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A B S T R A C T   

A theoretical framework, based on extant experimental findings, is presented to devise a novel viscous dissi-
pation function Wv in order to model the rate-dependent mechanical behaviour of the aortic heart valve. The 
experimental data encompasses Cauchy stress-stretch (σ − λ) curves obtained across a 10,000-fold range of 
stretch rates (λ̇), from quasi-static (λ̇ = 0.001 s− 1) to upper-range of physiological (λ̇ = 12.4 s− 1) deformation 
rates. The analysis of the data elicits two important trends: (i) the mechanical behaviour of the aortic valve across 
the tested rates is rate-dependent, with specimens becoming stiffer by increasing rate; and (ii) there appears to be 
a plateau in the rate-effects on the σ − λ curves; i.e. the rate-effects approach an asymptote with increase in the 
stretch rate λ̇. Guided by these empirical observations, we devise our new Wv function and demonstrate that the 
well-known form of the dissipation function commonly used in the literature is a special case of our proposed Wv. 
The ensuing model is then compared against the experimental σ − λ curves and is shown to provide favourable 
predictions. An important advantage of the employed modelling framework is that it allows the incorporation of 
the rate of deformation, which is a direct experimental control parameter, as an explicit modelling variable. The 
application of the proposed model is thereby recommended for heart valves and other soft tissues that exhibit 
similar rate-dependent features.   

1. Introduction 

Many collagenous soft tissues exhibit a marked rate-dependency in 
their mechanical behaviour when subjected to various deformation 
rates. Rate-dependency in the mechanical behaviour of arteries (Bell 
et al., 2018), tendons (Pioletti et al., 1998), ligaments (Pioletti et al., 
1998; De Vita and Slaughter, 2006; Karunaratne et al., 2018), brain 
(Rashid et al., 2012, 2013) and tongue tissues (Karkhaneh Yousefi et al., 
2018) has been well documented and demonstrated. Recent experi-
mental evidence has also uncovered similar trends in the mechanical 
behaviour of semilunar heart valves under both uniaxial (Anssari-Benam 
et al., 2011a, 2017) and biaxial (Anssari-Benam et al., 2018, 2019b, 
2020b) deformations, typically exhibiting a stiffer behaviour with 
increasing deformation rates. 

In case of heart valves, however, this rate-dependent behaviour may 
prove more significant, as the elongation rates endured by, say, the 
aortic valve (AV) in vivo are thought to be as high as 75 mm/s (Thubrikar 
et al., 1993; Doehring et al., 2004) or strain rates of up to 1240%/s 

(Sacks and Yoganathan, 2007). These rates are much higher than the 
typical deformation rates experienced by most soft tissues, and of those 
that may be achieved by conventional laboratory equipment when 
testing valvular specimens in vitro. Therefore, a customary temptation is 
to resort to experiments performed at (much) lower deformation rates, 
which in turn increases the likelihood that the obtained data may not 
accurately represent the deformation behaviour of the valve in vivo. 
Discarding this fact and assuming that the behaviour of the valvular 
tissue at higher physiological rates is similar to that observed in exper-
iments performed at lower rates will result in erroneous analysis of the 
true deformation of the valves in vivo. These errors are further exacer-
bated if the obtained data is used in conjunction with, and for the cali-
bration of, hyperelastic models, since the hyperelasticity framework by 
definition precludes the rate effects. Undoubtedly, it is more beneficial 
to understand, address and analyse the rate effects on the mechanical 
behaviour and modelling of the valves than to assume a 
rate-independent behaviour as a matter of simplification or by way of 
approximation. 
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Thus far, studies investigating the rate-effects on the mechanical 
behaviour of heart valves underline the simple observation that the 
stress-strain curves of the AV samples vary notably with increase in the 
deformation rate, from the quasi-static to the physiologically relevant 
ranges. The typical trend indicates that the AV tissue becomes stiffer as 
the rate of deformation increases (Anssari-Benam et al., 2019b, 2020b). 
This direct rate-dependency provides the first guiding principle in 
devising a framework to model the mechanical behaviour of the valve: 
incorporation of the rate of deformation as an explicit variable. The 
long-established viscoelastic models which incorporate stress-relaxation 
type exponential decay of stress in their functional forms; e.g., see the 
seminal works of Holzapfel (1996) and Holzapfel and Simo (1996), do 
not facilitate a direct incorporation of the rate of deformation, and in 
turn necessitate performing additional stress-relaxation tests to quantify 
the characteristic time(s). Moreover, we note here that the physiological 
loading duration of the AV, for example, is ~0.2 s, and given that 
experimental equipment used in stress-relaxation tests can in practice 
only apply a ramp rather than the ideal step loading, it is not reasonable 
to expect an accurate calculation of the true amount of relaxation, or 
thereby the characteristic time, of the valve tissue. By contrast, it is 
relatively straightforward to control the rate of deformation in experi-
ments. Therefore, theoretical frameworks that allow the incorporation 
of the rate of deformation in modelling the mechanical behaviour of 
heart valves offer a clear advantage over most other modelling 
approaches. 

