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Abstract. Cosmological α-attractors stand out as particularly compelling models to describe
inflation in the very early universe, naturally meeting tight observational bounds from cosmic
microwave background (CMB) experiments. We investigate α-attractor potentials in the
presence of an inflection point, leading to enhanced curvature perturbations on small scales.
We study both single- and multi-field models, driven by scalar fields living on a hyperbolic field
space. In the single-field case, ultra-slow-roll dynamics at the inflection point is responsible
for the growth of the power spectrum, while in the multi-field set-up we study the effect
of geometrical destabilisation and non-geodesic motion in field space. The two mechanisms
can in principle be distinguished through the spectral shape of the resulting scalar power
spectrum on small scales. These enhanced scalar perturbations can lead to primordial black
hole (PBH) production and second-order gravitational wave (GW) generation. Due to the
existence of universal predictions in α-attractors, consistency with current CMB constraints
on the large-scale spectral tilt implies that PBHs can only be produced with masses smaller
than 108 g and are accompanied by ultra-high frequency GWs, with a peak expected to be at
frequencies of order 10 kHz or above.
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1 Introduction

Cosmological inflation provides our best current model for describing the very early universe.
Not only does it solve the classical problems of the standard hot big bang cosmology, but it also
provides the quantum seeds for the large-scale structure of the cosmic web. On large scales, the
main constraints on inflation follow from observations of anisotropies in the cosmic microwave
background (CMB), pointing to almost scale-invariant and Gaussian primordial scalar fluctua-
tions, which can be naturally explained in the context of the simplest inflationary models of a
single canonical scalar field, slowly rolling down its potential. On smaller scales the primordial
power spectrum is much less constrained. An intriguing possibility is that the statistics of
the curvature perturbation deviates strongly from the large-scale behaviour, for example
displaying a significant enhancement in the scalar power spectrum away from CMB scales.

Inflationary models supporting features in the scalar power spectrum could lead to
primordial black hole (PBH) formation, due to the collapse of large amplitude density
fluctuations after horizon entry following inflation [1] (see the review [2] for other formation
mechanisms). PBHs formed in the early universe could potentially explain cold dark matter
(or a fraction of it) [3–5]. A sudden growth of the scalar power spectrum is usually associated
with departures from single-field slow-roll inflation [6]. In single-field inflation this can be
realised by a local feature in the inflaton potential, e.g., an inflection point [7–13]. Other
mechanisms associated with multi-field models have been proposed, such as a strongly non-
geodesic motion [14, 15] and/or a large and negative curvature of the field space [16, 17]
which could cause a transient instability of the isocurvature perturbation, then transferred to
the curvature fluctuation, leading to a peak in the scalar power spectrum on small scales.

Primordial density fluctuations induce a stochastic background of primordial gravitational
waves (GWs) at second order in perturbation theory [18, 19] (see also the review [20]), therefore
a peak in the scalar power spectrum could lead to a potentially detectable second-order
GW signal (see the reviews [21] for other cosmological sources and [22] for astrophysical
contributions to the stochastic GW background). The detection and characterisation of the
GW signal could therefore provide an indirect way of probing the scalar power spectrum on
scales much smaller than those where the CMB constraints apply and in turn constrain the
physics of inflation. For example, it has been recently shown that in multi-field scenarios
characterised by strong and sharp turns in field space, the scalar power spectrum inherits an
oscillatory modulation which is then imprinted in the scalar-induced second-order GWs [23–25]
(see also [26] for an explicit model).

In this work we focus on a class of inflationary models which goes by the name of cosmolog-
ical α-attractors [27–34]. They stand out as particularly compelling models to describe inflation
in the very early universe. On the theoretical side they can be embedded in supergravity
theories, while leading to universal predictions for large-scale observables that are independent
of the detailed form of the scalar field potential [27], and which at the same time provide an
excellent fit to current observational constraints on the primordial power spectra [35].

Usually α-attractors are formulated in terms of a complex field Z belonging to the
Poincaré hyperbolic disc [36, 37], with potential energy V (Z, Z̄) which is regular everywhere
in the disc. The corresponding kinetic Lagrangian reads

Lkin = −3α ∂µZ∂
µZ

(1− ZZ)2 , (1.1)

where the curvature of the hyperbolic field space is constant and negative, Rfs = −4/(3α).

– 1 –
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The complex field Z can be parameterized by

Z ≡ r eiθ , (1.2)

where r ≡ |Z| < 1, and eq. (1.1) can then be rewritten in terms of the fields r and θ as

Lkin = − 3α
(1− r2)2

[
(∂r)2 + r2 (∂θ)2

]
. (1.3)

As neither of the fields r and θ are canonically normalised, it is often useful to transform to
the canonically normalised radial field φ, defined as

r ≡ tanh
(

φ√
6α

)
. (1.4)

In terms of φ and θ, the kinetic Lagrangian in eq. (1.3) reads

Lkin = −1
2(∂φ)2 − 3α

4 sinh2
( 2φ√

6α

)
(∂θ)2 . (1.5)

Usually it is assumed that the angular field θ is strongly stabilised during inflation, in which
case φ is the only dynamical field and plays the role of the inflaton [37]. This leads to an
effective single-field description of α-attractor models of inflation, characterised by universal
predictions for the large-scale cosmological observables which are stable against different
choices of the inflaton potential [27, 38, 39]. In particular, the scalar spectral tilt, ns − 1, and
the tensor-to-scalar ratio, rCMB, are given at leading order in (∆NCMB)−1 as

ns ' 1− 2
∆NCMB

, (1.6)

rCMB ' 12 α

∆NCMB
2 , (1.7)

where ∆NCMB is the number of e-folds that separate the horizon crossing of the CMB comoving
scale from the end of inflation. For 50 . ∆NCMB . 60 and α . O(1) the predictions above
sit comfortably within the bounds from the latest CMB observations [35, 40].

In some cases both φ and θ are light during inflation, implying that the angular field
θ cannot be integrated out and the full multi-field dynamics has to be taken into account.
Effects associated with the dynamics of the angular field have been investigated in the context
of cosmological inflation [41–43].1 In particular, in [41] the authors consider a multi-field
α-attractor model with α = 1/3 and whose potential depends also on the angular field θ.
Under slow-roll and slow-turn approximations, and considering a background evolution close
to the boundary of the Poincaré disc, the authors demonstrate that the fields “roll on the
ridge”, evolving almost entirely along the radial direction, and the single-field predictions,
eqs. (1.6) and (1.7), are stable against the effect of the light angular field. The impact of a
strongly-curved hyperbolic field space (α � 1) has been investigated in [43], showing that
for small α the background trajectory could display a phase of angular inflation, a regime in
which the fields’ evolution is mostly along the angular direction. For the models considered
in [43], the angular inflation phase shifts the universal predictions (1.6) and (1.7), whilst it
does not lead to an enhancement of the scalar perturbations.

1See [44–46] for implications of multi-field α-attractors for preheating.

– 2 –
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In this paper we will investigate inflationary models that can support a large enhancement
of the scalar power spectrum on small scales and belong to the class of α-attractors. Building
on the work [11], we focus on single-field potentials which feature an inflection point, proposing
a potential parametrisation which has a clear physical interpretation. The ultra-slow-roll
dynamics associated with non-stationary inflection points can enhance the scalar power
spectrum on small scales. We then assess the impact of a light angular direction in the single-
field potential, suggesting a simple multi-field extension of the inflection-point model. Within
this set-up, the inflationary evolution is realised in two phases, the transition between them
being caused by a geometrical destabilisation of the background trajectory and characterised
by a deviation from geodesic motion in field space. At the transition the combined effect of a
strongly-curved field space and non-geodesic motion could trigger a tachyonic instability in
the isocurvature perturbation. The enhanced isocurvature mode couples with and sources the
curvature perturbation, delivering a peak in the scalar power spectrum on small scales whose
amplitude is set by the curvature of field space and the angular field initial condition.

Even if the mechanisms enhancing the scalar perturbations differ between the single-
and multi-field models, we find that the predicted large-scale observables can be described
in both cases by a modified version of the universal predictions for α-attractor models,
eqs. (1.6) and (1.7). Compatibility with the CMB measurements constrains the small-scale
phenomenology; in both set-ups the PBHs which can be produced have masses MPBH < 108 g
and the second-order GW peak at ultra-high frequencies, f & 50 kHz.

This work is organised as follows. We start in section 2 with an analysis of single-field
α-attractor models featuring an inflection-point potential and discuss the models’ predictions
for large-scale observables. In section 3 we discuss the single-field model phenomenology,
focusing on PBH production and second-order GW generation. In section 4 we describe the
multi-field extension of the single-field inflection-point model, discuss its dynamics, large-scale
predictions and small-scale phenomenology. We present our conclusions in section 5. For
completeness, we provide additional material in a series of appendices. In appendix A we
review how the universal predictions (1.6) and (1.7) are derived for single-field α-attractors.
In appendix B we illustrate how the numerical computation of the single-field scalar power
spectrum is performed. In appendix C we study the limiting behaviour of the single-field
potential. In appendix D we provide a parameter study of the multi-field potential. In
appendix E we discuss the two-field model of [16] in terms of polar coordinates mapping of
the hyperbolic field space, clarifying its relationship with α-attractors models.

Conventions. Throughout this work, we consider a spatially-flat Friedmann-Lemaître-
Robertson-Walker universe, with line element ds2 = −dt2 + a2(t)δijdxidxj , where t denotes
cosmic time and a(t) is the scale factor. The Hubble rate is defined as H ≡ ȧ/a, where a
derivative with respect to cosmic time is denoted by ḟ ≡ df/dt. The number of e-folds of
expansion is defined as N ≡

∫
H(t)dt and f ′ ≡ df/dN . We use natural units and set the

reduced Planck mass, MPl ≡ (8πGN )−1/2, to unity unless otherwise stated.

2 Single-field inflection-point model

We will first consider α-attractor models where the angular field θ is stabilised, leading to
an effective single-field model. We take the potential to be a non-negative function of the
modulus of the original complex field, f2(r), where r = |Z|. The Lagrangian in terms of the

– 3 –
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canonically normalised radial field φ, defined in eq. (1.4), is

L = 1
2R−

1
2(∂φ)2 − f2

(
tanh φ√

6α

)
, (2.1)

where f is an arbitrary analytic function.
We will consider models which can successfully support an inflationary stage generating

an almost scale-invariant power spectrum of primordial curvature perturbations on large
scales, compatible with CMB constraints, and can also amplify scalar curvature fluctuations
on smaller scales, potentially producing primordial black holes and/or significant primordial
gravitational waves. To do so, the potential f2(r) must have some characteristics:

(i) at large field values (φ� 1, r → 1), the potential has to be flat enough to support slow-
roll inflation and satisfy the large-scale bounds on the CMB observables. In α-attractor
models, the flatness of the potential is naturally achieved at the boundary (r → 1) by
the stretching induced by the transformation (1.4) so long as f(r) remains finite;

(ii) in single-field inflation, a significant amplification of scalar fluctuations on small scales
can be achieved by deviations from slow roll [6]. In particular, this may be realised with
a transient ultra-slow-roll phase [47–49], where the gradient of the potential becomes
extremely small, at intermediate field values. This can be implemented by having an
almost stationary inflection point in the potential [7–12];2

(iii) at the end of inflation, the condition V (φend) = 0 ensures that inflation can end without
giving rise to a cosmological constant at late times.

In the following, we outline a procedure to fix the potential profile in a way that addresses
all the requirements listed above. The potential is constructed in a way similar to [11], but our
analysis differs in that we present a simplified potential, with a reduced number of parameters
and we give a clear dynamical interpretation of each parameter. Furthermore, while in [11]
cases with α = O(1) have been studied extensively, we will consider configurations with α < 1,
which will enhance the role of the hyperbolic geometry in the model’s multi-field extension.

2.1 Parameterising the inflection-point potential

Given the single-field Lagrangian (2.1), the easiest way to implement an almost stationary
inflection point in the potential, V (φ), is to consider a function f(r) which itself has an almost
stationary inflection point. The inflection-point structure of f(r) is then transmitted to the
potential

V (φ) = f2 (r(φ)) . (2.2)

For a single inflection point it is sufficient to consider a simple cubic polynomial

f(r) = f0 + f1r + f2r
2 + f3r

3 . (2.3)

From condition (iii) above we require V (φend) = 0 at the end of inflation. Here, for simplicity,
we set φend = 0, which together with (2.2) and (2.3) implies

f0 = 0 . (2.4)
2For other mechanisms see, e.g., [50, 51], where ultra-slow-roll inflation is realised in models comprising a

scalar field coupled to the Gauss-Bonnet term.

– 4 –
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We require f1 6= 0 so that φ = 0 is a simple minimum with V ′′(0) > 0, and given that the
potential (2.2) is symmetric under f → −f we then pick f1 > 0 without loss of generality.

An inflection point in f(r) at r = rinfl, where 0 < rinfl < 1, is defined by the condition
f ′′(rinfl) = 0. For the function in eq. (2.3), this translates into the condition

f3 = − f2
3rinfl

, (2.5)

where the positivity of rinfl implies that f2 and f3 have opposite signs.
The first derivative of the function (2.3) calculated at the inflection point is then

f ′(rinfl) = f1 + f2rinfl . (2.6)

In order for rinfl to be a stationary (f ′(rinfl) = 0) or almost stationary (f ′(rinfl) ' 0) inflection
point, we require f2 < 0, which follows from the positivity of f1 and rinfl. From (2.5), this
implies that f3 > 0.

In order to achieve a significant amplification of the scalar power spectrum on small
scales, we will consider models with an approximately stationary inflection point where the
first derivative at rinfl is slightly negative, f ′(rinfl) < 0. As the inflaton rolls from r > rinfl
down towards r = 0 this acts to further slow the inflaton as it passes through the inflection
point, realising an ultra-slow-roll phase. In this case the inflection point is then preceded by a
local minimum (for r > rinfl) and followed by a local maximum (for r < rinfl). Using (2.6),
both stationary and almost stationary configurations can be described by the condition

f1 = −f2 (rinfl − ξ) , (2.7)

where ξ = 0 corresponds to the case of a stationary inflection point and an approximate
stationary inflection point is realised if 0 < ξ � rinfl.

Finally, by substituting (2.3) into (2.2) subject to the conditions (2.4), (2.5) and (2.7),
and transforming to the canonical field φ defined in eq. (1.4), the potential can be written as

V (φ) = V0

{
(rinfl − ξ) tanh

(
φ√
6α

)
− tanh2

(
φ√
6α

)
+ 1

3rinfl
tanh3

(
φ√
6α

)}2
, (2.8)

where we have defined V0 ≡ f2
2. For ξ = 0 we have a stationary inflection point at φ = φinfl,

where we define tanh(φinfl/
√

6α) ≡ rinfl. More generally we have an approximately-stationary
inflation point, with V ′(φinfl) = O (ξ/rinfl) and V ′′(φinfl) = O (ξ/rinfl) for 0 < ξ � rinfl.

Starting from an initial set of free parameters {f0, f1, f2, f3} for a fixed value of α, we
have reduced it to the set {V0, rinfl, ξ}. The normalisation of the potential V0 is fixed at CMB
scales in order to reproduce the right amplitude of the scalar fluctuations, leaving only two
free parameters to describe the shape of the potential, {rinfl, ξ}, for a given α. In figure 1, two
configurations of V (φ) are shown in order to illustrate a stationary inflection point (ξ = 0)
and an approximately stationary inflection point (0 < ξ � rinfl).

2.2 Background evolution
The equations of motion for the homogenous field φ(t) in an FLRW cosmology are given by
the Klein-Gordon and evolution equations

φ̈ = −3Hφ̇− Vφ , (2.9)

Ḣ = −1
2 φ̇

2 , (2.10)

– 5 –
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Figure 1. Structure of the potential (2.8) with α = 0.1 and φinfl = 0.5. The inset zooms around
the inflection point. If ξ = 0 the inflection point is stationary. The case ξ 6= 0 corresponds to an
approximate stationary inflection point, where φinfl (grey dot) is accompanied by a local minimum
and a local maximum (grey stars).

where Vφ ≡ dV /dφ, subject to the Friedmann constraint

H2 = 1
3

(
V + 1

2 φ̇
2
)
. (2.11)

When studying the evolution of the fields during inflation we will often show this with
respect to the integrated expansion or e-folds

N ≡
∫
H(t) dt . (2.12)

In particular the Hubble slow-roll parameters describe the evolution of H and its derivatives
with respect to N ,3

εH ≡ −
H ′

H
, (2.13)

ηH ≡ εH −
1
2
ε′H
εH

, (2.14)

ξH ≡ εHηH − η′H . (2.15)

These dimensionless parameters play an important role in the evolution of the scalar pertur-
bations during inflation, as described in appendix B. Inflation is characterised by εH < 1.

As an example, in figure 2 the evolution of the scalar field, φ, and the first two slow-roll
parameters, εH and ηH , are displayed in terms of the number of e-folds to the end of inflation,
∆N ≡ Nend −N , for the case of a single-field α-attractor potential, eq. (2.8), with α = 0.1
and an almost stationary inflection point, given by {φinfl = 0.5, ξ = 0.0035108}. The early
evolution corresponds to a typical α-attractor slow-roll phase with εH � |ηH | � 1. The
inflaton slows down as it approaches the inflection point and enters an ultra-slow-roll regime
with εH small and rapidly decreasing, such that4 ηH & 3, almost coming to a stop momentarily.

3The Hubble slow-roll parameters (2.13)–(2.15) can be related to the Hubble-flow parameters [52] εi+1 =
ε′i/εi, where ε0 = H−1. In particular we find ε1 = εH and ε2 = 2εH − 2ηH .

4In terms of the Hubble-flow parameter ε2, the ultra-slow-roll regime is described by ε2 . −6. Given that
ε2 = 2εH − 2ηH , the latter becomes ηH & 3 in the limit εH � |ηH | [48].

– 6 –
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Figure 2. Left panel: the inflaton evolution φ(N), for a single-field α-attractor model with potential
V (φ) given in (2.8), where we set α = 0.1, φinfl = 0.5 and ξ = 0.0035108. The black dot marks the
field value when the CMB scale, kCMB = 0.05Mpc−1, exits the horizon, taking ∆NCMB = 55. Right
panel: the corresponding evolution of the first two Hubble slow-roll parameters εH and |ηH |. The
two horizontal grey lines correspond to 1 and 3 respectively. Inflation ends when εH = 1 and ηH ≈ 3
signals the ultra-slow-roll regime.

After it passes the potential barrier, caused by the local maximum of V (φ) following the
inflection point at φ < φinfl, the inflaton rolls towards the minimum of the potential at φ = 0
and inflation ends when εH = 1.

