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Abstract

A Doyle-Fuller-Newman (DFN) model for the charge and discharge of lithium
iron phosphate (LFP) cathodes is formulated and non-dimensionalised, and
some popular reduced-order models are derived. The DFN model is then solved
numerically using both the Finite Difference Method (FDM) and the Finite Ele-
ment Method (FEM), and simulations of the DFN using both methods are com-
pared. On the basis that lithium transport within the nanoscale LFP electrode
particles is much faster than cell discharge, and is therefore not rate limiting,
we present numerical solutions to the model and show that for relevant param-
eter values, and a variety of C-rates, it is possible for sharp discharge fronts
to form and intrude into the electrode from its outer edges. These discharge
fronts separate regions of fully utilised LFP electrode particles from regions of
LFP electrode particles not yet utilised. Motivated by this observation a novel
asymptotic solution to the model is sought. The results of the asymptotic anal-
ysis of the DFN model lead to a novel reduced order model, which we term the
Reaction Front Model (RFM). Favourable agreement is shown between solutions
to the RFM and the full DFN model in appropriate parameter regimes. The
RFM is significantly cheaper to solve than the DFN model and therefore has
the potential to be used in scenarios where computational costs are prohibitive,
e.g. in optimisation and parameter estimation problems, and in battery con-
trol systems. Upon re-evaluation of the RFM, we observe that it is possible
to relieve the assumption that the LFP particles are small enough to not be
rate limiting whilst maintaining the key features of the reduced order model,
which is significantly less computationally expensive than the DFN. This model,
which we term the RFM-D, is then validated against experiment and, due to
the simplicity of the RFM-D, we show that a full parametrisation is possible
using only discharge curves. Additionally, we show that the RFM-D reveals key
features of the discharge curves for LFP half-cells, where the most prevalent
rate limiting factors can be easily identified through qualitative analysis, which
has applications to cell design.
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Chapter 1

Introduction

1.1 Introduction to mathematical modelling of
lithium ion batteries

We begin by giving a brief introduction to lithium ion batteries and describing
some of the terminology used in the field before introducing LFP as a cathode
material and the DFN model and ending by providing an overview of the present
work.

Lithium-ion batteries are among the most common energy storage devices.
They provide an unmatched energy density and can satisfy reasonably high
current demands; making them ubiquitous in portable electronics, automotive,
and aerospace applications [9, 18, 62, 72, 86]. Even though they have these
desirable characteristics, there are still significant hurdles to be overcome in
terms of facilitating higher charge and discharge rates, which are particularly
important for electric propulsion, and in terms of improving safety.

A lithium-ion battery is a type of rechargeable battery composed of cells in
which lithium ions move between two electrodes through an electrolyte. The
lithium ion cell consists of five parts, namely: (i) the anode, which is comprised
of negative electrode particles, (ii) the cathode, which is comprised of positive
electrode particles, (iii) the electrolyte, which transports ions (and thus charge)
between the anode and cathode, (iv) the separator that lies between the anode
and cathode (this is a porous insulator that prevents direct electrical contact
between the electrodes while allowing the passage of the electrolyte), and (v)
the current collectors, for both the anode and cathode, which are electronically
connected to the anode (or cathode) and pass current to the external circuit.

1.1.1 Terminology

The following is a list of terminology used in the field.

Electrolyte The electrolyte allows lithium ions (Li+) to move between the an-
ode and cathode and provides chemical stability to anode and cathode surfaces.
In the present work we focus on liquid electrolytes, which consist of electrolyte
salt, organic solvent, and additives. Examples of electrolyte salts used in appli-
cations include lithium hexafluorophosphate (LiPF6), lithium hexafluoroarsen-
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ate monohydrate (LiAsF6), lithium perchlorate (LiClO4), lithium tetrafluorob-
orate (LiBF4), and lithium triflate (LiCF3SO3). In the case of LiPF6, which is
a common electrolyte salt due to its high solubility in organic solvents and the
resistance of these salts to reduction by the alkali metal cathode [46], the hex-
afluorophosphate (PF6) is an anion which can be thought of as the carrier for
Li+ between the electrodes. Organic solvents dissolve the electrolyte salt and
help lithium ions travel more easily. A common choice is a mixture of ethylene
carbonate (EC), which has the ability to form a good solid electrolyte interface
(SEI) layer on common anode materials and dimethyl carbonate (DMC), to pro-
vide a low melting point and viscosity [20, 95]. A common electrolyte solution,
and the one considered in this thesis, is 1M LiFP6 dissolved in an equal mixture
of EC and DMC (1:1 EC:DMC).

