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Abstract. We explore the bounds that can be placed on interactions between cold dark
matter and vacuum energy, with equation of state w = −1, using state-of-the-art cosmological
observations. We consider linear perturbations about a simple background model where
the energy transfer per Hubble time, Q/H, is a general linear function of the dark matter
density, ρc, and vacuum energy, V . We explain the parameter degeneracies found when fitting
cosmic microwave background (CMB) anisotropies alone, and show how these are broken
by the addition of supernovae data, baryon acoustic oscillations (BAO) and redshift-space
distortions (RSD). In particular, care must be taken when relating redshift-space distortions
to the growth of structure in the presence of non-zero energy transfer. Interactions in the dark
sector can alleviate the tensions between low-redshift measurements of the Hubble parameter,
H0, or weak-lensing, S8, and the values inferred from CMB data. However these tensions
return when we include constraints from supernova and BAO-RSD datasets. In the general
linear interaction model we show that, while it is possible to relax both the Hubble and
weak-lensing tensions simultaneously, the reduction in these tensions is modest (reduced to
less slightly than 4σ and 2σ respectively).
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1 Introduction

There is now strong evidence that the expansion of the Universe is accelerating from a variety
of observations, since early measurements of the magnitude-redshift relation for type-Ia
Supernovae (SNe Ia) [1, 2], to detailed observations of cosmic microwave background (CMB)
anisotropies made by Planck satellite [3], as well as galaxy surveys [4–7]. Such an acceleration
suggests that the Universe contains some kind of dark energy, homogeneously distributed
exerting a negative pressure, in addition to both ordinary, baryonic matter and non-relativistic
cold dark matter (CDM) which freely falls under gravity. The simplest model for dark energy
is a cosmological constant, Λ, with an effective equation of state w = −1, which is equivalent
to a non-zero vacuum energy as predicted by quantum field theory. However, the huge
discrepancy between the vacuum energy inferred from observations and that expected from
theoretical predictions gives rise to the cosmological constant problem [8, 9].

The standard ΛCDM cosmology can successfully describe all current observations with
suitable choices for the cosmological parameters. However the parameter values inferred
from CMB anisotropies appear to be in tension with other determinations of the Hubble
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constant H0 based distance-ladder measurements at lower redshifts. In particular, the
SH0ES collaboration estimates H0 = 73.04 ± 1.04 km s−1Mpc−1 based on observations of
SNe calibrated by a sample of Cepheid variable stars [10]. This gives rise to about 4.8σ
statistically significant difference with respect to the Planck baseline CMB constraint, given by
H0 = 67.36± 0.54 km s−1Mpc−1 [3] in ΛCDM. If this discrepancy is not due to undiscovered
systematic errors in either of the analyses, the only explanation for this Hubble tension appears
to be new physics beyond the standard ΛCDM cosmology. At the same time there is growing
evidence of another tension between the amplitude of matter density fluctuations measured by
weak-lensing and other surveys of large-scale structure, denoted by σ8 or S8 ≡ σ8(Ωm/0.3)1/2,
compared with the amplitude inferred from CMB anisotropies in ΛCDM. The most common
approach to address these tensions by exploring cosmologies beyond ΛCDM is to consider a
dynamical form of dark energy by introducing additional degrees of freedom in the form of a
field or fluid description, leading to an effective equation of state w 6= 1 [11]. However most
attempts to resolve the Hubble tension tend to exacerbate the discrepancy in S8 [12].

Here we investigate an alternative, less frequently studied extension of ΛCDM where
the equation of state of dark energy remains fixed to be that of a vacuum energy, w = −1,
but where we allow the vacuum to exchange energy-momentum with dark matter [13–18].
For example, one might consider vacuum decay due to particle creation in an expanding
universe [19, 20]. Cosmological probes allow us to constrain the form of the interaction [21, 22]
while studying the effect of the interaction on other cosmological parameters such as H0
and S8.

In this paper we consider interacting vacuum cosmologies where the energy transfer
per Hubble time, Q/H = αρc + βV , is a general linear function of the cold dark matter
density, ρc, and/or vacuum energy, V , updating and extending previous studies [23–27].
This model generalises time-dependent vacuum models with Q = βHV [28, 29], or time-
dependent dark matter models with Q = αHρc [30–34], which are closely related to running
vacuum models [18]. It also generalises the decomposed Chaplygin gas models [35–38], where
Q = γHρcV/(ρc + V ), and we have Q/H → γV at early times where V/ρc → 0, and
Q/H → γρc at late times where ρc/V → 0.

This paper is organised as follows. In section 2 we introduce the general covariant equa-
tions for the vacuum-dark matter interaction and give analytic solutions for the background
cosmological models for specific and general linear interaction models. In section 3 we present
the dynamical equations for scalar cosmological perturbations, focusing on the geodesic model
for inhomogeneous perturbations where dark matter follows geodesics and hence clusters
while the vacuum energy remains homogeneous in the synchronous, comoving frame [17]. The
next section 4 investigates the effect of interaction parameters on the CMB power spectra
and in section 5 we consider the interpretation of redshift-space distortions in this model. We
present constraints on the model parameters from current observations of CMB anisotropies,
type-Ia supernovae and large-scale structure survey data in section 6 and discuss the impact
on H0 and S8 tensions in section 7. We present our conclusions in section 8.

2 Interacting vacuum energy models

2.1 Covariant equations

The energy-momentum tensor of the vacuum energy V can be defined as proportional to the
metric tensor

Ťµν = −V gµν (2.1)
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with the energy density ρV = V and pressure PV = −V . The equation of state parameter
thus corresponds to that of a cosmological constant, w = PV /ρV = −1. Comparing eq. (2.1)
with the energy-momentum tensor for a perfect fluid,

Tµν = Pgµν + (ρ+ P )uµuν , (2.2)

we can see that the four-velocity for the vacuum, ǔµ, is not defined since ρV + PV = 0 and
the 4-momentum is identically zero [17].

In general relativity the total energy-momentum tensor of matter plus vacuum is
covariantly conserved ∇µ

(
Tµν + Ťµν

)
= 0 , however an energy-momentum exchange between

these two components is allowed. We define the energy-momentum transfer to the vacuum
energy

Qν ≡ ∇µŤµν = −∇νV , (2.3)

where the final equality can be obtained directly from the definition of the vacuum energy-
momentum tensor, eq. (2.1). Hence, from the conservation of the total energy-momentum,
we have

∇µTµν = −Qν . (2.4)

Without loss of generality we can decompose the energy-momentum transfer [39, 40] into an
energy transfer Q along the matter 4-velocity, uµ, and a momentum transfer (or force), fµ
orthogonal to uµ:

Qµ = Quµ + fµ . (2.5)

2.2 FLRW cosmology

In a spatially-flat Friedmann-Lemaitre-Robertson-Walker (FLRW) background cosmology
with vacuum energy V , the Friedmann equation reads

H2 = 8πG
3 (ρr + ρb + ρc + V ), (2.6)

with the Hubble rate H = ȧ/a, where a is the scale factor and a dot denotes a time derivative.
The radiation and matter densities are denoted by ρi where the subscripts r, b and c stand
for radiation, baryons and cold dark matter respectively.

In an FLRW background, all the matter components, including the vacuum energy, are
spatially homogeneous. Hence, the energy transfer Q only depends on time. In this case the
FLRW symmetry required that the energy transfer four-vector is parallel to the dark matter
four-velocity, Qµ = Quµ. The continuity equations take the simple form:

V̇ = Q ,

ρ̇r + 4Hρr = 0 ,
ρ̇b + 3Hρb = 0 ,
ρ̇c + 3Hρc = −Q ,

(2.7)

and we assume that the interaction between vacuum and matter is restricted to the dark
sector. Radiation and baryons are only gravitationally coupled to the vacuum energy, giving
the standard background solutions

ρr = ρr,0a
−4 , ρb = ρb,0a

−3 . (2.8)
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In this paper, we consider the simple linear interaction model [23–27]

Q = αHρc + βHV , (2.9)

where α and β are dimensionless parameters controlling the strength of the interaction. We
will study separately the cases β = 0 and α = 0, i.e., the models Q = αHρc and Q = βHV ,
before considering the general case.