One such framework has been proposed via the pioneering work of 
Pioletti et al. (1998), where the second Piola-Kirchhoff stress tensor S for 
an incompressible rate-dependent continuum is established using an 
elastic strain energy function We in conjunction with a viscous dissipation 
function Wv as: 

S= 2
∂We

∂C
+ 2

∂Wv

∂Ċ
− pC− 1 . (1)  

Here C is the right Cauchy-Green tensor and Ċ is its time derivative, and 
p is an arbitrary Lagrange multiplier enforcing the constraint of 
incompressibility. The functional form of the viscous dissipation func-
tion Wv is then chosen such that it incorporates appropriate scalar 
function(s) of the rate of deformation tensor Ċ. It follows that the rate- 
effect features are encapsulated by the dissipation function Wv, and thus 
the choice of the functional form of Wv becomes an important and 
judicious decision so as to accurately reflect the observed rate- 
dependent mechanical behaviour of the subject specimen. It is there-
fore imperative to have an in-depth understanding of the rate effects to 
guide and inform a viable choice for the Wv function. 

The wealth of experimental data provided in previous studies 
regarding the rate-dependent behaviour of heart valves (Anssari-Benam 
et al., 2019b, 2020b) has now created an ample platform to analyse the 
complex rate-dependent behaviour of these valves in more depth and 
with higher analytical rigour. It is hence our aim in this paper to use the 
aforementioned extant data, together with a new dataset obtained as 
part of this study, to confer an appropriate novel viscous dissipation 
function Wv for a more accurate modelling of the rate-dependant me-
chanical behaviour of the AV. Accordingly, we present the changes in 
the stress-stretch curves obtained from AV samples under biaxial 
deformation at varying rates, from quasi-static λ̇ = 0.001 s− 1 to the 
physiological rate of λ̇ = 12.4 s− 1. Using this data, we then investigate 
the existence of a threshold rate around which the stress-levels at a given 
stretch tend to plateau towards an asymptotic value. Based on this 
analysis, we confer a theoretical framework for deriving an appropriate 
form of the (viscous) dissipation function Wv that is consistent with the 
experimental data and prompts the observed rate-limiting behaviour. 
Finally, we compare the devised model against the experimental σ− λ 
curves to demonstrate the capability of the model in capturing the 
rate-dependant behaviour of the AV tissue. 

2. Experiments 

The experimental methodology utilised to carry out biaxial tensile 
deformation tests on AV samples at various deformation rates have been 
described in details in our previous studies (Anssari-Benam et al., 2019b, 
2020b). Concisely, here we report on the results from 30 porcine AV 
samples (n = 30) from our previous study, in addition to 6 samples 
tested at an intermediary rate (λ̇ = 0.1 s− 1) specifically for this study. All 
hearts were obtained from animals of 12–36 months old, within 2 h of 
slaughter from a local abattoir. The AV leaflets were dissected from the 
hearts and maintained in Dulbecco’s Modified Eagle’s Medium (DMEM, 
Sigma, Poole, UK) at room temperature (~21 ◦C). From each leaflet, a 
12 × 12 mm square sample was excised from the central region. After 
excision, the sample thickness was measured using a non-contact 
confocal sensor (Micro-Epsilon (με®) confocalDT IFC2451), customised 
for measurement of the thickness of our samples, reporting an average of 
0.86 ± 0.21 mm. 

Samples were then mounted on a TA Instruments ElectroForce® 

planar biaxial TestBench device using BioRake (CellScale®) tines as part 
of a custom-designed sample mounting mechanism. Five ink-markers 
were placed on the centre of the specimens as fiducials for measuring 
and calculating the principal stretches λ s, and their centroids were 
tracked over the period of deformation using in-house video cameras, 
recording at various frames per second (from 30 to 455 fps) pertinent to 
the rate of deformation at each test. The recorded frames were then 
analysed using a custom-developed code in MATLAB® to calculate the 
values of λ. The hydration of the samples during each test was main-
tained by immersion in a PBS bath in situ as part of the experimental 
setup, kept at room temperature. Prior to the start of each test, a pre-
conditioning protocol consisting of 25 loading-unloading cycles at 0.5 
Hz to an amplitude of 0.5 N was applied on the specimens. Samples were 
subjected to a tare load of 0.01 N prior to the start of the deformation in 
both loading directions to ensure a consistent starting position. For each 
test, the square samples were subjected to biaxial deformation (equi-) 
rate loading protocols at: λ̇ = 0.001, 1, 2.5, 6.25 and 12.4 s− 1 taken from 
our previous study, and λ̇ = 0.1 s− 1 as part of this study. See Fig. 1 for a 
schematic representation of the setup. Each test was repeated with six 
samples up to the failure. The modes of failure were not recorded or 
analysed. Note that the reported stretch rates λ̇ above are the nominal 
applied rates. The actual rates perceived in the central region of the 
samples, where the markers were places, are reported in Table 1 for each 
rate, calculated from the displacement of the markers at each recorded 
time increment a posteriori. As the results indicate, the performed ex-
periments amount to generic biaxial tests, without inflicting any 
collinearity that is typical to equi-biaxial deformation tests. Also note 
that the nominal stress P so obtained in the experiments was converted 
to the Cauchy stress σ via the well-known tensorial transformation: σ =

FP, under the assumption of incompressibility, where F is the defor-
mation gradient tensor defined by equation (12). 

