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“This becomes particularly clear when one stops to think, to really think hard, about the mindblow-
ing complexity and richness of texture of real physical systems in the world. Take this glass of
water resting on the table, seemingly in equilibrium with its environment. The water does not in
fact have a constant, static density, pressure, temperature, shear-stress, heat flux, fluid velocity
and volume, as we would naturally ascribe to it in a basic treatment using Navier-Stokes theory,
the classical theory of viscoëlastic, thermoconducive fluids. There are tiny temperature gradients
from the edge of the glass to the interior, and likewise tiny pressure gradients. These drive
microscopic flows and eddies and vortices, which generate fluctuations in the shear-stress. There
is evaporation of the water at the surface, adsorption of a thin layer of particulate matter at
the surface, and thereby absorption of particulates from the air and of air molecules themselves.
There is thus exchange of thermal energy at the boundary, complicated by the little air bubbles and
particulate matter suspended there, and inhomogeneities in the glass at the boundary. The water
itself, at a finer level of detail, consists of a hyper-dense, stereometrically complex network of
Hydrogen bonds with extraordinarily rich characteristic symmetry patterns as web to the weft of
instances of dozens of species of ionic combinations of H and O (H2O being not even a majority,
only a plurality). The water is pervaded and perturbed by the ambient electromagnetic field, itself
composed of endless linear superpositions of radiation from the antennæ of radio stations playing
Berg’s “Lulu” and the BBC news, mobile phones all over the Earth, magnetic induction from
small movements of power cords, the Earth’s own magnetic field, infra-red and radio-waves from
Sagittarius A (the supermassive black hole at the center of the Milky Way), the cosmic microwave
background radiation, the jiggling of the water’s own molecules, the rotation of the iron core of
some planet 30 light-years away, and the gamma ray bursts from distant astronomical cataclysms.
The water is inundated by cosmic rays. In every atom of every molecule, continual weak and
strong nuclear reactions manifest themselves. And on and on and on...”

–Erik Curiel [1]
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ABSTRACT

The next generation of galaxy surveys will be capable of determining cosmological parameters to
an unprecedented precision. To yield the full scientific potential of such analyses, we require the
appropriate theoretical descriptions. One observable of interest is the number density of galaxies.
This quantity is subject to various astrophysical effects which distort the observed image of
galaxies away from where it would otherwise be observed in an unperturbed universe. We convert
the real-space contributions to the galaxy number over-density to harmonic space where we take
their angular correlations to find their associated bispectra. We present our code galbispectra
and provide the results for its numerical evaluation of the dominant contributions to the angular
galaxy bispectrum within the Newtonian limit (terms which dominate on scales less than the
Hubble scale). In particular, we find that including the linear redshift space-distortion (RSD)
and lensing convergence terms alongside Euclid-like magnification and galaxy bias parameters
can significantly affect the magnitude of the angular galaxy bispectrum.



Statement of Aims
The next generation of galaxy surveys such as DESI and EUCLID will give humanity an
opportunity to learn more about our Universe and solve some of nature’s greatest mysteries.
These surveys have taken years to plan, billions of dollars of investment and personal sacrifices
from a worldwide team of scientists. The data collected will hold a wealth of knowledge that
will need to be unlocked using the correct analyses. One needs to convert the 3-dimensional
positions of up to two billion galaxies into meaningful inferences. This work serves as one
avenue to do this, by focusing on the galaxy bispectrum. This statistic encompasses information
about triangles on the sky, where a single galaxy is found at each vertex. By measuring the
correlations of different triangular shapes across the observable Universe we can learn about
cosmology. Interestingly and importantly, the bispectrum uniquely describes the physics of the
early Universe, and with it we can learn about our beginning and how the large scale structure
of the Universe came to be.

The bispectrum has two forms: the bispectrum obtained from real-life observations of the
Universe and the bispectrum theoretically predicted with mathematics - what do we expect to
observe? By comparing the two, one can check how well they agree. If they agree then this is
supporting evidence that the physical theories used to make the prediction are genuinely a true
description of nature. If instead the prediction fails to match observations, then one must to
reconsider the physics assumed.

The focus of this thesis is on the latter of the two types. We aim to make a theoretical prediction
of the galaxy bispectrum that is well guided by known physics, mathematically consistent and
falsifiable. With this in mind, we hope to yield a realistic estimate of this statistic, that is, one
that is comparable to the observed galaxy bispectrum. Our calculations include new physical
effects, namely relativistic effects that arise from the physics of Einstein’s gravity. They are new
in the sense that historically they haven’t been included in the analyses of galaxy surveys. This
omission is justified for past surveys, however it is expected that any theoretical predictions of
the bispectrum that are to be compared with the bispectrum of upcoming galaxy observations
will require the correct description of said relativistic effects. This is because they become
significant on yet so far unexplored large scales, of which the new surveys will probe.

Generally in physics, people make predictions in one of two ways. The first is analytically, this
is through the use of mathematics that describe physical laws. For example, Newton’s second
law of motion can be written succinctly in one line: F = ma. This describes the magnitude
of a force experienced by a body of mass m in terms of its acceleration a. One can then
conduct an experiment to compare this analytical prediction with reality. Alternatively, and
increasingly in the modern age of computing, theoretical predictions are found numerically with
the use of computers. This pursuit still requires mathematical equations, except they are solved
computationally. Such an approach is useful if there is, for example, no known exact (one that
can be written as a succinct expression) solution to a differential equation or integration; instead
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one must apply numerical methods to make an estimate of the true result. This is precisely the
regime we work in.

In summary, we adopt a numerical approach to finding a theoretical prediction of the galaxy
bispectrum, one that we hope is comparable to the bispectrum found from upcoming galaxy
surveys. Consequently, one can use this comparison to rule out or confirm theories of the
early-universe and test gravity on cosmic scales.

v
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Introduction

1

1.1 Motivation

The Statement of Aims provides the non-specialist with an understanding of the essence of
this thesis. We use this subsection to speak freely about the technicalities of our work using
terminology we have not yet defined. This is with the intention of delivering the specific message
of what we will cover in this thesis. For those of you that feel lost in the jargon used here, feel
free to return to this space later, after we have introduced each of the concepts we refer to.

We are currently experiencing what is referred to as the “precision era” of cosmology. Up until
now we have largely explored the cosmic microwave background (CMB) with probes such as the
Cosmic Microwave Explorer (COBE), the Wilkinson Microwave Anisotropy Probe (WMAP)
and most recently - the Planck1 satellite. Whilst we have learnt many things about the Universe
through these endeavours, there is still much to be uncovered with large scale structure (LSS)
observations. In particular, Euclid2, the Dark Energy Spectroscopic Instrument3 (DESI ) and
the Square Kilometer Array4 (SKA) missions will in forthcoming years peer far deeper into the
observable Universe than its predecessors.

1https://sci.esa.int/web/planck
2https://sci.esa.int/web/euclid.
3https://www.desi.lbl.gov/
4https://www.skatelescope.org/.
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The surface of last scattering is a 2-dimensional surface out at redshift zrec ∼ 1100 which is
what we observe via incoming CMB photons. The mathematics used in understanding the
statistics and subsequently the physics of this process are threefold easier than LSS analyses [2].
First, the Universe was largely homogeneous and isotropic back in the era of recombination,
when the surface of last scattering was formed ' 380, 000 years after the Big Bang. The
Universe had only just cooled to 3000K, which meant that neutral hydrogen could form, and
photons could propagate freely to our detectors 13.8 billion light-years away [3]. At this
infant stage of cosmological evolution, which followed the inflationary era that smoothed out
density inhomogeneities, there was not enough time for gravity to magnify the small density
inhomogeneities to form clusters of matter which eventually became the large scale structure of
the Universe. This meant that the energy density of matter was homogeneously distributed in
all directions and all places of the universe [4]. This is supported by the minuscule temperature
fluctuations observed with CMB photons ∆T/T ' 10−5 for multipoles ` > 1. Consequently,
this means that first order perturbation theory is mostly adequate to describe the physics
of the CMB, especially as the Gaussian nature of the CMB temperature fluctuations mean
that the statistics can be almost entirely summarised by the power spectrum, with all higher
order statistics being close to negligible. This is in contrast to LSS observables, which have
undergone non-linear gravitational collapse; on small to intermediate scales there are large
density fluctuations, which give rise non-linearities.

Secondly, in our work, the distribution of galaxies observed on our past light cone form a 3-
dimensional statistical field compared to the 2-dimensional last scattering surface, the additional
dimension is that of the line-of-sight direction of the observer. Instead of the redshift being fixed
at z ' 1100, correlations of the tracer field can be taken at different redshifts, which have the
power to uncover and enhance a range of astrophysical effects (e.g. gravitational lensing). There
is also the advantage that LSS probes can in principle measure up to ' (3000)3 = 2.7× 1010 [2]
independent modes as compared with the CMB’s 107 which means that cosmological inferences
made with LSS can in principle hold greater statistical significance.

The third difficulty with LSS, by which we define to be the distribution of galaxies and matter
on scales much larger than individual galaxies or groups of galaxies, is that the observables
(e.g. HI, galaxies etc.) trace the underlying matter density field [5]. As an analogy, city lights
at night observed from space are a tracer of human population, not exact but an indicator
or proxy. In cosmology, when one takes correlations of the LSS observable field, one needs to
correctly incorporate a galaxy bias model that either parameterises one’s ignorance or maps
the observed tracer field to the underlying physical density field. This is further complicated
by magnification bias. This corresponds to the fact that real-life galaxy surveys are limited by
a threshold luminosity. We only observe galaxies above this threshold luminosity and so we
should be mindful of such bias when making inferences about the true underlying field using
our flux-limited observations.

The clustering of galaxies is a powerful cosmological probe. Up until now it has been largely

2
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investigated using 2-point statistics like the 2-point correlation function (2PCF) and the galaxy
power spectrum. Using galaxy number counts (i.e. counting the number densities of galaxies in
different volumes of the sky), these methods have provided tight constraints on the cosmological
parameters that we use to describe our Universe [6, 7, 8]. This is expected to be improved further
with the upcoming surveys that will scan larger volumes of the sky with higher resolutions.
Higher-order correlations such as the 3-point correlation function (3PCF) and the galaxy
bispectrum have been largely neglected due to their added theoretical and computational
complexities. The bispectrum is unique in its ability to describe non-Gaussianity of primordial
perturbations. The power spectrum is sensitive to primordial non-Gaussianity (PNG) of the
local shape which is a result of a scale-dependent contribution to the biasing relation between
dark matter and the galaxy over-density [9, 10]. The galaxy bispectrum [11], however, contains
additional information on PNG, given that it is sensitive to all shapes. Constraining the
non-linearity parameter fNL is fundamental to our understanding of inflation and the early
Universe [12, 13]. Moreover, by evaluating f loc.NL , the galaxy bispectrum can provide consistency
checks with the power spectrum, enabling us to gain a better handle on galaxy bias.

The tree-level bispectrum requires second order perturbation theory to galaxy number counts
which has been developed by several groups [2, 14, 15, 16, 17]. The full expression covers several
pages in length which usually results in researchers taking a subset of terms that dominate
within a certain limit. In our work, we choose to take the Newtonian-limit of the full second
order expression derived in [2], which was later given in [18]. The terms that we consider are of
the same parametric order as k4

H4 Φ2 in Fourier space. They are the dominant terms on scales
within the “Hubble scale”. This corresponds to scales that have a wavenumber k � H.

Historically, most studies of poly-spectra work in Fourier space. This type of analysis uses
plane-parallel approximations which are only valid for narrow-surveys. The Euclid mission,
for example, aims to cover 20,000 square-degrees [19] thus ruling out such approximations if
one wishes to analyse the full span of the survey. Furthermore, Fourier-space approaches map
correlations on constant time-hypersurfaces which are best suited for spectroscopic surveys with
thin redshift bins, ∆z. In photometric galaxy surveys, where ∆z is larger, the Fourier approach
is not suitable. This is especially so given that lensing effects are often neglected in Fourier space
and we understand that they cannot be ignored for large redshift separations [18]. In addition,
Fourier space analyses require a fiducial cosmological model to convert observed angles and
redshifts to distances. Under these considerations, the angular galaxy bispectrum [2, 18, 20, 21]
(also known as the all-sky galaxy bispectrum or harmonic-space galaxy bispectrum), is the
3PCF represented in harmonic space and is defined in terms of the directly measurable angles
and redshifts. The angular bispectrum thus provides a natural fit for analyses of future surveys
which will observe wide angle correlations and large redshift separations.

Over the course of my Ph.D., we have developed a code, galbispectra, specifically to com-
pute the angular galaxy bispectrum. Our code can compute the theoretical reduced angular
galaxy bispectrum, b`1`2`3(z1, z2, z3), which is in theory what one would observe in a survey with

3
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perfect redshift-precision. This result is easier to attain numerically as no window function
time-integrations are required. In this thesis, we produce results that, to a reasonable extent,
provide an independent confirmation of the theoretical galaxy bispectra results of [18]. Addi-
tionally, galbispectra can compute the more realistic “observed” reduced angular bispectrum:
b̃`1`2`3(z1, z2, z3). This is found via a 3-dimensional time integration of our theoretical reduced
bispectrum b`1`2`3(z1, z2, z3) over three Gaussian window functions. We present our results for
this observed statistic whilst incorporating galaxy and magnification bias and approximating the
first order galaxy number over-density, ∆(1), to include the density, RSD and lensing convergence
contributions. We find that such an extension (including magnification and galaxy bias in
addition to all three linear terms) can significantly affect the magnitude of the observed signal
by as much as a factor of ∼ 6 for equilateral bispectra `1 = `2 = `3 across two different redshift
configurations (z1 = z2 = z3 = 1) and (z1 = z2 = 1, z3 = 1.1). Our code is developed in such a
way that it is straightforward to implement additional second order effects such as the topical
“relativistic projection effects” [13, 22, 23, 24]. These terms are expected become significant on
large scales probed by upcoming galaxy surveys; evaluating the impact of these effects on the
galaxy bispectrum is an essential step toward cleaning any late-time induced non-Gaussianities
from an evaluation of PNG.

Our work aims to contribute to the goal of extracting the full theoretical potential of the
bispectrum measured by the next generation of galaxy surveys. We hope to elucidate some of
the complexities of numerically computing this statistic in harmonic space and encourage others
to join our effort. If successful, the scientific return of the galaxy bispectrum can rival previous
work on the CMB bispectrum [25] and subsequent measurements from Planck [26] by providing
another source of constraining cosmological parameters, honing in on the galaxy bias relation
[27] and probing the physics of the early universe through the non-linearity parameter fNL.

1.2 Thesis Outline

The purpose of this thesis is to present a numerical prediction for the galaxy bispectrum in
harmonic space (or angular galaxy bispectrum). We hope to approach this task in a pedagogical
fashion, starting with the more fundamental principles and progressively covering more complex
yet relevant subject matter. The thesis is in some respect a document of two halves. Chapters
1-4 are heavily theoretical whilst chapters 5 - 6 detail the numerical side of this work.

We start Cosmological Fundamentals (Chapter 2) with ‘A Very Brief History of Cosmology’
(Section 2.1). Here we aim to give the reader the context of the wider picture of cosmology
of which the project forms a part of. We will give a brief overview of cosmology, a field that
has been revolutionised since the start of the 20th century from a discipline that some argue
was closer to philosophy than science, to a burgeoning and well-respected area of physics. We
will introduce the standard model of cosmology, ΛCDM, our best description of nature on
cosmic scales, whilst discussing the potential pitfalls and the open problems that cosmology is

4
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confronted with. We will then proceed Chapter 2 with an introduction to distance measures,
the standard model of cosmology, perturbation theory and its implications on gauge, and finally
we review inflation which is a proposed era of the very early universe. The bispectrum has
the potential to probe such scales and help to uncover the physics of inflation. We cover this
specifically in Section 4.2.5.

We proceed with ‘Galaxy Number Counts’ (Chapter 3). We introduce the key observable in
galaxy surveys: the galaxy number over-density ∆(n, z) (also coined the fluctuation of galaxy
number counts). We discuss qualitatively the various astrophysical effects which influence a
photon’s path from a galactic source to our detectors which consequently affect our measurement
of ∆(n, z). We cover a derivation of the first order expression ∆(1)(n, z). We also state our
approximation of its expression at second order, ∆(2)(n, z), that we use throughout this work.

We follow on to ‘Statistics of The Universe: Correlation Functions’ (Chapter 4). We introduce
correlation functions which are essential to connecting theory with observations. We start by
defining real space n-point correlation functions before moving into Fourier space, covering the
galaxy power spectrum and galaxy bispectrum, which are statistics of ∆(k, z). We subsequently
move on to harmonic space correlations, defining the angular galaxy bispectrum. Section 4.3.3
is, mathematically speaking, particularly dense; here we derive the expressions of the angular
bispectra that we later compute. For a concise list of these expressions see Section 4.3.4.

At this stage, we will have all we need for the numerical computation of our galaxy bispectra
terms. We move on to Section 5 where we present our code, galbispectra, designed for this
purpose.

We subsequently reach our ‘Numerical Results’ (Chapter 6) whereby we illustrate, discuss
and evaluate the results of our code’s bispectrum computations. We present data which is
comparable to the work of [18] before presenting our novel results.

The thesis is concluded in Chapter 7. We summarise the thesis as a whole and discuss our
method. We also outline potential areas for future work.

5
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Theoretical Considerations



Cosmological Fundamentals

2

This section is intended to provide the reader with the basic theoretical bedrock of modern
cosmology, at least within the scope of this work. We start by introducing the relevant distance
measures before discussing the Friedmann-Robertson Walker (FRW) metric [28, 29], the Einstein
equations and conservation equation with respect to the background FRW solution [30]. We then
cover the basics of perturbation theory, discuss the impact of gauge dependence in relativistic
contexts and we give a short example in perturbing the conservation equation. We conclude
this section by introducing the concept of inflation.

In order to match our theoretical inferences with observation we require a cosmological model.
The standard model of cosmology, dubbed “ΛCDM”, accounts for each of the following observed
properties of the Universe:

• It is homogeneous and isotropic when averaged over sufficiently large scales

• The space between objects is expanding

• This expansion has started accelerating relatively recently in comparison with the age of
the Universe

• The space appears to have negligible curvature at least on the scales of the observable
Universe (i.e. it is flat)

• It was vastly hotter in the early Universe than it is now

7
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• Highly inhomogeneous on small scales (� 100Mpc)

• It was highly homogeneous on these same scales in the early ages of its evolution

The “Λ” denotes the presence of the cosmological constant within this model and “CDM” is an
acronym for Cold Dark Matter. It is necessarily “cold” to reference it’s low velocity as compared
with the speed of light. We assume the ΛCDM model throughout this thesis. A fundamental
assumption of the concordance model is The Cosmological Principle which states that the
distribution of matter in the Universe on large scales is homogeneous and isotropic. As we shall
see, taking this view allows a dynamical solution of Einstein’s equations using our Friedmann-
Robertson-Walker (FRW) metric which we introduce in Section 2.3. Cosmological observations
add credence to The Cosmological Principle, however it cannot be proved unambiguously since
we are limited to observations of our specific light cone at this time and place in the Universe.
A light cone in special and general relativity is a path that light emanating from a single event
(a point in 4-dimensional spacetime) could take through spacetime. An illustration of this with
two spatial dimensions can be seen in Fig. 2.1. For an elaboration of topics discussed in this
chapter such as the FRW metric, Cosmological Principle and the ΛCDM model, please see any
of the following text books [31, 4, 32, 33]. For detail on GR please see [30].

Figure 2.1: The cones are centred around an event in spacetime at the position of the observer. The
intersecting plane at this position is the hypersurface of constant (present) time. Light travelling at
the speed of light is represented by the boundary of the cone. Any event outside of the light cone
would be out of causal contact with the observer whilst any event within the boundary of the cone
is within causal contact of the observer. Image Credit: Users K. Aainsqatsi and Stib on Wikipedia
(https://en.wikipedia.org/wiki/Light_cone).

Isotropy is observed in the CMB [34] for example. If we combine this with the Copernican
principle, that we do not occupy a special position in the Universe, we can conclude homogeneity

8
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of the entire observable Universe [31]. There are a class of cosmological void-models whereby
the Copernican principle is not assumed. This permits our Galaxy to sit close to a local
under-density region in the Universe which some propose solves the Hubble tension or even
eradicates dark energy [35, 36]. For counter arguments see [37, 38].

We proceed with a historical account of cosmology, here we give an overview of how we have
established the ΛCDM model through our observations of the Universe.

2.1 A Very Brief History of Cosmology

Albert Einstein published his General Theory of Relativity (GR) in 1915. His new formulation
of gravity followed from his principle of equivalence: locally it is impossible to distinguish the
effects of gravity from those due to acceleration. General Relativity is a classical field theory
that describes the geometry of 4-dimensional spacetime in terms of the mass embedded within it.
It describes how light travels along geodesic trajectories, how black holes are physically viable
entities and how the Universe evolves. In 1917, Einstein modified his field equations to include
a “cosmological term” which originally described the Universe as static and non-expanding -
a mistake he would later quote as the biggest blunder of his life. Fortunately, shortly after in
1922 the Soviet mathematician Aleksandr Aleksandrovich Friedmann, found a solution to the
field equation that allowed for a dynamic universe, one that was free to expand, contract or
cycle. The conception of General Relativity, a physically accurate description of the force most
relevant on the largest scales of the Universe, was not only a groundbreaking discovery in the
history of science but is fundamental to the success of cosmology.

In 1912 Henrietta Swan Levitt discovered that Cepheid variable stars have periods of brightness
variation that are closely related to their luminosity [39]. The fluctuations in light of these
stars in the Andromeda Nebula enabled Edwin Hubble in 1923 to infer the distance to the
nebula using the relationship between the period of the Cepheid variability and its luminosity.
At the time, this inference placed the Andromeda nebula ∼ 900, 000 light-years away which
was approximately three times greater than their constraint on the diameter of the Milky Way.
If Hubble’s conclusion was correct, the Andromeda Nebula was itself a galaxy - distinct from
our own. Hubble’s observation, along with similar conclusions found from other nearby spiral
nebulae, convinced the astronomical community that the Universe in fact contains a vast array
of galaxies.

Hubble and collaborators at the Mount Wilson Observatory in California would go on to
investigate why the “extragalactic nebulae” (what we now call galaxies) appeared to be moving
away from us. The observed light appeared to be shifted toward the red-end of the visible light
spectrum with respect to to a rest-frame source. If one assumes this shift to be a result of
Doppler-like velocities, one can conclude that each of the redshifted galaxies is moving away
from us. In 1929 Hubble published his pioneering work that established the velocity-distance
relationship [40]. He found that for galaxies in the local Universe, the velocity of a galaxy
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is proportional to its distance from us. This is where the famous Hubble parameter, H0 was
founded: v = H0 × d. H0 (Fig. 2.2). as the gradient of the straight line in the velocity-distance
graph, which denotes the present-day expansion rate of the Universe. If one assumes the
Universe expanded at a constant rate throughout time, then H−1

0 is an estimate of the age of
the Universe.

Figure 2.2: The velocity-distance relation among local galaxies. Radial velocities, corrected for solar
motion are plotted against the distance estimated from involved stars and mean luminosities of nebulae
in a cluster [40].

At the time it was thought that the Universe was in an eternal, static state. Hubble’s science
served as convincing evidence to the contrary: the Universe is expanding. If this is indeed the
case then it is reasonable to conclude that if one traces the evolution of the Universe backward
through time, then at some earlier stage, everything was in contact. This is the basis for the
Big Bang Theory (BBT) which was incidentally first conceived by Lemaître in his 1927 paper
[41]. The Big Bang theory was later refined by Ralph Alpher and George Gamow who in 1954
published their αβγ paper (a play on words of the three official authors, one of which didn’t
contribute but was included for comedic effect) [42]. The paper posited a primeval thermonuclear
explosion to explain the distribution of chemical elements throughout the Universe.

Later in 1963, Arno Penzias and Robert Wilson gained access to the 20ft Bell Labs radio
telescope; they planned to measure the 21cm spectral line of neutral hydrogen atoms in the
galactic halo. After ruling out various sources of noise (including a pair of pigeons), they found
an excess radiation at 7.35cm in every accessible direction which was equivalent to a 3.5± 1K
temperature [43]. They went on to measure the radiation at various wavelengths and found
the same brightness temperature. It was later confirmed that they had detected the blackbody
radiation of the Universe: the Cosmic Microwave Background (CMB)[44]. The first detection
in fact came from McKellar using intersellar molecules in 1940, although the significance of

10



Chapter 2. Cosmological Fundamentals S. E. D. Lawrence

this was not realised until Penzias and Wilson’s detection. This gave credence to the Big Bang
model and disfavoured Fred Hoyle’s steady-state theory.

There were still problems with the Big Bang theory that remained. In 1981 Alan Guth incited
interest in cosmological inflationary theory by demonstrating that a short period of exponential
expansion in the early Universe could solve two known problems of the Big Bang Theory
[45]. The first is the horizon problem: the fact that the early universe is assumed to be
highly homogeneous, despite observations that separated regions of the CMB appear causally
disconnected. The second is that the initial value of the Hubble constant must be fine-tuned to
near critical mass density with “extraordinary accuracy” to produce a geometrically spatially
flat Universe that we observe. The theory of inflation was later tweaked by Andrei Linde [46],
Andreas Albrecht and Paul Steinhardt [47]. As the theory evolved, it transpired that inflation
could explain why the number of magnetic monopoles predicted by the BBT are not seen in
nature (monopole problem). Guth was aware of this issue, but his original model couldn’t
reconcile the monopole problem.

The space-based Cosmic Microwave Explorer (COBE) satellite was launched in 1989. Mea-
surements with its Far Infrared Absolute Spectrophotometer (FIRAS) established the thermal
nature of the CMB and calculated its background temperature to three decimal places, a
precision that was unprecedented in cosmology [48]. Furthermore, the small fluctuations in the
brightness temperature could be mapped across the sky for the first time. The CMB observed by
COBE has a near-perfect blackbody spectrum (Fig. 2.3) which is indicative that the radiation
was emitted from a much earlier time, when the Universe was full of hot, dense, ionized gas.
Subsequent observations by ground-based and balloon-borne instruments and eventually by
the Wilkinson Microwave Anisotropy Probe (WMAP) and today’s Planck satellite showed that
these anisotropies are consistent with inflationary theory [48]. Although there are questions to
be answered surrounding the specificity of the initial conditions of inflation, the interactions of
the fields involved and its falsifiability, inflation is generally regarded as our best explanation of
the early Universe.

In the early 90s, the flat, matter-dominated Einstein-de Sitter (EdS) cosmological model was
favoured on theoretical grounds. In 1992, Efstathiou et. al. published [50], which highlighted
the discrepancy between the theoretical predictions of the EdS model on the relative amplitude
between large scale and smaller scale clustering within the APM Galaxy Survey. In addition, the
EdS model failed to describe the galaxy velocity statistics. The introduction of a cosmological
constant in Einstein’s field equations that represents ∼ 80 percent of the present-day energy
density of the Universe reconciled the mismatch between the predictions and observations of
the APM galaxies [5]. Subsequently, the Nobel prize winning work of Reiss et. al. [51] observed
that high-redshift type Ia supernovae (SNIa) were ∼ 20% fainter than expected with an EdS
cosmology. This is a signature that the Universe is expanding at an accelerating rate which led
to the profound conclusion that the Universe is described by a positive cosmological constant,
Λ, which mathematically represents smoothly distributed “dark energy” throughout the cosmos.
Since then, the concordance model, the standard flat ΛCDM model of cosmology has been the
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Figure 2.3: The black body spectrum of the CMB measured with the Far Infrared Absolute
Spectrophotometer (FIRAS) of the COBE satellite. The bottom plot is the residual between the CMB
measurements and the best fitting black-body function. The top plot shows this residual added to the
theoretical blackbody spectrum at the best fitting external calibrator temperature. The three curves in
the bottom correspond to three non-blackbody spectra: the grey curve shows a body with a reflectivity
of 100 parts per million instead of zero, and the red and blue curves show the effect of hot electrons
adding an excess 60 parts per million of energy to the CMB either before (blue) or after (red) 1000
years after the Big Bang. These curves show the maximum distortions allowed by the FIRAS data [49].

standard in the field since.

The 90s also saw Colless & Dunn [52] confirm the 1933 findings of Fritz Zwicky who had
previously concluded that, for a Coma Cluster velocity dispersion of 1000km/s, the mean
density of the Coma Cluster would have to much greater than that which is derived from
luminous matter [53]. Zwicky is credited as the first to observe evidence for dark matter,
observations of galaxy rotation curves (Rubin et. al. [54]) since have, along with the results of
Colless & Dunn, established dark matter as a physically realised component of the Universe.
Present-day measurements place the abundance of dark matter at ∼ 27% of the total energy
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density of the Universe, ∼ 5.4 times greater than baryonic matter [34].

In 2015, the LIGO and VIRGO collaborations, for the first time, detected gravitational waves
(GW) . Such GW were caused from a Binary Black Hole Merger event some 12.4 billion light-years
away [55]. This is a direct consequence of Einstein’s Theory of General Relativity conceived 100
years prior. Several merger collisions have been observed since, including GW170817 [56]. This
particular event emitted two distinct signals from the same cosmic event, one in gravitational
waves and one in gamma rays which were later detected. This was the first "multi-messenger"
observation of a gamma-ray burst. The velocity of the GW relative to the electromagnetic
counterpart significantly constrained the landscape of feasible modified gravity theories, a
sub-area of cosmology devoted to reconciling the effects of Dark Energy on large scales with
modifications to GR.

There is ongoing debate about whether this is the best description of reality given that we
still do not “know” what dark energy really is or have not detected dark matter directly. Is
the cosmological constant a placeholder for something more fundamental? Can our large-scale
observations be explained by modifications to general relativity? The lack of a quantum theory
of gravity limits our understanding of physics in high-energy regimes. We also have a significant
unresolved tension in the value of H0. The early-Universe value of H0 inferred from CMB
observations, which assumes ΛCDM, differs by 9.4±2.1% (4.4σ) from the cosmology independent
value of H0 found through observations of the “local” Universe, namely Cepheid variable stars
and SNIa observations [57]. Some argue that this is evidence of physics beyond ΛCDM which
has motivated a range of alternative models and extensions. As it stands, however, ΛCDM
is generally regarded amongst cosmologists as our best model with respect to the scientific
principle, by virtue of how well it can explain observations of our Universe.

Our incomplete understanding of the Universe is an exciting opportunity for new discoveries.
With upcoming observational probes, we will observe the Universe in traditional ways (e.g.
galaxy clustering) with greater precision and range, as well as in novel ways (e.g. space-based
gravitational waves) which, in combination, will allow us to tackle open problems with both a new
and enhanced perspective. The Euclid1 mission will explore the distance-redshift relationship
and the evolution of cosmic structures by measuring shapes and redshifts of galaxies and clusters
of galaxies out to z ∼ 2. The space-based Euclid satellite will survey the entire period over
which dark energy played a significant role in accelerating the expansion of the Universe. The
ground-based VRO2 effort will observe up to 37 million galaxies and stars to survey over half of
the sky every few days to construct motion pictures of the Universe. Contrary to these optical
and infrared based approaches, the upcoming Square Kilometer Array SKA3 will detect the
radio radiation of the entire sky. The SKA will survey the sky at an unprecedented scale with a
resolution that far exceeds the image resolution of the current Hubble Space Telescope4. Given

1https://sci.esa.int/web/euclid.
2https://lsst.org.
3https://www.skatelescope.org/.
4https://hubblesite.org/.
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the low-frequency sensitivity of the antennas, the SKA will be able to peer into the depths of the
cosmos at the first stars and galaxies which could shed light on the role of dark matter in galaxy
formation processes. In addition, the James Webb Space Telescope5, with long wavelength
coverage, will study the span of our Universe’s history, offering insights into the formation of the
first galaxies. This is also a promising time for gravitational wave astronomy with the future
launch of LISA6 which will be the first instrument to directly measure gravitational waves from
space. This mission hopes to map a stochastic gravitational wave background of the Universe.
LISA will hopefully provide additional tests for GR and Dark Energy as well as new insights
into inflation.

This is by no means an exhaustive list of the discoveries that have contributed to the field of
cosmology nor the complete set of planned endeavours. Instead, this brief overview should serve
as a rough guide on where the field of cosmology has come from, where it is today and what we
can hope to expect in the coming years.

2.2 Definitions of Measurements

Describing the relationship between positions in the Universe and at different times is fundamental
to cosmology. In an expanding Universe, there are many ways to specify the distance between
two points. We introduce the notion of comoving observers. Two observers are said to be
comoving if, once their Hubble velocity is subtracted from their total velocity, there is no relative
motion between them. Distance measures in cosmology measure the separation of events, points
in 4-dimensional spacetime, on null trajectories: trajectories of photons which terminate at the
observer.

Perhaps the first cosmological parameter to be studied and arguably the most famous is the
Hubble constant H0. This is the “constant” of proportionality between recession velocity, v, and
distance d in the expanding Universe

v = H0d, (2.2.1)

where we use the subscripted “0” to denote the present-day value of the time-dependent expansion
rate

H(t) = ȧ(t)
a(t) . (2.2.2)

where a(t) is the scale-factor of the universe normalised to today a(t0) = 1. We usually write
the present-day value of the Hubble parameter as

H0 = 100hkms−1Mpc−1 (2.2.3)
5https://www.jwst.nasa.gov/.
6https://www.elisascience.org/.
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where h is a dimensionless number parameterising our ignorance of its true value. This number
can range from ∼ 67 for h inferred from CMB measurements assuming ΛCDM to ∼ 73 for
direct measurements of H0 via observations of the local Universe (e.g. type Ia supernovae). This
conflict between measurements is known as the Hubble tension. For a review of this debate see
[38].

The relationship between points in an expanding Universe is governed by the energy contents
of the Universe. Matter seeks to counteract the expansion of space whereas dark energy or
the cosmological constant (Λ) has the opposite effect akin to negative pressure, providing an
additional energetic contribution to the expansion. The accelerated rate of expansion is a result
of the energy density of matter becoming diluted with respect to the energy density of dark
energy as the Universe grows in volume. This is an inevitable consequence given how the scaling
of the energy density of matter and dark energy with the scale factor a(t). We describe this
mathematically using the continuity equation in Section 2.4.

The dynamic (evolves with time) energy density of the Universe, ρ, and the value of the
cosmological constant Λ are physical properties of the Universe. We can describe how these
parameters affect the expansion rate using the Friedmann equations. The first Friedmann
equation is given as

(
ȧ

a

)2

= 8πG
3 ρ− κ

a2 , (2.2.4)

where κ parameterises the curvature of the Universe and is < 0, = 0 and > 0 in open, flat
and closed universes respectively. Equation (2.2.4) describes how the energy density of the
Universe (ρ =

N∑
i
ρi), where i is each individual non-interacting species affects the expansion of

the Universe ȧ.

ä

a
= −4πG

3 (ρ+ 3P ), (2.2.5)

where ä is the acceleration of the expansion. Eq. (2.2.5) describes how the pressure and energy
density of species affect the acceleration of the expansion of the Universe ä. The two Friedmann
equations (2.2.4) & (2.2.5) are of central importance to the field of cosmology. We discuss their
derivations after we have defined the Einstein equations at the end of Section 2.4.

We can use the Friedmann equations to derive the dimensionless density parameters ΩM ≡
ρM/ρcrit and ΩΛ ≡ ρΛ/ρcrit. At t = t0 these are

ΩM,0 ≡
8πGρM0

3H2
0

, (2.2.6)

ΩΛ ≡
Λc2

3H2
0
, (2.2.7)
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where ρcrit is the critical energy density that would give ȧ = 0.

A third density parameter, Ωk, accounts for the curvature of spacetime and is defined by the
relation

ΩM + ΩΛ + Ωk = 1. (2.2.8)

If the Universe obeys The Cosmological Principle, these parameters completely determine the
geometry of the Universe. Combining the fact that our Universe is very close to flat (zero global
curvature), with Eq. 2.2.8 we can interpret the values of the density parameters to mean that
approximately 69% of our Universe’s energy budget is comprised of dark energy and 31% is
matter. Interestingly only ∼ 5% of the total energy density of the Universe is attributed to
baryonic matter - the normal everyday matter of our everyday lives. 95% of our Universe’s energy
content has neither been directly detected nor well understood. We understand and observe the
effects of dark energy and dark matter which is why they remain essential to the concordance
model, however, we are still yet to detect them in ground-based particle accelerators such as
CERN 7 . The values of these parameters for the Einstein-de-Sitter and ΛCDM cosmological
models are given below

Name ΩM ΩΛ Ωk

Einstein-de-Sitter 1 0 0
ΛCDM ∼ 0.31 ∼ 0.69 ∼ 0

where we have used [34] for the ΛCDM values. The redshift, z, of an object is the fractional
Doppler shift of its emitted light resulting from relative radial motion

z + 1 ≡ λo
λe

(2.2.9)

where λo and λe are the observed and emitted wavelength of light. In special relativity, the
redshift is related to radial velocity v‖ by

1 + z =

√√√√1 + v‖/c

1− v‖/c
(2.2.10)

where c is the speed of light. Some object to the view that relativistic redshifts are a result of
radial velocities. Note however that redshift is directly observable whereas radial velocity is not.

The difference between an object’s measured redshift zobs. and its cosmological redshift, zcos.,
is due to its radial peculiar velocity vpec.. We therefore define the cosmological redshift as the

7https://home.cern/
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contribution to the total observed redshift which is solely due to the expansion of the Universe,
or Hubble flow.

The cosmological redshift is directly related to the scale factor a(t) of the Universe. This
parameter is normalised such that a(t0) = 1. In terms of redshift, we have a relationship between
the scale factor at the observed time and the emitted time (te < to)

1 + z = a(to)
a(te)

. (2.2.11)

The inverse of the Hubble constant is the Hubble time tH

tH = 1
H0

= 9.78× 109h−1yr, (2.2.12)

and the speed of light c multiplied by the Hubble time is the Hubble distance

DH ≡
c

H0
= 3000h−1Mpc = 9.26× 1025h−1m, (2.2.13)

where a megaparsec is a unit of distance defined by

1Mpc = 3.086× 1022m. (2.2.14)

These quantities set the scale of the Universe. Often cosmologists work in natural units
c = tH = DH = 1. We adopt this convention throughout.

A key distance measure in cosmology is the comoving distance. A small comoving distance
δχ between two nearby objects in the Universe is the constant distance between them which
remains if the two objects are moving with the Hubble flow. It is the proper distance between
them at the time they are being observed divided by the ratio of the scale factor with respect
to then and now. Proper distance is the distance that would be measured by a ruler at a given
time. The total line-of-sight distance χ̄ between a distant source and us (z = 0) is found by
integrating the infinitesimal contributions δχ along the line-of-sight or radial ray from z = 0 to
z = zsource

χ̄(z) = 1
H0

∫ z

0

dz̃

E(z̃) , (2.2.15)

where

E(z) =
√

ΩM(1 + z)3 + Ωk(1 + z)2 + ΩΛ. (2.2.16)

The comoving distance will be paramount to our understanding of galaxy number counts in
Chapter 3 where we will be interested in understanding the path of a photon from a galactic
source to our detectors on Earth.
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2.3 The Friedmann-Robertson-Walker metric

In a smooth expanding Universe, our scale factor a(t) relates the coordinate distance to the
physical distance. In cosmology it is necessary to separate the idea of coordinates from physical
distances. In normal Cartesian coordinates the two are identical. In general, however, they are
not; polar coordinates, for example use the coordinate angle θ which is not a distance. However,
with the use of a metric, we can convert differences between coordinates to a physical distance.

The most familiar metric is that of Cartesian coordinates. In two dimensions this is

ds2 = dx2 + dy2. (2.3.1)

In polar coordinates, the distinction between physical distances ds and coordinate differences
dθ is clear

ds2 = dr2 + r2dθ2 6= dr2 + dθ2, (2.3.2)

i.e the polar coordinates do not obey the Pythagorean theorem. We can generalise these types
of formulae with the use of the metric tensor gij where i, j = 1, . . . , N and N is the number of
spatial dimensions.

In classical Newtonian mechanics, particles travel along curved trajectories because of the force
of gravity. In general relativity, gravity is encoded in the metric: particles move via the shortest
distance in space which appears curved because of the geometry of spacetime. In 4-dimensions,
the distance between two points (spacetime events) is given by the line element

ds2 =
3∑

µ,ν=0
gµνdx

µdxν . (2.3.3)

where Greek symbols here (and throughout this thesis) run from 0 to 3 with 0 reserved for the
timelike coordinate dx0 = dt and dxi for the spacelike coordinates where i = 1, 2, 3.

The line element is invariant under coordinate transformations: whichever coordinate system is
chosen, the distance between two spacetime events (points in 4D spacetime) remains unchanged.
We hereafter use the summation convention whereby repeated indices are summed over.

We will encounter vectors defined with upper indices Aµ = {A0, A1, A2, A3} and covectors or
1-forms defined with lower indices Aµ = {A0, A1, A2, A3}. One can be transformed to the other
with the use of the metric such that

Aµ = gµνA
ν , (2.3.4)

Aµ = gµνAν . (2.3.5)
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The metric can be used to raise and lower indices of tensors with an arbitrary number of indices
such that

gµν = gµαgνβgαβ. (2.3.6)

Upon fixing α = ν we have

gνβgαβ = δνα (2.3.7)

where δνα is a Kronecker-delta symbols defined by

δνα =

1, if ν = α

0, otherwise.
(2.3.8)

which implies that gµν is necessarily the inverse of gµν . This enforces the following conditions
on gµν

• Symmetric

• Has 4-diagonal and 6 off-diagonal components

• Provides the connection between the values of the coordinates and the more physical
measure of ds2

We adopt the signature convention for the metric as (−,+,+,+).

The Minkowski metric is the metric of special relativity in flat space with the following form

ds2 = ηµνdx
µdxν

= −dt2 + (dx2 + dy2 + dz2) (2.3.9)

where η ≡ diag(−1, 1, 1, 1). This metric can be used to locally describe coordinate frames in
GR that are free-falling. Since it is only locally equivalent, we cannot say in general that there
exists a GR frame whereby

∆s2 = −∆t2 + ∆x2 + ∆y2 + ∆z2 (2.3.10)

for finite coordinate displacements ∆t,∆x,∆y,∆z. The relationship between locally defined
flat coordinate systems in neighbouring patches of spacetime is what generates curvature and
the effect gravity.
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Of utmost importance in cosmology is the Friedmann-Robertson-Walker (FRW) metric. In
general this metric describes a homogeneous and isotropic expanding Universe. This is usually
our background solution in perturbation theory (PT). We expand about this solution to various
orders in PT; summing the background solution with the perturbations gives us our perturbed
solution which is closer to what is observed. In ΛCDM, motivated by observations of the CMB
and baryonic acoustic oscillations (BAO) [34, 58], we set the curvature of the Universe to zero
(κ = 0). This is also a theoretically more pragmatic model as compared with the open/closed
cases. Our flat Universe is described by the rank-2 tensor, ḡµν denoted by a symmetric and
diagonal matrix

ḡµν =


−1 0 0 0
0 a2 0 0
0 0 a2 0
0 0 0 a2

, (2.3.11)

where a = a(t) is the scale factor of the Universe, used to parameterise the size of each spatial
dimension normalised such that its value today is unity, a(t0) = 1. There is also an implicit
speed of light in each time-dimension, c, which we set to 1. This matrix is invariant under
rotations and shifts which allows the metric to describe a homogeneous and isotropic Universe.
Since it is our background solution in perturbation theory, we denote this metric with a bar.
The corresponding FRW line element is given by

ds2 = a(τ)2
(
− dτ 2 + δijdx

idxj
)

(2.3.12)

where τ is conformal time defined by

τ(t) =
∫ dt′

a(t′)dt
′, (2.3.13)

where a(t) is the scale factor. We call t, physical time which is measured by observers at fixed
comoving spatial coordinates. Conformal time allows us to write the line element with a common
scale factor, as in (2.3.12), since dt = adτ .

2.4 Einstein Equations

Einstein’s general relativity is the theory of gravity assumed in the ΛCDM model. Gravity is
the most significant “force” on cosmological scales; the weak, strong and electromagnetic forces
are assumed to be negligible on such scales. The Einstein equations describe how mass and the
curvature of spacetime interact gravitationally. This subsection introduces the components of
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the Einstein equations before stating its explicit expression (2.4.21). We will then see how the
Einstein equations lead to the first and second Freidmannn equations and how the conservation
equation gives rise to the equations of motion.