2.3 Model: Q = αHρc

In this model, eqs. (2.7) can be integrated to give

ρc = ρc,0a
−(3+α), (2.10)

ρV = α

α+ 3
(
1− a−(3+α)

)
ρc,0 + V0, (2.11)

where ρc,0 and V0 are the present energy densities of cold dark matter and vacuum energy
respectively. The Friedmann equation, eq. (2.6), can then be rewritten in terms of the
present-day dimensionless density parameters

Ωi ≡
8πGρi
3H2 , (2.12)

as

H2(z) = H2
0

[
Ωr,0(z + 1)4 + Ωb,0(z + 1)3 +

{
α+ 3 (z + 1)α+3

α+ 3

}
Ωc,0 + ΩV,0

]
, (2.13)

where the redshift z = a−1−1. Note that the total matter density is given by Ωm,0 = Ωb,0+Ωc,0
and, by construction, ΩV,0 = 1− Ωr,0 − Ωm,0.

When exploring observational constraints on the expansion history, H(z), and the
dependence on different cosmological parameters it will be helpful to eliminate ΩV,0 and
re-write eq. (2.13) in terms of the parameters ωb ≡ Ωbh

2, ωc ≡ Ωch
2 and ωr ≡ Ωrh

2, as well
as α and the dimensionless Hubble constant, h ≡ H0/H100, where H100 = 100 km s−1 Mpc−1.
This gives

H(z) = H100

[
ωr
{

(1 + z)4 − 1
}

+ ωb
{

(1 + z)3 − 1
}

+ 3ωc
3 + α

{
(1 + z)3+α − 1

}
+ h2

]1/2
.

(2.14)

For α = 0 we recover the standard expression for the ΛCDM model with the same parameter
values

HΛ(z) = H100
[
ωr
{

(1 + z)4 − 1
}

+ (ωb + ωc)
{

(1 + z)3 − 1
}

+ h2
]1/2

. (2.15)

2.4 Model: Q = βHV

The solution of eq. (2.7) for this interaction model can be written as

ρc = ρc,0(1 + z)3 + B(β, z)V0 (2.16)
V = V0(1 + z)−β (2.17)
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where
B(β, z) ≡ β

β + 3
{

(1 + z)3 − (1 + z)−β
}

(2.18)

The Friedmann equation, eq. (2.6), then can be written as

H2(z) = H2
0

[
Ωr,0(1 + z)4 + Ωb,0(1 + z)3 + Ωc,0(1 + z)3 +

{
B(β, z) + (1 + z)−β

}
ΩV,0

]
.

(2.19)

Eliminating ΩV,0 and writing the expansion history, H(z), in terms of the physical density
parameters, ωb ≡ Ωbh

2, ωc ≡ Ωch
2 and ωr ≡ Ωrh

2, we can write eq. (2.19) for the expansion
history in the β-model as

H2(z) =H2
100

{
ωr(1+z)4 +(ωb+ωc)(1+z)3 +(h2−ωr−ωb−ωc)

[
(1+z)−β+B(β,z)

]}
.

(2.20)

For β = 0 we recover the usual ΛCDM expression (2.15).

2.5 Model: Q = αHρc + βHV

The analytic solutions for dark matter density and vacuum energy for the general linear
interaction (with both α 6= 0 and β 6= 0) are

ρc = C+(1 + z)p+ − C−(1 + z)p− , (2.21)
V = V+(1 + z)p− − V−(1 + z)p+ , (2.22)

where we define

C± ≡
3 + α+ β ± S

2S ρc,0 + β

S
V0 , (2.23)

V± ≡
α

S
ρc,0 + 3 + α+ β ± S

2S V0 , (2.24)

p± ≡
3 + α− β ± S

2 , (2.25)

S ≡
√

(α+ β + 3)2 − 4αβ . (2.26)

The Friedmann equation, eq. (2.6), becomes

H2(z) = H2
0

[
Ωr,0(1 + z)4 + Ωb,0(1 + z)3

+Ωc,0

{3− α+ β + S

2S (1 + z)p+ − 3− α+ β − S
2S (1 + z)p−

}
+ ΩV,0

{3 + α− β + S

2S (1 + z)p− − 3 + α− β − S
2S (1 + z)p+

}]
. (2.27)

3 Linear perturbations

We consider linear perturbations of a spatially-flat FLRW universe in an arbitrary gauge [39–
42]

ds2 = −(1 + 2A) dt2 + 2a∂iB dt dxi + a2[(1 + 2C)δij + 2∂i∂jE] dxi dxj , (3.1)
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where A, B, C and E are scalar metric perturbations. The total four-velocity of matter
(neglecting vorticity) is given by

uµ =
[
1−A , a−1∂iv

]
, uµ = [−1−A , ∂iθ] , (3.2)

where we define θ = a(v +B).
It will be helpful to identify a few gauge-invariant quantities that are commonly used [42]:

• Comoving curvature perturbation:

R = C +Hθ , (3.3)

• Bardeen/Newtonian potential:
Ψ = −C +Hσ , (3.4)

• Eulerian-frame velocity:
ϑ = θ + σ (3.5)

where the shear of the constant-time hypersurfaces is given by σij ≡ (∂i∂j − (1/3)δij∇2)σ and
σ ≡ a2Ė − aB. Note that these gauge-invariant quantities are not independent and we have

R = −Ψ +Hϑ . (3.6)

3.1 Energy continuity and Euler equations

The continuity equations for first-order perturbations of the baryons, dark matter and vacuum
energy read [17, 42]

δ̇ρb + 3Hδρb + 3ρbĊ + ρb
∇2

a2 (θb + σ) = 0 , (3.7)

δ̇ρc + 3Hδρc + 3ρcĊ + ρc
∇2

a2 (θc + σ) = −δQ−QA , (3.8)
˙δV = δQ+QA , (3.9)

while momentum conservation requires

ρb
(
θ̇b +A

)
= 0 , (3.10)

ρc
(
θ̇c +A

)
−Qθc = −f −Qθ , (3.11)

−δV = f +Qθ , (3.12)

where following [39, 40] we decompose Qµ = Quµ + fµ, where fµuµ = 0, so that

Qµ = [−Q(1 +A)− δQ , ∂i(f +Qθ)] , (3.13)

and we define the total matter momentum (ρb + ρc)θ ≡ ρbθb + ρcθc.
The baryon and dark matter equations are commonly written in terms of the dimensionless

density contrasts
δb = δρb

ρb
, δc = δρc

ρc
, (3.14)
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the equations for baryons and dark matter can be written as

δ̇b + 3Ċ + ∇
2

a2 (θb + σ) = 0 , (3.15)

δ̇c + 3Ċ + ∇
2

a2 (θc + σ) = −
(
δQ−Q(δc −A)

ρc

)
. (3.16)

Because the momentum of the vacuum is identically zero, the conservation equation for
the vacuum momentum, eq. (3.12), becomes a constraint equation which requires that the
vacuum pressure gradient, ∇i(−δV ) must be balanced by the force ∇i(f +Qθ). This in turn
determines the equal and opposite force exerted by the vacuum on the dark matter

−∇i (f +Qθ) = ∇iδV . (3.17)

Thus the dark matter particles feel a force due to the gradient of the vacuum potential energy.
We can use the vacuum energy and momentum conservation eqs. (3.9) and (3.12) to eliminate
δQ and f in the dark matter eqs. (3.8) and (3.11) to obtain

δ̇ρc + 3Hδρc + 3ρcĊ + ρc
∇2

a2 (θ + σ) = − ˙δV , (3.18)

ρc
(
θ̇c +A

)
= δV + V̇ θc . (3.19)

In terms of the density contrast eq. (3.14) we have [43]

δ̇c + 3Ċ + ∇
2

a2 (θc + σ) = −
( ˙δV − V̇ δc

ρc

)
. (3.20)

3.2 Einstein equations
The curvature and shear perturbations obey the evolution equations, driven by the isotropic
pressure perturbation [17, 42]

C̈ + 3HC −HȦ−
(
3H2 + 2Ḣ

)
A = −4πGδV , (3.21)

σ̇ +Hσ −A− C = 0 , (3.22)

while the energy and momentum perturbations obey the Einstein constraint equations

3H
(
Ċ −HA

)
− ∇

2

a2 [C −Hσ] = 4πG (δρb + δρc + δV ) , (3.23)

Ċ −HA = 4πG (ρbθb + ρcθc) . (3.24)

The vacuum contributes to the energy constraint eq. (3.23) but not the momentum constraint
eq. (3.24).

3.3 Geodesic model
If the 4-vector Qµ describing the energy-momentum transfer between the vacuum and the
dark matter is parallel to the 4-velocity of the dark matter, uµ, then the 3-force, ∇if , vanishes
in the frame comoving with the dark matter:

fc ≡ f +Q(θ − θc) = 0 . (3.25)

We refer to this as a geodesic model, since the dark matter then follows geodesic.