Plots in Fig. 2 present the (filtered) experimental Cauchy stress (σ)
versus the stretch (λ) curves for six AV samples tested at λ̇ = 0.1 s− 1 

using a Savitzky-Golay filter of the 3rd order and a frame length 
equivalent to 25% of the number of the data points in each dataset in 
MATLAB®, as per our previous studies (Anssari-Benam et al., 2018, 
2019b). See the Supplementary Material for the individual plots. From 
these individual plots, averaged data were calculated by averaging the 
stretch and stress values at each time step over the six repeats. The σ − λ 
curves constructed from this averaging are also shown in Fig. 2. The bars 
represent the standard deviation at the designated points on the curves. 

From our previous study (Anssari-Benam et al., 2020b) we reproduce 
here the averaged σ − λ curves obtained from the AV specimens at 
applied λ̇ = 0.001, 1, 2.5, 6.25 and 12.4 s− 1, and plot those curves in 
conjunction with the averaged σ − λ curves at applied λ̇ = 0.1 s− 1 ob-
tained in this work. Fig. 3 represents all averaged curves together, to 
allow a direct observation of the rate effects on the σ − λ curves of the 
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valve specimens. The rate-dependency of the mechanical behaviour of 
the AV is evident from these plots, exhibiting a stiffer behaviour as the 
rate increases. 

3. Characteristics of the rate-dependent behaviour of the aortic 
heart valve 

The rate-dependent trend in σ − λ curves of the AV specimens pre-
sented in Section 2 provides a qualitative description of the rate effects 
on the mechanical behaviour of the valve. A primary observation of the 
plots in Fig. 3 specifies two distinct features: (i) the σ− λ curves 
demonstrate that the samples become stiffer with increase in rate; and 
(ii) that the gap between the σ − λ curves appears to decrease as the rate 
increases; an indication that a threshold rate may exist beyond which the 
σ − λ curves may perhaps become intractable to increase in the defor-
mation rate. We note here that a similar observation on biological tissues 
has also been made by Vogel et al. (2017) with an explicit reference to an 

asymptotic behaviour in the stress at “sufficiently high rates”, for 
porcine intervertebral disc specimens. 

To investigate this primary observation further, we plot the Cauchy 
stress (σ) versus λ̇ at some designated λ s in both the circumferential and 
radial directions as representative examples, shown in Fig. 4. The 
designated stretch levels include λ = 1.05, 1.09 and 1.12 in the 
circumferential direction, and λ = 1.15, 1.25 and 1.40 in the radial di-
rection. These plots may be constructed for any value of λ; however here 
for the sake of concision we only show the representative plots as per 
Fig. 4. More σ − λ̇ curves at different λ levels are presented in Appendix 
A. The same trend is observed for all recorded values of σ at the same λ 
level at each rate λ̇. 

An interesting pattern emerges from the σ − λ̇ plots: there appears to 
be a logarithmic trend in the variation of σ with λ̇. We undertook to fit 
the experimental data with a logarithmic function of the form: 

Fig. 1. A representative porcine aortic valve sample and the experimental setup. A square specimen (12 × 12 mm) is prepared from the central (belly) region of each 
valve leaflet. The Maximum Projection Intensity (MPI), i.e., collapse of z-stack images, obtained using second harmonic generation microscopy viewed from the 
fibrosa side indicates that collagen fibres in the specimen are predominantly organised along the circumferential direction. The square sample is then mounted on the 
ElectroForce® planar biaxial TestBench device using a custom-designed sample gripping mechanism consisting of BioRake (CellScale®) tines. The inset in the right 
panel shows a zoomed view of the mounted sample (adapted from Anssari-Benam et al., 2020b). 

Table 1 
Corresponding stretch rates in the central region of the specimens under the designated applied λ̇ s in both loading directions. All 
data except for λ̇ = 0.1 s− 1 were retrieved from Anssari-Benam et al. (2020b).  

Applied λ̇ [s− 1] 
λ̇ [s− 1] at the central region of the specimens 

Cir. Rad. 

12.4 8.30 ± 1.03 10.53 ± 2.41 
6.25 4.05 ± 1.40 5.42 ± 1.15 
2.5 1.29 ± 0.42 2.11 ± 1.35 
1 0.47 ± 0.05 0.83 ± 0.15 

0.1 0.04 ± 0.02 0.10 ± 0.03 
0.001 0.0006 ± 0.0003 0.0018 ± 0.0007  
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σ =α ln(τλ̇) + β, (2)  

which provides a reasonably favourable agreement with the experi-
mental data (dotted curves in Fig. 4). Note that α and β may be viewed as 
‘stress-like’ parameters and τ is a time constant. Values of the fitting 
parameters along with those of R2 for each fit are summarised in Table 2. 

