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Abstract
The standard interpretation of observations such as the peak apparent mag-
nitude of Type Ia supernova made from one location in a lumpy Universe
is based on the idealised Friedmann–Lemâıtre–Robertson–Walker (FLRW)
spacetime. All possible corrections to this model due to inhomogeneities are
usually neglected. Here, we use the result from the recent concise derivation
of the area distance in an inhomogeneous Universe to study the monopole and
Hubble residual of the apparent magnitude of Type Ia supernovae. We find that
at low redshifts, the background FLRW spacetime model of the apparent mag-
nitude receives corrections due to relative velocity perturbation in the observed
redshift. We show how this velocity perturbation could contribute to a variance
in the Hubble residual and how it could impact the calibration of the absolute
magnitude of the Type Ia supernova in the Hubble flow. We also show that
it could resolve the tension in the determination of the Hubble rate from the
baryon acoustic oscillation and local measurements.
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1. Introduction

The Universe we observe today from a single location on Earth is not homogeneous and iso-
tropic. This is obvious from the map of the distribution of structures in the nearby Universe by
the Sloan Digital Sky Survey [1]. The observed distribution is clearly inhomogeneous [2, 3].
On very large scales, that is more than 200Mpc away from the observer, the features of isotropy
in the distribution of structures begin to emerge [4]. Geometric homogeneity on the one hand
cannot be established independent of the Copernican principle assumption [5–7]. Yet, when
we interpret distances to or the apparent magnitudes of sources for cosmological inference,
we model the underlying null geodesics using the Friedmann–Lemâıtre–Robertson–Walker
(FLRW) metric without considering the fact that null geodesics that terminate at the observer
could be impacted by structures in the neighbourhood of the observer [8].

This practice was motivated by the 1976 paper by Weinberg [9]. Weinberg showed that if
conservation of photon number holds, then it is consistent to use the background FLRW space-
time on all scales and at all times. Weinberg’s argument/proof relies on several assumptions
which include: (a) the cosmological principle holds (i.e. that the average number density of
photons is described in the FLRW spacetime) [10], (b) the impact of gravity on rulers and
clocks is not important [11, 12], (c) the impact of strong redial lensing effects or caustics
on the luminosity distance is negligible [13, 14]. Also, the proof focused on the area of the
screen space and not on the area/luminosity distance. Recent works have shown that the
weak gravitational lensing contributes to the area/luminosity distance measurement at high
redshift [15–17].

The impact of caustics on the area distance was first studied in [13] within the Swiss-cheese
model of the Universe. The authors showed that the presence of radial lensing caustics leads to
an increase in the area distance on average when compared to the FLRW prediction. Similarly,
it is well-known that rulers and clocks behave differently in the neighbourhood of caustics and
these effects were neglected in Weinberg’s photon number conservation argument [14]. Our
focus here is to study the impact of radial lensing contribution to the area distance within the
standard cosmology(i.e. perturbed FLRW spacetime). We work in the Conformal Newtonian
gauge which is the most viable gauge for studying the dynamics of structures in the imme-
diate neighbourhood of the observer [18]. The details of the derivation of the area distance
used in this work were presented in [19]. Our target here is simply to focus on the impact of
inhomogeneities on the calibration of the apparent magnitude of the Type Ia supernova (Sn Ia).
We study how the inhomogeneities could contribute to the Hubble residuals which are usually
attributed to the host galaxy properties [20–23].

Essentially, this paper shows that the calibration of the absolute magnitude of the Sn Ia in
the Hubble flow with a set of local distance anchors is impacted by inhomogeneities along the
LoS. Furthermore, it shows that the contribution of the inhomogeneities to the apparent mag-
nitude of the Sn Ia could resolve the supernova absolutemagnitude tension [24]. The supernova
absolute magnitude tension is another way of expressing the Hubble tension, i.e. the tension
between the determinations of the Hubble rate by the early and late Universe experiments [25].
The correction to the apparent magnitude is due to the effect of radial lensing or Doppler lens-
ing [26]. How the Doppler lensing effects could impact or contribute to the Hubble residual is
also discussed. Finally, the estimate of the Alcock-Paczyński parameters [27] in a perturbed
FLRW spacetime is provided. It is compared to the background FLRW spacetime prediction
using the cosmological fitting prescription proposed by Ellis and Stoeger in 1987 [28, 29].
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This paper is organised as follows: In section 2, the impact inhomogeneities along the LoS
to the area distance at low redshift is provided. Section 3 contains discussions on how inhomo-
geneities impact the apparent magnitude of Sn Ia. For instance, in section 3.1, details on how
it impacts the calibration of the absolute magnitude of Sn Ia is provided. How the impact
of small scale inhomogeneities could provide a possible resolution of the supernova absolute
magnitude tension is presented in section 3.3. The impact of the small scale inhomogeneities
on the inferred Hubble rate from the Alcock-Paczyński parameters is discussed in section 3.4.
The argument on existence of a fundamental limit of the expanding global coordinate system
is provided in section 4 and conclusion is provided in section 5. For all the numerical analyses,
the cosmological parameters determined from the analysis of cosmic microwave background
(CMB) anisotropies by Planck collaboration were used [4].