The energy momentum tensor (also called the stress-energy tensor), T µν , is a symmetric tensor
describing the flux of 4-momentum pµ across a surface of constant xν . Density is the time-time
component of the energy momentum tensor. Correspondingly, in relativity, “density” is defined
as the flux of particles across a space-like (ds2 < 0) surface.

Perfect fluids can be completely defined by a rest frame energy density ρ and an isotropic rest
frame pressure P . With these variables, we can define different fluids by their equation of state

w = P

ρ
. (2.4.1)

The key species in cosmology are

• Dust (non-relativistic matter) which is pressureless P = 0 =⇒ wM = 0;

• Radiation which has P = ρ/3 =⇒ wλ = 1/3;

• Dark energy wΛ = −1.

In order to describe the kinematics of a perfect fluid outside of a rest frame, we require a
covariant expression of the energy momentum tensor

T µν = (ρ+ P )UµUν − Pgµν , (2.4.2)

where Uµ is the 4-velocity of a particle which is (1, 0, 0, 0) in the rest frame. Hence, the
components of T µν are

• T 00 = ρ is the density (ρrest in the rest frame)

• T 0i is the momentum density (zero in the rest frame)

• T ij = P is the pressure for i = j but zero for i 6= j

The energy-momentum tensor of a perfect fluid can also be written in the following metric-
independent form

T̄ µν =


−ρ 0 0 0
0 P 0 0
0 0 P 0
0 0 0 P

. (2.4.3)
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In general relativity, the conservation equation gives rise to useful thermodynamic equations. In
flat space or special relativity, the conservation equation is expressed as

∂T µν
∂xµ

= 0, (2.4.4)

whereas, the more general expression found in GR that allows for spacetime curvature, makes
use of the covariant derivative

∇µT
µν = 0, (2.4.5)

where the covariant derivative ∇ for a given vector V β is given by

∇αV
β ≡ ∂V β

∂xα
+ ΓβασV σ, (2.4.6)

where the Christoffel symbols are defined as

Γµαβ = gµν

2

[
∂gαν
∂xβ

+ ∂gβν
∂xα

− ∂gαβ
∂xν

]
. (2.4.7)

In flat space, the Christoffel symbols are zero and the covariant derivative reduces to the
usual partial derivative. If we take the ν = 0 component of the conservation equation, we can
determine how the pressure and density evolve with time, we yield the continuity equation for
an expanding Universe

dρ

dt
+ 3 ȧ

a
(ρ+ P ) = 0. (2.4.8)

Using 2.4.8 and the properties of our perfect fluids, we can determine how the energy density of
each species scales with the expansion of the Universe. Take pressureless non-relativistic matter
(dust) with P = 0. We can rearrange (2.4.8) as follows

a−3 d

dt
(ρa3) = −3 ȧ

a
P (2.4.9)

which, for P = 0, implies

d

dt
(ρma3) = 0 (2.4.10)

∴ ρm ∝ a−3. (2.4.11)

If we instead take P = ρ/3 for radiation, (2.4.8) becomes
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dρλ
dt

+ 3 ȧ
a

(4
3ρλ) = 0, (2.4.12)

and so

dρλ
dt

+ 4 ȧ
a
ρλ = 0, (2.4.13)

⇒ a−4 d

dt
(ρλa−1) = 0, (2.4.14)

∴ ρλ ∝ a−4. (2.4.15)

Finally, for dark energy where w = −1 and P = −ρ, the second term in (2.4.8) vanishes

dρΛ

dt
+ 3 ȧ

a
(ρΛ − ρΛ) = 0 (2.4.16)

which reduces to

dρΛ

dt
= 0, (2.4.17)

∴ ρΛ ∝ constant. (2.4.18)

For each of the three species, the relationship between the respective energy density and the
scale factor is exactly what we would expect. For dust, if we take mass to be constant, as
the volume V ∝ a3 increases, the density scales as in (2.4.11). For radiation, we know that
E = 1/λ ∼ 1/a where λ is the wavelength of light, then if E/V = ρλ we expect (2.4.14). Lastly,
if dark energy is argued as a form of vacuum energy that grows in magnitude with the expansion
of the Universe, whilst its energy density remains constant, then we find (2.4.18).

General relativity describes how gravity and the curvature of spacetime affects the movement
of gravitating bodies. The movement of radiation and matter has well-defined affects on
thermodynamics. Therefore, from a mathematical perspective, the equations of GR manifest as
a relationship between the Einstein tensor, Gµν , and the energy-momentum tensor. If we define
the Einstein tensor as

Gµν ≡ Rµν −
1
2gµνR, (2.4.19)

and introduce the definition of the Ricci tensor

Rµν = Γαµν,α − Γαµα,µ + ΓαβαΓβµν − ΓαβνΓβµα, (2.4.20)

with the Ricci scalar R = gµνRµν , then Einstein’s equations can be succinctly expressed as
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Gµν = 8πGTµν (2.4.21)

where G ' 6.67× 10−11m3s−2kg−1 is the familiar Newtonian gravitational constant.

It is now possible to see how one arrives at (2.4.4) using the Bianchi identity

∇σRαβµν +∇νRαβσν +∇µRαβνσ = 0. (2.4.22)

By manipulating this equation and defining the Einstein tensor, Gµν , in terms of the Rie-
mann tensor and the metric as in (2.4.19), Gµν is automatically divergence free ∇µG

µν = 0.
Consequently, using the Einstein equation (2.4.21), we yield (2.4.4).

Equation (2.4.21) has important consequences on cosmology; it describes how matter and the
curvature of spacetime interrelate. Using the time-time component of (2.4.21) and the FRW
metric (2.3.11), we have

R00 −
1
2g00R = 8πGT00, (2.4.23)

which leads to the first Friedmann equation (2.2.4). The second Friedmann equation is found
using the space-space component of Einstein’s equation

Rij −
1
2gijR = 8πGTij, (2.4.24)

which after combining with the first Friedmann equation (2.2.4), yields the second (2.2.5).

2.5 Perturbation Theory

The Universe was especially homogeneous and isotropic in the early Universe and the CMB is
evidence of this. Since the time of recombination, small matter inhomogeneities - or perturbations
- have been magnified under the effect of gravitational collapse to form the large scale structure
of the Universe. Cosmological perturbation theory thus allows us to connect the physics of the
early Universe to observations of large scale structure that we see today.

A perfectly homogeneous model cannot describe the actual distribution of matter and energy
in our Universe where stars, galaxies, clusters and superclusters form at high density peaks
in the underlying matter field. There are few exact solutions to GR that account for spatial
inhomogeneities and matter anisotropies. An effective and practical way of describing this
departure from homogeneity is with perturbation theory. In the context of cosmological
perturbation theory we can approximately describe our observable Universe by a homogeneous
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and isotropic Friedmann-Robertson Walker (FRW) spacetime metric plus perturbations from it.
This allows one to study the increasing complexities of inhomogeneities order by order [59].

The FRW background spacetime with zero curvature describes a geometrically spatially flat
Universe. Adding perturbations to this set-up adds small curvature corrections which better
describe our Universe. Order by order in perturbation theory one adds typically smaller
corrections each time. It is therefore necessary to choose some degree of validity, or order in
perturbation theory, for the physical situation one wishes to model. In the case of perturbing
the FRW background cosmology, one could think of this as describing the Earth as a perfect
sphere (zeroth order) before adding corrections in the form of mountains and valleys (first order),
then adding hills and ditches (second order) and beyond (nth).

Perturbation theory makes use of the Taylor expansion, which approximates the effect of a small
shift (perturbation), ε, in the argument of a function where f(x) is known. We can write an
approximation for f(x+ ε) as a sum of infinite terms

f(x+ ε) =
∞∑
n=0

f (n)(x)
n! (ε)n (2.5.1)

= f(x) + εf ′(x) + ε2

2 f
′′(x) + . . . (2.5.2)

This approximation of a 1-dimensional function can be extended to the application of multidi-
mensional fields. If we assume that the physical fields can be decomposed into a homogeneous
and isotropic background, where quantities depend solely on physical time, and inhomogeneous
perturbations. The perturbations are said to “live” on the background spacetime and it is
this background spacetime which is used to split 4-dimensional spacetime into spatial three
hypersurfaces, using a (3+1) decomposition.

Tensorial quantities can thus be split into a homogeneous background and an inhomogeneous
perturbation

T (t,x) = T̄ (t) + δT (t,x), (2.5.3)

where T̄ ≡ T (0)(t) is the background component which is solely dependent on time and δT (t,x)
depends on the spacetime coordinates xµ = {t,x = xi}; we use Greek symbols to run over
the spacetime indices µ = 0, 1, 2, 3 and latin symbols to run over the spatial indices i = 1, 2, 3.
Additionally we use boldface to represent 3-dimensional vectors. We adopt this notation
convention throughout. The tensorial perturbation can be Taylor expanded as follows

δT (t,x) =
∞∑
n=1

εn

n!δT
(n)(t,x) (2.5.4)

where the superscript n denotes the order in perturbation theory. For example, in linear
perturbation theory, we consider terms up to and including the order n = 1. In this limit, a
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product of two linear terms would be of order ε2 and can be neglected, however, in second order
perturbation theory such terms are included. Often the parameter ε is neglected from further
equations for brevity.

In GR, gravitation is modelled as the curvature of a 4-dimensional Lorentzian manifold -
spacetime. In perturbation theory, spacetime can be decomposed as a set of hypersurfaces, a
collection of 3-dimensional hypersurfaces with each slice having a fixed value of time for each
point on its surface. This splitting of spacetime is known as the (3+1) convention. In the
literature, the foliation of spacetime of fixed-time is referred to as the time-slicing, whereas the
identification of spatial coordinates on each hypersurface is known as the threading [59].

We can split any 4-dimensional vector field Vµ into a temporal and spatial part,

Vµ = {V0,V i}. (2.5.5)

V0 is scalar on spatial hypersurfaces. The spatial part V i can be expressed in terms of a scalar
part V and a vector part V ivec

V i ≡ δijV,j + V ivec, (2.5.6)

where V,j ≡ ∂V
∂xj

and V ivec,i=0. This decomposition of a vector field into a curl-free part and a
divergence-free part in Euclidean space is known as the Helmholtz theorem.

2.5.1 Gauge dependence

A problem which arises in cosmological perturbation theory is the presence of spurious coordinate
artefacts or gauge modes. Despite GR being a covariant theory of gravity, that is manifestly
coordinate independent, the act of splitting quantities into a background and a perturbation
is not. One must therefore take caution in treating gauge dependence. This only affects the
perturbations as the background quantities remain the same for all choices of coordinates. In
order to preserve covariance as much as possible, it is useful to eliminate the gauge degrees
of freedom. This can be done by constructing variables that correspond to perturbations in
physically defined coordinate systems such that the gauge dependencies are cancelled out and
thus do not give rise to any gauge ambiguity or any unphysical effects. A gauge in the context
of cosmology is a theoretical framework in which the spatial threading and time slicing are
specified.

It is worth mentioning that any observable quantity (for example the galaxy number over-
density, ∆(n, z)) is gauge invariant [60]; it should not matter which gauge is chosen to calculate
a theoretically predicted observable. That said, each order in perturbation theory of a physical
observable is not necessarily gauge invariant. This does not contradict the previous statement
as individual perturbative orders are not observed, it is the background solution plus an infinite
number of perturbative terms that describe the observable. Since it is infeasible to include an
infinite number of terms, instead one chooses the lowest order which is justified by the context
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of one’s work. In the case of the galaxy bispectrum, we choose to perturb the galaxy number
over-density to second order. This is because all odd n-point correlation functions of a Gaussian
field are zero, so the leading order contribution to the bispectrum includes a second-order term.
We cover this in more detail, later in Chapter 4.

There are two approaches to investigate how perturbations change under a local coordinate
or gauge transformation. The active approach looks at how the perturbations change under a
mapping, where the map directly induces a transformation at the level of the perturbed quantity.
Alternatively, the passive view looks at the relationship between two coordinate systems; one
can then calculate how the perturbations change under said transformations. In the passive
view the transformation is taken at the same physical point, whereas in the active formalism,
the transformation is taken at the same coordinate point. We do not delve into the details here
but instead refer the reader to the review by Malik & Wands [59].

Relativistic perturbation theory supposes that the metric of spacetime can be decomposed into
a homogeneous and isotropic background metric ḡµν plus small perturbations away from that
solution δgµν

ds2 = (ḡµν + δgµν)dxµdxν . (2.5.7)

We can give the general form of the interval with respect to a general metric with perturbations
gµν = ḡµν + δgµν = a2(ηµν + hµν) as follows, including only scalar perturbations

ds2 = a2(τ)
− (1 + 2A)dτ 2 − 2Bidτdx

i + [(1 + 2HL)δij + 2HT ij]dxidxj
. (2.5.8)

Here A,Bi ≡ ∂iB,HL and HT ij ≡ ∂ijHT are scalar degrees of freedom, two of which can be
removed with gauge transformations. To get from Eq. (2.5.7) to Eq. (2.5.8), we have rewritten
physical time in terms of conformal time such that we can factorise the common a(τ).

The shear is defined as

σij =
(
∇i∇j −

1
3∇

2
)
σ, (2.5.9)

where σ ≡ H ′T + B. The FRW cosmological model has no unique choice of time (slicing) or
spatial coordinates (threading). From this generalised line element (Eq. (2.5.8)) with scalar
degrees of freedom, we can define the conformal-Newtonian gauge or Newtonian Gauge, the
longitudinal gauge or Poisson gauge which is found by enforcing zero shear time slices (i.e.
σ = 0). The corresponding line element is thus

ds2 = a2(τ)
{
− (1 + 2Φ)dτ 2 + (1− 2Ψ)δijdxidxj

}
, (2.5.10)
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where Φ and Ψ are the gauge invariant “Bardeen potentials” or “metric perturbations”. By
comparing (2.5.8) with (2.5.10), one can see that in the Newtonian gauge A = Ψ, HL = −Ψ
and Bi = HT ij = 0, thus there are two scalar degrees of freedom, of which the anisotropic stress
is defined

Π = Φ−Ψ. (2.5.11)

For perfect fluids and scalar fields the potentials Φ and Ψ are equal and a single “Newtonian”
potential emerges. The gauge issue associated with the metric perturbations led Bardeen [61] to
formulate these gauge-invariant constructions of the metric perturbations. This unambiguous
choice of time-slicing and threading can be used to define explicit gauge invariant perturbations.
This is a widely used gauge in small-scale regimes as its evolution equations closely describe the
Newtonian model (hence “conformal-Newtonian”). This gauge choice also enforces a diagonal
metric tensor which simplifies many calculations. In many physical cases of interest one can
assume there is no anisotropic stress (⇒ Φ = Ψ) which results in the ability to define all scalar
metric perturbations with just a single variable, Φ. Furthermore, in Fourier space, provided
only scalar modes are present, the space is locally isotropic. This is in contrast to the gauge we
see next, the comoving-synchronous gauge which has a preferred direction for free-falling test
particles.

Using the fact that there is a consistent definition of cosmic time, time measured by clocks that
are free-falling and coincide with the motion of dark matter on large scales, we can construct
the comoving synchronous gauge. This gauge takes a coordinate system where free-falling
particles have a velocity 4-vector: ẋµ = uµ = (1, 0, 0, 0) everywhere (i.e spatial coordinates do
not change).

If we take the geodesic equation

d2xµ

dλ2 + Γµαβ
dxα

dλ

dxβ

dλ
= 0, (2.5.12)

where λ is a parameter describing the path of a particle through spacetime, and substitute our
specified uµ, we find the following conditions on the perturbed part of the metric to linear order.
We then have

δġ00 = 0, (2.5.13)

and

2δġ0i − δg00,i = 0, (2.5.14)

where overdots denote derivatives with respect to time (i.e. Ȧ ≡ ∂A/∂x0) and ,α = ∂/∂xα.
Thus the simplest solution to the perturbed part of the metric is
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δg00 = δg0i = 0. (2.5.15)

By definition the g00 and g0i components of the metric tensor in the synchronous gauge are thus
unperturbed. The corresponding line element in this gauge is given by

ds2 = a2(τ)
{
− dτ 2 + (δij + hij)dxidxj

}
. (2.5.16)

Gauge-dependent quantities can be combined in such a way that gauge-invariant constructions
can be found. This is done by fixing the coordinate transformation. This breaks generality
but allows one to yield gauge invariant definitions of the physical quantities in specified gauges.
Residual gauge freedom remains in cases where the coordinate transformation is not completely
specified, for example in the synchronous gauge.

It is possible to use different gauges at different orders, however, one risks the loss of physical
interpretability. That said, it is sometimes necessary to combine different temporal and spatial
gauge conditions, for instance the uniform density condition only specifies the time-slicing
whereas the flat gauge only restricts the spatial conditions. The two can be used simultaneously.

2.5.2 Perturbing the conservation equation

In the synchronous gauge, the GR gravitational field is represented by a symmetric 3× 3 matrix
with 6 independent components at each point in space. We can simplify some of the equations
by choosing to work in Fourier space so we transform the perturbed part of the metric tensor
under the following convention

δgij(x, τ) =
∫ d3k

(2π)3a
2(τ)hij(k, τ)eik·x. (2.5.17)

The metric perturbations hij are a function of the Fourier wavevector k and conformal time
τ . In linear perturbation theory, each mode evolves independently, thus the solution for the
general case will be the sum over all wavemodes. We only need to consider the space-space
component of hµν given that h00 = h0i = 0.

Our FRW metric is our background solution in perturbation theory along with our background
energy-momentum (EM) tensor (2.4.3). For a perfect fluid of energy density ρ and pressure P ,
the EM tensor has the following form

T µν = (ρ+ P )UµUν + Pgµν , (2.5.18)
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where Uµ = dxµ/
√
−ds2 is the 4-velocity of the fluid. We perturb the pressure and density as

follows

P = P̄ + δP, (2.5.19)

ρ = ρ̄+ δρ, (2.5.20)

where barred quantities represent the background solution (or 0th order) and the δ-prefix denotes
the perturbed contribution. Our perturbed EM tensor is then

T̄ µν + δT µν = (P̄ + δP )(ḡµν + δgµν) + (ρ̄+ δρ+ P̄ + δP )(Ūµ + δUµ)(Ūν + δUν), (2.5.21)

Then to first order the perturbed part of the EM tensor is thus

δT µν = P̄ δgµν + δP ḡµν + (δρ+ δP )ŪµŪν + (ρ̄+ P̄ )ŪµδUν . (2.5.22)

For a perfect fluid, to first order we have

δT 0
0 = δρ, (2.5.23)

δT 0
i = 1

a
(ρ̄+ P̄ )δUi, (2.5.24)

δT ij = −δPδij. (2.5.25)

We can use the above to yield the Euler and continuity equations. The perturbed EM conservation
equation is

∇µT
µν = ∂µT

µν + ΓναβTαβ + ΓααβT νβ = 0. (2.5.26)

Energy-momentum conservation implies that our (2.4.8) still holds as the background solution.
In the perturbed case with perturbed fluid variables and a perturbed metric, we have an
additional equation upon setting (ν = 0), in Fourier space this reads

δρ′ = −3H(δρ+ δP )− (ρ̄+ P̄ )(ikiδUi − 3Ψ′). (2.5.27)
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where

Ψ(x, τ) =
∫ dk

(2π)3 Ψ(k, τ)eik·x, (2.5.28)

and primes denote the derivative with respect to conformal time. In k-space, under this
convention ∇ · U → ikU .

In the background (unperturbed) Universe the spatial components of the EM conservation are
identically zero, however, in the perturbed case, at linear order we have the Euler equation in
Fourier space

δU ′i = −HδUi −
P̄ ′δUi + ikiδP

P̄ + ρ̄
− ikiΦ. (2.5.29)

Relating these equations as well as different quantities in the conformal-Newtonian and the
synchronous gauge can be found in [62].

2.6 Inflation

Inflation is a proposed period in the early Universe (∼ 10−35s after the Big Bang) whereby
the Universe underwent a period of exponential expansion in which it grew by a factor of e60.
Originally conceived by Guth [45] to explain the initial conditions for the hot Big Bang model,
it has since been found to explain other features of the Universe. In particular, the inflationary
paradigm is used to explain the flatness, horizon and monopole problems. Inflation can be
thought of as a family of models; there are debates about the plausibility of inflation amongst
cosmologists but it is in general considered one of the central pillars of modern cosmology and
paramount to the explanation of our Universe’s beginning.

Observations of the CMB allow us to measure the global curvature of the observable Universe.
We find that on large scales, the Universe is very close to flat (κ = 0). This is actually contrary
to what one would expect in the Big Bang model. Rewriting the first Friedmann equation
(2.2.4) in terms of the density parameter, we have

Ω(a)− 1 = κ

(aH)2 . (2.6.1)

In the former standard Big Bang cosmology picture with just matter and radiation, the Universe
expands with time and as such we expect |Ω− 1| to diverge too (since Ω is ρ/ρcrit where ρcrit
is the critical energy density required for ȧ = 0). The point at which Ω = 1 is known as an
unstable fixed point. Some liken this to balancing a ball on a hill: keeping this ball balanced for
the entire age of the Universe would require extremely fine-tuned initial conditions (a well-placed
ball).
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The horizon problem or homogeneity problem asks, ‘Why do seemingly disconnected regions of
the sky, for example the CMB temperature fluctuations, display homogeneity?’. What do we
expect the maximum comoving distance of a photon travelling from the time of the Big Bang
t = 0 to now t = t0 to be? The comoving horizon of a photon is given by

τH(t) =
∫ t

0

dt′

a(t′) =
∫ a

0

dã

ã2H0ã−3(w+1)/2 ∝ a3(w+1)/2. (2.6.2)

Consequently in the radiation dominated era (w = 1/3) τH ∝ a and in the matter dominated
era (w = 0) τH ∝ a1/2. This implies that the comoving horizon, in an expanding Universe, grows
monotonically with time. In other words, scales entering the horizon today were outside of the
horizon at the time of decoupling (when the CMB photons decoupled from matter to propagate
freely). If we compare the comoving Hubble radius today τH(t0) with τH(tdec.) its value at the
time of decoupling, we see that

τH(tdec.)
τH(t0) ≈

(
t0
tdec.

)1/3

≈ 10−2, (2.6.3)

which implies that a photon’s causal sphere of influence is restricted to be small. On the surface
of last scattering this corresponds to an angle ∼ O(1◦). What we actually observe is photons
across the entire sky that have thermalized to the same temperature [63]. This is what is known
as the Horizon problem.

Inflation has important consequences on the comoving Hubble radius, (aH)−1. If particles are
separated by comoving distances larger than (aH)−1, they cannot causally affect one another.
We can rewrite 2.6.2 in terms of the Hubble radius as follows

τH(a) =
∫ ln a

−∞
d[ln a′] 1

a′H(a′)) . (2.6.4)

Inflation imposes a decrease to the comoving Hubble radius in the early Universe. The
corresponding equivalent conditions are

d

dt

(
H−1

a

)
< 0⇒ d2a

dt2
> 0⇒ ρ+ 3P < 0. (2.6.5)

The above conditions imply that causally disconnected regions of the CMB today were in fact
in contact during inflation which would account for the level of homogeneity observed across
the temperature map of CMB photons.

Inflation is described using a homogeneous scalar field, φ, called the inflaton. Its potential
energy leads to the exponential expansion of the Universe. The kinematics of the inflaton field
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are then described by the slow roll parameters and scalar field equations of motion. Once
inflation ends, the energy of the inflaton field decays into the standard model particles, the
exact details of this process are not particularly well understood.

Different models of inflation have different observational signatures. In particular the non-
linearity parameter fNL is used to discriminate between different inflationary theories. It is
defined with respect to Bardeen’s gravitational potential Φ [64]

Φ = φ(1) + fNL ? (φ(1))2, (2.6.6)

where φ(1) is the linear, Gaussian component of Φ and ? denotes a potential non-trivial scale
dependence.

This is particularly relevant to the context of the bispectrum. It is this statistic that be used to
evaluate primordial non-Gaussianity through fNL. We will revisit non-Gaussianity with regards
to the bispectrum in Section 4.2.5. For a review of inflation please see [64, 63]; for a critical
review of inflation see [65].
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Galaxy Number Counts

3

The idea behind galaxy number counts is simple: counting the number of galaxies as point
sources in various patches of the sky. This is fundamental to be able to compare and correlate
the distribution of matter in various regions of the sky and (since the dimension along the
line-of-sight is radial and is expressed in terms of redshift) different points in time. Once we
have the correlations of matter, we can make cosmological inferences.

It is understood that stochastic fluctuations of the quantum vacuum in the early Universe
provided the perturbations which evolved over the history of the Universe to manifest today as
the distribution of matter found in large scale structure. Consequently, LSS observations serve
as a valuable probe of early universe cosmology.

Matter clusters as a result of gravity: this naturally encourages matter inhomogeneities to grow
with time, as peaks in the density field become enhanced (matter gravitates to more concentrated
regions) and matter is drawn away from sparse regions. The inextricable relationship between
gravity and the distribution of matter makes large scale structure observations an excellent
probe for finding deviations from general relativity. Furthermore, the distribution of matter is
naturally influenced by the geometry of spacetime. As the Universe expands, spacetime does
too. Since matter is embedded within spacetime, large scale structure is moulded in response to
such changes. Consequently, the study of 3-dimensional large scale structure could lead to a
better understanding of dark energy which drives the accelerated expansion of the Universe.

All photons observable to us have been emitted on our past light-cone. For galactic sources
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observed at z ≥ 1, the fact that we are not observing a spatial hypersurface but a part of the
background light-cone becomes relevant. The light that we detect has travelled at a finite speed
through an inhomogeneous Universe and consequently its path is affected. Such effects perturb
the photon in such a way that the observed image of a galaxy is distorted away from the position
one would observe in an perfectly homogeneous universe. Consequently we have a duality
between the observed position of a galaxy and its true physical position. The act of relating the
two is crucial if we want well justified predictions. Taking the observed redshift and the observed
position on the sky, a full relativistic description of galaxy clustering can be derived by tracing
the photon path from our detectors back to the galactic source and identifying how the physics
of the source galaxy and the fluctuations of the photon’s path affect our observables. We not
only have to account for the matter fluctuations, but also by the relativistic contributions such
as the gravitational potential or the curvature of the Universe along the photon’s journey to us.

The purpose of this chapter is to introduce the galaxy number over-density, ∆(n, z), as the
observable in galaxy surveys. In sections 3.1 and 3.2 we will explain qualitatively the physical
effects that contribute to ∆(n, z). In Section 3.3 we will give the derivation of expansion
of ∆(n, z) to first order in redshift space and state its second order expression. This will
precede later sections where we will go on to expand ∆ in Fourier space and harmonic space
before taking 3-point correlations of these quantities to yield the bispectrum and angular
bispectrum respectively. For more information on topics discussed in this section, please refer
to [66, 67, 68, 69, 70, 60, 2, 18].

In a galaxy redshift survey, the observer counts the number of galaxies in direction n at redshift
z which we refer to as N(n, z)dΩndz.

Figure 3.1: Galaxy number count N(z, n) observed in a pixel Ω of the sky about an observation
direction n in a redshift bin of width ∆z, about z. Image credit: [71].

This quantity is then averaged over angles to obtain its angular-averaged redshift distribution
〈N〉 dz. From here one can build the redshift density perturbation variable
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δz(n, z) = ρ(n, z)− 〈ρ〉 (z)
〈ρ〉 (z) (3.0.1)

=
N(n,z)
V (n,z) −

〈N〉(z)
V (z)

〈N〉(z)
V (z)

(3.0.2)

= N(n, z)− 〈N〉 (z)
〈N〉 (z) − δV (n, z)

V (z) . (3.0.3)

Here V (n, z) = V (z) + δV (n, z) is the physical survey volume density per redshift bin, per solid
angle. The truly observed quantity is the perturbation in the number density of galaxies, also
coined the galaxy number over-density or galaxy density contrast

∆(n, z) ≡ N(n, z)− 〈N〉 (z)
〈N〉 (z) (3.0.4)

= δz(n, z) + δV (n, z)
V (z) , (3.0.5)

which is gauge invariant by virtue of its observability. In fact, both δz and δV (n, z)/V (z) are
gauge invariant; this is because we could in principle measure the volume perturbation with
other tracers [71]. The effects on the photon’s path can distort the observed solid angle and
the observed redshift of the image of a galaxy. A consequence of this is that both both δz and
δV (n, z)/V (z) are perturbed quantities which manifestly affect the galaxy number over-density,
∆(n, z), which in turn will also affect any statistical correlations we take with this observable
and any deductions found. To put it differently, ∆(n, z) not only contains information about the
distribution of matter about the point (n, z) but also information on the relationship between
the observed pixel (∆z,Ω) and the corresponding volume. As a result, an observed pixel (∆z,Ω)
can be physically larger or smaller relative to a homogeneous universe or closer or further away
[71].

There are many ways to classify the effects that perturb the photon’s path. Perhaps the first
and most illuminating to consider is a classification with respect to the direction of distortion.
Radial effects act in a direction that is parallel to the line-of-sight of the observer whereas
transverse effects act in a direction that is perpendicular to the line-of-sight.

3.1 Radial effects

If θ is the angle between the direction of relative motion and the direction of the emitted photon
in the observer’s frame, then the general formula for the relativistic Doppler effect is

1 + z = 1 + v cos(θ)/c√
1− v2/c2

, (3.1.1)
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where v is relative velocity between the source and the observer projected at angle θ and c is
the speed of light. For motion solely in the line-of-sight direction θ = 0◦ then (3.1.1) reduces to
Eq. (2.2.10).

The above equation clearly demonstrates how velocities along the line-of-sight affect the measured
redshift of an incoming photon. The line-of-sight component of the velocity can be subdivided
into the velocity associated with the expansion of the Universe and any additional velocities
within a comoving frame (peculiar velocities). In general, clusters of galaxies within a dense
region will tend to ‘pull in’ galaxies as their velocities tend to be aligned towards the sample.
Similarly, voids tend to ‘push out’ galaxies, so we see that both projected positive and negative
over-densities have their amplitudes increased in redshift space [72]. This effect is known as
redshift space distortions (RSD) and is an excellent probe of the growth of structure [73, 74].

In the context of galaxy clustering this effect was first introduced by Kaiser [73]. RSD, in galaxy
number counts, is described by a term in ∆ that becomes particularly significant when one is
taking correlations with thin redshift bins. It is in this regime where the RSD effects have the
ability to push or pull the observed image of a galaxy from its original, unperturbed bin to
the observed bin along the line-of-sight. Since RSD has the ability to stretch and compress
structures along the line-of-sight in redshift space, it is possible for RSD to distort the observed
bin size.

Velocities along the line-of-sight also have the ability to change the observed redshift bin position
as a result of the Doppler effect. Relative velocities between the galactic source and the observer
causes the observed wavelength of light to change relative to a rest-frame. Velocities towards
the observer will decrease the observed redshift (acting against the expansion of the Universe)
whilst velocities away from the observer will add additional redshift to the Hubble flow.

Figure 3.2: An illustration to convey how velocities can affect the observed bin size (left) and the
observed bin position (right). Image Credit: Camille Bonvin

Dark matter is not homogeneously distributed, it creates gravitational potential wells. Baryons
“fall in” to said wells and cluster to form structures (galaxies, clusters etc.). As a photon travels
from a galaxy to us, it encounters gravitational potential wells which alter its energy. The
energy of a photon can be described by the following equation
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E = ~f (3.1.2)

= ~
c

λ
, (3.1.3)

where ~ is Planck’s constant, f is the frequency of the photon and λ is the electromagnetic
wavelength. The observed redshift of a photon, z, is also related to its wavelength via Eq.
(2.2.9).

Trivially this equation yields z = 0 whenever the observed and emitted wavelengths of light
are identical; the emitted photon is in the rest frame of the observer. In other words our
cosmological perspective is normalised such that our observations are made at z = 0.

If a photon has to “climb out” of a gravitational well to overcome the force of gravity it will
lose energy. Conversely, if a photon “moves down” a gravitational potential well its energy
will increase. A change in the photon energy will induce a change in the photon’s wavelength
(Eq. (3.1.3)) which will consequently induce a change in the observed redshift (Eq. (??)).
Gravitational potential wells have the ability to perturb the photon’s observed redshift. There
are local potential terms in ∆ whereby the potential well of the immediate source environment
will affect the energy of the photon; integrated potential terms such as the Shapiro time delay
and Integrated Sachs-Wolfe (ISW) effect account for photon energy changes as a result of the
photon moving through gravitational potential wells between the galactic source and Earth.

Figure 3.3: A depiction of a photon climbing out of a local gravitational potential well at the galactic
source (left) and a photon moving through non-local gravitational potential well (right). Image Credit:
Camille Bonvin.

3.2 Transverse effects

Transverse effects have a direction of impact on the photon perpendicular to the observer’s
line-of-sight. The trajectory of the emitted photon is distorted by the structures along its path
resulting in a distortion of our observed pixel (∆z,Ω).

An effect of gravitational lensing, a consequence of general relativity, is to deflect rays of light.
Photons travel along geodesic paths which are manipulated by the geometry of spacetime. In
the strong lensing regime, a high concentration of mass (e.g. a black hole) obstructs the direct
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line-of-sight of a galaxy to us. The concentrated mass warps the surrounding spacetime. Thus
the path of incoming photons are manipulated in such a way that it is possible for the image
to be magnified, shifted or in some cases multiplied. In the weak lensing regime, the principal
signal is a small distortion in the shape of a background galaxy that depends on the curvature
(or second derivative) of the foreground gravitational potential [75].

In the derivation of the first order galaxy number over-density, we will see that lensing contributes
to ∆(n, z) as a result of the expansion of the volume distortion term δV (n, z)/V (z) in (3.0.5).
In Fourier space, there is no known description of the lensing terms. This term is therefore
neglected in the “plane-parallel” approximation used in Fourier analysis. However, if one wishes
to incorporate this effect, which is relevant at wide angles and large separations of source
galaxies, a harmonic based description is required. We hereon use the term harmonic to refer to
the spherical harmonic decomposition of fields onto the surface of a sphere (2-sphere). This
approach is used for CMB analyses which describe the full-sky distribution of the microwave
background. We adopt this approach in our work with the view to include all types of terms
that can affect the distribution of galaxies and matter across the entire sky.

In the context of galaxy surveys, lensing can distort our observed solid angle, Ω, potentially
shifting a galaxy or number of galaxies from one pixel to another. Without a correct description
of lensing in our framework, we may bias our predictions of correlations.

Figure 3.4: An illustration of how lensing distortions can affect the observed solid angle about the
line of sight. Image Credit: Camille Bonvin.

3.3 The perturbed galaxy number over-density

As we have seen, our observable Universe is approximated by a background FRW homogeneous
model plus perturbative corrections. With the bispectrum in mind, it is necessary to expand
the galaxy number over-density, ∆(n, z) to second order. This is because all odd Gaussian
n-point correlation functions are zero. Thus, the first non-zero contribution to the three-point
correlation function, the real-space counterpart of the bispectrum, is of the following form
∆(2)(n1, z1)∆(1)(n2, z2)∆(1)(n3, z3). This will be covered in greater depth in Section 4. For now
it is enough to know that we require second order perturbation theory with the bispectrum in
mind.

The second-order expansion of ∆(n, z) has been covered by several authors [2, 14, 15, 16, 17].
In our work we choose to use the expression found in [2], however, we take the Newtonian-limit
of their main result as used in [18]. This derivation is very lengthy so we will only state the

39



Chapter 3. Galaxy Number Counts S. E. D. Lawrence

second order expression as given in [2], however, the full derivation can also be found in this
publication. Nevertheless, it is interesting, worthwhile and relevant to derive the first order
expression for ∆. This exercise will convey the process of perturbing number counts to any
order whilst avoiding the analytical complexities of higher order perturbation theory.

First order number count expressions have been derived in [60, 68, 69, 76]. Here we repeat the
method used in [60]. The derivation can be summarised as follows: the path of photons from
the galaxy to us are found via their null geodesics; their change in energy and direction are
calculated along this path to infer the various terms that contribute to ∆ in terms of the matter
over-density field δm, the peculiar matter velocity field V and metric potentials Φ and Ψ. In
practice this means writing explicit expressions separately for the redshift density perturbation
variable δz(n, z) and volume distortion δV (n, z)/V (z), before summing them, as in Eq. (3.0.5),
to yield the first order expression for the galaxy number over-density ∆(n, z).

We first relate δz with the well-known gauge dependent density contrast δ(x, t). To first order

δz(n, z) = ρ(n, z)− ρ̄(z)
ρ̄(z) (3.3.1)

= ρ̄(z̄) + δρ(n, z)− ρ̄(z)
ρ̄(z) (3.3.2)

= ρ̄(z − δz) + δρ(n, z)− ρ̄(z)
ρ̄(z) (3.3.3)

= δρ(n, z)
ρ̄(z̄) − dρ̄

dz

δz(n, z)
ρ̄(z̄) . (3.3.4)

The background redshift of the unperturbed (Friedmann) universe is denoted by z̄ = z̄(t), it is
the redshift we compare our perturbation with and δz is the perturbation to this background
redshift. Note that ρ̄(z) = ρ̄(z̄ + δz) deviates to first order from ρ̄(z̄). Since δz and δρ depend
on the choice of the background they are gauge dependent. That said, it should be noted that
their combination in yielding ∆ must be gauge invariant.

We compute the redshift in a perturbed Friedmann universe using the general perturbed metric
given in (2.5.8).

Taking the convention that the photon from the galactic source, S, moves in the direction of n
toward the observer, at O. We denote the peculiar velocities of the source and observer by vS
and vO respectively. At O, the photon is received with a photon redshifted by a factor

1 + z = (n · u)S
(n · u)O

. (3.3.5)

The above equation can be solved for the photon geodesic given by nµ = a−2(1 + δn0, ni + δni),
where n denotes the unperturbed photon direction at the observer. Using the 4-velocity
uµ = a−1(1 − A,v), where v = vi is the peculiar velocity, the same calculation used in Eq.
(2.228) of [4] yields
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1 + z = a(τO)
a(τS)

1 +
HL + 1

3HT + n ·V + Φ + Ψ
τO
τS

−
∫ 0

χ̄
(Φ̇ + Ψ̇)dλ

. (3.3.6)

The first term is simply 1 + z̄. Φ and Ψ are the Bardeen potentials and V is the gauge invariant
velocity perturbation which corresponds to the velocity perturbation in longitudinal gauge. We
have also introduced the comoving distance χ(z)

χ(z) =
∫ z

0

dz̃

a0H(z̃) , (3.3.7)

where a0 is the scale factor of the universe today. We use χ̄ to denote the comoving distance to
the galactic source. In a flat universe x = χ(z)n. In Eq. (3.3.6), the dipole term n ·V(xO, τO)
is the only term in the square bracket that depends on the direction of the incoming photon
with respect to the observer. Terms evaluated at the source position, xS, all depend on n which
to lowest order is xS = xO −n(τO − τ(z̄S)). The integral extends along the unperturbed photon
trajectory from the source (λ = 0), to the observer λ = τO − τS = χ̄. From the above equation
we can arrive at the redshift perturbation

δz = z − z̄ = −(1 + z)
[
HL + 1

3HT + n ·V + Φ + Ψ
]
(n, z)−

∫ χ̄

0
dλ(Φ̇ + Ψ̇)dλ, (3.3.8)

where we have neglected the unmeasurable monopole term and the dipole term from the observer
position. To lowest order x(n, z) = −χ̄(zS)n. To obtain the density fluctuation in redshift space,
we make use of

dρ̄

dz̄
= 3z̄

1 + z̄
, (3.3.9)

which implies

δz(n, z) = Dg(n, z) + 3(V · n)(n, z) + 3(Φ + Ψ)(n,z) +
∫ τO

τS
(Φ̇ + Ψ̇)(n, z(τ))dτ, (3.3.10)

where Dg is the density fluctuation on the uniform curvature hypersurface. It is related to the
density fluctuation in the comoving gauge via

CMD ≡ D = Dg + 3Φ + 3k−1HV. (3.3.11)

In comoving gauge, we assume that galaxies and dark matter follow the same velocity field
as they experience the same gravitational acceleration according to the equivalence principle.
When considering galaxy bias, this should manifest as a factor affecting the density fluctuation
in comoving gauge CMD and not Dg. This isn’t such a problem on small scales as the differences
are irrelevant, however, on large scales as k → 0, this can cause discrepancies between the power
spectra computed in different gauges.
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We now have one of two terms in the galaxy number over-density (3.0.5). We have derived
δz in terms of our desired parameters, however we are yet to find the volume perturbation,
δV (n, z)/V (z). This quantity is gauge invariant as it could in principle be observed with an
unbiased tracer. We start by considering a small volume element at the source position. This is
the spatial volume seen by a source with 4-velocity uµ

dV =
√
−g εµναβ uµdxνdxαdxβ. (3.3.12)

Now if we instead choose to parameterise this volume element in terms of polar angles at the
observer position, θO and ϕO, and the observed z we can recast the above as

dV =
√
−g εµναβ uµ

∂xν

∂z

∂xα

∂θS

∂xβ

∂ϕS

∣∣∣∣∣∣ ∂(θS,ϕS)
∂(θO,ϕO)

∣∣∣∣∣∣dzdθOdϕO (3.3.13)

≡ v(z, θO,ϕO)dzdθOdϕO, (3.3.14)

where we have introduced the variable v which can be thought of as the volume density, which
defines the volume perturbation

δV

V
= v − v̄

v̄
= δv

v̄
. (3.3.15)

We have also used the determinant of the Jacobian that maps the angles at the source to the
angles at the observer

∣∣∣∣ ∂(θS ,ϕS)
∂(θO,ϕO)

∣∣∣∣. We now seek to find the fluctuation of the volume density, δv,
and the background volume density v by combining Eq. (3.3.15) to yield δV (n, z)/V (z), the
second term in (3.0.5).

At this point we have not perturbed the volume. It is important to understand that in a
homogeneous and isotropic universe, geodesics follow straight line trajectories which mean that
the angles θ and ϕ are equal at the emission and observer positions, which would require a
trivial coordinate map with a Jacobian equal to unity.