– 7 –
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The 3-force on the dark matter always vanishes in the FRW background due to isotropy.
Hence the first-order perturbation, ∇if , is not determined by the background solution for the
energy transfer, Q. Rather, we need a covariant description of the inhomogeneous energy-
momentum transfer, Qµ. If, for example, we require that the matter+vacuum perturbations
are adiabatic in the sense that the relative (entropy) perturbation vanishes (δV/V̇ = δρc/ρ̇c)
then the interacting vacuum+matter behaves like a barotropic fluid, whose speed of sound
is given by the adiabatic sound speed, c2

s = Ṗ /ρ̇. This is non-zero (possibly imaginary),
leading to oscillations (or instabilities) in the matter which place very strong constraints
on the allowed interaction strength (see for example [36]). By contrast, if we assume the
3-force, ∇if , vanishes in the frame comoving with the dark matter, then the sound speed
also vanishes, so that dark matter clusters on all scales, similar to non-interacting cold dark
matter. Thus in this paper we will study the geodesic model as the minimal generalisation of
a non-interacting ΛCDM cosmology.

In the geodesic case the momentum conservation eqs. (3.10)–(3.12) simplify considerably
to give

θ̇b +A = 0 , (3.26)
θ̇c +A = 0 , (3.27)
−δV = V̇ θc . (3.28)

In particular we find that the velocity potential for the baryons relative to the dark matter is
constant,

Θb|c ≡ θb − θc = constant . (3.29)
We can exploit the spatial gauge freedom to choose a frame comoving with the dark

matter (θc = 0) and choose a temporal gauge such that the spatial hypersurfaces are orthogonal
to the dark matter four-velocity (B = 0). From eq. (3.27), this gauge is then synchronous
(A = 0) and, from eq. (3.28), the vacuum energy is spatially homogeneous (δV = 0). From
eq. (3.9) we then see that δQ = 0 in this frame.

The energy continuity eqs. (3.15) and (3.18) are then

δ̇b = − ḣ2 , (3.30)

δ̇c = − ḣ2 + Q

ρc
δc , (3.31)

where the perturbation of the trace of the metric in synchronous gauge is denoted by

h ≡ 6C + 2∇2E , (3.32)

and the energy and momentum constraints, eqs. (3.23) and (3.24), reduce to

3HĊ − ∇
2

a2 [C −Hσ] = 4πG (ρbδb + ρcδc) , (3.33)

Ċ = 4πGρbΘb|c . (3.34)

If the baryons are initially comoving with the dark matter then Θb|c = 0 and the baryons
follow the dark matter at all times in the frame comoving with the dark matter. In this case,
from eq. (3.34), the comoving curvature perturbation, eq. (3.3), is a constant:

C = R = constant . (3.35)

– 8 –
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Finally, note that the shear in the comoving frame can be identified with the velocity in
the (zero-shear) Eulerian frame, eq. (3.5), ϑ = σ. The remaining equations of motion reduce
to a set of coupled first-order differential equations for the density contrasts and the Eulerian
velocity,

δ̇b + ∇
2

a2 ϑ = 0 , (3.36)

δ̇c + ∇
2

a2 ϑ = Q

ρc
δc , (3.37)

ϑ̇ = −Ψ . (3.38)

These are the Newtonian equations for the linear growth of structure that include the effect of
the energy interaction between the dark matter and the vacuum, assuming a geodesic model,
f = 0, and assuming that baryons are initially comoving with the dark matter, Θb|c = 0. In
terms of the total matter density contrast we have

δ̇ + ∇
2

a2 ϑ =
(

Q

ρb + ρc

)
δ . (3.39)

These evolution equations are subject to the comoving energy constraint equation

∇2

a2 Ψ = 4πGρmδ , (3.40)

which we identify with the relativistic Poisson equation for the Newtonian potential.
If we differentiate the continuity equations for the density contrasts eqs. (3.36), (3.37)

and (3.39), and substitute in for the shear and its derivative using eqs. (3.38) and (3.40), then
we obtain second-order differential equations for each of the density contrasts [43]:

δ̈b + 2Hδ̇b = 4πGρmδ , (3.41)

δ̈c +
(

2H − Q

ρc

)
δ̇c −

(
ρc(Q̇+ 5HQ) +Q2

ρ2
c

)
δc = 4πGρmδ , (3.42)

δ̈ +
(

2H − Q

ρm

)
δ̇ −

(
ρm(Q̇+ 5HQ) +Q2

ρ2
m

+ 4πGρm
)
δ = 0 . (3.43)

4 Cosmic microwave background anisotropies

We have used the background FLRW solutions and relativistic perturbation equations described
in the preceding sections to include the interaction between dark matter and the vacuum in a
modified version of the Boltzmann code CLASS. This enables us to investigate numerically the
effect of the interaction on anisotropies in the cosmic microwave background radiation. We
can identify two principal ways in which the strength of the vacuum-matter interaction is
constrained by the CMB.

The CMB angular power spectrum fixes precisely the angular size of the sound horizon
at recombination on the surface of last scattering, θ∗, [3]

100θ∗ = 1.04109± 0.00030 . (4.1)
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It is determined by the ratio of the sound horizon scale at recombination, r∗, to the angular
diameter distance, DA, [44]

θ∗ = r∗
DA∗

. (4.2)

The sound horizon at recombination is given by

r∗ =
∫ ∞
z∗

cs(z)
H(z) dz , (4.3)

where cs(z) is the sound speed of the baryon-photon plasma which depends on the baryon-to-
photon ratio determined by

cs(z) = c√
3(1 +R(z))

, (4.4)

where R(z) ≡ (3/4)ρb(z)/ργ(z), and the angular diameter distance to the surface of last-
scattering is given by

DA∗ =
∫ z∗

0

cdz
H(z) . (4.5)

Note that the redshift of recombination, z∗ ' 1090, depends only very weakly on the nature
of dark energy and thus on the interaction parameters, α and β; thus z∗ can be considered
fixed. However the expansion history both before and after recombination does depend on
the interaction between dark matter and the vacuum energy.

There is a potential degeneracy between the sound horizon size, r∗, and the angular
diameter distance, DA∗, that leaves θ∗ in eq. (4.2) invariant. However the height of the first
acoustic peak in the CMB power spectrum is sensitive to the density of dark matter at the
time of recombination, due to the effect of radiation driving [44]. During the radiation era
the amplitude of the acoustic oscillations is enhanced, whereas once matter dominates the
gravitational potential this ends. Hence the height of the acoustic peaks in the CMB angular
power spectrum constrains the density of dark matter at the time of recombination. If we
know the matter density at recombination, and the radiation density at z∗ is fixed by the
CMB temperature observed today, then we find that the sound horizon, r∗, is effectively fixed.

The only remaining degeneracy in the angular acoustic scale, θ∗, then comes from the
degeneracy between the Hubble scale today, H0 = 100h km s−1 Mpc−1, and the expansion
history, H(z), that leaves DA∗ in eq. (4.5) fixed. In particular H(z) depends on both the
matter-vacuum interaction parameters and the present matter density ωc ≡ Ωc,0h

2.
In ΛCDM the dark matter density at recombination, ρc∗, is fixed once we specify the

present day physical density ωc ≡ Ωc,0h
2, assuming we know the redshift of recombination,

z∗. Thus we can use the height of the first acoustic peak to fix the dark matter density at
recombination

ωc∗ = ω̄c(1 + z∗)3, (4.6)
where ωc∗ ≡ 8πGρc∗/3H2

100 and we define the Planck 2018 best-fit value for ωc in ΛCDM to
be ω̄c ≡ Ωc,0h

2|ΛCDM. In a model where the dark matter exchanges energy with the vacuum
then the relationship between the present matter density and that at recombination is altered,
leading to a degeneracy between the present matter density, ωc, and the interaction strength
while leaving the dark matter density at recombination fixed.

We discuss the combined effect of measurements the angular scale and height of the
first acoustic peak for each of our interacting vacuum models in the following subsections. In
practice we will use the full angular power spectra for TT,TE,EE+lowE+lensing obtained
using the modified Boltzmann code CLASS in our full parameter constraints later in this paper.
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Figure 1. The left panel shows the effect on the CMB power spectra in an interacting vacuum model
of varying α while holding the other cosmological parameters (ωb, ωc and h) fixed. The right panel
shows the CMB power spectra for varying α while fixing the CMB angular acoustic scale, θ∗, and the
physical dark matter density parameter at recombination, ωc∗, but allowing h and ωc to vary.