2. Impact of inhomogeneities on the area distance in cosmology

We describe the bundle of light rays coming from a source as null geodesics and define a devi-
ation vector as a difference between a central ray, x̄i, in a bundle and the nearby null geodesic,
xi, at the same affine parameter, λ, as ξi(λ) = xi(λ)− x̄i(λ). With respect to the observer’s LoF
direction, n̂, ξi maybe decomposed into two components: ξi = ξ∥n

i+ ξi⊥, where ξ∥ = ξi ni and
ξi⊥ are components parallel and orthogonal to n̂ respectively. The distortions experienced by
the nearby geodesics due to the impart of curvature modify the area distance on an FLRW
spacetime according to [19]

dA(z, n̂)≃ d̄A(z)

[
1+

ξ∥

d̄A
+κ− 1

4

(
γijγ

ij−ωijω
ij

)]
, (1)

where d̄A is the area distance on the background FLRW spacetime, κ=−∇⊥iξ
i
⊥/2 describes

the isotropic magnification of the source image due to the weak gravitational lensing, γ⟨ij⟩ =
∇⊥⟨iξ⊥j⟩ is the shear distortion, it describes the stretching of the image tangentially around
the foreground mass and ω = εij∇⊥[iξ⊥j] is the twist. ξ∥/d̄A is the radial convergence [13, 30].
It is central to our work. The impact of the heliocentric peculiar motion will be discussed
elsewhere, in the meantime see [31] for the estimate of the expected impact of heliocentric
peculiar motion on the area distance.

We work in Conformal Newtonian gauge on a flat FLRW background spacetime:

ds2 = a2
[
−
(
1+ 2Φ

)
dη2 +

(
1− 2Φ

)
δijdx

idxj
]
. (2)

Here δij is the flat metric on Minkowski spacetime, a is the scale factor of the Universe and
Φ is the Newtonian potential. The all-sky average of equation (1) on the surface of constant
redshift is given by

⟨dA(zs)⟩Ω = d̄A

[
1+

〈
ξ∥

d̄A

〉
Ω

− 1
2

〈
γijγ

ij
〉
Ω

]
. (3)

Wemade use ofGauss’s theorem to set the all-sky average ofκ to zero ⟨κ⟩Ω = 0.ωijωij vanishes
at second order in perturbation theory and

〈
γijγ

ij
〉
Ω
becomes important only at high redshift

and its total contribution is about a few per cent at z⩾ 1 [17]. Hence, we do not consider the
weak gravitational lensing correction in the discuss that follows.

The leading order correction to the area distance at low redshift is given by the second term
in equation (3), i.e.

〈
ξ∥/d̄A

〉
Ω
. This correction comes from the perturbation of the redshift,

δz, due to Doppler effect [19, 26]. When interpreting distances to sources on constant redshift
surface(i.e. area distance as a function of the cosmological redshift), the monopole of the radial
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lensing correction,
〈
ξ∥/d̄A

〉
Ω
, translates to an increase in distance to the source, δr= δz/H ,

the dominant term in δz is the relative peculiar velocity;

δz(z, n̂)≈ ∂∥vs− ∂∥vo+O (Φo−Φs) , (4)

where ∂∥vo and ∂∥vs are the peculiar velocities of the observer and the source respectively,
H is the conformal Hubble rate. At the linear order in perturbation theory, this term may
be evaluated on the background spacetime, this is the well-known Born approximation [32],
however, at the second order, we need to include the post-Born correction terms [33]:

δz(r̄, θ̄i)→ δz(rs− δrs,θ
i− δθis) , (5)

= δz(rs,θ
i
s)− δrs∂∥δz(r̄, θ̄

i)− δθis∇⊥δz(r̄, θ̄
i) , (6)

where, δθis is the angular perturbation. δθ
i
s∇⊥δz captures the effect of gravitational deflection,

it is not important to our discussion because it is sub-dominant at low redshift. Our focus is on
the radial correction, δrs∂∥δz, it dominates at very small redshifts [19]〈