We shall make use of the specific from of the function in equation (2) 
later in Section 4 to confer a theoretical approach to model the rate- 
dependent behaviour of the valve. However, the analysis presented in 
this section highlights that while the mechanical behaviour of the AV is 
rate dependent, there appears to exist a threshold beyond which σ− λ 

curves may become markedly less rate-sensitive. Our analysis here stops 
short of underpinning an exact threshold rate; however it may be 
qualitatively observed from the plots in Fig. 4 that the σ plateau is 
achieved at around the rates of λ̇ = 6.25–12.4 s− 1. Therefore, one can 
only assume rate-independence in the mechanical behaviour of semi-
lunar valves for deformations tests carried out in vitro above these rates 
(6.25–12.4 s− 1). The plots also illustrate that σ levels below λ̇ = 2.5 s− 1 

appear markedly rate sensitive. Therefore, any deformation test in vitro 
that is carried out on AV samples at a rate λ̇ < 2.5 s− 1 will likely 
significantly underestimate the true deformation behaviour of the valves 
in vivo. 

Fig. 2. Cauchy stress (σ) versus the stretch (λ) plots for the AV samples tested at λ̇ = 0.1 s− 1: (a) Filtered experimental curves (using a Savitzky-Golay filter) for six 
samples each; and (b) Averaged-data curves (filtered) constructed from the six σ − λ plots given in panel (a). Bars represent the standard deviation at the designated 
points on the curves. Acronyms ‘Cir.’ and ‘Rad.’ are short for the Circumferential and Radial directions, respectively. See the Supplementary Material for the in-
dividual plots. 

Fig. 3. Averaged σ − λ curves obtained at applied λ̇ = 0.001 s− 1 to 12.4 s− 1 for AV samples. Except for curves at λ̇ = 0.1 s− 1, all other curves have been reproduced 
from our previous study Anssari-Benam et al. (2020b). Note that for the clarity of presentation, error bars have been omitted from the above plots. For the original 
experimental σ − λ curves and the scatter of data the interested reader is referred to Anssari-Benam et al. (2020b). 
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4. A novel experimentally guided dissipation function Wv for 
modelling the rate-dependent behaviour of the AV 

In the previous section it was shown that a logarithmic relationship 
postulated by equation (2) provides a favourable approximation of the 
Cauchy stress σ as a function of the stretch rate λ̇ at each λ. From a 
modelling point of view, α and β may be considered as stress-like pa-
rameters and τ as a characteristic time factor, perhaps similar to the 
‘retardation’ time. Integrating this function with respect to dλ̇ provides 
what is known as the ‘dissipation’ function, i.e. a function that if is 
differentiated with respect to the rate of deformation will provide the 
additive stress contribution due to the viscous (rate) effects: 
∫

σdλ̇=
∫

[α ln(τλ̇)+ β] dλ̇=αλ̇ ln(τλ̇)+ γλ̇ + C, (3)  

where γ = β − α, and C is the integral constant which in this case will be 
C = 0, since the dissipation function by definition has to be zero when 
λ̇ = 0. 

Equation (3) gives the dissipation only at a considered stretch λ. 
Therefore, the total dissipation function Dt for the entire domain of 
deformation is obtained by summing all the dissipations at each stretch: 

Dt =
∑

k
[αλ̇ ln(τλ̇) + γλ̇]kλk , (4)  

which in integral form may be written as: 

Dt =

∫

[αλ̇ ln(τλ̇)+ γλ̇]dλ= αλλ̇ ln(τλ̇) + γλλ̇ , (5)  

with the integral constant being zero. 
For application within a general 3D theory in continuum mechanics, 

however, a dissipation function must be invariant to any permutation of 
the deformation coordinates. A natural progression to the invariant form 
of Dt may be achieved by replacing λ and λ̇ with homogenous functions 
of the invariants of the right Cauchy-Green C and its time derivative Ċ 
tensors, say f (Ii) and g(Jn), respectively, with Ii and Jn being the in-
variants of C and Ċ tensors (see Appendix B for the full list of Jn in-
variants). Therefore, the (viscous) dissipation function in the invariant 
form may be given as: 

Wv=η1 f (Ii) g(Jn) ln[h (τ) g(Jn)]+η2 f (Ii) g(Jn), no summation over i,n. (6)  

Note that h (τ) denotes an appropriate function of time so that the 
argument inside the ln(⋅) function would be dimensionally consistent 
depending on the choice of the g(Jn) function. 

Thermodynamics requirements enforce Wv to be convex in Ċ (Pio-
letti et al., 1998). We note that in deformations with a slow rate, where 
λ̇→0 and therefore Jn→0, we have: lim

Jn→0
g(Jn) ln[h (τ) g(Jn)]→0, and thus 

Wv in equation (5) reduces to Wv = η2 f (Ii) g(Jn). Therefore, for Wv to 
be thermodynamically consistent over the whole of slow and fast do-
mains, g(⋅) may only be a homogenous function of certain Jn s that are 

constructed from Ċ2, e.g., J2, J5, J7, J9 and J11 as defined in 
Appendix B, to ensure the convexity of Wv in Ċ a priori. It follows that, 
due to dimensional consistency, η1 and η2 become viscous damping 
coefficient-like constants, expressed as [Pa s] in SI units, and h (τ) = τ2. 