In the perturbed case, the angles undergo a perturbative shift: θS = θO + δθ and ϕS = ϕO + δϕ.
This affects the Jacobian, which to first order is now given by

∣∣∣∣∣∣ ∂(θS,ϕS)
∂(θO,ϕO)

∣∣∣∣∣∣ = 1 + ∂δθ

∂θ
+ ∂δϕ

∂ϕ
. (3.3.16)

If we take the metric determinant to be √−g = a4(1 +A+ 3HL) and the 4-velocity of the source
to be uµ = a−1(1− A, vi), we can write v to first order

v = a3(1 + A+ 3HL)
dr
dz
χ2 sin(θS)

1 + ∂δθ

∂θ
+ ∂δϕ

∂ϕ

−
Adχ̄

dz̄
+ vr

dτ

dz

χ̄2 sin(θO)
.(3.3.17)
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The derivative dχ/dz is the change in comoving distance χ with redshift along the photon
geodesic. At linear order we can write this as

dχ

dz
= dχ̄

dz
+ dδχ

dz̄
− dδz

dz̄

dχ̄

dz̄
(3.3.18)

=
dχ̄
dτ

+ dδχ

dλ
− dδz

dλ

dχ̄

dz̄

dτ
dχ̄
, (3.3.19)

where for first order quantities we can set dτ = λ. when we have to take the derivative along the
photon geodesic. The last term in (3.3.18) contains the redshift space distortion term which has
the second largest (after density) contribution to the galaxy number over-density on intermediate
scales. To lowest order along a photon geodesic

−dχ̄
dz̄

= dτ

dz̄
= −H−1 = − a

H
, (3.3.20)

where H is the physical Hubble paramter and H = aH is the comoving Hubble parameter.
Using the above, the volume element can be written as

v(z) = a4χ̄2 sin(θO)
H

1 + 3HL +
 cot(θO) + ∂

∂θ

δθ + ∂δϕ

∂ϕ
− v · n + 2δχ

χ
− dδχ

dλ
+ a

H
dδz

dλ

.(3.3.21)

To obtain the fluctuation of v, δv we need to subtract the unperturbed part v̄. This is evaluated
at the observed (perturbed) redshift, z = z̄ + δz, hence we Taylor expand the unperturbed
volume element to give

v̄(z) = v̄(z̄) + dv̄(z̄)
dz̄

δz. (3.3.22)

From the unperturbed expression with a = 1/(z̄ + 1),

v̄(z̄) = sin(θO)χ̄2

(1 + z̄)4H
, (3.3.23)

we can arrive at the following by differentiating the above with respect to the background
redshift, z̄

dv̄

dz̄
= v(z̄)

− 4 + 2
χ̄H

+ Ḣ
H2

 1
1 + z̄

, (3.3.24)

which if we then substitute (3.3.23) and (3.3.24) into (3.3.22) we arrive at

v̄(z) = sin(θO)χ̄2

(1 + z̄)4H
+ v(z̄)

− 4 + 2
χ̄H

+ Ḣ
H2

 δz

1 + z̄
. (3.3.25)
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We can now combine both (3.3.21) and (3.3.25) to form the perturbation of the volume element

δv

v̄
(n, z) = v(z)− v̄(z)

v̄(z) (3.3.26)

= 3HL +
 cot θO + ∂

∂θ

δθ + ∂δϕ

∂ϕ
− v · n + 2δχ

χ
− dδχ

dλ
(3.3.27)

+ 1
H(1 + z̄)

dδz

dλ
−

− 4 + 2
χ̄H

+ Ḣ
H2

 δz

1 + z̄
. (3.3.28)

If we are to express (3.3.26) and (3.3.10) in terms of the Bardeen variables and the peculiar
velocity of the observer and emitter, one needs to use the deviation vector that relates the
perturbed geodesic to the unperturbed one δxµ(λ) = xµ(λ)− x̄µ(λ). We list the main steps here
however the full details can be found in the Appendix of [60]. Firstly, we need

dxµ

dτ
= dxµ

dλ

dλ

dτ
= nµ

n0 , (3.3.29)

which leads to the unperturbed photon trajectory at the source

x0(τS) = −(τO − τS) = χ̄, (3.3.30)

xi(τS) = −(τO − τS)n̄i −
∫ χ̄

0
dλ(δni − n̄iδn0), (3.3.31)

where (3.3.30) is correct at all orders and (3.3.31) is correct to first order. The following lines
neglect perturbations at the observer position since they give rise to the unmeasurable monopole
term or a dipole term. Using the null geodesic equation for nµ we have the spatial part of the
perturbed photon trajectory

δxi(τS) =
∫ χ̄

0
dλ
(
hαin̄

α + h0αn̄
in̄α

)
(3.3.32)

+1
2

∫ χ̄

0
dλ(χ̄− χ)

(
hαβ,iḣαβn̄

in̄α
)
n̄αn̄β, (3.3.33)

where r(λ) = λ and hαβ is an arbitrary metric. Using the above we can yield the perturbation
in the comoving distance

δχ ≡ δxieχi = −δxin̄i (3.3.34)

= −1
2

∫ χ̄

0
dλhαβn̄

αn̄β (3.3.35)

=
∫ χ̄

0
dλ(Φ + Ψ) + B

k
+ 1
k2

dHT

dλ
− 2ḢT

, (3.3.36)

where we have used that to lowest order n̄i∂i + ∂τ = d
dλ

= d
dτ

and χ̄ = τO − τS and eχi is a
geodesic basis on the constant-time hypersurface. For the derivative of δχ̄ we write
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dδχ̄

dλ
= −(Φ + Ψ) + 1

k

dB

dλ
+ 1
k2

d2HT

dλ2 − 2dḢT

dλ

. (3.3.37)

Similarly, the perturbed angles are

δθ ≡ δxieθi
χ̄

(3.3.38)

= 1
χ̄

∫ χ̄

0
dλ
(
hαin̄

i
θ + 1

2(χ̄− χ)hαβ,ieiθn̄αn̄β
)
, (3.3.39)

δϕ ≡ δxieϕi
χ̄ sin(θO) (3.3.40)

= 1
χ̄ sin(θO)

∫ χ̄

0
dλ
(
hαin̄

α
ϕ + 1

2(χ̄− χ)hαβ,ieiϕn̄αn̄β
)
, (3.3.41)

where we have used the fact that n̄ieθi = n̄ieϕi = 0. The second term within the integral of
(3.3.39) can be rewritten as

hαβ,ie
i
θn̄

αn̄β = 1
χ̄
∂θ(hαβ)n̄αn̄β (3.3.42)

= 1
χ̄

[
∂θ(hαβn̄αn̄β)− hαβ∂θn̄αn̄β

]
, (3.3.43)

where ∂θn̄α = −eiθδia and ∂ϕn̄
α = −eiϕδia. The angular contribution to the volume can be

written as

(cot(θ) + ∂θ)δθ + ∂ϕδϕ =
∫ χ̄

0
dλ
χ̄− χ
2χ̄χ

 cot(θ)∂θ + ∂2
θ + 1

sin2(θ)∂
2
ϕ

hαβn̄αn̄β (3.3.44)

+
∫ χ̄

0
dλ

1
χ̄

(cot(θ) + ∂θ)hiαeiθn̄α + ∂ϕ
sin(θ)hiαe

i
ϕn̄

α

 (3.3.45)

= −1
χ̄

∫ χ̄

0
dλ

(χ̄− χ)
χ

∆Ω(Φ + Ψ)− ∆ΩHT (τS)
k2χ̄2 , (3.3.46)

where the angular Laplacian is given by

∆Ω ≡

 cot(θ)∂θ + ∂2
θ + 1

sin2(θ)∂
2
ϕ

. (3.3.47)

The angular part of the volume perturbation is not gauge invariant by itself. Since HT 6= 0
then the angular and radial directions are coupled in a non-trivial way. Perhaps this is to be
expected given that the angular volume distortion cannot be observationally resolved without
any additional terms/information.

The redshift contribution to the volume perturbation is found by differentiating the perturbation
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in redshift (3.3.8)

1
H(1 + z̄)

dδz

dλ
= HL + 1

3HT + n ·V + Φ + Ψ +
∫ χ̄

0
dλ(Φ̇ + Ψ̇) (3.3.48)

− 1
H

n̄i∂i(Φ + Ψ) + dHL

dλ
+ 1

3
dHT

dλ
+ d(V · n)

dλ

. (3.3.49)

We now have all ingredients for the volume perturbation part of the galaxy number over-density,
∆, in terms of metric potentials and peculiar velocities. Substituting everything into (3.3.26)
we have

δv

v̄
= −2(Φ + Ψ)− 4V · n + 1

H

Φ̇ + ∂χ̄Ψ− d(V · n)
dλ

 (3.3.50)

+
 Ḣ
H2 + 2

χ̄H

Ψ + V · n +
∫ χ̄

0
dλ(Φ̇ + Ψ̇)

 (3.3.51)

−3
∫ χ̄

0
dλ(Φ̇ + Ψ̇) + 2

χ̄

∫ χ̄

0
dλ(Φ + Ψ)− 1

χ̄

∫ χ̄

0
dλ
χ̄− χ
χ

∆Ω(Φ + Ψ). (3.3.52)

The functions without argument are to be evaluated at the source position xS = xO−n(τO− τS)
and at the source time τS.

Finally, the main result (Eq. (31)) in [60], the first order galaxy number over-density is found
by adding (3.3.50) to (3.3.10) as in Eq. (3.0.5), we yield

∆(n, z) = Dg + Φ + Ψ + 1
H

[
Φ̇ + ∂r(V · n)

]

+
 Ḣ
H2 + 2

χ̄H

Ψ + V · n +
∫ χ̄

0
dλ(Φ̇ + Ψ̇)


+ 1
χ̄

∫ χ̄

0
dλ

2− χ̄− χ
χ

∆Ω

(Φ + Ψ), (3.3.53)

where it has been implicitly assumed that pressureless matter moves along geodesics such that

n · V̇ +Hn · V − ∂χ̄Ψ = 0. (3.3.54)

The first term in (3.3.53) is the gauge invariant density fluctuation. Dg is the density fluctuation
in the flat slicing gauge. It relates to the density perturbation in Newtonian gauge via Dg =
Ds − 3Φ. The first three terms combine to relate to Ds with Dg + Φ + Ψ = Ds − 2Φ + Ψ. The
H−1∂χ̄(V · n) is the redshift space distortion term which acts along the line-of-sight. This is the
largest single correction on intermediate scales and dominates in regimes opposite to the lensing
convergence. The second line is found via the redshift perturbation of the volume. There is a
Doppler (velocity) term and the ordinary and integrated Sachs-Wolfe terms within the second
line. The final line is an expression of the radial and angular volume distortions. The second
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term on the third line is the lensing convergence term, which is significant when correlating
galactic sources with large redshift separations.

The only assumptions made in this derivation are that galaxies follow the distribution of matter;
they are made of non-relativistic matter and subsequently move along geodesics. Further we
have also taken photons to move along null geodesics [60].

At first order, it is possible to partition ∆ into separate effects such that

∆(1)(n, z) = ∆δ + ∆RSD + ∆vel. + ∆lens. + ∆pot., (3.3.55)

where the following subscripts δ, RSD, vel., lens. and pot. refer to density, redshift space
distortions, velocity (doppler), lensing and gravitational potential (integrated Sachs-Wolfe and
Shapiro time-delay) contributions respectfully. If we choose the Newtonian gauge such that our
line element (2.5.8) reduces to

ds2 = a2(τ)
[
(1 + 2Ψ)dτ 2 − (1− 2Φ)dx2

]
, (3.3.56)

variables reduce to A = Ψ and HL = −Φ, the contributions to the first order galaxy number
over-density read

∆δ = δm, (3.3.57)

∆RSD = − 1
H
∂χ̄(V · n), (3.3.58)

∆vel. =
(

1− Ḣ
H2 −

2
rH

)
V · n + 1

H
V̇ · n + 3H∇−2(∇V), (3.3.59)

∆lens. = −
∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄χ̃

∆Ω(Φ + Ψ), (3.3.60)

∆pot. = 1
H
∂χ̄Ψ+ 2

χ̄

∫ χ̄

0
dχ̃(Φ+Ψ)−2Φ+Ψ+ 1

H
Φ̇+

( Ḣ
H2 + 2

χ̄H

)[
Ψ+

∫ χ̄

0
dχ̃(Φ̇+Ψ̇)

]
, (3.3.61)

where V is the peculiar matter velocity field in Newtonian gauge such that the 4-velocity reads
vµ = a−1(1−Ψ, V i). The potential terms here are sometimes also referred to as the relativistic
terms. Here and throughout this thesis primes denote derivatives with respect to conformal
time τ whereas overdots denote derivatives with respect to physical time t.

The second order expression, ∆(2) can in principle be found using the same method of [60]. A
separate group however, applied a novel method to calculate the second order number counts
[2]. In this work, although there are similarities with respect to finding explicit expressions for
the redshift density perturbation variable, δz and the volume distortion δV (n, z)/V (z), they
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instead make use of the geodesic light-cone gauge [77]. They begin by defining the second order
number counts implicitly in terms of the density and volume perturbations

∆(n, z) =
δ(1) + δV (1)

V̄
+ δ(2) + δV (2)

V̄
−
〈
δ(1) δV

(1)

V̄

〉
−
〈
δ(2)

〉
−
〈
δV (2)

V̄

〉, (3.3.62)

where 〈. . .〉 refer to angle averages and they have made use of the fact that the angle average of
first order perturbations vanish. Eventually this expression is written explicitly in terms of the
metric potentials, peculiar velocities and density in Poisson gauge (second order extension to
Newtonian gauge), like the first order equations (3.3.57-3.3.57). Separating into first and second
order parts we have

∆(1)(n, z) = δ(1) + δV (1)

V̄
, (3.3.63)

∆(2)(n, z) = δ(2) + δV (2)

V̄
−
〈
δ(1) δV

(1)

V̄

〉
−
〈
δ(2)

〉
−
〈
δV (2)

V̄

〉
. (3.3.64)

Their explicit expression for (3.3.63) is given by Eq. 2.8 in [18]

∆(1)(n, z) = δ(1) + 1
H
∂2
χ̄v

(1) − 2κ(1) + 2Ψ1 + 1
H

Φ̇(1) − 2Φ(1) + Ψ(1) (3.3.65)

+
 Ḣ
H2 + 2

χ̄H

(Ψ(1) + ∂χ̄v
(1) +

∫ χ̄

0
dχ̃(Φ̇(1) + Ψ̇)

)
, (3.3.66)

where

ΦW = 1
2(Φ + Ψ), (3.3.67)

is the Weyl potential,

ψ(n, z) = −2
∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄χ̃

Φ(1)
W (−χ̄n, z); (3.3.68)

which is acted on by the dimensionless Laplacian on the 2-sphere, ∆2 to yield the lensing
convergence integral

−2κ(n, z) = ∆2ψ(n, z). (3.3.69)

We also have the time-delay integral

Ψ1(n, z) = 2
χ̄

∫ χ̄

0
dχ̃Φ(1)

W (−χ̄n, z), (3.3.70)

which when multiplied by χ̄, is the Shapiro time-delay χ̄Ψ1(n, z). They take the leading-order
contribution to this expression to be the first three terms in line (3.3.65). Leading order subsets
are denoted by Σ ⊂ ∆,

48



Chapter 3. Galaxy Number Counts S. E. D. Lawrence

Σ(1)(n, z) = δ(1) + 1
H
∂2
χ̄v

(1) − 2κ(1), (3.3.71)

the density term, RSD and lensing respectively. We define the subset Σ(n) at each order n
to be the terms which scale as Σ(n) ∝ (k/H)2nΦn in Fourier space i.e. two spatial derivatives
on the metric potential. We then go on to approximate ∆(n) ∼ Σ(n). The justification for
this approximation is that said terms dominate at each order given that all other terms are
suppressed by at least one factor H/k. This is correct for z & 0.2 where χ̄−1 . k [18]. For
example, the matter density term is related to Φ via the Poisson equation, which in Fourier
space yields δ(k) ∝ k2Φ(k) due to the ∇Φ. The velocity potential v can be similarly related to
Φ.

The second order expression, can be found in Eq. 4.45 of [2]. The full expression covers, several
pages so we omit this here, however, in our work we take the leading order expression which is
found from said equation by making use of the identities

dψ

dχ̄
= − 1

χ̄
Ψ1, (3.3.72)

.

d(χ̄ψ)
dχ̄

= 2Φ(1)
W , (3.3.73)

to give

Σ(2)(n, z) = δ(2) +H−1∂2
χ̄v

(2) +H−2
(

(∂χ̄v)2 + ∂χ̄v∂
3
χ̄v
)

+H−1
(
∂χ̄v∂χ̄δ + ∂2

χ̄vδ
)

−2δκ+∇aδ∇aψ +H−1
(
− 2(∂2

χ̄v)κ+∇a(∂2
χ̄v)∇aψ

)
− 2κ(2) + 2κ2 − 2∇bκ∇aψ

− 1
2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̃

∆2

(
∇bΨ1∇bΨ1

)
− 2

∫ χ̄

0

dχ̃

χ̃
∇aΨ1∇aκ. (3.3.74)

Covariant derivatives with respect to the direction −n (opposite of photon direction of propaga-
tion) are represented by ∇a. We have also introduced the second order lensing convergence

κ(n, z) = ∆2ψ
(2)(n, z), (3.3.75)

where

ψ(n, z) = −2
∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄χ̃

(Φ + Ψ)(2)(−χ̄n, z). (3.3.76)

The terms in (3.3.74) are proportional to (k/H)4Φ2 in Fourier space. Everything else is again
suppressed by at least one factor of k. In our work, we take ∆(1) ∼ Σ(1) and ∆(2) ∼ Σ(2). Our
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justification is the same used in [2]; sub-leading terms are very small and only appreciable
at Hubble scales (where the wavenumber in Fourier space k ∼ H), and are most likely not
measurable due to cosmic variance, however this is yet to be confirmed numerically. Given the full
expression found in [2], it is not too difficult to add in the sub-leading “relativistic corrections” to
our adapted module galbispectra in the Boltzmann code SONG given that all transfer functions
and source terms are readily available. We leave this for future work. Throughout this thesis we
concentrate only on the leading terms of the galaxy number over-density, as defined in (3.3.71)
and (3.3.74).

A key part of this work is incorporating the effects of galaxy and magnification bias. The former
arises due to our observational bias towards observing galaxies in peaks in the underlying density
field. Clusters of matter form around concentrated peaks in the density field which eventually
form luminous galaxies - this is what we observe. We must therefore include in our analyses
a way of relating our observations of galaxy number densities to the underlying matter field.
Magnification bias arises as a consequence of real-life surveys being limited by a luminosity
threshold: we only observe galaxies above this threshold luminosity L̄. Lensing effects can
boost the luminosity of a dim galaxy above this threshold and so we require a framework to
describe this type of bias. For these reasons, we wish to generalise (3.3.74) to include galaxy
and magnification bias. We define the fluctuation in the observed number count of galaxies
Nobs, within a small redshift range and solid angle as

dNobs(n, z, > lnL)
dzdΩn

= N̄(z)
[
1 + ∆(n, z)

]
(3.3.77)

= N̄(z)
[
1 + ∆(1)(n, z) + ∆(2)(n, z)

]
, (3.3.78)

where lnL is the natural logarithm of the luminosity function. We have ∆(n, z) which is the
fluctuation in the number count, galaxy number contrast or galaxy number over-density. N̄ is
the mean number count of galaxies per redshift bin per solid angle

N̄(z) = a3(z)N̄ (a,> L̄)(z)χ̄2(z)
H(z) , (3.3.79)

which we can now use to define the magnification bias of a flux limited survey. Q is magnification
bias; it is given as the logarithmic slope of the background number density with respect to a
threshold luminosity L̄

Q(z, L̄) = −∂ ln[(1 + z)−3N̄ (z > L̄)]
∂ ln a = 5

2s(z), (3.3.80)

where s(z) is our bias parameter which evolves with redshift.

Furthermore, if we assume a local bias model and neglect stochastic bias terms, we can write
the galaxy contrast as
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δg = b1δ + 1
2b2δ

2 + bssijs
ij, (3.3.81)

where δ = δ(1) + δ(2) is the matter over-density in comoving gauge and the bias coefficients
are scale-independent [5]. b1 is the linear bias parameter, b2 is the nonlinear clustering bias
parameter and bs is the tidal bias coefficient, where s̃2 = sijs

ij and the tidal field is given by

sij = 2
3Ωm(z)H2(z)∂i∂jΦ−

1
3δijδ. (3.3.82)

With our definitions of galaxy and magnification bias, we can generalise Σ(2) (3.3.74) to
incorporate the relevant parameters

Σ(2)
bias(n, z) =

(
b1δ

(2)
m + 1

2b2δ
(1)2
m + bss̃

2
)

+H−1∂2
χ̄v

(2) +H−2
[
(∂χ̄v)2 + ∂χ̄v∂

3
χ̄v
]

+H−1
[
∂χ̄v∂χ̄δg + ∂2

χ̄vδg

]
−2δgκ+ 5(δs)(1)κ+∇aδg∇aψ +H−1

[
− 2

(
1− 5

2s
)

(∂2
χ̄v)κ+∇a(∂2

χ̄v)∇aψ
]

−2
(

1− 5
2s
)
κ(2) + 2

(
1− 5s+ 25

4 s
2 − 5

2t
)
κ2 − 2

(
1− 5

2s
)
∇bκ∇aψ

−
(

1− 5
2s
)

1
2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̃

∆2

(
∇bΨ1∇bΨ1

)
− 2

(
1− 5

2s
)∫ χ̄

0

dχ̃

χ̃
∇aΨ1∇aκ,

(3.3.83)

where

δs = ∂b1(z, L)
∂ lnL δm, (3.3.84)

however we set this to zero under the assumption that galaxy bias evolves slowly with luminosity.
We also include, for the sake of generality, the parameter t however we approximate this to zero
too. This is the second derivative of the number density with respect to luminosity. Equation
(3.3.83) is effectively Eq. (B.7) in [18] except we have included galaxy bias.

Going forward, we keep the galaxy bias parameters b1(z), b2(z) and bs(z) arbitrary and we set
all magnification bias parameters to zero (s = s̃2 = δs = t = 0) up until Chapter 6 where we
define them explicitly for two types of models.
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4

Primordial, seed-fluctuations in an early-universe quantum field on an otherwise homogeneous
background have been amplified under the effect of gravity over the age of the Universe. Small
inhomogeneities in the smooth background have been magnified due to the presence of gravity,
resulting in the clusters of matter we see today [78].

A result of the quantum origin of our Universe means that there is a level of stochasticity
to observations of the Universe. Quantum mechanics is not a deterministic theory (if one
takes the conventional Copenhagen interpretation). Instead, quantum systems act according
to a superposition of probability distributions. There is a limit to what we can know about a
quantum particle. We cannot know whether the particle will travel via path A in an infinite
set of possible paths but we can know something about the likelihood of the quantum particle
travelling via path A. One could liken this to predicting the specific outcome of a single coin flip,
we cannot say whether the result will be a heads or tails, only that on average as the number of
coin flips approaches infinity, we can expect an equal 50-50 distribution of heads and tails.

Cosmological tests of theories which model the primordial fluctuations are therefore not de-
terministic but are instead stochastic. This is for the following reasons. Firstly, as mentioned
any description of quantum phenomena is inherently stochastic. Second, the surface of last
scattering is opaque and we cannot “see” beyond this boundary with electromagnetic probes,
thus we do not have direct observational access to primordial fluctuations. Third, the timescale
for cosmological evolution is obviously vast compared to the life-span of humans (let alone
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a single human!). This means that we cannot follow the evolution of a single cosmological
system. Instead, we only have our past light-cone as an observational laboratory: different
astrophysical objects at different phases of their evolution. The origin of structure must therefore
be investigated statistically [78].

We model the Universe as a stochastic realisation of a statistical ensemble of possibilities that
could have been realised from the initial quantum field. In this way, statistical predictions are
formulated that depend on the statistical properties of the initial perturbations that led to the
observed large scale structure of the Universe. For example, the density perturbation field, δ,
describes a universe that is homogeneous and isotropic on large scales, so it is reasonable to
assume that the statistics of δ are also homogeneous. The density at a given point in space
will have different values in each member of the ensemble, with some overall variance 〈δ〉2

(independent of position) between members of the ensemble. Given that our measurements
are of a single realisation, since we only have one observable Universe, how do we measure
the variance of possible realisations? Unlike coin flipping, we cannot run independent trials of
spawning universes. We bypass this problem by assuming that widely separated regions of space
are statistically independent, then we can pretend that we are making independent draws from
a probability distribution that governs an ensemble of distinct Universes. This idea is known as
the ergodic theorem. If we measure the variance of the density field 〈δ〉2 over large volumes of
space then we can expect the measured variance to approach the true variance of the ensemble.
However, one must take caution when taking correlations of larger volumes of the Universe,
for there are fewer of them and therefore fewer independent “realisations”. Trying to estimate
statistics of the true ensemble with fewer, larger volumes (or trials) leads to cosmic variance -
the problem that these predictions are statistically poorly determined. Statistical flukes bear a
greater weight to the average in a smaller sampling pool.

More information on galaxy clustering statistics can be found in the Bernardeau review [78],
please see also [70] or [32]. For the angular large scale structure statistics most relevant to this
thesis please see [60, 2, 18].

4.1 n-point Correlation Functions in Real Space

Correlation functions make use of the statistical properties of the Universe and allow us to
compare theory with observations. The n-point correlation function yields a measure of the
ensemble average of the product of n fields at different positions. The definition is as follows

ξn(x1, . . . ,xn) ≡ 〈F1(x1)× · · · × Fn(xn)〉 (4.1.1)

≡ lim
N→∞

1
N

∞∑
i=0

F
(i)
1 (x1)× · · · × F (i)

n (xn), (4.1.2)

where Fj denote different fields, N is the number of trials and (i) is each realisation of the
product of n fields. Of course, the n-point correlation function can be taken in Fourier space too.
We make the distinction between the two statistical duals by referring to real space correlation
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functions as the n-point functions. Fourier space correlation functions give rise to poly-spectra
which we discuss below. If the statistics of the field are homogeneous and isotropic, then the
correlation function can be reduced to a function of fewer arguments that depend on the relative
separation of the points in space.

An important theorem when handling the statistics of cosmic fields is the Wick theorem. This
can be formally expressed as

ξn(x1, . . . ,xn) = 〈F1(x1)× · · · × Fn(xn)〉c (4.1.3)

= 〈F1(x1)× · · · × Fn(xn)〉 (4.1.4)

−
∑

S∈P({x1,...,xn})

∏
si∈S

ξ#si(xsi(1), . . . ,xsi(#si)), (4.1.5)

where the sum is made over the proper partitions (any partition except the set itself) of
{x1, . . . ,xn} and si is thus a subset of {x1, . . . ,xn} contained in partition S. The subscript c
denotes the “connected” part. If 〈Fj〉 = 0 ∀j, such as when taking correlations of the density
contrast, given that the average of δ(x) is zero by construction, then only partitions that contain
no singlets contribute to the n-point [78].

An important consequence of the Wick theorem is that all odd n-point correlation functions
of Gaussian fields (and therefore their Fourier transforms) are zero. As a result, the 3-point
correlation function and its Fourier counterpart, the bispectrum, are useful probes of non-
Gaussianity (NG). They are the lowest order statistics that describe all types of NG. A non-zero
bispectrum would indicate that the fields are not entirely Gaussian. In addition, for Gaussian
fields, any even n-point correlation function can be written in terms of the 2-point function
(2PCF).

In large scale structure cosmology we are often concerned with mapping the underlying density
field. We use the density contrast δ(x), defined with respect to the average cosmic density at
that point in spacetime

δ(x) = ρ(x)− ρ̄(x)
ρ̄(x) , (4.1.6)

where ρ is the local cosmic density and ρ̄ is the background or average. We can construct
the 2-point correlation function as a function of the separation of two points, x12 = |x1 − x2|,
expressed as

ξ2(x1,x2) = 〈δ(x1)δ(x2)〉 = ξ2(|x1 − x2|) = ξ2(x12). (4.1.7)

To aid our intuition of the correlation function, it is helpful to think of the following example. If
we assume that for this example that the number density of observed galaxies relates exactly to
δ (no galaxy bias), and we have two small regions in space δV1 and δV2, separated by a distance
x12. The probability of finding a pair of galaxies with a single galaxy in δV1 and another in δV2,
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separated by x12 is

〈npair〉 = n̄2 [1 + ξ2(x12)] δV1δV2, (4.1.8)

where n̄ is the mean number of galaxies per unit volume. A random distribution would correspond
to ξ(x12) = 0 which would give

〈
nrandpair

〉
= n̄2δV1δV2, (4.1.9)

whereby the probability of finding a pair between the two volumes is given by the probability of
finding a galaxy in δV1 multiplied by the probability of finding a galaxy in the second volume
δV2. The correlation function ξ2(x12) is therefore a measure of the excess clustering of galaxies
at separation x12 with respect to an unclustered, random distribution. A strong clustering
pattern would have a positive correlation function whereas an anti-clustered distribution would
have a negative correlation function [79].

We can extend this example to the case of the 3-point correlation function (3PCF). The 3-point
correlation function of the density contrast is

ξ3(x12, x23, x13) = 〈δ(x1)δ(x2)δ(x3)〉 , (4.1.10)

where ξ is a function of the separations x12, x23 and x13. We have also dropped the subscript c as
the correlation function implies we are taking the connected part of the correlation function (the
connected subset of terms in the full Wick expansion); this can be seen throughout this thesis
and in other texts. Statistically this is the tri-variance of the density field at three positions. It
measures the correlation of any three positions of galaxies. The three positions yield a triangle
with a galaxy at each vertex. Similarly to the 2PCF, the probability of finding a galaxy in each
of three small volumes δV1, δV2 and δV3, with separations x12, x23, x13 can be written in terms
of the 3PCF

〈ntriplet〉 = n̄3 [1 + ξ2(x12) + ξ2(x23) + ξ2(x13) + ξ3(x12, x23, x13)] δV1δV2δV3. (4.1.11)

At early times and on large scales, we expect the matter over-density field δ(x) to have a
Gaussian distribution if we assume single field inflation. In this case, ξ3 is zero and we can
express 〈ntriplet〉 in terms of the 2-point functions. This is a result of the central limit theorem
(CLT), which states that a statistical distribution made of many independent processes (such as
quantum fluctuations in the early Universe) is asymptotically Gaussian [79]. In other words, as
your sample size - made of independent data - approaches infinity, the distribution tends to
look like a Gaussian (normal) distribution (see [80] for a simple proof).

The CLT is quoted as justification for the assumption that primordial fields are Gaussian.
However, as mentioned previously, as the primordial fields have evolved over time, the presence
of non-linear gravity has manifested late time NG. Higher order statistics, such as the 3-point
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correlation function and the bispectrum, are an excellent probe of NG. There is a careful task
in taking the late-time bispectrum from large scale structure observations and “cleaning” the
secondary late-time NG from the signal such that a primordial non-Gaussianity (PNG) signal
remains. This is especially important in constraining early Universe theories of inflation as each
model has its own prediction for PNG. We cover this in greater detail in Section 4.2.5.

4.2 Correlations in Fourier Space

It is often more convenient to transform our perturbations to Fourier space, this is because
convolution integrals in real space are simply products in Fourier space. Moreover, at first order,
perturbations are in theory independent despite their positions being correlated in real-space,
simplifying certain calculations.

In this thesis, we adopt the following convention. We define the Fourier mode, f(k) with a
wavevector k, of a real-space field f(x), x ∈ R, which is calculated via the following definition
of the Fourier transform

f(x) =
∫ d3k

(2π)3f(k)e−ik·x, (4.2.1)

where the inverse transform is defined as

f(k) =
∫
d3xf(x)eik·x. (4.2.2)

In the context of cosmological perturbations, the density field δ(x) can be decomposed into
Fourier modes of wavevector k

δ(x) =
∫ d3k

(2π)3 δ(k)e−ik·x. (4.2.3)

Similar to correlation functions found in real space (Section 4.1), we can also construct the
equivalent in Fourier space. This is the n-point correlator 〈δ(k1)× · · · × δ(kn)〉. Crucially, given
that the Fourier transform is a linear integral transform, Gaussianities of the real space field
δ(x) also hold for its Fourier modes; this implies that any odd n-point correlator in Fourier
space also vanishes for Gaussian fields.

As a result of the assumption of homogeneity, Fourier wavevectors k within the n-point correlator
form closed shapes. Mathematically this is ∑n

i=1 ki = 0. As a result, we express the n-point
correlator in Fourier space in terms of its polyspectra Pn with a Dirac-delta function, δD

〈δ(k1)× · · · × δ(kn)〉 = (2π)3δD(k1 + · · ·+ kn)Pn(k1, . . . ,kn), (4.2.4)

where ki denotes the magnitude of a wavevector ki given by ki = |ki| =
√

(k1)2
i + (k2)2

i + (k3)2
i
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and has units of h−1MPc−1. The magnitude of the wavevector, k, is inversely proportional to
physical scale. Thus as k → 0 we approach larger scales and vice versa.

4.2.1 Power Spectrum

The power spectrum, P (k), is the poly-spectra found when n = 2. It is also the Fourier transform
of the 2PCF

P (k) =
∫
d3x12ξ(x12)eik·x12 , (4.2.5)

where x12 = x1 − x2 and x12 = |x12|. The inverse transform of the power spectrum yields the
2PCF

ξ(x12) =
∫ d3k

(2π)3P (k)e−ik·x12 . (4.2.6)

We can arrive at the specific case of Eq. (4.2.4) for n = 2 if we make use of the above definitions.
Taking the expectation of the product of two Fourier modes

〈f(k1)f(k2)〉 =
∫
d3x1d

3x2 〈f(x1)f(x2)〉 ei(k1·x1+k2·x2)

=
∫
d3x1d

3x2ξ(x12)ei(k1·x1+k2·x2)

=
∫
d3x1d

3x2

( ∫ d3k12

(2π)3P (k12)e−ik12·x12

)
ei(k1·x1+k2·x2)

=
∫
d3x1d

3x2
d3k12

(2π)3P (k12)ei((k1−k12)·x1+(k2+k12)·x2)

= (2π)3
∫
d3k12P (k12)δD(k1 − k12)δD(k2 + k12)

= (2π)3P (k1)δD(k1 + k2). (4.2.7)

The power spectra relevant to our work are

• the matter power spectrum

〈δ(k)δ(k′〉 = (2π)3Pδ(k)δD(k + k′) (4.2.8)

• the initial curvature power spectrum

〈Rini.(k)Rini.(k′)〉 = (2π)3PR(k)δD(k + k′) (4.2.9)

• the dimensionless primordial power spectrum

〈Rini.(k)Rini.(k′)〉 = (2π)3(2π2)k−3P(k)δD(k + k′) (4.2.10)

where P(k) = k3

(2π2)PR(k)
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For a given first-order perturbation A, we can define its transfer function

A(k, τ) = TA(k, τ)Rini.(k). (4.2.11)

In particular, the density transfer function is thus given by

δ(k, τ) = T δ(k, τ)Rini.(k), (4.2.12)

where the quantities δ(k, τ) are complex random variables which satisfy the reality condition
δ(k, τ) = δ∗(−k, τ).

For a given second order perturbation B, we can define its transfer function

B(2)(k, z) = 1
(2π)3

∫
d3q1d

3q2δD(k− q1 − q2)Π2(q1,q2)B(1)(q1, z)B(1)(q2, z) (4.2.13)

= 1
(2π)3

∫
d3q1d

3q2δD(k− q1 − q2)Π2(q1,q2)TB(q1, z)TB(q2, z)Rini.(q1)Rini.(q2),

(4.2.14)

where Π2(q1,q2) is a second-order kernel, which is dependent on the type of second order
perturbation B. We can also define the second order transfer function like so

TB(2)(q1,q2, z) = Π2(q1,q2)TB(q1, z)TB(q2, z). (4.2.15)

The explicit form of the transfer function can be found by numerically solving the Einstein-
Boltzmann differential system of equations at first order with Boltzmann codes such as CAMB1 or
CLASS2 or at second order with SONG3 [81]. Each of these codes is publicly available. Alternatively
one can apply an ansatz to approximate the shape of TA within a given cosmological model and
gauge. This is certainly justifiable in certain regimes and avoids any numerical complexities; it
is also quicker to calculate if an ansatz is available. An ansatz or mock solution is not always
available and in general a numerical computation is more accurate. In our work we calculate
first order transfer functions in Newtonian gauge using CLASS.

4.2.2 Bispectrum

The bispectrum B(k1, k2, k3), is the 3-point correlator in Fourier space. It is also the Fourier
dual to the 3PCF, found by taking its Fourier transform

B(k2,k3) ≡
∫
d3ud3vξ3(u,v)e−i(k2·u+k3·v),

(4.2.16)
1https://camb.info/
2https://lesgourg.github.io/class_public/class.html
3https://github.com/coccoinomane/song
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where u and v are the vector separations of x2 and x3 relative to x1 in position space, that is
x2 = x1 +u and x2 = x1 +v. We can arrive at the specific case of Eq. (4.2.4) for the bispectrum
(n = 3) by taking the expectation (ensemble average) of the product of three fields

〈X(k1)X(k2)X(k3)〉 =
∫
d3x1d

3x2d
3x3e

−i(k1·x1+k2·x2+k3·x3) 〈X(x1)X(x2)X(x3)〉 , (4.2.17)

then making the substitution x1 = x, x2 = x1 + u and x2 = x1 + v

〈X(k1)X(k2)X(k3)〉 =
∫
d3xd3ud3ve−i(k1·x+k2·(x+u)+k3·(x+v)) 〈X(x)X(x + u)X(x + v)〉︸ ︷︷ ︸

ξ3(u,v)

=
∫
d3xe−i(k1+k2+k3)·x

∫
d3ud3ve−i(k2·u+k3·v)ξ(u,v)

= (2π)3δD(k1 + k2 + k3)B(k2,k3). (4.2.18)

The tree-level bispectrum, the leading order contribution, is given by the correlation of the
following combination of perturbations

〈X(k1)X(k2)X(k3)〉Tree =
〈
X(k1)(2)X(k2)(1)X(k3)(1)

〉
+
〈
X(k1)(1)X(k2)(2)X(k3)(1)

〉
+
〈
X(k1)(1)X(k2)(1)X(k3)(2)

〉
(4.2.19)

= (2π)3BX
Tree(k1, k2, k3)δD(k1 + k2 + k3). (4.2.20)

where we have disregarded other correlations that feature two or more second order perturbations
within each triplet. One can extend beyond the tree-level by including such terms and beyond,
this framework is known as the n-loop bispectrum where n depends on the type of combination
of orders that are included (e.g.

〈
∆(2)∆(2)∆(1)

〉
are used for the 1-loop and

〈
∆(2)∆(2)∆(2)

〉
are

used for 2-loop). We limit our focus to the tree-level bispectrum only.

The most complete expression of the bispectrum will feature three arguments - k1, k2 and
k3. By homogeneity, we know that the three wavevectors form a closed triangle in Fourier
space and so the bispectrum can be expressed as a function dependent on two of the three
wavevectors (we know the third given the first two). When one enforces isotropy too, the closed
triangle becomes invariant under rotations which implies that the entire triangular configuration
and hence bispectrum can be written as a function of the three wavevector magnitudes k1, k2

and k3. As such, you will see throughout this thesis and elsewhere the bispectrum written as
B(k1,k2,k3), B(k1,k2) and B(k1, k2, k3). We can alternatively replace k3 in the last expression
as an angle between k1 and k2, µ12 = cos θ12, to give B(k1, k2, µ12).
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4.2.3 Matter bispectrum

First, we will use equations (4.2.19) and (4.2.20) to find the (tree level) matter bispectrum,
which is equivalent to setting X = δ in Eq. (4.2.19). We wish to take the ensemble

〈
δ(2)δ(1)δ(1)

〉
.

Henceforth, we require the second order matter fluctuation which is given by an integral over
two first order modes

δ(2)(k, z) = 1
(2π)3

∫
d3q1d

3q2δD(k− q1 − q2)F2(q1,q2)δ(1)(q1, z)δ(1)(q2, z), (4.2.21)

where the second order Newtonian matter density kernel is found by the Fourier transforming
the Newtonian equations of motion [78]

F2(q1,q2) =
5

7 + q1 · q2
2q1q2

(
q1

q2
+ q2

q1

)
+ 2

7
(q1 · q2
q1q2

)2
. (4.2.22)

We find the bispectrum by taking the following ensemble, we omit the superscript (1) here and
below on first order quantities

〈
δ(2)(k1, z1)δ(1)(k2, z2)δ(1)(k3, z3)

〉
+ � = 1

(2π)

∫
d3q1d

3q2δD(k1 − q1 − q2)F2(q1,q2)

×〈δ(q1, z1)δ(q2, z1)δ(k2, z2)δ(k3, z3)〉+ � .(4.2.23)

where we use “�” here to denote the cyclic permutations over each ki as seen explicitly in
(4.2.19). We can apply Wick’s theorem to decompose the 4-point correlator

〈δ(q1, z1)δ(q2, z1)δ(k2, z2)δ(k3, z3)〉 = 〈δ(q1, z1)δ(k2, z2)〉 〈δ(q2, z1)δ(k3, z3)〉

+ 〈δ(q1, z1)δ(k3, z3)〉 〈δ(q2, z1)δ(k2, z2)〉 (4.2.24)

= (2π)6P δ(k2)P δ(k3)D(z1)2D(z2)D(z3) (4.2.25)

×
(
δD(k2 + q1)δD(k3 + q2) + δD(k2 + q2)δD(k3 + q3)

)
,

where we have applied the identity 〈X(k)X(k′)〉 = (2π)3δD(k + k′)PX(k) and introduced the
linear growth function of density perturbations D(z), such that

δ(1)(k, τ) = D(a(τ))δ(k), (4.2.26)

and the time-dependent linear growth factor is defined as

f(z) = d lnD(a(z))
d ln a(z) . (4.2.27)
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Equation (4.2.23) then becomes〈
δ(2)(k1, z1)δ(1)(k2, z2)δ(1)(k3, z3)

〉
+ � = (2π)3

∫
d3q1d

3q2δD(k1 − q1 − q2)F2(q1,q2)

×P δ(k2)P δ(k3)D(z1)2D(z2)D(z3)

×
(
δD(k2 + q1)δD(k3 + q2) + δD(k2 + q2)δD(k3 + q3)

)
+ �, (4.2.28)

which after integrating over q1 and q2 becomes〈
δ(2)(k1, z1)δ(1)(k2, z2)δ(1)(k3, z3)

〉
+ � = (2π)3δD(k1 + k2 + k3) (4.2.29)

×
(

2F2(k2,k3)P δ(k2)P δ(k3)D(z1)2D(z2)D(z3)+ �
)
.

Thus our tree-level matter bispectrum, using (4.2.19) can be written explicitly as

Bδ
Tree(k1, k2, k3, z1, z2, z3) = 2F2(k2,k3)P δ(k2)P δ(k3)D(z1)2D(z2)D(z3)

+2F2(k1,k3)P δ(k1)P δ(k3)D(z2)2D(z1)D(z3)

+2F2(k2,k1)P δ(k2)P δ(k1)D(z3)2D(z2)D(z1). (4.2.30)

Unfortunately, the matter bispectrum or the power spectrum can not be directly observed.
Galaxies trace the underlying matter distribution. The galaxy bispectrum, the Fourier coun-
terpart to the 3PCF of the galaxy number over-density ∆ (Section 4.2.4), although more
complicated, can be measured using observations of galaxy number counts. For a numerical
computation of the matter bispectrum see references [82] & [83].

4.2.4 Galaxy bispectrum

In this thesis, we are concerned with the galaxy bispectrum (X = ∆). If we assume ∆ is
Gaussian, i.e.

〈
∆(1)∆(1)∆(1)

〉
= 0, and set ∆ = ∆(1) + ∆(2), and only consider the density and

RSD contributions to ∆ up to and including second order, we can write the galaxy bispectrum
in the following way. The full derivation can be found in Appendix A. Here we simply state
the expressions. As in Eq. (4.2.20), the tree-level bispectrum is found by taking the following
ensemble average

〈∆(k1)∆(k2)∆(k3)〉Tree = (2π)3δD(k1 + k2 + k3)
(

2Z1(k1)Z1(k2)Z2(k1,k2)+ �
)
,

(4.2.31)

BTree(k1, k2, k3) = 2Z1(k1)Z1(k2)Z2(k1,k2)+ � . (4.2.32)

This particular expression for the galaxy bispectrum (Eq. 4.2.32) can be found in [67]. This is
derived by finding and expanding the Jacobian associated with a coordinate map between real
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(position) space and redshift space. See Appendix A.We have also introduced Z1 and Z2, the
first and second order kernels of the galaxy number over-density modes ∆(1)(k, z) and ∆(2)(k, z)
respectively

∆(1)(k, z) = Z1(k)δ(1)(k, z), (4.2.33)

where

Z1(k) = b1 − µ2f. (4.2.34)

where b1(z) is the first order galaxy bias parameter that relates the first order galaxy density
contrast to the underlying matter field via δ(1)

g = b1δ
(1)
m . In addition µi (or µ) defines the angle

between the Fourier wavevector ki/ qi or (k) and the line-of-sight µi = ki ·n/ki (or µ = k ·n/k)
where ki = |ki| (or k = |k|).

The second order mode is defined by

∆(2)(k, z) = 1
(2π)3

∫
d3q1d

3q2δD(k− q1 − q2)Z2(q1,q2)δ(1)(q1, z)δ(1)(q2, z), (4.2.35)

with the second order kernel defined as

Z2(q1,q2) = b1F2(q1,q2) + b2

2 + fµ2G2(q1,q2)

+b1f

2

[
µ2

1 + µ2
2 + µ1µ2

(
q1

q2
+ q2

q1

)]
+ f 2

[
µ2

1µ
2
2 + µ1µ2

2

(
µ2

1
q1

q2
+ µ2

2
q2

q1

)]
,

(4.2.36)

where we have used the velocity divergence kernel, G2, defined relative to the second-order
velocity divergence

θ(2)(k, z) = 1
(2π)3

∫
d3q1d

3q2δD(k− q1 − q2)G2(q1,q2)δ(1)(q1, z)δ(1)(q2, z), (4.2.37)

where

G2(q1,q2) =
5

7 + q1 · q2
2q1q2

(
q1

q2
+ q2

q1

)
+ 2

7
(q1 · q2
q1q2

)2
. (4.2.38)

and θ is the divergence of the local peculiar velocity field θ(x, τ) = ∇ · v(x, τ).
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4.2.5 The bispectrum as a probe of PNG

One of the main motivations for studying the bispectrum is its ability to describe any deviations
from Gaussianity in a distribution of perturbations. This is especially important for early
universe models of cosmology. In generic inflationary models, a scalar field is said to “slow-roll”
down a potential well. As a result, primordial curvature perturbations are produced by the
scalar field: the inflaton. This is the simplest and most commonly studied inflationary model; it
predicts a nearly scale invariant spectrum of adiabatic curvature fluctuations, a small abundance
of primordial gravitational waves and mild deviations from Gaussianity in the distribution of
curvature perturbations.