2.3 CMB constraints
When studying the phenomenology of an inflationary potential, it will be of key importance
to calculate the number of e-folds before the end of inflation when the CMB scale, defined
by the comoving wavenumber kCMB = 0.05Mpc−1, crossed the horizon (k = aH) during
inflation [35]

∆NCMB ≡ Nend −NCMB

' 67− ln
(
kCMB
a0H0

)
+ 1

4 ln
(
V 2
CMB
ρend

)
+ 1− 3w

12(1 + w) ln
(
ρth
ρend

)
− 1

12 ln (gth) .
(2.16)

In this expression a0H0 is the present comoving Hubble rate, ρend is the energy density at
the end of inflation, VCMB is the value of the potential when the comoving wavenumber kCMB
crossed the horizon during inflation, w is the equation of state parameter describing reheating,
ρth is the energy scale and gth is the number of effective bosonic degrees of freedom at the
completion of reheating. Following [35], we fix gth = 103.

The precise value of ∆NCMB depends on the inflationary potential and the details of
reheating [53], as illustrated in figure 3. By assuming instant reheating, ρth = ρend, one
can obtain the maximum value which ∆NCMB can take (assuming the reheating equation
of state −1 < w < 1/3). For α-attractor potentials of the type considered here we obtain
∆NCMB, max ≈ 55 by iteratively solving (2.16) for values of V0 compatible with CMB observa-
tions. In the following sections, 2.4–2.6, we will present results assuming that reheating is
instantaneous, bearing in mind that in order to describe a complete inflationary scenario it is
necessary to include the details and duration of the reheating phase and understand how it
impacts the predictions for observable quantities. We will address this topic in section 3.1.

Once ∆NCMB is fixed, it is possible to derive the model’s predictions for the CMB
observables. In the slow-roll approximation the scalar power spectrum for primordial density
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"Ñpeak

"Npeak

NCMB Npeak

Figure 3. Schematic representation showing the horizon crossing of modes with comoving wavenumber
k during and after inflation. We use the expression ∆N ≡ Nend −N when referring to e-folds elapsed
during inflation, and ∆Ñ ≡ N −Nend when referring to e-folds elapsed after inflation. RD stands for
radiation domination.

perturbations can be given in terms of the Hubble rate, H, and first slow-roll parameter, εH ,
evaluated when a given comoving scale, k, exits the horizon [54],

Pζ(k) = H2

8π2εH

∣∣∣∣∣
k=aH

. (2.17)

We parametrise the scalar power spectrum on large scales, which leads to temperature and
polarisation anisotropies in the CMB, as [35]

Pζ(k) = As
(

k

kCMB

)(ns−1)+αs
2 log(k/kCMB)+···

, (2.18)

where ns − 1 is the scalar spectral tilt at k = kCMB, and αs its running with scale. The
amplitude of the power spectrum of primordial tensor perturbations, arising from quantum
vacuum fluctuations of the free gravitational field, is given in terms of the tensor-to-scalar
ratio, rCMB ≡ At/As.

ns, αs and rCMB can then be calculated in the slow-roll approximation in terms of the
slow-roll parameters at horizon exit

ns = 1− 4εH + 2ηH , (2.19)
αs = −2ξH + 10εHηH − 8ε2H , (2.20)

rCMB = 16εH . (2.21)

A full numerical computation of the scalar power spectrum (see appendix B) confirms that the
slow-roll approximation describes well the behaviour on large scales, i.e., far from the inflection
point and the end of inflation. In the following we will therefore use eqs. (2.19)–(2.21) to
calculate the observables quantities relevant to CMB scales for single-field models.
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Model predictions can then be compared with the observational constraints from the
latest Planck data release [35]. In particular, by fitting the Planck temperature, polarisation
and lensing, plus BICEP2/Keck Array BK15 data with the ΛCDM + rCMB + αs model, the
constraints on the tilt, its running and the tensor-scalar ratio, are [35]

ns = 0.9639± 0.0044 (68 %C.L.) , (2.22)
αs = −0.0069± 0.0069 (68 %C.L.) , (2.23)

r0.002 < 0.065 (95 %C.L.) . (2.24)

Here we quote the tensor-to-scalar ratio, r0.002, at k = 0.002Mpc−1, as using the Planck plus
BK15 data the tensor perturbations are best constrained at k = 0.002Mpc−1, while the scalar
perturbations, and hence the scalar spectral index and its running, are best constrained at
kCMB = 0.05Mpc−1 [35].

For the α-attractor potentials under consideration, we will show that αs and ns are
not independent parameters, but rather are related by eq. (2.36). In particular, the lower
observational bound ns > 0.9551 (95 %C.L.) from (2.22) implies that −0.001 . αs < 0
at 95 % C.L., about an order of magnitude smaller than the observational uncertainty in
eq. (2.23). For these reasons, we neglect the effect of the running when considering bounds
on ns and rCMB in the following. We comment further on this topic in section 2.7.

Using Planck, WMAP and the latest BICEP/Keck data to constrain the tensor-to-scalar
ratio at kCMB = 0.05Mpc−1 in the absence of running (i.e., for the ΛCDM+rCMB cosmological
model) yields the bound [40]

rCMB < 0.036 (95 %C.L.) . (2.25)

The predicted value of the tensor-to-scalar ratio changes by about 10% if evaluated at
kCMB = 0.05Mpc−1 instead of k = 0.002Mpc−1. For α ≤ 1, this is irrelevant as the predicted
values of the tensor-to-scalar ratio in our model will be at least an order of magnitude below
this observational bound.

For the reasons outlined above, in the following we will impose observational bounds on
the scalar spectral index at CMB scales using the baseline ΛCDM cosmology, excluding both
αs and rCMB. Planck temperature, polarisation and lensing data, then require [35]

ns = 0.9649± 0.0042 (68 %C.L.) . (2.26)

In particular this gives a lower bound on the spectral index

ns > 0.9565 (95 %C.L.) , (2.27)

which provides the strongest constraint our models, and hence the small-scale phenomenology.

2.4 ξ = 0: stationary inflection point

In the case of a stationary inflection point, the only free parameter specifying the shape of
the function f(r) in the simple cubic polynomial (2.3) is the position of the inflection point
rinfl. Along with the hyperbolic curvature parameter, α, this then determines the field value
at the inflection point, φinfl, in the potential, V (φ) in (2.8).

For our fiducial value of α = 0.1, we find that when φinfl ≥ 0.56 the inflaton, after a brief
ultra-slow-roll phase, settles back down into slow roll towards the inflection point and takes

– 9 –



J
C
A
P
0
6
(
2
0
2
2
)
0
0
7

ϕinfl

0.1

0.2

0.3

0.4

0.5

0.546

0204060

10-5

10-4

0.001

0.010

0.100

100

ΔN

ϵ H
●●
●●
●●●●●●●●

0204060
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

ΔN

ϕ

Figure 4. Background evolution of the first slow-roll parameter εH (left panel) and of the inflaton
field (right panel) for the stationary inflection-point model, ξ = 0. Different lines correspond to
different locations of the inflection point φinfl, as displayed in the legend. In the right panel, the points
represented on top of φ(N) signal the field value at which the CMB scale leave the horizon, φCMB. All
the configurations represented produce ∆NCMB ' 55.

an infinite time to reach it. We therefore exclude that portion of the model’s parameter space.
We study configurations with 0.1 ≤ φinfl ≤ 0.5465 and plot the resulting background evolution
in figure 4. The limiting behaviour at large or small values of φinfl are explored in appendix C.

Let us first discuss the configurations with 0.1 ≤ φinfl ≤ 0.5. When the inflection point
is located at small field values, for 0.1 ≤ φinfl ≤ 0.4, inflation ends even before the inflaton
reaches φinfl, making the background evolution effectively indistinguishable between those
configurations. The case φinfl = 0.5 is slightly different, as seen from the corresponding εH
profile in the left panel of figure 4; the inflaton does slow down as it approaches the inflection
point and its velocity drops, but only briefly before it passes through the inflection point.

Using eqs. (2.19)–(2.21) we find 0.961 . ns . 0.963, αs ∼ −0.0007 and r0.002 ∼ 4×10−4,
for {ξ = 0, 0.1 ≤ φinfl ≤ 0.5}, showing that this parameter space is compatible with the CMB
bounds given in (2.25) and (2.26). However we find that larger values of φinfl, corresponding
to a longer permanence of the inflaton around the inflection point (see the left panel of
figure 4), lead to smaller values for ns, making the scalar power spectrum redder on CMB
scales. This is due to the fact that the large scale CMB measurements test a steeper portion
of the inflaton potential as a consequence of the permanence at the inflection point. We will
return this topic in more detail in section 2.7 and give a simple explanation of the connection
between the large-scale observations and the inflection-point location.

The largest value of φinfl which we find is compatible with the lower limit of the
observational bound on the scalar spectral tilt, eq. (2.27), is φinfl = 0.5465. The corresponding
background evolution is displayed in figure 4. The inflection point does slow down the inflaton
field, but without realising a sustained ultra-slow-roll phase. We therefore expect only a
limited enhancement of the scalar fluctuations on small scales, which is confirmed by an
exact computation of the scalar power spectrum (see appendix B for a detailed description
of the computation strategy). In figure 5, we display Pζ(k) obtained numerically for this
configuration. The power spectrum does exhibit a peak located at kpeak = 1.3× 1020 Mpc−1,
whose amplitude is only one order of magnitude larger with respect to the large-scale power
spectrum, Pζ(kpeak) = 2× 10−8. It is useful to characterise the position of the inflection point
through the parametrisation

∆NCMB ≡ (Npeak −NCMB) + ∆Npeak , (2.28)
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Figure 5. Numerical scalar power spectrum for the single-field inflection-point model (2.8) with
parameters {α = 0.1, φinfl = 0.5465, ξ = 0}, plotted against the comoving scale k.

φinfl ξ ∆NCMB −∆Npeak kpeak/Mpc−1 ns r0.002

(I) 0.51 0.0023495 47.8 2.2× 1019 0.9555 5.3× 10−4

(II) 0.5 0.0035108 49.3 9× 1019 0.9569 4.9× 10−4

(III) 0.49 0.0049575 50.4 2.7× 1020 0.9579 4.7× 10−4

Table 1. Details of three potentials with α = 0.1 and approximate stationary inflection points, ξ 6= 0.
The value ∆NCMB −∆Npeak refers to the parametrisation (2.28). All the potentials lead to inflation
with ∆NCMB ∼ 55, V0 ∼ 10−10 and αs ∼ −9× 10−4.

which implies that the number of e-folds elapsed between the horizon crossing of the CMB
scale and the moment in which kpeak left the horizon can be expressed as ∆NCMB −∆Npeak,
see figure 3. For the configuration plotted in figure 5 its value is ∆NCMB −∆Npeak ' 49.5.

Surveying the parameter space with ξ = 0 shows that potentials with a stationary
inflection point do not produce a large enhancement of the scalar fluctuations on small scales.
In order for inflection-point α-attractor models to display an interesting phenomenology
on small scales, such as primordial black hole formation and/or significant production of
gravitational waves induced at second order, it is necessary to turn to the approximate
inflection-point case, ξ 6= 0.

2.5 ξ 6= 0: approximate stationary inflection point

It is possible to obtain a large enhancement of the scalar power spectrum on small scales,
Pζ(kpeak) ' 10−2, necessary for PBH production after inflation, in simple cubic-polynomial
α-attractor models with ξ 6= 0 in eq. (2.8).

In table 1 we display a selection of configurations for our fiducial curvature parameter of
α = 0.1 which produce a peak Pζ(kpeak) ' 10−2. We see that the field value at the inflection
point, φinfl, determines both the location of the peak, kpeak, and the predicted value of the
scalar spectral index, ns, on CMB scales. The correspondence between φinfl and ns holds
regardless of the amplitude of the power spectrum peak. In particular, the larger φinfl, the
smaller kpeak and ns, as we saw for the case ξ = 0. For the configurations listed in table 1,
the inflection-point field value is selected in order to have the power spectrum peak on the
largest scale possible, with predicted values for the tilt ns around the CMB observational
lower bound (2.27). The parameter ξ has then been adjusted to obtain Pζ(kpeak) ' 10−2.
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Figure 6. Numerical results for the scalar power spectrum Pζ(k) for three single-field models with
α = 0.1 and ξ 6= 0. The values of φinfl and ξ corresponding to each line are listed in table 1.

α φinfl ∆NCMB ∆NCMB −∆Npeak kpeak/Mpc−1 ns r0.002

0.01 0.255 54.3 49 1020 0.9565 5× 10−5

0.1 0.5465 55 49.5 1.3× 1020 0.9565 5× 10−4

1 1.009 56.3 49.4 3× 1019 0.9565 4.9× 10−3

5 1.313 57.6 49.3 4× 1018 0.9565 0.0217
10 1.39 58.3 48.3 8× 1018 0.9565 0.0385

Table 2. Table of parameters for each of the single-field inflection-point models used to generate the
scalar power spectra shown in figure 7.

Configuration (I) in table 1 lies slightly outside the 95 % C.L. observational bound on ns,
while (II) and (III) are within the 95 % C.L. bound. In figure 6 numerical results for the
power spectra corresponding to these three configurations are displayed.

2.6 Changing α

In the preceding sections the parameter space {φinfl, ξ} has been studied for a fixed fiducial
value of the hyperbolic field-space curvature, corresponding to α = 0.1. In this section we
consider the effect of varying α.

We select five different values of α ∈ {0.01, 0.1, 1, 5, 10}, and for simplicity restrict
our attention to the case of a stationary inflection point, ξ = 0. This avoids any numerical
instabilities, possible when α > 1 due to fine-tuning of the inflection point when ξ 6= 0. For
each case, the value of φinfl is chosen such that the predicted scalar spectral index, ns, is close
to the lower observational bound in (2.27). The key parameters for each model are listed in
table 2 and the numerically computed scalar power spectra are displayed in figure 7.

The peak positions for α < 1 are very close to each other, while for larger α the peak
moves, not following a specific trend and always on scales smaller than 1018 Mpc−1. The peak
magnitudes vary depending on α, whilst being fairly similar for α < 1.

The potential normalisation, V0, and hence the values of r0.002 differ from each other by
roughly one order of magnitude. This is as expected in α-attractor models [27] where the
universal predictions relate the level of primordial gravitational waves at CMB scales to α, as
shown in eq. (1.7). Smaller α values are associated with a smaller predicted tensor-to-scalar
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Figure 7. Scalar power spectra obtained numerically for the single-field inflection-point models listed
in table 2. Each line corresponds to a different choice of α, as detailed in the legend.

ratio, as seen in table 2. Note that the predicted value of r0.002 for α = 10 is in tension with
the upper bound (2.25), hence we do not explore α > 10 (see also [55]).

The fact that the results for kpeak, Pζ(kpeak) and r0.002 are fairly consistent for small α
is consistent with the expected α-attractor behaviour. On the other hand the characteristic
behaviour of α-attractors, formulated on a hyperbolic field space, gets washed away for large
α, where these models approach the simple chaotic inflation behaviour [36].

2.7 Modified universal predictions

The numerical results that we have found for observables on CMB scales from single-field
models including an inflection point suggest a simple modification of the α-attractors universal
predictions for ns and r given in eqs. (1.6) and (1.7), as previously noted in [11]. In the
presence of an inflection point at smaller field values (after CMB scales exit the horizon),
the α-attractors universal predictions still hold if we replace Nend with Npeak, and hence
∆NCMB → ∆NCMB−∆Npeak, such that (1.6) and (1.7) are modified for ∆Npeak > 0 to become

ns ≈ 1− 2
∆NCMB −∆Npeak

, (2.29)

rCMB ≈ 12 α

(∆NCMB −∆Npeak)2 . (2.30)

In figure 8 we plot the approximations (2.29) and (2.30) together with our numerical
results for a number of selected configurations which lie close to the lower bound on ns. The
coloured points are centered around values 47 . ∆NCMB −∆Npeak . 51 which, while being
compatible with CMB measurements, produce a peak in Pζ(k) on the largest scales possible.
We see that the modified universal predictions describe quite well the numerical points, with
a small offset observed in the left panel in figure 8. We will investigate this further within the
multi-field analysis in section 4.5 and show a simple way of moving the numerical results even
closer to the modified universal predictions.

In the following we will use eqs. (2.29) and (2.30) to explore in a simple and straightfor-
ward way the phenomenology of the inflection-point potential (2.8). Rather than considering
all the possibilities, we will focus on configurations that are consistent with the large-scale
CMB observational constraints, eqs. (2.25) and (2.26). Using eq. (2.29), the observational
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Figure 8. Left panel: the approximation (2.29) (grey line) is plotted against numerical results
(coloured points) for the scalar spectral index on CMB scale, ns. Each point corresponds to a
specific configurations discussed in sections 2.4 and 2.5. The yellow-shaded area highlights the Planck
95 % C.L. region, see (2.26), with the dashed line representing the central value. Right panel: the
approximation (2.30) is plotted against the numerical results for the tensor-to-scalar ratio, rCMB. Each
line corresponds to a different value of α. See the left panel for the legend illustrating the coloured
points. The yellow-dashed line signals the 95 % C.L. upper limit (2.25). We do not include the point
corresponding to the model with α = 10, as the predicted value for rCMB puts the model in tension
with the bound (2.25).

bounds on ns given in (2.26) translate into

46 . ∆NCMB −∆Npeak . 75 . (2.31)

A lower limit on ∆NCMB −∆Npeak can also be obtained by substituting the upper bound on
the tensor-to-scalar ratio (2.25) in eq. (2.30), but for α ≤ 1 it is always weaker than the one
given in eq. (2.31). The lower bounds become comparable only when α & 10.

During inflation there is a one-to-one correspondence between a scale k and the number
of e-folds, N , when that scale crosses the horizon, k = aH. Calibrating this relation using the
values corresponding to the CMB scale yields

k(N) = a(N)
aCMB

H(N)
HCMB

× 0.05Mpc−1 , (2.32)

where a(N)/aCMB = eN−NCMB . For the scale corresponding to the peak in the scalar power
spectrum eq. (2.32) is

kpeak ' e∆NCMB−∆Npeak × 0.05Mpc−1 , (2.33)
where we simplify the expression by assuming that the Hubble rate is almost constant during
inflation. This equation shows that the largest scale, i.e., the lowest kpeak, corresponds to the
lowest allowed value of ∆NCMB −∆Npeak. The lower limit in (2.31) can therefore be used in
eq. (2.33) to derive an estimate of the lowest scale kpeak for configurations which are not in
tension with the CMB observations,

kpeak & 4.7× 1018 Mpc−1 , (2.34)

which is valid regardless of the enhancement of the scalar power spectrum, Pζ(kpeak). This has
important implications for the phenomenology of the model under analysis5 and is confirmed
by the results obtained numerically and presented in tables 1 and 2.

