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Abstract 

A new large-scale optimization problem in the field of transportation engineering is introduced in this paper 

as step fixed charge solid transportation problem, where products are sent from sources to destinations by some 

conveyances in existence of both unit and step fixed-charges. The problem has many real-world applications in 

transportation area. As a moderate sized instance of this problem becomes intractable for general-purpose 

solvers, we propose a dual decomposition approach, which is based on a Lagrangian relaxation and capable of 

tackling larger instances. The Lagrangian approach is also equipped with a Lagrangian heuristic to produce 

upper bounds. Our extensive numerical experiments show that the approach produces high quality solutions 

in very reasonable time when compared with general purpose solvers such as CPLEX. The applicability of the 

step fixed charge solid transportation problem is also shown by a real-life example of furniture production 

company.     
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1. Introduction 

The word transportation in manufacturing/service environment is defined as movement of row material, semi-

finished products and final products (generally say product) from a(some) source(s) to a(some) destination(s) 

by the aid of a(some) conveyance(s). As this movement of products is costly, transportation cost may consists 

of fixed and unit-based charges where fixed charge is a fixed cost to be paid for any amount of product 

transported between a source and a destination. 

A classic transportation problem (TP) consists of sets of sources and destinations and unit-based 

transportation charges between each source and each destination. Demand of each destination and capacity of 

each source are given where each source is able to supply all destinations. The aim is to determine the amount 

of product shipped from each source to each destination in order to minimize the total transportation cost of 

all shipped products. In many real-world applications, to send an amount of product from a source to a 

destination there may be several conveyances (which may be different from capacity and transportation cost 

of views) to be used. The possibility to assign one or more conveyances from a set of conveyances to the routes 

from sources to destinations, modifies the TP as a solid transportation problem (STP) (see Baykasoglu and 

Kaplanoglu, 2011; Kundu et al., 2013). So, in the STP a route from a source to a destination is opened when an 

amount of product is sent from the source to the destination via an assigned conveyance.  The STP can be 

further modified by considering a fixed-charge value for an opened route from a source to a destination. This 

modification is called fixed-charge solid transportation problem (FCSTP) (see Ojha et al., 2010; Giri et al., 2015). 

Another modification of the TP, in the cases that just fixed-charge value is considered for the opened routes in 

the TP (without considering the conveyances in the problem), is called fixed charge transportation problem 

(FCTP) (see Adlakha et al., 2010; Christensen et al., 2013; Midya and Roy, 2014; Kannana et al., 2014). 

Most of the mathematical models proposed for STP and FCTP tend to be NP-hard (see Klose, 2008). Meaning 

that the model cannot be solved in a polynomial running time. This NP-hardness motivate researchers to 

propose many heuristic/meta-heuristic algorithms e.g. simulated annealing (see Kirkpatrick et al., 1983; 

Niroomand and Vizvari 2015; Niroomand et al., 2015), genetic algorithm (see Lotfi and Tavakkoli-Moghaddam, 

2013), sparse algorithm (see Ma et al., 2014), etc. to obtain optimal/near-optimal solutions to the TPs. Ojha et 

al. (2010) applied a genetic algorithm to solve a FCSTP in existence of vehicle cost and unit-charge discount. 

Branching type algorithms were introduced by Adlakha et al. (2010) and Kowalski et al. (2014) to solve a FCTP 

in the case of small-sized problems. Lotfi and Tavakkoli-Moghaddam (2013) tackled a FCTP by a genetic 

algorithm which was modified by a priority-based encoding and new operators. A particle swarm algorithm 

which hybridized by artificial immune learning was applied by El-Sherbiny and Alhamali (2013) to solve a fixed 
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charge transportation problem. A nonlinear type FCTP was solved by Hajiaghaei-Keshteli et al. (2010) 

employing a spanning tree-based genetic algorithm. A typical multi-item FCSTP where all parameters and 

variables are considered to be fuzzy was modeled by Giri et al. (2015). Furthermore, fuzzy environment and 

uncertainty for parameters and variables of transportation problems was considered in many studies (see 

Mahapatra et al., 2013; Kundu et al., 2013; Molla-Alizadeh-Zavardehi et al., 2013; Safi and Razmjoo, 2013; Maity 

and Roy, 2014; Roy and Mahapatra, 2014; Kundu et al., 2014; Yang et al., 2015).  

On the other hand, heuristic algorithms like Benders decomposition, Lagrangian relaxation, branch and bound 

algorithm, etc. may be somehow useful to solve TPs and other mixed integer linear models (MILP). These 

algorithms could be applied to solve medium or large-sized (but still limited) MILPs optimally or with a 

reasonable optimality gap. Usually these algorithms are modified based on the characteristics of the MILPs to 

facilitate obtaining the optimal solution. A dynamic multi-level lot sizing problem was extensively formulated 

and solved by Ingold and Gröflin (1997). They applied a flexible Lagrangean-based heuristic to solve the 

problem. Ertogral (2008) introduced a Lagrangian relaxation method to solve a multi-item single source 

ordering problem where transportation cost is considered. In the case of supply chain network problem. 