Remark 1: Many previous studies that have adopted the additive split 
approach of the stress tensor into an elastic contribution (derived from 
an elastic strain energy function We) and a viscous contribution (derived 
from a dissipation function Wv) have only relied on the second term of 
the Wv function in equation (6), neglecting the logarithmic part. 
Mathematically, Wv = η2 f (Ii) g(Jn) is recovered from equation (6) 
when Jn→0, i.e. at slow(er) stretch rates. Therefore, the specialised 
dissipation function given in equation (6) may provide a more accurate 
description over the whole domain of deformation rate, slow and fast. 

Remark 2: The mathematical form of the Wv function in equation (6) 
lends itself to a constitutive assumption of the additive split of the 
viscous dissipation contributions of the matrix and the fibrous network. 
Under this assumption, one may choose for the first term in the right- 
hand side of equation (6) to represent the dissipative contribution of 
the fibres’ kinematics while the second term to represent the viscous 
dissipation of the matrix. In this case, the invariants J2, J7 and J9 may 
appear in the latter, while J5 and J11 may be included in the former. 
Thus, mathematically, the Wv function in equation (6) may take the 
following form: 

Wv = η1 f (Ii) g
(
J5,11

)
ln
[
τ2 g

(
J5, 11

)]
+ η2 f (Ii) g

(
J2, 7, 9

)
, (7)  

where no summation over the indices is assumed, while η1 and η2 now 
represent viscosity-like parameters reflecting the dissipative effects of 
the fibre kinematics and the matrix, respectively. 

Remark 3: The inclusion of fibre dispersion in the Wv function is 
straightforward using the modified invariants J*

n which incorporate the 
dispersion parameter κ introduced by Gasser et al. (2006), as derived 
and presented in detail elsewhere (Anssari-Benam et al., 2018). 

5. A rate-dependent model for the mechanical behaviour of the 
AV 

Using the modelling framework introduced by Pioletti et al. (1998), 
summarised by equation (1), we now proceed with formulating a model 
for capturing the rate-dependent mechanical behaviour of the AV tissue. 
Since it has been shown that the mechanical behaviour of the AV may be 
favourably characterised via the material symmetry of transverse isot-
ropy (see Fig. 1 for a token of how collagen fibres are chiefly oriented 
along the circumferential direction), we restrict our choice of We func-
tion to We(I1, I4), where following a classical Holzapfel-type additive 
split we consider (Holzapfel et al., 2000): 

We(I1, I4)=Wiso(I1) + Waniso(I4) . (8)  

Note that I1 = tr(C) and I4 = m⋅Cm, where m represents the (unit) 
preferred direction of the fibre family in the reference configuration. 
Functions Wiso and Waniso represent the strain energy functions per-
taining to the deformation of the isotropic matrix and the collagen fibres 
endowing anisotropy, respectively. Since the non-collagenous matrix in 
the AV is mainly composed of the elastin network and glycosamino-
glycans (GAGs), and the contribution of GAGs in this modelling (i.e. 
rate-dependent) framework is considered via the viscous (rate) effects 
(Anssari-Benam et al., 2017, 2018), the Wiso(I1) function in equation (8) 
represents the contribution of the elastin network. In a series of previous 
publications we have proposed a specialised strain energy function to 
represent Wiso(I1) based on the statistical treatment of elastomeric mo-
lecular chains approach as (Anssari-Benam and Bucchi, 2018, 2021): 

Wiso(I1)= μN
[

1
6N

(I1 − 3) − ln
(

I1 − 3N
3 − 3N

)]

, (9)  

where μ is a model parameter akin to, but not to be confused with, the 
infinitesimal shear modulus μ0, and N is the number of statistical Kuhn 
segments of the elastin network molecular chains. See Anssari-Benam 
and Bucchi (2021) for the exact mathematical recast of μ, and Puglisi 
and Saccomandi (2016) for an in-depth micromechanical interpretation 
of the parameters in generalised neo-Hookean strain energy functions 
based on the kinetic molecular theory. 

Based on a similar approach, we have recently introduced a speci-
alised strain energy function for the anisotropic contribution of the 
collagen network as (Anssari-Benam et al., 2020a): 

Waniso(I4)= μcNc

[
I4 − 1
1 − Nc

− ln
(

I4 − Nc

1 − Nc

)]

, (10)  

where the model parameters are the same as those in equation (9) but for 
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Fig. 4. Variation of the Cauchy stress σ with the applied stretch rate λ̇ at constant levels of λ for AV specimens. The designated λ s have been chosen as representative 
examples. Experimental data points are illustrated with (red) hollow circles. Except for data at λ̇ = 0.1 s− 1, all other data points were retrieved from our previous 
study Anssari-Benam et al. (2020b). Error bars represent the standard deviation resulting from six repeats. Dashed lines represent the best fit using equation (2). 
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the subscript ‘c’ denoting those of the collagen fibre network. 
The advantage of these two strain energy functions over the classical 

neo-Hookean and phenomenological exponential-type functions 
commonly used in the literature is that the foregoing strain energy 
functions are structurally motivated and the model parameters enjoy 
physical objectivity and meaning. However, and more importantly, 
strain energy functions such as the neo-Hookean model do not 
adequately capture the mechanical behaviour of the elastin network in 
the AV; see Anssari-Benam and Bucchi (2018) for a detailed analysis of 
modelling the deformation of the AV elastin network using various 
existing models. The Wiso model in equation (9) does not suffer from 
such shortcomings. In addition, as discussed and analysed in detail by 
Horgan and co-workers; see, e.g., Horgan and Saccomandi (2002, 2003) 
and Kanner and Horgan (2007), while the exponential Waniso models do 
reflect the strain hardening effect, they do not exhibit the rapid strain 
stiffening characteristic of the limiting chain extensibility models such 
as that presented in equation (10). For the viscous dissipation function 
Wv, based on the remarks presented in Section 4, we consider the spe-
cific following form: 

