω2)2 = 0

〈ψ|∂+ψ〉 = − i

2

∫
R2

dω1dω2 (ω1 + ω2)ξ̄(ω1)2ξ̄(ω2)2 = −iω0, (J.8)

where ω0 and σ2 are the central frequency and variance of spectrum ξ̄(ω)2. We finally obtain the

QFIM

H =

(
2σ2 0

0 2σ2

)
, (J.9)

which is diagonal. It follows that the inequality associated through the QCRB in Eq. (1.73) to the

time delay ∆t only depends on the element H(∆t, ttot)11, which coincides with the expression of

H(∆t) shown in the main text in Eq. (6.5).



Appendix K

Derivation of the FI for Time

Delays Employing Time-of-Arrival

Measurements

We evaluate here the expression of the FI associated with direct measurement of the time of

arrivals, with infinite resolution, of the photons in the state in Eq. (6.1)

|ψ〉 =

∫
R2

dω1dω2 ξ1(ω1)ξ2(ω2)
(
ηâ†1,ω1

+
√

1− η2b̂†1,ω1

)
â†2,ω2

|vac〉 . (K.1)

with ξi(ω) := ξ̄(ω)e−iωti and Gaussian spectra

ξ̄(ω)2 =
1√

2πσ2
exp

[
− (ω − ω0)2

2σ2

]
(K.2)

Since the time of arrivals are measured separately on each photon, without the action of the beam-

splitter which mixes the modes, the value of η is irrelevant for the precision that can be achieved.

We can thus choose η = 1. Moreover, it is convenient to express the state |ψ〉 in the terms of

temporal amplitude distributions χi(t), which are given by the Fourier transform of the frequency

amplitude distributions ξi(ω)

χi(t) =
1

(2πσ2)1/4

1√
2π

∫
dω exp

[
− (ω − ω0)2

4σ2

]
e−iω(ti−t)

=

(
2σ2

π

)1/4

exp
[
−(t− ti)2σ2

]
e−iω0t. (K.3)

It is thus straightforward to obtain the probability P (t̄1, t̄2) of observing the first photon at time

t̄1 and the second at time t̄2

P (t̄1, t̄2) = |χ1(t̄1)|2|χ2(t̄2)|2 =
1

2πτ2
exp

[
− (t̄1 − t1)2

2τ2
− (t̄2 − t2)2

2τ2

]
, (K.4)
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where we have introduced the coherence time τ = (2σ)−1 of the photons. We notice that, with our

definition of coherence time τ , this corresponds to the standard deviation of the Gaussian temporal

distribution. We can now re-parametrise the probability in Eq. (K.4) in terms of ∆t = t1 − t2 and

T = t1 + t2, obtaining

P (t̄1, t̄2) =
1

2πτ2
exp

[
− (t̄1 − t̄2 −∆t)2

4τ2
− (t̄1 + t̄2 − T )2

4τ2

]
, (K.5)

to which we can apply the results in Appendix C and obtain the FIM associated with the estimation

of ∆t and T

FTR(∆t, T ) =

(
1

2τ2 0

0 1
2τ2

)
≡
(

2σ2 0

0 2σ2

)
. (K.6)

We can see that the FIM in Eq. (K.6) is identical to the QFIM in Eq. (J.9). In particular, the

contribution associated with the estimation of the time delay ∆t is equal to Eq. (6.5).



Appendix L

Derivation of the

Frequency-Resolved Bunching and

Coincidence Probabilities

In this appendix we will evaluate the expressions for the probabilities PB
η (ω1, ω2) and PC

η (ω1, ω2) of

bunching and coincidence events spectrally resolved as shown in Eqs. (6.3) and (6.4) respectively.