5For a counter example see, e.g., [56], where a localised feature is superimposed on the original global
potential.
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Figure 9. Points representing our numerical results for the spectral index and its running, (ns, αs).
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and the hatch-shaded area to the right represents the 95 % C.L. region for ns for the ΛCDM model
neglecting running and rCMB. The range of αs shown is within the observational bound (2.23).

Modifying the universal prediction for the running of the tilt, eq. (A.15), with
∆NCMB → ∆NCMB −∆Npeak gives the approximation

αs ≈ −
2

(∆NCMB −∆Npeak)2 . (2.35)

The numerical results for αs can be well-approximated by the expression above, with a small
offset similar to that seen for ns in the left panel of figure 8. We show in appendix A that in
fact the values of αs and ns are well-described the consistency relation

αs ≈ −
(ns − 1)2

2 . (2.36)

In figure 9 we plot our numerical results for (ns, αs), and show that they are well-described by
the consistency relation (2.36). In particular, even if we allow for non-zero running, using the
lower observational bound on ns given in eq. (2.22), the consistency relation (2.36) implies that
αs > −1.01× 10−3 at 95 % C.L., about an order of magnitude smaller than the observational
uncertainty in eq. (2.23). This justifies what was already anticipated in section 2.3, that we can
in practice neglect the running when comparing the model predictions with CMB bounds on the
tilt, ns. Thus in the following we will apply the more stringent lower bound on ns, eq. (2.27),
derived for the ΛCDM model without running, in contrast to the approach taken in [11].

3 Extended phenomenology of single-field models

Building on the numerical results presented in section 2, we extend here our considerations
to the phenomenology of inflection-point models on scales much smaller than those probed
by the CMB. In section 3.1 we consider the implications of a reheating phase at the end of
inflation. In sections 3.2 and 3.3 we review the formation of PBHs and the production of
second-order GWs in presence of large scalar perturbations. Using the modified universal
predictions appropriate for inflection-point models, we restrict our analysis to configurations
of the inflection-point potential (2.8) which are not in tension with the large-scale CMB
measurements and explore the implications for the masses of the PBHs generated and the
wavelengths of the second-order GWs.
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3.1 Reheating

Thus far we have worked under the assumption of instant reheating. Next we will take into
account the presence of a reheating stage with finite duration.

At the end of inflation, the inflaton oscillates about the minimum of its potential and its
kinetic energy becomes comparable with its potential energy. During this phase, the inflaton,
and/or its decay products, must decay into Standard Model particles which rapidly thermalise.
The process describing the energy transfer from the inflaton sector to ordinary matter goes
by the name of reheating. The energy density decreases from ρend, at the end of inflation, to
ρth, when the Standard Model particles are thermalised.

The duration of reheating measured in terms of e-folds, ∆Ñrh ≡ Nrh−Nend, depends on
the effective equation of state parameter, w, and the value of ρth, and is given by

∆Ñrh ≡
1

3(1 + w) ln
(
ρend
ρth

)
. (3.1)

We will consider a matter-dominated reheating phase (w = 0), as the inflaton behaves as
non-relativisitic, pressureless matter when oscillating around a simple quadratic minimum of
its potential, eq. (2.8), for all configurations with ξ 6= rinfl.

The exact duration of reheating depends on the efficiency of the energy transfer process.
In order to be as general as possible, we estimate first the maximum duration of reheating
and then, within the allowed range, consider the impact of a reheating phase on observable
quantities.

Requiring that reheating is complete before the onset of big bang nucleosynthesis
bounds the value of ρth from below. In particular, we follow [35] and consider ρth in the
range [(1TeV)4, ρend], where the upper limit corresponds to the case of instant reheating.
Substituting the lower limit for ρth into eq. (3.1) allows us to estimate the maximum duration
of reheating as

∆Ñrh ≤
1
3 ln

(
ρend

(1TeV)4

)
. (3.2)

The inflection-point potential (2.8) predicts ρend ∼ 10−12MPl
4, with only a weak dependence

on α, which by means of eq. (3.2) yields

0 ≤ ∆Ñrh . 38 . (3.3)

It is instructive to isolate the reheating contribution to the value of ∆NCMB given in eq. (2.16).
For example, for our α-attractor models with α = 0.1 eq. (2.16) gives

∆NCMB ' 55− 1
4∆Ñrh . (3.4)

Different values of ∆Ñrh, and hence ∆NCMB, can shift the observational predictions for a given
inflationary model [53]. CMB constraints, combined with the standard universal predictions
for ns and r in α-attractor models, eqs. (1.6) and (1.7), already have implications for the
duration of reheating in these models. Substituting (3.4) in (1.6) and requiring that the
duration of reheating does not put the model in tension with the CMB measurement (2.26),
yields the observational bound

0 ≤ ∆Ñrh . 36 . (3.5)
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This restricts the maximum duration of reheating allowed compared with the theoretical
range given in eq. (3.3) and implies ρth & (4.5TeV)4.

If we now generalise this to include inflection-point α-attractor models, giving rise to
a peak in the power spectrum on small scales, kpeak given in eq. (2.33), then substituting
eq. (3.4) in eq. (2.29) and imposing the bound on the CMB spectral index (2.26), yields a
stronger bound on the duration of reheating

0 ≤ ∆Ñrh . 36− 4∆Npeak . (3.6)

This in turn puts a lower bound on the thermal energy at the end of reheating

ρ
1/4
th & 4.5TeV× e3∆Npeak . (3.7)

In practice, eq. (3.6) will determine the maximum range for the duration of reheating which
we consider in the following.

3.2 Primordial black hole formation

Very large amplitude scalar fluctuations produced during inflation give rise to large density
perturbations when they re-enter the horizon after inflation, which can collapse to form
primordial black holes [1]. Such large fluctuations must be very rare, otherwise the resulting
primordial black holes would come to dominate the energy density of the universe, spoiling
the successful standard hot big bang cosmology, unless they are so light that they evaporate
due to Hawking radiation before the epoch of primordial nucleosynthesis, corresponding to
masses MPBH < 109 g [57, 58].

The mass of the PBHs formed is related to the mass contained within the Hubble horizon
at the time of formation [2]

MPBH ≡ γMH = γ
4πρ
3H3 , (3.8)

where ρ is the energy density at the time of formation and γ is a dimensionless coefficient
describing the fraction of the Hubble horizon mass which collapses into the PBH. The
parameter γ depends on details of the gravitational collapse and for illustration we will use
the benchmark value γ = 0.2 [59]. For simplicity, we will assume that there is a one-to-one
correspondence between the mass of the PBH formed and the comoving scale of the scalar
perturbations which produced it, M(k) ≡Mk. In practice the spectrum of enhanced scalar
perturbations will span a range of scales, and the process of critical collapse [60] will then
lead to a spectrum of PBH masses [61, 62]. Nonetheless the Hubble mass (3.8) provides an
upper limit on the PBH masses formed.

The PBH formation process (in particular the masses and abundance) differs according
to whether the scale corresponding to the peak in the scalar power spectrum re-enters the
horizon (kpeak = aH) during reheating or during radiation domination after reheating. If
kpeak exits the horizon ∆Npeak e-folds before the end of inflation, it re-enters the horizon
∆Ñpeak e-folds after the end of inflation (see figure 3), where

∆Ñpeak = 2
(1 + 3w)∆Npeak . (3.9)

In the expression above w is the equation of state parameter describing the background
evolution when kpeak re-enters the horizon. Under the assumption of instant reheating
(∆Ñrh = 0), kpeak always re-enters the horizon during radiation domination (w = 1/3), which
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from eq. (3.9) implies that ∆Ñpeak = ∆Npeak. If instead ∆Ñrh 6= 0, then kpeak re-enters the
horizon during reheating if ∆Ñrh > ∆Ñpeak = 2∆Npeak, where we take w = 0 in eq. (3.9).

The mass fraction at formation of PBHs with mass Mk is given by

β(Mk) ≡
ρPBH
ρtot

∣∣∣
at formation

. (3.10)

This is commonly estimated using the Press-Schechter formalism [63], but we note that the
peak theory approach [64–66] can also be used. In the Press-Schechter approach the PBH
abundance is determined by the probability that some coarse-grained random field, δ, related
to the comoving density perturbation (e.g., the compaction function [67, 68]) exceeds some
critical threshold value, δ ≥ δc:

β(Mk) = 2γ
∫ ∞
δc

dδ√
2π σ2(Mk)

e−
1
2

δ2
σ2(Mk) . (3.11)

The PBH mass fraction, β(Mk), is exponentially sensitive to the variance of the coarse-
grained density field, σ2(Mk), and thus to the peak of the primordial power spectrum on
small scales [62, 69, 70]. In eq. (3.11) we assume that the probability distribution of the
coarse-grained scalar perturbations, δ, is well-described by a Gaussian distribution, while
noting that the abundance of very large density fluctuations could be very sensitive to any
non-Gaussian tail of the probability distribution function [71–75].

3.2.1 PBH formation during radiation domination

For modes that re-enter the horizon during the radiation-dominated era after reheating,
eq. (3.8), assuming conservation of entropy between the epoch of black hole formation and
matter-radiation equality, yields [76]

M(k)
M�

' 10−16
(
γ

0.2

)(
g(Tk)
106.75

)−1/6 ( k

1014 Mpc−1

)−2
, (3.12)

where g(Tk) is the effective number of degrees of freedom at the time of formation. Assuming
the Standard Model particle content, we take g(Tk) = 106.75 and g(Teq) = 3.38.

If we consider the non-stationary inflection-point models presented in section 2.5 where
we calculated the CMB constraints assuming instant reheating, the PBHs are formed from the
collapse of large scalar fluctuations at k = kpeak which re-enter the horizon during radiation
domination. Substituting the numerical values of kpeak listed in table 1 in eq. (3.12) leads to
PBH masses MPBH/g ' 4.2× 106, 2.6× 105, 2.8× 104 for configurations (I), (II) and (III)
respectively. Thus PBHs resulting from these inflection-point α-attractor models would have
evaporated before primordial nucleosynthesis.

In section 3.2.3 we will argue that this is a general result which applies to all α-attractor
inflection-point models which are not in tension with the CMB measurements on large scales
and extends beyond the instant reheating assumption. In particular, the black-dashed line in
figure 10 shows the range of PBH masses formed when the peak of the power spectrum on
small comoving scales re-enters the horizon during the radiation-dominated era after reheating,
over the range (2.34) consistent with CMB constraints on large scales.
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3.2.2 PBH formation during matter domination
As discussed above, it is possible that large scalar perturbations which collapse to form
PBHs re-enter the horizon during reheating, corresponding to a transient matter-dominated
stage after inflation. The different background evolution during reheating modifies PBH
formation; intuitively the collapse is easier in a matter-dominated epoch than in the presence
of radiation pressure. Another consequence is that the correspondence between the scale
of the perturbation that collapses to form the PBH and its mass is modified. In particular,
following a procedure similar to the one illustrated for eq. (3.12) and taking into account the
different background evolution yields [11]

M(k)
M�

' 10−16
(
γ

0.2

)(
g(Trh)
106.75

)−1/6 ( krh

1014 Mpc−1

)−2 ( k

krh

)−3
, (3.13)

where the scale
krh = e−3∆Ñrh/4 × 3.8× 1022 Mpc−1 (3.14)

re-enters the horizon at the end of reheating. For perturbations that re-enter the horizon
during reheating we have k > krh, as sketched in figure 3. The coloured diagonal lines in
figure 10 show the range of PBH masses formed when the peak of the power spectrum on small
comoving scales re-enters the horizon during reheating for models which are in accordance
with CMB constraints on large scales.

3.2.3 Implications of reheating and modified universal predictions for PBH
formation

In the following we examine the implications for the allowed PBHs masses of the modified
universal predictions presented in section 2.7 and the resulting constraints from CMB mea-
surements of the spectral tilt on large scales. We consider inflection-point potentials (2.8)
with parameters, {α, φinfl, ξ}, which generate significant enhancements of the scalar power
spectrum on small scales, as we have done for the specific cases discussed in section 2. We take
into account the fact that inflation could be followed by a reheating stage, whose duration is
bounded by (3.6) for α = 0.1. We discuss the effect of varying α at the end of this section.

As already discussed, it is the hierarchy between kpeak and krh in the presence of reheating
that determines the setting for PBH formation, during either radiation or matter domination.
Equivalently one can consider the hierarchy between ∆Npeak and ∆Nrh = ∆Ñrh/2. The
bound (3.6) can be written as

∆Nrh + 2∆Npeak . 18 , (3.15)

and we discuss here the implications of the expression above for the mass of the PBHs formed
within three different scenarios.

(i) Instantaneous reheating (∆Nrh = 0). In this case kpeak always re-enters the horizon
during radiation domination and it is bounded by (2.34). In figure 10 the black-dashed line
represents MPBH against kpeak over the range 4.7× 1018 Mpc−1 < kpeak < kend, compatible
with (2.34), where kend ' 4×1022 Mpc−1 for models with α = 0.1 and instantaneous reheating.
The modified universal predictions therefore imply that the mass is maximised for the smallest
kpeak and in general

MPBH < 108 g , (3.16)
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Figure 10. Masses of PBHs generated during or after reheating as a function of kpeak for models
with α = 0.1. Diagonal coloured lines correspond to PBHs produced by modes re-entering the horizon
during a period of reheating (w = 0), where each coloured line corresponds to a given duration of
reheating, ∆Nrh. The region on the left highlighted in grey is excluded by the 95 % C.L. lower bound
on ns, eq. (2.27). The black-dashed line corresponds to PBHs produced during radiation domination.
The lower horizontal grey line corresponds to scales that re-enter the horizon at the start of reheating,
immediately after the end of inflation.

which means that PBHs produced in this case have evaporated before primordial nucleosyn-
thesis and are not a candidate for dark matter. Explicit realisations of this scenario have
been discussed in section 3.2.1.

(ii) PBH formation after reheating is complete (∆Npeak > ∆Nrh). In this case
the PBHs form during radiation domination. The requirement that scales kpeak re-enter the
horizon after reheating together with (3.15) implies that

0 < ∆Nrh < 6 and ∆Nrh < ∆Npeak . 9− 1
2∆Nrh . (3.17)

For fixed ∆Nrh, using (2.32) in the expression above gives a range of possible scales

4.7× 1018 Mpc−1 . kpeak < krh , (3.18)

where the reheating scale is given by eq. (3.14).
The mass of the PBHs formed is still set by (3.12), corresponding to the black-dashed

line in figure 10 for MPBH(kpeak), but in contrast to the case of instant reheating, kpeak can
now only run up to krh. This means that only part of the black-dashed line in figure 10 for
MPBH(kpeak) is accessible for a given value of ∆Nrh. In particular, the coloured points on
the black-dashed line signal the largest allowed value of kpeak = krh for a fixed ∆Nrh < 6.
In this case the largest PBH mass produced is again MPBH ∼ 108 g and it corresponds to
kpeak = 4.7× 1018 Mpc−1.
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(iii) PBH formation during reheating (∆Npeak ≤ ∆Nrh). In this case the PBHs
form before reheating is complete, i.e., during a matter-dominated era. This implies a hierachy,
kpeak ≥ krh, which together with (3.15) results in either

0 < ∆Npeak ≤ ∆Nrh ≤ 6 , (3.19)

or
6 < ∆Nrh < 18 and 0 < ∆Npeak ≤ 9− 1

2∆Nrh . (3.20)

For a given value of ∆Nrh and hence a given value of krh, see eq. (3.14), we have

krh ≤ kpeak < e∆Nrhkrh if 0 < ∆Nrh ≤ 6 , (3.21)
4.7× 1018 Mpc−1 ≤ kpeak < e∆Nrhkrh if 6 < ∆Nrh < 18 . (3.22)

The masses of the PBHs produced is set by (3.13) and it is shown as a function of kpeak in
figure 10. For a given kpeak, the masses produced during a matter-dominated (w = 0) reheating
stage are all below the corresponding masses produced during radiation domination, because
kpeak re-enters the horizon before the onset of radiation domination and this suppresses the
PBH mass by a factor (krh/kpeak)3, see eq. (3.13). The PBH masses approach those generated
in radiation domination in the limit ∆Npeak → ∆Nrh. In this case kpeak → krh and therefore
the formula (3.13) coincides with (3.12). The cases representing ∆Npeak = ∆Nrh are plotted
in figure 10 with the coloured points, which mark the intersection between the coloured lines
and the black-dashed line. The case ∆Nrh = ∆Npeak = 6 maximises the PBH mass which
could be produced in this scenario, MPBH ∼ 108 g.

For any duration of reheating, ∆Nrh, substituting the upper value kpeak = e∆Nrhkrh
in (3.13) results in a PBH mass independent of ∆Nrh, which justifies why all the coloured
lines lie above the horizontal grey line in figure 10 corresponding to MPBH ∼ 1 g.

The right vertex of allowed values in figure 10 corresponds to the case ∆Nrh = 0 and
kpeak = kend. This is the limiting case where the peak is produced at the very end of inflation.
While it may be possible to have configurations which produce a peak a few e-folds before the
end of inflation, the limited growth of the scalar power spectrum in single-field models [77]
would not allow the 7 orders of magnitude enhancement with respect to the CMB scales
which is necessary for significant production of PBHs.

The analysis above is performed for our fiducial value α = 0.1. The parameter α sets
the maximum value of ∆NCMB (corresponding to ∆Nrh = 0) as illustrated in table 2. Thus
the expression (3.4) gets modified for different α, which in turns changes the scales involved,
see eq. (2.32). In particular, the lower bound on the PBH mass that can be produced during
reheating corresponds to kpeak = e∆NCMB, max− 1

2 ∆Nrh × 0.05Mpc−1, moving the horizontal
grey line in figure 10 up for α < 0.1 and down for α > 0.1. On the other hand it is the lower
bound on ns (2.27) that bounds kpeak from below and the modified universal prediction for
ns, eq. (2.29), does not depend on the parameter α. This implies that the largest PBH mass
that can be produced is the same for all α.

In summary the maximum PBH mass that can be produced in any of these scenarios
is MPBH ' 108 g which corresponds to a peak on scales kpeak = 4.7 × 1018 Mpc−1 which
re-enter the horizon during radiation domination, after reheating. PBHs with this mass would
have evaporated by today and cannot constitute a candidate for dark matter. This strong
constraint on MPBH(kpeak) comes from the CMB observational lower bound on ns, eq. (2.27),
in these α-attractor models.
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PBHs with masses MPBH . 108 g would have evaporated before the onset of big bang
nucleosynthesis and cannot therefore be directly constrained. Nevertheless, it is possible that
these ultra-light PBHs are produced with such a large abundance that they come to dominate
the cosmological density before they evaporate, giving rise to a period of early black hole
domination [57, 78–81]. In this scenario, there are various sources of GW production (see
e.g., recent work [58, 82, 83]), which open up the possibility of constraining ultra-light PBHs
using GW observatories, see also the discussion in section 3.3.