Dolatabadi et al. (2011) focusing on data mining problems, used a Lagrangian relaxation approach and 

Subgradient optimization method to improve spectral bounds for clustering problems. Shi et al. (2012) applied 

a Lagrangian relaxation algorithm to design a build-to-order supply chain network.  Sadjady and Davoudpour 

(2012) designed a two-echelon, multi-commodity supply chain network to minimize the total cost of the 

network by a Lagrangian heuristic approach. Navarro-González and Villacampa (2013) used Lagrangian 

functions to model complex systems. In an integrated supply chain Nasiri et al. (2014) modeled a production-

distribution system in existence of stochastic demands. They developed a Lagrangian relaxation approach to 

solve the model.  A Lagrangian based decomposition approach was applied by Cordeau et al. (2015) to solve an 

inventory routing problem where multi-product is kept in the inventory.  

In addition, Saharidis et al. (2010) accelerated and modified Benders decomposition method by covering cut 

bundle generation. They applied the algorithm to a scheduling problem to show its efficiency. Tang et al. (2013) 

improved the classic Benders decomposition approach to solve logistics facility location problem in existence 

of capacity expansions. A reverse supply chain problem was solved by Santibanez-Gonzalez and Diabat (2013) 

using an improved Benders decomposition algorithm. Branch and bound algorithm (Boros et al., 2015) also 

was applied to solve various types of TPs by Schaffer and O’Leary (1989), Marín and Pelegrín (1997), 

Habibzadeh Boukani et al., (2014), etc.  

In this study, a new modification of TPs which has many real-world applications is formulated. For this 

modification, in addition to considering conveyances for transporting product from sources to destinations, a 

typical fixed-charge cost called step fixed-charge (Kowalski and Lev, 2008) which has many real-world 

applications in transportation, is added to the classic TP. The step fixed-charge is determined by a step function 

of the amount of product transported in an opened route from a source to a destination. It means that fixed-

charge is increased stepwisely where the amount of shipped product in a route exceeds from a pre-determined 

value. This modification of TPs is called step fixed-charge solid transportation problem (SFCSTP). On the other 

hand, a Lagrangian relaxation heuristic approach which to the best of our knowledge has not been applied to 

the modified TPs is developed to solve the SFCSTP efficiently. 

The rest of the paper is structured as follow. Section 2, explicitly presents a formulation for the SFCSTP. The 

complexity of the SFCSTP is discussed in Section 3. A Lagrangian relaxation heuristic approach is developed in 

Section 4. Section 5 contains computational experiments. A real-life example is presented in Section 6. The 

paper is ended by conclusion in Section 7. 

2. Mathematical formulation of the SFCSTP 

In order to formulate the SFCSTP, first the formulation of FCSTP is presented here, then it is modified as the 

SFCSTP model. 

http://link.springer.com/search?facet-author=%22Fereidoon+Habibzadeh+Boukani%22
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In the FCSTP there is a single product to be transported from a set of sources to a set of destinations by a set of 

either similar or different conveyances. Each source has such possibility to supply any of the destinations using 

any of the conveyances and each destination can get its demand from any of the sources using any of the 

conveyances. So, each source can supply zero, one or more destinations and the demand of each destination 

can be fulfilled by at least one source. Each conveyance also is used for zero, one or more opened routes from 

the sources to the destinations. A fixed-charge and unit-charge is considered for transporting any amount of 

product between the sources and the destinations. The aim of the FCSTP is to minimize the total transportation 

cost by finding an optimal amount of the product sent in the opened routes by different conveyances. The 

schematic representation of the FCSTP and SFCSTP is shown by Figure 1 where the arrays show all the possible 

routes (of course, some of them may not be opened in the solution of the problem) for transporting the product 

from the factories (sources) to the warehouses (destinations). 

Please, insert Figure 1 here. 

The following notations are used in all mathematical models of this section (some other notations also will be 

introduced late if needed), 

Sets and indexes: 

M : the set (number) of sources, 

N : the set (number) of destinations, 

Q : the set (number) of conveyances, 

, ,i j k : the indexes used for source, destination and conveyance, respectively. 

Parameters: 

ia : the capacity of source i ( 0ia  ), 

jb : the demand for destination j ( 0jb  ), 

ke : the capacity of conveyance k ( 0ke  ), 

ijkc : unit-charge of transporting the product from source i to destination j by conveyance k, 

ijkp : fixed-charge of transporting any amount of the product from source i to destination j by 

conveyance k. 

Decision variables: 

ijkX : amount of the product shipped in the route from source i to destination j by conveyance k, 

ijkT : a binary variable; it takes value of 1 if the route from source i to destination j by conveyance k is 

opened (  0ijkX ). With other words, if it is decided to send an amount of product from source i to 

destination j by conveyance k, the value of 
ijkT  is 1. Otherwise, it takes value of zero.   

The following formulation is used to model the FCSTP, 

1 1 1 1 1 1

min
M N M N

ijk ijk ijk ijk
i j k i j k

Q Q

c X p T
     

   (1) 

subject to   

1 1

QN

ijk i
j k

X a
 

  i M   (2) 

1 1

QM

ijk j
i k

X b
 

  j N   (3) 
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1 1

M N

i
j

kjk
i

X e
 

  k Q   (4) 

0ijkX      , ,i M j N k Q  (5) 

1          0

0          0

ijk

ijk

ijk

if X
T

if X


 



    , ,i M j N k Q  (6) 

The objective function (1) minimizes the total transportation cost which is the sum of unit-charges and fixed-

charges. Constraint set (2) ensure that the total amount of product transported from each source to all 

destinations should not be greater than the capacity of that source. Constraint set (3) guarantee that the 

demand of each destination should be responded. Inequality set (4) respects to the capacity of each conveyance 

and constraint sets (5) and (6) define non-negative and binary variables, respectively. 