ξ∥(zs)

d̄A

〉
Ω

≈ 1
rsH 2

s

[〈
∂||vs∂

2
||vs

〉
Ω
−
〈
∂∥vo∂

2
∥vs

〉
Ω

]
, (7)

where rs is the comoving distance to the source. The all-sky average of
〈
∂||vs∂2

||vs
〉
Ω
vanishes,

this implies that the key leading order contribution to
〈
ξ∥/d̄A

〉
Ω
is given by [19]〈

ξ∥(zs)

d̄A

〉
Ω

≈− 1
rsH 2

s

〈
∂∥vo∂

2
∥vs

〉
Ω
. (8)

Equation (8) is the leading order term in the expression for the area distance given in
equation (3). The coupling between the peculiar velocity term evaluated at the observer pos-
ition and the Kaiser redshift space distortion term evaluated at the observer suggests that this
term describes the ‘parallax effect’. That is the apparent displacement in the background source
position as the observer move relative to the local over-density. Astronomers utilise this effect
as a tool to calculate distances to both galactic and extragalactic sources [34, 35].

It is straightforward to expand equation (8) in spherical harmonics and estimate the
ensemble average if the peculiar velocity term (i.e. ∂∥vo) is known. In our case, it corres-
ponds to the peculiar velocity of the heliocentric observer. Our perturbation theory formalism
is not valid on the Solar System’s scale [36]. Therefore, to handle this correctly, we borrow
insights from the analysis of the temperature anisotropies of the CMB radiation and expand
equation (7) in full-sky spherical harmonics and drop the first two harmonics ℓ= 0, ℓ= 1
which are coordinate dependent (see [19, 37] for detail on how to do this). The impact of
ℓ= 0, ℓ= 1 harmonics are then included by Lorentz boosting to the Heliocentric frame of
[38, 39]. The monopole of coordinate independent part of equation (7) is given by [19]⟨

ξ∥(zs)

d̄A

⟩
Ω

≈ 1
rs
( f(zs)D(zs))

2
ℓmax∑
ℓ=2

(2ℓ+ 1)
ˆ

dk1
2π2 k1Pm(k1)j

′
ℓ(k1rs)j

′ ′
ℓ (k1rs) , (9)

where jℓ is the spherical Bessel function of order ℓ, ′ on jℓ(kr) denotes derivative wrt the
argument, i.e. (kr), f is the rate of growth of structure, Pm is the matter density power spectrum,
k is amplitude of the wave vector k= |k|. For the results we discuss here, we consider the linear
perturbation theory prediction of Pm and the halo model prediction [40, 41]. When we quote
percentage correction, we refer to only the results obtained using the linear matter perturbation
theory prediction for Pm.
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Figure 1. We show the monopole of the radial lensing contribution
⟨
ξ∥/d̄A

⟩
Ω
to the

area distance. At low redshifts, this is proportional to the fractional difference between
the monopole of the area distance and the background FLRW expectation:

⟨
ξ∥/d̄A

⟩
Ω
≈

(⟨dA⟩Ω − d̄A)/d̄A. The legend shows the dependence of the size of the correction on the
model used to estimate the matter power spectrum (linear perturbation theory (dashed
line) and halo model (thick line)). For the inset, we zoomed in on the very small red-
shifts (z< 0.01). We identified two redshift positions on the inset: zcut and zngc. The zcut
corresponds to the minimum redshift below which the spacetime is not expanding (we
describe how to determine zcut in detail in section 4.). From the analysis, we find that
zcut = 2.4× 10−4. At zcut, we find about 12% correction to the area distance based on
the background FLRW spacetime. Furthermore, zngc is the cosmological redshift for the
New General Catalogue (NGC) 4258. We find about 2% correction to the area distance
at zngc = 0.0018. NGC 4258 is one of the key local distance anchors used to calibrate the
co-located Cepheids (Cepheids in the same host as the Sn Ia). The co-located Cepheids
are then used to calibrate the Sn Ia in the Hubble flow. In the numerical computation,
we find that it is enough to set ℓmax to ℓmax = 100.