The action of the balanced beam splitter can be described with a 2 × 2 unitary matrix U , as

discussed in Sec. 2.3.3

U =
1√
2

(
1 1

−1 1

)
, (L.1)

which transforms the probe |ψ〉 in Eq. (6.1) through the map in Eq. (2.44). The two-photons state

|ψ′〉 = Û |ψ〉 at the output of the beam splitter thus reads

|ψ′〉 =
1

2

∫
R2

dω1dω2 ξ1(ω1)ξ2(ω2)
(
η(â†1,ω1

− â†2,ω1
) +

√
1− η2(b̂†1,ω1

− b̂†2,ω1
)
)

(â†1,ω2
+ â†2,ω2

) |vac〉

=
1

2

∫
R2

dω1dω2 ξ1(ω1)ξ2(ω2)
(
η(â†1,ω1

â†1,ω2
− â†2,ω1

â†2,ω2
+ â†1,ω1

â†2,ω2
− â†2,ω1

â†1,ω2
)

+
√

1− η2(b̂†1,ω1
â†1,ω2

− b̂†2,ω1
â†2,ω2

+ b̂†1,ω1
â†2,ω2

− b̂†2,ω1
â†1,ω2

)
)

(L.2)

To evaluate the probabilities PB
η (ω, ω′) and PC

η (ω, ω′), it is convenient to further manipulate (L.2),

to more easily consider the symmetries of states of identical photons, so that

|ψ′〉 =
η

2

∫
ω1<ω2

dω1dω2 (ξ1(ω1)ξ2(ω2) + ξ1(ω2)ξ2(ω1))
[
â†1,ω1

â†1,ω2
− â†2,ω1

â†2,ω2

]
|vac〉

+
η

2

∫
ω1<ω2

dω1dω2 (ξ1(ω1)ξ2(ω2)− ξ1(ω2)ξ2(ω1))
[
â†1,ω1

â†2,ω2
− â†2,ω1

â†1,ω2

]
|vac〉+

+

√
1− η2

2

∫
R2

dω1dω2 ξ1(ω1)ξ2(ω2)(b̂†1,ω1
â†1,ω2

− b̂†2,ω1
â†2,ω2

+ b̂†1,ω1
â†2,ω2

− b̂†2,ω1
â†1,ω2

) |vac〉 .

(L.3)
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The state in Eq. (L.3) is a sum of three physically distinguished contributes, each one representing

a different output of experiment: the first associated with photons ending up in the same channel

and in the mode described by the operator â†i,ωj , the second with the photons ending up in different

channels in the mode described by the operator â†i,ωj , and the third is the contribution given when

the distinguishability in the inner properties other than time and frequency (e.g. polarisation) is

observed at the detectors.

We can now easily evaluate all the probabilities of interest. In particular, we will first evaluate

the probabilities pB
η (ω, ω′) and pC

η (ω, ω′) of bunching and coincidence with perfect detectors – i.e.

with a loss rate γ = 0 in the main text. From these probabilities, we will be able to obtain the

quantities PB
η (ω, ω′) and PC

η (ω, ω′) in Eqs. (6.3) and (6.4) introducing a non-vanishing loss rate.

The probability pB
η (ω, ω′) to observe the two photons bunching in any of the output channels with

frequencies ω, ω′ reads

pB
η (ω, ω′) =

∑
i=1,2

|〈vac| âi,ωâi,ω′ |ψ〉|2 +
∣∣∣〈vac| âi,ω b̂i,ω′ |ψ〉

∣∣∣2 +
∣∣∣〈vac| b̂i,ωâi,ω′ |ψ〉

∣∣∣2
=
η2

2
|ξ1(ω)ξ2(ω′) + ξ1(ω′)ξ2(ω)|2 +

1− η2

2

(
|ξ1(ω)ξ2(ω′)|2 + |ξ1(ω′)ξ2(ω)|2

)
=

1

2

(
|ξ1(ω)ξ2(ω′)|2 + |ξ1(ω′)ξ2(ω)|2 + 2η2 Re{ξ1(ω)ξ2(ω′)ξ∗1(ω′)ξ∗2(ω)}

)
. (L.4)