Another possibility is that primordial black holes could leave behind stable relics,
instead of evaporating completely, see e.g., the early works [84–86]. Stable PBH relics could
constitute the totality of dark matter, a possibility that has been investigated in the context
of different inflationary models, see e.g., [87] where an α-attractor single-field inflationary
model is considered.

We leave for future work the exploration of early PBH domination or stable PBH relics
in the context of α-attractor models of inflation.

3.3 Induced gravitational waves at second order

3.3.1 Induced GWs after reheating

First-order scalar perturbations produced during inflation can source a stochastic background
of primordial gravitational waves at second order from density perturbations that re-enter
the horizon and oscillate during the radiation-dominated era after reheating [18–20, 88–90].
In particular, the present-day energy density associated with these second-order GWs can be
given as a function of the comoving scale

ΩGW(k) = Ωr,0
36

∫ 1/
√

3

0
dd
∫ ∞

1/
√

3
ds
[

(d2 − 1/3)(s3 − 1/3)
s2 − d2

]2

Pζ

(
k
√

3
2 (s+ d)

)

× Pζ

(
k
√

3
2 (s− d)

)[
Ic(d, s)2 + Is(d, s)2

]
, (3.23)

where Ωr,0 = 8.6 × 10−5 and the functions Ic and Is are defined in eq. (D.8) in [91]. The
expression above is derived assuming a ΛCDM evolution. For example, a single narrow peak in
the scalar power spectrum at the scale kpeak produces a principal peak in ΩGW from resonant
amplification located at k = 2/

√
3 kpeak [18].

We numerically evaluate ΩGW(k) for the gravitational waves induced from the peak in
the scalar power spectrum on small scales in the inflection-point models with ξ 6= 0 discussed
in section 2.5. In figure 11 the results are represented together with the sensitivity curves of
upcoming Earth- and space-based GW observatories, operating up to frequencies in the kHz.

The spectral shape of the GW signal for the non-stationary inflection-point models can
be understood in terms of the infrared (k � kpeak) and ultraviolet (k � kpeak) tilt of the peak
in Pζ(k) [20, 92]. To demonstrate this, we select configuration (III), see table 1 for the model’s
parameters, and represent in the left panel of figure 12 the approximate IR and UV scaling
of Pζ(k) around the peak on top of the numerical results (black dots). We note that the IR
tilt is in accordance with the estimate of the maximum growth of the scalar perturbations
for single-field inflationary models, nIR ≤ 4 [77]. The IR and UV scaling of Pζ(k) determine
the IR and UV tails of the second-order GWs, see eqs. (5.16) and (5.20) in [20]. In the right
panel of figure 12, we represent the numerical results for ΩGW(k) together with the IR and
UV approximations aforementioned, which well describe the numerical IR and UV tails.
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Figure 11. GWs produced at second order by the large scalar perturbations generated in single-field
inflection-point models with ξ 6= 0. The legend is the same as in figure 6 and details about the
parameters {φinfl, ξ} are listed in table 1.
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Figure 12. Spectral shape of the scalar power spectrum (left) and second-order GWs (right) for a
non-stationary inflection-point model with {α = 0.1, φinfl = 0.49, ξ = 0.0049575}. The scalar power
spectrum is well approximated by a broken power-law and the IR and UV scaling of Pζ(k) explain the
IR and UV tails of the GW numerical results. In both plots, the black dots represent numerical results.

The principal peak of ΩGW(k) is located at very small scales, as a consequence of the
position of the peak in the scalar power spectrum. In particular, the lower bound (2.34) on kpeak
implies that the GWs produced at second order exhibit a principal peak at k & 6×1018 Mpc−1.
This equivalently implies that the GW signal peaks at frequencies f & 105 Hz, as confirmed
by the numerical results plotted in figure 11. Configurations which are in accordance with
CMB measurements on large scales cannot be probed on small scales by currently planned
GW observatories.

3.3.2 Induced GWs during reheating
Second-order GWs resulting from first-order scalar perturbations that re-enter the horizon
during reheating are in general suppressed [20, 93]. First-order scalar metric perturbations,
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in the longitudinal gauge for example, on sub-Hubble scales during a matter-dominated
era, remain constant rather than oscillating as they do in a radiation-dominated universe.
While these scalar perturbations support second-order tensor metric perturbations in the
longitudinal gauge during the matter era [19, 89, 94], these tensor perturbations are not
freely-propagating gravitational waves and indeed they are gauge-dependent [95, 96]. At the
end of the reheating epoch, when the Hubble rate drops below the decay rate of the inflaton
(Γ ≈ H), the scalar metric perturbations decay slowly with respect to the oscillation time for
sub-horizon GWs (k/a� Γ). Thus the tensor metric perturbations that they support also
decay adiabatically on sub-horizon scales. The resulting power spectrum for freely propagating
second-order GWs in the subsequent radiation-dominated era is therefore strongly suppressed
on scales that re-enter the horizon during reheating. This gives an upper bound on the
comoving wavenumber of any second-order GWs produced by modes re-entering the horizon
after inflation, k . krh.

The only exception could be if there is a sudden transition from matter domination
to radiation domination (rapid with respect the oscillation time, a/k) [93, 97]. This could
indeed occur in an early pressureless era dominated by light PBHs which decay and reheat the
universe before primordial nucleosynthesis, as mentioned in section 3.2.3. For a sufficiently
narrow range of PBH masses and therefore lifetimes, the final evaporation of PBHs would
be an explosive event and could lead to a sudden transition from an early PBH-dominated
era after inflation to the conventional radiation-dominated era, leading to an enhancement of
the spectrum of induced GWs from first-order scalar perturbations on sub-horizon scales at
the transition [81]. We leave the study of GWs from a possible early PBH-dominated era for
future work.

4 Multi-field extension

Cosmological α-attractor models are naturally formulated in terms of two fields living in a
hyperbolic field space, therefore we explore here the consequences of embedding in a multi-field
setting the single-field inflection-point model studied in the preceding sections. Our aim is to
establish whether the single-field predictions are robust against multi-field effects and under
which conditions it may be possible to enhance the scalar power spectrum through inherently
multi-field effects.

4.1 Multi-field dynamics

When considering the extension from single-field inflation into a multi-field scenario, there
are two novel ingredients which enter the inflationary evolution; the field-space geometry and
the multi-field potential. The action of the multi-field model can be written as

S =
∫

d4x
√
−g

[
−1

2GIJ
(
φK
)
∂µφ

I∂µφJ − U
(
φK
)]

, (4.1)

where GIJ
(
φK
)
is the metric on the field space and U

(
φK
)
is the multi-field potential. For

simplicity, from now on we focus on the case of two-field models (equivalent to a single
complex field) in a hyperbolic field space. In a FLRW universe, the equations of motion for
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the evolution of the background fields read

3H2 = 1
2 σ̇

2 + U , (4.2)

Ḣ = −1
2 σ̇

2 , (4.3)

Dtφ̇I + 3Hφ̇I + GIJU,J = 0 , (4.4)

where U,J ≡ dU/dφJ , σ̇2 ≡ GIJ φ̇I φ̇J is the kinetic energy of the fields, DtAI = ȦI+ΓIJK φ̇JAK
and ΓIJK are the Christoffel symbols on the field space. After some manipulation, eq. (4.4)
can be rewritten as

σ̈ + 3Hσ̇ + U,σ = 0 , (4.5)

where U,σ ≡ φ̇IU,I/σ̇.
In order to ensure that the study of scalar field fluctuations relies on quantities which are

covariant under field-space transformations, the covariant perturbation in the spatially-flat
gauge QI is used [98]. The equations of motion for the linear perturbations are then [99–101]
(see also the review [102])

DtDtQI + 3HDtQI + k2

a2Q
I +MI

JQJ = 0 , (4.6)

where the mass matrix,MI
J , is defined as

MI
J ≡ U I; J −R

I
KLJ φ̇

K φ̇L − 1
a3Dt

(
a3

H
φ̇I φ̇J

)
. (4.7)

The first component ofMI
J is the Hessian of the multi-field potential U;IJ ≡ U,IJ − ΓKIJU,K ,

defined by means of a covariant derivative in field space in order to take into account the
non-trivial geometry. The second term also depends on the geometry of the field space,
whose Riemann tensor is RIKLJ . For a two-dimensional field space, the Riemann tensor
is RIJKL = 1

2Rfs (GIKGJL − GILGJK), where Rfs is the intrinsic scalar curvature of the
field space. The third term encodes the gravitational backreaction due to spacetime metric
perturbations induced by the field fluctuations at first order.

When studying the dynamics of the perturbations, instead of directly using the variables
QI it is often convenient to project the fluctuations along the instantaneous adiabatic and
entropic directions [100, 103]. The adiabatic direction follows the background trajectory in
field space and the entropic direction is orthogonal to it. More precisely, the new basis is
described by the unit vectors (σ̂I , ŝI), where

σ̂I ≡ φ̇I

σ̇
, (4.8)

ŝI ≡ ωI

ω
where ωI ≡ Dtσ̂I , (4.9)

σ̂I ŝI = 0 , σ̂I σ̂I = ŝI ŝI = 1 . (4.10)

Usually ω is referred to as the turn rate in field space, while the dimensionless bending
parameter

η⊥ ≡
ω

H
(4.11)
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measures the deviation of the background trajectory from a geodesic in field space. Using
eqs. (4.4) and (4.5), the components of the turn rate can be expressed as

ωI = −G
IJU,J
σ̇

+ φ̇I

σ̇2U,σ (4.12)

and
ω2 ≡ GIJωIωJ = G

KMU,KU,M
σ̇2 − (U,σ)2

σ̇2 . (4.13)

Projecting the perturbations QI in the adiabatic and entropic directions allows us to
define the adiabatic and entropic perturbations as Qσ ≡ σ̂IQI and Qs ≡ ŝIQI respectively.
From these, the dimensionless comoving curvature and isocurvature perturbations are given by

ζ ≡ H

σ̇
Qσ, S ≡ H

σ̇
Qs . (4.14)

The presence of isocurvature perturbations, S, gives rise to multi-field effects. The equations
of motion for Qσ and Qs are [99–101]

Q̈σ + 3HQ̇σ +
(
k2

a2 +mσ
2
)
Qσ = (2Hη⊥Qs)· −

(
Ḣ

H
+ U,σ

σ̇

)
2Hη⊥Qs , (4.15)

Q̈s + 3HQ̇s +
(
k2

a2 +ms
2
)
Qs = −2σ̇η⊥ζ̇ . (4.16)

These equations show that the adiabatic and entropic perturbations are coupled in the presence
of a non-zero bending of the trajectory (η⊥ 6= 0), i.e., non-geodesic motion in field space [103].
The squared-masses of the adiabatic and isocurvature fluctuations are mσ

2 and ms
2 respec-

tively. At leading order in slow roll the adiabatic squared-mass is mσ
2 = −3

2ε2 +O(ε2), while
the entropic squared-mass is

ms
2

H2 ≡
U;ss
H2 + ε1Rfs − η2

⊥ , (4.17)

where U;ss ≡ ŝI ŝJU;IJ .
In the super-horizon regime (k � aH) the curvature perturbation obeys

ζ̇ ' 2η⊥
H2

σ̇
Qs , (4.18)

which demonstrates that in multi-field inflation the curvature perturbation, ζ, is not constant
in the super-horizon regime for non-geodesic trajectories. Substituting this expression into
eq. (4.16) for Qs we obtain

Q̈s + 3HQ̇s +ms, eff
2Qs ' 0 , (4.19)

where the entropic effective squared-mass in the super-horizon regime is [104]

ms, eff
2

H2 ≡ U;ss
H2 + ε1Rfs + 3η2

⊥ . (4.20)

From the equations above one can identify two important regimes characterising the multi-field
dynamics in a hyperbolic field space:
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(i) geometrical destabilisation: the effective squared-mass of the isocurvature perturba-
tion (4.20) receives a contribution from the curvature of the field space, Rfs, which on a
hyperbolic geometry is negative. If the combination ε1Rfs is large enough to overcome
the other contributions in (4.20), this can lead to geometrical destabilisation [104, 105].
In this case, the entropic fluctuation is tachyonic and renders the background trajectory
unstable. As a consequence, inflation might end prematurely, affecting the inflationary
observables [106], or the geometrical instability drives the system away from its original
trajectory into a new, side-tracked, field-space trajectory [107–109];

(ii) strongly non-geodesic motion: a large bending of the background trajectory (η⊥ � 1)
could drive the entropic squared-mass, ms

2 in eq. (4.17), to negative values. In this
case the entropic fluctuation may undergo a transient instability in the sub-horizon
regime where it is exponentially amplified. However, while contributing negatively to
the squared-mass on sub-horizon scales, ms

2 in eq. (4.17), a large bend in the trajectory
contributes positively to the effective squared-mass on super-horizon scales, ms, eff

2 in
eq. (4.20), therefore keeping the background trajectory stable. In the case of hyperbolic
field-space geometry and strongly non-geodesic regime, the bispectrum is enhanced in
the flattened configuration [110]. Moreover, as a consequence of the transfer between
the entropic and adiabatic modes (whose efficiency is set by η⊥), the exponentially-
enhanced isocurvature fluctuations can source curvature perturbations [14, 15, 26]. In
this case, the scalar power spectrum can grow faster than would be allowed in single-field
ultra-slow-roll inflation [77]. Depending on the duration of the turn in field space, it can
be classified as broad (taking several e-folds) or sharp (less than one e-fold), as will be
discussed later after eq. (4.38). In the case of sharp turns Pζ(k) exhibits characteristic
oscillatory patterns [14, 15, 23, 26], see also [111, 112] for earlier works on features in
Pζ(k) produced by sudden turns of the inflationary trajectory.
In summary, multi-field dynamics in a hyperbolic field-space geometry can lead to a very

rich phenomenology, because of geometrical effects and non-geodesic motion. This has been
studied in the context of the generation of features in the primordial power spectrum on large
scales6 [117], PBH production [14–16], and second-order GW generation [23–26, 118].

In the following, we consider the multi-field set-up of α-attractor models, with φI = {φ, θ}.
The geometry of field space is hyperbolic, with curvature Rfs = −4/(3α). The kinetic
Lagrangian for the fields φ and θ is given in eq. (1.5). The Christoffel symbols associated
with the hyperbolic metric are

Γφθθ = −1
2

√
3
2α sinh

(
2
√

2
3αφ

)
, Γθφθ = 2√

6α
tanh−1

(√
2

3αφ
)
. (4.21)

In this way the equations of motion for the background evolution (4.3)–(4.4) can be written
explicitly for the fields φ and θ as

− H ′

H
= 1

2

(
φ′2 + 3α

2 sinh2
(√

2
3αφ

)
θ′2
)
, (4.22)

H2φ′′ +HH ′φ′ + 3H2φ′ + ΓφθθH
2θ′2 + U,φ = 0 , (4.23)

H2θ′′ +HH ′θ′ + 3H2θ′ + 2ΓθφθH2θ′φ′ +
[

3α
2 sinh2

(√
2

3αφ
)]−1

U,θ = 0 , (4.24)

where a prime denotes a derivative with respect to the number of e-folds, N .
6For other multi-field effects arising from the direct coupling of the inflaton to oscillating ‘clock’ fields see,

e.g., [113–116].
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In section 4.2 we illustrate one possible multi-field embedding of the single-field inflection-
point potential and discuss its phenomenology in sections 4.3 and 4.4. In section 4.5 we
establish the robustness of the modified universal predictions given in eqs. (2.29)–(2.30) for
single-field models against multi-field effects, and consider the small-scale phenomenology of
multi-field models which are compatible with CMB measurements.

4.2 Multi-field embedding of the single-field inflection-point potential

In section 2 we outlined the construction of an inflection-point potential in the context of
single-field α-attractor models, where the building block is the cubic function f(r). This
construction can easily be extended to a multi-field set-up. In analogy with the single-field
case, let us consider a function F (r, θ) cubic in r, in terms of which the multi-field potential is

U(φ, θ) ≡ F 2(r(φ), θ) . (4.25)

In constructing a cubic function of r, we have at our disposal the complex field Z, as defined
in (1.2), its complex conjugate Z̄ and their combinations

ZZ̄ = r2 , (4.26)
Z + Z̄

2 = r cos θ . (4.27)

In particular, the former is symmetric under a phase-shift while the latter depends on θ
explicitly. The general form of F (r, θ) arising from terms proportional to (ZZ̄)n/2(Z+ Z̄)m ∝
cosm (θ)rn+m is

F (r, θ) =
∑
m,n

Fn+m,m cosm (θ) rn+m . (4.28)

We note that our potential will thus be symmetric under the reflection θ → −θ.
As in the single-field case, we set F0,0 = 0 such that the potential (4.25) has a minimum

at U(0, θ) = 0. For F (r, θ) to be a cubic function of r, there are potentially nine terms
contributing in (4.28). For simplicity we select just the 3 remaining phase-independent terms
to be non-zero and one θ-dependent term, such that

F (r, θ) = F1,0r + F2,0(1 + γ cos (θ))r2 + F3,0r
3 , (4.29)

where γ ≡ F2,1/F2,0.
Identifying the potential U(r, 0) ≡ F 2(r, 0) along the direction θ = 0 with the single-field

potential in (2.8), with an inflection point in the radial direction located at r = rinfl, gives
the coefficients

F1,0 = rinfl − ξ , F2,0 = −1/(1 + γ) , F3,0 = 1/(3rinfl) . (4.30)

Substituting these coefficients into eq. (4.29) yields

F (r, θ) = (rinfl − ξ) r −
1 + γ cos (θ)

1 + γ
r2 + 1

3rinfl
r3 . (4.31)

Away from the particular direction θ = 0 the function (4.31) has an inflection point in the
radial direction at

r̃infl(θ) =
(1 + γ cos (θ)

1 + γ

)
rinfl . (4.32)
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For −(1− r2
infl)/rinfl < ξ < rinfl there is a stationary inflection point (where ∂F/∂r = 0) when

cos (θst) = (1 + γ)(rinfl − ξ)1/2 − r1/2
infl

γr
1/2
infl

, (4.33)

and
r̃infl(θst) = r

1/2
infl (rinfl − ξ)1/2 . (4.34)

If ξ = 0 then F (r, θ) has only one inflection point in the radial direction, located at r = rinfl
along θ = 0, and it is stationary. This property simplifies the form of the potential and it is
for this reason that in the following we consider two-field models with ξ = 0 and leave the
analysis of the non-stationary inflection-point case, or a stationary inflection point away from
the symmetric θ = 0 direction, to future work.