Wv =
1
4

η1 (I1 − 3) J5 ln
(
τ2J5

)
+

1
4
η2 (I1 − 3) J2, (11)  

To formulate the explicit (σ, λ, λ̇) relationships and fit the model to the 
σ − λ curves obtained from our biaxial tests, we note that the kinematics 
of the deformation is described via: 

F=

⎡

⎣
λ1 0 0
0 λ2 0
0 0 λ3

⎤

⎦, C =

⎡

⎢
⎢
⎣

λ2
1 0 0

0 λ2
2 0

0 0 λ2
3

⎤

⎥
⎥
⎦, C− 1 =

⎡

⎢
⎢
⎣

λ− 2
1 0 0

0 λ− 2
2 0

0 0 λ− 2
3

⎤

⎥
⎥
⎦,

(12)  

with: 

Ċ=

⎡

⎢
⎢
⎢
⎢
⎣

2λ1λ̇1 0 0

0 2λ2λ̇2 0

0 0 2λ3λ̇3

⎤

⎥
⎥
⎥
⎥
⎦
, (13)  

and considering m = (1, 0,0)T, i.e. the preferred direction of fibres co-
incides with the principal circumferential directions along λ1. Also note 

that J2 = Ċ2
: I and J5 = m⨂m∶Ċ2, being the invariants of Ċ, where I is 

the identity tensor and symbols : and ⨂ denote the operators double 
contraction and dyadic, respectively. With these considerations, the 
second Piola-Kirchhoff stress tensor S is established from equation (1) 
and subsequently the Cauchy stress tensor σ is computed as σ = FSFT: 

σ=F
[
2(We)1I+2(We)4 m⨂m+4(Wv)2Ċ+2(Wv)5 (Ċ m⨂m+m⨂m Ċ)

]
FT

− pI.
(14)  

Note that the subscripts denote the derivative of the designated 
W function with respect to the indicated invariant; e.g., (We)1 = ∂We

∂I1 
etc. 

The expanded expressions of each component of σ, i.e., in the principal 
circumferential and radial directions, are obtained from equation (14) as 
follows. First we note that due to the constraint of incompressibility: 

λ1λ2λ3 = 1⇒λ3 = λ− 1
1 λ− 1

2 , (15)  

which results in: 

λ̇3 = − λ− 1
1 λ− 1

2

(
λ− 1

1 λ̇1 + λ− 1
2 λ̇2

)
. (16)  

Moreover, from equations (9)–(11) we note:  

(We)1 =
1
6

μ I1 − 9N
I1 − 3N

, (We)4 = μcNc

(
1

1 − Nc
−

1
I4 − Nc

)

, (Wv)2

=
1
4

η2(I1 − 3) , (Wv)5 =
1
4
η1(I1 − 3)

[
1 + ln

(
τ2J5

) ]
. (17)  

On substituting these results into equation (14) and eliminating the 
hydrostatic pressure p we get:  

σcir =
1
3

μ
(
λ2

1 − λ− 2
1 λ− 2

2

)I1 − 9N
I1 − 3N

+2μcNcλ2
1

(
1

1 − Nc
−

1
I4 − Nc

)

+2η2(I1 − 3)
[
λ3

1λ̇1 +λ− 4
1 λ− 4

2

(
λ− 1

1 λ̇1 +λ− 1
2 λ̇2

)]
+2η1λ3

1λ̇1(I1 − 3)
[
1+ ln

(
τ2J5

)]
,

σrad =
1
3

μ
(
λ2

2 − λ− 2
1 λ− 2

2

)I1 − 9N
I1 − 3N

+2η2(I1 − 3)
[
λ3

2λ̇2 +λ− 4
1 λ− 4

2

(
λ− 1

1 λ̇1 +λ− 1
2 λ̇2

)]
,

(18)  

where: 

I1 = λ2
1 + λ2

2 + λ− 2
1 λ− 2

2 , I4 = λ2
1 , J5 = 4λ2

1λ̇
2
1 . (19)  

6. The fitting 

The (σ, λ, λ̇) relationships given by equation (18) consist of an elastic 
part derived from We and an additive rate-dependent (viscous) part 
stemming from Wv. The elastic part, by definition, precludes the rate- 
effects. Therefore, an elastic ‘base-line’ response has to be identified in 
σ − λ curves from which the elastic material parameters in equation (18) 
are established and should subsequently remain constant during the 
fitting procedure to all σ − λ curves under various deformation rates. 
Semilunar heart valves and specifically the AV have been documented to 
exhibit stress-relaxation; see, e.g., Stella et al. (2007); Anssari-Benam 
et al. (2011b), 2019a. For materials that exhibit stress-relaxation, a 
characteristic relaxation time t may be defined whereby 99% of the 
relaxation fades within 5 t. Therefore, if the deformation rate is chosen 
sufficiently low to allow enough time for the viscous processes to take 
effect and fade, the ensuing σ − λ curves may be deemed intractable to 
further reductive viscous effects. Based on our previous stress-relaxation 
tests on AV samples (Anssari-Benam et al., 2011b) and the analysis 
presented in Anssari-Benam et al. (2018), a stretch rate of λ̇ = 0.001 s− 1 

provides a sufficiently slow deformation so as to be considered as the 
base-line elastic response. 