To apply step fixed-charge to the FCSTP, let assume that the fixed-charge for sending an amount of the product 

from source i to destination j by conveyance k where 
ijk ijkX h   , is 

ijkf . Also for the case that ijk ijkX h  in 

addition to 
ijkf  a fixed-charge of 

ijkg  is paid for transporting the product. Therefore, the fixed-charge value of 

ijk ijkp T  in the objective function of the FCSPT is replaced by a step fixed-charge of ijk ijk ijk ijkf Y g Z  where, 


 


1 0,

0 ;

ijk

ijk

X
Y

otherwise
      and     


 


1 ,

0 ;

ijk ijk

ijk

X h
Z

otherwise
 . 

Considering the above-mentioned explanations, the SFCSTP is defined by the following formulation, 

The SFCSTP model (P1): 

 
     

  
1 1 1 1 1 1

min
M N M N

ijk ijk ijk ijk ijk ijk
i j k i j k

Q Q

c X f Y g Z  (7) 

subject to   

1 1

QN

ijk i
j k

X a
 

  i M   (8) 

1 1

QM

ijk j
i k

X b
 

  j N   (9) 

1 1

M N

i
j

kjk
i

X e
 

  k Q   (10) 

0ijkX      , ,i M j N k Q  (11) 

ijk ijk ijkX M Y     , ,i M j N k Q  (12) 

 ijk ijk ijk ijkX h M Z     , ,i M j N k Q  (13) 

{0,1}ijkY     , ,i M j N k Q  (14) 

{0,1}ijkZ     , ,i M j N k Q  (15) 

where 
ijkM  is obtained from the data set of the problem as  min{ , , }ijk i j kM a b e . 

3. On the complexity of the SFCSTP model 

The FCTP tends to be a NP-hard type problem (Jo et al., 2007; Hajiaghaei-Keshteli et al., 2010) as it cannot be 

solved in a polynomial run time. So the problem becomes extremely difficult and needs long run time when the 

size of the problem is increased. For the case of the SFCTP, because of the step function used in the objective 
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function of the model, the problem tends to be a “NP-super hard” type problem which definitely needs much 

more non-polynomial run time (Kowalski and Lev, 2008).  

Based on the above-mentioned literature of the FCTP and SFCTP NP-hardness, as the SFCSTP is an extension 

of the SFCTP with some extra constraints, it is concluded that, the SFCSTP is classified as an “NP-super hard” 

problem. This difficulty can be a source of motivation for researchers to develop efficient exact and non-exact 

algorithms to solve the SFCSTP. In the next section a Lagrangian relaxation heuristic method is proposed to 

solve large-sized SFCSTPs efficiently, while standard integer programming software such as CPLEX can solve 

only small and medium-sized SFCSTPs. 

4. Lagrangian relaxation heuristic for the SFCSTP 

Lagrangian relaxation is an effective approach for solving especially large scaled integer programming 

problems. This method was first proposed by Fisher (1981, 1985, 2004). This method was extensively applied 

to solve combinatorial optimization problems (see Ertogral, 2008). Although the approach has been applied to 

the FCTPs (see Wright et al., 1989; Aguado, 2009), it has not been used to solve the SFCSTP yet. The main idea 

of Lagrangian relaxation method is to relax “complicating constraints” and add them into the objective function 

multiplying them by some coefficients say Lagrangian multipliers. The relaxed problem is expected to be easier 

than the original problem to be solved and provides a lower bound on the optimal solution of the original 

problem. On the other hand, an upper bound is obtained using the solution of the obtained lower bound. A 

heuristic algorithm is proposed to construct a feasible solution (upper bound) from the lower bound solution. 

Guignard (2003) can be referred as a comprehensive and rich survey of Lagrangian relaxation approach. 

4.1 Lower bound generation for the SFCSTP 

Generally, in the models constructed for mixed integer linear problems (MILP), the constraints containing 

binary variables make the problems difficult to be solved. Therefore, these constraints are considered as 

complicating constraints. In order to define the relaxed version of any MILP in the Lagrangian relaxation 

approach, the most complicating constraints of the problem should be removed from the constraints set of the 

problem. These constraints then is added to the objective function of the problem by some coefficients. For the 

case of SFCSTP, the constraints (12) and (13) that contain binary variables are selected as complicating 

constraints. These constraints are relaxed and multiplied by non-negative Lagrangian multipliers e.g.  ( 0)ijk

and  ( 0)ijk
 and then added to the objective function. So, the relaxed problem of the SFCSTP is constructed as 

follow, 

Lagrangian relaxation problem: 

 
     

   
1 1 1 1 1 1

min ( , ) ( )
Q QM N M N

LR ijk ijk ijk ijk ijk ijk
i j k i j k

OF c X f Y g Z   

            
     

     
1 1 1 1 1 1

( ) ( )
Q QM N M N

ijk ijk ijk ijk ijk ijk ijk ijk ijk
i j k i j k

X M Y X M Z h  

(16) 

          
     

     
1 1 1 1 1 1

( ) ( )
Q QM N M N

ijk ijk ijk ijk ijk ijk ijk ijk
i j k i j k

c X f M Y  

            
     