The coincidence probability pC(ω, ω′) for frequencies ω, ω′ is instead given by

pC
η (ω, ω′) = |〈vac| â1,ωâ2,ω′ |ψ〉|2 +

∣∣∣〈vac| â1,ω b̂2,ω′ |ψ〉
∣∣∣2 +

∣∣∣〈vac| b̂1,ωâ2,ω′ |ψ〉
∣∣∣2

+ |〈vac| â1,ω′ â2,ω |ψ〉|2 +
∣∣∣〈vac| â1,ω′ b̂2,ω |ψ〉

∣∣∣2 +
∣∣∣〈vac| b̂1,ω′ â2,ω |ψ〉

∣∣∣2
=
η2

2
|ξ1(ω)ξ2(ω′)− ξ1(ω′)ξ2(ω)|2+

+
1− η2

2

(
|ξ1(ω)ξ2(ω′)|2 + |ξ1(ω′)ξ2(ω)|2

)
=

1

2

(
|ξ1(ω)ξ2(ω′)|2 + |ξ1(ω′)ξ2(ω)|2 − 2η2 Re{ξ1(ω)ξ2(ω′)ξ∗1(ω′)ξ∗2(ω)}

)
. (L.5)

It is straightforward to check that the previous probabilities are correctly normalized, since all the

probabilities sum to unity∫
ω≤ω′

dω1dω2 (pB
η (ω, ω′) + pC

η (ω, ω′)) =

∫
ω<ω′

dω1dω2

(
|ξ1(ω)ξ2(ω′)|2 + |ξ1(ω′)ξ2(ω)|2

)
=

∫
R2

dω1dω2 |ξ1(ω)ξ2(ω′)|2 = 1 (L.6)

Let us now suppose that the frequency-amplitude distributions are of the form ξi(ω) = ξ̄(ω)e−iωti ,

with ξ̄(ω) real and independent of the emission times ti The probabilities in Eqs. (L.4)-(L.5) thus

become

pB
η (ω, ω′) = ξ̄(ω)2ξ̄(ω′)2

(
1 + η2 cos((ω − ω′)∆t)

)
, (L.7a)

pC
η (ω, ω′) = ξ̄(ω)2ξ̄(ω′)2

(
1− η2 cos((ω − ω′)∆t)

)
(L.7b)
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In the case of presence of a loss rate γ in each detector, so that each photon has a probability γ

to not being detected, then the probabilities associated with the events of no-photon observed P0,

one-photon observed P1(ω), two-photons bunching PB
η and two-photon coincidence PC

η event, are

respectively

P0 = γ2 (L.8a)

P1(ω) = γ(1− γ)

∑
ω1 6=ω

(
pB
η (ω1, ω) + pC

η (ω, ω1)
)

+ 2pB
η (ω, ω) + 2pC

η (ω, ω)


= 2γ(1− γ)

∣∣ξ̄(ω)
∣∣2 (L.8b)

PB
η (ω, ω′) = (1− γ)2pB

η (ω, ω′)

= (1− γ)2ξ̄(ω)2ξ̄(ω′)2
(
1 + η2 cos((ω − ω′)∆t)

)
, (L.8c)

PC
η (ω, ω′) = (1− γ)2pC

η (ω, ω′)

= (1− γ)2ξ̄(ω)2ξ̄(ω′)2
(
1− η2 cos((ω − ω′)∆t)

)
. (L.8d)

The probabilities employed in the main text in Eqs. (6.3) and (6.4) are given by Eqs. (L.8c)-(L.8d).