Accordingly, switching off the viscous terms in equation (18), the 
model was first fitted to the σ − λ curves at λ̇ = 0.001 s− 1 obtained from 
the six repeats as presented in Anssari-Benam et al. (2020b) to establish 
the numerical values (mean ± SD) of the elastic deformation-related 

Table 2 
Fitting parameters of the logarithmic function in equation (2) to the σ− λ̇ data. 
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Fig. 5. Experimental data versus the modelling results for AV specimens tested across various deformation rates. The colours reflect the different rates, in coor-
dination with the original experimental plots in Fig. 3. 
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parameters μ, N, μc and Nc. Once these values were obtained, they were 
set as fixed values while the model in equation (18) was fitted to the σ− λ 
curves at all higher rates. From each fit to the deformation data at each 
rate, the values of the viscous (rate-related) parameters η1 and η2 were 
established at that rate. For each dataset, the best fit was obtained by 
minimising the residual sum of squares (RSS) function defined as:  

RSS=
∑

i

(
σmodel

Cir − σexperiment
Cir

)2
i +

(
σmodel

Rad − σexperiment
Rad

)2
i ,

where i is the number of data points. The minimisation was achieved via 
an in-house developed code in MATLAB®, using the genetic algorithm 
(GA) toolbox. Plots in Fig. 5 compare the model predictions against the 
average curves presented in Fig. 3 for the AV specimens. The values of 
the model parameters are summarised in Table 3. Note that for the 
clarity of presentation, each fitting has been presented separately. The 
colours in the plots of Fig. 5 are in accordance with those of Fig. 3. 

Remark 4: At the request of a reviewer, the individual fits to the σ− λ 
curves obtained at λ̇ = 0.1 s− 1 are presented in Appendix C for com-
parison, along with the obtained model parameters (Table 1C). The 
model parameters so obtained agree well with the mean ± SD values 
obtained using the average curve (given in Table 3). 

It is observed that the model provides an excellent fit to the experi-
mental data, favourably capturing the rate-dependent behaviour of the 
AV under biaxial tensile deformation. The existing hyperelastic models 
in the literature utilised for modelling the mechanical behaviour of heart 
valves fundamentally fail to capture this rate-dependent behaviour. 
Judging by the quality of fits, the proposed dissipation function in 
equation (7) or (11) proves to be a reasonable descriptor of the viscous 
effects and rate behaviour in the deformation of the AV. Consistent with 
our previous modelling studies in Anssari-Benam et al. (2011a, 2017 and 
2018), we further note that the values of the viscous damping co-
efficients η1 and η2 decrease with increasing rate, highlighting a shear 
thinning effect in the rate-dependent behaviour of the valvular samples. 

7. Concluding remarks 

Rate-dependency in the mechanical behaviour of semilunar heart 
valves was established in our preceding work; Anssari-Benam et al. 
(2019b and 2020b). The current study presents a theoretical framework, 
guided by the experimental data, to devise an appropriate viscous 
dissipation function Wv for more accurate modelling of this 
rate-dependent behaviour within a continuum mechanics setting. In this 
regard, a novel Wv function was derived and used in developing a 
rate-dependent model, allowing the incorporation of the deformation 
rate λ̇ as an explicit variable. Judging by the fitting results illustrated in 
Section 6, the presented model appears to favourably capture the 
observed rate-dependent behaviour of the AV. In addition to the tradi-
tional rate-dependant effect, namely exhibiting a stiffer behaviour with 

increase in the deformation rate, the functional form of the devised Wv 
in this study predicts and captures the asymptotic behaviour of Cauchy 
stress σ versus the stretch rate λ̇, as shown in Section 3. The classical 
form of the dissipation function Wv commonly used in the literature, i.e., 
Wv = η2 f (Ii) g(Jn), is a special case of our devised function, and as was 
shown in Section 4, is mathematically recovered for slow stretch rates. 

One of the practical applications of the rate-dependant analysis and 
modelling of the mechanical behaviour of the native AV tissue is in the 
design of biomaterial valve substitutes, particularly when subjected to 
accelerated wear tests. Specimens in accelerated wear tests experience 
much higher loading rates than the physiological range, and as such the 
potential role of the rate effects may be even further exacerbated in such 
applications. While some studies report only small levels of rate- 
dependency in the mechanical behaviour of biomaterials such as the 
glutaraldehyde fixed and decellularized porcine pericardium (Noble 
et al., 2020), it is long established that native and glutaraldehyde fixed 
valves exhibit a significant rate-dependency in their mechanical be-
haviours when subjected to accelerated wear tests; see, e.g., Vesely et al. 
(1995). Such practical applications further underline the importance of 
understanding, characterising and modelling the rate-effects in the 
mechanical behaviour of heart valves. 