Until the 2010s, the CMB was commonly regarded as the best probe of primordial non-
Gaussianity (PNG) [84, 81]. However, this line of thought hadn’t considered the scale dependence
of the galaxy power spectrum and bispectrum arising from local type PNG, described using the
f locNL parameter

Φ(x) = φ(x) + f locNLφ
2(x), (4.2.39)

where Φ(x) here is the Bardeen’s curvature perturbation in the matter era, φ(x) is an isotropic
Gaussian random field and f locNL is a dimensionless phenomenological parameter [12].

Cosmologists are now more optimistic about LSS probes. Future surveys will span larger volumes
of the observable Universe, with enhanced resolution, which can then be used to complement
different tracers such as the upcoming SKA radio observations. It is therefore increasingly likely
that PNG constraints from LSS probes will eventually trump those of the CMB [12].

Single-field slow-roll models of inflation give rise to low levels of PNG. This is because they
make the following assumptions: the inflationary scenario is described by a single dynamical
(time-dependent) scalar field, involve perturbations that propagate at the speed of light, adopt
the slow-roll regime whereby the timescale over which the inflaton field changes is much larger
than the Hubble rate of expansion and finally encompass adiabatic curvature perturbations.

The lowest order statistic sensitive to full range of non-Gaussian features in the initial dis-
tributions of scalar perturbations, is the bispectrum BΦ(k1,k2,k3) of the Bardeen curvature
perturbation Φ(x). It has been shown that in the squeezed limit (k3 � k1 ∼ k2), the bispectrum
of any single-field slow-roll inflationary model asymptotes to the local shape [85, 86, 87]. The
non-Gaussianity parameter predicted by this class of models is f locNL = 5

12(1− ns) ≈ 0.017 where
ns is the spectral tilt of the power spectrum PΦ(k) which is observationally constrained by Planck
at ns = 0.965± 0.004 [34]. Consequently any statistically significant measurement of f locNL would
thus rule out single field slow-roll inflation. It is correspondingly of keen interest to inflationary
theorists and of course the wider cosmology community to independently either confirm or
contest the current value of f locNL found through CMB analysis with LSS measurements.

Relaxing the mentioned assumptions allows for a diverse set of inflationary models that include
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multiple scalar fields and their interactions, a modified dispersion relation or departure from
the adiabatic Bunch-Davies ground state [12]. If the slow-roll conditions are violated in such
a way, this could potentially result in a detectable level of primordial non-Gaussianity. Aside
from inflation, a large Gaussian signal is also expected at reheating [88] and in the ekpyrotic
scenario [89]. Each of these physical paradigms yield a distinct prediction for the primordial
bispectrum BΦ(k1,k2,k3).

Equilateral type of non-Gaussianity, which arises in models with higher-derivative operators
such as the DBI (Dirac-Born-Infeld) model of inflation is well described by the factorisable form

BLoc.
Φ (k1,k2,k3) = 6f eq.NL

[
−
(
Pφ(k1)Pφ(k2)+ �

)
−2
(
Pφ(k1)Pφ(k2)Pφ(k3)

) 2
3

+
(
P

1
3
φ (k1)P

2
3
φ (k2)Pφ(k3)+ �

)]
,

(4.2.40)

where Pφ(k) is the power spectrum of the Gaussian part φ(x) of the Bardeen potential. It is
evident from this expression that the signal is indeed largest in the equilateral configuration
k1 ≈ k2 ∼ k3, and suppressed in the squeezed limit k3 � k1 ∼ k2. Interestingly and usefully,
in single-field slow-roll inflation, the 3-point function is a linear combination of the local and
equilateral shape [85].

There is a third “template” often found in models of inflation that give rise to non-Gaussianities
as a consequence of modifications to the initial Bunch-Davies vacuum in canonical single field
inflation. The bispectrum of the folded or flattened shape is maximised for k2 ∼ k3 ∼ k1/2 [90]

BFol.(k1,k2,k3) = 6f folNL

[(
Pφ(k1)Pφ(k2)+ �

)
+3
(
Pφ(k1)Pφ(k2)Pφ(k3)

) 2
3

−
(
P

1
3
φ (k1)P

2
3
φ (k2)Pφ(k3)+ �

)]
.

(4.2.41)

Not all of the observed non-Gaussianity is of primordial origin (PNG) in either the CMB or
LSS tracers. A bispectrum arises in the CMB even for Gaussian initial conditions due to
non-linear dynamics, such as CMB photons scattering off free electrons and their propagation
in an inhomogeneous Universe [81]. Furthermore, the non-linear dynamics of general relativity
can induce relativistic effects which are thought to induce late-time non-Gaussianity, in turn
contaminating the observed signal and an evaluation of f locNL [91, 92, 93].

In summary, by taking the bispectrum of different triangular configurations (e.g. squeezed,
folded, equilateral triangles) we can learn about the distribution of primordial perturbations.
The particular distribution of said perturbations is a consequence of the kinematics of inflation.
Exactly how the inflaton evolves, or how multiple fields interact can be described by the non-
linearity parameter, fNL. With careful treatment of the bispectrum we can probe this parameter
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and thus gain a deeper insight into the physics of the early Universe. For a review of PNG in
the context of large scale structure see [12].

4.3 Correlations in Harmonic Space

Historically, galaxy density fluctuations have been expressed in Fourier space. This comes
with the previously mentioned advantages that for Gaussian fields all information is encoded
within the power spectrum P (k). In addition, the first order Fourier modes δ(k1) and δ(k2)
are independent despite their positions in real space being correlated. A disadvantage of this
framework is the fact that our observations of ∆ live on the backward light-cone at various
histories and not on an equal time hypersurface on which we might perform a Fourier transform
[18]. Moving them onto a fixed time hypersurface requires assumptions about their evolution.

The gravitational lensing effects, which are integrated effects over the line-of-sight, mixes
different scales. This complicates any Fourier transform of such a term. Past galaxy surveys
have been sufficiently narrow such that in many cases the plane parallel approximation, where
all lines-of-sight to galactic sources are assumed to be parallel, can be safely justified. On the
contrary, future surveys will have a much greater angular coverage. For example, Euclid which
plans to cover ∼ 15× 103 square degrees. Consequently the plane-parallel approximation is no
longer adequate for such observations. The lensing effects will also become more significant,
as compared to previous surveys, due to the correspondence between galaxy positions at well
separated redshifts. This in particular will serve as a method to model the gravitational potential
which in principle can determine the validity of general relativity at such scales.

For these reasons, we choose to adopt a harmonic-space description of our galaxy number
over-density observable. In this way, ∆(n, z), is expressed in terms of the directly measured
redshift and angles on the sky. No assumptions are required to convert redshifts to distances or
to move fluctuations to a constant time-hypersurface and we can readily incorporate the effects of
lensing. The disadvantage of this choice is the added theoretical and computational complexity.
Decomposing a field onto a 2-dimensional surface of a sphere requires spherical harmonics
and the use of spherical Bessel functions. Said functions are highly oscillatory rendering them
cumbersome to integrate numerically.

In this section we introduce the angular power spectrum Dl(z1, z2), the harmonic space represen-
tation of the 2-point function, dependent on two redshifts and a single multipole, and the reduced
angular bispectrum bl1l2l3(z1, z2, z3), dependent on three source redshifts and three multipoles.
We choose the letter “D” to represent the angular power spectrum without a window function,
or equivalently the angular power spectrum integrated over two time-dependent Dirac-delta
window functions centred at z1 and z2. We later use Cl(z1, z2) to denote the observed angular
power spectrum which has been integrated over two Gaussian window functions centred at z1

and z2. The harmonic based angular galaxy bispectrum naturally provides an all-sky description
of galaxy number counts akin to CMB photon analyses across the whole sky. It is the reduced
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angular bispectrum which we compute in Section 6.1 and compare with the results in [18].

The aim of our harmonic description is to project the directly observable ∆(n, z) onto the
surface of a sphere, allowing a direct comparison with observations. Mathematically we expand
∆ in spherical harmonics

∆(n, z) =
∞∑
l=1

l∑
m=−l

a∆
lm(z)Ylm(n), (4.3.1)

where the spherical harmonic coefficients are given by

a∆
lm(z) =

∫
dΩn∆(n, z)Y ∗lm(n), (4.3.2)

where dΩn = sin θdθdφ is the differential solid angle in spherical coordinates. In general, we can
define the spherical harmonic coefficients of an arbitrary perturbation A(n, z) as

A(n, z) =
∞∑
l=1

l∑
m=−l

alm(z)Ylm(n), (4.3.3)

where the spherical-harmonic coefficients are given by

aAlm(z) =
∫
dΩnA(n, z)Y ∗lm(n). (4.3.4)

The l-multipoles correspond to the angular scale of features on the sky δθ ∼ l/2π, whereas the
m indices correspond to the line-of-sight direction with m = 0 labelling the zenith. In practice
we sum over all m indices to yield an angular averaged bl1l2l3 . The Ylms are the “spherical
harmonics”, found by obtaining solutions to Laplace’s equation in spherical coordinates. If we
define n ≡ (θ, φ), the spherical harmonics can be can be written explicitly as

sYlm(θ, φ) = (−1)m
√√√√(l + 1)!(l −m)!(2l + 1)

4π(l + s)!(l − s)! sin2l
(
θ

2

)

×
l−s∑
r=0

 l − s
r

 l + s

r + s−m

 (−1)l−r−seimφ cot2r+s−m
(
θ

2

)
, (4.3.5)

where s is the “spin” of the spherical harmonic. In the case where s = 0, we have

Ylm(θ, φ) = (−1)m
√√√√(2l + 1)

4π
(l −m)!
(l +m)!P

m
l (cos θ)eimφ, (4.3.6)
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where Pm
l are Legendre polynomials; l ∈ N and −l ≤ m ≤ l. We also omit the subscript “0” for

the spin-zero case. The asterisks denote the complex conjugate and they satisfy the following
conditions

Ylm(n) = Y ∗lm(−n), (4.3.7)

Yl(−m)(n) = (−1)mY ∗lm(n), (4.3.8)

∫
dΩnYlm(n)Yl′m′(n) = δll′δmm′ , (4.3.9)

where (4.3.9) is the orthonormality condition.

4.3.1 Angular power spectra

We can find the harmonic representation of the n-point correlation function by taking the
ensemble average of the product of n spherical-harmonic coefficients. To this extent we can find
correlations of the positions of galaxies on the sky with coordinates given by the solid angle that
defines the line-of-sight vector n and the redshift position. The two statistics that dominate
this work are the angular power spectrum and angular bispectrum, the 2PCF and the 3PCF in
harmonic space respectively. In this subsection we focus on the former.

The angular power spectrum, Dl(z1, z2), is defined by

〈alm(z1)a∗l′m′(z1)〉 = δll′δmm′Dl(z1, z2), (4.3.10)

where δll′ and δmm′ are Kronecker-delta symbols defined by

δij =

1, if i = j

0, otherwise.
(4.3.11)

In real galaxy surveys we have discrete galaxy positions which are smoothed over an observed
redshift scale (the exact redshift position is unknown). To account for this effect, we would
compare the theoretically derived observed angular power spectrum with observations. We use
the prefix “observed” to denote that the quantity has been integrated over time with the effect
of the window function. The observed angular power spectrum is thus

Cl(z1, z2) =
∫
dz1dz2Dl(z̃1, z̃2)W (z1, z̃1)W (z2, z̃2), (4.3.12)

where W (zi, z̃i) denotes the choice of window function. The Dirac-delta function, top-hat and
Gaussian window functions are typically the most common; all three can be used to compute
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angular power spectra in CLASS. In our work, we choose the most realistic of the three, the
Gaussian window function

W (z, z̃) =
exp

(
−1

2( z̃−z∆z )2
)

2π∆z , (4.3.13)

whereby its integral over redshift is normalised such that∫
W (z, z̃)dz̃ = 1. (4.3.14)

The Gaussian window function therefore peaks at z = z̃ and has a width of ∆z. Incorporating
this window function in a numerical computation of the observed angular power spectrum and
especially the observed bispectrum requires additional computational workload. There are an
additional two and three time-integrations respectively as compared with a Dirac-delta window
function. Numerically speaking, the Dirac-delta case simply fixes z̃ = z as opposed to doing a
looped sum over a range of z̃ values.

We will now calculate the density-density angular power spectrum. We start with a density
field in real space δ(x, τ), find the corresponding spherical harmonic coefficients aδlm(z), before
taking their 2-point function to find the density-density angular power spectrum Dδδ

l (z1, z2).
We then apply the window functions and integrate over the two time dimensions to find Cδδ

l .
We begin by Fourier transforming our density field

δ(z,x) =
∫ d3k

(2π)3 δ(z,k)eik·nχ, (4.3.15)

where x = nχ(z) and n is the unit line-of-sight vector, multiplied by the comoving distance to
source χ(z). We then make the following plane wave substitution

eik·nχ = 4π
∑
l,m

iljl(kχ)Ylm(n)Y ∗lm(k̂), (4.3.16)

such that (4.3.15) becomes

δ(z,x) =
∫ d3k

(2π)3 δ(χ,k)
{

4π
∑
l,m

iljl(kχ)Ylm(n)Y ∗lm(k̂)
}
. (4.3.17)

If we apply the definition of the spherical harmonic coefficients (4.3.4), we can define the density
spherical harmonic coefficient, aδlm(z) as follows

aδlm(z) =
∫
dnδ(z,x)Y ∗lm(n) (4.3.18)

=
∫
dn
( ∫ d3k

(2π)3 δ(z,k)
{

4π
∑
l,m

iljl(kχ)Ylm(n)Y ∗lm(k̂)
})
Y ∗l′m′(n) (4.3.19)

= 4π
∫ d3k

(2π)3 i
lδ(z,k)jl(kχ)Y ∗lm(k̂), (4.3.20)
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to get from (4.3.18) to (4.3.19) we have substituted Eq. (4.3.17) into the former. To get from
(4.3.19) to (4.3.20) we have used the orthonormality condition (4.3.9) and summed over l and
m.

We find the angular power spectrum by taking the following ensemble average

〈
aδlm(z1)a∗δl′m′(z2)

〉
= δll′δmm′D

δδ
l (z1, z2). (4.3.21)

We now expand the LHS by substituting (4.3.20) and its complex conjugate

〈
aδlm(z1)a∗δl′m′(z2)

〉
= (4π)2

∫ d3k1

(2π)3

∫ d3k2

(2π)3 i
l−l′ 〈δ(z1,k1)δ(z2,k2)〉

×jl(k1χ1)jl′(k2χ2)Y ∗lm(k̂1)Yl′m′(k̂2), (4.3.22)

substituting

〈δ(z1, k1)δ(z2, k2)〉 = (2π)3(2π)2δD(k1 − k2)P(k1)T δ(z1, k1)T δ(z2, k2)k−3
1 , (4.3.23)

where A(1)(z1, k1) = TA(z1, k1)R(k1) andR(k1) is the initial curvature perturbation, Eq. (4.3.22)
becomes

〈
aδlm(z1)a∗δl′m′(z2)

〉
= (4π)2(2π)32π2

(2π)6

∫ d3k1

k3
1
d3k2i

l−l′T δ(z1, k1)T δ(z2, k2)P(k1)δD(k1 − k2)

×jl(k1χ)jl′(k2χ2)Y ∗lm(k̂1)Yl′m′(k̂2). (4.3.24)

If we now integrate over k2, set k1 = k2 as a result of the Dirac-delta function then, after
dropping the subscript, we are left with

〈
aδlm(z1)a∗δl′m′(z2)

〉
= (4π)2(2π)32π2

(2π)6

∫ d3k

k3 i
l−l′T δ(z1, k)T δ(z2, k)P(k)jl(kχ)jl′(kχ2)Y ∗lm(k̂)Yl′m′(k̂).

(4.3.25)

We are free to rewrite
∫
d3k =

∫
dk̂dkk2, which simplifies (4.3.25) to

〈
aδlm(z1)a∗δl′m′(z2)

〉
= (4π)2(2π)32π2

(2π)6

∫ dk

k
il−l

′
T δ(z1, k)T δ(z2, k)P(k)jl(kχ)jl′(kχ2)

×
( ∫

dk̂Y ∗lm(k̂)Yl′m′(k̂)
)
, (4.3.26)

which, after applying Eq. (4.3.9) leaves

〈
aδlm(z1)a∗δl′m′(z2)

〉
= δll′δmm′i

l−l′
{

4π
∫ dk

k
T δ(z1, k)T δ(z2, k)P(k)jl(kχ)jl′(kχ2)

}
. (4.3.27)
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Our density-density Dirac angular power spectrum is found by fixing l = l′ and m = m′

Dδδ
l (z1, z2) = 4π

∫ dk

k
T δ(z1, k)T δ(z2, k)P(k)jl(kχ)jl(kχ2)

After integrating over the window functions, our final result is

Cδδ
l (z1, z2) =

∫
dz̃1dz̃2

{
4π
∫ dk

k
T δ(z̃1, k)T δ(z̃2, k)P(k)jl(kχ̃)jl(kχ̃2)

}
W (z̃1, z1)W (z̃2, z2).

(4.3.29)

We can write the general form of the A−B angular power spectrum by introducing the angular
transfer function of a perturbation A, ∆A

l (k, z), as follows

DAB
l (z1, z2) = 4π

∫ dk

k
∆A
l (k, z1)∆B

l (k, z2)P(k), (4.3.30)

where

∆A
l (k, z) = p(k, z, l)TA(k, z)j(n)

l (kχ(z)), (4.3.31)

where p(k, z, l) is a function that can depend on a combination of time, scale or multipole (e.g.
H(z) or kp) and j(n)

l is an nth order derivative on the spherical Bessel function. In Section 4.3.2
we list the set of angular transfer functions relevant to this thesis.

4.3.2 List of angular transfer functions

This subsection serves as a dictionary of the angular transfer functions. We list here all ∆l

relevant for computing the leading order (terms found in (3.3.71) & (3.3.74)) galaxy bispectrum.
We omit derivations and just state the equations. To derive them one has to follow the following
schematic procedure:

1. Take a real space term A in (3.3.71) or (3.3.74)

2. Convert to Fourier space

3. Make the plane wave substitution (Eq. (4.3.16))

4. Find its aAlm

5. Take the 2-point ensemble average (Eq. (4.3.10))

6. Compare with (4.3.30)

7. Write down the corresponding ∆A
l (k, z)

In practice one can identify the angular transfer function prior to Step 5. We express the
following list of equations as they appear in our galbispectra2.c module - see Section 5. Each
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∆l is in terms of conformal time, τ , as this quantity parameterises the time dimension in our
galbispectra2.c arrays. Note that redshift is a function of conformal time, z(τ), the conformal
Hubble parameter can be expressed as H = aH and also, in a flat universe, χ = τ0 − τ , where
τ0 is the conformal age of the universe today.

•
∆δ
l (τ, k) = b1T

δ(τ, k)jl(k(τ0 − τ)) (4.3.32)

•

∆δ′

l (τ, k) = k

H
b1T

δ(τ, k)j′l(k(τ0 − τ)) (4.3.33)

•

∆v
l (τ, k) = T V (τ, k)j′l(k(τ0 − τ)) (4.3.34)

•
∆v′

l (τ, k) = k

H
T V

′(τ, k)j′′l (k(τ0 − τ)) (4.3.35)

•

∆v′′

l (τ, k) = − k

(H)2T
V (τ, k)j′′′l (k(τ0 − τ)) (4.3.36)

•

∆κ
l (τ, k) = l(l + 1)

(2− 5s
2

) ∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄χ̃

TΦ+Ψ(τ̃ , k)jl(k(τ0 − τ̃)) (4.3.37)

•

∆Ψ1
l (k, τ) = (2− 5s)

(τ0 − τ)

∫ χ̄

0
dχ̃TΦ+Ψ(k, τ̃)jl(k(τ0 − τ̃)). (4.3.38)

where b1 is our linear bias parameter δ(1)
g = b1δ

(1)
m , s(z) is the magnification bias parameter,

TΦ+Ψ ≡ TΦ + TΨ, the transfer functions associated to the Bardeen potentials and T V is related
to the density transfer function via

T V (τ, k) ≡ −H(z)f(z)T δ(τ, k)
k

. (4.3.39)

We also define the first order galaxy angular transfer function, the sum of the density, RSD and
lensing terms

∆∆
l (k, τ) = ∆δ

l (k, τ) + ∆v′

l (k, τ) + ∆κ
l (k, τ). (4.3.40)
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4.3.3 Angular bispectra

Representing the galaxy bispectrum in harmonic space is well understood theoretically. Signifi-
cant progress has been made in this direction at least for the leading order contributions to the
bispectrum [2, 94, 17]. Computing the angular galaxy bispectrum, the harmonic representation
of the 3PCF, on the other hand is still in its infancy. The main aim of this thesis is to compute
the angular galaxy bispectrum for all leading terms. There are only a couple of well-established
efforts towards this goal [18, 20]. We plan to confirm and go beyond these works by relaxing some
assumptions (e.g. Limber where possible) and execute a more involved calculation (e.g. with
Gaussian window functions and a better approximation of ∆(1)). A more elaborate discussion
on this can be found in Section 7.

As mentioned, our approximation of ∆(2) in Eq. (3.3.74) is a subset of the full second order
galaxy number counts expression given in equations 4.42-4.44 of [2]. The purpose of this
section is to provide a general framework for different types of terms to convert their real space
expressions to harmonic space and take their 3-point angular correlation to yield their reduced
angular bispectra and, where possible, write in a form that is in terms of angular power spectra.
As a result, we hope to include enough instruction to provide the reader with the procedure
to converting more terms (outside of the dominant subset) to a form which is suitable for our
galbispectra code to handle. Our code has the capacity to compute any of the first order
transfer functions given in Table 5.1 and angular transfer functions given in Table 5.2. Therefore,
if one can take an arbitrary second order number count perturbation (e.g. relativistic effects)
and write its reduced angular bispectra in terms of angular power spectra spanned by the
list of transfer functions, it is straightforward to implement the computation of this term in
galbispectra .

In this section, we express mathematically each of the leading order bispectrum terms as given
by (3.3.74) that form the tree level angular bispectrum. Most of the results found in this
section can be found in [18], however, we list the terms here for completeness. We also provide
additional detail on certain calculations. This section is lengthy and can be skipped for those
not interested in the intricacies of the derivations. At the cost of brevity, we leave in additional
lines of calculation to provide the reader with a smoother understanding of the mathematics
involved. These calculations are delicate and are made worse if algebraic tricks are omitted,
hence we adopt a mathematically verbose approach.

We tackle different types of terms in the following order: we derive the intrinsic second
order density bispectra by expanding the second order Newtonian density kernel in Legendre
polynomials; we state the intrinsic second order RSD expression found in [20]; we state the
Limber approximated expression of the intrinsic second order lensing convergence found in [18];
we demonstrate the procedure for finding the bispectra of separable second order terms (e.g.
v(n, z)δ′(n, z)); we show how to calculate the bispectra of terms which include spin weighted
spherical harmonics (e.g. ∇δ∇φ) and finally we show the process of finding the bispectra of
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integrated second order terms.

The galaxy 3PCF (left-hand side of (4.3.1)) can then be written in terms of the angular
bispectrum Bm1m2m3

l1l2l3 with the use of (4.3.1)

B(n1,n2,n3, z1, z2, z3) = 〈∆(n1, z1)∆(n2, z2)∆(n3, z3)〉 (4.3.41)

=
∑

l1,l2,l3,m1,m2,m3

Bm1m2m3
l1l2l3 (z1, z2, z3)Yl1m1(n1)Yl2m2(n2)Yl3m3(n3),

(4.3.42)

where the angular bispectrum is defined by the expectation of the product of three spherical
harmonic coefficients

Bm1m2m3
l1l2l3 (z1, z2, z3) = 〈al1m1(z1)al2m2(z2)al3m3(z3)〉 (4.3.43)

=
∫
dΩ1Ω2Ω3B(n1,n2,n3)Y ∗l1m1(n1)Y ∗l2m2(n2)Y ∗l3m3(n3).

(4.3.44)

It is often convenient to define the reduced bispectrum bl1l2l3(z1, z2, z3) which has the effect of
the Gaunt integral, a purely geometrical quantity, Gm1m2m3

l1l2l3 , removed to enhance cosmological
dependence relative the angular bispectrum.

Bm1m2m3
l1l2l3 (z1, z2, z3) = Gm1m2m3

l1l2l3 bl1l2l3(z1, z2, z3), (4.3.45)

where

Gm1m2m3
l1l2l3 ≡

∫
dn̂Yl1m1(n̂)Yl2m2(n̂)Yl3m3(n̂) (4.3.46)

≡
√

(2l1 + 1)(2l2 + 1)(2l3 + 1)
4π

 l1 l2 l3

m1 m2 m3

 l1 l2 l3

0 0 0


≡

 l1 l2 l3

m1 m2 m3

L0,0,0
l1,l2,l3 , (4.3.47)

where we have defined

L0,0,0
l1,l2,l3 ≡

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

 l1 l2 l3

0 0 0

 , (4.3.48)

for ease of later notation. The bracketed matrices represent the Wigner-3jm symbol. It is
non-vanishing if the following conditions are satisfied

1. m1 +m2 +m3 = 0

2. |mi| ≤ li
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3. l1 + l2 + l3 is an integer (or an even integer if ∑
i
m = 0)

4. |l1 − l2| ≤ l3 ≤ l1 + l2

As in Fourier space, we focus on the tree level bispectrum

BTree(n1,n2,n3, z1, z2, z3) =
〈
∆(2)(n1, z1)∆(1)(n2, z2)∆(1)(n3, z3)

〉
+ � (4.3.49)

=
∑

l1−3,m1−3

〈
a

(2)
l1m1(z1)a(1)

l2m2(z2)a(1)
l3m3(z3)

〉
Yl1m1(n1)Yl2m2(n2)Yl3m3(n3)+ �

(4.3.50)

where the superscript (n) on the spherical harmonic coefficients denotes the order of the
perturbation they correspond to, they are not themselves perturbed quantities. More generally
we can have bispectra of different terms within ∆(1) or ∆(2), that is

Gm1m2m3
l1l2l3 bABCl1l2l3(z1, z2, z3) =

〈
a
A(2)
l1m1(z1)aB(1)

l2m2(z2)aC(1)
l3m3(z3)

〉
+
〈
a
B(1)
l1m1(z1)aA(2)

l2m2(z2)aC(1)
l3m3(z3)

〉
+
〈
a
C(1)
l1m1(z1)aB(1)

l2m2(z2)aA(2)
l3m3(z3)

〉
. (4.3.51)

We wish to compute the leading order bispectrum. We therefore approximate ∆(2)(n, z) ∼
Σ(2)(n, z) (see Eq. (3.3.74)) and ∆(1)(n, z) ∼ Σ(1)(n, z). If we expand the second order density
term (first term in (3.3.74)) in Legendre polynomials, we have a separate density monopole,
dipole, and quadrupole contribution. In total we have a total of 17 second order terms and
therefore 17 different bispectra that constitute our approximation of the galaxy bispectrum
(technically there are three times this number as we hide three angular transfer functions within
the first order galaxy angular transfer function ∆∆

l (4.3.40)).

bl1l2l3(z1, z2, z3) = bδ0l1l2l3 + bδ1l1l2l3 + bδ2l1l2l3 + bv
(2)′

l1l2l3 + bv
′2

l1l2l3 + bvv
′′

l1l2l3 + bvδ
′

l1l2l3 + bv
′δ
l1l2l3

+bκ(2)

l1l2l3 + bκδl1l2l3 + b∇δ∇ψl1l2l3 + bv
′κ
l1l2l3 + b∇v

′∇φ
l1l2l3 + bκ

2

l1l2l3 + b∇κ∇ψl1l2l3 + b

∫
∇κ∇Ψ1

l1l2l3 (4.3.52)

+b
∫

∆2(∇Ψ1∇Ψ1)
l1l2l3 ,

(4.3.53)

where the first three terms correspond to the density monopole, dipole and quadrupole. We have
also dropped the first order superscripts ∆ (i.e. B and C in (4.3.51)). Our equation (4.3.52) is
identical to Eq. 3.8 in [18]. We purposely choose the conventions of this paper with only minor
notational changes so that a direct comparison between our work and [18] can be made.

We express all of the above (except bκ(2)
l1l2l3 and bv(2)′

l1l2l3) in terms of angular power spectra. This has
the computational advantage that we have a reduced number of layers within a given bispectra
loop since the separable angular power spectra can be computed in parallel, within the same
loop.
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4.3.3.0.1 Second order density

We compute the second order density term by expanding the second order Newtonian density
kernel F2 in Legendre polynomials. This is the approach used also in [18]. For this particular
kernel, there are three non-zero terms in the expansion: the monopole (` = 0), dipole (` = 1)
and quadrupole (` = 2).

The Fourier transform of the nth order density perturbation is given by

δ(n)(x, z) = 1
(2π)3

∫
d3kδ(n)(k, z)eik·x. (4.3.54)

Thus, in an Einstein de-sitter Universe (Ωm = 1), the second order perturbation is

δ(2)(x, z) = 1
(2π)3

∫
d3k1−2δD(k− k1 − k2)F2(k1,k2)δ(k1, z)δ(k2, z)eik·x. (4.3.55)

where we use d3k1−2 ≡ d3k1d
3k2. We use this approximation throughout this thesis, for the

purposes of using F2, which we use to compare with the literature. We discuss this limitation in
Chapter 7.1.

The Newtonian second order density kernel is responsible for the “mode coupling” of the second
order density term. This means that Fourier modes are coupled at different scales and are not
separable in the way that the quadratic second order terms (e.g. vδ′) are. Fortunately the
Newtonian density kernel can be expanded in Legendre polynomials, allowing us to decouple and
separate the modes. In this way, we can write the bispectra of the full second order Newtonian
matter density perturbation as the sum of the monopole, dipole and quadrupole bispectra
with each being written in terms of generalised angular power spectra. We first compute the
bispectrum of second order matter density contrast δ ≡ δm before incorporating the galaxy bias
to give an expression of the bispectra of the second order galaxy density contrast δ(2)

g . The F2

kernel is expanded as follows

F (k1,k2) =
2∑
`=0

f`(k1, k2)P`(k̂1 · k̂2) =
∑
`,m

4π
2`+ 1f`(k1, k2)Y`m(k̂1)Y ∗`m(k̂2), (4.3.56)

consequently

F2(k1,k2) = 5
7 + 1

2
k1 · k2

k1k2

(
k1

k2
+ k2

k1

)
+ 2

7

(
k1 · k2

k1k2

)2

= 17
21 + 1

2

(
k1

k2
+ k2

k1

)
P1(k̂1 · k̂2) + 4

21P2(k̂1 · k̂2), (4.3.57)

where P1 ≡ P`=1 and P2 ≡ P`=2 are Legendre polynomials. We also denote the unit Fourier
wave-vectors as k̂. We have also inserted the only non-vanishing coefficients for the monopole
f0(k1, k2) = 17

21 , the dipole f1(k1, k2) =
(
k1
k2

+ k2
k1

)
and quadrupole f2(k1, k2) = 4

21 .
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At second order the density spherical harmonic coefficient can be written

aδ
(2)

LM(z) = (4π)3

(2π)6

∫
dk1−2k

2
1k

2
2

∑
`,l1,l2m,m1,m2

il1+l2 1
2`+ 1f`(k1, k2)jl1(k1χ̄)jl2(k2χ̄)T δ(k1, z)T δ(k2, z)

×
∫
dndk̂1dk̂2Y

∗
LM(n)Yl1m1(n)Yl2m2(n)Y ∗l1m1(k̂1)Y`m(k̂1)Y ∗l2m2(k̂2)Y`m(k̂2).

(4.3.58)

We can then find the bispectra of the second order density by taking the following ensemble
average

〈
aδ

(2)

L1M1(z1)a∆
L2M2(z2)a∆

L3M3(z3)
〉

+ �= δ(2)∆∆BM1M2M3
L1L2L3 (z1, z2, z3). (4.3.59)

We introduce the geometrical factor gl1l2l3 which relates the reduced bispectrum to the angle
averaged bispectrum

gl1l2l3bl1l2l3 =
√

(2l1 + 1)(2l2 + 1)(2l3 + 1)
4π

 l1 l2 l3

0 0 0

 bl1l2l3
=

∑
m1m2m3

Bm1m2m3
l1l2l3 . (4.3.60)

Using this relation, we can write

b∆∆δ(2)

L1L2L3(z1, z2, z3) = g−1
L1L2L32(4π)2(2π)2

(2π)6

∫ dk1

k1

dk2

k2
P(k1)P(k2)∆∆

L1(k1, z1)∆∆
L2(k2, z2)

×
∑
l1l2

il1+l2(−i)L1+L2∆δ
l1(k2, z3)∆δ

l2(k1, z3)
[

17
21Q

L1L2L3
0l1l2 + 1

2

(
k1

k2
+ k2

k1

)
QL1L2L3

1l1l2 + 4
21Q

L1L2L3
2l1l2

]
+ �, (4.3.61)

where the factor 2 represents the sum of the two equal k1 ↔ k2 permutations and so the
“�” denotes the two additional lines of permutations which swap (z1, L1)↔ (z2, L2) and then
separately (z1, L1)↔ (z3, L3).

We have also introduced a new geometrical quantity

Ql1l2l3
ll′l′′ ≡ I l1l2l3ll′l′′

 l1 l2 l3

l′ l′′ l

 (−1)l+l′+l′′ . (4.3.62)

The Wigner 6-j symbol is given as a sum over the 3-j symbols
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 j1 j2 j3

j4 j5 j6

 =
∑

m1,..,m6

(−1)
∑6

k=1(jk−mk)

 j1 j2 j3

−m1 −m2 −m3

 j1 j5 j6

m1 −m5 m6


×

 j4 j2 j6

m4 m2 −m6

 j4 j5 j3

−m4 m5 m3

 ,
(4.3.63)

and

I l1l2l3ll′l′′ ≡
√

(4π)3(2l1 + 1)(2l2 + 1)(2l3 + 1)

×

 l l′′ l1

0 0 0

 l′ l l2

0 0 0

 l′′ l′ l3

0 0 0

 . (4.3.64)

We can write each of the monopole, quadrupole and dipole contributions to (4.3.61) by first
defining the generalised angular power spectra

nDAB
ll′ (z1, z2) ≡ il−l

′4π
∫ dk

k
knPR(k)∆A

l (k, z1)∆B
l′ (k, z2). (4.3.65)

Using this definition we can write the monopole’s contribution

bδ0l1l2l3(z1, z2, z3) = 34
21

Dδ∆
l1 (z3, z1)Dδ∆

l2 (z3, z2) +Dδ∆
l2 (z3, z2)Dδ∆

l1 (z3, z1)+ �
. (4.3.66)

For the dipole, we enforce the following condition on the multipoles

l′i = li ± 1 and l′′j = lj ± 1. (4.3.67)

to ensure that il′+l′′(−i)l1+l2 ± 1 and Q are non-zero.

bδ1l1l2l3(z1, z2, z3) = (gl1l2l3)−1 1
16π2

∑
l′2l
′′
1

(2l′2 + 1)(2l′′1 + 1)Ql1l2l3
1l′2l′′1

×1Dδ∆
l′′1 l1

(z3, z1)−1Dδ∆
l′2l2

(z3, z2) + −1Dδ∆
l′′1 l1

(z3, z1)1Dδ∆
l′2l2

(z3, z2)


+ � . (4.3.68)

Similarly, for the quadrupole, we enforce

l′i = li ± 2, li and l′′j = lj ± 2, lj. (4.3.69)

such that il′+l′′(−i)l1+l2 ± 1 and Q are non-zero. Then

bδ2l1l2l3(z1, z2, z3) = (gl1l2l3)−1 1
42π2

∑
l′2l
′′
1

(2l′2 + 1)(2l′′1 + 1)Ql1l2l3
2l′2l′′1

0Dδ∆
l′′1 l1

(z3, z1)0Dδ∆
l′2l2

(z3, z2)

+ � . (4.3.70)
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We write the permutations out explicitly in Section 4.3.4. This calculation can also be found in
in Section A.1 of [18], except they take the bispectra of the

〈
aδ

(2)
L1M1a

δ
L1M1a

δ
L1M1

〉
+ � correlation.

In other words, throughout [18] they approximate ∆(1) ∼ δ(1) whereas we try to generalise this
to ∆(1) ∼ δ(1) +H−1∂2

χ̄v
(1) − 2κ(1) (3.3.71) wherever possible. With this in mind you will see

throughout this thesis, angular power spectra with a superscript “∆” which acts as a placeholder
for any of the three first order terms one wishes to approximate ∆(1) by. In this way, the reader
can include any one, two or three terms within (4.3.40) (or even generalise this expression
further to include more first order terms) and use the same equations listed in Section 4.3.4,
obviously having substituted their correct version of (4.3.40).

If we are to incorporate galaxy bias into this term, the first term in the first line of Eq. (3.3.83)
is equivalently δ(2)

g = b1δ
(2) + 1

2b2δ
(1)2 + bss̃

2 in our scale-independent local bias model where b1

is the linear bias parameter b2 is the nonlinear clustering bias parameter and bs is the tidal bias
parameter. We define s̃2 ≡ sijsij to be the tidal term, which in Fourier space is

s2(k, z) = 1
(2π)

∫
d3k1d

3k2δD(k− k1 − k2)S2(k1,k2)δ(k1, z)δ(k2, z), (4.3.71)

where

S2(k1,k2) = −1
3 + (k1 · k2)2

k2
1k

2
2

. (4.3.72)

This affects the reduced bispectrum of the second order galaxy density term and manifests, under
our assumptions, as bias coefficients on the matter density monopole, dipole and quadrupole
contributions. As in [20], we rewrite our matter density bispectrum in the following way. The
bispectrum of the term proportional to b2/2 can be written in terms of the bispectrum of the
monopole

bδ
2

`1`2`3(z1, z2, z3) = 21
17b

δ0
`1`2`3(z1, z2, z3), (4.3.73)

while the bispectrum of the tidal term can be written in terms of the bispectrum of the density
quadrupole [20]

bs̃
2

`1`2`3(z1, z2, z3) = 7
2b

δ2
`1`2`3(z1, z2, z3). (4.3.74)

Once like-terms are collected, the bispectrum of the second order density contrast, inclusive of a
local bias model, now reads

bδ
(2)∆∆
`1`2`3 (z1, z2, z3) =

(
b1(z1) +21

34b2(z1)
)
bδ0`1`2`3(z1, z2, z3) + b1(z1)bδ1`1`2`3(z1, z2, z3)

+
(
b1(z1) + 7

2bs(z1)
)
bδ2`1`2`3(z1, z2, z3). (4.3.75)
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4.3.3.0.2 Second order RSD

Unlike the F2 Newtonian-density kernel, the G2(k1,k2) Newtonian velocity kernel has a more
involved Legendre expansion. Some of the expansion terms are separable across the two
wavenumbers k1 and k2, whereas others are not. We omit this computation from our code and
instead use the BYSPECTRUM4 code for this. Note that this correlation is found via

〈
v′(2)δ(1)δ(1)

〉
.

We simply state the equation for the intrinsic second order RSD term which is Eq. 3.12 in [20],
making use of the conversion (2π2)P(k)k−3

bv
′(2)δδ
l1l2l3 (z1, z2, z3) = −(2π2)2 16

π3f(z1)b1(z3)b1(z3)
∫
dk1dk2dk3k

2
1k

2
2k

2
3G2(k1, k2, k3)P(k1)P(k2)

×j′′l1(k1χ̄1)jl2(k2χ̄2)T δ(k2, z1)T δ(k3, z1)T δ(k2, z2)T δ(k3, z3)

×
∫ ∞

0
dχ̃χ̃2jl1(k1χ̃)jl2(k2χ̃)jl3(k3χ̃)+ �, (4.3.76)

where f(z) is the linear growth factor of density perturbations f = d lnD+/d ln a and they have
defined their velocity kernel as

G2(k1, k2, k3) = 3
7 + 1

4
k2

1 − k2
2 − k2

3
k2k3

(
k2

k3
+ k3

k2

)
+ 1

7

(
k2

1 − k2
2 − k2

3
k2k3

)2

. (4.3.77)

For more detail on how this equation is derived and computed in BYSPECTRUM please see [20].

4.3.3.0.3 Second order lensing convergence

The second order lensing convergence, κ(2), is an intrinsic second order contribution to the
second order galaxy number over density ∆(2). Unlike the intrinsic second order density, this
term has a non-trivial kernel that is not easy to separate. There are two ways to approach
this. Either by a brute force numerical computation that inevitably requires more layers in
nested integration loops with respect to the separable quadratic case, or by adopting the Limber
approximation. The so-called “Limber approximation” is widely used in cosmology to relate the
projected angular clustering of galaxies to the spatial clustering of galaxies in an approximate
way. This is done by replacing a spherical Bessel function with a delta function using the
following map

jl(kχ̄)→
√
π

2ν δD(ν − kχ̄), (4.3.78)

where ν ≡ l + 1/2. At the time of writing, our galbispectra module in SONG is not fit for the
full numerical computation of this term and we instead adopt the Limber approximation. We

4https://https://gitlab.com/montanari/byspectrum.
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do not derive the result here but state the expression given in Eq. 3.57 [18]. Not that this term
is found by taking the correlation with ∆(1) ∼ δ(1) as opposed to our more general ∆ across the
other terms.

bκ
(2)δδ
l1l2l3 (z1, z2, z3) = −24Θ(z1 − z3) χ̄1 − χ̄3

χ̄1χ̄3
H2(z3)Ωm(z3)δD(χ̄2 − χ̄3)

χ̄2
3

×(2π2)2P(ν2)ν−3
2 P(ν3)ν−3

3 T 2
δ (ν2, z3)T 2

δ (ν3, z3)

× l1(l1 + 1)
(2l1 + 1)2F2

 l1 + 1
2

χ̄3
, ν2, ν3


+ �, (4.3.79)

where Θ(x) is the Heaviside function, νi ≡ (li + 1/2)/χ̄i and we have rewritten the second order
kernel as follows

F2(k1, k2, k3) ≡ F (k2,k3) = 5
7 + 1

4
k2

1 − k3
2 − k2

3
k2k3

(
k2

k3
+ k3

k2

)
+ 1

14

(
k2

1 − k2
2 − k2

3
k2k3

)2

. (4.3.80)

4.3.3.0.4 Separable terms

The concept of separability is important to our work. By separability we mean the following.
The intrinsic second order matter density contrast is given in Fourier space by

δ(2)(x, z) = 1
(2π)3

∫
d3kδ(2)(k, z)eik·x, (4.3.81)

where the second order mode is given by Eq. (4.2.21) which we restate here

δ(2)(k, z) = 1
(2π)3

∫
d3q1d

3q2δD(k− q1 − q2)F2(q1,q2)δ(1)(q1, z)δ(1)(q2, z). (4.3.82)

The first order density modes δ(1) are not independent, they are integrated over the Newtonian
kernel F2 to give rise to the second order mode δ(2)(k, z). On the contrary, other types of second
order terms, which are the multiplication of two first order terms, are in fact “separable” in
the sense that their second order real space expression can be written as the product of two
independent k-integrals. For the case of the second order ∂χ̄v(n, z)∂χ̄δ(n, z) term, this manifests
in k-space as

1
H(z)∂χ̄v∂χ̄δ(x, z) =

(
1

(2π)3

∫
d3k1∂χ̄v(k1, z)eik1·x

)(
1

(2π)3

∫
d3k2∂χ̄δ(k2, z)eik2·x

)
.(4.3.83)

Crucially, this separable decomposition of quadratic second order terms implies that when we take
their correlations, say 〈∂χ̄v(n, z)∂χ̄δ(n1, z1)δ(n2, z2)δ(n3, z3)〉, we yield a 4-point correlation in k-
space of the linear modes 〈∂χ̄v(k1, z)∂χ̄δ(k2, z)δ(k3, z)δ(k4, z)〉, which are completely separable.
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This in turn manifests in harmonic space as a bispectrum proportional to a permuted sum of
product pairs of angular power spectra. This is numerically beneficial as we avoid additional
nested k-integrals relative to the intrinsic second order terms. This reasoning will be elucidated
after we have seen the derivation of the following terms.