Electrodes A redox (reduction-oxidation) reaction is a chemical reaction in
which the oxidation states of atoms are changed. This is characterised by the
transfer of electrons between chemical species, where one species undergoes oxi-
dation (losing electrons) whilst the other undergoes reduction (gains electrons).
When charging a cell, reduction takes place at the negative electrode, referred
to as the anode, whilst reduction takes place at the positive electrode, referred
to as the cathode. During the redox reaction, the Li+ in the electrolyte is si-
multaneously inserted into material in the anode whilst also being extracted
from material in the cathode, to ensure that the charge is balanced. During
this process, Li+ migrates from the cathode to the anode. The converse occurs
during discharge, where Li+ leaves the anode and enters the cathode. Solid
material, referred to as electrode material, active material, anode/cathode ma-
terial, and electrode particles, is responsible for insertion or extraction of Li+,
which is called intercalation and de-intercalation, respectively. These materials
are selected based on the following properties: (i) capacity i.e., the amount of
lithium (or total amount of redox) which the material can hold per unit vol-
ume or mass, (ii) thermal or electrochemical stability, for safety and longevity,
(iii) high lithium diffusivity (or low timescale for lithium transport through its
interior), to allow for (de-)intercalation to be performed quickly, (iv) electrical
conductivity, to allow the passage of electrical current between the electrode
and current collector, and (v) the SEI layer (discussions regarding this can be
found in [95]). Electrode materials must also be chosen to give the cell a large
open circuit voltage (OCV) i.e., there should be a large chemical potential dif-
ference between fully oxidised anode and fully reduced cathode material, and
vice versa. Whilst many anode materials exist, typically graphite is used as an
anode material due to its low cost, high electrical conductivity, and its modest
volume expansion (the volume difference between fully charged and discharged)
of 10%. This is in contrast to alloy anodes such as Li-Al and silicon-based
materials which exhibit substantial volume changes, resulting in poor cycling
behaviour [20]. Conversely, many cathode materials are popular, each with
different advantages and drawbacks. Perhaps the most common material is
Lithium-Nickel-Manganese-Cobalt-Oxide, LiNiyMnzCo1−y−zO2 (NMC). NMC
has high capacity and voltage, making it a popular choice for commercial ap-
plications where high power or energy density is a necessity i.e., electric cars.
The drawback of NMC is its high cost, largely attributed to the relatively large
amount of cobalt necessary, also inheriting the issues associated with cobalt

18



Figure 1.1: Illustration of a LFP half-cell.

mining which include unethical mining practices and environmental damages,
as well as a limited lifespan and mechanical safety when contrasted to alterna-
tives [74, 98]. A popular alternative to NMC is lithium iron phosphate (LFP),
which has a lower capacity and lower voltage than alternatives, however has
higher stability (improving both safety and lifespan), and can be used in high-
power applications [55, 74, 78].

Half-cell For research purposes, it is common to study the electrochemical
behaviour of lithium-ion battery electrode materials in isolation from other elec-
trode materials (or against a standard, counter-electrode) in a half-cell configu-
ration. A half-cell is a cell where one of the electrodes is replaced with a lithium
metal electrode, which is used as a standard reference electrode to base experi-
ments [101]. The main goal of this thesis is to study the behaviour of LFP as a
cathode material, and hence we will focus on a LFP-based half-cell. A cartoon
of a half-cell is shown in figure 1.1.