The correction to the area distance is shown in figure 1. It is clear that at z⩾ 0.023,
the corrections to the background FLRW model are less than 0.1%, hence the background
FLRW spacetime model is valid. However, for z⩽ 0.01, the correction to the background
could exceed 12% at zcut. Here, the zcut is the minimum value the cosmological redshift can
take in an expanding Universe. It corresponds to the minimum length scale below which the
spacetime is not expanding. The zcut ⩽ z⩽ 0.023 redshift range corresponds to the first and
second rungs of the cosmic distance ladder according to the SH0ES collaboration classifica-
tion scheme [42]. As we shall see in the subsequent section, the apparent optical properties of
sources in zcut ⩽ z⩽ 0.023 is very important, they play a crucial role in the calibration of the
absolute magnitude of the Sn Ia in the Hubble flow.
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The most essential point from the section is that the effective area distance model in the
low redshift limit in the presence of inhomogeneities is given by

⟨dA(zs)⟩Ω =
deffH (zs)
(1+ zs)

ˆ zs

zcut

dz ′√
Ωm(1+ z ′)3 + 1−Ωm0

, (10)

where Ωm0 is the matter density parameter, deffH = dH
[
1+

〈
ξ∥/d̄A

〉
Ω

]
is the effective Hubble

distance and dH = c/H0 is the global Hubble distance. Using this model for the distance to
NGC 4258 gives about 2% correction to the prediction of the background FLRW model. In
the next section, this point is investigated in greater detail in order to understand how it impacts
the apparent and absolute magnitude of the Sn Ia in the Hubble flow.

3. Cosmology in the presence of inhomogeneities

3.1. Apparent magnitude and calibration of the cosmic distance ladder

The apparent magnitude, mb, of the Sn Ia is a function of the bandpass (filter), the spectral
flux density and the fundamental standard spectral flux density. Our interest is on the effect
of the small scale inhomogeneities on the luminosity distance, dL. Assuming photon number
conservation, we can obtain dL from dA which we have already calculated using the distance
duality relation: dL = (1+ z)2dA. Within a given filter, mb is related to the flux density FdL
according to

mb =−2.5log10 [FdL ] . (11)

For cosmological inference, the apparent magnitude is useless without calibration. The peak
apparent magnitude of the Sn Ia in the Hubble flow is calibrated using secondaries, for
example, the Tip of the Red Giant Branch (TRGB) [43], Cepheids [44], etc. The essence
of calibration is to determine the absolute magnitude (Mb) of the Sn Ia. The absolute mag-
nitude is defined as the apparent magnitude measured at a distanceDF:Mb =−2.5log10 [FDF ] ,
where FDF is called the reference flux or the zero-point of the filter [45–47]. The observed
flux density at both distances obeys the inverse square law with the luminosity distance:
FdL/FDF = [DF/dL]

2. The cosmological magnitude-redshift relation or the distance modulus
is defined by setting DF = 1 [Mpc]

µ= mb−Mb = 5log10

[
dL

[Mpc]

]
+ 25 , (12)

where µ is the distance modulus. The SH0ES collaboration calibrates the absolute magnitude
of the Sn Ia in the Hubble flow using a sub-sample of nearby Sn Ia co-located with Cepheids
in the second rung of distance ladder:

Mb = m0,SnIa −µ0,ceph , (13)

wherem0,SnIa is corrected-peak apparent luminosity of Sn Ia in the same host as cepheid,µ0,ceph

is the distancemodulus of the co-located cepheid.µ0,ceph is obtained from the calibrated Leavitt
law [48]

m0,ceph = µ0,ceph +MH,ceph + bw (log10P− 1)+ ZW [O/H]] , (14)

where mo,ceph is the apparent magnitude of Cepheids, [O/H] is the metallicity correction, P is
the period of the host measured in days,MH,ceph is the fiducial absolute magnitude of cepheid
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evaluated when log10P= 1 or P= 10 days and the metallicity correction set to the solar metal-
licity. bW and ZW define the empirical relation between the cepheid period, metallicity and
luminosity.

The recent SH0ES analysis made use of an independent geometric distance estimate to
NGC 4258 as an anchor to calibrate MH,ceph for Cepheids in NGC 4258 [25]

MH,ceph = mNGC −µNGC , (15)

where, mNGC is the corrected apparent magnitude of Cepheids in NGC 4258 and µNGC =
5log10[dNGC/[Mpc]] is the independent distance modulus to the NGC 4258. The NGC 4258 is
an intermediate mass spiral galaxy with a central supermassive black hole. It is about 7.5 [Mpc]
away from earth with a cosmological redshift of about z≈ 0.0018. The distance estimate to
NGC 4258 (i.e dNGC) is obtained from the shape of the MASER luminosity profile in the
accretion disk of the supermassive black hole at the centre of NGC 4258. From the width of
the luminosity profile, dNGC is given by

dNGC =
∂θvLoS
aLoS

, (16)

where vLoS is the line of sight (LoS) velocity to the localised MASER emission around the
supermassive black hole, ∂θvLoS is the gradient of vLoS on the sky, aLoS is the LoS acceleration
and θ is the angle on the sky as measured by the observer [49].