   
1 1 1 1 1 1

( )
Q QM N M N

ijk ijk ijk ijk ijk ijk
i j k i j k

g M Z h   

subject to  

constraints (8)-(11) and (14)-(15). 

where ( , )LROF    shows objective function value.  
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To obtain a lower bound for the SFCSTP, the above-mentioned relaxed problem (8)-(11), (14)-(15) and (16) 

should be solved. As in the constraints (8)-(11) and (14)-(15) there is no restriction on the variables 
ijkY and

ijkZ , the terms 
  


1 1 1

( )
QM N

ijk ijk ijk ijk
i j k

f M Y  and 
  


1 1 1

( )
QM N

ijk ijk ijk ijk
i j k

g M Z  should take such a value to result in 

minimum possible objective function value (16) (because of minimization type objective function (24)). So, 

these terms and the constant term 
  


1 1 1

QM N

ijk ijk
i j k

h  is removed from the objective function (16). After removing 

the above-mentioned terms from the objective function (16) the Lagrangian relaxation problem is decomposed 

to sub-problems (P2) and (P3) as follow, 

Sub-problem (P2): 

2
1 1 1

min ( )
QM N

P ijk ijk ijk ijk
i j k

OF c X 
  

    (17) 

subject to   

1 1

QN

ijk i
j k

X a
 

  i M   (18) 

1 1

QM

ijk j
i k

X b
 

  j N   (19) 

1 1

M N

i
j

kjk
i

X e
 

  k Q   (20) 

0ijkX      , ,i M j N k Q  (21) 

Sub-problem (P3): 

3
1 1 1 1 1 1 1 1 1

min ( ) ( )
Q Q QM N M N M N

P ijk ijk ijk ijk ijk ijk ijk ijk ijk ijk
i j k i j k i j k

OF f M Y g M Z h  
        

        (22) 

subject to   

{0,1}ijkY     , ,i M j N k Q  (23) 

{0,1}ijkZ     , ,i M j N k Q  (24) 

where 
2POF  and 

3POF  are the objective function values. 

If the optimal value of variables and terms are shown by star (e.g. *

ijkX , *

2POF , etc.), a lower bound (LB) for the 

SFCSTP is obtained by the optimal solution of the Lagrangian relaxation problem by the following relation, 

* * *

2 3( , )LR P PLB OF OF OF     (25) 

where, *

2POF  and its related *

ijkX  are obtained by solving the sub-problem (P2) as a linear programming 

problem. This sub-problem can be solved easily by any optimization solver.  

On the other hand, in continue, a simple procedure is used to find the optimal solution of the sub-problem (P3). 

As the sub-problem (P3) is of minimization type, the following cases are considered to obtain its optimal 

solution, 
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 Case 1: For negative values of ijk ijk ijkf M  and ijk ijk ijkg M  the optimal values of 
ijkY and

ijkZ  are 

equal to 1 ( * *1, 1ijk ijkY Z  ).  

 Case 2: For positive values of ijk ijk ijkf M  and ijk ijk ijkg M  the optimal values of 
ijkY and

ijkZ  are equal 

to zero ( * *0, 0ijk ijkY Z  ). 

Using the above-mentioned cases, the optimal values of the variables 
ijkY and

ijkZ  are determined. Then, the 

optimal objective function value of the sub-problem (P3) is trivially obtained by Eq. (22) as follow, 

* * *

3
1 1 1 1 1 1 1 1 1

( ) ( )
Q Q QM N M N M N

P ijk ijk ijk ijk ijk ijk ijk ijk ijk ijk
i j k i j k i j k

OF f M Y g M Z h  
        

       . 

Finally, the procedure to obtain a lower bound for the SFCSTP is summarized as Algorithm 1 and shown by 

Figure 2.  

Please, insert Figure 2 here. 

The lower bound generated by the Algorithm 1 is used to generate an upper bound for the SFCSTP in the next 

sub-section. 

4.2 Upper bound generation for the SFCSTP 

The lower bound solution obtained by Algorithm 1 is given to the (P1) to calculate an upper bound. In many 

cases the lower bound solution may be infeasible in the (P1). As when the solution of the lower bound is used 

in the (P1), the constraint (11) may contradict the constraints (12) and (13). The possible contradictions are 

as follow, 

 Contradiction 1:  * *0 & 0ijk ijkY X , meaning that an amount of product is sent from source i to 

destination j by conveyance k but no fixed charge is paid. So the set   * *1 , , | 0 & 0ijk ijkC i j k Y X    is 

defined for the index of variables which have this contradiction. 

 Contradiction 2:   * *0 & 0ijk ijk ijkZ X h , meaning that an amount of product is sent from source i to 

destination j by conveyance k but no step fixed charge is paid. So the set 

  * *2 , , | 0 & 0ijk ijk ijkC i j k Z X h     is defined for the index of variables which have this contradiction. 

 Contradiction 3:  * *1 & 0ijk ijkY X , meaning that no product is sent from source i to destination j by 

conveyance k but a fixed charge is paid. So the set   * *3 , , | 1 & 0ijk ijkC i j k Y X    is defined for the 

index of variables which have this contradiction. 

 Contradiction 4:   * *1 & 0ijk ijk ijkZ X h , meaning that zero or at most ijkh products are sent from 

source i to destination j by conveyance k but a step fixed charge is paid. So the set 

  * *3 , , | 1 & 0ijk ijk ijkC i j k Z X h     is defined for the index of variables which have this contradiction. 