Substituting (4.31) with ξ = 0 in (4.25) yields

U(φ, θ) = U0

{
rinfl tanh

(
φ√
6α

)
− 1 + γ cos (θ)

1 + γ
tanh2

(
φ√
6α

)
+ 1

3rinfl
tanh3

(
φ√
6α

)}2

,

(4.35)
which is written in terms of the canonical field φ, defined in eq. (1.4). The profile of the
multi-field potential along the direction θ = 0 is represented by the black-dashed line in
figure 1 for a configuration with {α = 0.1, φinfl = 0.5}.

Once the field-space curvature, α, and the position of the inflection point along θ = 0,
rinfl, are fixed, the only remaining free parameter in the potential (4.35) is γ. We impose
some simple conditions on U(φ, θ) to ensure a successful inflationary scenario, which will
restrict the allowed range of γ. In particular, we require that the potential has a non-negative
derivative in the radial direction, a condition which forbids the radial field, φ, from running
back towards larger (radial) field values at late times. Thus we require

∂F (r, θ)
∂r

≥ 0 ∀ r, θ , (4.36)

which one can show implies
− 1 ≤ 1 + γ cos (θ)

1 + γ
≤ 1 . (4.37)

Thus we will restrict our analysis to the case γ > 0 where the condition that the potential
has a non-negative derivative in the radial direction holds for any angle θ. In addition, we
can see from eq. (4.35) that the effective squared-mass of the angular field, θ, is non-negative
along θ = 0 for γ > 0 (see also the discussion in appendix D). Thus we expect to recover the
single-field behaviour for evolution along the symmetric direction, θ = 0, while the potential
can exhibit a richer phenomenology in the two-dimensional field space for θ 6= 0.

We plot the profile of the multi-field potential (4.35) with {α = 0.1, φinfl = 0.542, γ = 10}
in figure 13. The direction θ = 0 corresponds to a minimum of the potential in the angular
direction, as expected for γ > 0.

An interesting comparison can be made between multi-field α-attractor potentials, which
remain non-singular throughout the hyperbolic field space, and other inflation models discussed
in the literature which employ a different coordinate chart in the hyperbolic field space. In
particular, the two-field model of [16] is formulated in terms of planar coordinates on the
hyperbolic field space and supports a strong enhancement of the scalar power spectrum on
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small scales. We show in appendix E that the multi-field potential in [16] diverges at a point
on the boundary of the hyperbolic disc. At this point, the potential shares the same singularity
as the kinetic Lagrangian, and initial conditions which support a small-scale peak in the
scalar power spectrum are close to the singularity. In this case, the large-scale observables
are then sensitive to characteristics of the potential and initial conditions, as already noted
in [107] in the context of side-tracked inflation. The model in [16], while being of interest in
its own right, lies outside the class of α-attractors that we consider here.

4.3 Exploring the multi-field potential: turning trajectories and geometry
at play

In the following we perform a numerical analysis of the background evolution stemming from
the multi-field potential (4.35). Initially we will explore a range of possibilities which follow
from the form of the potential and the consequences of different choices of parameters and
initial conditions. Later, in section 4.5, we will restrict our attention to configurations which
have been specifically selected to be consistent with CMB measurements on large scales and
explore the consequences that CMB observations have for this model.

The first parameter we fix is α, which determines the Ricci curvature of the field space,
Rfs = −4/(3α). As we did in the single-field case, we start by considering α = 0.1, which
corresponds to Rfs ' −13.3. The profile of the potential is then parametrised by {φinfl, γ},
and here we select {φinfl = 0.542, γ = 10}, as shown in figure 13. The effect of different choices
for γ and φinfl is discussed in appendix D. The background evolution is derived by numerically
solving the differential equations (4.22)–(4.24). We consider vanishing initial velocities for
the fields, but in practice the fields rapidly settle into single-field, slow-roll attractor solution
at early times. We select φin such that the model supports at least 55 e-folds7 before the end
of inflation after the background evolution reaches the attractor solution.

In figure 13 we show the field evolution (left panel) and first slow-roll parameter (right
panel) for several initial conditions for the angular field in the range π/4 ≤ θin ≤ 9π/10. All
the trajectories share some common features. Initially, the angular field, θ, is frozen and only
the radial field, φ, is evolving. This is a well known effect in hyperbolic field space, referred to
as “rolling on the ridge” [41], where the geometry is responsible for suppressing the potential
gradient in the equation of motion for θ, see the term 2/(3α) sinh−2 φ/

√
3α/2 multiplying

U,θ in eq. (4.24). As long as φ�
√

3α/2, this term is suppressed, effectively freezing θ at its
initial value during the early stages of inflation.

When φ ∼
√

3α/2, the angular field θ starts evolving and there is a turn in the trajectory,
which is shallower or sharper depending on θin. During the turn, the field φ can be driven
back towards larger values, this effect being more or less pronounced depending again on θin.
The change of sign of φ′(N) is due to the motion of θ, which switches on the geometrical
contribution, ΓφθθH2θ′2, in the equation of motion for φ, eq. (4.23). This effect also appears
in other multi-field α-attractor models, e.g., angular inflation [43]. Once θ starts oscillating
around its minimum, θ = 0, the fields cross the radial inflection point and inflation comes
to an end soon afterwards. In the right panel of figure 13 we display εH ≡ −H ′/H (see
eq. (4.22)) against ∆N ≡ Nend −N , where each coloured line corresponds to a different θin.
Depending on θin the profile of εH changes, with some trajectories temporarily violating slow
roll and ending inflation (εH & 1). Despite these differences, all trajectories end up on the

7This choice is made in analogy with the single-field case, where ∆NCMB ' 55 for models with α = 0.1 and
assuming instant reheating.
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Figure 13. Background evolution obtained numerically for the potential (4.35) with model parameters
{α = 0.1, φinfl = 0.542, γ = 10} and different initial conditions θin. On the left the fields trajectories
are represented on top of the potential profile, with different colours corresponding to different θin, see
the right panel for the legend. The black point located at θ = 0 and φ = φinfl highlights the position
of the inflection point. On the right we display the evolution of the slow-roll parameter εH against
∆N ≡ Nend −N .
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Figure 14. Numerical evolution of the fields for the multi-field model with parameters {α = 0.1, φinfl =
0.542, γ = 10} and θin = 7π/10. The black star signals the moment when φ =

√
3α/2 and the grey

area corresponds to the radial field being within 1% of the inflection point, | (φ− φinfl) /φinfl| ≤ 0.01.

same attractor after crossing the inflection point, due to the ‘levelling’ effect of the inflection
point, suppressing the inflaton velocity regardless of the preceding dynamics.

To get a better understanding of the background evolution we will focus on a single case.
We select θin = 7π/10 and represent the evolution of φ and θ against ∆N in figure 14. When φ
becomes comparable with the curvature length of the field space,

√
3α/2, signaled by the black

star in the plot, the angular field, θ, which was previously frozen, starts evolving. The plot
shows the transient change of direction of φ and its subsequent persistence at the inflection
point before finally rolling down to the global minimum, ending inflation. In particular, the
grey region highlights the phase of the evolution when the radial field, φ, is within 1% of the
inflection point, φinfl.
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Figure 15. Left panel: slow-roll parameter εH (black line), decomposed into two parts coming from
the kinetic energy of the radial (green-dashed line) and angular (pink-dotted line) fields. The horizontal
grey line corresponds to 1. Right panel: εH (black line) and |ηH | (blue line). The horizontal grey lines
highlight the values 1 and 3 respectively. Both panels show the model {α = 0.1, φinfl = 0.542, γ = 10}
with θin = 7π/10.

In the left panel of figure 15 εH is plotted for this case, together with its two component
parts coming from the evolution of φ (green-dashed) and θ (pink-dotted), see eq. (4.22). At the
beginning, εH is dominated by the kinetic energy of φ, which is slowly rolling towards smaller
values. Then, when φ ≈

√
3α/2, θ gets released, its kinetic energy becomes comparable to that

of φ, and φ changes direction. The simple ultra-slow-roll behaviour of εH observed in the single-
field case (see e.g., figure 2) is modified due to the change of direction of φ and the contribution
of θ, which oscillates around its minimum. Overall εH decreases, until φ crosses the inflection
point and rolls away from it towards the global minimum, bringing inflation to an end. One
can see that, similar to the single-field case, inflation is made up of two slow-roll phases
driven by φ, separated by an intermediate phase with rapidly decreasing εH . The transition
between the two slow-roll solutions is an effect of the destabilisation induced in the background
trajectory by the hyperbolic geometry of field space, see the discussion in section 4.1.

In the right panel of figure 15 the second slow-roll parameter, ηH defined in (2.14), is
plotted against ∆N together with εH . The first and last phases of inflationary evolution
are distinguished by slow roll where εH � |ηH |, with an intermediate interval in which slow
roll is violated, |ηH | & 1. In particular, |ηH | ' 3, signals a very brief (less than 1 e-fold)
ultra-slow-roll phase, as shown in the inset plot. In this example the first slow-roll parameter,
εH , also briefly exceeds unity, signalling that inflation is interrupted (also for less than one
e-fold) about this point, sometimes referred to as “punctuated” inflation [119, 120].

From the results above it is clear that the potential (4.35) can produce a rich background
evolution whose properties depend on the initial condition θin. Although we selected θin =
7π/10 as an example, each case will be different, e.g., not all θin would produce |ηH | & 3.

As reviewed in section 4.1, a strong turn in field space (η⊥ � 1) and/or a highly curved
field space (Rfs � −1) can lead to a situation in which enhanced isocurvature perturbations
source the curvature fluctuation, with the coupling between them set by the bending parameter,
η⊥, see (4.11). In the top panel of figure 16 we represent the evolution of the absolute value
of η⊥ for the same model considered above, {α = 0.1, φinfl = 0.542, γ = 10, θin = 7π/10},
together with φ(N) and θ(N). In the first slow-roll phase, when θ is effectively frozen, η⊥ � 1.
When θ is released and starts evolving, η⊥ becomes O(1), signalling a turning trajectory. In
order to compare with the results previously presented, e.g., in [14, 23], we fit the shape of
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Figure 16. Evolution of the absolute value of the turn rate, |η⊥|, with respect to ∆N (black line),
shown together with the field values, φ (green-dashed line) and θ (pink-dotted line), for the model
{α = 0.1, φinfl = 0.542, γ = 10} and θin = 7π/10. The two thin horizontal lines highlight the values 1
and 10. The bottom panels show blow-ups of the behaviour of |η⊥| in restricted ranges of ∆N . The
red-dashed lines show a Gaussian fit to the evolution about the maxima, see eq. (4.38).

η⊥ around the peak with the Gaussian profile

η⊥(N) = η⊥,max e
− (N−N0)2

2δ2 , (4.38)

where δ2 � 1 signals sharp turns in field space. In the bottom-left panel of figure 16 we
zoom in on the first localised peak of η⊥ and plot it together with the Gaussian profile
in (4.38) described by (η⊥,max = 3.9, N0 = 23, δ2 = 0.07). The (sharp) bending is not as
large as considered, e.g., in [14] for producing PBHs. During the subsequent field evolution,
the oscillations that the field θ performs around its minimum are reflected in oscillations
of η⊥, signalling a series of turns. We zoom into 20 ≤ ∆N ≤ 15 in the bottom-right panel
of figure 16, where we fit the peak with largest amplitude with the Gaussian profile (4.38)
and parameters (η⊥,max = 45, N0 = 17.7, δ2 = 0.0003). Again, these turns in field space are
strong and sharp.

The behaviour of the isocurvature perturbation is determined by its squared-mass (4.17)
and its super-horizon effective squared-mass (4.20). We display ms, eff

2/H2 in the left panel
of figure 17. Around 24 e-folds before the end of inflation the super-horizon effective squared-
mass turns negative, signalling a destabilisation of the background trajectory, and a transient
instability of the isocurvature perturbation for the super-horizon modes. The plot displays
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Figure 17. Evolution of the effective squared-mass of the isocuvature perturbation together with
its contributions (left) and comparison with the squared-mass (right) for the model {α = 0.1, φinfl =
0.542, γ = 10} and θin = 7π/10.
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Figure 18. Normalised scalar power spectrum, P (k)/P0, for the model described by {α = 0.1,
φinfl = 0.542, γ = 10} and initial condition θin = 7π/10. Here P0 = 2.1× 10−9.

several coloured lines accounting for the different components of ms, eff
2/H2, see (4.20). In

particular, it is the geometrical contribution ε1Rfs that causes the squared-mass to become
negative, along the lines of what was investigated in [104, 105, 107] (see also [16]). In the right
panel we plot ms

2/H2 and ms, eff
2/H2 together. The difference between the squared-mass

and the effective squared-mass is due to the contribution from the turn rate, which adds a
negative contribution (−η2

⊥) to ms
2/H2, and a positive contribution (+3η2

⊥) to ms, eff
2/H2 on

super-horizon scales. The negative contributions from the geometry and the strong turn drive
ms

2/H2 to negative values, signalling a tachyonic growth of the isocurvature perturbations.
We numerically evaluate the resulting scalar power spectrum, Pζ(k), for this model using

the mTransport Mathematica code provided in [121], with ∆NCMB = 55. In figure 18 we repre-
sent the power spectrum, Pζ(k)/P0, normalised at kCMB = 0.05Mpc−1 where P0 = 2.1× 10−9.
As expected, on small scales the power spectrum grows due to the transient instability of the
isocurvature perturbation, displaying a local peak around 1012 Mpc−1. In this example the
growth is very limited and it does not lead to an overall enhancement with respect to the
power spectrum on CMB scales. In terms of the characteristics of the localised turn in field
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Figure 19. Normalised primordial scalar power spectrum for the potential (4.35) with {α = 0.1,
φinfl = 0.542, γ = 10} and different initial conditions θin. Here P0 = 2.1× 10−9.

space, i.e., its maximum amplitude, η⊥,max, and its duration, δ, the overall amplification of
Pζ(k)/P0 following a strong turn is roughly given by the factor eη⊥δ [23]. In this case, for the
first local peak of the bending parameter this factor is only ∼ 2.8, which is consistent with
the limited growth that we see.

The sharp turn in the field-space trajectory happening around ∆N = 23 (see the bottom-
left panel of figure 16) results in an oscillatory pattern in Pζ(k) shown in figure 18, which is
magnified in the inset plot. The decrease in εH(N) about the inflection point (see figure 15)
explains the subsequent local maximum in Pζ(k), around k = 3× 1013 Mpc−1. Although the
subsequent evolution displays many sharp turns in field space (as shown in the bottom-right
panel in figure 16) as θ oscillates about its minimum, the resulting features in the scalar power
spectrum are suppressed relative to the first peak. Eventually the evolution returns to slow-roll,
as seen on scales k & 1014 Mpc−1, and the power spectrum gradually decreases as εH(N) grows.

In figure 19 we show Pζ(k)/P0 resulting from the potential (4.35) with the same model
parameters {α = 0.1, φinfl = 0.542, γ = 10} but different choices of the initial condition θin.
Each initial condition leads to a different outcome and with this choice of parameters the largest
enhancement is produced with θin = π/4. Despite the rich and diverse behaviour, one can see
that, for the model with α = 0.1, none of the cases considered here can produce a significant
amplification of the scalar power spectrum on small scales above the power on CMB scales.

4.4 Changing the hyperbolic field-space curvature
In the previous section we considered the dynamics for α = 0.1. In order to investigate
the role of the field-space curvature we consider now models with α = 0.01 and α = 0.005,
which correspond to Rfs ' −133.3 and Rfs ' −266.6 respectively. We study a fixed initial
angular direction, θin = 7π/10, and we also fix γ = 10 to facilitate the comparison. For each
α, we select the value of φinfl in such a way that the power spectrum starts to grow roughly
at the same comoving scale k. In particular, we study three different configurations of the
potential (4.35), corresponding to

model1 → {α = 0.1, φinfl = 0.5417},
model2 → {α = 0.01, φinfl = 0.19},
model3 → {α = 0.005, φinfl = 0.103} .

In the following, we identify each model by the corresponding value of α.
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Figure 20. Numerical background evolution for three models with different values for the cur-
vature of the hyperbolic field space, parameterised by α. Left panel: background trajectories
{φ(N) cos θ(N), φ(N) sin θ(N)}. Right panel: evolution of εH with respect to ∆N .
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Figure 21. Terms contributing to the equations of motion (4.23) and (4.24) for the radial field,
φ (left panel), and angular field, θ (right panel), obtained numerically for the model {α = 0.01,
φinfl = 0.19, γ = 10} and θin = 7π/10.

We obtain the background trajectories by numerically solving eqs. (4.22)–(4.24) and
represent them in the left panel of figure 20. We parametrise the trajectories in a slightly
different fashion with respect to what was done previously, e.g., in figure 13, by plotting
{φ(N) cos θ(N), φ(N) sin θ(N)} in the last 55 e-folds of inflation, while in the right panel we
display the evolution of εH against ∆N .

Cases with α = {0.01, 0.005} clearly differ with respect to the evolution for α = 0.1.
The two models with smaller α are characterised by a transient phase of angular inflation,
which is defined as a regime in which the field’s motion is mostly along the angular direction,
with φ′(N) suppressed [43]. We show in figure 21 the terms contributing to the equations of
motion for φ and θ, eqs. (4.23) and (4.24), for the model with α = 0.01. Only the models
with α = {0.01, 0.005} lead to a phase of angular inflation as these values correspond to a
large field-space curvature Rfs, which destabilises the background trajectory into the new
attractor solution. During angular inflation, the geometry of the field space pushes the radial
field towards the larger volume in field space at the boundary of the Poincaré disc [43]. The
radial field remains approximately constant while the potential gradient is balanced against
the geometrical effect, and the angular field slow rolls, see figure 21.
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Figure 22. Evolution of the radial (continuous line) and angular (dashed line) fields against ∆N in
the last 30 e-folds of inflation, with each panel corresponding to one of the models discussed, see the
value of α in the top-left label. The black star signals the moment when the radial field is equal to
the field-space curvature length, φ =

√
3α/2. The red area highlights when the radial field is within

1% of the inflection point, | (φ− φinfl) /φinfl| ≤ 0.01. The permanence at the inflection point is quite
extended for the model with α = 0.1, rather short for α = 0.01 (see the vertical, thin, red line in the
central panel, close to the end of inflation), while inflation ends before φ reaches the inflection point in
the model with α = 0.005.