Appendix M

Derivation of the FI for

Two-Photon Interferometry

To evaluate the FI associated with the estimation of ∆t in Eq. (6.6), we first need calculate the

derivatives of the probabilities PB
η (ω, ω) and PC

η (ω, ω) shown in Eqs. (6.3) and (6.4)

PB
η (ω1, ω2) = (1− γ)2ξ̄(ω1)2ξ̄(ω2)2

(
1 + η2 cos((ω1 − ω2)∆t)

)
(M.1)

PC
η (ω1, ω2) = (1− γ)2ξ̄(ω1)2ξ̄(ω2)2

(
1− η2 cos((ω1 − ω2)∆t)

)
. (M.2)

As discussed in the main text in Sec. 6.3 and in Appendix L, the only terms which depend on the

time delay ∆t are the probabilities of bunching and coincidence with different frequencies ω1 6= ω2.

Their derivatives thus read

d

d∆t
PB
η (ω1, ω2) = − d

d∆t
PC
η (ω1, ω2) = −(1− γ)2ξ̄(ω1)2ξ̄(ω2)2η2(ω1 − ω2) sin((ω1 − ω2)∆t)

(M.3)

and thus the FI can be evaluated from its definition in Eq. (1.39)

Fη(∆t) =

∫
ω≤ω′

dω1dω2

(
1

PB
η (ω1, ω2)

(
d

d∆t
PB
η (ω1, ω2)

)2

+
1

PC
η (ω1, ω2)

(
d

d∆t
PC
η (ω1, ω2)

)2
)

= η4(1− γ)2

∫
R2

dω1dω2 ξ̄(ω1)2ξ̄(ω2)2(ω1 − ω2)2 sin2((ω1 − ω2)∆t)

1− η4 cos2((ω1 − ω2)∆t)
, (M.4)

which correspond to Eq. (6.6) in discrete notation. Notice that we let the summation run also

over equal frequencies ω1 = ω2 although they do not contribute to the overall FI, since for equal

frequencies the terms in the sum are vanishing.

Now we will specialise the expression of the FI for Gaussian photons, with spectra shown in

the main text in Eq. (6.9). Naturally, being the Gaussian distribution a continuous distribution,

we will transition to the continuous notation. The FI in Eq. (M.4) becomes

Fη(∆t) = η4(1− γ)2 1

2πσ2

∫
dω1dω2e−

1
2σ2 ((ω1−Ω0)2+(ω2−Ω0)2)(ω1 − ω2)2 sin2((ω1 − ω2)∆t)

1− η4 cos2((ω1 − ω2)∆t)
,

(M.5)

152



153

With a change of variables d = ω1 − ω2, s = ω1 + ω2 − 2ω0, we get

Fη(∆t) = η4(1− γ)2 1

4πσ2

∫
ddds e−

1
4σ2 (s2+d2)d2 sin2(d∆t)

1− η4 cos2(d∆t)

= η4(1− γ)2

√
1

4πσ2

∫
dd e−

1
4σ2 d

2

d2 sin2(d∆t)

1− η4 cos2(d∆t)
, (M.6)

which coincides with the expression of Fη(∆t) in the main text in Eq. (6.10).

In the case of coherent superposition of two narrow spectra, the frequency probability amplitude

ξi(ω) shown in the state in Eq. (6.1) will be given by the expression (6.23) in the main text, which

we report here for simplicity

ξi(ω) =
1√
2

(λ(ω − Ω1) + λ(ω − Ω2)) e−iωti = ξ̄(ω)e−iωti , (M.7)

where λ(ω) is a narrow frequency probability amplitude centred in zero, with a spectral width

much smaller than Ω1 − Ω2 = ∆Ω (so that λ(ω − Ω1) and λ(ω − Ω1) have disjoint supports), and

much smaller than the frequency resolution δω of the detectors. By plugging the expression of ξ̄(ω)

from Eq. (M.7) into Eq. (M.4), and noticing that the cross-terms of the type λ∗(ω−Ω1)λ(ω−Ω2)

are vanishing due to the disjoint supports, the Fisher information becomes

Fη(∆t) =
1

4
η4(1− γ)2

∫
R2

dω1dω2 (|λ(ω1 − Ω1)|2 + |λ(ω1 − Ω2)|2)(|λ(ω2 − Ω1)|2 + |λ(ω2 − Ω2)|2)