These contradictions must be solved in order to obtain a feasible upper bound. To do this, a simple adjustment 

heuristic method (see Wright and Haehling von Lanzenauer, 1989) is proposed here. 

4.2.1 Heuristic variable adjustment for feasibility of upper bound 

This heuristic adjustment method is developed to remove the contradictions happens when the solution of the 

lower bound is used in the (P1) to obtain a feasible upper bound. 



9 

 

4.2.1.1 Adjustment for variables with indexes    , , | , , 1i j k i j k C   

For this case of contradiction, as an amount of product is sent from source i to destination j by conveyance k, 

the value * 0ijkX   is considered as reference value and the value of * 0ijkY   is increased to * 1ijkY  . So, the 

contradiction is solved. 

4.2.1.2 Adjustment for variables with indexes    , , | , , 2i j k i j k C  

As this contradiction happens when an amount of product ( * 0ijk ijkX h  ) is sent from source i to destination j 

by conveyance k but no step fixed charge is paid, the value * 0ijk ijkX h   is considered as the reference and the 

value of * 0ijkZ   is increased to * 1ijkZ  . So, the contradiction is solved. 

4.2.1.3 Adjustment for variables with indexes    , , | , , 3i j k i j k C   

For this case of contradiction, as zero amount of product is sent from source i to destination j by conveyance k, 

the value * 0ijkX   is selected as the reference value and the value of * 1ijkY   is changed to * 0ijkY  . Therefore, the 

contradiction is removed. 

4.2.1.4 Adjustment for variables with indexes    , , | , , 4i j k i j k C  

As this contradiction happens when an/no amount of product ( * 0ijk ijkX h  ) is sent from source i to destination 

j by conveyance k but the step fixed charge is to be paid, the value * 0ijk ijkX h   is considered as the reference 

and the value of * 1ijkZ   is increased to * 0ijkZ  . So, the contradiction is removed. 

The procedure to obtain a feasible upper bound for the SFCSTP is summarized as Algorithm 2 and shown by 

Figure 3.     

Please, insert Figure 3 here. 

4.3 Procedure of the Lagrangian relaxation heuristic  

Once a lower bound and its related feasible upper bound are obtained for the (P1), if the gap between the lower 

and upper bounds is less than a pre-specified small value (say  ), the algorithm is terminated and the obtained 

solution is introduced as the optimal solution of the (P1) (the SFCSTP). Otherwise, the algorithm is continued 

until a limited number of iterations is performed. In each iteration a lower bound and its related upper bound 

are generated and the Lagrangian multipliers are updated by a sub-gradient optimization method (see Fisher, 

1981, 1985, 2004). To do this, a step size (say  iter

ijk ) is calculated for each iteration by the following equation, 

  


     




    2 2

1 1 1 1 1 1

( ( , ))

( ) ( )

iter iter iter
iter LR
ijk Q QM N M N

iter iter iter iter

ijk ijk ijk ijk ijk ijk ijk
i j k i j k

UB OF

X M Y X h M Z

 
(26) 

where   is to be selected from the interval (0, 2], UB is the best obtained upper bound until the iteration and 

 ( , )iter iter iter

LROF  is the optimal objective function value of the relaxed problem (P2) for the iteration. The value 

of   is decreased to  2  if after a number of iterations there is no improvement in the value of lower bound. 

The termination criteria for the Lagrangian relaxation method is one of the following criteria, 
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 The pre-determined number of iterations is reached, 

 The gap between the lower and upper bounds of an iteration is less than or equal to the pre-

determined value of  . 

The procedure of the Lagrangian relaxation heuristic is described by Algorithm 3 in Figure 4. 

Please, insert Figure 4 here. 

5. Computational experiments 

Performance of the Lagrangian relaxation algorithm is measured in this section. The algorithm is coded by 

CPLEX 12.5 and run on a computer with an Intel Core 2 Duo 2.53 GHz processor and 2.00 GB RAM. 16 problem 

sizes of the SFCSTP are considered to study the efficiency of the algorithm. A sensitivity analysis also is 

performed to show how the algorithm behaves over different values of its parameters.   

5.1 Benchmark generation 

As mentioned before, 16 problem sizes with different numbers of sources (M), destinations (N) and 

conveyances (Q) are considered for computational experiments of the Lagrangian relaxation algorithm. For 

each problem size, 10 benchmarks are generated while for each benchmark all parameters of the SFCSTP model 

is generated by a uniform distribution. Uniform distribution is used as it makes no bias on the values of a given 

interval while generating them randomly. The problem sizes and the parameters generation characteristics are 

shown by tables 1 and 2. Table 1 also depicts the number of variables and constraints of all problem sizes of 

the SFCSTP model (P1).  

If | |M  (cardinality of M) is the number of sources considered for the set of sources, the SFCSTP (model (P1)) 

consists of the following number of variables and constraints, 

 Number of continuous variables: | | | | | |M N Q    

 Number of integer (binary) variables: 2 | | | | | |M N Q    

 Number of constraints:  | | | | | | 3 | | | | | |M N Q M N Q       

For the largest sized test problem the SFCSTP consists of 50000 continuous variables, 100000 binary variables 

and 150160 constraints which reflects how much the problem is difficult to be solved. The number of variables 

and constraints for all problem sizes are shown by Table 1.  

Please, insert Table 1 here. 

Please, insert Table 2 here. 