Another effect of having small α is that the dynamics at the inflection point is changed
in the presence of a phase of angular inflation. We clarify this by plotting the fields evolution
against ∆N in the last 30 e-folds of inflation in figure 22, where each panel corresponds to one
of the models discussed. While for α = 0.1 the radial field gets bounced back only transiently
and then is able to settle around the inflection point (see the red area), when α is smaller
the fields undergo a phase of angular inflation and φ is kept away from the inflection point.
As displayed in the middle panel, for α = 0.01 right before the end of inflation φ crosses
the inflection point (see the vertical, thin, red line) and a consequent slight change in its
velocity can be seen from the plot. Instead, for the smallest α considered, α = 0.005, inflation
ends before the radial field is able to cross the inflection point. In other words, the effect of
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Figure 23. Evolution of the squared-mass of the isocurvature perturbation (black line) for the model
with α = 0.005, displayed together with its three components given in eq. (4.17).

the inflection point is washed out from the evolution of φ for small α. Nevertheless, given
our parameterisation of the potential, the value of φinfl still has an effect on the large scales
observables, as discussed in section 4.5, even in cases where inflation ends before the radial
field is able to cross the inflection point. This is because φinfl, together with the parameter
γ, governs the mass of the angular field θ, as discussed in appendix D. Because of this φinfl
determines the position of the transition between the first and second phases of inflationary
evolution, which in turn affects the predictions for large-scales observables.

In figure 23 the squared-mass of the isocurvature perturbation is displayed for the model
with α = 0.005, together with its three component parts given in eq. (4.17). The figure shows
how the first negative peak in ms

2/H2 is mainly driven by the geometrical component, ε1Rfs.

In the top-left panel of figure 24 we show the evolution of the squared-mass of the
isocurvature perturbation, eq. (4.17), for the three different values of α. As shown in figure 23,
the first negative peak in each case is driven by the geometrical contribution ε1Rfs, with Rfs
inversely proportional to α. For smaller α the geometrical contribution to ms

2/H2 is boosted,
which explains why ms

2/H2 shows a larger negative profile with decreasing α. This has a clear
consequence for the curvature perturbations as well; we expect a larger enhancement for smaller
α, as long as the background trajectory is turning, η⊥ 6= 0, which is the case for the models
shown, see the bottom-left panel in the same figure. The top-right panel shows the evolution
of the super-horizon effective squared-mass for the isocurvature modes, eq. (4.20), over the
same range of ∆N as in the top-left panel. The bending parameter contributes positively in
this case, explaining the difference between the squared-mass and the super-horizon effective
squared-mass. Finally, in the bottom-right panel we show the normalised power spectra
Pζ(k)/P0 for the three cases, obtained numerically with a modified version of the mTransport
code [121], where ∆NCMB = 55 and P0 = 2.1 × 10−9. The numerical results confirm what
was anticipated from the behaviour of ms

2/H2. The field space with the largest curvature
considered, corresponding to α = 0.005, leads to a five orders of magnitude enhancement in the
power spectrum with respect to CMB scales. Further decreasing α could lead to even larger
enhancements, even the seven orders of magnitude required to possibly produce PBHs. As an
example, we display in figure 25 the normalised scalar power spectrum, Pζ(k)/P0, obtained
for the potential (4.35) with parameters {α = 0.0035, φinfl = 0.077, γ = 10, θin = 7π/10}.
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Figure 24. Evolution of the squared-mass (4.17) (top-left panel) and super-horizon squared-mass (4.20)
(top-right panel) of the isocurvature perturbation, together with the magnitude of the bending
parameter (4.11) (bottom-left panel) and numerical scalar power spectrum (bottom-right panel)
obtained for the models with different α. In the bottom-right panel P0 = 2.1× 10−9. The legend is
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Figure 25. Normalised primordial scalar power spectrum for the potential (4.35) with {α = 0.0035,
φinfl = 0.077, γ = 10, θin = 7π/10}. Here P0 = 2.1× 10−9.

4.5 Robustness of single-field predictions

We have explored multi-field effects in the presence of an inflection point in the context of
α-attractor models of inflation8 and seen that these models display a rich phenomenology.
Depending on the initial condition, θin, and on the curvature of the hyperbolic field space, the
power spectrum, Pζ(k), can be significantly enhanced on small scales. We now assess what

8See [122, 123] for a different multi-field set-up featuring a near-inflection point in the potential.
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Figure 26. Evolution of εH(N) plotted against ∆N ≡ Nend −N in the last 20 e-folds of inflation.
These results have been obtained numerically for multi-field models with {α = 0.005, γ = 10} and
different positions for the inflection point, φinfl.
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Figure 27. Left panel: numerically determined power spectrum, Pζ(k), for multi-field models with
{α = 0.005, γ = 10} and different φinfl. The two vertical lines correspond to k = {0.002Mpc−1,
0.5Mpc−1} and highlight the CMB scales. Right panel: zoomed-in plot of the power spectrum on
CMB scales. The spectral tilt of Pζ(k) is slightly different for each model.

phenomenology is possible in models which are consistent with large-scale CMB observations,
specifically of the spectral tilt, ns, and the running of the spectral index, αs.

The multi-field potential (4.35) is parametrised by {α, φinfl, γ}. We will fix α = 0.005
and γ = 10, and study the effect of varying the position of the inflection point, φinfl, which
determines the scale at which the peak in the power spectrum is located and therefore also
affects the CMB observables on large scales. We also fix the initial condition θin = 7π/10,
which together with α = 0.005, implies that the scalar power spectrum can be amplified on
small scales by roughly five orders of magnitude, as discussed in section 4.4.

We show in figure 26 the evolution of εH(N) against ∆N in the last 20 e-folds of
inflationary evolution for φinfl = {0.07, 0.073, 0.075, 0.08}. Slow roll is violated close to the
end of inflation in each model and this transition moves closer and closer to the end of inflation
for smaller φinfl. Also, after the angular field starts evolving and εH(N) peaks, each model
displays a transient phase of angular inflation [43], as expected given the small value of α
(large field-space curvature) in these cases.

We numerically evaluate Pζ(k) with a modified version of mTransport [121] and represent
the results in the left panel of figure 27. Equation (2.16)9 allows us to estimate ∆NCMB. On

9For simplicity we assume here instant reheating, ρth = ρend.
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φinfl ∆NCMB ∆NCMB −∆Npeak kpeak/Mpc−1 ns r0.002 αs

0.07 55.1927 50.32 1.25× 1020 0.9569 2.6× 10−5 -0.00092
0.073 55.2318 49.28 4.6× 1019 0.9560 2.7× 10−5 -0.00096
0.075 55.2593 48.56 2.3× 1019 0.9554 2.8× 10−5 -0.00099
0.08 55.3201 46.59 3.4× 1018 0.9534 3× 10−5 -0.0011

Table 3. Details of multi-field models with {α = 0.005, γ = 10} and different φinfl. For all models
the fitted cubic and quartic coefficients are O(10−5) and O(10−6) respectively.

large scales the power spectrum is almost scale-invariant, while at higher frequencies it is
enhanced due to multi-field effects and kpeak varies depending on the value of φinfl, moving
towards smaller scales with decreasing φinfl. The amplitude of the peak is slightly different
among the models, which can be explained in light of the fact that the first negative peak in the
squared-mass of the iscocurvature perturbation is driven by the geometrical contribution ε1Rfs,
see eq. (4.17), as shown in figure 23 for a model with {α = 0.005, γ = 10, φinfl = 0.103, θin =
7π/10}. As seen in figure 26, εH peaks at higher values for decreasing φinfl, which means
in turn that the negative peak in ms

2/H2 is larger in magnitude for smaller φinfl (for fixed
field-space curvature), explaining why the highest peak in Pζ is reached for the smallest φinfl.

In the right panel of figure 27, we zoom in on the large-scale behaviour of Pζ(k), which
shows how the presence of a peak on small scales affects the large-scale observables, in particular
the tilt of the power spectrum. We list in table 3 key quantities obtained for each of the models
considered. We show the predicted values for the spectral tilt, ns, and running, αs, obtained
at kCMB = 0.05Mpc−1 by fitting the numerical results for ln(Pζ(k)) with a quartic function10
of ln(k/kCMB) on scales 0.002Mpc−1 < k < 0.5Mpc−1. The predicted values for the tensor-
to-scalar ratio are calculated at k = 0.002Mpc−1 using the single-field slow-roll approximation
on large scales, (2.21). For all models r0.002 is well below the current upper bound (2.25).

In analogy with the analysis performed for the single-field inflection-point model, we can
compare the CMB observables listed in table 3 with the modified universal predictions for
ns (2.29), rCMB (2.30) and αs versus ns (2.36). In the left panel of figure 28 we plot eq. (2.29)
together with coloured points representing numerical results (∆NCMB −∆Npeak, ns) for each
model considered. Similarly, the right panel shows eq. (2.30) with α = 0.005 together with
coloured points representing the numerical results (∆NCMB −∆Npeak, rCMB). We do not
explicitly show the results for αs versus ∆NCMB−∆Npeak as the comparison between the uni-
versal prediction (2.35) and the numerical results is qualitatively the same as for the tilt ns. In-
stead, we show αs versus ns in figure 29, alongside the α-attractors consistency relation (2.36).

As for the single-field case, the modified universal predictions describe well the numerical
results, with a small offset for the case of the tilt ns and its running αs. The match between
the modified universal predictions and the numerical results can be further improved by
substituting ∆NCMB−∆Npeak → ∆NCMB−∆Ndip or, in other words, by taking as a reference
the scale associated with the local minimum in the power spectrum, kdip, instead of its local
maximum, kpeak. We demonstrate this in figure 28 by including the numerical results for ns
and rCMB represented with empty triangles against ∆NCMB−∆Ndip. By comparing triangles
and circles (of the same colour) with the grey lines, one can see that the CMB observables
(especially ns) can be described even better by the position of the dip in Pζ(k). However,

10We find that residual noise is minimised when we fit a polynomial that is quartic in ln(k/kCMB).
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Figure 28. Left panel: the modified universal prediction for ns (2.29) is plotted in grey together
with numerical results obtained from multi-field models with {α = 0.005, γ = 10} and different
φinfl, as shown in the legend. In particular, coloured points represent numerical results for ns against
∆NCMB−∆Npeak. The empty triangles represent instead the numerical tilt ns against ∆NCMB−∆Ndip,
i.e., the scale of the dip in Pζ(k) is taken as a reference instead of kpeak. The yellow-shaded area
highlights the Planck 95 % C.L. region, see (2.26). Right panel: the approximation (2.30) with
α = 0.005 is plotted in grey together with the numerical results for the tensor-to-scalar ratio against
∆NCMB−∆Npeak (coloured points) and ∆NCMB−∆Ndip (empty triangles). Each colour is associated
with a specific φinfl, as detailed in the legend. The yellow-shaded area represents the 95 % C.L. region
from the bound on rCMB (2.25).
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Figure 29. The α-attractors consistency relation (2.36) is plotted in grey together with the numerical
results for the tilt and its running for multi-field models with {α = 0.005, γ = 10} and different
position of the inflection point φinfl, as detailed in the legend. The yellow region highlights part of
the 95 % C.L. region when Planck data are compared with the ΛCDM + rCMB + αs model, (2.22),
while the purple hatch-shaded area represents the lower 95 % C.L. region of ns for the ΛCDM model
instead. The range of αs shown is within the observational bound (2.23).

it is the peak in Pζ(k) that could have potentially observable consequences, such as PBH
production and second-order GW generation. Therefore we focus on the consequences of the
modified universal predictions for kpeak > kdip when it comes to exploring the phenomenology.
The numerical results for the tilt and its running are well described by the α-attractors
consistency relation (2.36), as shown in figure 29. As for the single-field case, models which
are compatible with the bound on the spectral index (2.22) predict αs about one order of
magnitude smaller than the current observational uncertainty in (2.23). We therefore compare
the model predictions with the CMB constraints for the ΛCDM model, in particular with
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Figure 30. Left panel: numerical results of Pζ(k) for the multi-field model with parameters {α = 0.005,
γ = 10, φinfl = 0.07} and initial condition θin = 7π/10. We display the results in the region of the peak,
with the pink line representing the scaling of the infrared tail of it. Right panel: numerical results for
the second-order GWs produced during radiation domination by the enhanced scalar perturbations
whose power spectrum is displayed in the left panel. The pink line is obtained using eq. (5.16) of [20]
with nIR = 12 and nUV → ∞ and well approximates the spectral shape of the infrared tail of the
numerical ΩGW(k).

the lower bound on ns given in eq. (2.27) in the absence of running. Given the numerical
results for ns this implies that only configurations with φinfl . 0.7 are consistent with the
CMB observations and the peak is located on scales kpeak & 1020 Mpc−1.

In the left panel of figure 30 we display the numerical results for the scalar power
spectrum in the region around the peak, for a model which is compatible with large-scale
(CMB) measurements of ns, φinfl = 0.07. The pink line shows the scaling of the IR tail of
the peak, nIR ' 12, which by far exceeds the limits on the growth of the power spectrum
possible in single-field models [77, 124, 125]. In [14, 15, 26] it has been shown that multi-field
models with strong turns in field space evade the single-field bound on the growth of Pζ , and
we demonstrate here that the same holds when the growth of the curvature perturbation is
also due to the strong curvature of the hyperbolic field space.

The peak in the scalar power spectrum displays a series of peaks which is due to the
strong and sharp turn in field space characterising the background evolution, see e.g., the
bottom-left panel of figure 16 for a model with {α = 0.1, γ = 10, φinfl = 0.542}. In [23]
it is shown that a strong and sharp turn can lead to an exponentially enhanced amplitude
of Pζ , with an oscillatory modulation. In particular, in [14, 23] the bending parameter η⊥
is modelled with a Gaussian profile, see eq. (4.38), and the Hubble rate is assumed to be
smooth and slowly-varying. The multi-field models discussed here are characterised by a more
complicated background evolution, see e.g., εH(N) in figure 26, and a profile for the bending
parameter which can only be partially described by a Gaussian function, see e.g., figure 16.
It is therefore not surprising that the oscillations in Pζ displayed in figure 30 cannot simply
be identified as either sharp or resonant features [112, 126–128], but are instead more of a
combination of the two, similar to models discussed e.g., in [26].

In the right panel of figure 30 we represent the numerical results for the second-order
GWs produced by the enhanced scalar fluctuations after horizon re-entry during radiation
domination. In particular, we display ΩGW(k) as numerically calculated using eq. (3.23) and
the scalar power spectrum displayed in the left panel of the same figure. The sharpness of the
peak of Pζ (see the purple line in the left panel of figure 27) results in a two-peak structure
for ΩGW(k), with a broader and smaller peak followed by a dip and a narrower principal
peak located approximately at the scale 2/

√
3 kpeak. The oscillatory modulation of the scalar
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Figure 31. Numerical results for the second-order GWs produced within the multi-field model with
parameters {α = 0.005, γ = 10, φinfl = 0.07} and initial condition θin = 7π/10.

power spectrum due to the sharp turn in the background trajectory is imprinted in ΩGW(k)
as an oscillatory pattern modulating the principal peak. The IR tail of the signal can be
understood in terms of the IR and UV scaling of Pζ around the first peak; substituting the
values nIR = 12 and nUV →∞ into eq. (5.12) of [20], we get the pink line shown on top of
the numerical results. The UV tail of ΩGW(k) (and Pζ) displays a more complicated scaling,
which cannot be understood in terms of such a simple approximation.

In figure 31 the numerical results for ΩGW(k) are plotted together with the sensitivity
curves of upcoming space- and Earth-based GW observatories. The amplitude of the GW
signal is determined by the amplitude of the peak of the scalar power spectrum, which in
turn mainly depends on the curvature of the hyperbolic field space, set by the parameter
α, and the initial condition for the angular field, θin. In particular, after fixing all the
other model parameters, reducing α enhances Pζ(kpeak) and therefore the amplitude of the
principal peak of ΩGW(k). Our numerical results show that the multi-field model described
by {α = 0.005, γ = 10, φinfl = 0.07, θin = 7π/10} produces ΩGW ' 10−10 at its peak.

The position of the principal peak in ΩGW(k) is set by the position of the largest peak
in Pζ , which is the first peak displayed in the left panel of figure 30. For models which are
not in tension with the large-scale measurements of ns, the second-order GW principal peak
is located at fpeak & 50 kHz, which is obtained by substituting the lower bound (2.34) in the
position of the principal peak, 2/

√
3 kpeak, and is consistent with our numerical results. Given

that the modified universal predictions (in particular, the one for ns (2.29)) hold also for
the multi-field inflection-point potential, the considerations for PBH production discussed in
section 3.2 for the single-field case apply also for the multi-field extension.

In summary, compatibility with the CMB observations of ns place the peak of the
second-order GWs beyond the reach of current and upcoming GW observatories both for the
single- and multi-field inflection-point potentials considered in this work, as well as bounding
the mass of the PBHs that could possibly be produced to values MPBH < 108 g, which make
the PBHs too light to constitute candidates for dark matter in the Universe today.
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5 Discussion

In this work we explore the phenomenology of cosmological α-attractor models featuring
an inflection point in the potential for scalar fields evolving in a hyperbolic field space. We
consider both single-field examples and multi-field dynamics.

In all cases we show that the primordial perturbations generated on large (CMB) scales
can be described by a simple modification of the universal predictions of α-attractors for
the scalar spectral index, eq. (2.29), and the tensor-to-scalar ratio, eq. (2.30). A shift in
the universal predictions was previously noted by [11] for the single-field inflection-point
α-attractor potential, and also in a different context by [42]. This universal behaviour leads
to a consistency condition relating the scalar spectral tilt and its running, eq. (2.36). A
consequence of the tight bounds on the scalar spectral index from CMB observations is
that the running of the spectral index must be small, and any deviations from the standard
single-field α-attractor dynamics is constrained to lie close to the end of inflation. Hence
any enhancement in the primordial power spectrum, Pζ , is only allowed on small comoving
scales, kpeak & 5× 1018 Mpc−1. By adopting the tight observational bounds on the spectral
index obtained from CMB observations, in the absence of any running of the spectral index,
eq. (2.27), which we emphasise is constrained by the consistency relation (2.36), we obtain
a stronger constraints on the scale of the peak of Pζ in comparison to the previous work of
Dalianis et al. [11].

The lower bound on the comoving wavenumber, kpeak, implies that any primordial black
holes resulting from enhanced density perturbations on small scales can only be produced
with masses MPBH . 108 g. These PBHs have long since evaporated by the present time so
do not constitute a candidate for dark matter. Nonetheless they could yet leave interesting
signatures if stable Planck mass relics are left behind [84–86], or resulting from an early
black-hole-dominated era [57, 78–81].

Similarly the lower bound on kpeak also has implications for the induced gravitational
waves produced at second order in perturbation theory after inflation, see eq. (3.23). The
peak of the GW signal is constrained to be at very high frequencies, fpeak & 50 kHz, well
beyond the reach of current Earth-based or future space-based GW detectors. Rather they
could provide a target for future ultra-high frequency detectors discussed in [129].