× (ω1 − ω2)2ζη((ω1 − ω2)∆t), (M.8)

where we recall the definition of ζη in Eq. (6.7). Since we are supposing that the width of the

frequency amplitude λ(ω) is much smaller than the detectors resolution, we can approximate the

distribution |λ(ω − Ωi)|2 with the Dirac delta δ(ω−Ωi), so that the integral in Eq. (M.8) ultimately

consists in a sum of four terms

Fη(∆t) =
1

4
η4(1− γ)2

∑
ω1,ω2=Ω1,Ω2

(ω1 − ω2)2ζ((ω1 − ω2)∆t), (M.9)

of which two are vanishing (for ω1 = ω2) and two are identical (for ω1 6= ω2), yielding

Fη(∆t) =
1

2
η4(1− γ)2∆Ω2ζ(∆Ω∆t), (M.10)

which coincides with the expression in (6.24).

If instead the frequencies of the two photons are not observed, the probabilities of bunching

and coincidence can be found by summing the probabilities in Eqs. (6.3) and (6.4) over all the

possible frequencies ω1, ω2 obtaining

PB
η =

∫
ω1≤ω2

dω1dω2 P
B
η (ω1, ω2) (M.11a)

PC
η =

∫
ω1≤ω2

dω1dω2 P
C
η (ω1, ω2) (M.11b)
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Notice how the effect of non-resolving the frequencies prepones the integration/summation over

all the frequencies of the photons, which is here performed on the probabilities instead of while

evaluating the expectation value of the FI in Eq. (6.6). If we assume that the photons are Gaussian,

with spectra given in Eq. (6.9), the probabilities in (M.11) become

PB
η =

(1− γ)2

2
(1 + η2e−∆t2σ2

) (M.12a)

PC
η =

(1− γ)2

2
(1− η2e−∆t2σ2

). (M.12b)

It is straightforward to see, by applying the definition in Eq. (1.39), that the expression of the FI

associated with non-resolving measurements is

FC
η (∆t) = 4(1− γ)2 η4

exp[2∆t2σ2]− η4
∆t2σ4 ≡ 2Fη=1

η4

exp[2∆t2σ2]− η4
∆t2σ2, (M.13)

with Fη=1 given in Eq. (6.8). For small delays, we recover the expression shown in Eq. (6.19).



Appendix N

Derivation of the MLE for

Frequency-Resolved Two-Photon

Interference

In this appendix we will evaluate the MLE ∆̃tMLE, introduced in Sec. 1.2.1, associated with of the

time delay ∆t between two photons with frequency-resolved HOM interference. We will employ

a discrete notation for the spectra of the photons, but the transition to continuous notation is

straightforward.

Let us call NB(ω1, ω2) and NC(ω1, ω2) respectively the counting of bunching and coincidence

events of the two photons with frequencies ω1 and ω2 after ν =
∑
ω1≤ω2

(NB(ω1, ω2) +NC(ω1, ω2))

iterations of the experiment. The likelihood function L(∆t|{NB, NC}) defined in Eq. (1.27) in this

case reads

L(∆t|{NB, NC}) =
∏

ω1≤ω2

PB(ω1, ω2)NB(ω1,ω2)PC(ω1, ω2)NC(ω1,ω2), (N.1)

with the probabilities PB(ω1, ω2) and PC(ω1, ω2) shown in Eqs. (6.3) and (6.4). The MLE is the

estimator that solves the Likelihood Equation (1.29) – i.e. which maximises the likelihood function

(N.1) – and it can be thus found as the (non-trivial) solution of

0 =
d

d∆t
log(L(∆t|{NB, NC}))

∣∣∣
∆̃tMLE

=

=
∑
ω1≤ω2

(
NB(ω1, ω2)

d

d∆t
logPB(ω1, ω2) +NC(ω1, ω2)

d

d∆t
logPC(ω1, ω2)