4.1 Model: Q = αHρc

The physical dark matter density at recombination, ωc∗ ≡ Ωc∗h
2 in the α-model is related to

the present-day density, ωc, for a given α by eq. (2.10), giving

ωc∗ = ωc(1 + z∗)α+3 . (4.7)

Thus for a fixed value of ωc∗ the matter density at recombination is larger for positive α and
radiation driving is weaker. The amplitude of the acoustic peaks will therefore be smaller for
positive α, as we can see in the CMB power spectra on the left panel of figure 1, where these
plots use Planck 2018 best-fit values for the other cosmological parameters in ΛCDM based
on Planck TT,TE,EE+lowE+lensing shown in table 1.

In practice the observed height of the acoustic peaks requires the dark matter density at
recombination to remain close to the same value inferred in a ΛCDM cosmology, eq. (4.6).
Thus we have a relation between the physical dark matter density today in an interacting
vacuum model and the best-fit value, ω̄c, in ΛCDM

ωc = ω̄c(1 + z∗)−α . (4.8)

For sufficiently small α we can expand this as

ωc ' ω̄c(1− 7.0α) , (4.9)

where we have taken ln(1 + z∗) ' 7.0 at recombination.
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Parameter TT,TE,EE+lowE+lensing
ωb ≡ Ωbh

2 . . . . . . . . 0.02237± 0.00015
ωc ≡ Ωch

2 . . . . . . . . 0.1200± 0.0012
τ . . . . . . . . . . . . . . . . . 0.0544± 0.0073
ln
(
1010As

)
. . . . . . . 3.044± 0.014

ns . . . . . . . . . . . . . . . . 0.9649± 0.0042
H0 [km s−1 Mpc−1] 67.32± 0.54

Table 1. Planck 2018 baseline results taken from the base-ΛCDM model in the table 2 of [3], which
combines Planck CMB power spectra TT,TE,EE+lowE+lensing.

The full dependence of the expansion history H(z) on the cosmological parameters
ωb ≡ Ωbh

2, ωc ≡ Ωch
2 and ωr ≡ Ωrh

2, as well as α and the dimensionless Hubble constant, h,
is given in eq. (2.14). For sufficiently small α, this can be approximated by

H2(z) ' H2
Λ(z) +H2

100 ωc

[(
ln(1 + z)− 1

3

)
(1 + z)3 + 1

3

]
α , (4.10)

where HΛ(z) corresponds to the ΛCDM expression given in eq. (2.15). We find that for small
α there is a degeneracy in H(z) between α and h, where the other parameters (ωb, ωc and
ωr) are held fixed in eqs. (4.10) and (2.15) for HΛ(z). If we now fix the dark matter density
at recombination, ωc∗ in eq. (4.7), to coincide with that in the best-fit ΛCDM model then the
constrained expansion history can be written, for small α, as

H2(z) ' H̄2
Λ(z) +H2

100 ω̄c

[(
ln
( 1 + z

1 + z∗

)
− 1

3

)
(1 + z)3 + 1

3 + ln(1 + z∗)
]
α , (4.11)

where H̄Λ(z) is given by eq. (2.15) with ωc = ω̄c fixed, i.e.,

H̄Λ(z) = H100
[
ωr
{

(1 + z)4 − 1
}

+ (ωb + ω̄c)
{

(1 + z)3 − 1
}

+ h2
]1/2

. (4.12)

Figure 2 illustrates the degeneracy between α and h for a given value of the acoustic angular
scale, θ∗ in eq. (4.1), where we fix the dark matter density at the time of recombination.

The right panel of figure 1 shows the effect of varying α while fixing both θ∗ and ωc∗. As
expected this shows much smaller residual variations in the CMB spectra, mainly affecting
the higher acoustic peaks. Nonetheless we shall see that this weak residual dependence on the
interaction strength, due to the finite vacuum-matter interaction even before recombination,
allows the CMB data on their own to break the degeneracy between α and h, in particular
placing bounds on the allowed range of the parameter, α, in this model.

Finally we note that the redshift at matter-radiation equality in this model is given by
the implicit equation

1 + zeq = ωb + ωc(1 + zeq)α
ωr

. (4.13)

Given that 1 + zeq ∼ 3400, we find that for fixed values of the other cosmological parameters
(ωr, ωb and ωc) a positive α yields a larger numerator on the right-hand-side of eq. (4.13),
implying that matter-radiation equality occurs at a higher redshift than in the non-interacting
case. This leads to a turnover in the matter power spectrum at smaller scales, and hence
more power in the matter power spectrum for positive α. This is demonstrated, for example,
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Figure 2. Contour plot showing the angular acoustic scale, θ∗, for different values of h and α while
fixing the dark matter density at the time of recombination according to eq. (4.8). The middle diagonal
line corresponds to the best-fit value of θ∗ in the ΛCDM model.

by a higher value for the mass variance, σ2
8, on 8 Mpc scales. If we again assume that CMB

constraints will fix the matter density at the time of recombination according to eq. (4.8) then

1 + zeq = ωb + ω̄c[(1 + zeq)/(1 + z∗)]α
ωr

' ωb + ω̄c[1 + 1.1α]
ωr

, (4.14)

where the final approximation holds for α� 1. Thus the effect of varying α on the matter
power spectrum, though still present, is less pronounced once we apply CMB constraints on
the matter density at recombination.

4.2 Model: Q = βHV

As previously noted, the heights of the acoustic peaks in the CMB angular power spectrum
will constrain the dark matter density at recombination. This is related to the present dark
matter density by eq. (2.16), and since at recombination z∗ � 1, we find (for β > −3)

ωc∗ '
[
ωc + β

β + 3ωV
]

(1 + z∗)3 , (4.15)

where we have defined ωV ≡ h2 − ωr − ωb − ωc. Since the energy transfer is proportional to
the vacuum energy density, the interaction only becomes relevant once the vacuum energy
becomes significant at late times for β > −3. As a result, at early times, and in particular
around the time of recombination (z∗ � 1), the cold dark matter is effectively non-interacting
and hence ωc∗ ∝ (1 + z∗)3. For fixed value of the present matter density, ωc, we see that the
matter density at recombination, ωc∗, will be larger for positive β and therefore the radiation
driving will be weaker, reducing the height of the CMB acoustic peaks. This is illustrated in
the left-hand panel of figure 3.
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Figure 3. The plots on the left panel shows variations on CMB spectra in different value of β with
fixed present time parameters. The right panel shows tiny variance of the spectra with fixing the
acoustic angle and physical dark mater density parameter at recombination and allowing H0 and Ωc,0
to vary.

The expansion history, H(z), is given in eq. (2.20) for this model as a function β, h and
the present-day energy densities. For sufficiently small β we can write this as

H2(z) = H2
Λ(z) +H2

100 ωV

[1
3(1 + z)3 − 1

3 − ln(1 + z)
]
β . (4.16)

Using eq. (4.6) to fix the dark matter density at recombination, ωc∗ in eq. (4.15), to match
the best-fit value in the ΛCDM model obtained for the present day density, ω̄c, we obtain the
simple relation (for |β| � 1)

ω̄c ' ωc + β

3ωV . (4.17)

Substituting this expression for ωc into eq. (2.15) for HΛ(z), we can write eq. (4.16) as

H2(z) ' H̄2
Λ(z)−H2

100 ωV [ln(1 + z)]β , (4.18)

where H̄Λ(z), defined in eq. (4.12), is the ΛCDM expansion history for ωc = ω̄c. This leads to a
degeneracy between β and h in the angular diameter distance to the surface of last-scattering,
DA∗ in eq. (4.5), and hence the angular acoustic scale, θ∗ given in eq. (4.2), even after fixing
the dark matter density at the time of recombination, which effectively fixes sound horizon,
r∗ in eq. (4.3), if ωb and ωr are known.

This degeneracy for θ∗ is illustrated in figure 4. Note however the large range shown
for β on the x-axis in figure 4 compared with the much narrower range shown for α in the
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Figure 4. Contour plot showing the angular acoustic scale, θ∗, for different values of h and β while
fixing the dark matter density at the time of recombination according to eq. (4.17). The middle
diagonal line corresponds to the best-fit value of θ∗ in the ΛCDM model.

corresponding figure 2. The expansion history, H(z), and hence the angular acoustic scale, θ∗,
is much less sensitive at high redshift to β, since the additional β-dependent term in eq. (4.18)
is only proportional to ln(1 + z), rather than (1 + z)3 which appears in the α-dependent term
in eq. (4.11).