A key parameter for the inflationary dynamics is the curvature of the hyperbolic field
space, Rfs ≡ −4/(3α). In single-field models the small-scale Pζ is enhanced by the presence of
the inflection point in the potential, leading to a phase of ultra-slow-roll dynamics. The effect of
α is primarily to set the relative amplitude of the tensor modes with respect to scalar perturba-
tions at CMB scales, see eq. (2.30). In multi-field embeddings a far richer dynamical behaviour
is possible. We have seen that a large and negative curvature, α� 1, can cause a geometrical
instability in the inflationary trajectory, as previously studied in [104, 107]. A strongly-curved
field space could also be accompanied by strongly non-geodesic motion and a tachyonic in-
stability in the isocurvature perturbation, which gets transferred to the curvature fluctuation,
potentially leading to a small-scale growth of the scalar power spectrum [14, 16, 17]. For these
reasons we choose to focus on models characterised by α� 1, see also [43]. The behaviour
we see in this case differs from that seen in other multi-field α-attractor models studied, for
example, in [41] where the authors consider a potential monotonic in the radial direction, with
field-space curvature α = 1/3. In that case the single-field predictions, eqs. (1.6) and (1.7),
were found to be stable even in presence of a light angular direction. Here we introduce both
a feature in the radial potential (the inflection point) and consider larger curvature (α� 1),
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Figure 32. Left panel: numerical results of Pζ(k) for a single-field inflection-point model, eq. (2.8),
with parameters {α = 0.1, φinfl = 0.5, ξ = 0.0035108} (pink line) and for a multi-field model, eq. (4.35),
with parameters {α = 0.005, γ = 10, φinfl = 0.07} and initial condition θin = 7π/10 (green line). These
models predict ns = 0.9568 and ns = 0.9569 respectively and are both compatible with the CMB
lower bound on ns, (2.27). Right panel: numerical results for the second-order GWs produced during
radiation domination by the enhanced scalar perturbations whose power spectra are displayed in the
left panel, together with the sensitivity curves of current and upcoming GW observatories. The colour
legend is the same as on the left.

both of which amplify the geometrical destabilisation of the background trajectory, breaking
the slow-roll and slow-turn approximations. While the radial field at early times follows the
standard evolution close to the boundary of the Poincaré disc (r → 1), the dynamics of the
angular field then leads to a second distinct phase of inflation at late times. Nonetheless on
large scales CMB observables can still be explained by means of a simple modification of the
standard universal predictions of single-field α-attractors, see eqs. (2.29) and (2.30).

We find marked differences in the spectral shape of the scalar power spectrum found
in the single- and multi-field cases. In the single-field case the peak in Pζ is broad (nIR '
3.4, nUV ' −4), while in the multi-field case it is narrower, with a much steeper infrared
growth (nIR ' 12), and oscillations following the principal peak. Figure 32 shows a comparison
of the scalar power spectra obtained in a single- and a multi-field inflection-point model.
Multi-field effects can explain the oscillatory behaviour of the green line after the peak, caused
by a sharp and strong turn in field space, providing an explicit realisation of the mechanism
discussed in [23, 24] (see also [26]).

The differences in the spectral shape of the peak in Pζ are reflected in the power spectrum
of the induced GWs, as shown in the right panel of figure 32. In particular, the narrower,
oscillatory peak in the multi-field Pζ leads to second-order GWs with a two-peak structure
and an oscillatory modulation of the second (principal) peak, see the green line in the right
panel of figure 32. In the single-field set-up, the two-peak structure is almost wiped out as
a consequence of the broadness of the scalar power spectrum peak and the oscillations are
absent, see the pink line in the right panel of figure 32.

Strong enhancement of the scalar perturbations on small scales might be expected to be
associated with significant non-Gaussianity. This can have an important impact on both the
production of PBHs [12, 71, 130–141] and second-order GWs induced [20, 92, 120, 142–145],
and it would be interesting to explore non-Gaussianities in these models and their possible
effect on the small-scale phenomenology.
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Note added. While this paper was under peer review, several related works appeared on
the arXiv [146–152].
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A Universality of α-attractors

Cosmological α-attractors correspond to a class of inflationary models which provide robust
observational predictions despite having apparently different formulations (see [27] and
references therein). In particular, the large-scale CMB spectral index and tensor-to-scalar
ratio are given by eqs. (1.6) and (1.7) at leading order in the expansion in terms of 1/∆NCMB.
We review here how the α-attractor models form a universality class and derive the observables
(ns, rCMB, αs) for single-field α-attractor models given by a monomial potential in terms of
the radial distance from the centre of the Poincaré disc (1.4)

V (φ) = V0 tanhp
(

φ√
6α

)
. (A.1)

In canonical single-field slow-roll inflation, (ns, r, αs) can be given in terms of potential
slow-roll parameters as [153]

ns = 1− 6εV + 2ηV , rCMB = 16εV , αs = 16εV ηV − 24εV 2 − 2ξV 2 , (A.2)

where εV , ηV and ξV are expressed in terms of derivatives of the inflaton potential,

εV = 1
2

(
Vφ
V

)2
, ηV = Vφφ

V
, ξV

2 = VφVφφφ
V 2 . (A.3)

Given the explicit form of the potential in eq. (A.1), it is possible to write these potential
slow-roll parameters in terms of φ,

εV = p2

3α csch2
( 2φ√

6α

)
, (A.4)

ηV = 2p
3α csch2

( 2φ√
6α

)(
p− cosh

( 2φ√
6α

))
, (A.5)

ξ2
V = 2p2

9α2 csch4
( 2φ√

6α

)(
3 + 2p2 − 6p cosh

( 2φ√
6α

)
+ cosh

( 4φ√
6α

))
. (A.6)
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Substituting the above into eq. (A.2) yields the large scales observables in terms of φ. They
are evaluated when the CMB scales left the horizon, i.e., at φ = φCMB. In order to do so, we
use the inflaton equation of motion, eq. (2.9), which in the slow-roll approximation can be
simplified to give

dφ
dN ' −

Vφ
V
. (A.7)

Integrating the equation above yields the number of e-folds elapsed between the two field
values φCMB and φend,

∆NCMB '
∫ φCMB

φend
dφ V

Vφ
. (A.8)

Performing the integration above for the potential in eq. (A.1) yields

∆NCMB '
3α
2p

[
cosh

(2φCMB√
6α

)
− cosh

(2φend√
6α

)]
, (A.9)

where the value of φend is fixed by the condition ε(φend) = 1, corresponding to

sinh2
(2φend√

6α

)
' p2

3α . (A.10)

Substituting eq. (A.10) into eq. (A.9) and expressing the equation in terms of φCMB yields

sinh2
(
φCMB√

6α

)
' p∆NCMB

3α +
√

3α+ p2

2
√

3α
− 1

2 . (A.11)

In this way the CMB observables in eq. (A.2) can be written as

ns ' 1−
2∆NCMB + 1

p

√
3α(3α+ p2) + 3α

2

∆N2
CMB + ∆NCMB

p

√
3α(3α+ p2) + 3α

4
, (A.12)

rCMB '
12α

∆N2
CMB + ∆NCMB

p

√
3α(3α+ p2) + 3α

4
, (A.13)

αs ' −818α2 + p(3α+ 4∆NCMB)
√

3α(3α+ p2) + p2[4∆N2
CMB + 3α(1 + 2∆NCMB)](

3pα+ 4∆NCMB
√

3α(3α+ p2) + 4p∆N2
CMB

)2 .

(A.14)

In the large ∆NCMB expansion, these expressions reduce to eqs. (1.6) and (1.7) for the
observables ns and rCMB respectively on large (CMB) scales, while we can relate the running
of the spectral index to the spectral index itself

αs ≈ −
2

∆N2
CMB

≈ −(ns − 1)2

2 , (A.15)

regardless of the parameters of V0 and p appearing in the potential (A.1). The spectral index
ns and running αs are dependent only on ∆NCMB, while rCMB depends only on ∆NCMB and
α, such that

rCMB ≈ 3α(ns − 1)2 . (A.16)
This is due to the potential (A.1) remaining finite at the boundary of the moduli space
(r ≡ tanh

(
φ/
√

6α
)
→ 1), which is a key feature of α-attractor models. The transformation to
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the canonical field φ (1.4), renders the potential a function of tanh
(
φ/
√

6α
)
, which ensures

the flatness of the potential for large field values (φ→∞) and makes observational predictions
on large scales approximately independent of the precise form of the function describing the
potential dependence on tanh

(
φ/
√

6α
)
.

B Numerical computation of the single-field scalar power spectrum

In this appendix we present in detail how we compute the scalar power spectrum, Pζ(k), for
the single-field inflation models considered in section 2. Our procedure is closely related to
similar strategies described in the literature, see for example [9, 154].

The inflaton potential in eq. (2.8) features an approximate stationary inflection point
located at φinfl whose effect is to introduce a transient ultra-slow-roll phase. The slow-roll
approximation breaks down and a full numerical analysis of the Mukhanov-Sasaki equation
is needed. As an example, we refer to the power spectrum resulting from the specific model
{α = 0.1, φinfl = 0.5, ξ = 0.0035108}, whose background evolution is displayed in figure 2. For
illustrative purposes we consider here the case of instant reheating, which implies ∆NCMB ' 55
(see table 1).

In the slow-roll approximation, valid on large scales, far from the inflection point, it is
possible to estimate the scalar power spectrum using the expression for Pζ(N) given in (2.17),
by substituting in the background quantities H(N) and εH(N). Pζ(N) can be transformed
into Pζ(k) by means of eq. (2.32) for k(N). We normalise the amplitude of the scalar power
spectrum at kCMB = 0.05Mpc−1 by using the Planck 2018 measurement of As [35], which in
turns identifies the amplitude of the potential as V0 = 7.7× 10−10. Eqs. (2.19)–(2.21) predict
for this configuration the large-scale observables

ns = 0.9569 , αs = −0.00092 , r0.002 = 4.956× 10−4 , (B.1)

consistent with the latest Planck data release [35], where the spectral tilt and its running are
evaluated at kCMB.

While eq. (2.17) is reliable when the evolution is well described by slow roll, a full
numerical analysis of the perturbations is necessary in order to compute the exact scalar
power spectrum including non-slow-roll evolution, as occurs through the inflection point and
approaching the end of inflation. The Mukhanov-Sasaki equation describes the evolution of
the scalar curvature perturbation associated with the comoving wavenumber k, ζk. We define
ζk ≡ vk/z, where z ≡ aφ′, and a prime denotes derivatives with respect to e-folds, N . The
mode vk is given by the solution of the Mukhanov-Sasaki equation [155]

v′′k + (1− εH)v′k +
[

k2

a2H2 + (1 + εH − ηH)(ηH − 2)− (εH − ηH)′
]
vk = 0 , (B.2)

where the Hubble slow-roll parameters, εH and ηH , are defined in eqs. (2.13) and (2.14). Note
however that this equation does not assume slow roll.

We solve eq. (B.2) for modes ranging from kCMB = 0.05Mpc−1 to kend = 2.6×1022 Mpc−1

and follow the evolution of vk for each wavemode from the sub-horizon regime (k � aH,
where canonical quantum commutation relations give the normalisation for the mode function,
|v2
k| = 1/2k [155]) to super-horizon scales (k � aH). These solutions then enable us to

calculate the scalar power spectrum on super-horizon scales as

Pζ(k) = k3

2π2

∣∣∣vk
z

∣∣∣2 , (B.3)
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where each mode is evaluated well after horizon crossing (k � aH), when ζk ≡ vk/z approaches
a constant value.

There are a few practical considerations regarding the strategy used to solve eq. (B.2):

• when numerically solving eq. (B.2), it is useful to express εH and ηH in terms of
derivatives of the field φ(N), instead of using their definitions in terms of derivatives of
H(N). In particular, the relevant terms in eq. (B.2) reduce to [156]

1− εH = 1− φ′2

2 , (B.4)

(1 + εH − ηH)(ηH − 2)− (εh − ηH)′ = −2− 3φ
′′

φ′
− φ′′′

φ′
+ φ′2

2 + φ′φ′′

2 , (B.5)

where the second and third derivatives of the field are given by the Klein-Gordon
equation (2.9) for the field, re-written in terms of φ(N),

H2φ′′ +HH ′φ′ + 3H2φ′ + Vφ = 0 , (B.6)

and its derivative;

• the factor k/aH can be normalised by noting that the scale kCMB = 0.05Mpc−1 crossed
the horizon ∆NCMB e-folds before the end of inflation;

• in order to minimise numerical errors, one should evolve the background solution for a
sufficiently long time before the relevant scales cross the horizon. This can be achieved
by choosing a large enough initial value of φ;

• instead of solving directly for the complex perturbation, vk, it is simpler to solve
separately for its real and imaginary parts [157]. For each mode, the integration
of eq. (B.2) is started 5 e-folds before horizon crossing, where Bunch-Davies initial
conditions are applied [155], and is integrated up until the end of inflation. In terms of
the real and imaginary part of vk, the initial conditions are

Re{vk} = 1√
2k

, Re{v′k} = 0 , Im{vk} = 0 , Im{v′k} = −i
√
k√

2kin
, (B.7)

where kin is the mode that crossed the horizon when the integration is started;

• the correct normalisation on CMB scales for the power spectrum in eq. (B.3) at k = kCMB
is set by fixing V0 and hence the Hubble scale when kCMB leaves the horizon.

As an example, we solve eq. (B.2) for kCMB and plot in figure 33 the mode evolution,
vk(N)/z. The mode starts off in the Bunch-Davies vacuum, oscillates in the sub-horizon
regime and freezes to a constant value after crossing the horizon.

In the left panel of figure 34, the evolution of three different modes is represented for
comparison in the last 10 e-folds before the end of inflation. The continuous line is associated
with the mode kCMB, which for the range of e-folds represented is well outside of the horizon
and frozen at a constant value. The dashed line describes the scale kdip = 1017 Mpc−1, which
corresponds to the dip in the scalar power spectrum. Finally, the mode corresponding to the
peak in the scalar power spectrum, kpeak = 9× 1019 Mpc−1, is plotted with the dotted line.
The mode associated to kpeak experiences the largest growth as it crosses the horizon close to
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Figure 33. Mode evolution, vk(N)/z, for the CMB scale, kCMB. The real and imaginary parts, and
modulus correspond to the pink- and green-dashed lines, and the black-solid line respectively. The
vertical thin line signals the moment in which the CMB scale crosses the horizon ∆NCMB ∼ 55 e-folds
before the end of inflation.

kCMB

kdip

kpeak

0246810

10-12

10-8

10-4

ΔN

k3 2
π
2
|v
k z

2

slow-roll approximation

numerical

0.01 100.00 106 1010 1014 1018 1022
10-14

10-12

10-10

10-8

10-6

10-4

0.01

k[Mpc-1]

P
ζ
(k
)

Figure 34. Left panel: comparison between different modes’ evolution in the last 10 e-folds of inflation.
The region between the two thin vertical lines is characterised by ηH > 3. Right panel: numerical
results for the scalar power spectrum, Pζ(k), compared with the slow-roll approximation in eq. (2.17).

the onset of the ultra-slow-roll phase. See [154] for a detailed discussion of the mechanism of
growth (suppression) which shapes the modes’ evolution and the scalar power spectrum.

In the right panel of figure 34 we show a comparison of the numerical results for Pζ(k)
compared with the slow-roll approximation in eq. (2.17). On large scales the numerical results
agree very well with the slow-roll approximation, showing that the slow-roll CMB predictions
in (B.1) are reliable on these scales. On the other hand, on small scales the exact power
spectrum differs substantially from the slow-roll approximation, both in terms of the position
and the height of the peak. For the configuration under analysis, the power spectrum features
a peak of O(0.01) at the comoving scale kpeak.

C Limiting behaviour of the single-field potential

In sections 2 and 3 we considered the phenomenology of the inflection-point potential in eq. (2.8)
with the aim of realising an ultra-slow-roll phase and enhancing the scalar perturbations on
small scales. For completeness we discuss here the limiting behaviour of the same potential
when the inflection point is located at small or large φ values. For simplicity we restrict our
discussion to the case ξ = 0 and choose α = 0.1.
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Figure 35. Behaviour of the inflection-point potential in the large φinfl limit. The plot is produced
with the parameters {α = 0.1, φinfl = 10, ξ = 0}. The potential V (φ)/V0 in eq. (2.8) (black-dashed
line) is plotted together with the contributions coming from the single terms.

In the limit φinfl → 0, the dominant contribution to the potential in eq. (2.8) comes from
the term proportional to tanh3 (φ/

√
6α),

lim
φinfl→0

V (φ) ' V0

[1
3 coth

(
φinfl√

6α

)]2
tanh6

(
φ√
6α

)
. (C.1)

It is therefore interesting to analyse the inflationary predictions of the inflection-point poten-
tial with φinfl small and compare them with those obtained from the α-attractor T-model
potential [36]

U(φ) = U0 tanh6
(

φ√
6α

)
. (C.2)

On the other hand, when φinfl is large tanh (φinfl/
√

6α) → 1 and there is no simple
limiting behaviour for the inflection-point potential, as illustrated in figure 35. For large φ
values (φ & 2 for the configuration plotted in figure 35) the dominant contribution comes from
the tanh3 (φ/

√
6α) term (since f1 ≈ −f2 in (2.7) and the tanh (φ/

√
6α) and tanh2 (φ/

√
6α)

terms approximately cancel), but for smaller φ the potential receives contributions from all
the terms.

We consider two benchmark values, φinfl = {0.1, 10} in eq. (2.8), in order to study their
background evolution and compare it with that obtained from the potential in eq. (C.2). The
evolution of the Hubble slow-roll parameter, εH , and the inflaton field, φ, are plotted in the
top row of figure 36 against the number of e-folds to the end of inflation, ∆N ≡ Nend −N .
As expected, the background evolution for the inflection-point potential with φinfl = 0.1 is
almost identical to that produced by the α-attractor T-model potential (C.2). The evolution
corresponding to φinfl = 10 is instead quite different and the reason why this is the case
is clear from the bottom-left panel of figure 36, where the potentials and the field values
corresponding to scales observed in the CMB are shown. For the model with φinfl = 10,
the inflationary evolution observable in the CMB is located at φ < 2 where the potential is
not well-approximated by the function tanh6 (φ/

√
6α), as discussed above and illustrated in

figure 35. The bottom-right panel in figure 36 shows the CMB observables (ns, rCMB) at the
scale 0.002Mpc−1 predicted by each potential. One sees that the predictions obtained with
φinfl = 0.1 are not distinguishable from those produced by the T-model for φinfl ≤ 0.4. The
slightly lower value of ns predicted by φinfl = 0.5 could in future allow us to distinguish it
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Figure 36. Top Row: comparison between the background evolution of the inflection-point model
with φinfl = {0.1, 10} and the α-attractor T-model in eq. (C.2). The bullet points in the right-hand
plot indicate the field values when the CMB scale crossed the horizon. Bottom Row: in the left
panel the potentials are plotted together with bullet points indicating the field values corresponding
to the CMB scale (right bullet) and the end of inflation (left bullet). The legend identifying each
line is the same as in the top-left panel. In the right panel the predictions of the CMB observables
are represented together with the marginalised joint 68 % and 95 % C.L. regions in the (ns, r) plane
at k = 0.002Mpc−1 as obtained from Planck + BK15 + BAO data assuming the ΛCDM + rCMB
cosmological model [35]. The black star corresponds to the α-attractor T-model potential (C.2), the
pink triangle corresponds to the inflection-point potential with φinfl = 10 and the remaining coloured
circles correspond to different choices of small φinfl indicated in the legend.

form the α-attractor T-model. As expected, the predictions of the model with φinfl = 10 differ
from the T-model ones and the two could potentially be distinguished by the predicted value
of r0.002, lower for the inflection-point potential with φinfl = 10.