) ∣∣∣
∆̃tMLE

= η2
∑
ω1≤ω2

(ω1 − ω2) sin
(

(ω1 − ω2)∆̃tMLE

)

×

− NB(ω1, ω2)

1 + η2 cos
(

(ω1 − ω2)∆̃tMLE

) +
NC(ω1, ω2)

1− η2 cos
(

(ω1 − ω2)∆̃tMLE

)
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= −η2
∑
ω1≤ω2

(ω1 − ω2)
sin
(

(ω1 − ω2)∆̃tMLE

)
1− η4 cos2((ω1 − ω2)∆̃tMLE)

×
(

∆N(ω1, ω2)− η2Ntot(ω1, ω2) cos
(

(ω1 − ω2)∆̃tMLE

))
(N.2)

where ∆N(ω1, ω2) = NB(ω1, ω2) − NC(ω1, ω2) and Ntot(ω1, ω2) = NB(ω1, ω2) + NC(ω1, ω2). No-

ticeably, the MLE does not directly depend on the spectra
∣∣ξ̄(ω)

∣∣2 of the two photons: all the

information on the spectral properties is inferred by the frequency-resolved counting of bunching

and coincidence events observed.

Eq. (N.2) does not generally admit an analytical solution in closed form, and numerical methods

might be required in experimental scenarios. Nevertheless, if the two initial photons are in a

superposition of two different frequencies Ω1 6= Ω2, as shown in Sec. 6.4, an analytical solution of

Eq. (N.2) can be easily found. In fact, in this case the right-hand side of Eq. (N.2) has only three

contributions, of which only one is non-vanishing – i.e. for ω1 6= ω2 – and the MLE ∆̃tMLE is thus

defined by

∆N(Ω1,Ω2)− η2Ntot(Ω1,Ω2) cos
(

∆Ω ∆̃tMLE

)
= 0, (N.3)

with ∆Ω = Ω1 − Ω2. Due to the periodicity of the cosine, the solutions are not unique and read

∆̃tMLE =
1

∆Ω

(
kπ + arccos

(
1

η2

∆N(Ω1,Ω2)

Ntot(Ω1,Ω2)

))
, (N.4)

with k ∈ Z. It is thus evident that a preliminary coarse measurement of the delay ∆t must be

performed, in the case of photons in a superposition of two frequencies, in order to find the correct

value of k – i.e. the correct invertibility interval of the cosine – before employing frequency-resolved

HOM interference, as also discussed in Sec. 6.4.



Appendix O

The Large Time-Delay Regime For

Continuous Photonic Spectra

Let us consider an integral of the type

I(∆t) =

∫ b

a

dx f(x)ζη(x∆t), (O.1)

where ζη is the function defined in Eq. (6.7)

ζη(x∆t) =
sin2 x∆t

1− η4 cos2 x∆t
, (O.2)

which is periodic in x with period [0, π/∆t[. The integral in Eq. (6.6) can be easily recast into the

integral in Eq. (O.1), after a change of variables of integration. We then define the average 〈ζη〉 of

the function ζη(x∆t) over its period

〈ζη〉 =
∆t

π

∫ π
∆t

0

dx ζη(x∆t), (O.3)

which is independent of ∆t. Since the period of the function ζη(x∆t) shrinks for large delays,

ζη(x∆t) oscillates several times within the interval [a, b]. Let us suppose without loss of generality

that the length of the interval [a, b] is Kπ/∆t+ δ, with K ∈ N and 0 ≤ δ < π/∆t. We thus define

β(a, b) :=

∫ b

a

dx (ζη(x∆t)− 〈ζη〉) =

∫ b

b−δ
dx (ζη(x∆t)− 〈ζη〉) = O(∆t−1), (O.4)

since δ = O(∆t−1). We can now manipulate the integral in Eq. (O.1)

I(∆t) =

∫ b

a

dx f(x) (ζη(x∆t)− 〈ζη〉+ 〈ζη〉)