Of the currently existing modelling approaches to heart valve 
biomechanics, we emphasise that such rate-dependent behaviour cannot 
be modelled and addressed solely within the classical hyperelastic 
modelling framework. The quasi-linear viscoelasticity (QLV) platform 
may provide a more fruitful attempt; however a previous analysis in-
dicates that QLV predications may not be compatible with the observed 
stress-relaxation and creep behaviours of the AV (Anssari-Benam, 2014). 
Moreover, modelling approaches that incorporate stress-relaxation and 
exponential decay of the stress require additional experimental tests so 
as to characterise the relaxation time. By contrast, the modelling 
approach presented in this study offers a distinct capability to capture 
the rate effects, and the model predictions provide a good affinity with 
the experimental data. We therefore recommend the application of the 
proposed model to heart valves and other soft tissues that exhibit similar 
rate-dependent features. 

Note that while equi-biaxial deformation-rate protocols were 
employed in this study, those protocols underline the applied setting by 
the testing device. The true deformation endured in the central region of 
the samples, where the markers were placed, amounts to a generic 
biaxial deformation, as the rate values in Table 1 and the σ − λ plots in 
Fig. 3 clearly indicate. Further note that fibre dispersion was not 
incorporated in the analyses of this study, partly due to the lack of 
availability of such data for our samples, but mainly because the central 
premise of this work was modelling the rate effects. Incorporating the 
fibre dispersion into the presented model is straightforward using the 
modified J*

n invariants and the method detailed in our previous work 
(Anssari-Benam et al., 2018). 

Table 3 
Model parameters.   

Model parameters for AV samples 

Applied λ̇ [s− 1] 0.001 0.1 1 2.5 6.25 12.4 
μ [kPa] 5.11 ± 1.10 
N [-] 1.28 ± 0.06 
μc [kPa] 5.22 ± 1.12 
Nc [-] 1.36 ± 0.04 
η1 [kPa s] – 30.11 1.12 0.95 0.81 0.15 
η2 [kPa s] – 219.03 52.01 16.93 9.40 0.92 
τ [s] – 862.70 ± 41.67 

R2 Cir. 0.97 0.99 0.99 0.99 0.98 0.98 
Rad. 0.96 0.99 0.99 0.98 0.98 0.98  
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Appendix A. Additional σ − λ̇ curves at different λ levels for AV samples  

Fig. 1A 
Additional plots of the variation of the Cauchy stress σ with the applied stretch rate λ̇ at constant levels of λ for AV specimens. Dashed lines represent the best fit using 
equation (1). 

Appendix B. The list of Jn invariants of Ċ 

From Anssari-Benam et al. (2017) and (2018), here we reproduce the list of Jn invariants of the Ċ tensor for the convenience of the reader. In the 
case of transverse isotropy, the dissipation function Wv(C, Ċ,m) may be expressed as a function of seventeen invariants where: 

J1 = Ċ : I, J2 = Ċ2
: I, J3 = detĊ, J5 = m ⊗ m : Ċ2

, J6 = CĊ : I,
J7 = CĊ2

: I, J8 = C2Ċ : I, J9 = C2Ċ2
: I, J10 = m ⊗ m CĊ : I, J11 = m ⊗ m CĊ2

: I,
J12 = m ⊗ m C2Ċ : I,

(B1)  

and the remaining five invariants are the Ii s; i.e., the classical principal invariants of C. Note that I is the identity tensor, ⨂ denotes the dyadic 
product, the operator (:) is ‘double contraction’, i.e., A : B =

∑

i

∑

j
AijBji, and m is the unit vector representing the preferred direction of the fibres. 
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Appendix C. Fitting results for the individual σ − λ curves of AV samples tested at λ̇ ¼ 0.1s¡1  

Fig. 1C 
Modelling results for individual AV specimens tested at λ̇ = 0.1s− 1. Obtained model parameters for each fit is reported in Table 1C. 
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Table 1C 
Model parameters for the individual σ − λ curves given in Fig. 1C of the AV specimens tested at λ̇ = 0.1s− 1.   

μ [kPa] N [-] μc [kPa] Nc [-] η1 [kPa s] η2 [kPa s] τ [s] 

Sample 1 6.03 1.37 6.04 1.49 30.50 251.07 815.80 
Sample 2 4.91 1.78 5.82 2.76 36.10 411.84 905.07 
Sample 3 3.81 1.33 5.91 2.95 44.42 260.33 873.19 
Sample 4 3.39 1.29 5.75 1.40 30.17 219.46 827.20 
Sample 5 3.05 1.06 5.74 1.65 55.06 45.23 866.39 
Sample 6 3.10 1.31 4.41 1.40 73.10 349.78 957.64 
Mean ± SD 4.02 1.36 5.61 1.95 44.89 247.77 874.32 

±1.60 ±0.21 ±0.55 ±0.66 ±15.28 ±104.37 ±47.60  

Appendix D. Supplementary data 

Supplementary data related to this article can be found at https://doi.org/10.1016/j.jmbbm.2022.105341. 
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