5.2 Sensitivity analysis 

The test problem 12 is considered to study the impact of the different levels of the parameters on the 

performance of the proposed Lagrangian relaxation algorithm. The following parameters and their levels were 

considered, 

 Number of iterations ( I ): from the interval [1000, 3600], 

  : from the interval [  5 210 , 10 ], 

 
maxI : from the interval [20, 80]. 

After performing all experiments which cover all combinations of the levels of the above-mentioned 

parameters, it was obvious that the value of   and maxI  has no significant impact on the performance of the 

algorithm. In other words, in the fixed number of iterations (for example 1000 or any value from interval  
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[1000, 3600]), different values of   and 
maxI  from their above-mentioned intervals do not make any significant 

change in the obtained lower bound, upper bound, optimality gap and CPU run time. 

On the other hand the algorithm is completely sensitive to the changes of the number of iterations over the 

given interval. For a fixed values of   and 
maxI , when the number of iterations is changed from 1000 to 3600, 

the average upper bound (over 10 benchmarks of the test problem 12) is decreased from 140000 to 137000 

(see Figure 5). An inverse change happens in the average lower bound (over 10 benchmarks of the test problem 

12) as it increased from 125000 to 129500 over the same changes of the number of iterations  

(see Figure 6).  

Please, insert Figure 5 here. 

Please, insert Figure 6 here. 

The optimality gaps including average gap (over 10 benchmarks of the test problem 12), minimum gap and 

maximum gap (Gavg, Gmin and Gmax) are obviously decreased from 0.106 to 0.062, 0.095 to 0.049 and 0.112 to 

0.077 respectively, when the number of iterations is changed from 1000 to 3600 (see Figure 7). 

Finally it is clear that average, minimum and maximum CPU run times (Tavg, Tmin and Tmax) (over 10 benchmarks 

of the test problem 12) of the algorithm is increased from 74.72 to 264.18, 71.10 to 251.16 and 82.78 to 316.13 

seconds respectively, when the number of iterations is changed from 1000 to 3600 (see Figure 8).   

Please, insert Figure 7 here. 

Please, insert Figure 8 here. 

5.3 Final experiments on the benchmarks 

The proposed Lagrangian relaxation approach was applied to all the generated benchmarks. The iteration 

number 900I  ,   value of 210 , 
max 30I  , and  2  was used in the algorithm for all the benchmarks. On 

the other hand the SFCSTP model was coded in CPLEX directly to be solved by classic branch and bound (B&B) 

method of the solver. As in each problem size, 10 benchmark are solved by the Lagrangian relaxation algorithm 

and the classic B&B method, average, minimum and maximum values of optimality gap (G) and CPU run time 

(T) based on seconds for each problem size are reported by Table 3. 

Please, insert Table 3 here. 

As shown by Table 3, while the test problems 1-10 are solved optimally by the classic B&B of CPLEX with zero 

optimality gap, the classic B&B of CPLEX solves the test problem 11 optimally with 0.009 optimality gap which 

proves the optimality (CPLEX says the gap is in the reasonable interval). In addition, classic B&B of CPLEX 

cannot solve the test problem 12 and the consequent test problems in a given CPU time of 250 seconds which 

is identical to the highest CPU time of the proposed Lagrangian relaxation approach. Clearly, the CPLEX classic 

B&B has better performance than the Lagrangian relaxation approach for the 11-th and smaller sized test 

problems. For 12-th and larger sized test problems, the proposed Lagrangian relaxation approach obtained a 

good feasible solution (the best obtained upper bound) with the given optimality gaps which is better than the 

optimality gaps obtained by CPLEX classic B&B in a same running time. 

The CPU run time of the Lagrangian relaxation problem is increased by increasing the size of the test problems. 

The average CPU run time over the benchmarks of each test problem varies from 4.15 seconds to 250.92 

seconds. The graph of the CPU run times are illustrated by Figure 9.  

Please, insert Figure 9 here.  

6. A real-life example 
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In order to show applicability of the SFCSTP, a real life example is presented in this section. The problem 

happens in a furniture production company which has several production plants (source) in Iran. The aim is to 

send sets of furniture produced by the plants to the distribution centers (destination) of the company by 

different transportation firms (conveyance). A set of furniture is used to equip a room. The plants and 

distribution centers of the company are shown by Table 4 and Figure 10. The problem is to determine a 

transportation plan for the company that help the management to know how many products (sets of furniture) 

should be sent from the plants to distribution centers by the transportation firms in order to decrease the total 

fixed and unit transportation costs. The same cost function as the cost function of the SFCSTP is used by the 

transportation firms.  

Please, insert Table 4 here. 

Please, insert Figure 9 here. 

The following data is obtained from the company, 

 The company has 10 production plants. 

 There are 20 distribution centers. 

 There are 3 transportation firms working with the furniture company. 

 The product is presented by set of furniture. So, there are several sets of furniture with different 

designs.  

 All types (sets) of furniture have approximately equal physical size. 

 Each plant is able to produce all types of furniture. 

 The following values for planning horizon of 1 month is also given, 

o Production capacity of the plants. For example the plant located in Karaj can produce 260 sets 

of furniture per month. 

o Demand of the distribution centers. For example the distribution center located in Zanjan 

demands totally 110 sets of all sets of furniture in the planning horizon. 

o Capacity of the transportation firms per month. For example transportation firm 1 can 

transport totally 1100 sets of furniture in all transportation routes. 