=

∫ b

a

dx f(x) (ζη(x∆t)− 〈ζη〉)︸ ︷︷ ︸
ε(a,b)

+〈ζη〉
∫ b

a

dx f(x). (O.5)
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We will now show that the integral ε(a, b) in Eq. (O.5) is vanishing for large ∆t if the function

f(x) meets some regularity conditions, so that the integral I(∆t) in Eq. (O.1) can be substituted

with the second integral in the second line of Eq. (O.5) – i.e. practically substituting the function

ζη with its average 〈ζη〉.
Integrating by parts, we obtain

ε(a, b) = [f(x)β(a, x)]
b
a −

∫ b

a

dx f ′(x)β(a, x)

= f(b)β(a, b)−
∫ b

a

dx f ′(x)β(a, x). (O.6)

Since β(a, x) = O(∆t−1), if f(b) and f ′(x) are of order O(1), the overall integral ε(a, b) is vanishing

and, up to a term of order O(∆t−1), we can perform the substitution∫ b

a

dx f(x)ζη(x∆t)→ 〈ζη〉
∫ b

a

dx f(x). (O.7)

performed in the main text in Sec 6.3.2.



Appendix P

Formulas for the Determinant of a

Sum of Two Matrices

Let us consider an L × L matrix Z of the form Z = D + W , where D = diag(d1, . . . , dL) is a

diagonal matrix, and rank(W ) = ρ ≤ L. In this appendix, we will show a convenient method to

express the determinant det[Z] in terms of the elements of W , for the evaluation of the determinant

in Eq. (4.48) and of the cofactor matrix in Eqs. (4.50).

We exploit the identity [144]

det[Z] = det[D +W ] =

L∑
α=0

Θα(D,W ), (P.1)

where Θα(X,Y ) is the sum of the determinants of the matrices obtained by replacing any set of α

columns (rows) of X with the α columns (rows) of Y at the same position. For example, for two

3× 3 matrices

X =

X11 X12 X13

X21 X22 X23

X31 X32 X33

 Y =

Y11 Y12 Y13

Y21 Y22 Y23

Y31 Y32 Y33

 , (P.2)

the quantity Θα(D,W ) is given, for α = 1, by

Θ1(X,Y ) = det


Y11 X12 X13

Y21 X22 X23

Y31 X32 X33


+ det


X11 Y12 X13

X21 Y22 X23

X31 Y32 X33


+ det


X11 X12 Y13

X21 X22 Y23

X31 X32 Y33


,

(P.3)

while for α = 2

Θ2(X,Y ) = det


Y11 Y12 X13

Y21 Y22 X23

Y31 Y32 X33


+ det


X11 Y12 Y13

X21 Y22 Y23

X31 Y32 Y33


+ det


Y11 X12 Y13

Y21 X22 Y23

Y31 X32 Y33


.

(P.4)
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Since rank(W ) = ρ, the determinant of any α × α sub-matrix of W is zero if α > ρ, so we can

write

det[Z] =

ρ∑
α=0

Θα(D,W ). (P.5)

Let us now make explicit the first, easier terms of the summation. In particular, with the goal

of applying this expression to the covariance matrix Σ in Eq. (4.46) and to the cofactor matrix

C in Eq. (4.50), which can both be expressed as a sum of a diagonal matrix and a rank-two and

rank-three matrices (see Eqs. (B.16)-(B.17), and (C.12)), we will explicitly report the first three

terms Θ0(X,Y ), Θ1(X,Y ) and Θ2(X,Y ).

For α = 0, no columns are replaced from D, hence Θ0(D,W ) = det[D] =
∏
k dk. We also

notice that, if at least one of the eigenvalues of D is zero, this term vanishes.

For α = 1, Θ1(D,W ) is the sum of determinants of matrices of the form

d1 0 . . . 0 W1i 0 . . . 0 0

0 d2 . . . 0 W2i 0 . . . 0 0
. . .

...
...