The right panel of figure 3 shows that if we fix both the height of the CMB acoustic
peaks and the angular acoustic scale (by fixing the angular diameter distance to the CMB)
then the residual variation of the CMB power spectra is tiny even for |β| ∼ 0.5. As a result
the observed CMB angular power spectra alone cannot break the degeneracy between β and
h, in contrast to the previous model with α 6= 0. This raises the possibility, for example, of
resolving some of the tensions between the value of the Hubble constant inferred from CMB
data in the ΛCDM model and the value measured by low-redshift probes. We need to include
additional astrophysical data-sets to break this degeneracy.

For small β the redshift at matter-radiation equality can be written in the implicit form

1 + zeq '
ωb + ωc + (β/3)ωV

ωr
. (4.19)

The radiation-matter equality takes place earlier (at higher redshift zeq) if β is positive, for
fixed ωb and ωc. However, if we fix the dark matter density at recombination according to
eq. (4.17), then we recover the standard expression

1 + zeq '
ωb + ω̄c
ωr

. (4.20)

This suggests that if CMB observations fix the dark matter density at recombination, then the
redshift of matter-radiation equality is also fixed in this model and hence so is the turnover
in the matter power spectrum.
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5 Redshift-space distortions

If we use only the observed redshift to assign a radial distance to galaxies using Hubble’s law,
then this gives the coordinate position of the galaxies in redshift space

rs = H−1v = r +H−1vp . (5.1)

The peculiar velocity along the line of sight, vp, with respect to the Hubble flow thus leads to a
distortion in redshift space with respect to the Newtonian real space distance, r. This leads to
a quadrupole anisotropy in the large-scale galaxy distribution in spectroscopic galaxy surveys,
where the radial distance is inferred from the line-of-sight velocity [45, 46]. The quadrupole
moment of the galaxy distribution probes the matter-velocity cross-correlation [47].

In ΛCDM cosmology with, for non-interacting dark matter (Q = 0), the Eulerian velocity
divergence is related to the growth of the comoving density contrast via1

V ≡ −∇r · vp
H

= H−1δ̇m = fδm , (5.2)

where δ(x, t) = δ0(x)D+(t) with a time-independent δ0(x), and the growth rate f is related
to the growth factor D+ as follow

f ≡ Ḋ+
HD+

. (5.3)

For non-interacting matter the redshift-space distortions can be related to the variance of
the growth of the matter density contrast via eq. (5.2), and is conventionally written as a
function of redshift [ 〈Vδm〉

〈δ2
m〉1/2

]
8h−1Mpc

≡ f(z)σ8(z) . (5.4)

σ8(z) is the root-mean square (RMS) of the density fluctuation in a sphere of comoving radius
8 h−1Mpc defined as

σ8(z) ≡
〈
δ2
m

〉1/2

8h−1Mpc
=
[ 1

2π2

∫ ∞
0

k2PL(k, z)|W8(k)|2 dk
]1/2

, (5.5)

where
PL(k, z) = PL(k)

[
δm(z)
δm(0)

]2
, (5.6)

is the linear matter power spectrum in Fourier space, and W8(k) is the Fourier transform
of the a spherical top-hat window function of width R = 8h−1Mpc. Therefore the redshift-
dependence of the RMS density fluctuation can be written as σ8(z) = σ8(0)D+(z), where
σ8(0) is the present time value and D+(0) is normalised to unity.

In the presence of interacting dark matter the continuity equation, eq. (5.2), is modified
to become (see eq. (3.39))

δ̇m +∇r · vp = Q

ρm
δm . (5.7)

Thus the redshift-space distortions are related to the variance in the density contrast via a
modified relation [ 〈Vδm〉

〈δ2
m〉1/2

]
8h−1Mpc

= frsd(z)σ8(z) , (5.8)

1Comparing to eq. (3.39) for Q = 0, we have the relation vp =∇rϑ.
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where [21, 48]

frsd = f − Q

Hρm
. (5.9)

Only when Q/Hρm → 0 we recover the non-interacting result, frsd → f , given in eq. (5.4).
Thus care must be taken when relating redshift-space distortions to fσ8 and the growth of
structure in models with interacting dark matter.

In the following we will use eq. (5.8) to compare our theoretical models with observational
bounds on redshift-space distortions, where frsd is related to the growth rate f via eq. (5.9).
The growth rate, f , is given by eq. (5.3), where D+ is the growth factor for matter. The
growth factor itself is given by the solution to eq. (3.43), which includes the interaction.

6 Observational constraints

6.1 Likelihoods

We consider constraints on the linear interaction model parameters coming from cosmic
microwave background temperature anisotropies and polarisation data, together with type-Ia
supernova data, and baryon acoustic oscillation and redshift-space distortions, observed in
galaxies surveys of large-scale structure. We give a short description of the data sets in the
following:

• Cosmic Microwave Background: we use likelihoods from the Planck 2018 data
release, using the Planck TT power spectrum with high and low multipoles in the
range ` ≥ 30 and 2 ≤ ` < 29 respectively. We also considered the E-mode polarisation
observation of CMB by using Planck TT, TE, EE which is the combined Planck TT,
Planck TE, and Planck EE power spectra at ` > 29, together with low-` Planck TT
and EE spectra for multipoles in the range 2 ≤ ` < 30 [49].

• Type-Ia Supernova: we used the dataset from 1048 type Ia supernovae (SNe Ia)
in the redshift range 0.01 < z < 2.3 called the Pantheon Sample [50]. This SN Ia
dataset provides the logarithm of the overall flux normalisation, mB, which is related
to the distance modulus, µ = mB −M , where M is the unknown absolute magnitude.
However, in the MCMC analysis, the absolute magnitudeM can be treated as a nuisance
parameter. The distance modulus can be written as

µ = 5 log10

(
dL

1 Mpc

)
+ 25, (6.1)

where dL is the luminosity distance which depends on cosmological parameters. For a
flat FLRW cosmology, the luminosity distance reads

dL(z) = (1 + z)c
∫ z

0

dz′
H(z′) , (6.2)

where the Hubble function H(z) contains H0 and the interaction parameters as discussed
in subsections 2.3 and 2.4.

• Baryon Acoustic Oscillations and Redshift Space Distortion: we used five data
points from the combined measurements of BAO and RSD data provided from the
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zeff 0.15 0.38 0.51 0.70 1.48
DV (z)/rd 4.51± 0.14
DA(z)/rd 10.27± 0.15 13.38± 0.18 17.65± 0.30 30.21± 0.79
DH(z)/rd 24.89± 0.58 22.43± 0.48 19.78± 0.46 13.23± 0.47
fσ8(z) 0.53± 0.16 0.497± 0.045 0.459± 0.038 0.473± 0.041 0.462± 0.045

Table 2. The likelihood data for each of the BAO-RSD measurements used in this paper taken from
the table 3 of [55].

SDSS database.2 We utilised the BAO-RSD likelihoods from the first two BOSS DR12
likelihood results, with effective redshift zeff = 0.38 and zeff = 0.51, which is extracted
from [7]. We used the likelihood for zeff = 0.70 from the combined eBOSS and BOSS
results from the measurement of the BAO and growth rate of structure of the Luminous
Red Galaxy sample (LRG) [51, 52]. For high-redshift BAO-RSD, we adopted the
BAO-RSD likelihood from the eBOSS quasar sample (QSO) with effective redshift
zeff = 1.48 [53, 54]. All of these likelihood data provide measurements of3 DA(z)/rd,
DH(z)/rd, and fσ8, where DA(z) stands for the comoving angular diameter distance.
In a flat FLRW at redshift z, DA(z) can be expressed as

DA(z) = c

H0

∫ z

0

dz′
E(z′) , (6.3)

with E(z) ≡ H(z)/H0. DH(z) ≡ c/H(z) is the Hubble distance. The variable rd is the
comoving sound horizon at the baryon drag epoch can be written as

rd = 1
H0

∫ ∞
zd

cs(z)
E(z) dz , (6.4)

where zd is the redshift at the drag epoch when the baryons decouple from the photons
shortly after recombination.

In the interaction model we the growth of structure modified to be fσ8 → frsdσ8, where
frsd and σ8 are given by eqs. (5.9) and (5.5), respectively.