Capacity The capacity of a cell is defined in units of milliamp hours per gram
and is a measurement of how much charge can be extracted from an electrode. In
practice, the capacity of a device is usually measured by monitoring the charge
extracted when discharged at a very low C-rate (such that transport limitations
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are negligible).

C-rate The charge (or discharge) rate, referred to as the C-rate, is the rate
at which current is taken from a cell. It is a dimensionless quantity which
typically (or often, colloquially), is defined such that 1C corresponds to a rate
at which a battery or cell is fully charged or discharged in one hour. High rate
capability is essential for high power and fast charging applications, however
physical limitations regarding transport processes impose limits on the speed at
which charge can be effectively drawn from (or inserted into) a cell.

1.1.2 Lithium Iron Phosphate

Lithium iron phosphate (LFP) has been developed as a cathode material for
lithium-ion batteries [87]. Despite having a slightly lower energy density than
nickel-manganese-cobalt oxide (which is the most widely used cathode material
today), its high power density (i.e., the ability to extract energy quickly), low
cost, and safety make LFP an environmentally friendly alternative to the cobalt-
based electrodes. LFP is used in a range of commercial applications, including
electrical vehicles, backup home generators, consumer electronics, and marine
technologies, and Tesla plans to deploy LFP-based cathodes in their forthcoming
home storage batteries [7, 113].

Initially the use of LFP in lithium-ion batteries was hampered by its low
electrical conductivity which hindered the flow of electronic current into the
cathode. However, the electronic conductivity of the network between LFP
electrode particles has been improved by adding carbon black, an electronically
conducting material commonly used as an additive in lithium ion batteries,
[33, 53, 54] and the conductivity of the LFP particles increased by doping (e.g.,
Wang et al. [118]), which is the process of adding certain chemical elements
to a semiconductor in order to change its electric conductivity. LFP is a phase
separating material, as evidenced by its very flat open circuit voltage (OCV)
curve (the potential is almost independent of degree of discharge until the par-
ticle is fully discharged [87]). Thus, unlike electrode materials with non-flat
OCVs, LFP electrode particles frequently discharge at different rates which de-
pend on the solid state electric potential within the electrode and electrolyte.
The insertion/extraction of lithium within the LFP-based electrodes can there-
fore be highly non-uniform during operation. There is thus scope for significant
improvements to be made to LFP cathodes by carefully tuning the electrical
properties of the electrolyte and the electrode conduction network, a fact that
has been noted previously by Johns et al. [55] who demonstrate that changes
to the electrolyte properties in a LFP cathode can result in increases in max-
imum discharge rate of around two orders of magnitude. Volumetric energy
density and rate capability can also be improved by using a blend of differently
sized electrode particles [59, 67, 103]. Liu et al. [67] showed that by using a
nano-micro structured LFP electrode it is possible to achieve higher compaction
density, lower resistance, superior rate capability, and higher volumetric energy
density whilst still maintaining excellent cycling stability [67].

Diffusion of lithium within LFP particles is highly anisotropic occurring pref-
erentially along channels in the b-direction of the crystal [69]. In nanoscale crys-
tals this diffusion is observed to occur extremely rapidly. Kang and Cedar [60],
for example, have shown that, with the application of a glassy lithium phosphate
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surface coating to enable lithium transport around the surface of the particle,
50nm particles can be discharged in around 20s. However lithium diffusion
within larger (micro-)particles is known to be much slower and more isotropic.
This has been explained by blockage of the preferred b-direction channels by
defects and grain boundaries; this forces lithium transport along tortuous paths
with components in the high-resistance a- and c-directions [69]. For high power
applications LFP nanoparticles are hence to be preferred and, where they are
used in batteries, diffusion within the LFP particles is so fast that its effects can
be neglected in modelling battery charge and discharge. The limiting factors
in the performance of such cathodes are lithium ion transport and electrical
conduction within the electrolyte and solid state electrical conduction between
electrode particles. This observation motivates our modelling approach to the
problem.