The six terms bv′2 , bvv′′ , bvδ′ , bv′δ, bκδ and bκ
2 are the most straightforward to write explicitly.

They can all be treated in the same way. We start by writing all of the spherical harmonic
coefficients, alm. We then show the method which can be applied to all six in taking their
ensemble averages to find each of their corresponding bispectra.

We start by finding the spherical harmonic coefficients of the first order galaxy contrast, a∆
lm(z).

As mentioned, we approximate ∆(1)(n, z) ∼ Σ(1)(n, z)

∆(1)(n1, z) = b1δ
(1)(n, z) +H−1∂2

χ̄v
(1)(n, z)− 2κ(1)(n, z), (4.3.84)

Decomposing the density term in harmonic space has been done in Section 4.3.1. We restate
equation (4.3.20) for completeness

aδlm(z) = 4π
∫ d3k

(2π)3 i
lb1δ(z,k)jl(kχ)Y ∗lm(k̂), (4.3.85)

where we have this time included the first order bias parameter b1, where δ(1)
g = b1δ

(1).

The RSD term can also be written in harmonic space in the same way, this time taking into
account the derivative ∂2

χ̄jl(kχ̄) = k2j′′l (kχ̄)

av
′

lm(z) = 4π
H(z)

∫ d3k

(2π)3k
2ilv(z,k)j′′l (kχ)Y ∗lm(k̂), (4.3.86)

The lensing term has the dimensionless Laplacian on the 2-sphere ∆2 which acts on the Weyl
potential

−2κ(1)(n, z) = −
∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄χ̃

∆2

(
Φ(n, z) + Ψ(n, z)

)
. (4.3.87)

In harmonic space the angular Laplacian has the known identity ∆2Ylm = −l(l + 1)Ylm. Thus,
our spherical harmonic coefficients for the first order lensing convergence term is

aκlm(z) = 4πl(l + 1)
∫ d3k

(2π)3 i
l
∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄χ̃

(
Φ(χ̃,k) + Ψ(χ̃,k)

)
jl(kχ̃)Y ∗lm(k̂). (4.3.88)

Since ∆(1)(n, z) is the sum of the density term, the RSD term and the lensing term, its
corresponding spherical harmonic coefficients are given by the sum of equations (4.3.85), (4.3.86)
and (4.3.88)

a∆
lm(z) = 4πil

∫ d3k

(2π)3

b1δ(z,k)jl(kχ̄) + k2

H(z)v(z,k)j′′l (kχ̄)

+l(l + 1)
∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄χ̃

(
Φ(χ̃,k) + Ψ(χ̃,k)

)
jl(kχ̃)

Y ∗lm(k̂) (4.3.89)

= 4πil
∫ d3k

(2π)3 ∆∆
l (k, z)Y ∗lm(k̂). (4.3.90)
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To find the six bispectra bv
′2
, bvv

′′
, bvδ

′
, bv

′δ, bκδ and bκ
2 in (4.3.52), we can see via equation

(4.3.51), we need to take ensemble averages of the form
〈
a
AB(2)
l1m1 (z1)a∆

l2m2(z2)a∆
l3m3(z3)

〉
+ �

where A×B = {v′2, vv′′, vδ′, v′δ, κδ, κ2}. Notice that each of these second order perturbations
are precisely second order by virtue of the fact that they are the product of two first order
perturbations, A and B. To find their corresponding alms, we start by expanding the product
of the first order perturbations in spherical harmonics before making use of the contraction rule.
We demonstrate this process by finding bv′δl1l2l3 . The steps to find this term (and the five others)
are given below

1. Decompose A(n, z)B(n, z) in spherical harmonics

2. Use contraction rule to find corresponding aABLM(z)

3. Take
〈
aABL1M1(z1)a∆

L2M2(z2)a∆
L3M3(z3)

〉
+ �

4. Simplify to express bABl1l2l3 in terms of Dl

We write

1
H
δ(1)
g ∂2

‖v
(1)(χ̄1,x1) = 1

H

∫ d3k1

(2π)3

∫ d3k2

(2π)3 δg(k1, χ̄1)∂2
‖v(k2, χ̄1)eik1·n1χ̄1eik2·n1χ̄1

= 2
H

∫ d3k1

(2π)3

∫ d3k2

(2π)3 δg(k1, χ̄1)∂2
‖v(k2, χ̄1)

×
{

4π
∑
l1,m1

il1jl1(k1χ̄1)Y ∗l1m1(k̂1)Yl1m1(n1)
}

×
{

4π
∑
l2,m2

il2jl2(k2χ̄2)Y ∗l2m2(k̂2)Yl2m2(n1)
}

(4.3.91)

= 2
H

(4π)2

(2π)6

∫
d3k1d

3k2δg(k1, χ̄1)∂2
‖v(k2, χ̄1)×

∑
l1,l2,m1,m2

jl1(k1χ̄1)jl2(k2χ̄2)

×Y ∗l1m1(k̂1)Y ∗l2m2(k̂2)Yl1m1(n1)Yl2m2(n1). (4.3.92)

Now we require the contraction rule, which allows us to rewrite the product Yl1m1(n1)Yl2m2(n1)
in terms of a single YL1M1(n1). The contraction rule is expressed as follows
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Yl1m1(n̂)Yl2m2(n̂) =
√

(2l1 + 1)(2l2 + 1)
4π

∑
l3,m3

(−1)m3
√

(2l3 + 1) (4.3.93)

×

 l1 l2 l3

m1 m2 −m3

 l1 l2 l3

0 0 0

Yl3m3(n̂)

=
∑
l3,m3

(−1)m3+l1+l2+l3

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π (4.3.94)

×

 l1 l2 l3

−m1 −m2 m3

 l1 l2 l3

0 0 0

Yl3m3(n̂)

=
∑
l3,m3

(−1)m3+l1+l2+l3L0,0,0
l1,l2,l3

 l1 l2 l3

−m1 −m2 m3

Yl3m3(n̂).

(4.3.95)

Using (4.3.95), we write (4.3.92) as

1
H
δ(1)
g ∂2

‖v
(1)(χ̄1,x1) = 2

H
(4π)2

(2π)6

∫
d3k1d

3k2δg(k1, χ̄1)∂2
‖v(k2, χ̄1)×

∑
l1,l2,m1,m2

jl1(k1χ̄1)jl2(k2χ̄2)

×Y ∗l1m1(k̂1)Y ∗l2m2(k̂2)
∑
L1M1

il1+l2(−1)l1+l2+L1+M1

×L0,0,0
l1,l2,L1

 l1 l2 L1

−m1 −m2 M1

YL1M1(n1).

(4.3.96)

By multiplying by Y ∗L′1M ′1(n1) and then integrating over
∫
dn1 we yield the SH coefficient of this

second order term

aδv
′

L1M1(z1) = 1
H

(4π)2

(2π)6

∫
d3k1d

3k2δg(k1, χ̄1)∂2
‖v(k2, χ̄1)×

∑
l1,l2,m1,m2

jl1(k1χ̄1)jl2(k2χ̄2)

×R(k1)R(k2)Y ∗l1m1(k̂1)Y ∗l2m2(k̂2)il1+l2(−1)l1+l2+L1+M1

L0,0,0
l1,l2,L1

 l1 l2 L1

−m1 −m2 M1

 . (4.3.97)

The other two first order SH coefficients are given by

a∆
L2M2(z2) = 4πil

∫ d3k3

(2π)3 ∆∆
L2(k3, χ̄2)R(k3)Y ∗L2M2(k̂3), (4.3.98)

a∆
L3M3(z3) = 4πil

∫ d3k4

(2π)3 ∆∆
L3(k4, χ̄3)R(k4)Y ∗L3M3(k̂4), (4.3.99)

where we have used ∆∆
L (z, k) (we use χ and z sometimes interchangeably) defined in (4.3.40).

Note that any combination of the three terms (density, rsd and lensing) within this definition
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can be included to give different approximations of ∆(1). We allow the user the freedom to make
this choice within our galbispectra2.c module.

Using the definition of the angular bispectrum

BM1M2M3
L1L2L3 (z1, z2, z3) = 〈aL1M1(z1)aL2M2(z2)aL3M3(z3)〉+ � (4.3.100)

= Ls1,s2,s3
L1,L2,L3

 L1 L2 L3

M1 M2 M3

 bL1L2L3(z1, z2, z3) (4.3.101)

= GM1M2M3
L1L2L3 bL1L2L3(z1, z2, z3), (4.3.102)

we substitute (4.3.97), (4.3.98) and (4.3.99) into the RHS of (4.3.100) to yield

〈
aδv
′

L1M1(z1)a∆
L2(z2)a∆

L3(z3)
〉

+ � = −2(4π)4

(2π)12

∫ d3k1−4

H(z1) T
δ(k1, χ̄1)T θ(k2, χ̄1)

×〈R(k1)R(k2)R(k3)R(k4)〉

×
∑

l1,l2,m1,m2

il1+l2+L2+L3(−1)l1+l2+L1+M1jl1(k1χ̄1)j′′l2(k2χ̄1)

×∆∆
L2(k3, χ̄2)∆∆

L3(k4, χ̄3)

×L0,0,0
l1,l2,L1

 l1 l2 L1

−m1 −m2 M1


×Y ∗l1m1(k̂1)Y ∗l2m2(k̂2)Y ∗L2M2(k̂3)Y ∗L3M3(k̂4)

+ �, (4.3.103)

where we have applied ∂2
‖jl(kχ̄) = k2j′′l (kχ̄) and absorbed this factor of k into the definition

of the velocity divergence transfer function, −k2T v = T θ, with the transfer functions evolving
the initial curvature perturbation from some initial time to its present comoving distance
TA(χ̄, k)R(k) = A(χ̄, k). Note that T v is distinct to T V . In this work T V = −(H)fδm/k and
T v = −(H)fδm/k2. Confusingly some groups in the literature define this with the opposite sign
which manifests as a sign change in the coefficient of the velocity terms in the number counts
(e.g. H−1∂2

‖v). This is the case in [60, 95].

To progress with the calculation, we must expand the 4-point initial curvature correlator. This
is done by applying Wick’s theorem to give

〈R(k1)R(k2)R(k3)R(k4)〉 = (2π2)2(2π)6
( P(k1)

k3
1

δD(k1 − k2)P(k3)
k3

3
δD(k3 − k4)

+ P(k1)
k3

1
δD(k1 − k3)P(k2)

k3
2

δD(k2 − k4)

+ P(k1)
k3

1
δD(k1 − k4)P(k2)

k3
2

δD(k2 − k3)
)
,

(4.3.104)

where we have applied the relation 〈R(k1)R(k2)〉 = (2π)3δD(k1 − k2)P(k1)/k3
1, to yield the

primordial power spectrum P(k). The first term is unphysical so we neglect this term - at this
stage k1 and k2 correspond to the same galactic source at (n1, z1).
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We follow on from (4.3.103) by in the second term in (4.3.104) (the last term is included in the
“+k3 ↔ k4”), integrating over k3 and k4 we have

= −2(4π)4(2π)2(2π)6

(2π)12H(z1)

∫ dk1

k1

∫ dk2

k2
T δ(k1, χ̄1)T θ(k2, χ̄1)P(k1)P(k2)

×
∑

l1,l2,m1,m2

il1+l2+L2+L3(−1)l1+l2+L1+M1L0,0,0
l1,l2,L1

 l1 l2 L1

m1 m2 M1


×jl1(k1χ̄1)j′′l2(k2χ̄1)∆∆

L2(k1, χ̄2)∆∆
L3(k2, χ̄3)

×
∫
dk̂1Y

∗
l1m1(k̂1)Y ∗L2M2(k̂1)︸ ︷︷ ︸

(−1)m1
∫
dk̂1Yl1(−m1)(k̂1)Y ∗L2M2

(k̂1)

∫
dk̂2Y

∗
l2m2(k̂2)Y ∗L3M3(k̂2)︸ ︷︷ ︸

(−1)m2
∫
dk̂2Yl2(−m2)(k̂2)Y ∗L3M3

(k̂2)

+L2 ↔ L3+ �(4.3.105)

= −2(4π)4(2π)2(2π)6

(2π)12H(z1)

∫ dk1

k1

∫ dk2

k2
T δ(k1, χ̄1)T θ(k2, χ̄1)P(k1)P(k2)

×
∑

l1,l2,m1,m2

il1+l2+L2+L3(−1)l1+l2+L1+M1+m1+m2L0,0,0
l1,l2,L1

 l1 l2 L1

−m1 −m2 M1


×jl1(k1χ̄1)j′′l2(k2χ̄1)

×δl1L2δ(−m1)M2δl2L3δ(−m2)M3 + L2 ↔ L3+ �, (4.3.106)

where we have replaced the “k3 ↔ k4” with “L2 ↔ L3” as this is the effect of the former after
the Dirac-delta functions are integrated over. In any of these permutations, including “L2 ↔ L3”
and “�”, zi or χ̄i should remain fixed with Li. That is permutations occur by swapping the
(χ̄i, Li) or (zi, Li) pair with the (χ̄j, Lj) or (zj, Lj) pairs. Summing over the Kronecker-delta
symbols fixes l1 → L2, l2 → L3, m1 → −M2 and m2 → −M3

= −2(4π)2

H(z1)

∫ dk1

k1

∫ dk2

k2
T δ(k1, χ̄1)T θ(k2, χ̄1)T δ(k3, χ̄2)T δ(k4, χ̄3)P(k1)P(k2)

×jL2(k1χ̄1)j′′L3(k2χ̄1)∆∆
L2(k1, χ̄2)∆∆

L3(k2, χ̄3)

×iL2+L3+L2+L3(−1)L1+L2+L3+M1−M2−M3L0,0,0
L2,L3,L1

 L2 L3 L1

M2 M3 M1

+ L2 ↔ L3+ �

= −2(4π)2

H(z1)

∫ dk1

k1

∫ dk2

k2
T δ(k1, χ̄1)T θ(k2, χ̄1)P(k1)P(k2)

×jL2(k1χ̄1)j′′L3(k2χ̄1)∆∆
L2(k1, χ̄2)∆∆

L3(k2, χ̄3)

×i2L2+2L3(−1)M1−M2−M3L0,0,0
L2,L3,L1

 L2 L3 L1

M2 M3 M1

+ L2 ↔ L3+ �, (4.3.107)

where we have set (−1)L1+L2+L3 = 1 given that L = L1 + L2 + L3 is an even integer. Finally,
using the fact that of columns in the Wigner 3-j symbols are invariant under even permutations
of the columns and if the Wigner 3-jn is non-zero M1 +M2 +M3 = 0 =⇒ M1 = −M2 −M3
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(−1)M1−M2−M3L0,0,0
L2,L3,L1

 L2 L3 L1

M2 M3 M1

 = (−1)M1−M2−M3L0,0,0
L1,L2,L3

 L1 L2 L3

M1 M2 M3


= (−1)2M1L0,0,0

L1,L2,L3

 L1 L2 L3

M1 M2 M3


= L0,0,0

L1,L2,L3

 L1 L2 L3

M1 M2 M3


= GM1M2M3

L1L2L3 . (4.3.108)

Then the associated reduced bispectrum is as follows

bδv
′∆∆

L1L2L3(z1, z2, z3) = Dδ∆
L2 (z1, z2)Dv′∆

L3 (z1, z3) +Dδ∆
L3 (z1, z3)Dv′∆

L2 (z1, z2)

+Dδ∆
L1 (z2, z1)Dv′∆

L3 (z2, z3) +Dδ∆
L3 (z2, z3)Dv′∆

L1 (z2, z1)

+Dδ∆
L2 (z3, z2)Dv′∆

L1 (z3, z1) +Dδ∆
L1 (z3, z1)Dv′∆

L2 (z3, z2), (4.3.109)

where we have also rewritten iL2+L3+L2+L3 = i2L2+2L3 = 1. The other five terms can be found
similarly, we list them explicitly in Section 4.3.4. An alternative method to calculate these types
of terms can be found in Appendix B.

4.3.3.0.5 Spin terms

The terms∇δ∇ψ, ∇v′∇φ and∇κ∇φ require a similar treatment albeit different to the previously
calculated separable bispectra. Any term that features ∇aA∇aB(n, z) requires the use of the
spin raising and lowering operators, also known at the “eth-formalism”, [96] [4] to yield its
harmonic space representation. We introduce the helicity basis {e+, e−}, where

e+ = e1 − ie2√
2

, e− = e1 + ie2√
2

, (4.3.110)

and {e1, e2} = {∂θ, 1
sin(θ)∂φ

}. The metric on the sphere is defined with respect to the helicity
basis such that γ++

0 = γ−−0 = 0 and γ+−
0 = γ−+

0 = 1. Consequently,

(∇aδ∇aψ) = ∇+δ∇−ψ +∇−δ∇+ψ. (4.3.111)

We can express (4.3.111) in terms of the spin raising and lowering (eth) operators

/∂ = −
√

2∇−, (4.3.112)

/∂ = −
√

2∇+, (4.3.113)

86



Chapter 4. Statistics of The Universe: Correlation Functions S. E. D. Lawrence

then (4.3.111) becomes

(∇aδ∇aψ) = 1
2
/∂
∗
δ/∂ψ + 1

2
/∂δ/∂

∗
ψ. (4.3.114)

We write the action of the operators on the spherical harmonics, which change their spin, s,

/∂sYlm =
√

(l − s)(l + s+ 1)s+1Ylm, (4.3.115)

/∂
∗
sYlm = −

√
(l − s)(l + s+ 1)s−1Ylm, (4.3.116)

(4.3.117)

and their effect on the plane wave equation

/∂eik·nχ̄ = 4π
∑
l,m

iljl(kχ̄)
√
l(l + 1)1Ylm(n)Y ∗lm(k̂), (4.3.118)

/∂
∗
eik·nχ̄ = −4π

∑
l,m

iljl(kχ̄)
√
l(l + 1)−1Ylm(n)Y ∗lm(k̂). (4.3.119)

With the above identities, we can find the harmonic representation of ∇aδ∇aψ via (4.3.114)

∇aδ∇aψ(n, z) = (−1)2 1
2

∫ dk1

(2π)3 b1δ(k1, z)/∂
∗
eik1·nχ̄

∫ dk2

(2π)3

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄χ̃

(
Φ(k2, χ̃) + Ψ(k2, χ̃)

)
/∂eik2·nχ̄

+(−1)2 1
2

∫ dk1

(2π)3 b1δ(k1, z)/∂eik1·nχ̄
∫ dk2

(2π)3

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄χ̃

(
Φ(k2, χ̃) + Ψ(k2, χ̃)

)
/∂
∗
eik2·nχ̄.

(4.3.120)

Then if we use (4.3.118) and (4.3.119), we have

∇aδ∇aψ(n, z) = (4π)2 ∑
l1−2,m1−2

il1+l2
√
l1(l1 + 1)

√
l2(l2 + 1)

×
∫ dk1

(2π)3 b1δ(k1, χ̄)jl1(k1χ̄)

×
∫ dk2

(2π)3

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄χ̃

(
Φ(k2, χ̃) + Ψ(k2, χ̃)

)
jl2(k2χ̃)

×1
2

(
1Yl1m1(n)−1Yl2m2(n) + −1Yl1m1(n)1Yl2m2(n)

)
×Y ∗l1m1(k̂1)Y ∗l2m2(k̂2). (4.3.121)

We now require a generalised version of the contraction rule for spin weighted spherical harmonics.
Keeping in mind that s1 + s2 + s3 = 0, we use Eq. 8 in [97] and substitute
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〈l1, l2;m1,m2|l1, l2; l3,m3〉 ≡ (−1)−l1−l2−m3
√

2l3 + 1
 l1 l2 l3

m1 m2 −m3

 , (4.3.122)

such that our generalised spin weighted contraction can be expressed as

s1Yl1m1(n)s2Yl2m2(n) =
∑

l3,m3,s3

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

×(−1)l1+l2+l3+m3+s3

 l1 l2 l3

−m1 −m2 m3

 l1 l2 l3

−s1 −s2 s3


×s3Yl3m3(n),

(4.3.123)

which is equivalent to our (4.3.95) if s1 = s2 = s3 = 0. Using (4.3.123) we can write

1Yl1m1(n)−1Yl2m2(n) =
∑
L,M

√
(2l1 + 1)(2l2 + 1)(2L+ 1)

4π

×(−1)l1+l2+L+M

 l1 l2 L

−m1 −m2 M

 l1 l2 L

−1 1 0


×YLM(n) (4.3.124)

−1Yl1m1(n)1Yl2m2(n) =
∑
L,M

√
(2l1 + 1)(2l2 + 1)(2L+ 1)

4π

×(−1)l1+l2+L+M

 l1 l2 L

−m1 −m2 M

 l1 l2 L

1 −1 0


×YLM(n). (4.3.125)
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Then

1Yl1m1(n)−1Yl2m2(n) + −1Yl1m1(n)1Yl2m2(n) =
∑
L,M

√
(2l1 + 1)(2l2 + 1)(2L+ 1)

4π

×(−1)l1+l2+L+M

 l1 l2 L

−m1 −m2 M


×1

2

 l1 l2 L

−1 1 0

+
 l1 l2 L

1 −1 0

YLM(n)

=
∑
L,M

√
(2l1 + 1)(2l2 + 1)(2L+ 1)

4π

×(−1)l1+l2+L+M

 l1 l2 L

−m1 −m2 M


×1

2

 L l1 l2

0 −1 1

+
 L l1 l2

0 1 −1

YLM(n)

=
∑
L,M

×(−1)l1+l2+L+M

×L0,0,0
L,l1,l2ALl1l2

 l1 l2 L

−m1 −m2 M

YLM(n),

(4.3.126)

where we have permuted an even number of columns in the Wigner symbols inside of the square
brackets between the first and second equality. We have also made use of a geometric factor
Al1l2l3 , which we define as

Al1l2l3 ≡
1
2

 l1 l2 l3

0 1 −1

+
 l1 l2 l3

0 −1 1


 l1 l2 l3

0 0 0

 , (4.3.127)

substituting this into (4.3.121) we have

∇aδ∇aψ(n, z) = (4π)2 ∑
l1−2,m1−2

il1+l2
√
l1(l1 + 1)

√
l2(l2 + 1)

×
∫ dk1

(2π)3 δ(k1, χ̄)jl1(k1χ̄)

×
∫ dk2

(2π)3

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄χ̃

(
Φ(k2, χ̃) + Ψ(k2, χ̃)

)
jl2(k2χ̃)

×
∑
L,M

(−1)l1+l2+L+L+M

 l1 l2 L

−m1 −m2 M


×L0,0,0

L,l1,l2ALl1l2Y
∗
l1m1(k̂1)Y ∗l2m2(k̂2)YLM(n), (4.3.128)
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which we can simplify by writing in terms of angular power spectra

∇aδ∇aψ(n, z) = (4π)2 ∑
l1−2,m1−2

il1+l2

√√√√ l1(l1 + 1)
l2(l2 + 1)

×
∫ dk1

(2π)3 ∆δ
l1(k1, z)R(k1)

×
∫ dk2

(2π)3 ∆κ
l2(k2, z)R(k2)

×
∑
L,M

(−1)l1+l2+L+L+M

 l1 l2 L

−m1 −m2 M


×L0,0,0

L,l1,l2ALl1l2Y
∗
l1m1(k̂1)Y ∗l2m2(k̂2)YLM(n). (4.3.129)

After we multiply both sides by Y ∗L′M ′(n) and integrate over n.

a∇δ∇ψLM (z) = (4π)2 ∑
l1−2,m1−2

il1+l2

√√√√ l1(l1 + 1)
l2(l2 + 1)

×
∫ dk1

(2π)3 ∆δ
l1(k1, χ̄)R(k1)

×
∫ dk2

(2π)3 ∆κ
l2(k2, χ̄)R(k2)

×(−1)l1+l2+L+M

 l1 l2 L

−m1 −m2 M


×L0,0,0

L,l1,l2ALl1l2Y
∗
l1m1(k̂1)Y ∗l2m2(k̂2). (4.3.130)

We now take the following ensemble to yield the reduced galaxy bispectrum of the ∇δ∇ψ term〈
a∇δ∇ψL1M1 (z1)a∆

L2M2(z2)a∆
L3M3(z3)

〉
+ �= GM1M2M3

L1L2L3 b∇δ∇ψL1L2L3(z1, z2, z3),
(4.3.131)

〈
a∇δ∇ψL1M1 (z1)a∆

L2M2(z2)a∆
L3M3(z3)

〉
+ �= (4π)4

(2π)12

∑
l1,l2,m1,m2

il1+l2+L2+L3

√√√√ l1(l1 + 1)
l2(l2 + 1)

×
∫
dk1−4∆δ

l1(k1, χ̄1)∆κ
l2(k2, χ̄1)∆∆

L2(k3, χ̄2)∆∆
L3(k4, χ̄3)

×〈R(k1)R(k2)R(k3)R(k4)〉

×(−1)l1+l2+L+M

 l1 l2 L1

−m1 −m2 M1


×L0,0,0

L1,l1,l2AL1l1l2Y
∗
l1m1(k̂1)Y ∗l2m2(k̂2)Y ∗L2M2(k̂3)Y ∗L3M3(k̂4)+ �,

(4.3.132)

where we use dk1−4 ≡ dk1dk2dk3dk4. After we expand 〈. . .〉 using (4.3.104) and integrate over
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k3 and k4 we are left with

〈
a∇δ∇ψL1M1 (z1)a∆

L2M2(z2)a∆
L3M3(z3)

〉
+ �= (4π)4(2π2)2(2π)6

(2π)12

∑
l1−2,m1−2

il1+l2+L2+L3

√√√√ l1(l1 + 1)
l2(l2 + 1)

×
∫
dk1−2k

−3
1 k−3

2 ∆δ
l1(k1, χ̄1)∆κ

l2(k2, χ̄1)∆∆
L2(k1, χ̄2)∆∆

L3(k2, χ̄3)

×P(k1)P(k2)(−1)l1+l2+L+M

 l1 l2 L1

−m1 −m2 M1


×L0,0,0

L1,l1,l2,AL1l1l2Y
∗
l1m1(k̂1)Y ∗l2m2(k̂2)Y ∗L2M2(k̂1)Y ∗L3M3(k̂2)

+L2 ↔ L3+ � . (4.3.133)

As before, we can rewrite

Y ∗l1m1(k̂1)Y ∗l2m2(k̂2)Y ∗L2M2(k̂1)Y ∗L3M3(k̂2) = (−1)m1+m2Yl1(−m1)(k̂1)Y ∗L2M2(k̂1)Yl2(−m2)(k̂2)Y ∗L3M3(k̂2).

(4.3.134)

Then if we rewrite
∫
dk1−2k

−3
1 k−3

2 =
∫ dk1

k1

∫ dk2
k2

∫
dk̂1

∫
dk̂2 and integrate over the latter two, we

reach

〈
a∇δ∇ψl1m1 (z1)a∆

l2m2(z2)a∆
l3m3(z3)

〉
+ �= (4π)4(2π2)2(2π)6

(2π)12 iL2+L3+L2+L3

√√√√L2(L2 + 1)
L3(L3 + 1)

×
∫ dk1

k1
∆δ
L2(k1, χ̄1)∆∆

L2(k1, χ̄2)P(k1)

×
∫ dk2

k2
∆κ
L3(k2, χ̄1)∆∆

L3(k2, χ̄3)P(k2)

×(−1)L2+L3+L1+M1+M2+M3

 L2 L3 L1

M2 M3 M1


×L0,0,0

L1,L2,L3AL1L2L3 + L2 ↔ L3+ � (4.3.135)

= GM1M2M3
L1L2L3 AL1L2L3

√√√√L2(L2 + 1)
L3(L3 + 1)

×4π
∫ dk1

k1
∆δ
L2(k1, χ̄1)∆∆

L2(k1, χ̄2)P(k1)

×4π
∫ dk2

k2
∆κ
L3(k2, χ̄1)∆∆

L3(k2, χ̄3)P(k2)

+L2 ↔ L3+ � . (4.3.136)

Where we have made an even number of column permutations across Wigner-3j symbols between

lines (4.3.135) and (4.3.136) to express the Gaunt factor as GM1M2M3
L1L2L3 = L0,0,0

L1,L2,L3

 L1 L2 L3

M1 M2 M3

,
we can extract the reduced bispectrum. Writing it in terms of angular power spectra is thus
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b∇δ∇ψL1L2L3(z1, z2, z3) = AL1L2L3

×


√√√√L2(L2 + 1)
L3(L3 + 1)D

δ∆
L2 (z1, z2)Dκ∆

L3 (z1, z3)

+

√√√√L3(L3 + 1)
L2(L2 + 1)D

δ∆
L3 (z1, z3)Dκ∆

L2 (z1, z2)


+ � . (4.3.137)

The method used to calculate b∇δ∇ψL1L2L3 can also be applied to find b∇v
′∇ψ

L1L2L3 and b∇κ∇ψL1L2L3 . We do
not derive these terms here but instead give their expressions in Section 4.3.4.

4.3.3.0.6 Integrated terms

There are two integrated second order terms that feature in Σ(2) (3.3.74). We derive the
bispectrum for the first term on the last line of (3.3.74), b

∫
∆2(∇Ψ1∇Ψ1)

L1L2L3 (z1, z2, z3).

First we split this term as follows

− 1
2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̃

∆2

(
∇bΨ1∇bΨ1

)
(n, z)

= − 1
2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̃

[
2
(
∇b∆2Ψ1

)
∇bΨ1 + 2∇a∇bΨ1∇a∇bΨ1

]

= − 1
2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̃

[
2
(
∇b∆2Ψ1

)
∇bΨ1 + /∂

∗2Ψ1/∂
2Ψ1 + (∆2Ψ1)2

]
.(4.3.138)

Following the same steps used to find (4.3.114), we can rewrite our real space, integrated term
using spin raising and lowering operators

2∇b(∆2Ψ1)∇b(Ψ1) = /∂
∗(∆2Ψ1)/∂Ψ1 + /∂(∆2Ψ1)/∂∗Ψ1

= 1
χ̃2

∫ d3k1

(2π)3

∫ χ̃

0
dχ̂1∆2

(
Φ(k1, χ̂1) + Ψ(k1, χ̂1)

)

×
∫ χ̃

0
dχ̂2

(
Φ(k2, χ̂2) + Ψ(k2, χ̂2)

)(
/∂
∗
eik1·nχ̃/∂eik2·nχ̃ + /∂

∗
eik1·nχ̃/∂eik2·nχ̃

)
,

(4.3.139)

by first substituting the plane wave equation (4.3.16), then including the effect of the angular
Laplacian ∆2sYlm(n) = −l(l + 1)sYlm(n) and then applying the effects of the spin raising and
lowering operators (4.3.118) & (4.3.119), Equation (4.3.139) is equivalently
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= −(4π)2 ∑
l1−2,m1−2

il1+l2 1
χ̃2

∫ d3k1

(2π)3

∫ d3k2

(2π)3

∫ χ̃

0
dχ̂1

(
Φ(k1, χ̂1) + Ψ(k1, χ̂1)

)
jl1(k1χ̂1)

×
∫ χ̃

0
dχ̂2

(
Φ(k2, χ̂2) + Ψ(k2, χ̂2)

)
jl2(k2χ̂2)

√
l1(l1 + 1)

√
l2(l2 + 1)l1(l1 + 1)

×1
2

(
1Yl1m1(n)−1Yl2m2(n) + −1Yl1m1(n)1Yl2m2(n)

)
×Y ∗l1m1(k̂1)Y ∗l2m2(k̂2) (4.3.140)

= −(4π)2 ∑
l1−2,m1−2

il1+l2 1
χ̃2

∫ d3k1

(2π)3

∫ d3k2

(2π)3

∫ χ̃

0
dχ̂1

(
Φ(k1, χ̂1) + Ψ(k1, χ̂1)

)
jl1(k1χ̂1)

×
∫ χ̃

0
dχ̂2

(
Φ(k2, χ̂2) + Ψ(k2, χ̂2)

)
jl2(k2χ̂2)

√
l1(l1 + 1)

√
l2(l2 + 1)l1(l1 + 1)

×
∑
L,M

×(−1)l1+l2+L+M

×L0,0,0
L,l1,l2ALl1l2

 l1 l2 L

−m1 −m2 M

YLM(n)Y ∗l1m1(k̂1)Y ∗l2m2(k̂2), (4.3.141)

where we have applied the generalised contraction rule from (4.3.140) to (4.3.141). Now we
integrate over this term as in Equation (4.3.138) to give

− 1
2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄

2
(
∇b∆2Ψ1

)
∇bΨ1

 (4.3.142)

= −(4π)2 ∑
l1−2,m1−2

il1+l2
∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄χ̃3

∫ d3k1

(2π)3

∫ d3k2

(2π)3

∫ χ̃

0
dχ̂1

(
Φ(k1, χ̂1) + Ψ(k1, χ̂1)

)
jl1(k1χ̂1)

×
∫ χ̃

0
dχ̂2

(
Φ(k2, χ̂2) + Ψ(k2, χ̂2)

)
jl2(k2χ̂2)

√
l1(l1 + 1)

√
l2(l2 + 1)l1(l1 + 1)

×
∑
L,M

×(−1)l1+l2+L+M

×L0,0,0
L,l1,l2ALl1l2

 l1 l2 L

−m1 −m2 M

YLM(n)Y ∗l1m1(k̂1)Y ∗l2m2(k̂2). (4.3.143)

Then after multiplying by Y ∗L′M ′(n), integrating over
∫
dn, we have the spherical harmonic

coefficient of the first term in (4.3.138)
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a

∫
(∇∆Ψ1)∇

LM (z) = −(4π)2 ∑
l1−2,m1−2

il1+l2

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄χ̃3

∫ d3k1

(2π)3

∫ d3k2

(2π)3

∫ χ̃

0
dχ̂1

(
Φ(k1, χ̂1) + Ψ(k1, χ̂1)

)
jl1(k1χ̂1)

×
∫ χ̃

0
dχ̂2

(
Φ(k2, χ̂2) + Ψ(k2, χ̂2)

)
jl2(k2χ̂2)

√
l1(l1 + 1)

√
l2(l2 + 1)l1(l1 + 1)

×(−1)l1+l2+L+M

×L0,0,0
L,l1,l2ALl1l2

 l1 l2 L

−m1 −m2 M

Y ∗l1m1(k̂1)Y ∗l2m2(k̂2). (4.3.144)

Taking the ensemble average we can yield the corresponding reduced angular bispectra for this
term

〈
a

∫
(∇∆Ψ1)∇Ψ1

L1M1 (z1)a∆
L2M2(z2)a∆

L3M3(z3)
〉

+ � (4.3.145)

= −(4π)4 ∑
l1−2,m1−2

il1+l2+L2+L3
∫ χ̄1

0
dχ̃1

χ̄1 − χ̃1

χ̄1χ̃1

∫ d3k1−4

(2π)12

∫ χ̃

0
dχ̂1

(
TΦ+Ψ(k1, χ̂1)

)
jl1(k1χ̂1)

×
∫ χ̃

0
dχ̂2

(
TΦ+Ψ(k2, χ̂2)

)
jl2(k2χ̂2)∆∆

L2(k3, χ̄2)∆∆
L3(k4, χ̄3)

√
l1(l1 + 1)

√
l2(l2 + 1)l1(l1 + 1)

×(−1)l1+l2+L1+M1 〈R(k1)R(k2)R(k3)R(k4)〉

×L0,0,0
L1,l1,l2AL1l1l2

 l1 l2 L1

−m1 −m2 M1

Y ∗l1m1(k̂1)Y ∗l2m2(k̂2)Y ∗L2M2(k̂3)Y ∗L3M3(k̂4)+ �

= −(4π)4 ∑
l1−2,m1−2

il1+l2+L2+L3
∫ χ̄1

0
dχ̃1

χ̄1 − χ̃1

χ̄1χ̃1

∫ d3k1−4

(2π)12 ∆Ψ1
l1 (k1, χ̃1)

×∆Ψ1
l2 (k2, χ̃1)∆∆

L2(k3, χ̄2)∆∆
L3(k4, χ̄3)

√
l1(l1 + 1)

√
l2(l2 + 1)l1(l1 + 1)

×(−1)l1+l2+L1+M1 〈R(k1)R(k2)R(k3)R(k4)〉

×L0,0,0
L1,l1,l2AL1l1l2

 l1 l2 L1

−m1 −m2 M1

Y ∗l1m1(k̂1)Y ∗l2m2(k̂2)Y ∗L2M2(k̂3)Y ∗L3M3(k̂4)+ � .(4.3.146)

If we apply the same process as for (4.3.137), we can write the above in terms of angular power
spectra

b

∫
(∇∆Ψ1)∇Ψ1

L1L2L3 (z1, z2, z3) = −AL1L2L3

√
L2(L2 + 1)

√
L3(L3 + 1)

(
L2(L2 + 1) + L3(L3 + 1)

)

×
∫ χ̄1

0
dχ̃1

χ̄1 − χ̃1

χ̄1χ̃1

[
DΨ1∆
L2 (z̃1, z2)DΨ1∆

L3 (z̃1, z3)
]
+ � . (4.3.147)

Next, we find the reduced bispectrum of the second term in (4.3.138). We first give the effect of
/∂

2 and /∂
∗2 on the plane wave equation
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/∂ /∂eik·nχ̄ = 4π
∑
l,m

iljl(kχ̄)

√√√√(l + 2)!
(l − 2)!2Ylm(n)Y ∗lm(k̂) (4.3.148)

/∂
∗/∂
∗
eik·nχ̄ = 4π

∑
l,m

iljl(kχ̄)

√√√√(l + 2)!
(l − 2)!−2Ylm(n)Y ∗lm(k̂). (4.3.149)

First, we Fourier transform the real space expression and substitute (4.3.148) and (4.3.149)

− 1
2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄

/∂∗2Ψ1/∂
2Ψ1

]
(n, z) = − 1

2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄

∫ d3k

(2π)3

[
(4π)2 ∑

l1−2,m1−2

il1+l2

×

√√√√(l1 + 2)!
(l1 − 2)!

√√√√(l2 + 2)!
(l2 − 2)!∆

Ψ1
l1 (k1, χ̃)∆Ψ1

l2 (k2, χ̃)

×1
2

(
−2Yl1m1(n)2Yl2m2(n) + 2Yl1m1(n)−2Yl2m2(n)

)
×R(k1)R(k2)Y ∗l1m1(k̂1)Y ∗l2m2(k̂2). (4.3.150)

Now we wish to rewrite the third line of (4.3.150) by using the generalised spin weighted
contraction rule (4.3.123)

−2Yl1m1(n)2Yl2m2(n) =
∑
L,M

√
(2l1 + 1)(2l2 + 1)(2L+ 1)

4π

×(−1)l1+l2+L+M

 l1 l2 L

−m1 −m2 M

 l1 l2 L

2 −2 0


×YLM(n), (4.3.151)

2Yl1m1(n)−2Yl2m2(n) =
∑
L,M

√
(2l1 + 1)(2l2 + 1)(2L+ 1)

4π

×(−1)l1+l2+L+M

 l1 l2 L

−m1 −m2 M

 l1 l2 L

−2 2 0


×YLM(n). (4.3.152)

Then combining (4.3.151) and (4.3.152) we have
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1
2

(
−2Yl1m1(n)2Yl2m2(n) + 2Yl1m1(n)−2Yl2m2(n)

)
=

∑
L,M

√
(2l1 + 1)(2l2 + 1)(2L+ 1)

4π (−1)l1+l2+L+M

×

 l1 l2 L

−m1 −m2 M


×

 l1 l2 L

2 −2 0

+
 l1 l2 L

−2 2 0


×YLM(n) (4.3.153)

=
∑
L,M

√
(2l1 + 1)(2l2 + 1)(2L+ 1)

4π (−1)l1+l2+L+M

×

 l1 l2 L

−m1 −m2 M


×

 L l1 l2

0 2 −2

+
 L l1 l2

0 −2 2


×YLM(n), (4.3.154)

where we have again used the fact that an even number of column permutations leaves the
Wigner3-j symbol invariant. If we substitute (4.3.154) into (4.3.150) we find

− 1
2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄

/∂∗2Ψ1/∂
2Ψ1

]
(n, z) = −(4π)2

2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄

∫ d3k1−2

(2π)6

∑
l1−2,m1−2

il1+l2

×

√√√√(l1 + 2)!
(l1 − 2)!

√√√√(l2 + 2)!
(l2 − 2)!∆

Ψ1
l1 (k1, χ̃)∆Ψ1

l2 (k2, χ̃)

×L0,0,0
Ll1l2CLl1l2

 l1 l2 L

−m1 −m2 M


×R(k1)R(k2)YLM(n)Y ∗l1m1(k̂1)Y ∗l2m2(k̂2),(4.3.155)

where we have used the geometrical quantity

Cl1l2l3 ≡
1
2

 l1 l2 l3

0 2 −2

+
 l1 l2 l3

0 −2 2


 l1 l2 l3

0 0 0

 . (4.3.156)

The corresponding spherical harmonic coefficient of (4.3.155) is thus
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a

∫
/∂
∗2Ψ1 /∂

2Ψ1
LM (z) = −(4π)2

2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄

∫ d3k1−2

(2π)6

∑
l1−2,m1−2

il1+l2

×

√√√√(l1 + 2)!
(l1 − 2)!

√√√√(l2 + 2)!
(l2 − 2)!∆

Ψ1
l1 (k1, χ̃)∆Ψ1

l2 (k2, χ̃)

×L0,0,0
Ll1l2CLl1l2

 l1 l2 L

−m1 −m2 M


×R(k1)R(k2)Y ∗l1m1(k̂1)Y ∗l2m2(k̂2). (4.3.157)

Now if we take the following ensemble average, we can find the reduced bispectrum of this term

〈
a

∫
/∂
∗2Ψ1 /∂

2Ψ1
L1M1 (z1)a∆

L2L2(z2)a∆
L3L3(z3)

〉
+ �= −(4π)4

2χ̄1

∫ χ̄1

0
dχ̃
χ̄1 − χ̃1

χ̄1

∫ d3k1−4

(2π)12

∑
l1−2,m1−2

il1+l2+L2+L3

×

√√√√(l1 + 2)!
(l1 − 2)!

√√√√(l2 + 2)!
(l2 − 2)!∆

Ψ1
l1 (k1, χ̃1)∆Ψ1

l2 (k2, χ̃1)

×∆∆
L2(k3, χ̄2)∆∆

L3(k4, χ̄3)L0,0,0
L1l1l2

×CL1l1l2

 l1 l2 L1

−m1 −m2 M1


×〈R(k1)R(k2)R(k3)R(k4)〉

×Y ∗l1m1(k̂1)Y ∗l2m2(k̂2)Y ∗L2M2(k̂3)Y ∗L3M3(k̂4)+ � .

(4.3.158)

After expanding the 〈. . .〉 and integrating over k3, k4, k̂1 and k̂2, before dividing out the Gaunt
factor as seen for other bispectra in this section, we finally reach

b

∫
/∂
∗2Ψ1 /∂

2Ψ1
L1L2L3 (z1, z2, z3) = −CL1L2L3

√√√√(L2 + 2)!
(L2 − 2)!

√√√√(L3 + 2)!
(L3 − 2)!