 The first fixed cost values (
ijkf ) are given by the transportation firms. The values are in the range of 

 2000000,4500000  Rials. The values are depended to the distance of the plants and distribution centers. 

 The amount of transported sets of furniture (
ijkh ) which causes second fixed cost is determined by the 

transportation firms for all possible routes. The values are in the range of  30,250  sets of furniture. 

 The second fixed cost values (
ijkg ) are given by the transportation firms. The values are in the range of 

 2000000,3000000  Rials. The values are depended to the distance of the plants and distribution centers. 

 The unit transportation cost for transporting the furniture from the plants to distribution centers (
ijkc ) 

is given by the transportation firms. The values are in the range of  10200,3483700  Rials for each set of 

furniture. The values are depended to the distance of the plants and distribution centers. 

The SFCSTP for this company was solved by two methods of the proposed Lagrangian relaxation method and 

classis B&B of CPLEX. The following results were obtained, 

 The proposed Lagrangian relaxation approach solves the problem with optimality gap of 0.045 and 

best obtained objective function value (upper bound) of 2.12384266e+09 Rials. 

 The classic B&B of CPLEX solves the problem optimally with objective function value of 

2.108610445e+09 Rials.  

 Also the amount of product based on sets of furniture was given by the solution which determines 

how much sets of furniture should be sent from any plant to any distribution center by any 

transportation firm. 



13 

 

7. Summary and conclusion 

We presented a mathematical model for a novel problem arising in the transport of goods. The presented model 

is mixed integer linear model in the form of a big-M model. The problem is categorized as a NP-super hard 

problem and even moderate sized instances are not solved efficiently with CPLEX. 

We exploited the decomposable structure of this model and presented a dual decomposition scheme which is 

capable of solving real size instances to very high quality solutions in very reasonable times. Numerical 

experiments confirm the superiority of our method to the general-purpose solvers. At the end a real-life 

example is presented to show the applicability of the SFCSTP. 

For future studies on the SFCSTP, the researchers may apply other exact heuristic methods e.g. Bender’s 

decomposition approach, branch and cut algorithm, etc. to solve the problem. The metaheuristics e.g. genetic 

algorithm, simulated annealing, tabu search, etc. or their hybridized version also may be applicable.    
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Figure 1. A common schematic representation for the FCSTP and SFCSTP. 

 

 

Algorithm 1: Lower Bound 

Solve the (P2) to find the optimal objective function value *

2POF and *

ijkX . 

for , ,i M j N k Q       do  

if   0ijk ijk ijkf M     then 

set  * 1;ijkY   

else 

set * 0;ijkY   

end if 

if   0ijk ijk ijkg M     then 

set  * 1;ijkZ   

else 

set * 0;ijkZ     

end if 
end for 
Calculate the optimal objective function value of the (P3) by,  

* * *

3

1 1 1 1 1 1 1 1 1

( ) ( )  
        

      
Q Q QM N M N M N

P ijk ijk ijk ijk ijk ijk ijk ijk ijk ijk

i j k i j k i j k

OF f M Y g M Z h  

Calculate the optimal objective function of the Lagrangian relaxation problem as a lower bound 
for the SFCSTP by, 

* * *

2 3( , )   LR P PLB OF OF OF  

Figure 2. Pseudo code of the Algorithm 1 to find a lower bound for the SFCSTP. 
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Algorithm 2: Feasible Upper Bound 

for , ,i M j N k Q       do 

Obtain *

ijkX , *

ijkY , *

ijkZ  from the lower bound solution of Algorithm 1 

if   * *0 & 0ijk ijkY X    then 

set  * 1;ijkY   

end if 

if   * *0 & 0ijk ijk ijkZ X h     then 

set  * 1;ijkZ   

end if 

if   * *1 & 0 ijk ijkY X   then 

set  * 0;ijkY  

end if 

if   * *1 & 0  ijk ijk ijkZ X h   then 

set  * 0;ijkZ  

end if 
end for 

Apply *

ijkX , *

ijkY and *

ijkZ  in the objective function of the (P1) to find an upper bound (UB ) by, 

* * *

1 1 1 1 1 1 1 1 1

Q Q QM N M N M N

ijk ijk ijk ijk ijk ijk

i j k i j k i j k

UB c X f Y g Z
        

      

Figure 3. Pseudo code of the Algorithm 2 to find an upper bound for the SFCSTP. 
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Algorithm 3: The Lagrangian relaxation heuristic algorithm 

Initialization 
Set the number of the first iteration 0iter  ,  

Set the initial values of Lagrangian multipliers * *, , ,iter iter iter iter       , 

Set the initial values of lower and upper bounds LB UB ,  

Set the initial value of step length  , 

Set the maximum number of iteration I , 
while (the termination criteria is not met)  do   

Solve the relaxed problem to obtain ( , )iter

LROF    by Algorithm 1,  

if ( , )iter iter iter

LROF LB    then 

set * *( , ), ,iter iter iter iter iter

LRLB OF         ,  

end if  

Find a feasible solution ( FS ) to the (P1) using Algorithm 2 and the solution of ( , )iter iter iter

LROF   ,    

if FS UB  then  

set UB FS ,  

end if 
if UB LB    then  

(the termination criteria is met),  
end if  
Update the Lagrange multipliers:  

1 ( )itet itet itet iter iter

ijk ijk ijk ijk ijk ijkX M Y      ,  

1 1max {0, }itet itet

ijk ijk   , 

1 ( )itet itet itet iter iter

ijk ijk ijk ijk ijk ijk ijkX M Z h       , 

1 1max {0, }itet itet

ijk ijk   , 

if (no improvement in the best LB  over a number of consecutive iterations (
maxI )) then  

let 2  ,  

end if  
if iter I  then  

(the termination criteria is met),  
end if 
Set 1iter iter  ,  

end while 

Figure 4. Pseudo code of the proposed Lagrangian relaxation heuristic algorithm for the SFCSTP. 
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Table 1. The test problem sizes. 