For the effective redshift zeff = 0.15, the likelihood was taken from the measurement of
the clustering of the SDSS Main Galaxy Sample (MGS) [5] which provides measurements
of frsdσ8 and DV (z)/rd, where the spherically-averaged distance is given by

DV (z) =
[
zD2

A(z)DH(z)
]1/3

. (6.5)

The BAO-RSD datasets are summarised in the table 2 which is taken from table 3 of [55].
These data points are plotted in figures 5 and 7 alongside the theoretical predictions
using eq. (2.14) for H(z) in the α-model. We show in figures 6 and 8 the theoretical
predictions using eq. (2.20) for H(z) in the β-model.

2https://svn.sdss.org/public/data/eboss/DR16cosmo/tags/v1_0_1/likelihoods/.
3In BAO papers, the notation DM is commonly used instead of DA.
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Figure 5. The left panel shows the effect of varying α on different distance measures (DA(z), DV (z)
and DH(z)) while holding present-day cosmological parameters (ωc and h) fixed. The right panel
shows the effect of varying α while fixing the CMB angular acoustic scale, θ∗, and the physical dark
matter density parameter at recombination, ωc∗. The data points correspond to values listed in table 2.
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Figure 6. The left panel shows the effect of varying β on different distance measures (DA(z), DV (z)
and DH(z)) while holding present-day cosmological parameters (ωc and h) fixed. The right panel
shows the effect of varying β while fixing the CMB angular acoustic scale, θ∗, and the physical dark
matter density parameter at recombination, ωc∗. The data points correspond to values listed in table 2.

6.2 Implementation

In order to test the models against observations, we modified the Einstein-Boltzmann code
CLASS4 [56, 57] to allow for an interaction between the dark matter and the vacuum energy,
according to the interaction model (2.9). We run a Markov-chain Monte Carlo (MCMC)
analysis using MontePython5 [58, 59], with a Metropolis-Hasting algorithm to sample the
multi-parameter distribution, verifying convergence using the Gelman-Rubin criterion.

4https://github.com/lesgourg/class_public.
5https://github.com/brinckmann/montepython_public.
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cosmological parameters (ωc and h) fixed. The right panel shows frsdσ8 when varying α while
instead fixing the CMB angular acoustic scale, θ∗, and the physical dark matter density parameter at
recombination, ωc∗. The data points correspond to values of frsdσ8 listed in the final row of table 2.
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Figure 8. The left panel shows the effect on frsdσ8(z) of varying β while holding present-day
cosmological parameters (ωc and h) fixed. The right panel shows frsdσ8 when varying β while
instead fixing the CMB angular acoustic scale, θ∗, and the physical dark matter density parameter at
recombination, ωc∗. The data points correspond to values listed in the final row of table 2.

We introduce the analytic solution of the background continuity equations, eq. (2.7),
into the background module of CLASS with boundary conditions set in terms of the present
day densities. We implemented the evolution of the linear density contrast of cold dark matter
perturbations in the comoving synchronous gauge, given in eq. (3.31). We solve the linear
growth factor given by the growing mode solution of the linear growth equation including the
interaction terms, eq. (3.43), together with the modified growth function eq. (5.9) numerically.
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Figure 9. 1D and 2D marginal distributions for α, H0 and Ωc,0h
2 in the α-model (with β = 0)

showing the distributions from Planck 2018 CMB data (TT, TE and EE and lowE, in grey), plus
Pantheon supernova data (in red) and BAO-RSD data (in blue).

6.3 Results

We show in figure 9 the observational constraints on the interaction model Q = αHρc
with β = 0.

Using the Planck data alone we see an approximate degeneracy between the 3 parameters
α, H0 and Ωc,0h

2. As discussed in section 4, we see that the CMB data fix the dark matter
density at recombination, ωc∗ in eq. (4.7), which leaves a degeneracy between α and Ωc,0h

2,
given for small α by eq. (4.9). Substituting the ΛCDM central value for ω̄c ' 0.12 (see table 1)
into eq. (4.9), gives

Ωc,0h
2 ' 0.12− 0.84α . (6.6)

This matches the approximate degeneracy between α and Ωc,0h
2 shown in figure 9. In addition

the CMB data tightly constrain the acoustic angular scale at recombination, θ∗. Thus the
degeneracy between α and H0 seen in figure 9 follows the contours for constant θ∗ plotted in
figure 2.

Despite these approximate degeneracies, the CMB data alone are still sufficient to bound
α = −0.0077+0.0069

−0.0071 (and hence H0 and Ωc,0h
2), due to the residual dependence on α of the

second and higher acoustic peaks in the temperature and polarisation power spectra, shown
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Parameters TT,TE,EE+lowE +Pantheon + Pantheon + BAO-RSD

100 Ωb,0h
2 . . . . . . . . . . 2.242± 0.016 2.237± 0.016 2.233± 0.016

100 θ∗ 1.04173± 0.00034 1.04193± 0.00030 1.04191± 0.00029

τ . . . . . . . . . . . . . . . . . . 0.0523+0.0076
−0.0082 0.0546+0.0076

−0.0081 0.0559+0.0075
−0.0083

Ωc,0h
2 . . . . . . . . . . . . . 0.1282+0.0073

−0.0079 0.1191+0.0026
−0.0025 0.1189± 0.0010

ln(1010As) . . . . . . . . . 3.038± 0.017 3.045+0.016
−0.017 3.049+0.016

−0.017

ns . . . . . . . . . . . . . . . . . 0.9585± 0.0069 0.9656± 0.0045 0.9651+0.0039
−0.0041

α . . . . . . . . . . . . . . . . . . −0.0077+0.0069
−0.0071 0.0008+0.0026

−0.0028 0.0016± 0.0014

ΩV,0 . . . . . . . . . . . . . . . 0.599+0.097
−0.064 0.692+0.022

−0.020 0.6954+0.0080
−0.0076

H0 . . . . . . . . . . . . . . . . 62.2+4.7
−4.9 68.0+1.7

−1.8 68.27± 0.65

σ8 . . . . . . . . . . . . . . . . . 0.759+0.047
−0.049 0.815+0.020

−0.021 0.824+0.013
−0.014

S8 . . . . . . . . . . . . . . . . . 0.8658+0.0035
−0.0040 0.8237± 0.0017 0.828± 0.013

Table 3. Parameter constraints in the interaction model Q = αHρc (where β = 0). Parameters below
the dashed line are derived parameters.

in the right-hand panel of figure 1. The parameter constraints coming from Planck data are
shown in the left-hand column in table 3.

The parameter bounds are considerably improved by the addition of low-redshift data,
first by the inclusion of the Pantheon compilation of supernovae, and then further by the
BAO-RSD data from the SDSS survey, as shown in figure 9. In combination this tightens
the bound on the dark matter density by a factor of six, leading to a much tighter bound
on α = 0.0016 ± 0.0014, see the right-hand column in table 3. The eBOSS data points
at z = 1.48, coming from observations of quasars and included in the BAO-RSD data in
table 2, play an important role in the final constraint on α, as can be most clearly seen in the
right-hand panel of figure 7. Without this quasar data we would obtain a lower central value
α = 0.0005± 0.0014.

We show the observational constraints on parameters in the interaction model Q = βHV ,
with α set to zero, in figure 10. There is a clear degeneracy between the three parameters β,
H0 and Ωc,0h

2 if we use only the CMB data, which leaves the interaction parameter β very
poorly constrained (hence we do not display the 1D marginal distributions for the parameters
in this case) since in this case, the energy transfer between dark matter and the vacuum is
negligible at early times. The dark mattter is effectively non-interacting around the time
of recombination, and once we fix the dark matter density at the time of recombination in
this model, ωc∗ in eq. (4.15), then the CMB power spectra are indistinguishable from ΛCDM.
Substituting the ΛCDM central values for ω̄c ' 0.12 and ω̄V ' 0.31 (cf. table 1) into eq. (4.17)
we obtain

Ωc,0h
2 ' 0.12− 0.10β . (6.7)
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Figure 10. 1D and 2D marginal distributions for α, H0 and Ωc,0h
2 in the β-model (with α = 0)

showing the distributions from Planck 2018 CMB data (TT, TE and EE and lowE, in grey), plus
Pantheon supernova data (in red) and BAO-RSD data (in blue).

On the other hand, the degeneracy between β and H0 closely follows the contours shown in
figure 4 corresponding to a fixed angular acoustic scale, 100θ∗ ' 1.042.