×
∫ χ̄1

0
dχ̃1

χ̄1 − χ̃1

χ̄1χ̃1

(
DΨ1∆
L2 (z̃1, z2) +DΨ1∆

L3 (z̃1, z3)
)

+ � . (4.3.159)

We are left with the third and final term in (4.3.138). This term does not require the use of
any spin raising or lowering operators nor any spin-weighted contraction rule that yields one
of the geometric Al1l2l3 or Cl1l2l3 factors. For this term we only need to apply the effect of the
angular Laplacian, remembering ∆2Ylm(n) = −l(l + 1)Ylm(n). As usual, we Fourier expand the
real-space expression and substitute the plane wave equation
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− 1
2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄

[(
∆2Ψ1

)2
]
(n, z) = − 1

2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄

∫ dk1−2

(2π)6

×(4π)2 ∑
l1−2,m1−2

il1+l2l1(l1 + 1)l2(l2 + 1)

×∆Ψ1
l1 (k1, χ̃)∆Ψ1

l2 (k2, χ̃)

×L0,0,0
Ll1l2

 l1 l2 L

−m1 −m2 M


×R(k1)R(k2)YLM(n)Y ∗l1m1(k̂1)Y ∗l2m2(k̂2),

(4.3.160)

where we have used the contraction rule (4.3.95) to reduce the product of Yl1m1Yl2m2 in terms
of a single spherical harmonic YLM(n) in turn giving rise to the L0,0,0

Ll1l2 and Wigner factors in
the fourth line. We find the corresponding spherical harmonic coefficient in the usual way by
applying (4.3.4)

a

∫
(∆Ψ1)2

LM (z) = − 1
2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̄

∫ dk1−2

(2π)6

×(4π)2 ∑
l1−2,m1−2

il1+l2l1(l1 + 1)l2(l2 + 1)

×∆Ψ1
l1 (k1, χ̃)∆Ψ1

l2 (k2, χ̃)

×L0,0,0
Ll1l2

 l1 l2 L

−m1 −m2 M


×R(k1)R(k2)Y ∗l1m1(k̂1)Y ∗l2m2(k̂2). (4.3.161)

Taking the ensemble average with two first order galaxy spherical harmonic coefficients, we have

〈
a

∫
(∆Ψ1)2

L1M1 (z1)a∆
L2M2(z2)a∆

L3M3(z3)
〉

+ �= − 1
2χ̄1

∫ χ̄1

0
dχ̃1

χ̄1 − χ̃1

χ̄1

∫ dk1−4

(2π)12

×(4π)4 ∑
l1−2,m1−2

il1+l2+L2+L3l1(l1 + 1)l2(l2 + 1)

×∆Ψ1
l1 (k1, χ̃)∆Ψ1

l2 (k2, χ̃)∆∆
L2(k3, χ̄2)∆∆

L3(k4, χ̄3)

×L0,0,0
L1l1l2

 l1 l2 L1

−m1 −m2 M1


×〈R(k1)R(k2)R(k3)R(k4)〉

×Y ∗l1m1(k̂1)Y ∗l2m2(k̂2)Y ∗L2M2(k̂3)Y ∗L3M3(k̂4)

+ � . (4.3.162)

Following the calculation through in the same way as the previous bispectra, we yield the
reduced angular bispectra for the third term in (4.3.138)
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b

∫
(∆Ψ1)2

L1L2L3 (z1, z2, z3) = −L2(L2 + 1)L3(L3 + 1)
∫ χ̄1

0
dχ̃1

χ̄1 − χ̃1

χ̄1χ̃1

(
DΨ1∆
L2 (z̃1, z2) +DΨ1∆

L3 (z̃1, z3)
)

+ � . (4.3.163)

We now have everything we need to write down the bispectrum of the (4.3.138) term. This is
simply the sum of the three bispectra (4.3.147)+(4.3.159)+(4.3.163)

b

∫
(∆Ψ1)2

L1L2L3 (z1, z2, z3) = −
{
AL1L2L3

√
L2(L2 + 1)

√
L3(L3 + 1)

(
L2(L2 + 1) + L3(L3 + 1)

)

+CL1L2L3

√√√√(L2 + 2)!
(L2 − 2)!

√√√√(L3 + 2)!
(L3 − 2)!

+L2(L2 + 1)L3(L3 + 1)
}

×
∫ χ̄1

0
dχ̃1

χ̄1 − χ̃1

χ̄1χ̃1

(
DΨ1∆
L2 (z̃1, z2) +DΨ1∆

L3 (z̃1, z3)
)

+ � . (4.3.164)

The other integrated term that we consider, −2
∫ dχ̃

χ̃
∇aΨ1∇aκ, the final term on the last line

of (3.3.74), can be found in a similar way. This term has fewer parts but features both the
time-delay integral Ψ1 and the lensing convergence κ. We do not derive it here but state its
bispectra in terms of angular power spectra in Section 4.3.4.

In some sense, the bispectra we have described above and list in Section 4.3.4 are theoretical
quantities. In practice, real life galaxy survey observations have a number count signal that is
smoothed over a redshift range of finite thickness. To account for this effect, we can integrate
the reduced bispectrum over three realistic window functions to attain a result that is more
realistic and thus comparable with real galaxy surveys. The word realistic is emphasised as we
select Gaussian window functions (4.3.13). This type of window function yields a bispectrum
result most akin to an observed bispectrum, however it comes with the caveat that they are
more challenging to integrate numerically when compared against a Dirac or Top Hat window
functions. We call the following quantity the observed reduced bispectrum.

b̃ABCL1L2L3(z1, z2, z3) =
∫
bABCL1L2L3(z1, z2, z3)W (z1, z̃1)W (z2, z̃2)W (z3, z̃3), (4.3.165)

which is perhaps a misnomer if we allow A, B and C to be any individual contribution to ∆.
What we actually observe is the following

B(n1,n2,n3, z1, z2, z3) = 〈∆(n1, z1)∆(n2, z2)∆(n3, z3)〉 (4.3.166)

=
∑

L1,L2,L3,M1,M2,M3

B̃M1M2M3
L1L2L3 (z1, z2, z3)YL1M1(n1)YL2M2(n2)YL3M3(n3),

(4.3.167)
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and

B̃M1M2M3
L1L2L3 (z1, z2, z3) = GM1M2M3

L1L2L3 b̃∆∆∆
L1L2L3(z1, z2, z3), (4.3.168)

The bispectrum found from galaxy surveys (i.e. the LHS of (4.3.166)) is found in terms of
the directly measured quantities (ni, zi). This bispectrum is then projected onto multipoles
to be compared with the angular bispectrum. Then if one divides out the geometrical factor
(Gaunt integral) from the angular bispectrum, one is left with what we call the observed reduced
bispectrum.

4.3.4 List of angular bispectra

In this section we list the bispectra found in the last section. This is the exhaustive list of the
terms which our module galbispectra2.c has, at the time of writing, the ability to compute.
As mentioned, the code can easily be expanded to include more quadratic-type second order
terms. Accompanying each term is the name_of_each_term which is the label required for the
user to request a given type of bispectra they wish to compute. This is done by including the
name_of_each_term within the .ini input file that is linked when SONG is executed. Each of
the bispectra considered can be found in [18], except for the second order RSD term which
we use Eq. (3.20) in [20] for. We also adapt our equations to generalise the approximation of
∆(1) by including the first order galaxy angular transfer function ∆∆

l . The only term which
uses the Limber approximation is the second order lensing convergence. For the definitions of
geometrical objects such as gl1l2l3 and Ql1l2l3

ll′l′′ (or any other parts of the equation) please see the
previous section; this list is instead intended to serve as concise list for reference.

• dens_mono

bδ0l1l2l3(z1, z2, z3) =
(
b1(z3) + 21

34b2(z3)
)Dδ∆

l1 (z3, z1)Dδ∆
l2 (z3, z2) +Dδ∆

l2 (z3, z2)Dδ∆
l1 (z3, z1)


+
(
b1(z1) + 21

34b2(z1)
)Dδ∆

l3 (z1, z3)Dδ∆
l2 (z1, z2) +Dδ∆

l2 (z1, z2)Dδ∆
l3 (z1, z3)


+
(
b1(z2) + 21

34b2(z2)
)Dδ∆

l1 (z2, z1)Dδ∆
l3 (z2, z3) +Dδ∆

l3 (z2, z3)Dδ∆
l1 (z2, z1)



• dens_di

l′i = li ± 1 and l′′j = lj ± 1. (4.3.169)
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This ensures that il′+l′′(−i)l1+l2 ± 1 and Q are non-zero.

bδ1l1l2l3(z1, z2, z3) = (gl1l2l3)−1 b1(z3)
16π2

∑
l′2l
′′
1

(2l′2 + 1)(2l′′1 + 1)Ql1l2l3
1l′2l′′1

×1Dδ∆
l′′1 l1

(z3, z1)−1Dδ∆
l′2l2

(z3, z2) + −1Dδ∆
l′′1 l1

(z3, z1)1Dδ∆
l′2l2

(z3, z2)


+(gl3l2l1)−1 b1(z1)
16π2

∑
l′2l
′′
3

(2l′2 + 1)(2l′′3 + 1)Ql3l2l1
1l′2l′′3

×1Dδ∆
l′′3 l3

(z1, z3)−1Dδ∆
l′2l2

(z1, z2) + −1Dδ∆
l′′3 l3

(z1, z3)1Dδ∆
l′2l2

(z1, z2)


+(gl1l3l2)−1 b1(z2)
16π2

∑
l′3l
′′
1

(2l′3 + 1)(2l′′1 + 1)Ql1l3l2
1l′3l′′1

×1Dδ∆
l′′1 l1

(z2, z1)−1Dδ∆
l′3l3

(z2, z3) + −1Dδ∆
l′′1 l1

(z2, z1)1Dδ∆
l′3l3

(z2, z3)

(4.3.170)

• dens_quad

l′i = li ± 2, li and l′′j = lj ± 2, lj. (4.3.171)

This implies that il′+l′′(−i)l1+l2 ± 1 and Q are non-zero

bδ2l1l2l3(z1, z2, z3) = (gl1l2l3)−1
(

(b1(z3) + 7
2b2(z3))

42π2

∑
l′2l
′′
1

(2l′2 + 1)(2l′′1 + 1)

×Ql1l2l3
2l′2l′′1

0Dδ∆
l′′1 l1

(z3, z1)0Dδ∆
l′2l2

(z3, z2)
)

1↔3︷︸︸︷
+ (gl3l2l1)−1

(
(b1(z1) + 7

2b2(z1))
42π2

∑
l′2l
′′
3

(2l′2 + 1)(2l′′3 + 1)

×Ql3l2l1
2l′2l′′3

0Dδ∆
l′′3 l3

(z1, z3)0Dδ∆
l′2l2

(z1, z2)
)

2↔3︷︸︸︷
+ (gl1l3l2)−1

(
(b1(z2) + 7

2b2(z2))
42π2

∑
l′3l
′′
1

(2l′3 + 1)(2l′′1 + 1)

×Ql1l3l2
2l′3l′′1

0Dδ∆
l′′1 l1

(z2, z1)0Dδ∆
l′3l3

(z2, z3)
)

(4.3.172)

• v_vpp

bvv
′′∆∆

l1l2l3 (z1, z2, z3) = Dv∆
l2 (z1, z2)Dv′′∆

l3 (z1, z3) +Dv∆
l3 (z1, z3)Dv′′∆

l2 (z1, z2)

+Dv∆
l1 (z2, z1)Dv′′∆

l3 (z2, z3) +Dv∆
l3 (z2, z3)Dv′′∆

l1 (z2, z1)

+Dv∆
l2 (z3, z2)Dv′′∆

l1 (z3, z1) +Dv∆
l1 (z3, z1)Dv′′∆

l2 (z3, z2)

(4.3.173)
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• vp_squared

bv
′2∆∆
l1l2l3 (z1, z2, z3) = Dv′∆

l2 (z1, z2)Dv′∆
l3 (z1, z3) +Dv′∆

l3 (z1, z3)Dv′∆
l2 (z1, z2)

+Dv′∆
l1 (z2, z1)Dv′∆

l3 (z2, z3) +Dv′∆
l3 (z2, z3)Dv′∆

l1 (z2, z1)

+Dv′∆
l2 (z3, z2)Dv′∆

l1 (z3, z1) +Dv′∆
l1 (z3, z1)Dv′∆

l2 (z3, z2)

(4.3.174)

• v_densp

bvδ
′∆∆

l1l2l3 (z1, z2, z3) = Dv∆
l2 (z1, z2)Dδ′∆

l3 (z1, z3) +Dv∆
l3 (z1, z3)Dδ′∆

l2 (z1, z2)

+Dv∆
l1 (z2, z1)Dδ′∆

l3 (z2, z3) +Dv∆
l3 (z2, z3)Dδ′∆

l1 (z2, z1)

+Dv∆
l2 (z3, z2)Dδ′∆

l1 (z3, z1) +Dv∆
l1 (z3, z1)Dδ′∆

l2 (z3, z2)

(4.3.175)

• vp_dens

bδv
′∆∆

l1l2l3 (z1, z2, z3) = Dδ∆
l2 (z1, z2)Dv′∆

l3 (z1, z3) +Dδ∆
l3 (z1, z3)Dv′∆

l2 (z1, z2)

+Dδ∆
l1 (z2, z1)Dv′∆

l3 (z2, z3) +Dδ∆
l3 (z2, z3)Dv′∆

l1 (z2, z1)

+Dδ∆
l2 (z3, z2)Dv′∆

l1 (z3, z1) +Dδ∆
l1 (z3, z1)Dv′∆

l2 (z3, z2)

(4.3.176)

• lens_dens

bκδ∆∆
L1L2L3(z1, z2, z3) = Dκ∆

L2 (z1, z2)Dδ∆
L3 (z1, z3) +Dκ∆

L3 (z1, z3)Dδ∆
L2 (z1, z2)

+Dκ∆
L1 (z2, z1)Dδ∆

L3 (z2, z3) +Dκ∆
L3 (z2, z3)Dδ∆

L1 (z2, z1)

+Dκ∆
L2 (z3, z2)Dδ∆

L1 (z3, z1) +Dκ∆
L1 (z3, z1)Dδ∆

L2 (z3, z2) (4.3.177)

• vp_lens

bv
′κ∆∆
L1L2L3(z1, z2, z3) = Dv′∆

L2 (z1, z2)Dκ∆
L3 (z1, z3) +Dv′∆

L3 (z1, z3)Dκ∆
L2 (z1, z2)

+Dv′∆
L1 (z2, z1)Dκ∆

L3 (z2, z3) +Dv′∆
L3 (z2, z3)Dκ∆

L1 (z2, z1)

+Dv′∆
L2 (z3, z2)Dκ∆

L1 (z3, z1) +Dv′∆
L1 (z3, z1)D∆

L2(z3, z2) (4.3.178)

• lens_squared

bκκ∆∆
L1L2L3(z1, z2, z3) = Dκ∆

L2 (z1, z2)Dκ∆
L3 (z1, z3) +Dκ∆

L3 (z1, z3)Dκ∆
L2 (z1, z2)

+Dκ∆
L1 (z2, z1)Dκ∆

L3 (z2, z3) +Dκ∆
L3 (z2, z3)Dκ∆

L1 (z2, z1)

+Dκ∆
L2 (z3, z2)Dκ∆

L1 (z3, z1) +Dκ∆
L1 (z3, z1)Dκ∆

L2 (z3, z2) (4.3.179)
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• Ddelta_Dpsi

b∇δ∇ψ∆∆
l1l2l3 = Al1l2l3


√√√√ l3(l3 + 1)
l2(l2 + 1)D

κ∆
l2 (z1, z2)Dδ∆

l3 (z1, z3 +

√√√√ l2(l2 + 1)
l3(l3 + 1)D

κ∆
l3 (z1, z3)Dδ∆

l2 (z1, z2)


+ Al2l1l3


√√√√ l3(l3 + 1)
l1(l1 + 1)D

κ∆
l1 (z2, z1)Dδ∆

l3 (z2, z3) +

√√√√ l1(l1 + 1)
l3(l3 + 1)D

κ∆
l3 (z2, z3)Dδ∆

l1 (z2, z1)


+ Al3l1l2


√√√√ l2(l2 + 1)
l1(l1 + 1)D

κ∆
l1 (z3, z1)Dδ∆

l2 (z3, z2) +

√√√√ l1(l1 + 1)
l2(l2 + 1)D

κ∆
l2 (z3, z2)Dδ∆

l1 (z3, z1)


(4.3.180)

• Dvp_Dpsi

b∇v
′∇ψ∆∆

l1l2l3 = Al1l2l3


√√√√ l3(l3 + 1)
l2(l2 + 1)D

κ∆
l2 (z1, z2)Dv′∆

l3 (z1, z3 +

√√√√ l2(l2 + 1)
l3(l3 + 1)D

κ∆
l3 (z1, z3)Dv′∆

l2 (z1, z2)


+ Al2l1l3


√√√√ l3(l3 + 1)
l1(l1 + 1)D

κ∆
l1 (z2, z1)Dv′∆

l3 (z2, z3) +

√√√√ l1(l1 + 1)
l3(l3 + 1)D

κ∆
l3 (z2, z3)Dv′∆

l1 (z2, z1)


+ Al3l1l2


√√√√ l2(l2 + 1)
l1(l1 + 1)D

κ∆
l1 (z3, z1)Dv′∆

l2 (z3, z2) +

√√√√ l1(l1 + 1)
l2(l2 + 1)D

κ∆
l2 (z3, z2)Dv′∆

l1 (z3, z1)


(4.3.181)

• Dlens_Dpsi

b∇κ∇ψ∆∆
l1l2l3 = Al1l2l3


√√√√ l2(l2 + 1)
l3(l3 + 1)D

κ∆
l2 (z1, z2)Dκ∆

l3 (z1, z3) +

√√√√ l3(l3 + 1)
l2(l2 + 1)D

κ∆
l3 (z1, z3)Dκ∆

l2 (z1, z2)


+ Al2l1l3


√√√√ l1(l1 + 1)
l3(l3 + 1)D

κ∆
l1 (z2, z1)Dκ∆

l3 (z2, z3) +

√√√√ l3(l3 + 1)
l1(l1 + 1)D

κ∆
l3 (z2, z3)Dκ∆

l1 (z2, z1)


+ Al3l1l2


√√√√ l1(l1 + 1)
l2(l2 + 1)D

κ∆
l1 (z3, z1)Dκ∆

l2 (z3, z2) +

√√√√ l2(l2 + 1)
l1(l1 + 1)D

κ∆
l2 (z3, z2)Dκ∆

l1 (z3, z1)


(4.3.182)

• int_Dlens_DPsi1

b

∫
∇κ∇Ψ1

l1l2l3 = −Al1l2l3
√
l2(l2 + 1)

√
l3(l3 + 1)

×
∫ χ̄1

0

dχ̃

χ̃

(
Dκ∆
l2 (z̃, z2)DΨ1∆

l3 (z̃, z3) +Dκ∆
l3 (z̃, z3)DΨ1∆

l2 (z̃, z2)
)

−Al2l1l3
√
l1(l1 + 1)

√
l3(l3 + 1)

×
∫ χ̄2

0

dχ̃

χ̃

(
Dκ∆
l1 (z̃, z1)DΨ1∆

l3 (z̃, z3) +Dκ∆
l3 (z̃, z3)DΨ1∆

l1 (z̃, z1)
)

−Al3l1l2
√
l1(l1 + 1)

√
l2(l2 + 1)

×
∫ χ̄3

0

dχ̃

χ̃

(
Dκ∆
l1 (z̃, z1)DΨ1∆

l2 (z̃, z2) +Dκ∆
l2 (z̃, z2)DΨ1∆

l1 (z̃, z1)
)
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• int_nabla2 _DPsi1 _DPsi1

b

∫
∆2(∇Ψ1∇Ψ1)

l1l2l3 = −
Al1l2l3√l2(l2 + 1)

√
l3(l3 + 1)

[
l2(l2 + 1) + l3(l3 + 1)

]

+Cl1l2l3

√√√√(l2 + 2)!
l2 − 2)!

√√√√(l3 + 2)!
l3 − 2)! + l2(l2 + 1)l3(l3 + 1)


×
∫ χ̄1

0
dχ̃
χ̄1 − χ̃
χ̄1χ̃

(
DΨ1∆
l2 (z̃, z2)DΨ1∆

l3 (z̃, z3)
)

−

Al3l2l1√l2(l2 + 1)
√
l1(l1 + 1)

[
l2(l2 + 1) + l1(l1 + 1)

]

+Cl3l2l1

√√√√(l2 + 2)!
l2 − 2)!

√√√√(l1 + 2)!
l1 − 2)! + l2(l2 + 1)l1(l1 + 1)


×
∫ χ̄3

0
dχ̃
χ̄3 − χ̃
χ̄3χ̃

(
DΨ1∆
l2 (z̃, z2)DΨ1∆

l1 (z̃, z1)
)

−

Al2l1l3√l1(l1 + 1)
√
l3(l3 + 1)

[
l1(l1 + 1) + l3(l3 + 1)

]

+Cl2l1l3

√√√√(l1 + 2)!
l1 − 2)!

√√√√(l3 + 2)!
l3 − 2)! + l1(l1 + 1)l3(l3 + 1)


×
∫ χ̄2

0
dχ̃
χ̄2 − χ̃
χ̄2χ̃

(
DΨ1∆
l1 (z̃, z1)DΨ1∆

l3 (z̃, z3)
)

(4.3.183)

• so_lens

For this term we use the Limber approximated expression given in Eq. (3.57) of [18]

bκ
(2)δδ
l1l2l3 (z1, z2, z3) = −24Θ(z1 − z3) χ̄1 − χ̄3

χ̄1χ̄3
H2(z3)Ωm(z3)δD(χ̄2 − χ̄3)

χ̄2
3

×(2π2)2P(ν2)ν−3
2 P(ν3)ν−3

3 T 2
δ (ν2, z3)T 2

δ (ν3, z3)

× l1(l1 + 1)
(2l1 + 1)2F2

 l1 + 1
2

χ̄3
, ν2, ν3


−24Θ(z3 − z1) χ̄3 − χ̄1

χ̄3χ̄1
H2(z1)Ωm(z1)δD(χ̄2 − χ̄1)

χ̄2
1

×(2π2)2P(ν2)ν−3
2 P(ν1)ν−3

1 T 2
δ (ν2, z1)T 2

δ (ν1, z1)

× l3(l3 + 1)
(2l3 + 1)2F2

 l3 + 1
2

χ̄1
, ν2, ν1


−24Θ(z2 − z3) χ̄2 − χ̄3

χ̄2χ̄3
H2(z3)Ωm(z3)δD(χ̄1 − χ̄3)

χ̄2
3

×(2π2)2P(ν1)ν−3
2 P(ν3)ν−3

3 T 2
δ (ν1, z3)T 2

δ (ν3, z3)

× l2(l2 + 1)
(2l2 + 1)2F2

 l2 + 1
2

χ̄3
, ν1, ν3

 (4.3.184)

where νi ≡ li+1/2
χ̄i

and we set ∆(1) = δg.
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PART TWO
Numerical Considerations



galbispectra: Computing The Angular Bispectrum

5

The central focus of this thesis is to make a numerical prediction of the angular galaxy bispectrum.
This section details the code we have developed to do this. Our results are determined by an
adapted version of the Second Order Non-Gaussianity code, SONG [81]. SONG is built on top of
the CLASS code and adopts the same syntactic and architectural conventions. SONG uses CLASS
for its first order calculations and comprises, in addition to CLASS , the solving of the second
order Einstein-Boltzmann equations which allows one to calculate bispectra using second order
perturbations. Both codes are examples of “Boltzmann codes” or “Boltzmann solvers”.

The original version of SONG is tailored to CMB calculations: computing correlations of the
temperature fluctuation ∆T/T̄ of CMB photons. This is useful for galaxy bispectra calculations
because the relevant first order source transfer functions, TA(k, χ̄), (see (4.2.11)) and their second
order counterparts, TB(k1, k2, k3, χ̄), (see (4.2.15)) can be computed for a given cosmological
model in CLASS and SONG respectively.

For these reasons, we develop a code that takes the form of a module within SONG. We name
this module galbispectra . We have separated out information regarding the usability of the
code into a ‘User’s Guide’ (Appendix C) for practical applications of the code. The original
paper explaining the CLASS implementation of galaxy clustering statistics can be found in [95].
For extended detail on the SONG code see [81]; for its application in computing the matter
bispectrum see [82].
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5.1 SONG Structure

Our module or subroutine is run after the input, background, thermodynamics, perturbations,
primordial, transfer bessel, perturbations2 modules. A brief summary of each can be
found below

• input - Responsible for scanning and parsing input data from the .ini and .pre input
files. The former allows the user to request a list of redshift bins, output observables and
defines cosmological parameters. The .pre file fixes parameters related to precision such
as the maximum multipole or wavenumber one wishes to include as well as the number
of points stored in these grids. This module is comprised of two scripts input.c and
input2.c (and their corresponding include files)for input parameters relating to CLASS
and SONG respectively.

• background - The purpose of this module is to solve the background evolution with respect
to the user defined input file and store the results into an array. Other modules can
call background quantities such as densities, pressures, Hubble rate, angular/luminosity
distances etc. at any given time or redshift.

• thermodynamics - Solves recombination and reionization to calculate the free electron
fraction. Stores information such as the ionization fraction, Thompson scattering rate,
optical depth, visibility function, baryon temperature etc.

• perturbations - Assumes linear perturbation theory to integrate the differential system
of cosmological perturbations to store the Fourier space transfer functions TA(k, z). The
transfer functions are defined with respect to the Newtonian or synchronous gauges.

• primordial - Takes the information from the preceding modules to calculate the primordial
power spectrum P(k) over a range of k values which are in units of Mpc−1.

• transfer - Uses the first order transfer functions, cosmological pre-factors and Bessel
functions to integrate over a window function to yield CLASS ’s version of the angular
transfer function, which is simply dependent on the multipole and a single wavenumber:
∆l(k). In the original CLASS codes, the angular transfer functions are combined with
the primordial power spectrum and integrated over k in the spectra module to find the
angular power spectra.

• bessel - This module computes Bessel functions required for the projection of perturba-
tions and correlations to harmonic space.

• perturbations2 - Computation involves solving the second order Einstein-Boltzmann
system of coupled differential equations to find the second order transfer functions. Once
their evolution is known, the perturbations are used to build the line-of-sight sources.
Works in the same way as perturbations.
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• galbispectra2 - Takes the Fourier first order transfer functions alongside the background
quantities and primordial power spectrum to calculate window-free angular power spectra
DAB
` (z1, z2). Combining these quantities in the appropriate way, this module computes

either the theoretical reduced bispectrum (no time integrations) or this same quantity
integrated over three window functions which is effectively the reduced cosmological
component of the observed angular bispectrum, b̃`1`2`3(z1, z2, z3). This module features a
“2” at the end of its name. This is for the sake of convention whereby modules ending
in “2” are second order within SONG . There is only one galbispectra module and it is
named in this way.

We have omitted the mentioning of modules that proceed that of galbispectra and therefore
only discuss modules that are related to it. The original SONG code is explained in [81]. Docu-
mentation related to CLASS can be found at (https://lesgourg.github.io/class_public/
class.html); for theoretical considerations relating to computing number counts with CLASS
see [95].

Whilst we have tried to obey the CLASS and SONG conventions wherever possible, the galbispectra
module that affords SONG the computation of galaxy bispectra is to a large extent its own stan-
dalone code and perhaps “module” is an underwhelming label. Nonetheless, the reason we build
it in to SONG as a module is so that it can extract information from the first order perturbation
module of CLASS and the second order perturbation module of SONG . At the time of writing and
for all computations in this thesis, we have circumvented the use of the second order functionality
of SONG . This is because we have made approximations of the intrinsic second order terms that
avoid the use of any second order computation by which we mean solving the Einstein-Boltzmann
differential system to find second order transfer functions such as T δ(k1, k2, z).

In our approximation of ∆(2), we treat three intrinsic second order perturbations: density, RSD
and lensing convergence. The density term δ(2) is expanded into three Legendre polynomials
which allows us to write the bispectra of the second order density perturbation in terms of
generalised angular power spectra (4.3.169)-(4.3.171) whereby no second order computation is re-
quired. We delegate the computation of the intrinsic second order RSD term to the BYSPECTRUM1

code and we apply the Limber approximation to the second order lensing convergence thus
avoiding any s.o. computation of perturbations2.c. Consolidating the second order features
of SONG into galbispectra is left for future work. This is in principle straightforward to do
and would just require calls to arrays filled in the perturbations2 module for s.o. transfer
functions after the perturb2_init() function is called in the main song.c script. In practice,
intrinsic second order galaxy bispectra may be difficult to implement at least with the traditional
integration methods we use in this version. The justification for omitting the use of second
order computations in this work is that we were focused on comparing the numerical efforts of
[18] with our own results, of which no s.o. computation is necessary. Once this was achieved
we planned to incorporate the second order features of SONG and include other non-leading

1https://https://gitlab.com/montanari/byspectrum.
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contributions to ∆. We felt strongly that the intrinsic second order RSD term could not be
neglected in any sensible prediction of the galaxy bispectrum which is why we run this particular
computation separately with BYSPECTRUM.

The galbispectra module is encoded primarily in the galbispectra2.c file. How this module
is embedded within the larger network of SONG modules can be seen in Fig. 5.1. Effectively,
the SONG code is run as usual with respect to version 1.0-beta3 up until the perturbations2
module. After this module is called (which isn’t actually necessary for any of the computations
in this thesis), the code will run the galbispectra2.c script, printing the computed bispectra
data into files. If the user wishes to compute CMB bispectra instead of galaxy bispectra, the
galbispectra module can be skipped.

Before any further discussion on the methodology of the galbispectra module, it is first
appropriate to highlight the form of angular transfer functions computed in CLASS and how this
differs from what we require for the computation of the bispectrum. The CLASS code (e.g. [95])
define their angular transfer functions such that an integration over the window function and
time is included within ∆l(k). Algebraically this is

CLASS∆A,i
l (k) =

∫
dz̃
(
p(k, z̃, l)TA(k, z̃)j(n)

l (kχ(z̃))
)
Wi(z̃i, zi), (5.1.1)

which is used in their definition of the angular power spectrum

CLASSCAB,ij
l = 4π

∫ dk

k
P(k)∆A,i

l (k)∆B,j
l (k). (5.1.2)

The angular transfer functions (5.1.1) and the angular power spectra (5.1.2) are computed
this way in the transfers.c and spectra.c modules within CLASS respectively. The CLASS
convention integrates over time first before integrating over the Fourier wavenumber k to compute
angular power spectra. This is efficient when computing angular power spectra as the two time
integrations can be performed separately. We choose to reverse the order of integration within our
galbispectra2.c module. This is because, as we have seen, many of the second order terms that
contribute to ∆(2)(n, z) ∝ ∆(1)(n, z)∆(1)(n, z). At the level of the bispectrum this means that
many terms (especially from the set of terms within (3.3.74) can be expressed as the permuted
sum of product pairs of angular power spectra bl1l2l3(z1, z2, z3) ∝ Dl1(z2, z1)Dl3(z2, z3)+ �. The
product pair of CliClj contains four ∆l (two per Cl).

The theoretical bispectrum has to be integrated over three window functions using four angular
transfer functions to give the observed bispectrum. Three window functions, Wi(z̃i, zi), with four
angular transfer functions ∆A,i

l (k) mean that there is not a one-to-one correspondence seen in
the computation of CLASSCAB,ij

l with CLASS. Each window function cannot be neatly packaged
inside of each ∆l as for the power spectrum computations in CLASS . Instead we leave the time
integration until last and define our ∆A

l (k, z) as in Eq. (4.3.31) without the time integration or
window function. We repeat the equations here to emphasise the distinction with CLASS
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inputinput.ini precision.pre

background

thermodynamics

perturbations

primordial

transfer

bessel

perturbations2

bessel2galbispectra2

transfer2

bispectra

bispectra2

spectra2

fischer

output

Figure 5.1: Flow diagram to illustrate the relationship between modules in SONG . The modules are
called in this order (from top to bottom) from the main song.c file. Modules ending in “2” denote
its second order dependence. The galbispectra module is called directly after perturbations2

and using information up until that point will compute galaxy bispectra. The information within
galbispectra is not used by any other modules. The original structure of SONG is simply the central
spine of the diagram, without the galbispectra module.
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SONG∆A
` (k, z) = p(k, z̃, `)TA(k, z̃)j(n)

` (kχ(z̃)), (5.1.3)

which are integrated over k to arrive at the “Dirac” angular power spectrum

SONGDAB
` (z1, z2) = 4π

∫ dk

k
P(k)∆A

` (k, z1)∆B
` (k, z2), (5.1.4)

and further integrated over z̃1 and z̃2 to yield the observed angular power spectra

SONGCAB
` (z1, z2) = 4π

∫
dz̃1dz̃2

(∫ dk

k
P(k)∆A

` (k, z1)∆B
` (k, z2)

)
W (z1, z̃1)W (z2, z̃2). (5.1.5)

where we have used “SONG” to denote our adapted version of SONG . This change renders
galbispectra2.c to be less efficient at computing C` (because the time integration is no longer
separable) but this restructuring is necessary if one wishes to compute the observed bispectrum.
In practice, galbispectra2.c is not required to compute C`, only D`, hence we denote them
with different letters.
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5.2 Computations

The computations of the galbispectra module can be explained through a series of steps. The
list of steps could be separated into separate scripts, in fact this form of structuring is how the
CLASS and SONG codes are structured. Fig. 5.2 illustrates the order and dependence of computa-
tions in the galbispectra module, each of which take place within the galbispectra2_init
function of the galbispectra2.c file.

TA(k, z) ∆A
` (k, z) DAB

` (z1, z2)

j
(n)
` (kχ̄)

H(z)

P(k)

b`1`2`3(z1, z2, z3) b̃`1`2`3(z1, z2, z3)

(
`1 `2 `3

m1 m2 m3

)

 `1 `2 `3

` `′ `′′

 W (zi, z̃i)

Figure 5.2: A schematic depiction of the dependence of computations. The galbispectra module
takes as input the spherical Bessel functions, the transfer functions, the cosmological background, the
primordial power spectrum and the window functions which are pulled from the bessel, perturbations,
background, primordial and transfer modules respectively. The purple colours correspond to
modules found in SONG (outside of galbispectra ), green quantities are computed in galbispectra

and the orange boxes are imported from the WIGXJPF library. Dashed arrows represent the transfer of
information between modules and the solid arrows depict the input of data into the subsequent object
within galbispectra .

We elaborate on each of these steps in the following subsections.

5.2.1 Sampling

As is represented in Fig. 5.2, our module imports a series of pre-computed arrays. The input
arrays have Fourier wavenumber and/or conformal time dependence which is not necessarily
suited to our task. Given that SONG is tailored toward CMB bispectra, we wanted to sample
conformal times closer to τ0. We also would like a greater sampling density on smaller scales
k . 0.1hMpc−1. The first order k-sampling, that is the k-grid that governs the first order
transfer functions TA(k, τ), is defined in the perturbation module. This is a logarithmically
sampled grid with a kmax set by a precision parameter that is inextricably linked to `max

k_max_tau0_over_l_max = kmax × τ0

`max
, (5.2.1)
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where in our case `max is set by the l_max_scalars parameter. However, we instead define our
own grid which takes the same k-range but is linearly sampled which we call pgb2->k_bessel.
For almost all results in this thesis we integrate using this grid over [kmin, kmax] = [∼ 7 ×
10−6hMpc−1, 0.65hMpc−1] with 2500 points and evenly spaced trapezoidal weights.

To sample over the time dimension, arrays in CLASS and SONG are generally sampled over
conformal time, τ . We define several conformal-time grids which are used at different stages of
computation throughout galbispectra2.c . We define a 2-dimensional conformal time grid,
pgb2->tau_sampling_selection that is defined for each redshift bin requested by the user.
This linearly sampled grid is defined over [τmin(z̄i + 5∆z), τmax(z̄i − 5∆z)] where z̄i is the mean
redshift of bin i and ∆z is the window thickness, both of which are fixed by the user in the .ini
file. This time grid is used to define the window function array pgb2->selection which has the
same indices and dimensions. We have a second 1D array that runs over the global τmax and τmin
of the pgb2->tau_sampling_selection grid. We call this pgb2->tau_sampling_cls. Using
pgb2->tau_sampling_cls and k_bessel we perform a 2D interpolation on ppt->quadsources
to define our own pgb2->first_order_sources grid which stores discrete values of TA(k, τ)
over our k and τ ranges of interest. In addition, we define another 2D time grid,
pgb2->tau_sampling_bessel that is used in the integration of the lensing kernel. This grid runs
over each value of pgb2->tau_sampling_cls in its first dimension and gives a corresponding
conformal time value from this value up to τ0. In addition, we have two higher resolution grids
that complement both the pgb2->tau_sampling_selection and pgb2->tau_sampling_cls,
they have the same name with a _hires suffix. Each “hires” grid has an additional dimension
relative to its counterpart and runs for each time value in the counterpart up to the conformal
age of the Universe. The hires grids are used for the additional integration in the bispectrum
terms int_Dlens_DPsi1int_nabla2 _DPsi1 _DPsi1.

This part of the code also features the creating of the trapezoidal weights of which we
use to integrate. These arrays are specified with a w_trapz prefix. Moreover, galaxy bias
parameters b1(z), b2(z) and bs(z) are stored in the arrays pgb2->g_bias1, pgb2->g_bias2,
pgb2->g_biass. Their affect on the density monopole, dipole and quadrupole are accounted
for by the pgb2->monopole_bias, pgb2->dipole_bias and pgb2->quadrupole_bias. The
magnification bias parameter s(z) is given by the pgb2->s and pgb2->s_cls arrays which run
over the pgb2->tau_sampling_selection and pgb2->tau_sampling_cls arrays respectively.
We define all bias parameters in Section 6.2.

By the end of this coding section the following arrays have been initialised and filled

• pgb2->k_bessel

• pgb2->tau_sampling_selection

• pgb2->tau_sampling_selection_hires

• pgb2->tau_sampling_cls
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• pgb2->tau_sampling_cls_hires

• pgb2->g_bias1, pgb2->g_bias2, pgb2->g_biass

• pgb2->monopole_bias, pgb2->dipole_bias, pgb2->quadrupole_bias

• pgb2->s, pgb2->s_cls

• pgb2->w_trapz_k, pgb2->w_trapz, w_trapz_cls_hires, w_trapz_selection_hires

• pgb2->selection

For a extensive list of arrays used in galbispectra see Appendix C.2

5.2.2 Sources

This part of the code creates and fills the first_order_sources and first_order_sources
_integ arrays which contain discrete values of the Fourier space transfer functions, TA(k, τ), and
the angular transfer functions, ∆A

l (k, τ), respectively. The first_order_sources is interpolated
from the ppt->quadsources array which is filled in the perturbations module. We interpolate
it to our values of k and τ which are stored in pgb2->k_bessel and pgb2->tau_sampling_cls
respectively. The first_order_sources array stores various transfer function types that are
later used to compute the angular transfer functions. The types are called in the first dimension
of this array and have the following labels, with their transfer functions given in brackets.

Type Index Label
T V (k, τ) pgb2->index_source_v
T θ(k, τ) pgb2->index_source_theta
T δCDM(k, τ) pgb2->index_source_delta_cdm
T δb(k, τ) pgb2->index_source_delta_b
T δm(k, τ) pgb2->index_source_delta_m
TΦ+Ψ(k, τ) pgb2->index_source_phi_plus_psi
TΦ′+Ψ′(k, τ) pgb2->index_source_phi_plus_psi_prime
TΦ(k, τ) pgb2->index_source_phi
TΦ′(k, τ) pgb2->index_source_phi_prime
TΨ(k, τ) pgb2->index_source_psi

Table 5.1: Table of first order transfer functions computed in galbispectra .

This list of transfer functions are then used to compute the angular transfer functions, stored in
the first_order_sources_integ array. We have not defined all of these functions explicitly,
we instead trust that they are straightforward given the arbitrary formula in Eq. (4.2.11). The
index in the first dimension of this grid corresponds to its type, displayed in the following table
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Type Index Label Equation
∆δ
l (k, τ) pgb2->index_type_density (4.3.32)

∆RSD
l (k, τ) pgb2->index_type_rsd (5.2.2)

∆κ
l (k, τ) pgb2->index_type_lens (4.3.37)

∆∆
l (k, τ) pgb2->index_type_delta (4.3.40)

∆D1
l (k, τ) pgb2->index_type_d1 (5.2.3)

∆D2
l (k, τ) pgb2->index_type_d2 (5.2.5)

∆G1
l (k, τ) pgb2->index_type_g1 (5.2.6)

∆G2
l (k, τ) pgb2->index_type_g2 (5.2.7)

∆G3
l (k, τ) pgb2->index_type_g3 (5.2.8)

∆Ψ1
l (k, τ) pgb2->index_type_g4 (4.3.38)

∆G5
l (k, τ) pgb2->index_type_g5 (5.2.9)

∆δ′
l (k, τ) pgb2->index_type_quad_dens_p (4.3.33)

∆v
l (k, τ) pgb2->index_type_quad_v (4.3.34)

∆v′
l (k, τ) pgb2->index_type_quad_v_p (4.3.35)

∆v′′
l (k, τ) pgb2->index_type_quad_v_pp (4.3.36)

Table 5.2: Table of angular transfer functions computed in galbispectra .

where we have included the following additional angular transfer functions that are not defined
in Section 4.3.2 nor included in any computations in this thesis. They were used for consistency
checks with CLASS , we define them below and are comparable to the angular transfer functions
given in [95]. We leave them in the code if one wishes to use them in future, perhaps by adding
additional terms to ∆∆

l .

∆RSD
l (k, τ) = 1

H(z(τ))T
θ(k, τ)j′′l (k(τ0 − τ)) (5.2.2)

∆D1
l (k, τ) = 1

k

1 + H ′

aH2 + 2− 5s
(τ0 − τ)aH + 5s− fNevo

T θ(k, τ)j′l(k(τ0 − τ)), (5.2.3)

where the evolution term fNevo is given in terms of the number of sources per redshift and solid
angle n̄(z)

fNevo = d

Hdτ

 ln n̄(z)H
(τ0 − τ)2

 = H ′

aH2 + 2
aH(τ0 − τ) −

1
a

d ln(n̄(z))
dz

. (5.2.4)

This term is the first of two Doppler terms at first order and can be seen in the first term of
3.3.59 or the second term on line 3.3.65. The second Doppler term is given as

∆D2
l (k, τ) = (fNevo − 3)aH

k2 T
θ(k, τ)jl(k(τ0 − τ)), (5.2.5)
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and follows from the second term in 3.3.59. We also have a list of gravitational terms G1-G3
and G5 which are found in 3.3.61 defined as

∆G1
l (k, τ) =

2 + H ′

aH2 + 2− 5s
(τ0 − τ)aH + 5s− fNevo

TΨ(k, τ)jl(k(τ0 − τ)) (5.2.6)

∆G2
l (k, τ) = (−2 + 5s)TΦ(k, τ)jl(k(τ0 − τ)) (5.2.7)

∆G3
l (k, τ) = 1

aH
TΦ′(k, τ)jl(k(τ0 − τ)) (5.2.8)

∆G5
l (k, τ) = 1

aH

∫ χ̄

0
dχ̃

2 + H ′

aH2 + 2− 5s
(τ0 − τ)aH + 5s− fNevo

∣∣∣∣∣∣
χ̃(τ̃)

T (Φ+Ψ)′(τ̃ , k)jl(k(τ0 − τ̃)).

(5.2.9)

The ∆G4
l term defined in [95] is equal to ∆Ψ1

l 4.3.38 modulo the (2 − 5s) factor and the
time integration which is performed first in [95]. For convenience we omit this bias factor
from our G4/Ψ1 angular transfer function and instead choose to multiply this factor (or
its reciprocal) at the level of the bispectrum, according to Σ(2)

bias(n, z) (3.3.83). For exam-
ple, the −2(1 − 5s/2)∇aκ∇s (Dlens_Dpsi) term in (3.3.83) has a corresponding bispectra
∝ A`1`2`3

√
`2(`2 + 1)/`3(`3 + 1)Dκ∆

`2 (z1, z2)Dκ∆
`3 (z1, z3)+ � which implicitly holds a factor of

(1− 5s/2)2 in the angular power spectrum pair. Thus we divide out one factor (1− 5s/2) at the
level of the bispectrum to match that of (3.3.83).

The angular transfer functions that involve an integral over some form of kernel are ∆κ
l , ∆Ψ1

l

and ∆G5
l . Each of these integrals use the trapezoidal integration method via the pgb2->tau_

sampling_bessel 2D grid. All integrations in galbispectra currently use this method, we
define it in Appendix C.1 for completeness.

For the computation of the angular power spectra of the integrated lensing terms, we find
that 500 conformal time points in the second dimension of the tau_sampling_bessel grid (the
index of the first dimension runs over the pgb2->tau_sampling_cls grid which together with
τ0 defines the integration limits), over a maximum range of τmax − τmin ' 3851 gives smooth
and converged integration results.