Other geometric distance anchors include the milky-way Cepheids [34]. In this case, the
parallax method is used to estimate the distance to the milky-way Cepheids and the Large
Magellanic Cloud (LMC), where the distance is obtained from the dynamics of the detached
eclipsing binary systems [50]. Both of the distances to LMC and the milky-way Cepheids
are less than 1 [Mpc] away. The cosmological perturbation theory technique is inadequate for
estimating distances to objects that are less than 1 [Mpc] away from the observer [19]. That
is dA ≈ dL < 1[Mpc] is non-perturbative. As a result, this study focuses on NGC 4258 which
is about 7.5 [Mpc] away. In general, for dA ≈ dL ⩾ 1 [Mpc], the cosmological perturbation
theory technique provides a valid description of the impact of inhomogeneities.

3.2. Hubble residuals and inhomogeneities along the line of sight

There has been a huge interest in understanding the observed Hubble residuals in the samples
of the Sn Ia [22, 23]. The Hubble residual is defined as the difference between the distance
modulus of the corrected peak apparent magnitude of the Sn Ia inferred from the light curves
as a function of the Sn Ia host cosmological redshift and the apparent magnitude calculated
assuming the background FLRW spacetime predication for the luminosity distance [20, 51].
Correlations have been found between the Hubble residuals and host galaxy properties such
as the size, stellar mass, Hβ content etc [22, 23, 52].

Using the cosmological perturbation theory technique, we can calculate the Hubble resid-
uals provided that the calibration of the absolute magnitude is held fixed. For example, keeping
the calibration of M fixed, we find that the Hubble residuals is given by

⟨∆µ(zs)⟩Ω ≡ ⟨µ⟩Ω − µ̄= 5log10

[
1+

〈
ξ∥

d̄A

〉
Ω

− 1
2

〈
ξ2∥

d̄2A

〉
Ω

]
, (17)

=
5

ln(10)

[〈
ξ∥

d̄A

〉
Ω

− 1
2

〈
ξ2∥

d̄2A

〉
Ω

]
, (18)
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Figure 2. This is the contribution to the Hubble residual due to the small scale inhomo-
geneities along the line of sight as a function of the cosmological redshift. For the dashed
lines, we made use of the linear power spectrum and for the thick lines, we used the halo
model estimate of the matter power spectrum. The shaded area corresponds to the range
of expected standard deviation due to small scale inhomogeneities.

where the spherical harmonic expansion of
〈
ξ2∥/d̄2A

〉
Ω
is given by〈

ξ2∥

d̄2A

〉
Ω

≈ f 2(zs)D2(zs)
r2s

ℓmax∑
ℓ=2

(2ℓ+ 1)
ˆ

dk
2π2

Pm(k)j
′
ℓ(krs)j

′
ℓ(krs) . (19)

The variance(error) in∆µ due to the radial lensing effect maybe estimated using

σ2
∆µ =

〈
(∆µ)2

〉
Ω
−⟨∆µ⟩2Ω , (20)

The standard deviation is obtained from σ2
∆µ : σ∆µ =

√
σ2
∆µ [53]. The full sky harmonic

expansion of
〈
(∆µ)2

〉
Ω
is given by

〈
(∆µ)2

〉
Ω
≈
[

5
ln(10)

]2[〈ξ2∥

d̄2A

〉
Ω

]
. (21)

The plot of the Hubble residual plus or minus the expected error from the small scale
inhomogenieties as a function of the cosmological redshift is shown in figure 2. As expected,
the effect of the small scale inhomogeneities contribute most significantly to the monopole of
the Hubble residuals in the regions where the distance anchors live (i.e. very low redshifts).
However, the impact of the variance extends to intermediate redshifts. Figure 2 also shows that
the impact of effect of small scale inhomogeneities along the LoS could account for a part or
majority of the observed Hubble residuals. More detailed study would be required to account
for all the expected variance in the Hubble residual especially at high redshifts. Note that the
effects of tangential weak gravitational lensing was neglected in this analysis, it will become
important at high redshifts. Also, the improved modelling of the peculiar velocity would be
required in order to account for the effect of the bulk flow.
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3.3. Resolution of the supernova absolute magnitude tension

It is possible to calibrate the absolute magnitude of the Sn Ia in the Hubble flow using the sound
horizon scale at the surface of the last scattering, r⋆, as an anchor [54]. This approach is known
as the inverse distance ladder approach. The approach assumes that the distance duality relation
holds and that the background FLRW spacetime predication for the luminosity distance is valid
on all scales [55].