The work of Bai et al. suggests that, during high-rate discharge, phase-
separation dynamics can be neglected; these effects are dynamically suppressed
during high-current operation due to the fact that the surface over-potential
can easily exceed the solid-solution voltage barrier in smaller particles and thus
removes the thermodynamic driving force for phase separation once the current
becomes comparable to the exchange current [3]. On this basis they conclude
that it is only for large particles and low currents that phase separation plays a
major role.

Bazant and co-workers have been proponents of the use of the Cahn-Hilliard
equation in describing (de)lithiation dynamics of phase separating materials
[4, 16]. They introduced free energy models for LFP (two phases with coher-
ent nucleation) and graphite (three phases, neglecting nucleation) to predict
experimental data [38]. Particularly relevant to the work here is that they have
shown that discharge fronts can exist in LFP electrodes. Moreover, there is a
propensity for sharper reaction fronts in electrodes where there is little variation
in the electrode particle size. This is attributed to how the numbers of grain
boundaries are likely to vary with particle size and so smaller particles (with
fewer grain boundaries) are likely to react faster than larger ones causing a more
diffuse reaction front. Despite the accuracy of the Cahn-Hilliard equation, many
opt to use the spherical diffusion equation to model transport of Li+ through
LFP electrode particles [25, 94, 36, 90]. This is due to the simplicity of the
diffusion equation and still yields accurate results [95, 63].

Johns et al. [55] have performed experiments on nano-structured LFP half-
cells in order to highlight the importance of the electrolyte in discharge perfor-
mance. In particular they show that by increasing the diffusivity of the elec-
trolyte they were able to discharge at much faster rates. They also compare their
results to a sharp discharge front (SDF) model in which an interface propagates
into the half-cell from the separator; behind this front the electrode material
is fully discharged (i.e., fully lithiated) and in front of it is fully charged (i.e.,
fully de-lithiated). While the SDF could be criticised for being overly crude its
premise is, to a large extent, borne out of the results of the DFN-type model
presented in the present work, which also predicts discharge fronts.

1.1.3 Formulation of DFN

The initial formulation of the modelling framework considered in this thesis was
presented in the 1990s by Doyle, Fuller, and Newman [29]. In this work, it is
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proposed that a lithium ion half-cell is accurately described by Porous Electrode
Theory (PET), where equations for both the transport of salt (the charged ma-
terial carrying the lithium ions) in the electrolyte and ionic potential across the
electrolyte can be derived from concentrated solution theory [81, 82, 83]. The
active electrode material was assumed to be made up of spherical particles, with
diffusion being the transport mechanism of lithium through these particles. The
framework proposed was a multi-scale model. Since it is observed that the size
of the electrode particles are significantly smaller than the width of the elec-
trode, it is assumed the electrolyte concentration and potential does not vary
significantly across the length-scales of the electrode particles. It is common to
refer to processes occurring within the electrolyte as being in the liquid phase,
whilst those occurring in the active material or the conductive phase electron-
ically connecting the active material and current collectors as the solid phase.
These two scales are coupled through a charge-transfer reaction occurring at
the interface between the liquid and solid phases i.e., chemical reactions at the
surface of the spherical electrode particles where lithium (de-)intercalates. This
is modelled following Butler-Volmer kinetics, which relates the concentration of
lithium in the electrolyte surrounding the electrode particles, the concentration
of lithium in the surface of the electrode particles and the local value of the sur-
face overpotential [81, 82, 83]. Following this, a wave of publications studying
the DFN’s performance on modelling the electrochemical behaviour of lithium
ion batteries followed [2, 8, 30, 37, 79, 96], where the model performed remark-
ably well at simulating experimental results [31, 41, 42] and was later used to
accurately model LFP electrodes [108, 109].