5.2.3 Angular power spectra

The code proceeds by taking the angular transfer functions stored in pgb2->first_order
_sources_integ, pairing it with another angular transfer function and looping over the combined
list of indices: index_type_first, index_type_second, bin2, bin1, index_l, index_tau_second,
index_tau_first and index_k_bessel which parameterise the two angular transfer functions
used, their redshift bins, multipole, the conformal time value within each bin and lastly the
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wavenumber. Within this loop, the code integrates this product pair over k with the pri-
mordial power spectrum as seen in Eq. (5.1.4) (summing over pgb2->w_trapz_k) to yield
DAB
l (z1, z2) which is stored in the pgb2->Dl array. In the same looping structure, although

outside of the innermost k-loop, the code will take this result, combine it with the window
function pair and integrate as seen in Eq. (5.1.5) (summing over pgb2->w_trapz[bin1] and
pgb2->w_trapz[bin2]) to yield the observable angular power spectrum CAB

l (z1, z2), stored in
the pgb2->Cl array. In practice this array is not needed for any further calculations, however
since the computation requires the loop over all indices anyway it makes sense to compute it
regardless (even if it can only be used for consistency checks with CLASS).

In the context of my Ph.D project, this is where the majority of my time was spent - running
consistency checks against the first order computations of CLASS . As such it is with due justice
that we use the remainder of this section to detail the numerical intricacies of how we treat
this part of the bispectrum computation. Although, the transfer functions, spherical-Bessel
functions and cosmological functions were imported, projecting these quantities onto our own
sampling grids and integrating using our own integration routine meant that our results did not
always match those of CLASS. We applied many checks to make sure we understood in which
scenarios our code could be trusted. This included plotting the interpolated Fourier transfer
functions against those found in CLASS; comparing the differentiated spherical Bessel functions
against the same results in python and Mathematica; plotting the D`(z1, z2) against the result
in CLASS as well as plotting this integrated over Gaussian window functions (i.e. C`(z1, z2)). We
display some of the key angular power spectra computations with Dirac window functions in
comparison with CLASS below in 5.3.

(a) (b)

Figure 5.3: Comparison between galbispectra (solid) and CLASS (dashed) results of Dδδ
` (red),

DV ′V ′
` (green) and Dκκ

` (purple) at z1 = z2 = 1.0. We plot the relative error in Fig. 5.4.

Fig. 5.3 illustrates the results of Dδδ
` (red), DV ′V ′

` (green) and Dκκ
` (purple) each computed

at z1 = z2 = 1.0. The solid lines represent the results of galbispectra whilst the dashed
lines are the results of CLASS. The results were computed with 2500 linear spaced k-points for
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the integration over a range of [kmin, kmax] = [7.04044 × 10−6, 0.65]. We also use 500 linear
spaced τ -points to integrate the lensing kernel. We show the relative error in Fig. 5.3(b). This
particular integrand is well behaved in comparison with integrands where z1 6= z2, maintaining
an error of less than ∼ 3% up to ` = 400. In fact, if we let ∆z12 = |z1 − z2|, then as ∆z12

increases, the results of our integrations become less reliable. We illustrate this in Fig. 5.4.

(a) (b)

Figure 5.4: Comparison between galbispectra (solid) and CLASS (dashed) results of Dδδ
` (red),

DV ′V ′
` (green) and Dκκ

` (purple) at z1 = 1, z2 = 1.05 in Fig. 5.4(a) (left) and z1 = 1.0, z2 = 1.1 in Fig.
5.4(b) (right).

Fig. 5.4 shows the level of disagreement between both galbispectra and CLASS in computing
various angular power spectra. The z1 = 1, z2 = 1.05 case shown in Fig. 5.4(a) has better
accuracy with respect to CLASS than the z1 = 1, z2 = 1.1 case shown in Fig. 5.4(b). The lensing
term remains in good agreement with CLASS across the three cases studied across Fig. 5.3 and
Fig. 5.4. This, we believe is a consequence of the smooth result after the lensing kernel is
integrated. The same cannot be said for the wildly oscillating ∆V ′

` which forms part of the
DV ′V ′
` integrand; it features a double derivative on the spherical Bessel function which can prove

difficult to integrate numerically.

It can be seen in both Fig. 5.4(a) and Fig. 5.4(b) that galbispectra has difficulty integrating
the density-density integrand

Iδδ(k, z1, z2) = 4πk−1P(k)T δ(k, z1)T δ(k, z2)j`(kχ̄1)j`(kχ̄2), (5.2.10)

where χ̄i = χ̄(zi). This problem is particularly evident for the high multipoles of the z1 = 1, z2 =
1.1 case. We increased kmax to check for better convergence. We also increased the precision
parameters but the problem persisted, and we still faced disagreement between the two codes.
To better understand this issue, we plot Iδδ(k, z1 = 1, z2 = 1) and Iδδ(k, z1 = 1, z2 = 1.1) in Fig.
5.5 and Fig. 5.6, the latter honing in on the larger scales.
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We also plot the accumulative integral of these integrands, that is integrating Iδδ` between our
kmin = 7.04044× 10−6 up to k ∈ [7.04044× 10−6,∼ 1.3] in Fig. 5.7. It is in this plot that one
can see how the result at k ∼ 0.65Mpc−1 is well converged for the z1 = z2 case, however perhaps
for the z1 = 1, z2 = 1.1 case it is safer to integrate up to k = 1.3Mpc−1. Looking closely at Fig.
5.6(b), we can see that deconstructive interference happens between the two out-of-phase Bessel
functions that form Iδδ. It appears that the code has difficulty in summing the integrand which
oscillates between positive and negative values. This is not the case for the z1 = z2 case and is
perhaps a key reason for the good agreement of the z1 = z2 cases with CLASS and the poorer
accuracy of the z1 6= z2 cases. We also experimented using log-spaced k-sampling, however, this
surprisingly fell short of the results ran with fixed-spaced k-points. Looking at the integrands
in Fig. 5.6, it appears that the peak of each Iδδ` moves along the x-axis to a greater k-value
if one increases `. This is expected as the spherical Bessel function peaks at k ∼ `/2π. This
would explain why log-sampling from the global k-range is perhaps not optimal since densely
sampled points around kmin will not describe the peaks of Iδδ`=400 for example. Instead, one
should perhaps use `-dependent k-sampling which would capture the key contributions of the
integrand as one integrates over a bespoke k-grid for a given multipole. This is not something
we had time to investigate.

Given the good agreement of galbispectra with CLASS for correlations close to each other in
redshift and poorer accuracy for increasing ∆z12, we choose to limit our enquiry to the former
and choose to integrate using a kmax = 0.65 with 2500 equally spaced k-points. We revisit this
issue in Section 7 where we discuss our results presented in Chapter 6.

We also spent time comparing the integrated (observed C`) results using Gaussian window
functions. After a long (and at times arduous) process we achieved good agreement with CLASS.
As mentioned previously, we do not specifically use C` in the computation of our bispectra,
however, the process of time-integration is very similar to that of the observed bispectrum b̃.
Hence we used comparisons of C`(z1, z2) with CLASS as a testing domain for our integrations
over conformal-time in the case of the bispectrum. We give a contour plot of DV ′V ′

`=125(τ(z1), τ(z2))
which is equivalently the time-integrand of CV ′V ′

`=125(τ(z1), τ(z2)) in Fig. 5.2.3. It is clear from
this plot that the most significant contributions to a 2-dimensional time integration over this
plane would come from the z1 = z2 diagonal line. As such, we spent some time trialling a polar
time-grid. Using two parameters: an angle θ and a radial parameter r, we defined a point
in the (τ1, τ2) plane. In this way we chose to densely sample the diagonal region in the hope
that we could intelligently sample the time-integrand of the C` computation with fewer points.
Unfortunately, this did not provide better results than our standard linear spaced τ -grid. The
plot serves as an insight into which points in the (z1, z2) plane have the greatest contributions
to a time integration. We will also revisit this in Section 7.
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(a)

(b)

Figure 5.5: Comparison between the density-density integrand (Eq. (5.2.10)) computed in
galbispectra for (z1 = z2 = 1.0) Fig. 5.5(a) and for (z1 = 1.0, z2 = 1.1) across a k-range of
k ∈ [7.04044× 10−6,∼ 1.3].

5.2.4 Angular bispectra

As mentioned previously, galbispectra can compute the theoretical reduced bispectrum b`1`2`3

or this quantity integrated over three window functions which we denote by b̃`1`2`3 . The
computation of these statistics in the literature are scarce (hence the motivation for pursuing
this task). Consequently, we lacked a reference code to compare our bispectra. Instead, given
the nature of many of our bispectra being proportional to the permuted some of angular power
spectra, we used the angular power spectrum consistency checks with CLASS (see Section 5.2.3)
for justification on the validity of our bispectrum computations. Nonetheless, we produce plots
in Section 6.1 that are comparable with the plots in [18] which serve as a consistency check at
the level of b`1`2`3 .

The bispectrum computed in our work is in essence a task of manipulating and integrating
angular power spectra. This is due to the separability of our second order terms. There are
two numerical benefits to this fact: we have fewer k-integrations; we have just two independent
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(a)

(b)

Figure 5.6: Comparison between the density-density integrand (Eq. (5.2.10)) computed in
galbispectra for (z1 = z2 = 1.0) ([top] Fig. 5.6(a)) and for (z1 = 1.0, z2 = 1.1) ([bottom] Fig.
5.6(b)) across a k-range of k ∈ [7.04044× 10−6, 0.2].

1-dimensional k-integrations for each angular power spectrum pair. Secondly, we can reduce the
3-dimensional time integration into a 2-dimensional integral. We demonstrate this schematically
below. If we take AB to denote the quadratic second order term, then our “observed” reduced
bispectra is given as

b̃ABCD`1`2`3 (z1, z2, z3) = F [`1, `2, `3]
∫
dz̃1dz̃2dz̃3

(
DAC
`2 (z̃1, z̃2)DBD

`3 (z̃1, z̃3) +DAD
`2 (z̃1, z̃2)DBC

`3 (z̃1, z̃3)
)

×W (z1, z̃1)W (z2, z̃2)W (z3, z̃3)

+ �, (5.2.11)

where F [`1, `2, `3] is a geometrical (i.e. dependent on multipole only) factor. Looking closely
at the angular power spectrum pairs, there is a single shared redshift dependence but also
two independent redshift arguments. Henceforth, we rewrite the above by separating the 3D
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(a)

(b)

Figure 5.7: The integral (Eq. (5.2.10)) between kmin = 7.04044 × 10−6 up to k ∈ [kmin,∼ 1.3]
computed in galbispectra for (z1 = z2 = 1.0) (top Fig. 5.7(a)) and for (z1 = 1.0, z2 = 1.0) (bottom
Fig. 5.7(b)).

integration into a 2× 2D integration

b̃ABCD`1`2`3 (z1, z2, z3) = F [`1, `2, `3]
∫
dz̃1

(
D̃AC
`2 (z̃1, z2)D̃BD

`3 (z̃1, z3) + D̃AD
`2 (z̃1, z2)D̃BC

`3 (z̃1, z3)
)

×W (z1, z̃1)

+ �, (5.2.12)

where

D̃AB
`i

(z̃j, zi) =
∫
dz̃iD

AB
`i

(z̃j, z̃i). (5.2.13)

Consequently, with respect to our 3-dimensional trapezoidal numerical integration which has a
computational runtime which scales as n3 where n is the number of points in the dimension we
integrate over, we reduce this instead to 2× n2 which is obviously preferable.

For the integrated bispectrum terms (int_Dlens_DPsi1 and int_nabla2_DPsi1_DPsi1) we
need to apply a slightly different treatment. These terms instead have a form
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(a)

Figure 5.8: A contour plot of DV ′V ′
`=125

(z1, z2), which is equivalently the time-integrand of the RSD-RSD observed angular power
spectrum C`=125(z1, z2). Brighter colours represent greater magnitude relative to the smaller
values of the darker background.

b̃ABCD`1`2`3 (z1, z2, z3) = F [`1, `2, `3]
∫
dz̃1dz̃2dz̃3

[ ∫ χ̄1

0
dχ̂F(χ̄1, χ̂)

(
DAC
`2 (ẑ, z̃2)DBD

`3 (ẑ, z̃3)

+DAD
`2 (ẑ, z̃2)DBC

`3 (ẑ, z̃3)
)]

×W (z1, z̃1)W (z2, z̃2)W (z3, z̃3)

+ �, (5.2.14)

where F(χ̄1, χ̂) is a function of the source’s comoving distance and the integrated comoving
distance. We choose to perform one of the line-of-sight integrations inside each of the angular
power spectra to reduce the overall dimensionality of the integration

b̃ABCD`1`2`3 (z1, z2, z3) = F [`1, `2, `3]
∫
dz̃1

[ ∫ χ̄1

0
dχ̂F(χ̄1, χ̂)

(
D̃AC
`2 (ẑ, z2)D̃BD

`3 (ẑ, z3)

+D̃AD
`2 (ẑ, z2)D̃BC

`3 (ẑ, z3)
)]

×W (z1, z̃1)

+ � . (5.2.15)

In summary, galbispectra takes as input the spherical Bessel functions, the transfer functions,
the cosmological background, the window functions and the primordial power spectrum which
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are pulled from the bessel, perturbations, background, transfer and primordial modules
respectively. The computation proceeds by first interpolating onto our own k and tau grids.
Next, the module computes and stores the first order Fourier space transfer functions as well as
the harmonic space angular transfer functions. Once this has been achieved, the angular transfer
functions are computed which are then used to evaluate either the theoretical reduced angular
bispectrum which skips the integration over three time dimensions or the full “observed” reduced
angular bispectrum. The computations of the galbispectra module are neatly summarised in
Fig. 5.2.

Our code is prioritised to give robust and accurate bispectrum results. At times this priority
conflicts with speed or usability. The code in its present state could be optimised, particularly
with regards to the integration method used. It is known that the FFTlog [98] formalism is an
efficient method to speed up angular power spectrum and potentially bispectrum computations.
Furthermore, artificial neural networks have also been proposed to speed up Einstein-Boltzmann
solvers [99].
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In this section we present the results of our galbispectra code. We first make comparisons
with the results of [18]. These are reduced bispectrum plots whereby two of the redshifts are
fixed at z1 = z2 = 1 and the third ranges over 0.8 < z3 < 1.2. The multipoles are all in an
equilateral configuration (`1 = `2 = `3). All of these plots are ran using the galbispectra
module inside of SONG except for the second order RSD term which we used BYSPECTRUM for.
These plots act as a consistency check against the current literature.

We then go beyond [18] and [20] by giving a list of “observed” bispectrum plots across the three
classes of second order terms, computed by integrating the theoretical reduced bispectrum over
three Gaussian window functions. Furthermore, we include Euclid-like galaxy and magnification
bias in our analysis and stretch the previous first order approximations of ∆(1) used in bispectrum
computations further by including the density, RSD and lensing convergence at linear order.

For the purposes of this chapter, we will first relist some of the equations from Section 3.3. The
following is a repeat of what is found there. We define the fluctuation in the observed number
count of galaxies Nobs, within a small redshift range and solid angle as

dNobs(n, z, > lnL)
dzdΩn

= N̄(z)
[
1 + ∆(n, z)

]
(6.0.1)

= N̄(z)
[
1 + ∆(1)(n, z) + ∆(2)(n, z)

]
, (6.0.2)
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where lnL is the natural logarithm of the luminosity function. We have ∆(n, z) which is the
galaxy number over-density. N̄ is the mean number count of galaxies per redshift bin per solid
angle

N̄(z) = a3(z)N̄ (a,> L̄)(z)χ̄2(z)
H(z) , (6.0.3)

which is used to define the magnification bias of a flux limited survey. Q is magnification bias; it
is given as the logarithmic slope of the background number density with respect to a threshold
luminosity L̄

Q(z, L̄) = −∂ ln[(1 + z)−3N̄ (z > L̄)]
∂ ln a = 5

2s(z), (6.0.4)

where s(z) is our bias parameter which evolves with redshift.

Assuming a local bias model and neglecting stochastic bias terms, we can write the galaxy
contrast as

δg = b1δ + 1
2b2δ

2 + bssijs
ij, (6.0.5)

where δ = δ(1) + δ(2) is the matter over-density in comoving gauge and the bias coefficients
are scale-independent [5]. b1 is the linear bias parameter b2 is the nonlinear clustering bias
parameter and bs is the tidal bias coefficient, where s̃2 = sijs

ij and the tidal field is given by

sij = 2
3Ωm(z)H2(z)∂i∂jΦ−

1
3δijδ. (6.0.6)

With our definitions of galaxy and magnification bias, we can generalise Σ(2) (3.3.74) to
incorporate the relevant parameters

Σ(2)
bias(n, z) =

(
b1δ

(2)
m + 1

2b2δ
(1)2
m + bss̃

2
)

+H−1∂2
χ̄v

(2) +H−2
[
(∂χ̄v)2 + ∂χ̄v∂

3
χ̄v
]

+H−1
[
∂χ̄v∂χ̄δg + ∂2

χ̄vδg

]
−2δgκ+ 5(δs)(1)κ+∇aδg∇aψ +H−1

[
− 2

(
1− 5

2s
)

(∂2
χ̄v)κ+∇a(∂2

χ̄v)∇aψ
]

−2
(

1− 5
2s
)
κ(2) + 2

(
1− 5s+ 25

4 s
2 − 5

2t
)
κ2 − 2

(
1− 5

2s
)
∇bκ∇aψ

−
(

1− 5
2s
)

1
2χ̄

∫ χ̄

0
dχ̃
χ̄− χ̃
χ̃

∆2

(
∇bΨ1∇bΨ1

)
− 2

(
1− 5

2s
)∫ χ̄

0

dχ̃

χ̃
∇aΨ1∇aκ,

(6.0.7)
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where

δs = ∂b1(z, L)
∂ lnL δm, (6.0.8)

however we set this to zero under the assumption that galaxy bias evolves slowly with luminosity.
We also include, for the sake of generality, the parameter t however we approximate this to zero
too. This is the second derivative of the number density with respect to luminosity. Equation
(3.3.83) is effectively Eq. (B.7) in [18].

6.1 The theoretical bispectrum

The plots in this subsection are designed to be directly comparable with figures 4, 5 & 6 in [18].
We compute the reduced galaxy angular bispectrum of the form given in Eq. (4.3.52), which we
rewrite here for completeness

b∆(2)∆(1)∆(1)

`1`2`3 (z1, z2, z3) = bδ0`1`2`3 + bδ1`1`2`3 + bδ2`1`2`3 + bv
(2)′

`1`2`3 + bv
′2

`1`2`3 + bvv
′′

`1`2`3 + bvδ
′

`1`2`3 + bv
′δ
`1`2`3

+bκ(2)

`1`2`3 + bκδ`1`2`3 + b∇δ∇ψ`1`2`3 + bv
′κ
`1`2`3 + b∇v

′∇φ
`1`2`3 + bκ

2

`1`2`3 + b∇κ∇ψ`1`2`3

+b
∫
∇κ∇Ψ1

`1`2`3 + b

∫
∆2(∇Ψ1∇Ψ1)

`1`2`3 .

(6.1.1)

Each of the explicit expressions of these terms can be found in Section 4.3.4. We list each of
the terms computed in this section alongside their label in galbispectra in Table 6.1. The
“Newt.”, “Newt. x Lens.” and “Lens.” terms are highlighted in red, green and blue respectively
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Label Symbol
dens_mono bδ0

dens_di bδ1

dens_quad bδ2

so_rsd bv
(2)′

vp_squared bv
′2

v_vpp bvv
′′

v_densp bvδ
′

vp_dens bv
′δ

lens_dens bκδ

vp_lens bv
′κ

Dvp_Dpsi b∇v
′∇φ

Ddelta_Dpsi b∇δ∇ψ

so_lens bκ
(2)

lens_squared bκ
2

Dlens_Dpsi b∇κ∇ψ

int_Dlens_DPsi1 b
∫
∇κ∇Ψ1

int_nabla2_DPsi1_DPsi1 b
∫

∆2(∇Ψ1∇Ψ1)

Table 6.1: Table of the three classes of terms we compute: Newtonian in red, Newtonian x Lensing
in Teal, Lensing in blue. Their code names are how they’re labelled in galbispectra .

All plots in Section 6.1 use the same approximations in [18]. Said approximations include
using the same dominant terms within sub-Hubble scales (i.e. those that scale ∝ k4

HΦ4), the
decomposition of the F2 Newtonian kernel to yield three separable terms (density monopole,
dipole and quadrupole), the same Dirac-window function, neglecting galaxy and magnification
bias and appromating ∆(1) ∼ δm. We illustrate the effect of these approximations on the
following parameters in the table on the left; cosmological parameters are shown in the table on
the right
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Parameter Value
b1(z) 1
b2(z) 0
bs(z) 0
δs 0
s 0
t 0
∆(1) δm

Parameter Value
h 0.67
TCMB 2.7255K
ωb 0.022
ωCDM 0.12
Ωk 0
kpivot 0.05Mpc−1

As 2.215× 10−19

ns 0.96
Neff 0

Table 6.2: Approximations made for the fiducial number counts model (left) and the values of
cosmological parameters (right). These are consistent with [18].

We first present the plots in [18] for the “Newtonian” bispectra terms (Fig. 6.1) before presenting
their equivalent bispectra computed using galbispectra (Fig. 6.2 & Fig. 6.3). We then show
the [18] plots for the “Newtonian x Lensing” bispectra terms in Fig. 6.4 which can be compared
to our computations of these terms in Fig. 6.5. This is followed by the pure lensing bispectra
terms of [18] given in Fig. 6.4 which are comparable with our results in Fig. 6.7.

We display connections between positive points with a solid line, connections between negative
points with a dashed line and if a value has a value either side with an opposite sign we represent
this point with a single dot in the following plots.
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Figure 6.1: The reduced bispectra of the “Newtonian” class of terms found in Fig. 4 of [18].
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(a) dens_mono (b) dens_di

(c) dens_quad (d) v_densp

(e) vp_dens (f) v_vpp

Figure 6.2: The reduced bispectra of the “Newtonian” class of terms (1/2).
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(a) vp_squared (b) so_rsd

Figure 6.3: The reduced bispectra of the “Newtonian” class of terms (2/2).

Figure 6.4: The reduced bispectra of the “Newt. x Lens.” class of terms found in Fig. 5 of [18].
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(a) lens_dens (b) vp_lens

(c) Ddelta_Dpsi (d) Dvp_Dpsi

Figure 6.5: The reduced bispectra of the “Newtonian x Lensing” class of terms.
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Figure 6.6: The reduced bispectra of the pure “Lensing” class of terms found in Fig. 6 of [18].
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(a) lens_squared (b) Dlens_Dpsi

(c) int_Dlens_DPsi1 (d) int_nabla2_DPsi1_DPsi1

(e) so_lens

Figure 6.7: The reduced bispectra of the “Lensing” class of terms.

In Fig. 6.2 and Fig. 6.3 we display the reduced bispectra of the “Newtonian” class of terms. All
of the plots in this figure except for those of the dens_di, dens_quad and so_rsd can be directly
compared with Fig. 4. in [18]. It appears that we have the same sign and order of magnitude
for each of these terms. The tails (z < 0.9 and z > 1.1) for the higher multipoles however do
not decay as rapidly as those seen in Fig. 4 of [18]. This is precisely the scope of solution
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space of galbispectra that we do not completely trust so we may have some convergence
issues here. As discussed in 5.2.3, the k-integrands of D`(zi, zj) where zi 6= zj are especially
hard to integrate at high multipoles. What is positive however is that in the regions that we
do trust: 0.95 < z < 1.05 for all multipoles and 0.8 < z < 1.2 for low multipoles, we see very
good agreement with [18]. The results of Fig. 6.3(b) were computed with BYSPECTRUM. The
values of bv′(2)

``` across the z oscillate between positive and negative values. What is key to note
is the absolute order of magnitude of this particular bispectrum. As z in the third argument of
bv
′(2)
``` (1, 1, z) moves away from z = 1, we see that its absolute order of magnitude is sustained
for all multipoles. In other words, it would appear from this plot that the second order RSD
term has the potential to dominate the equilateral bispectrum for redshift configurations with
(zi, zi, zj) where |zi − zj| > 0.

In Fig. 6.5 we plot our results for the reduced bispectra of the “Newtonian x Lensing” class
of terms. This figure is directly comparable with Fig. 5 in [18]. Again, we in general have
the same order of magnitude and sign as in [18], and similarly the tails of the high multipoles
remain flat for z > 1.05 which we believe is due to a convergence problem. These plots display
asymmetry about the z = 1.0 line which is due to the relative position of the lensing contribution
in redshift space with respect to the other redshifts. The position of a galaxy at redshift z3

relative to another two galaxies at a fixed redshift of z1 = z2 = 1 has implications on the lensing
contributions to the galaxy bispectrum in this arrangement; this is what we see in Fig. (6.5).

Fig. 6.7 illustrates our reduced bispectra results for the pure lensing terms and is directly
comparable with Fig. 5 in [18]. This figure displays almost perfect agreement with our
comparative reference. This is perhaps expected given by the accurate computations of Dκκ

`

seen in Section 5.2.3. The pure lensing bispecta is good evidence that galbispectra can
compute lensing-density cross spectra (e.g. Dδκ

` (z1, z2)) accurately. Each coloured multipole
line is smooth across the entire z-range. Interestingly at z1 = z2 = z3 = 1.0 we have (what
appears to be) a global minimum in the reduced equilateral bispectra of these terms. As we
move the third redshift z3 away from z3 = z1 = z2, we see an increase in the absolute magnitude
of the bispectrum. This would suggest that the bispectra of these pure lensing terms are
largest for larger separations in redshift. It would be insightful to see if this trend remains for
non-equilateral shapes or for z1 6= z2 6= z3 configurations. In addition to the plots found in [18]
we give Fig. 6.7(e) which illustrates the bispectrum of the Limber-approximated second order
lensing convergence.

Although we use the same mathematical expressions of the reduced bispectra, we have provided,
to a reasonable extent, an independent numerical confirmation of the equilateral (`1 = `2 = `3)
bispectrum results of [18].
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6.2 The observed bispectrum

In this section, we now go beyond our Section 6.1 computations by making adjustments
which provide a more realistic “observed” result. With this in mind, we make the following
improvements

• Incorporate a local galaxy bias model

• Include the effects of magnification bias

• Integrate the theoretical result over three Gaussian window functions

• Approximate ∆(1) = b1δ
(1)
m +H−1∂2

χ̄v
(1)− 2(1− 5s/2)κ(1) (as opposed to simply ∆(1) = δm)

The galaxy bias parameters are however dependent on redshift and are given for a Euclid-like
survey by a simple polynomial fit [100]

b1(z) = 0.9 + 0.4z, (6.2.1)

b2(z) = −0.704172− 0.207993z + 0.183023z2 − 0.00771288z3, (6.2.2)

bs(z) = −2
7(b1(z)− 1), (6.2.3)

where (6.2.3) is given with respect to the simplest local bias model in which it is assumed that
there is no tidal bias at the time of galaxy formation [5].

We take the values of the magnification bias parameter Q for a Euclid-like survey in Table 1 of
[101] and find a corresponding table for s(z) via (6.0.4). We apply the following fitting function
with the dependence on τ , conformal time.

s(τ) = 1.015× 10−7τ 2 − 0.003049τ + 23.35

(6.2.4)

We purposely choose the same bias model adopted by [20] to make legitimate comparisons
between our results. In realistic surveys, the redshift resolution is limited and thus we observe a
signal smoothed over some scale governed by the finite thickness of the redshift bins. For the
bispectrum we have one window function for each of its three redshift positions. Recall the
relationship between our “theoretical” reduced bispectrum and the reduced bispectrum of the
“observed” result (Eq. 4.3.165)
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b̃A
(2)∆(1)∆(1)

L1L2L3 (z1, z2, z3) =
∫
bA

(2)∆(1)∆(1)

L1L2L3 (z1, z2, z3)W (z1, z̃1)W (z2, z̃2)W (z3, z̃3), (6.2.5)

where A(2) is a placeholder for either an individual second order perturbation, the sum of a set
of terms or the second order galaxy number-overdensity, ∆(2), itself. Throughout this thesis, we
often drop the ∆(1) superscripts on bispectra. Equation 6.2.5 is what we compute in this section
using Gaussian window functions defined in Eq. (4.3.13). We plot b̃ against ` for different
redshift configurations and compare them against the less realistic assumptions made in the
previous section.

As in the previous section we use the cosmological parameters given in the right table of Fig.
6.2. We now make the distinction between the two types of models that we compute in the
plots of Section 6.2. We display the two models with two distinct line-styles

Parameter Fiducial Model Bias Model
b1(z) 1 Eq. (6.2.1)
b2(z) 0 Eq. (6.2.2)
bs(z) 0 Eq. (6.2.3)
δs 0 0
s 0 Eq. (6.2.4)
t 0 0
∆(1) δ(1)

m b1δ
(1)
m +H−1∂2

χ̄v
(1) − 2(1− 5s/2)κ(1)

Table 6.3

where the rows in the Fiducial Model column are the approximations of Section 6.1 and those
in [18]. Note that we use the same galaxy bias approximations used in [20]. In this reference
however, they only consider the Newtonian terms (without an integration over Gaussian window
functions) and approximate their ∆(1) = b1δ

(1)
m +H−1∂2

χ̄v
(1). Unfortunately, however, we lack

a key term in this analysis, the intrinsic second order RSD term, which will spoil some level
of accuracy. This was a result of the infeasible computation time required to integrate the
inseparable bv′(2) over three Gaussian window functions. We discuss this further in Section 7.
What is evident, however, is the significant impact on the magnitude of the bispectrum between
the two models we consider.

We compute the same multipoles as in Section 6.1: ` = {4, 54, 104, 154, 204, 254, 304, 354, 404}.
We post-process the data points of the 9 multipoles by applying a cubic spline in python. We
display the three classes of terms separately (figures 6.8(a)-6.8(e)) for z1 = z2 = z3 = 1.0 with a
redshift width of ∆z = 0.1 and then show their individual sums within each class as well as a
total sum for the two models in Fig. 6.9(a). We scale the y-axis by a `2 factor to enhance the
otherwise small magnitude of the high-` values.

138



Chapter 6. Numerical Results S. E. D. Lawrence

We plot b̃`1`2`3 for two different models (Table 6.3). The “Fiducial Model” encapsulates the
approximations used in Section 6.1 (and by definition [18] too). The “Bias Model” has the
following differences: incorporates Euclid-like galaxy and magnification bias and approximates
the linear galaxy number over-density to include all three of the density, RSD and lensing
convergence contributions. We expect this to yield a realistic estimate of the bispectra we
have computed within the equilateral limit at z1 = z2 = z3 for the terms we have computed.
Unfortunately, this excludes the intrinsic second order RSD term and for this reason our
evaluations are probably not realistic of the total angular galaxy bispectrum. We tried to use
BYSPECTRUM to provide us with bv(2)′

``` (z1, z2, z3) which we could integrate over the time dimensions
to evaluate b̃v(2)′

``` (z1, z2, z3). For the equilateral bispectrum this required a 4-layer (1 for the
multipole + 3 for time) nested loop including, due to the inseparability of the time dimensions,
a 3-dimensional time integration. We attempted this computation in the same way as all other
computations in this thesis (with an Acer 4-core laptop with intel CORE i5 processor) but after
evaluating the speed we quickly realised that it was infeasible with respect to the brute force
nested loop integration that we tried.

Fig. 6.8 illustrates each of the contributions of the Newtonian (Fig. 6.8(a) & Fig. 6.8(b)),
Newtonian x Lensing (Fig. 6.8(c) & Fig. 6.8(d)) and Lensing (Fig. 6.8(e) and Fig. 6.8(f)) terms
to b̃```(1, 1, 1) (left-side plots) b̃```(1, 1, 1.05) (right-side plots) for the bias model. In figures
6.8(a) and 6.8(b) we noticed an almost exact cancellation of two pairs of terms. The b̃vv′′``` cancels
with the b̃(v′)2

``` term and the b̃vδ′``` cancels with the b̃v′δ``` term. We ran this same computation for
b̃``2`(1, 1, 1) and b̃```(1, 1, 1.1) with the simplified Fiducial Model and found the same cancellation
pattern. We investigated by removing the transfer functions and power spectrum from the
bispectra expressions and running the integration over the same powers of k and form of Bessel
functions but couldn’t understand where the cancellation comes from. Naïvely one may highlight
the fact that the same number of derivatives on the spherical Bessel functions is present in
each term in each pair. For example b̃(v′)2

``` and the b̃vv′′``` each have a total of four derivatives
across four spherical Bessel functions in each permutation whilst b̃vδ′``` and b̃v