Using the inverse distance ladder technique and the CMB-Planck’s constraint on r⋆, the
authors of [54] found that the absolute magnitude for pantheon Sn Ia samples in the Hubble
flow to be MP18 =−19.387± 0.021mag. However, using the distance estimate to NGC 4258
as described in section 3.1, the SH0ES collaboration found the absolute magnitude for the
same sample to be MSH0ES =−19.269 ± 0.029 [25]. Using different local distance anchors
lead to a value which is consistent with this. The difference between the use of early Universe
sound horizon as an anchor and the late Universe local distance anchors is given byMSH0ES −
MP18 = 0.118± 0.035 [mag]. This difference is known as the supernova absolute magnitude
tension [24].

Using the flux inverse square law FdL = L/4πd2L which holds in any spacetime and keeping
the intrinsic luminosity, L fixed, equation (11) can be written as

⟨∆m(zs)⟩Ω ≡ ⟨mb⟩Ω − m̄b , (22)

= 5log10

[
1+

〈
ξ∥

d̄A

〉
Ω

− 1
2

〈
ξ2∥

d̄2A

〉
Ω

]
, (23)

where m̄b =−2.5log10L+ 5log10 d̄L is the apparent magnitude with the luminosity distance
given by the background FLRW spacetime. This is in line with the early Universe approach.

Now, recall that the local determination of the supernova absolute magnitude does not
assume a model for the luminosity distance when this calibration is done. Within our per-
turbation theory framework, we can calculate the monopole of the apparent magnitude down
to 1 [Mpc]. Therefore, our claim is that our calculation of the monopole of the apparent mag-
nitude i.e. ⟨mb⟩Ω in a perturbed FLRW spacetime gives a better representation of what is meas-
ured than the background FLRWmodel on scales where the absolute magnitude is determined.
Evaluating the difference in apparent magnitudes at 1 [Mpc] gives the measured difference in
supernova absolute magnitude between the late and early Universe approaches.

It is clear from figure 3 that by including the effect of inhomogeneities on the apparent
magnitude, the difference can easily be accounted for. In other words, if the early Universe
calibration of the supernova absolute magnitude uses equation (10) instead of the background
FLRW spacetime equivalent, the supernova absolute magnitude tension could be resolved.
We can see this by calculating this difference explicitly using the monopole of the generalised
distance modulus

⟨mb⟩Ω −⟨M⟩RΩ = 5log10 d̄L+ 25 . (24)

We made use of the general expression for the luminosity distance dL = d̄L
[
1+ ξ∥/d̄A

]
and

have absorbed the correction due to inhomogeneities into what we call the renormalised abso-
lute magnitude(this corresponds to the supernova absolute magnitude measured by the SH0ES
collaboration)
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Figure 3. The plot above shows the difference between the monopole of the apparent
magnitude and the apparent magnitude predicted by the background FLRWspacetime as
function of the luminosity distance. The dashed vertical line at dL = 1 [Mpc], indicates
a difference of about 0.10 [mag] at the corresponding horizontal intersection. This is
where the absolute magnitude of the Sne Ia in the Hubble flow are determined. The
position where the curve goes through zero will likely disappear when the next to leading
order terms are added. The dashed and thick lines indicate the cosmological perturbation
theory and halo model predication for the matter power spectrum respectively.

⟨M⟩RΩ −Mb =
5

ln(10)

[〈
ξ∥

d̄A

〉
Ω

− 1
2

〈
ξ2
∥

d̄2A

〉
Ω

]
dL=1 [Mpc]

, (25)

≈ 1
3ln(10)

σijσ
ij

H2
0

∣∣∣∣
dL=1 [Mpc]

≈ 0.10 [mag]. (26)

where σij = ∂ivj− δij∂ivj/3 is the rate of shear deformation tensor experienced by the matter
field. In order to obtain equation (26) in terms of the shear tensor, we have analytically con-
tinued the redshift dependence of the terms in equation (25) to zero. This helps to appreciate
the physical phenomenon at play here. That is the spacetime around the observer is tidally
deformed due to the presence of inhomogeneous structures. Evaluating the ensemble average
of the terms in equation (26) with a smoothing scale set at 1 [Mpc] gives a result consistent
with figure 3. This is also consistent with the result presented in [29] where a non-perturbative
approach was used.