Problem 
No. 

No. of 
benchmarks 

|𝑀| |𝑁| |𝑄| 
Number of variables Number of 

constraints Continuous Integer 

1 10 5 8 2 80 160 255 

2 10 5 10 2 100 200 317 

3 10 10 15 2 300 600 927 

4 10 10 20 3 600 1200 1833 

5 10 15 25 3 1125 2250 3418 

6 10 15 30 3 1350 2700 4098 

7 10 20 35 4 2800 5600 8459 

8 10 20 40 4 3200 6400 9664 

9 10 25 45 5 5625 11250 16950 

10 10 25 50 5 6250 12500 18830 

11 10 30 55 6 9900 19800 29791 

12 10 30 70 6 12600 25200 37906 

13 10 40 75 7 21000 42000 63122 

14 10 40 80 8 25600 51200 76928 

15 10 50 90 8 36000 72000 108148 

16 10 50 100 10 50000 100000 150160 
 

 

 

 

Table 2. Parameters’ generation characteristics for each benchmark. 

Indexes Parameters 
Distribution and its 
parameter’s value 

 i M  ia   200, 400U   

 j N  jb   50, 100U   

 k Q  ke   800, 1800U   

   ,  , i M j N k Q  ijkh   50, 200U   

   ,  , i M j N k Q  ijkc   20, 150U   

   ,  , i M j N k Q  ijkf   200, 600U   

   ,  , i M j N k Q  ijkg   200, 600U   

   ,  , i M j N k Q  ijkM  min{ , , }i j ka b e  
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Figure 5. Variations of the average upper bound over iteration number changes for test problem 12. 

 

 

 

 

Figure 6. Variations of the average lower bound over iteration number changes for test problem 12. 
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Figure 7. Variations of the optimality gaps over iteration number changes for test problem 12. 

 

 

 

 

Figure 8. Variations of the CPU run times over iteration number changes for test problem 12. 
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Table 3. The performances of the Lagrangian relaxation approach and classic B&B of CPLEX. 

Problem 
No. 

 The Lagrangian relaxation approach  Classic B&B of CPLEX 

 Gavg Gmin Gmax Tavg Tmin Tmax  Gavg Tavg Tmin Tmax 

1  0.019 0.01 0.029 4.15 1.37 5.16  0 0.04 0.01 0.12 

2  0.017 0.01 0.037 4.10 1.29 5.53  0 0.03 0.03 0.04 

3  0.019 0.01 0.037 6.21 3.99 6.77  0 0.09 0.06 0.11 

4  0.030 0.017 0.049 7.49 6.20 8.45  0 0.29 0.09 0.64 

5  0.032 0.021 0.045 10.03 9.57 10.90  0 0.20 0.12 0.53 

6  0.0316 0.017 0.039 10.76 10.45 11.85  0 0.32 0.18 0.56 

7  0.0511 0.037 0.067 16.45 16.09 16.75  0 0.65 0.40 0.98 

8  0.058 0.045 0.076 18.04 17.39 18.95  0 0.98 0.62 1.82 

9  0.078 0.073 0.086 28.98 25.91 33.04  0 1.99 0.82 7.88 

10  0.083 0.075 0.092 31.46 29.00 33.25  0 3.83 1.26 18.58 

11  0.103 0.09 0.114 42.58 40.27 46.03  0.009* 3.38 1.43 5.78 

12  0.11 0.98 0.116 66.71 63.60 78.79  0.089 250 250 250 

13  0.134 0.126 0.143 103.40 99.41 108.49  0.162 250 250 250 

14  0.145 0.137 0.155 125.89 121.50 130.52  0.191 250 250 250 

15  0.16 0.153 0.162 182.41 174.98 202.81  0.265 250 250 250 

16  0.174 0.167 0.185 250.92 251.06 258.85  0.374 250 250 250 

*: the optimality was proved with acceptable gap. 
 

 

 

 

Figure 9. Variations of the CPU run times over changes in size of the test problems. 
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Table 4. The location of plants and distribution centers of the real-life example on map.  

Distribution centers  Plants 
No. Location No. Location  No. Location 
1 Qazvin 11 Shiraz  1 Karaj 
2 Tehran 12 Kerman  2 Eslamshahr 
3 Arak 13 Qom  3 Jajrood 
4 Khorramabad 14 Dezfool  4 Qom 
5 Ahvaz 15 Tabriz  5 Garmsar 
6 Hamedan 16 Sari  6 Ashtian 
7 Kermanshah 17 Rasht  7 Boroojerd 
8 Semnan 18 Gorgan  8 Shooshtar 
9 Kashan 19 Mashhad  9 Malayer 

10 Isfahan 20 Zanjan  10 Salafchegan 
 

 

 

 

 

Figure 10. The location of plants and distribution centers of the real-life example on map. 