′δ
``` each have two.

We also lacked a physical explanation as to why this may be so. For the Bias Model in the
equilateral limit at (z1 = z2 = z3 = 1 or z1 = z2 = z3 = 1.05) that we considered in these plots,
it would appear that there are four terms that are significant. In order of their magnitude
(highest first) these are: bδ0, bκ(2) , bκ2 , bκδ. All other terms appear to be negligible in this limit.
In Fig. 6.9 we compare the Bias Model (solid lines) with the Fiducial Model (dashed lines).
In both plots, the Bias Model all three of the term classes have the same positive sign and
therefore sum to a larger total sum (black solid). In the fiducial case, the lensing terms (blue
dashed) have an opposite sign and somewhat cancel the effect of the Newtonian terms (red
dashed). This, we expect, is the effect of the magnification bias which changes the sign of the
bispectra. This is to be expected if we look at the coefficient of (1− 5s/2) in Σ(2)

bias(n, z) (Eq.
(3.3.83)). The Fiducial model sets s = 0. This isn’t exactly “unbiased” which would instead
set s = 2/5 - this approximation is used in the context of 21cm radio surveys (see Appendix C
of [18]). Nonetheless comparing this coefficient in the Fiducial model, which is unity, with the
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coefficient in the Bias model, which becomes negative for 5s/2 > 1, one can see the origin of
this sign change. Comparing Fig. 6.9(a) with Fig. 6.9(b) we see that the total sum lines (black)
and are almost identical. There are however noticeable changes to the Newtonian terms (red)
and pure lensing terms (blue) which are suppressed and magnified respectively in Fig. 6.9(b) vs.
Fig. 6.9(a). This appears to be a result of the increased redshift separation which enhances
the lensing effects. It would be interesting to see how this transpires for even larger redshift
separations. It is surprising that the total sum of the pure lensing terms (blue) has a greater
magnitude than the Newtonian x Lensing total sum (green) in both models. In the theoretical
bispectrum plots the Newtonian terms are largest, followed by the Newtonian x Lensing followed
by the pure lensing terms. Given the nature of these patterns it is however nontrivial trying to
predict a priori what one may expect when integrating the theoretical reduced bispectrum over
the three time dimensions with window functions.

Our window functions have a width of ∆z which means that we integrate over a range of
0.5 < z < 1.5. This means that we use D`(zi, zj) outside of our trusted degree of validity.
Fortunately, however, the tails of the combined three window functions should suppress these
correlation’s contribution to b̃```(1, 1, 1) or b̃```(1, 1, 1.05) and enhance the correlations that we
trust our code to compute accurately (i.e. those close to zi = zj).

Relative to the Fiducial Model, our Bias Model enhances the magnitude of the total angular
galaxy bispectrum (albeit omitting the s.o. RSD term) by a factor ∼ 6. In fact each of the
three classes of terms are magnified. It is not clear whether this is the result of the galaxy
bias, magnification bias or the inclusion of the extra terms at linear order. Nonetheless, in a
realistic galaxy survey we expect to observe a bispectrum closer to that of the Bias model which
perhaps has positive consequences on the signal to noise ratio. Further study would be required
to disentangle the effects of the galaxy bias, magnification bias and first order approximations
on the bispectrum. We didn’t include this analysis here due to time constraints and the lengthy
duration of computing a single curve in Fig. 6.9 - up to 10 hours for 9 multipoles, 2500 k-points
and 500 τ -points in each of the three time dimensions.
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(a) Newt. (Bias Model) (b) Newt. (Bias Model)

(c) Newt. x Lens. (Bias Model) (d) Newt. x Lens. (Bias Model)

(e) Lens. (Bias Model) (f) Lens. (Bias Model)

Figure 6.8: The reduced component of the observed angular bispectrum for the Bias Model sep-
arated into the Newtonian (Fig. 6.8(a)), Newtonian x Lensing (Fig. 6.8(c)) and Lensing (Fig.
6.8(e)) terms. The dashed lines represent the sum of the terms in each plot. We also nor-
malise with a `2 factor to enhance the bispectra of high-` values. We compute specifically for
` = {4, 54, 104, 154, 204, 254, 304, 354, 404} and then apply a cubic spline.
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(a)

(b)

Figure 6.9: The reduced part of the observed angular bispectrum for the sums of the three classes
of terms in the Fiducial Model (dashed) vs. the Bias Model (solid) given by Table 6.3. We compute
specifically for ` = {4, 54, 104, 154, 204, 254, 304, 354, 404} and then apply a cubic spline. The green,
blue and red dashed lines in 6.8(a)-6.8(e) are the solid green, blue and red in this figure. The total sum
of the classes of terms are given by the black solid line (Bias Model) and black dashed line (Fiducial). It
is clear that the inclusion of galaxy and magnification bias in addition to a more realistic approximation
of ∆(1) significantly affects the magnitude of the bispectrum. We also see an enhancement of the pure
lensing contribution (blue) and suppression of the Newtonian contribution (red) in Fig. 6.9(b).
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The next generation of galaxy surveys are set to bring forth a “new-era” in precision cosmology.
By observing the matter distribution of the Universe in 3-dimensions with never-before seen
depth and resolution, we have the potential to demystify if not solve current open problems in
cosmology. In practice, this data will not reap its true potential if we do not have theoretical
descriptions that can match the advances in experimental precision. This thesis, is one attempt to
help prepare for the oncoming observations of the Euclid, DESI and VRO missions. Specifically,
we use existing second order number count theory to develop a numerical code that can compute
and evaluate the angular bispectrum - the 3PCF in harmonic space. This is the most natural
coordinate basis for a total-sky analysis of incoming galactic photons.

The primary observable in galaxy surveys is the fluctuation in the number counts of galaxies.
This quantity is measured in terms of the line-of-sight vector n and the observed redshift z of
incoming photons. By taking correlations of this quantity, we can learn about the underlying
physical laws that predicate our Universe. Theoretically, we can expand this quantity in
perturbation theory, away from what we would expect in a perfectly homogeneous and isotropic
(background) universe, to increasing orders of accuracy. For the tree-level bispectrum we
perturb ∆(n, z) to second order and take correlations of the form

〈
∆(2)∆(1)∆(1)

〉
. Working in

harmonic space, we use the directly observable quantities of (n, z) and avoid any plane-parallel
approximations required in a Fourier space analysis and thus afford ourselves the ability to
describe wide-angle correlations across the observable Universe. Correlations that include lensing
are naturally accounted for in a spherical harmonic description. These terms have been typically
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neglected in previous theoretical considerations of galaxy number counts, in part due to their
small contribution to analyses at fixed redshifts and thin redshift bins. Such omission is arguably
invalid for the next wave of galaxy observations that will require the modelling of correlations
at different redshift positions. The angular galaxy bispectrum encompasses a description of
effects imprinted at the largest of scales. For example primordial non-Gaussianity, relativistic
light-cone effects and the discussed lensing contributions. Studying this form of the galaxy
bispectrum is well motivated considering the nature of the scale and depth of the upcoming
galaxy surveys and holds the potential to bring added information relative to its Fourier space
counterpart.

Second order number count theory has been developed by several groups [102, 15, 2, 17]. We
work with the number counts expressions given in [18], which condenses the full second order
expression found in [2] to a subset of terms which scale as ( kH)4[Φ(1)]2 i.e. terms which dominate
within the Hubble scale where k � H. We then transform this set of terms to harmonic
space, before taking correlations of their spherical harmonic coefficients to give expressions of
their reduced angular bispectra. Subsequently, we develop a code galbispectra that uses the
first order Boltzmann code CLASS and second order SONG to compute said reduced bispectra.
Our results were then presented in Chapter 6. Our results provide a numerical evaluation of
the “observed reduced bispectrum” using Gaussian window functions, Euclid-like galaxy and
magnification bias and an approximation that includes the density, RSD and lensing convergence
at linear order across the entire scope of dominant second order terms.

There is remaining discussion and explanation surrounding this process. Specifically, we use this
chapter to discuss the strengths and drawbacks of our method and implementation (Section 7.1),
we briefly summarise our results (the discussion of which can be found in Chapter 6) before
concluding the thesis with suggestions on future extensions to this work (Section 7.2).

7.1 Discussion

In Section 4.2.3 we defined the matter bispectrum. We also introduce the second order matter
fluctuation in Fourier space (4.2.21). This quantity is related to the product of two first order
density modes with the use of an analytical kernel. In this work, we use the Newtonian kernel.
This kernel is found through the Newtonian equations of motion. In general relativity, however,
the equations of motion differ from the Newtonian approximation and, in general, the Newtonian
F2 kernel used in this work ((4.2.22)) is not always fit for use. In any case, a more general,
relativistic analytical expression is available [83, 82]. The reason we did not use a relativistic
kernel is because, following the work of [18], the second order density fluctuation is expanded in
Legendre polynomials. Their solution is simpler than treating the relativistic version. It is also
presumably unnecessary in the regime we considered: terms that dominate within the Hubble
scale where the Newtonian kernel is a fair approximation. Nevertheless, the most accurate kernel
is one that avoids an analytical approximation altogether and evaluates this quantity via a full
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numerical computation. Fortunately, SONG does this. SONG computes the perturbation kernels by
solving the Einstein-Boltzmann system of coupled differential equations at second order in the
Poisson gauge. The relativistic species (photons and neutrinos) are evolved in full, and for the
massive species (baryons and cold dark matter) SONG employs a fluid approximation whereby
it retains only the density and velocity moments. In this way, relativistic effects are naturally
accounted for and so are the interactions they induce between between the various species [82].
Unfortunately, however, we bypassed any true second order computation of SONG . It was our
intention to eventually implement access to the numerical kernel that SONG provides, however,
our more immediate goal was to reproduce the results of [18], in which case the Newtonian
kernel is adequate. If we were to take the alternative, full numerical computational approach,
we would require a gauge transformation from Poisson gauge to comoving synchronous gauge as
this is the framework of our galaxy bias model.

There are two types of relativistic effects that are relevant to galaxy number counts. There
are the relativistic contributions to the second order kernels, as discussed above, and there are
relativistic projection effects. These are perturbations in ∆(2)(k, z) that are part of the more
general galaxy number over-density. The latter are terms classified to be of a parametric order
( kH)3[Φ(1)]2. We have neglected them in this work, although our original intention was to evaluate
the impact of the relativistic project effects on the galaxy bispectrum. We fell short of this task,
however, the galbispectra code is structured in such a way that if one can write the reduced
bispectra of a given relativistic effect in terms of angular power spectra pairs (as we have in
Section 4.3.4) then it is straightforward to implement the computation of this bispectra. Said
relativistic effects are said to be subdominant within the Hubble scale, however as we welcome
future surveys that will probe close to the Hubble scale, we may need to include their affect on
the galaxy bispectrum. This may be especially so if we wish to disentangle an evaluation of
primordial non-Gaussianity from the bispectrum that is contaminated with a signal of this type
[22, 23, 24, 13] (see Section 4.2.5).

Our code is designed to give robust and accurate bispectrum results. At times this priority
conflicts with speed or usability. Some work is yet to be done to make the code user-friendly,
however it is certainly usable in its present state. As mentioned, the code in its current form
could be optimised, particularly with regards to the integration method used. The FFTlog
formalism is a method that circumvents the troublesome numerical integration over spherical
Bessel functions. It has been shown to speed up angular power spectra computations in [103, 98].
It is suggested that this method could be applied to the bispectrum. This would be particularly
advantageous in the case of computing the contributions to the bispectrum from the non-
separable intrinsic second order RSD and lensing terms. Furthermore, artificial neural networks
have also been proposed to speed up Einstein-Boltzmann solvers [99] by predicting the form
of the angular transfer functions given a large training database of cosmological models. This
would be especially useful in MCMC analyses whereby a Boltzmann code is repeatedly used for
computations of observables.

As discussed in Section 5.2.3, we spent a long time testing our code against the first order
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computations of CLASS. We are confident in our results for D`(zi, zj) where zi ∼ zj and hence
we trust our bispectra results in this limit too. The accuracy of our computed bispectra for
∆zij = |zi − zj| & 0.1 is less certain. It would appear that for smaller multipoles ` < 120 we
can trust our results in this limit, however we try to keep to bispectra configurations where
the maximum distance between any two redshifts is ∆zij . 0.05. The lensing contributions
to the bispectrum however are known to dominate large redshift separations [18]. Our code
has proved to compute pure lensing correlations accurately (see the purple line in Fig. 5.3 and
5.4), however how this manifests for the cross-terms is non-trivial and would require further
investigation. We also haven’t tested galbispectra for multipoles ` > 404. For zi ∼ zj we
expect that the k-integrands are well behaved and galbispectra could handle these integrations
if one integrates up to a sufficiently high kmax with enough sampling points.

In hindsight, it would have perhaps been less time-consuming to borrow more from CLASS/SONG
in the galbispectra module. We knew early on in the project that we would need to reverse
the order of integrations for the power spectra (i.e. dz1dz2 ↔ dk) with respect to CLASS if we
wanted to eventually compute the reduced part of the observed bispectra b̃`1`2`3 (for more on
this see Section 5.1). This meant that the angular transfer functions found in CLASS , of the
form ∆`(k) which have already been integrated over time, could not be used directly. For this
reason we had to decompose this quantity, taking elements from preceding computations (e.g.
j` or TA(k, z)) which meant that we had to write code for the computations that were skipped.
Perhaps we could have extracted an array of ∆`(k, τ) for each τ for different number count
terms, however whether this is feasible given the structure of the CLASS code is another question.
There are of course new terms which enter ∆(2) that are not linear products of terms in ∆(1)

thus demanding an implementation for their respective angular transfer functions.

We have provided, to a reasonable extent, an independent numerical confirmation of the
equilateral (`1 = `2 = `3) bispectrum results of [18].

Section 6.1 provides the plots of our computed observed reduced bispectra, b̃`1`2`3(z1, z2, z3).
Other groups have computed this with top-hat window functions [18] and survey specific-
window functions [20] (for the Newtonian sub-class of terms we consider), however we instead
approximate the window function as Gaussian. This is a better approximation than a Dirac or
top-hat window function for a H − α survey specific window function but demands a greater
computational runtime than the simpler alternatives. We compute b̃`1`2`3(z1, z2, z3) for each of
the entire set of terms in Σ(2) (Eq. 3.3.74), except for the intrinsic second order RSD term.
We compare the results for two different models: a fiducial model which is used in [18] and
for a bias model which includes a scale-independent bias model, magnification bias, and linear
density, RSD and lensing convergence. The differences between the two models manifest as up
to ∼ 6 for the sum total of observable bispectra we calculate. This work serves as motivation
for others to consider these approximations carefully when considering the angular bispectrum.
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7.2 Future Work

We have mentioned throughout this thesis various areas where one could embark in a more
focused or elaborate extension of this research. There are plenty of areas to explore and in some
sense my doctorate finished very close to the point at which galbispectra was complete. This
prevented us from pursuing some of the following research avenues ourselves.

The original aim of my research project was to compute the impact of the relativistic effects
on the angular galaxy bispectrum. This was certainly the route we were taking throughout
the course of my doctorate. With this in mind, galbispectra is structured to allow one to,
once the infrastructure of the code is understood, easily implement these terms. The effect of
the relativistic projection effects is topical and it would be helpful to the cause if once could
numerically compute their impact on the angular bispectrum.

In the context of the tree-level bispectrum which requires second order perturbation theory,
intrinsic second order terms are necessary. Whilst approximations have been made in this
thesis to reduce the computational workload of numerically evaluating the bispectra of these
terms, at some stage these approximations should be relaxed. SONG has the foundations to
provide the second order relativistic kernels required for the intrinsic second order terms of the
bispectrum. Going forward, to calculate the observed signal of these terms, we will require a
3-dimensional time integration over the theoretical bispectrum. This will require an efficient
numerical technique that can make this computationally viable. The FFTlog method [103, 98]
may prove fruitful in this regard.

In this work, we have explored a limited number of bispectrum shapes and redshift configurations.
With more time we would have expanded our investigation. Different shapes are known to
enhance the effect of certain contributions to the bispectrum, this is something that would be
interesting to assess using galbispectra. Of course, adding new terms at first and second order
would bring our approximation of ∆(n, z) closer to what one would expect in reality. It would
be great to compare the effects of the terms we have disregarded in this work on the bispectrum.

I hope this thesis has in some way elucidated or at least highlighted some of the complexities
surrounding the computation of the all-sky galaxy bispectrum. This is a difficult task and one
that deserves careful attention given the reward on offer by the planned future galaxy surveys
and beyond. Thank you for reading.

–Samuel Edward David Lawrence
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Galaxy bispectrum in redshift space

A

We provide here a derivation of the redshift space galaxy bispectrum as given in (Eq. (4.2.32)) of
Section 4.2.4. We follow closely the work of [67] to arrive at this result. To start the derivation,
we first need to define how to translate points in real space to points in redshift space. Given
the peculiar velocity field v(r) we can define the line-of-sight component as

U(r) = v(r) · n̂ = v‖(r). (A.0.1)

In this section and throughout this thesis when “real-space” is used we take this to be synonymous
with position space or configuration space. We define r to be the 3-dimensional position of a
quantity in position space and s(r) is its corresponding coordinate in redshift space [104]

s(r) = r
[
1 + U(r)− U(0)

r

]
. (A.0.2)

Using the definition of the Jacobian

d3s = J(r)d3r, (A.0.3)

we have
J(r) =

∣∣∣∣d3s

d3r

∣∣∣∣ =
[
1 + ∆U(r)

r

]2(
1 + ∂U(r)

∂r

)
, (A.0.4)

where ∆U(r) ≡ U(r)− U(0). In the plane parallel approximation, the above Jacobian reduces
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to
J(r) '

(
1 + ∂U(r)

∂r

)
, (A.0.5)

⇒ d3s =
(

1 + ∂U(r)
∂r

)
d3r. (A.0.6)

Galaxy number count conservation must hold in both real and redshift space

ρr(r)d3r = ρs(s)d3s, (A.0.7)

where we define ρr(r) and ρs(s) as the real and redshift number-density fields respectively. Any
quantity with a subscript r refers to the quantity in real/position space whereas s is the same
quantity in redshift space. We also omit the conformal time dependence for almost all quantities
for the sake of brevity.

In this section we derive the galaxy number over-density in redshift space ∆s to third order,
however we later drop the third order contributions to find the tree-level bispectrum. The
galaxy number over-density in redshift space is given by 1 + ∆s ≡ ρs(s)n̄s(s) where n̄s(s) is the
mean number density in redshift space. We also have 1 + δr ≡ ρr(r)n̄r(r) where n̄r(r) is the
mean number density in real space. Rearranging the above we have

n̄r(r)
(

1 + δr(r)
)
d3r = n̄s(s)

(
1 + ∆s(s)

)
d3s = n̄s(s)

(
1 + ∆s(s)

)
Jd3r, (A.0.8)

which yields the following result (Eq. 2 in [67])

(
1 + ∆s(s)

)
n̄s(s) =

(
1 + δr(r)

)
J

n̄r(r) (A.0.9)

The redshift mean density n̄s(s) expanded is simply n̄r(r) plus negligible correction terms,

n̄s(s) ' n̄r(r) + ...+ . (A.0.10)

Substituting this into the previous equation reads

(
1 + ∆s(s)

)
n̄r(r) =

(
1 + δr(r)

)
J

n̄r(r) (A.0.11)

⇒
(

1 + ∆s(s)
)

=

(
1 + δr(r)

)
J

=

(
1 + δr(r)

)
1 + ∂U(r)

∂r

(A.0.12)

Now notice that we can make the following expansion

1
1 + x

' 1− x+ x2 − x3 + ... (A.0.13)

150



Appendix A. Galaxy bispectrum in redshift space S. E. D. Lawrence

in the above. Thus (A.0.11) can be recast, up to third order as

1 + ∆s(s) =
(

1 + δr(r)
)(

1− U ′ + (U ′)2 − (U ′)3 + ..
)

(A.0.14)

= 1− U ′ + (U ′)2 − (U ′)3 + δr(r)− δr(r)U ′ + δr(r)(U ′)2
���

���
�:

−δr(r)(U ′)3 (A.0.15)

where the last term is ignored because it is of order 4 (> 3). Here, primes denote ∂/∂r and we
have dropped the explicit dependence of U on r. To third order, the galaxy density in redshift
space reads (Eq. 4 [67])

∆s(s) = δr(r)− U ′ + (U ′)2 − δr(r)U ′ + δr(r)(U ′)2 − (U ′)3 ≡ F (r). (A.0.16)

At linear order, differences in the argument are redundant. However, if we Taylor expand to
third order, we have the following relations

F (r) =
∞∑
n=0

F (n)(s)
n! (r− s)n = F (s) + F ′(s)(r− s) + F ′′(s)(r− s)2

2 , (A.0.17)

F (r) = F (s)−∆U(s)F ′(s)
(

1− U ′(s)
)

+ 1
2∆U2(s)F ′′(s). (A.0.18)

Next we will write out separately F (s), F ′(s) and F ′′(s) to substitute into the above.

F (s) = δr − U ′ + (U ′)2 − δrU ′ + δr(U ′)2 − (U ′)3 (A.0.19)

where we have dropped the arguments for brevity, however, each function depends on the
redshift space coordinates s.

F ′(s) = δ′r − U ′′ + 2U ′U ′′ − δ′rU ′ − δrU ′′ + δ′r(U ′)2 + 2δrU ′U ′′����
���:−3(U ′)2U ′′ (A.0.20)

F ′′(s) = δ′′r − U ′′′ +���
��:2(U ′′)2 +�����:2U ′U ′′′ − δ′′rU ′ + δ′rU

′′ − δ′rU ′′ − δrU ′′′ +���
��:δ′rU

′U ′′ +����
�:2δ′′r (U ′)2

+����
�:2δ′rU ′U ′′ +����

�:2δr(U ′′)2 +����
��:2δrU ′U ′′′ (A.0.21)

Now if we substitute F (s), F ′(s) and F ′′(s) into F (r) A.0.18 we have
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F (r) = δr − U ′ + (U ′)2 − δrU ′ + δr(U ′)2 − (U ′)3 −∆Uδ′r + ∆UU ′′ − 2∆UU ′U ′′ + ∆UU ′δ′r
+ ∆UU ′′δr −����

���:∆U(U ′)2δ′r +����
���:2∆UU ′U ′′δr + ∆UU ′δ′r −∆UU ′U ′′ +����

���
�:

2∆U(U ′)2U ′′

−����
���:∆U(U ′)2δ′r −����

���:∆UU ′U ′′δr +����
���:∆U(U ′)3δ′r −����

���
��:

2∆U(U ′)2U ′′δr + 1
2(∆U)2δ′′r

− 1
2(∆U)2U ′′′ −����

���:1
2(∆U)2δ′′rU

′ −����
���:(∆U)2U ′′δr −����

���:(∆U)2U ′′′δr

= δr − U ′ + (U ′)2 − δrU ′ + δr(U ′)2 − (U ′)3 −∆Uδ′r
+ ∆UU ′′ − 3∆UU ′U ′′ + 2∆UU ′δ′r + ∆UU ′′δr

+ 1
2(∆U)2δ′′r −

1
2(∆U)2U ′′′

The final expression for the third order redshift space over-density, evaluated at a point in
redshift space x is

∆s(x) = δr − U ′ + (U ′)2 − δrU ′ + δr(U ′)2 − (U ′)3 −∆Uδ′r + ∆UU ′′ − 3∆UU ′U ′′ + 2∆UU ′δ′r

+ ∆UU ′′δr + 1
2(∆U)2δ′′r −

1
2(∆U)2U ′′

(A.0.22)
which is exactly Eq. 6 in [67].

We assume that the galaxy over-density is related to the mass over-density (δ ≡ δm) via a local
density field δg ≡ δn/n

δ(r)r =
∞∑
j=0

bj
j!δ

j
m = ��7b0 + b1δ + b2

2 δ
2 + b3

6 δ
3 + ...+ (A.0.23)

where δ is the linear matter over-density (contrast) and we neglect b0 in order to ensure 〈δr〉 = 0.
The real-space galaxy contrast up to third order and second derivative is

δr ' b1δ + b2

2 δ
2 + b3

6 δ
3, (A.0.24)

δ′r ' b1 + b2δδ
′ + b3

2 δ
2δ′, (A.0.25)

δ′′r ' b2(δ′)2 + b2δδ
′′ + b3δ(δ′)2 + b3

2 δ
2δ′′. (A.0.26)
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Substituting each of these into (A.0.22) yields the following result up to third order

∆s(x) =
(
b1δ + b2

2 δ
2 + b3

6 δ
3
)
− U ′ + (U ′)2 − (U ′)3 + ∆UU ′′ − 3∆UU ′U ′′

− 1
2(∆U)2U ′′′ −

(
b1U

′δ + b2

2 U
′δ2 +

�
�
�
�>b3

6 U
′δ3) +

(
b1(U ′)2δ +

��
�
��
�*b2

2 (U ′)2δ2 +
��

�
��
�*b3

6 (U ′)2δ3
)

−
(
b1∆UU ′′δ + b2

2 ∆UU ′′δ + b3

6 ∆UU ′′δ3
)

+
(
���

���
��:b2

2 (∆U)2(δ′)2 +
��

�
��

��*b2

2 (∆U)2δδ′′ +
���

���
��:b3

2 (∆U)2δ(δ′)2 +����
��

��:b3

4 (∆U)2δ2δ′′ + b1

2 (∆U)2δ′′
)
.

(A.0.27)

Separated into first, second and third order components, our redshift galaxy overdensity reads

∆s(x) =
[
b1δr − U ′

]
+
[
b2

2 δ
2
r + (U ′)2 − b1δrU

′ − b1δ
′
r∆U + ∆UU ′′

]
+
[
b3

6 δ
3
r −

b2

2 δ
2
rU
′ + b1δr(U ′)2 − (U ′)3 − b2∆Uδrδ′r − 3∆UU ′U ′′ + 2b1δr∆UU ′ + b1δr∆UU ′′

+ b1

2 δ
′′
r (∆U)2 − 1

2(∆U)2U ′′′
]
,

(A.0.28)
which is equivalently Eq. 8 in [67].

A.1 Transforming to Fourier space

To further the calculation of the redshift space bispectrum it is now necessary to transform our
∆s ≡ ∆δ + ∆RSD (redshift galaxy overdensity) to Fourier space. For simplicity we omit solving
for third order and solve both first and second order separately.

At first order we have

∆(1)
s (x) = b1δ(x)− U ′(x). (A.1.1)

We can write U(x) in terms of the velocity potential field V (x) using its definition (A.0.1) as
follows

U(x) ≡ ni∂iV (x) (A.1.2)

U ′(x) ≡ ninj∂i∂jV (x) (A.1.3)

where ni = n̂ = n/|n| is the line-of-sight unit vector. Fourier expanding (A.1.2) and (A.1.3), we
have

U(x) =
∫ d3k

(2π)3U(k)eikixi =
∫ d3k

(2π)3 ikin
iV (k)eikixi (A.1.4)
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then,
U ′(x) = ni∂iU(x) =

∫ d3k

(2π)3 ikin
iU(k)eikixi . (A.1.5)

Next we can substitute the following relation into the above

µ = k · r/k = kin
i/k

⇒ kin
i = µk

(A.1.6)

where k represents the magnitude of the wavevector k, giving

U ′(x) =
∫ d3k

(2π)3 iµkU(k)eikixi . (A.1.7)

From (A.1.6), we can write the velocity potential divergence Fourier mode as

U(k) = ikin
iV (k) = iµkV (k) = iµfδ(k)

k
(A.1.8)

where we have used the identity
V (k) = fδ(k)

k
(A.1.9)

to relate the peculiar velocity field to the underlying dark matter overdensity δ and f is known
as the linear growth factor, a function of time, which parameterises the growth of matter
perturbations at linear order

δ(1)(k, z) = D(z)δ(k), (A.1.10)

where
f = dlnD

dlna . (A.1.11)

Note that we assume there is no bias associated with the velocity. If we then substitute U(k)
into U ′(k) we have

U ′(x) =
∫ d3k

(2π)3 iµk
(
iµfδ(k)

k

)
eikix

i = −
∫ d3k

(2π)3µ
2fδ(k)eikixi . (A.1.12)

We can now formulate the redshifted galaxy number over-density ∆s(x) at linear order in Fourier
space

∆s(x) =
∫ d3k

(2π)3 ∆(k)eikixi = b1

∫ d3k

(2π)3 δ(k)eikixi − fµ2
∫ d3k

(2π)3 δ(k)eikixi , (A.1.13)

⇒ ∆(1)
s (k) = (b1 − µ2f)δ(k). (A.1.14)

Reading from (A.0.28), at second order we have
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∆(2)
s (x) =

[
b2

2 δ(x)2︸ ︷︷ ︸
A

+U ′(x)2︸ ︷︷ ︸
B

−b1δ(x)U ′(x)︸ ︷︷ ︸
C

−b1δ
′(x)∆U(x)︸ ︷︷ ︸

D

+ ∆U(x)U ′′(x)︸ ︷︷ ︸
E

]

+ b1δ
(2)(x)︸ ︷︷ ︸
F

+ fµ2U
′(2)(x)︸ ︷︷ ︸
G

(A.1.15)

The first term on the RHS, A, is straightforward to write in Fourier space

A(k) = b2

2
1

(2π)6

∫
d3k1d

3k2δD(k− k1 − k2)δ(k1)δ(k2) (A.1.16)

The F and G terms come from expanding our first order contributions and can be read directly
using the definition of the second-order matter density and velocity divergence kernels [78]

δ(2)(x) = 1
(2π)3

∫
d3k1d

3k2δD(k− k1 − k2)F2(k1,k2)δ(k1)δ(k2) (A.1.17)

where
F2(k1,k2) =

[5
7 + k1 · k2

2k1k2

(
k1

k2
+ k2

k1

)
+ 2

7
(k1 · k2

k1k2

)2]
. (A.1.18)

Similarly,

U ′(2)(x) = 1
(2π)3

∫
d3k1d

3k2δD(k− k1 − k2)G2(k1,k2)δ(k1)δ(k2) (A.1.19)

where
G2(k1,k2) =

[3
7 + k1 · k2

2k1k2

(
k1

k2
+ k2

k1

)
+ 4

7
(k1 · k2

k1k2

)2]
. (A.1.20)

The transforms of the C and D terms can be combined. We transform C as follows

C(x) = −b1δ(x)U ′(x) =
∫ d3k

(2π)3C(k)eik·x (A.1.21)

Then we can apply the reverse transform to give

C(k) =
∫
d3x

[(
− b1δ(x)

)(
U ′(x)

)]
e−ik·x

= i2
∫
d3x

[(
− b1

∫ d3k1

(2π)3 δ(k1)eik1·x
)(
f
∫ d3k2

(2π)3n
inj∂i∂j

δ(k2)
k2

2
eik2·x

)]
e−ik·x+ �

=
∫
d3x

[(
b1

∫ d3k1

(2π)3 δ(k1)eik1·x
)(
f
∫ d3k2

(2π)3
µ2

2k
2
2

k2
2
δ(k2)eik2·x

)]
e−ik·x+ �

= b1f

2

∫
d3x

∫ d3k1

(2π)3

∫ d3k2

(2π)3

(
µ2

1 + µ2
2

)
δ(k1)δ(k2)e−i(k−k1−k2)·x

= b1f

2

∫ d3k1

(2π)3d
3k2δD(k− k1 − k2)δ(k1)δ(k2)

(
µ2

1 + µ2
2

)
(A.1.22)

where � refers to the extra term that arises from symmetrising the wavevectors k1 ↔ k2, also
note the factor 1/2! that comes from this operation.
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We transform D using the same method

D(x) =
(
− b1δ

′

r(x)
)(
U(x)

)
=
∫ d3k

(2π)3D(k)eik·x (A.1.23)

⇒ D(k) =
∫
d3x

[(
− b1

∫ d3k1

(2π)3n
i∂iδ(k1)eik1·x

)( ∫ d3k2

(2π)3U(k2)eik2·x
)]
e−ik·x+ �

= i2
∫
d3x

[(
− b1

∫ d3k1

(2π)3µ1k1δ(k1)eik1·x
)(
f
∫ d3k2

(2π)3k
µ2k2

k2
2
δ(k2)eik2·x

)]
e−ik·x+ �

= b1f

2

∫
d3x

∫ d3k1

(2π)3

∫ d3k2

(2π)3kδ(k1)δ(k2)
{
µ1µ2

(
k1

k2
+ k2

k1

)}
e−i(k−k1−k2)·x

= b1f

2

∫ d3k2

(2π)3d
3k2δD(k− k1 − k2)δ(k1)δ(k2)

{
µ1µ2

(
k1

k2
+ k2

k1

)}
.

(A.1.24)
Then we can sum both C(k) and D(k) to yield

C(k) +D(k) = b1f

2

∫ d3k1

(2π)3d
3k2δD(k− k1 − k2)δ(k1)δ(k2)

{
µ2

1 + µ2
2 + µ1µ2

(
k1

k2
+ k2

k1

)}
.

(A.1.25)

Building on from this we can also sum B and E

B(x) =
[(
ninj∂i∂jV (x)

)(
ninj∂i∂jV (x)

)]
=
∫ d3k

(2π)3B(k)eik·x (A.1.26)

⇒ B(k) =
∫
d3x

[(
ninj∂i∂jV (x)

)(
ninj∂i∂jV (x)

)]
e−ik·x

=
∫
d3x

[( ∫ d3k1

(2π)3µ
2
1k

2
1V (k1)eik1·x

)( ∫ d3k2

(2π)3kµ
2
2k

2
2V (k2)eik2·x

)]
e−ik·x

= f 2
∫
d3x

∫ d3k1

(2π)3

∫ d3k2

(2π)3k
µ2

1µ
2
2k

2
1k

2
2

k2
1k

2
2

δ(k1)δ(k2)e−i(k−k1−k2)·x)

= f 2
∫ d3k1

(2π)3d
3k2δD(k− k1 − k2)δ(k1)δ(k2)

(
µ2

1µ
2
2

)
(A.1.27)

where we have symmetrised over the wavevectors, however, this operation is equivalent to
multiplying the quantity by 2/2!. Similarly,

E(x) =
[(
U(x)

)(
ninj∂i∂jU(x)

)]
=
∫ d3k

(2π)E(k)eik·x (A.1.28)
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⇒ E(k) =
∫
d3x

[(
ni∂iV (x)

)(
ninjnk∂i∂j∂kV (x)

)]
e−ik·x

= f 2
∫
d3x

[( ∫ d3k1

(2π)3
µ2

1k
2
1

k2
1
δ(k1)eik1·x

)( ∫ d3k2

(2π)3k
µ3

2k
3
2

k2
2
δ(k2)eik2·x

)]
e−ik·x+ �

= f 2

2

∫
d3x

∫ d3k1

(2π)3

∫ d3k2

(2π)3k
(
µ1k1µ

3
2k

3
2 + µ3

1k
3
1µ2k2

k2
1k

2
2

)
δ(k1)δ(k2)e−i(k−k1−k2)·x

= f 2

2

∫ d3k1

(2π)3d
3k2δD(k− k1 − k2)δ(k1)δ(k2)

{
µ1µ2

(
µ1
k1

k2
+ µ2

k2

k1

)}
(A.1.29)

Thus,

⇒ B(k) + E(k) = f 2
∫ d3k1

(2π)3d
3k2δD(k− k1 − k2)δ(k1)δ(k2)

{
µ2

1µ
2
2 + µ1µ2

2

(
µ1
k1

k2
+ µ2

k2

k1

)}
(A.1.30)

After substituting and rearranging, our second order redshift galaxy-overdensity reads

∆(2)
s (k) = 1

(2π)3

∫
d3k1d

3k2δD(k− k1 − k2)
b1

[5
7 + k1 · k2

2k1k2

(
k1

k2
+ k2

k1

)
+ 2

7
(k1 · k2

k1k2

)2]
+ b2

2

+ fµ2
[3
7 + k1 · k2

2k1k2

(
k1

k2
+ k2

k1

)
+ 4

7
(k1 · k2

k1k2

)2]
+ b1f

2

[
µ2

1 + µ2
2 + µ1µ2

(
k1

k2
+ k2

k1

)]

+ f 2
[
µ2

1µ
2
2 + µ1µ2

2

(
µ2

1
k1

k2
+ µ2

2
k2

k1

)]δ(k1)δ(k2)

(A.1.31)
This is eq. 12 [67].

A.2 Taking the expectation

The galaxy bispectrum is the 3-point function in Fourier space, defined as

〈∆s(k1)∆s(k2)∆s(k3)〉 = (2π)3δD(k− k1 − k2)B∆
s (k1,k2,k3) (A.2.1)

Expanding ∆ to second order and taking only tree-level contributions we have

〈(
∆(1)
s (k1) + ∆(2)

s (k1)
)(

∆(1)
s (k2) + ∆(2)

s (k2)
)(

∆(1)
s (k3) + ∆(2)

s (k3)
)〉

=
〈
∆(1)
s (k1)∆(1)

s (k2)∆(2)
s (k3)

〉
+ � (A.2.2)

Here, we have assumed that the ∆(1) is Gaussian which mean that all odd n-point functions
vanish. We now rewrite the first and second order redshift density fields as follows

∆(1)
s (k) = Z1(k)δ(k), (A.2.3)
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where
Z1(k) = (b1 − µ2f). (A.2.4)

∆(2)
s (k) =

∫ d3k2

(2π)3d
3k2δD(k− k1 − k2)Z2(k1,k2)δ(k1)δ(k2), (A.2.5)

where

Z2(k1,k2) =b1F2(k1,k2) + b2

2 + fµ2G2(k1,k2)

+ b1f

2

[
µ2

1 + µ2
2 + µ1µ2

(
k1

k2
+ k2

k1

)]
+ f 2

[
µ2

1µ
2
2 + µ1µ2

2

(
µ2

1
k1

k2
+ µ2

2
k2

k1

)]
.

(A.2.6)

Now looking at the leading order contribution to the bispectrum

〈
∆(2)
s (k′′)∆(1)

s (k′)∆(1)
s (k)

〉
+ � =

∫ d3k1

(2π)3d
3k2δD(k′′ − k1 − k2)Z1(k)Z1(k′)Z2(k1,k2)

× 〈δ(k)δ(k′)δ(k1)δ(k2)〉+ �
(A.2.7)

We can decompose the correlation function on the RHS by applying Wick’s theorem

〈δ(k)δ(k′)δ(k1)δ(k2)〉 = 〈δ(k)δ(k′)〉 〈δ(k1)δ(k2)〉

+ 〈δ(k)δ(k1)〉 〈δ(k′)δ(k2)〉

+ 〈δ(k)δ(k2)〉 〈δ(k′)δ(k1)〉

= (2π)6P δ(k)P δ(k1)δD(k + k′)δD(k1 + k2)

+(2π)6P δ(k)P δ(k′)δD(k + k1)δD(k′ + k2)

+(2π)6P δ(k)P δ(k′)δD(k′ + k1)δD(k + k2). (A.2.8)

Substituting this into our leading order contribution to the bispectrum (A.2.7) reads〈
∆(2)
s (k)∆(1)

s (k′)∆(1)
s (k′′)

〉
= (2π)3

∫
d3k1d

3k2δD(k′′ − k1 − k2)Z1(k)Z1(k′)Z2(k1,k2)×

× P δ(k)P δ(k′)
(
δD(k′ + k1)δD(k + k2) + δD(k + k1)δD(k′ + k2)

)
(A.2.9)

After we integrate over k1 and k2 we are left with the following expression

〈
∆(2)
s (k)∆(1)

s (k′)∆(1)
s (k′′)

〉
= (2π)3δD(k + k′ + k′′)

(
2P δ(k)P δ(k′)Z1(k)Z1(k′)Z2(k,k′)+ �

)
(A.2.10)

Finally, after applying the definition of the bispectrum, we are left with the tree-level redshift
galaxy bispectrum

B∆
s (k1,k2,k3) = 2P δ(k1)P δ(k2)Z1(k1)Z1(k2)Z2(k1,k2)+ � . (A.2.11)
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The tree-level reduced galaxy bispectrum can then be written as

Qg
s(k1,k2,k3) = Bg

s (k1,k2,k3)
Ps(k1)Ps(k2) + Ps(k1)Ps(k3) + Ps(k2)Ps(k3) . (A.2.12)
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B

Here we revisit the calculation of bispectra for the separable bispectra, that is using second
order terms that are quadratic in two linear fields. We use four schematic fields A, B, C and D
without any cosmological prefactors (e.g. H−1). Obviously such prefactors need to be included
if one wishes to apply this framework to the physical fields. Let us first expand our fields
A(1)B(1)(χ̄,x), C(1)(χ̄,x) and D(1)(χ̄,x) in harmonic space

A(1)B(1)(χ̄1,x1) =
∫ d3k1

(2π)3

∫ d3k2

(2π)3A
(1)(χ̄1,k1)B(1)(χ̄1,k2)eik1·nχ̄1eik2·n1χ̄1

= (4π)2
∫ d3k1

(2π)3

∫ d3k2

(2π)3A
(1)(χ̄1,k1)B(1)(χ̄1,k2)∑

il1+l2Yl1(−m1)(−n̂)Yl2(−m2)(−n̂)Y ∗l1(−m1)(−k̂1)Y ∗l2(−m2)(−k̂2)

× jl1(k1χ̄1)jl2(k2χ̄1) (B.0.1)

C(1)(χ̄2,x2) = 4π
∫ d3k3

(2π)3C
(1)(χ̄2,k3)

∑
il3Yl3m3(n̂2)Y ∗l3m3(k̂3)jl3l3(k3χ̄2) (B.0.2)

D(1)(χ̄3,x3) = 4π
∫ d4k4

(2π)3D
(1)(χ̄3,k4)

∑
il4Yl4m4(n̂3)Y ∗l4m4(k̂4)jl4l4(k4χ̄3), (B.0.3)

where we use the relation

Yl1m1(n̂)Yl2m2(n̂)Y ∗l1m1(k̂1)Y ∗l2m2(k̂2) = Y ∗l1m1(−n̂)Y ∗l2m2(−n̂)Yl1m1(−k̂1)Yl2m2(−k̂2)

= Yl1(−m1)(−n̂)Yl2(−m2)(−n̂)Y ∗l1(−m1)(−k̂1)Y ∗l2(−m2)(−k̂2)

(B.0.4)
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The angular bispectrum is given as follows

BM1M2M3
L1,L2,L3 (z1, z2, z3) =

∫
dn̂1dn̂2dn̂3

〈
A(1)B(1)(χ̄1,x1)C(1)(χ̄2,x2)D(1)(χ̄3,x3)

〉
×Y ∗L1M1(n̂1)Y ∗L2M2(n̂2)Y ∗L3M3(n̂3). (B.0.5)

Substituting our harmonic space expressions for each of the fields, we have

BM1M2M3
L1,L2,L3 (z1, z2, z3) = (4π)4

(2π)12

∫
d3k1−4T

A(χ̄1, k1)TB(χ̄1, k2)TC(χ̄2, k3)TD(χ̄3, k4)

×〈R(k1)R(k2)R(k3)R(k4)〉
∑

il1+l2+l3+l4 (B.0.6)

× Y ∗l1(−m1)(−k̂1)Y ∗l2(−m2)(−k̂2)Y ∗l3m3(k̂3)Y ∗l4m4(k̂4)

×
( ∫

dn̂1Yl1(−m1)(−n̂1)Y ∗L1M1(n̂1)
)

×
( ∫

dn̂2Yl3m3(n̂2)Y ∗L2M2(n̂2)
)

︸ ︷︷ ︸
δl3L2δm3M2

×
( ∫

dn̂3Yl4m4(n̂3)Y ∗L3M3(n̂3)
)

︸ ︷︷ ︸
δl4L3δm4M3

Yl2(−m2)(−n̂1)

×jl1(k1χ̄1)jl2(k2χ̄1)jl3(k3χ̄2)jl4(k4χ̄3), (B.0.7)

where A(1)(χ̄1, k1) = TA(χ̄1, k1)R(k1) and R(k1) is the initial curvature perturbation (and
likewise for the other fields). We can expand the 4-point correlator of the initial curvature
perturbation using Wick’s theorem to give

〈R(k1)R(k2)R(k3)R(k4)〉 = (2π2)2(2π)6
( P(k1)

k3
1

δD(k1 − k2)P(k3)
k3

3
δD(k3 − k4)

+ P(k1)
k3

1
δD(k1 − k3)P(k2)

k3
2

δD(k2 − k4)

+ P(k1)
k3

1
δD(k1 − k4)P(k2)

k3
2

δD(k2 − k3)
)
,(B.0.8)

where we have applied the relation 〈R(k1)R(k2)〉 = (2π)3δD(k1 − k2)P(k1)/k3
1, to yield the

primordial power spectrum P(k). Substituting (4.3.104) into (B.0.6) and changing indices to
satisfy the Kronecker-delta symbols we have

BM1M2M3
L1,L2,L3 (z1, z2, z3) = (4π)4

(2π)12 (2π2)2(2π)6
∫
d3k1−4T

A(χ̄1, k1)TB(χ̄1, k2)TC(χ̄2, k3)TD(χ̄3, k4)

×P(k1)
k3

1

P(k2)
k3

2
δD(k1 − k3)δD(k2 − k4)

×
∑

il1+l2+L2+L3Y ∗l1(−m1)(−k̂1)Y ∗l2(−m2)(−k̂2)Y ∗l3m3(k̂3)Y ∗l4m4(k̂4)

×
( ∫

dn̂1Yl1(−m1)(−n̂1)Y ∗L1M1(n̂1)
)
Yl2(−m2)(−n̂1)

×jl1(k1χ̄1)jl2(k2χ̄1)jL2(k3χ̄2)jL3(k4χ̄3) + k3 ↔ k4+ � (B.0.9)
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integrating over k3 and k4, (k3 → k1), (k4 → k2) and applying the spherical harmonic relationship

Y ∗lm(−k̂)Ylm(−n̂) = (−1)lY ∗lm(k̂)(−1)lYlm(n̂)

= Y ∗lm(k̂)Ylm(n̂)

= (−1)mYl(−m)(k̂)(−1)mY ∗l(−m)(n̂)

= Yl(−m)(k̂)Y ∗l(−m)(n̂), (B.0.10)

Eq. (B.0.9) becomes

BM1M2M3
L1,L2,L3 (z1, z2, z3) = (4π)4

(2π)12 (2π2)2(2π)6
∫ dk1

k1

dk2

k2
TA(χ̄1, k1)TB(χ̄1, k2)

×TC(χ̄2, k1)TD(χ̄3, k2)P(k1)P(k2)
∑

il1+l2+L2+L3

×
( ∫

dk̂1Yl1m1(k̂1)Y ∗L2M2(k̂1)
)

×
( ∫

dk̂2Yl2m2(k̂2)Y ∗L3M3(k̂2)
)

×
( ∫

dn̂1Y
∗
l1m1(n̂1)Y ∗L1M1(n̂1)Y ∗l2m2(n̂1)

)
×jl1(k1χ̄1)jl2(k2χ̄1)jL2(k3χ̄2)jL3(k4χ̄3) + L2 ↔ L3+ � (B.0.11)

By integrating over k̂1 and k̂2 and consequently fixing l2 → L3, m2 →M3, l1 → L2,m1 →M2

due to the Kronecker-deltas, we arrive at

BM1M2M3
L1,L2,L3 (z1, z2, z3) = (4π)4

(2π)12 (2π2)2(2π)6
∫ dk1

k1

dk2

k2
TA(χ̄1, k1)TB(χ̄1, k2)

×TC(χ̄2, k3)TD(χ̄3, k4)P(k1)P(k2)

×
∑

i2L2+2L3

( ∫
dn̂1Y

∗
L1M1(n̂1)Y ∗L2M2(n̂1)Y ∗L3M3(n̂1)

)
×jL2(k1χ̄1)jL3(k2χ̄1)jL2(k3χ̄2)jL3(k4χ̄3) + L2 ↔3 + � (B.0.12)

If we now define the reduced bispectrum, bL1L2L3 , the cosmology-dependent part of the bispecturm
as

BM1M2M3
L1L2L3 (z1, z2, z3) = GM1M2M3

L1L2L3 bL1L2L3(z1, z2, z3), (B.0.13)

and notice that the Gaunt integral is equivalently

GM1M2M3
L1L2L3 =

∫
dn̂1Y

∗
L1M1(n̂1)Y ∗L2M2(n̂1)Y ∗L3M3(n̂1), (B.0.14)

we can sub (B.0.14) into (B.0.12) to write the observed (integrated over window functions)
reduced bispectrum for this particular separable case

〈
A(1)B(1)C(1)D(1)

〉
as

bL1L2L3(z1, z2, z3) =
(

4π
∫ dk1

k1
P(k1)TA(χ̄1, k1)TC(χ̄2, k1)jL2(k1χ̄1)jL2(k1χ̄2)

)
×
(

4π
∫ dk2

k2
P(k2)TB(χ̄1, k2)TD(χ̄3, k2)jL3(k2χ̄1)jL3(k2χ̄3)

)
+ L2 ↔ L3+ �

(B.0.15)
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which is equivalently the permuted sum of the product of two angular power spectra integrated
over the window functions

bABCDL1L2L3(z1, z2, z3) = DAC
L2 (z1, z2)DBD

L3 (z1, z3) +DAC
L3 (z1, z3)DBD

L2 (z1, z2)

+DAC
L2 (z3, z2)DBD

L1 (z3, z1) +DAC
L1 (z3, z1)DBD

L2 (z3, z2)

+DAC
L2 (z2, z3)DBD

L3 (z1, z2) +DAC
L2 (z1, z2)DBD

L3 (z1, z2). (B.0.16)

Note that this method is only valid for spin-0 quantities whereby no spin raising or lowering
operators are required. This is not the case for terms which feature the operation of ∇ in a
term such as ∇κ∇ψ.
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C

We provide a brief ‘User’s Guide’ which should give a new user enough understanding to run
basic bispectrum computations using galbispectra . We plan to release the code publically,
this will be found at https://github.com/sedlawrence/galbispectra/.

Both SONG and CLASS are executed within the terminal by passing an input file ending in .ini
and a precision file that ends in .pre. Alternatively, if these files are omitted from the execution,
the code will run with default input settings. This is how the user interacts with the code and for
most use cases this is all that’s necessary. If the user wishes to compute the effects of a specific
cosmological model that cannot be described by any combination of parameters definable using
the .ini, or as was the case for us, if the user wishes to compute a new observable that cannot
be requested using the .ini, then one must modify the source code itself. Aside from the input
files, our modified version of SONG has either added or edited the following list of files relative
to SONG version 1.0-beta3:

• galbispectra2.c

• galbispectra2.h

• song.c

• input2.c

• input2.h
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We have also installed the WIGXJPF library [105] into SONG for fast and efficient calculation of
the Wigner symbols. As mentioned previously, the work of [20] calculate the angular galaxy
bispectrum numerically using a code entitled BYSPECTRUM1; this is an adapted version of CLASS
to suit calculations of bispectra.

We name our module galbispectra which has two main files associated with it: galbispectra2.c
and galbispectra2.h, both of which are written in the C programming language (consistent
with CLASS and SONG). The first of the two files, is the primary script and contains the func-
tion galaxybispectra2_init() which is called in the same way as all other modules via the
central script of SONG - song.c. The second file, galbispectra2.h is the include file for the
galbispectra module and is responsible for declaring all variables and arrays associated with
the galbispectra2 structure. Any object declared in the galbispectra2.h file can be called
either within galaxybispectra2_init() or elsewhere in SONG after it is allocated and filled
using the “pgb2->” pointer prefix. The number “2” in the file names are there to denote the
second order nature of the modules and said modules are found inside the source sub-folder of
SONG; they are named in this way to distinguish it from the first order copies of the files found
in the source sub-folder of CLASS.

The galbispectra module is capable of outputting either bA∆∆
`1`2`3 or b̃A∆∆

`1`2`3 where A here is any of
our 16 second order terms listed in Section 4.3.4. The “theoretical” reduced bispectrum, that is
the bispectrum devoid of any line-of-sight integration over window functions, can be requested in
the .ini file. If this computation is requested, each A will be printed into its own unique output
file sequentially as each term is computed. The data is not stored in an array due to the demand
on memory - this array could potentially have at least n×n×n where n ≡ tau_size_selection
time points where n is typically of the order n ∼ 500, hence we choose to print this data as it is
computed. Alternatively, if the user requests the “observed” reduced bispectrum, b̃A∆∆

`1`2`3 , the
code will store this integrated result in the pgb2->obs_redbi array. In the final stages of the
script, the code will output a single file which runs over the requested multipoles and outputs
the equilateral bispectrum relative to the requested redshift bins. Within this file, each A is
printed into separate columns with the rightmost column printing the sum total of the terms
across each row. The code can handle other bispectrum shapes, the infrastructure is there,
however, at the present time of writing this feature cannot be requested via the .ini file and
one has to manually edit the script and set pgb2->equilateral_bisp_flag = −1.

C.1 Trapezoidal integration

The numerical integration method used throughout the galbispectra module is “trapezoidal”
integration. This is known by different names across the literature. For the sake of completeness,
we define it here.

The integral of an integrand f(x) can be approximated by summing over individual trapezoids
1https://https://gitlab.com/montanari/byspectrum.
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that fit between the curve and the x-axis and counting their total area. When grid spacing is
non-uniform

∫ a

b
f(x)dx ≈

N∑
i=1

f(xi−1) + f(xi)
2 ∆xi, (C.1.1)

with

∆xi = xi − xi−1. (C.1.2)

However, for a region discretised into N equally spaced strips, Eq. C.1.1 can be simplified. Let

∆xi = ∆x = b− a
N

, (C.1.3)

then the integral can be approximated as

∫ b

a
f(x)dx ≈ ∆x

2

N∑
i=1

(f(xi−1) + f(xi))

= ∆x
2

(
f(x0) + 2f(x1) + +2f(x2) + · · ·+ 2f(xN−1) + f(xN)

)

= ∆x
(
N−1∑
i=1

f(xi) + f(xN) + f(x0)
2

)
. (C.1.4)

In fact, the form that is most akin to what is done in the code is

∫ b

a
f(x)dx ≈

N∑
i=0

f(xi)∆x̂i, (C.1.5)

where

∆x̂i =


b−a
N

; if i 6= 0 and i 6= N

b−a
2N ; i = 0 or i = N.

(C.1.6)

The “weights”, ∆x̂i, are exactly what is stored in the w_trapz arrays. Crucially, if we increase
the number of points, N , in our x-grid we achieve a more accurate approximation since

lim
N→∞

(
N∑
i=0

f(xi)∆x̂i
)

=
∫ b

a
f(x)dx. (C.1.7)
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C.2 List of Arrays in galbispectra

Object Array Dimension Size (product)
k k_bessel 1 k_size_bessel
τ tau_sampling_cls 1 tau_size_cls
iτ tau_sampling_selection 2 ppt->selection_num

tau_size_selection
jτ tau_sampling_bessel 2 tau_size_cls

bessel_boost*(tau_size_cls+1)
l ptr->l 1 ptr->l_size

W i(τ) selection 2 ppt->selection_num
tau_size_selection

b1(z) g_bias1 1 tau_size_cls
b2(z) g_bias2 1 tau_size_cls
bs(z) g_biass 1 tau_size_cls

b1(z) + 21
34b2(z) monopole_bias 2 ppt->selection_num

tau_size_selection
b1(z) dipole_bias 2 ppt->selection_num

tau_size_selection
b1(z) + 7

2bs(z) quadrupole_bias 2 ppt->selection_num
tau_size_selection

s(z) s_cls 1 tau_size_cls
is(z) s 2 ppt->selection_num

tau_size_selection
TA(k, τ) first_order_sources 3 source_size

tau_size_cls
k_size_bessel

A∆l(k, τ) first_order_sources_integ 4 type_size
ptr->l_size
tau_size_cls
k_size_bessel

ijDAB
l (τ1, τ2) Dl 7 type_size

type_size
ptr->l_size

ppt->selection_num
ppt->selection_num

tau_size_cls
tau_size_cls
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nDδδ
``′(τ1, τ2) densdens_nDl1l2 7 ppt->selection_num

ppt->selection_num
n_size

l_dual_size
ptr->l_size

tau_size_selection
tau_size_selection

CAB
l (zi, zj) Cl 5 type_size

type_size
ptr->l_size

ppt->selection_num
ppt->selection_num

b̃ABC`1`2`3(z1, z2, z3) obs_redbi 7 bisp_type_size
index_l_first_size
index_l_second_size
index_l_third_size
ppt->selection_num
ppt->selection_num
ppt->selection_num

We have omitted the “pgb2->” prefix from the relevant arrays.
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