This degeneracy is only broken by including low-redshift data. The Pantheon data
constrain the background evolution, H(z). For small β (and fixed dark matter density at
recombination) this is given by eq. (4.18). Hence we see that constraints on H(z) provide
an independent constraint on ωV , β which breaks the degeneracy between β, H0 and Ωc,0h

2

leading to the bound β = 0.10± 0.11, as presented in table 4. Inclusion of the BAO-RSD data
further constrains not just the background evolution but also the growth of structure, leading
to the tighter bound β = 0.051+0.089

−0.087. We can see in the right-hand panel of figure 6 that once
the angular acoustic scale and dark matter density at recombination are fixed then there is
very little variation with β of the background evolution and thus the distance measures DA(z)
or DH(z). However β 6= 0 does affect the growth of structure and frsdσ8 shown in figure 8.
Again we find that the eBOSS quasar data at z = 1.48 plays an important role, and without
this data we would find a lower central value β = 0.012+0.093

−0.089.
Finally in figure 11 we show the marginal distribution for model parameters for all three

of our interaction models, including the general linear interaction model Q = αHρc + βHV ,
using all three observational datasets from Planck 2018, Pantheon and BAO-RSD. The
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Parameters TT,TE,EE+lowE + Pantheon TT,TE,EE+lowE + Pantheon + BAO-RSD

100 Ωb,0h
2 2.235± 0.015 2.239± 0.014

100 θ∗ 1.04188± 0.00030 1.04195± 0.00029

τ 0.0542+0.0076
−0.0081 0.0575+0.0073

−0.0086

Ωc,0h
2 0.109+0.013

−0.011 0.1141+0.0094
−0.0087

ln(1010As) 3.044+0.016
−0.017 3.050+0.016

−0.018

ns 0.9643± 0.0045 0.9658± 0.0040

β 0.10± 0.11 0.051+0.089
−0.087

ΩV,0 0.715+0.034
−0.035 0.703+0.026

−0.025

H0 68.3± 1.1 68.05+0.76
−0.75

σ8 0.883+0.064
−0.099 0.848+0.050

−0.067

S8 0.852+0.027
−0.038 0.838+0.023

−0.028

Table 4. Parameter constraints in the interaction model Q = βHV (where α = 0). Parameters below
the dashed line are derived parameters.

resulting bounds on model parameters are given in table 5. As one might expect there is some
degeneracy between the parameters α and β; the early-time growth of the vacuum energy due
to α > 0 can partly be compensated by late-time vacuum decay due to β < 0, and vice versa.
However the second and higher CMB acoustic peaks are sensitive to the decay or growth
of dark matter (α 6= 0) around the time of recombination, in addition to the low-redshift
constraints. Hence the allowed range for α is only slightly increased, α = 0.0016+0.0017

−0.0016, when
we allow for β 6= 0. On the other hand the allowed range for β, which is only constrained by
the low-redshift datasets, increases and shifts by about half of a standard deviation towards
negative values, β = −0.01+0.12

−0.11.

7 Discussion

The marginal distributions in figure 11 illustrate how some cosmological parameters, which are
primarily constrained by the CMB data, such as the baryon density, Ωb,0h

2, or the amplitude
of the primordial scalar power spectrum, A2

s, remain just as tightly constrained in the presence
of the interactions. However, bounds on other parameters, such as the dark matter density
Ωc,0h

2, may be substantially relaxed when one allows for interactions due to the previously
noted degeneracies in the CMB spectra. We have seen that the interaction parameter β
is unconstrained by CMB data alone and, as a result, parameters which are degenerate
with β in the CMB data (H0 and Ωc,0h

2) are only constrained when we include low-redshift
datasets (Pantheon and BAO-RSD). The resulting constraints are then much weaker. For
Q = βHV , for example, we find Ωc,0h

2 = 0.114± 0.009 compared with Ωc,0h
2 = 0.119± 0.001

for ΛCDM. In the general linear model, Q = αHρc + βHV , the uncertainty increases slightly
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Figure 11. 1D and 2D marginal distributions for parameters in the three interaction models Q = αHρc

(in blue), Q = βHV (in red), and Q = αHρc + βHV (in grey) compared against the ΛCDM model
parameter constraint (in green). In each case the marginal distributions are shown using the Planck
2018 CMB data (TT, TE and EE and lowE), plus Pantheon and BAO-RSD data.

to Ωc,0h
2 = 0.114± 0.011. While this broadens the allowed range for some parameters, none

of these parameters differ by more than one standard deviation from their ΛCDM values
when we allow for non-zero interactions.

According to the latest Hubble constant measurement by Hubble Space Telescope and
the SH0ES Team [10], the baseline result of the Hubble constant in our local universe is
H0 = 73.04 ± 1.04 km s−1Mpc−1. This makes the discrepancy with respect to the value
of H0 inferred solely from the Planck 2018 CMB data within the ΛCDM model, H0 =
67.32 ± 0.54 km s−1Mpc−1 (see table 1), very nearly 5σ. The inclusion of Pantheon and
BAO-RSD datasets only tightens the bound slightly in the context of the ΛCDM cosmology to
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Parameter ΛCDM Q = αHρc Q = βHV Q = αHρc + βHV

100 Ωb,0h
2 . . . 2.242± 0.014 2.233± 0.016 2.239± 0.014 2.233+0.015

−0.016

100 θ∗ . . . . . . . 1.04197± 0.00029 1.04191± 0.00029 1.04195± 0.00029 1.04192+0.00030
−0.00029

τ . . . . . . . . . . . . 0.05775+0.0074
−0.0084 0.0559+0.0075

−0.0083 0.0575+0.0073
−0.0086 0.05631+0.0074

−0.0083

Ωc,0h
2 . . . . . . . 0.1194± 0.0010 0.1189± 0.0010 0.1141+0.0094

−0.0087 0.120± 0.011

ln(1010As) . . . 3.050+0.016
−0.017 3.049+0.016

−0.017 3.050+0.016
−0.018 3.050+0.015

−0.017

ns . . . . . . . . . . . 0.9665+0.0038
−0.0039 0.9651+0.0039

−0.0041 0.9658± 0.0040 0.9652+0.0041
−0.0042

α . . . . . . . . . . . . — 0.0016± 0.0014 — 0.0016+0.0017
−0.0016

β . . . . . . . . . . . . — — 0.051+0.089
−0.087 −0.01+0.12

−0.11

ΩV,0 . . . . . . . . . 0.6890+0.0059
−0.0058 0.6954+0.0080

−0.0076 0.703+0.026
−0.025 0.691+0.030

−0.027

H0 . . . . . . . . . . 67.69+0.43
−0.44 68.27± 0.65 68.05+0.76

−0.75 68.17± 0.79

σ8 . . . . . . . . . . . 0.811+0.007
−0.008 0.824+0.013

−0.014 0.848+0.050
−0.067 0.821+0.053

−0.070

S8 0.824+0.012
−0.013 0.828± 0.013 0.838+0.023

−0.028 0.827+0.024
−0.030

Table 5. Parameter constraints using Planck 2018 TT,TE,EE+lowE plus Pantheon and BAO-RSD
datasets. Parameters below the dashed line are derived parameters.

give H0 = 67.69+0.43
−0.44 km s−1Mpc−1 (see table 5). Other independent distant-ladder estimates

of H0 also give higher values, for example based on the Tip of Red Giant Branch method [60]
gives H0 = 69.8± 0.8± 1.7 km s−1Mpc−1 (including an estimate of the systematic errors).

We have seen that in the presence of a dark matter-vacuum interaction there is a
degeneracy between the interaction strength and other model parameters, including the value
of the Hubble constant, when we consider only CMB data. This alleviates the tension between
local measurements of the Hubble constant, such as the SH0ES measurement, and the value
inferred from CMB data. For the Q = αHρc interaction model (with β = 0), where the
second and higher acoustic peaks is sufficient to break the approximate degeneracy, the much
weaker CMB bounds on H0 reduce the tension to 2.3σ, even though the CMB data in this
model actually have a mild preference for negative α and a lower value for H0. For β 6= 0 the
interaction strength is not constrained by CMB data alone and thus the possibility of large
values of H0 compatible with the SH0ES result with β > 0 is not suppressed.

The inclusion of Pantheon and/or BAO-RSD data, at lower redshifts than the CMB,
breaks the degeneracy between the interaction strength andH0. By constraining the interaction
strength, the allowed range of H0 is also bounded. The uncertainty on H0 inferred from the
combination of CMB, Pantheon and BAO-RSD datasets is increased in the presence of an
interaction, reducing the H0-tension slightly, but it remains close to 4σ (3.9σ for both α 6= 0
and β 6= 0 models, and 3.7σ for the general linear model with α 6= 0 and β 6= 0).