3.4. Fitting the Alcock-Paczyński parameters

Similar to the CMB, the plasma physics of acoustic density waves before decoupling imprints
a characteristic length scale in the matter distribution. Alcock and Paczyński [27] introduced a
clever way to recover the true separation between galaxies which then allows to use the baryon
acoustic oscillation (BAO) as a standard ruler. The observed separation could be decomposed
into the radial α∥ and the orthogonal α⊥ components [56]. These are the observables that are
measured by the large scale structures [57]. α∥ and α⊥ are proportional to the Hubble rate and
the area distance at the mean redshift of the observation respectively. When α∥ and α⊥ are
interpreted in terms of the background FLRW model

ᾱ∥(zs) =
H fid

H
, and ᾱ⊥(zs) =

d̄A
d̄fidA

(27)

10
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Figure 4. We show the fractional difference between the Hubble rate inferred from the
radial component of BAO and the background FLRW spacetime prediction. The vertical
dashed line indicates the position of zcut. The dashed and thick lines indicate the cosmo-
logical perturbation theory and halo model predication for the matter power spectrum
respectively.

and evolved to today, it leads to a discrepant value for the Hubble rate. Here H fid and dfidA are
the fiducial Hubble rate and area distance.

In a perturbed Universe, the radial and orthogonal distances can be written as: r∥ = r̄∥ +
δr∥ = r̄∥ + δz/H and rA⊥ = r̄A⊥ + δrA⊥, where δr∥ and δr

A
⊥ are radial and tangential perturbations

due to inhomogeneities respectively. Using these, the monopole of the generalised Alcock-
Paczyński parameters in the presence of inhomogeneities become [19]〈

α∥(zs)
〉
Ω
≃ H fid

H

[
1+

〈
1
H
∂δz
∂r

〉
Ω

+O(δz)

]
, (28)

⟨α⊥(zs)⟩Ω =
⟨dA⟩Ω
dfidA

. (29)

Comparing equations (28) and (29) to their corresponding background FLRW limit
(equation (27)) and matching the corresponding terms (

〈
α∥

〉
Ω
= ᾱ∥ and ⟨α⊥⟩Ω = ᾱ⊥), we

find that the inferred Hubble rate from α∥

Hα∥(zs)≈H
[
1− 1

H 2
s

[⟨
∂2
∥vs∂

2
∥vs

⟩
Ω
+
⟨
∂∥vs∂

3
∥vs

⟩
Ω
−
⟨
∂∥vo∂

3
∥vs

⟩
Ω

]]
. (30)

Expanding the correction in spherical harmonics, the leading order approximation at low
redshift is given by

Hα∥(zs)
H − 1≈−

ℓmax∑
ℓ=2

(2ℓ+ 1)
ˆ

dk
2π2 k

2Pm(k)( f(zs)D(zs))
2 (31)

×
[
j ′ ′ℓ (krs)j

′ ′
ℓ (krs)+

(
j ′ℓ(krs)−

H o

H s

Dofo
f(zs)D(zs)

j ′ℓ(kro)

)
j ′ ′ ′ℓ (krs)

]
.

We show a plot of the fractional difference between the Hubble rate that would be inferred
from the analysis of radial component of the BAO and the global Hubble rate as function of
the cosmological redshift in figure 4. The difference between the effective Hubble rate and the
global Hubble rate begin to emerge at about the redshift of z⩽ 0.01.
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When the expression in equation (30) is analytical continued to z= 0, i.e. zero redshift limit
both Hα∥ and HdA

0 give the same result (see [19, 29] for further details).

(HdA
0 −H0)

H0
=− lim

z→0

〈
ξ∥

d̄A

〉
Ω

≈ 2
15

〈
σijσ

ij

H2
0

〉
Ω

=
H

α∥
0 −H0

H0
. (32)

Evaluating the ensemble average of equation (32) at 1 [Mpc] gives about 10% difference. This
corresponds to the amount required to solve the Hubble tension. Equation (32) shows that the
neighbourhood of the observer is curved and photons travel longer distance to get the observer.

4. Breakdown of the expanding coordinate system

On the background FLRWspacetime one can easily extrapolate themagnitude-redshift relation
down to zero redshift. In the presence of virialised structures (our local group), this is no longer
possible [29]. This immediately constrains the map between the cosmological redshift and the
monopole of the area distance shown in figure 1. It is possible to estimate the length scale
where the transition occurs given a halo model. There are also pieces of evidence that the
transition length scale have been detected in the analysis of the large scale peculiar velocity
survey, in this case, it is called the radius of the zero-velocity surface [58, 59].