0 0 . . . di−1 Wi−1i 0 . . . 0 0

0 0 . . . 0 Wii 0 . . . 0 0

0 0 . . . 0 Wi+1i di+1 . . . 0 0
...

...
. . .

0 0 . . . 0 WL−1i 0 . . . dL−1 0

0 0 . . . 0 WLi 0 . . . 0 dL



(P.6)

with i = 1, . . . , L. The determinant of a matrix of the type in Eq. (P.6) is straightforward and

reduces to Wii ×
∏
k 6=i dk. Thus, in general, Θ1(D,W ) =

∑
iWii ×

∏
k 6=i dk. A key observation

to make, in view for the application to the covariance matrix Σ and cofactor matrix C, is that if

two or more eigenvalues of D are zero, all these determinants are zero, and thus Θ1(D,W ) = 0.

If instead a single eigenvalue is zero, say dj = 0, only one of these determinants of Θ1(D,W )

is non-vanishing, namely the determinant of the matrix obtained by replacing exactly the j-th

column of D. In this case, for dj = 0, then we have Θ1(D,W ) = Wjj ×
∏
k 6=j dk.

Let us now consider lastly the case α = 2. The matrices contributing to Θ2(D,W ) are of the
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form 

d1 . . . 0 W1i 0 . . . 0 W1i′ 0 . . . 0
. . .

...
...

...
...

0 . . . di−1 Wi−1i 0 . . . 0 Wi−1i′ 0 . . . 0

0 . . . 0 Wii 0 . . . 0 Wii′ 0 . . . 0

0 . . . 0 Wi+1i di+1 . . . 0 Wi+1i′ 0 . . . 0
...

...
. . .

...
...

0 . . . 0 Wi′−1i 0 . . . di′−1 Wi′−1i′ 0 . . . 0

0 . . . 0 Wi′i 0 . . . 0 Wi′i′ 0 . . . 0

0 . . . 0 Wi′+1i 0 . . . 0 Wi′+1i′ di′+1 . . . 0
...

...
...

...
. . .

0 . . . 0 WLi 0 . . . 0 WLi′ 0 . . . dL



, (P.7)

with i < i′ = 1, . . . , L. Once again, the determinants of the matrices of the type in Eq. (P.7) are

easy to be evaluated, and read det
[
W (i,i′)

] ∏
k 6∈{i,i′} dk, where

W (i,i′) =

(
Wii Wii′

Wi′i Wi′i′

)
. (P.8)

We notice that det
[
W (i,i′)

]
= det

[
W (i′,i)

]
. Thus, we can rewrite the terms Θ2(D,W ) as the sum

Θ2(D,W ) =
∑
i

∑
i′>1 det

[
W (i,i′)

] ∏
k 6∈{i,i′} dk. Once again, key observations can be made: if

the diagonal matrix D has at least three null eigenvalues, then Θ2(D,W ) is vanishing. If only

two eigenvalues are zero, e.g. dj = dj′ = 0, with j 6= j′, then there is only one non-vanishing

contribution to Θ2(D,W ), given by the matrix obtained substituting the j-th and j′-th columns of

D, and in this case we have Θ2(D,W ) = det
[
W (j,j′)

] ∏
k 6∈{j,j′} dk. If only one eigenvalue is zero,

namely dj = 0, then Θ2(D,W ) is given by the sum of all the determinants of the matrices where

the j-th column of D has been replaced, namely Θ2(D,W ) =
∑
i 6=j det

[
W (i,j)

] ∏
k 6=i,j dk.

It is then possible to extend with similar considerations the same method for every value of α,

eventually obtaining the compact expression for the determinant in Eq. (P.1)

det[Z] =

ρ∑
α=0

∑
γ∈CLα

det
[
W (γ)

] ∏
k/∈γ

dk, (P.9)

where CLα is the set of all the combinations without repetitions of α columns out of L, W (γ) denotes

the α× α sub-matrix of W obtained by selecting the rows and columns with indices γ1, . . . , γα.
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