It is also interesting to consider the apparent tension between the amplitude of density
fluctuations, σ8, inferred from measurements by the Planck CMB experiment in ΛCDM
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cosmology and low-redshift observations. Weak lensing surveys are sensitive to the combination
S8 ≡ σ8

√
Ωm,0/0.3. The recent S8 measurement by KiDS-1000 survey reported S8 =

0.766+0.020
−0.014 [61], while the value reported by the Dark Energy Survey is S8 = 0.776 ±

0.017 [62]. Both are well below the valued inferred from Planck in ΛCDM by about 2.7σ and
2.3σ respectively.

In figure 12 we show the 1D and 2D marginalised distributions for S8, Ωm,0 and H0
where we use Pantheon and BAO-RSD data in addition to Planck 2018 data to constrain the
interaction strength. In an interaction model with Q = αHρc (and β = 0) the matter density
and hence S8 remains tightly constrained. The data slightly prefer a positive value for α
which corresponds to higher values of H0 and slightly higher values for S8 (slightly increasing
the tension with KiDS-1000 to 2.9σ). On the other hand for Q = βHV (and α = 0) the
matter density and hence S8 are less tightly constrained. Positive values for β allow for higher
H0, but again this corresponds to higher values of S8 (though the tension with KiDS-1000 is
reduced somewhat to 2.4σ). In both cases it seems impossible to reconcile higher H0 with
smaller S8. This is typical of many attempts to resolve these tensions found in ΛCDM [12].

The most promising case may be the general linear interaction where Q = αHρc + βHV .
In this case the presence of β 6= 0 weakens the bounds on both H0 and S8 but simultaneously
allowing α 6= 0 extends the allowed range of S8 to lower values. The combination of α > 0
and β < 0 allows both higher H0 and lower S8, reducing the tension with KiDS-1000 to 1.9σ.

8 Conclusion

In this paper we have explored observational constraints on cosmological models with an
interacting vacuum, V̇ = Q with a linear interaction, Q = αHρc + βHV , in which the energy
exchange per Hubble time is proportional to the dark matter and/or vacuum energy density.

We used linear perturbation theory to analyse the evolution of CMB anisotropies and
density inhomogeneities. We have considered a geodesic model for the dark matter where
the energy-momentum transfer, to or from the vacuum, follows the dark matter 4-velocity.
Physically, this means that the dark matter still clusters, freely falling under gravity. This
ensures that there is a synchronous frame comoving with the dark matter, in which the
vacuum is spatially homogeneous, although time dependent. This simplifies the analysis of
the CMB and large-scale structure, and we review the key equations for the growth of the
linear density perturbations in section 3. We modified the Einstein-Boltzmann code, CLASS,
and used observational data including CMB temperature and polarisation and their cross
correlation spectra, Type Ia Supernova data, Baryon Acoustic Oscillations and redshift-space
distortions, to perform a Monte Carlo Markov Chain analysis to explore parameter constraints
using a Metropolis-Hasting algorithm by using the MontePython code.

The presence of a non-zero energy transfer between dark matter and the vacuum leads
to strong degeneracies in CMB power spectra, substantially relaxing bounds on some model
parameters, such as H0, with respect to the non-interacting (ΛCDM) case. The CMB data
primarily constrains the angular scale of sound horizon at recombination, θ∗, through the
position of the first acoustic peak, and the matter density at recombination, ωc∗, through
the heights of the acoustic peaks. The remaining degeneracies seen in sub-section 6.3 closely
match the analytic estimates given in section 4. These degeneracies can be broken by
including low-redshift data including type-Ia supernovae and BAO+RSD data. In section 5
we emphasise the care that needs to be taken when interpreting redshift-space distortions in
interacting models. The presence of an interaction means that the growth rate of structure, f
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Figure 12. 1D and 2D marginalised distributions for S8, Ωm,0 and H0 for interacting vacuum
models compared against ΛCDM (in green) using Planck 2018 TT, TE, EE and lowE, Pantheon and
BAO-RSD data.

in eq. (5.3), differs from frsd in eq. (5.9) that is inferred from peculiar velocities and hence
redshift-space distortion.

We separately considered interaction models where α 6= 0, β 6= 0 and the general case
where α and β are both non-zero. Observational constraints in a growing (or decaying)
vacuum energy model, Q = βHV with β > 0 (or β < 0) have been previously studied a
number of times [28, 29]. Since the vacuum only becomes significant with respect to the dark
matter density at late times, the dark matter can be treated as effectively non-interacting at
high redshift. The physics of recombination is unchanged leading to a degeneracy between
the interaction strength, β, and the present dark matter density, ωc, and Hubble constant,
H0, so long as the acoustic angular scale remains fixed. We can see in the right-hand panel of
figure 3 that the CMB spectra are almost unchanged after fixing the angular acoustic scale
at recombination, θ∗. We break this degeneracy by including measurements of the late-time
expansion history, using type-Ia supernovae and BAO+RSD data, to find β = 0.051+0.089

−0.087
similar to previous bounds on |β| . 0.1 [28, 29]. While a growing vacuum energy, β > 0, still
allows for larger values of H0, hence reducing the tension between CMB and distance-ladder
estimates of H0, we observe that larger values of H0 and associated with larger values of S8,
increasing the tension with weak-lensing data.
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A decaying (or growing) dark matter model, Q = αHρc with α > 0 (or α < 0), modifies
the evolution of the Universe at both early and late times. There is again a degeneracy
between the interaction strength and the present dark matter density such that the angular
acoustic scale remains fixed. However, since any non-zero interaction affects the evolution
of the dark matter density around the time of recombination, the impact of this on the
higher peaks in the angular power spectrum, illustrated in figure 1, is sufficient to break the
degeneracy using CMB data alone. Planck 2018 data show a mild preference for negative
values of α = −0.0077+0.0069

−0.0071, corresponding to lower values of H0 compared with ΛCDM
constraints, but with a large uncertainty, H0 = 62.2+4.2

−4.9. The uncertainties in both α and
H0 are both more than halved by the inclusion of Pantheon (type-Ia supernovae) data at
low-redshift, and halved again by including BAO+RSD data from eBOSS. The RSD data
in particular introduce a preference for positive α = 0.0016± 0.0014 and higher values for
H0 = 68.27±0.65. Recently, Solá Peracaula et al. [63] found a similar uncertainty using CMB,
supernovae and large-scale structure data for a closely related model with Q = −3νeffHρm,
but with a slightly different mean value given by νeff = 0.0002± 0.0004.

The eBOSS measurement of frsdσ8 at zeff = 1.48 from quasar data plays an important
role in our constraints on α. This favours higher values for frsdσ8 at this redshift compared
with the standard ΛCDM prediction. In the Q = βHV model, even large variations in β have
little effect on frsdσ8 at z & 1 once we fix the acoustic angular scale and dark matter density
at recombination (see figure 8). β only changes the predictions for frsdσ8 at low redshifts.
However in the Q = αHρc model one obtains significantly higher values for frsdσ8 at z & 1
for α > 0, as seen in figure 7. The eBOSS quasar data point shifts the preferred parameter
values towards positive α and higher H0, without significantly affecting the prediction for S8,
as shown in figure 12.

Interacting vacuum cosmologies offer simple predictive models in which to study the
H0 and S8 tensions present when attempting to reconcile CMB constraints with low-redshift
probes. To be able to simultaneously increase H0 and reduce S8 with respect to the ΛCDM
values inferred from CMB constraints, we find that we need to consider both α and β to
be non-zero, as seen in figure 12. Previous studies have argued that the scenarios where
an interaction switches on only below some threshold redshift may be preferred by the
data [28, 29, 63]. This may be mimicked in our general linear interaction model with α 6= 0
and β 6= 0, where the different time dependence of the dark matter and vacuum energy
densities lead to a more complex redshift-dependent interaction.

We have stressed the important role played by observations of redshift-space distortions
and the need to consistently interpret these observations when constraining model parameters
if the growth rate of density perturbations is driven by interactions with the vacuum as well
as the divergence of the velocity field. To fully exploit the potential of large-scale structure
to constrain such interactions we will need go beyond the linear regime, which remains an
challenge for future studies of interacting dark matter and dark energy.

Note added. While this paper was in the final stages of preparation ref. [64] appeared
which considers interacting dark energy models including an interacting vacuum scenario
(which they refer to as ξ0IVSA) that coincides with our model where Q = βHV . Their
analysis using the same CMB plus Pantheon data matches our own constraints very closely in
this case. Their results including BAO appear to be similar to ours, but they do not include
RSD data, so the bounds cannot be directly compared.
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