Given a geodesic deviation equation for time-like geodesics with the initial conditions at
τini = 0, zero-velocity surface is a conjugate point or caustic [10, 29]. The appearance of a con-
jugate point indicates a breakdown of the global expansion coordinate chart [60]. Within the
halo model, we can estimate this scale by calculating the comoving radius where the trace of
the covariant derivative of the observer four-velocity vanishes: R0 =−(c/3H0)(dlnρ/dlnr),
where c is the speed of light and ρ is the mass-density. It is straightforward to calculate
d lnρ/dlnr using any of the halo profiles [61]. There are observational constraints for our
local group, it is given by R0 ∼ (0.95− 1.05) [Mpc] [58, 59, 62]. In terms of the cosmological
redshift, it corresponds to about zcut = 2.4× 10−4.

The existence of zcut implies that when the distance between two points in the Universe is
less than the radius of the zero-velocity surface (|x2 − x1|< R0), the global FLRWmodel or the
cosmological perturbation theory on an FLRW background cannot give the best fit model. The
discussion on how to calculate the distance to the milky-way Cepheids or the LargeMagellanic
Cloud and the impact of the heliocentric proper motion on the area distance would be presented
elsewhere.

5. Conclusions

This paper shows that the area distance at very low redshift limit includes a non-negligible
correction due to nonlinear structure formation to the background FLRW spacetime predic-
ation. The amplitude of the correction is about 10% at z= zcut = 2.4× 10−4. The nonlinear
correction is due to the effect of radial lensing or the Doppler lensing effect, i.e. a small scale
lensing effects by galaxies orbiting about the centre of the massive clusters. The leading order
part of this effect is due to a correlation between observer peculiar velocity and redshift space
distortion term at the source. This effect manifests as a displacement in the apparent position
of a source with respect to the peculiar velocity of the observer. The implications of this effects
on the apparent magnitude of the Sn Ia was studied in detail in section 3.3. The result show
that the Doppler lensing effects impact the calibration of the absolute magnitude of the Sn Ia

12



Class. Quantum Grav. 39 (2022) 235006 O Umeh

in the Hubble flow and that it could explain the supernova absolute magnitude tension without
the need for any exotic early or late dark energy component.

Although the impact of the heliocentric observer relative velocity was neglected because
the cosmological perturbation theory used is not valid in the multi-stream region. This is the
major reason the analysis reported here focused on the coordinate independent contribution of
the effects of small scale inhomogeneities on the apparent magnitude of the Sn Ia. However,
it is important to note that the impact or correction to the supernova absolute magnitude will
remain unchanged when the impact of the heliocentric observer relative velocity is included.
In cosmological analysis, the impact of the heliocentric observer relative velocity could be
calculated and subtracted off from the observed signal.

Using the expression for the area distance that includes the radial/Doppler lensing effects,
the generalisedAlcock-Paczyński parameters could be derived, in the paper it was shown that it
is possible to reconcile the inferred Hubble rate from the BAO measurements with the Hubble
rate from the analysis of the apparent magnitude of the Sn Ia by the SH0ES collaboration
without any need for exotic late/early dark energy model. Including the effect of small scale
non-linearity does not lead to any difference between the TRGB and the SH0ES calibration of
the absolute magnitude of the Sn Ia in the Hubble flow.

Finally, there are several other proposed solutions to Hubble or Sn Ia absolute mag-
nitude tension. These solutions usually invoke exotic early or late dark energy model [63, 64]
(see [65, 66] for a list of all possible models within this framework). There are also frame-
dependent dark energy model approach [67] (this approach explains the SH0ES result but
gives a large value of the Hubble constant from the BAO analysis). There is also proposals
that explains the Hubble tension as a manifestation of the quantum measurement uncertain-
ties [68], or the impact of the evolving gravitational constant leading to a modification of grav-
ity at late-time [69–71]. All these approaches except the frame dependent dark energy(frame
dependent dark energy model breaks 4D diffeomorphism invariance) assume that the FLRW
background spacetime is valid on all scales and at all times. One unique about our approach
is that it explains the Hubble tension within the standard model by simply including the effect
of small scale perturbations. It will be interesting to see whether there is a projection of the
hyperconical Universe that explains both the dark energy and the Hubble tension better than
the ΛCDM Universe [72, 73].
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