D Parameter study of the multi-field potential

The multi-field potential (4.35) is parametrised by {α, φinfl, γ}. While in the main text
we discuss the effect of varying α, we consider here the dependence on φinfl and γ, for
trajectories with a fixed initial value θin = 7π/10. The models discussed in this appendix are
not necessarily compatible with the CMB measurements on large scales, but instead they are
selected because they demonstrate the impact of changing φinfl and γ.

First we numerically solve the background equations (4.22)–(4.24) for a model with
{α = 0.1, γ = 10}, testing φinfl = {0.54, 0.542, 0.544}, and show the resulting εH(N) against
∆N ≡ Nend −N in the left panel of figure 37. We see that the value of φinfl affects the time
the fields spend around the inflection point and therefore the duration of the second slow-roll
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Figure 37. Left panel: effect of varying the position of the inflection point in the multi-field
potential (4.35) with parameters {α = 0.1, γ = 10} and initial conditions {θin = 7π/10, θ′in = 0,
φin = 3.1, φ′in = 0}. Right panel: effect of changing the parameter γ in the potential (4.35) with
parameters {α = 0.1, φinfl = 0.542} and same initial conditions as in the left panel.

phase (which is itself an attractor solution regardless of the value φinfl). In other words, φinfl
determines the time at which the transition between the two inflationary phases happens.

Next, we test γ = {5, 10, 100, 500} for the multi-field potential (4.35) with parameters
{α = 0.1, φinfl = 0.542}. We consider γ > 3 so that the turn in field space happens within
the last 60 e-folds of inflationary evolution, i.e., so that the second slow-roll phase lasts less
than 60 e-folds. The resulting profile for εH(N) is displayed in the right panel of figure 37
and demonstrates that the value of γ affects the duration of the second phase of inflation,
similar to the effect of varying φinfl. Also, increasing γ beyond γ ∼ 100 does not significantly
change the background evolution.

In order to understand the numerical results displayed in figure 37 it is useful to calculate
the effective squared-mass of the angular field, mθ

2 ≡ ∂2U(r, θ)/∂θ2. Using the multi-
field potential (4.35), written in terms of the (non-canonical) radial field r, and assuming
H2 ' U(r, θ)/3, yields

mθ
2

H2 = 18 r rinfl
γ

1 + γ

(
r2 + 3r2

infl −
3 r rinfl

1+γ

)
cos θ − 3 γ r rinfl

1+γ cos 2θ(
r2 + 3r2

infl − 3 r rinfl 1+γ cos θ
1+γ

)2 , (D.1)

where rinfl ≡ tanh
(
φinfl/

√
6α
)
. In the large γ limit, the mass (D.1) for a given r is independent

of γ,

lim
γ→∞

mθ
2

H2 = 18 r rinfl
(
r2 + 3r2

infl
)

cos θ − 3 r rinfl cos 2θ(
r2 + 3r2

infl − 3 r rinfl cos θ
)2 , (D.2)

which explains why the background evolution remains unchanged for sufficiently large values
of γ, as observed in the right panel of figure 37.

During the first phase of inflation the angular field is frozen, θ ' θin, and the radial field
satisfies r ' 1, see eq. (1.4), therefore the effective squared-mass of the angular field (D.1)
is completely determined by γ and φinfl. This explains why variations of the position of the
inflection point or changes in γ have the same effect on the background evolution, i.e., both
change the time at which the transition between the first and second phases of inflation
happens. In this sense, the potential parameters φinfl and γ are degenerate and, for fixed
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Figure 38. Comparison between two models with same hyperbolic field-space curvature and the
same initial value of the squared-mass of the angular field. The models parameters are listed in (D.3)
and (D.4) and the same initial conditions {θin = 7/10π, φin = 1.05} are considered in both cases. We
show the numerical evolution of the slow-roll parameter on the left and the squared-mass (D.1) on the
right. The two multi-field models display the same background evolution, which is due to selecting the
values of γ and φinfl such that the angular mass is the same at the beginning of the evolution.

α and θin, what really determines the duration of the second slow-roll phase overall is the
effective mass of the angular field.

We demonstrate this by considering two different models formulated on the same
hyperbolic field space, but whose potential parameters γ and φinfl are selected such that the
initial mass of the angular field (D.1) is the same, mθ

2/H2 ' −0.762108. The two models we
consider are described by the parameters

model1 → {α = 0.005, φinfl = 0.07, γ = 10}, (D.3)
model2 → {α = 0.005, φinfl = 0.066682, γ = 100} . (D.4)

The slow-roll parameter εH(N) and the angular field massmθ
2/H2 are represented respectively

in the left and right panels of figure 38. The comparison between the lines shows that the
background evolution stemming from the same initial angular mass is the same in the two
models and that γ and φinfl are not independent parameters.

Given the degeneracy between γ and φinfl, in section 4.5 we choose to fix γ and study the
effect of changing the position of the inflection point and thus the initial mass of the angular
field. The value of φinfl affects the position of the transition between the first and second
phases of evolution, and therefore it affects the CMB predictions of the model, so needs to be
adjusted in order to produce a model which is not in tension with the CMB measurements,
as we study in section 4.5.

E 2D hyperbolic field space: polar vs planar coordinates

Different coordinate maps can be chosen to describe the (non-trivial) field space of multi-field
models, where in this field space the coordinates are the fields themselves. The kinetic
Lagrangian of α-attractor models displayed in eq. (1.5) employs polar coordinates on the
hyperbolic field space, with radial and angular fields, (φ, θ), and the curvature of field space
is Rfs = −4/(3α).

Other coordinate maps have been used in the literature to describe hyperbolic field
spaces with constant, negative curvature, see e.g., [158–160] where planar coordinates have

– 55 –



J
C
A
P
0
6
(
2
0
2
2
)
0
0
7

Figure 39. Background evolution of the fields u and v represented on top of the potential profile,
eq. (E.2). We are here reproducing the background evolution of a model originally discussed in [16].
The model parameters and initial conditions considered are {u0 =

√
6, m2

v = U0/500, b = 7.84, uin = 7,
vin = 7.31}.

been selected. In this case, the kinetic Lagrangian reads

Lplanar = −1
2(∂u)2 − 1

2e
2bu(∂v)2 , (E.1)

where we label the set of planar coordinates as (u, v) and the curvature of field space is
Rfs = −2b2. Provided the curvature is the same, i.e., b =

√
2/(3α), the field-space geometry

is the same as in eq. (1.5), while the coordinate map selected is different.
Planar coordinates were used in [16] to show how the hyperbolic geometry of field space

could play a key role in enhancing the scalar power spectrum on small scales. In [16] the
fields (u, v) have a separable potential

U(u, v) = U0
u2

u2
0 + u2 + 1

2m
2
vv

2 , (E.2)

where u has a plateau-type potential at large values of u, and the second field, v, has an
apparently simple mass term. The authors of [16] demonstrate that the background evolution
and the geometry of field space following from (E.1) and (E.2) could result in a transient
tachyonic instability of the isocurvature perturbation, ms, eff

2/H2 < 0, which can lead to an
enhancement of the scalar perturbation (see the discussion in section 4.1).

Among all the possible combinations of model parameters discussed in [16], we focus
here on the inflationary potential described by {u0 =

√
6, m2

v = U0/500}, with b = 7.84 and
initial conditions {uin = 7, vin = 7.31}, and refer the reader to the original work [16] for the
equations describing the background evolution in planar coordinates. As demonstrated in [16],
this set of parameters and initial conditions produces a peak in the scalar power spectrum
Pζ = O(10−2) located at the scales where the Laser Interferometer Space Antenna (LISA)
operates. In this case the PBHs generated could potentially account for all of the dark matter
in our Universe.

In figure 39 the fields evolution is superimposed on top of the potential (E.2). The
field u drives a first stage of inflation, while v is effectively frozen, with v′ suppressed by the
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geometrical factor e−2bu as long as u � b−1, i.e., u takes values larger than the curvature
length of the field space. When u ∼ b−1 the suppression is lifted and v starts evolving,
driving a second stage of inflation as u settles into its effective minimum. At the transition
between the two inflationary stages, slow roll is violated and the effective squared-mass of the
isocurvature perturbation briefly becomes negative, see the top-right panel of figure 1 in [16].

We compare here the planar and polar coordinates description of an hyperbolic field
space. Although different coordinate choices in field space are physically equivalent, once the
form of the kinetic Lagrangian of the model is fixed, a specific choice for the potential, such as
the one in eq. (E.2), distinguishes between different physical models. Our aim is to place the
inflationary model discussed in [16] (and therefore potentially other models formulated using
planar coordinates, eq. (E.1)) in the context of multi-field α-attractors described using polar
coordinates, and hence understand better the mechanism that allows for the enhancement of
the curvature perturbation in that model.

In section E.1 we derive a coordinate transformation which allows us to transform from
one coordinate map to the other. We re-analyse the model described in [16] employing polar
coordinates in section E.2. We find that the potential is singular in polar coordinates, sharing
the same singularity as the kinetic Lagrangian, and initial conditions close to the singularity
are necessary in order to enhance the scalar perturbation. This explains why the second
field v can lead to observable effects in this model, contrary to what was found in [41] for
α-attractor models, i.e., for models with non-singular potentials.

E.1 Mapping between polar and planar coordinates

2D hyperbolic spaces with constant negative curvature (H2) can be identified with spacelike
hyperboloids embedded in a 3D Minkowski spacetime [161]. This embedding procedure
provides an intermediate step to map between polar and planar coordinates in the field space.
Using the 3D Minkowski spacetime line element

ds2 = −dt2 + dx2 + dy2 , (E.3)

surfaces with a fixed timelike displacement from the origin, are given by

t2 − x2 − y2 = R2 . (E.4)

These surfaces have hyperbolic (H2) geometry, while hyperboloids with a fixed spacelike
displacement from the origin have dS2 geometry [161, 162].

Using polar coordinates, the line element of the hyperbolic field space is

ds2
polar = dφ2 +R2 sinh2(φ/R)dθ2 (0 ≤ φ < +∞, 0 ≤ θ < 2π) , (E.5)

where the curvature length of field space is R ≡
√

3α/2. Choosing coordinates (φ, θ) on the
hyperboloid (E.4) such that

t = R cosh(φ/R) , (E.6)
x = R sinh(φ/R) cos θ , (E.7)
y = R sinh(φ/R) sin θ , (E.8)

the line element (E.3) yields the H2 line element in polar coordinates, eq. (E.5). The polar
coordinates cover the whole upper (t > 0) hyperboloid for 0 ≤ φ < +∞.
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The line element of the hyperbolic field space using planar coordinates is

ds2
planar = du2 + e2budv2 (−∞ < u < +∞, −∞ < v < +∞) , (E.9)

where the curvature length of field space is R = b−1. It is useful to first rewrite the line
element (E.9) in a conformally-flat form,

ds2
planar, conf = Ω2

(
dw2 + dv2

)
. (E.10)

This is achieved by means of the transformation

w = −e−bu
b

, (E.11)

which leads to Ω2 ≡ 1/(−bw)2. Note that we have chosen integration constants such that for
−∞ < u <∞ we have −∞ < w < 0. Choosing coordinates (w, v) on the hyperboloid (E.4)
such that

t = −R
2

2w

(
1 + v2

R2 + w2

R2

)
, (E.12)

x = −R
2

2w

(
1− v2

R2 −
w2

R2

)
, (E.13)

y = −Rv
w
, (E.14)

the line element (E.3) yields the H2 line element (E.10), with R = b−1.
Using (E.12)–(E.14) to express the conformal planar coordinates (w, v) in terms of those

in Minkowski spacetime gives

w = − R2

t+ x
, (E.15)

v = Ry

t+ x
. (E.16)

Substituting (E.6)–(E.8) in the above expressions gives the conformal planar coordinates in
terms of the polar coordinates. Finally expressing the conformal planar coordinates (w, v) in
terms of the planar coordinates (u, v) yields

u = R ln [cosh(φ/R) + sinh(φ/R) cos θ] , (E.17)

v = R sinh(φ/R) sin θ
cosh(φ/R) + sinh(φ/R) cos θ . (E.18)

E.2 A hyperbolic model with a singular potential
In order to analyse the model of [16] using polar coordinates, we use the kinetic Lagrangian (1.5)
and we express the potential (E.2) in terms of polar coordinates (φ, θ) by means of the
coordinate map (E.17)–(E.18)

U(φ, θ) = U0

{
(R ln [cosh(φ/R) + sinh(φ/R) cos θ])2

6 + (R ln [cosh(φ/R) + sinh(φ/R) cos θ])2

+ 1
2× 500

(
R sinh(φ/R) sin θ

cosh(φ/R) + sinh(φ/R) cos θ

)2}
. (E.19)
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Figure 40. Left panel: profile of the potential (E.19) as a function of the angular field θ for different
fixed values of φ. The selected range of φ values shows the potential’s divergence at θ = π. Black dots
show the background evolution of the fields superimposed on the potential. Earlier stages of inflation
correspond to larger values of φ. Right panel: profile of the potential (E.19) for fixed values of θ as a
function of the radial field φ. The range of θ corresponds to the values taken by the field during the
background evolution displayed in figure 41 and discussed in the main text.
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Figure 41. Left panel: evolution of the background fields over the final 60 e-folds of inflation driven
by the potential (E.19) in polar coordinates. Right panel: evolution of εH over the last 60 e-folds
of inflation for the same potential. The black line shows εH , while the coloured lines show the
contributions from the radial (green-dashed line) and angular (pink-dotted line) fields.

In equation (E.19), R =
√

3α/2 and the model parameters have been substituted according
to the parameters chosen in figure 39. In particular, for the hyperbolic field space to be the
same, Rfs, polar = Rfs, planar ' −123, we set α = 2/(3b2) ' 0.01.

While being fairly simple in planar coordinates, the potential looks much more compli-
cated when transformed to polar coordinates. The second term in eq. (E.19) corresponds to
the mass term for v in the original potential (E.2) and is singular at θ → π for large values
of φ. We visualise the two-field potential as a function of φ and θ in figure 40; from the left
panel one can see that the potential diverges at θ = π for φ & 1.

We numerically solve eqs. (4.22)–(4.24) to obtain the background evolution for φ and θ.
We select the initial conditions {φin = 7.1504, θin = 3.1067} and slow-roll initial conditions for
the velocities of the fields. We choose this set of initial conditions as they produce the same
background evolution in terms of u and v shown in figure 39. The corresponding evolution
of the fields in polar coordinates, φ and θ, and the slow-roll parameter, εH , is shown in
figure 41. In particular, in the left panel we plot the trajectory in field space, showing how φ
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Figure 42. Numerical solutions for the slow-roll parameter εH for the same model evolved using
polar coordinates (black line) or planar coordinates (red-dashed line). The numerical solutions, using
the corresponding potentials in polar (E.19) or planar (E.2) coordinates, are identical.

drives a first stage of inflation, after which there is a turn in field space and θ, previously
frozen, starts evolving. In the right panel of the same figure, the evolution of the slow-roll
parameter εH and its components are shown against the number of e-folds to the end of
inflation, ∆N ≡ Nend −N . As expected, the major contribution to εH in the first phase of
inflation comes from the kinetic energy of φ, while the evolution of θ dominates a second
stage of inflation. Between the two phases, the slow-roll approximation is violated (εH ' 1).

The numerical solutions obtained with the polar coordinates description with the po-
tential (E.19) is identical to that employing planar coordinates with the potential (E.2), as
expected given the one-to-one correspondence between the two models. To show this, we
compare the slow-roll parameter εH . Using polar coordinates, εH(N) is

εH(N) = 1
2

(
φ′2 + 3α

2 sinh2
(√

2
3αφ

)
θ′2
)
, (E.20)

see eq. (4.22). When employing planar coordinates, we have instead

εH(N) = 1
2
(
u′2 + e2buv′2

)
. (E.21)

Substituting in the corresponding numerical solutions for the fields, we show εH obtained
from eq. (E.20) and (E.21) in figure 42. As expected the two lines coincide exactly.

While we have been focusing on a configuration which was chosen in [16] to produce a
peak in the scalar power spectrum (and consequently in the induced second-order GWs) at
LISA scales, a range of different initial conditions in field space are discussed in [16] (see table 1
therein). In particular, varying the initial condition vin allows them to move the peak in the
scalar power spectrum to scales where other future GW detectors could operate, e.g., SKA,
BBO and ET. Inverting (E.17) and (E.18) enables us to convert a set of initial conditions
(uin, vin) into the corresponding set in polar coordinates (φin, θin). We have checked that the
initial conditions listed in table 1 of [16] are all within 1.5% of θin = π. Thus we see that the
configurations associated with enhanced scalar fluctuations on small scales stem from initial
conditions very close to the singularity in the potential at θ = π. As already pointed out
in [107], when the potential and the kinetic Lagrangian share the same singularity, large-scale
observables are sensitive to the specific shape of the potential and to the initial conditions.
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It is straightforward to show that the kinetic Lagrangian (1.3) and the potential (E.19)
share the same pole in the conformal polar coordinates (r, θ), where r is defined in (1.4). By
following a similar procedure to what was done in deriving eqs. (E.17) and (E.18), we obtain
the coordinate transformation

u = R ln
[

1 + r2 + 2r cos θ
1− r2

]
, (E.22)

v = 2Rr sin θ
1 + r2 + 2r cos θ . (E.23)

In order to assess the behaviour of the fields close to θ = π, we define δ ≡ π − θ and expand
eqs. (E.22) and (E.23) to obtain

lim
δ→0

u = R ln
[

1− r
1 + r

+ rδ2

1− r2

]
, (E.24)

lim
δ→0

v = 2Rr δ
(1− r)2 + rδ2 . (E.25)

From the expression above it is clear that as δ → 0 the term m2v2/2 in the potential (E.2)
has a pole at r = 1, as does the kinetic Lagrangian (1.3).
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