The DFN model has since been derived formally using homogenisation tech-
niques [15, 39, 47, 51, 95, 100]. Ranom describes how Nernst-Planck is used
to describe a sufficiently dilute electrolyte, resulting in conservation equations
for the ionic species that diffuse, driven by ionic concentration gradient and
advection from the electric field [95]. In principle, distinct conservation equa-
tions derived from drift diffusion models which couple Poisson’s equation for the
electric field would need to be stated for each of the charged species in the elec-
trolyte, however a simplification can be made in the current scenario where the
electrolyte consists of 1:1 electrolyte of negative and positive ions. The deriva-
tion provided by G. Richardson et al. allows for properties such as electrode
particle radius and BET surface area to be defined as fields i.e., may be defined
as functions which vary across the cell [95, 100]. Since for all reasonable concen-
trations the Debye length is very small (meaning that charge separation cannot
occur and hence the local concentration of anions is equal to that of cations) it
is appropriate to assume local charge neutrality, so that we are required only
to write a single conservation equation for the ionic species. Reaction kinet-
ics on the electrode particle surfaces, which modelled by the phenomenological
BV equation and highly dependent on the overpotential on the electrode (the
change in electrochemical potential that a charged species goes through as it
passes through an anode or cathode particle surface into the electrolyte) [14, 95],
has since been derived [28]. Homogenisation techniques are performed to ac-
count for processes occurring on the micro-structure at the electrode particle
scale, a systematic derivation of which is performed by Richardson et al. [100].
This work can be considered as a continuation and application of the progress
made by Ranom in their PhD thesis on Mathematical Modelling of Lithium
Ion Batteries [95], which the reader is referred to for an in-depth review of the
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formulation of the DFN model. A derivation of the DFN is beyond the scope
of the present work.

1.2 Overview of the present work

In §2 we describe the DFN model for a generic half-cell, provide a suitable
non-dimensionalisation of the model, and discuss typical values for the resulting
dimensionless parameters. After examination of the relative sizes of the dimen-
sionless parameters, we consider two simple yet common reductions to the DFN:
(i) the simplification that transport within the electrode particles is rapid; and
(ii) the simplification that the charge-transfer reaction is uniform across the elec-
trode, which yields a reduced-order model commonly referred to as the SPM.
The DFN is then solved numerically in §3, where we provide discretisations to
the model equations and numerical simulations are examined. In chapter §4, we
perform a systematic reduction to the DFN by asymptotic analysis, resulting in
a reduced-order model which is significantly simpler, less computationally ex-
pensive, and whose results offer intuitive, physical descriptions of (dis)charging
LFP-based cathodes. The main results from the reduced-order model derived
in §4 are then further developed and analysed in §5, where we make a general-
isation to the reduced-order model whilst maintaining its core features. Model
simulations are then compared against experimental data, and a physical un-
derstanding of the most prevalent phenomena in LFP cathode (dis)charge is
developed. Finally, we make our conclusions in §6, as well as offering a list of
possible extensions and further works.
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Chapter 2

Doyle-Fuller-Newman
Model

2.1 Introduction

The standard framework for modelling charge transport in lithium ion batteries
has been set out in a series of works by Doyle, Fuller and Newman (i.e., in
[29, 42]); henceforth referred to as the DFN modelling framework. This com-
prises one-dimensional (perpendicular to the current collectors) descriptions of
(i) electrical conduction between electrode particles via a porous network of
polymer binder and conducting additive and (ii) lithium ion transport in the
electrolyte. These couple to a diffusion model for lithium transport within rep-
resentative electrode particles (at each location through the electrode width) via
Butler-Volmer (BV) conditions for charge transfer via lithium (de-)intercalation
reactions between the electrode and the electrolyte, on the surfaces of the elec-
trode particles. DFN models, which were originally postulated on an ad-hoc
basis, have since been derived as the limit of microscopic (particle sized) de-
scription of the battery using systematic asymptotic homogenisation techniques
[15, 100].

Electrode particles are much smaller than the electrodes they are contained
in, and hence the length-scale at which the diffusion equations for lithium
throughout the electrode particles apply are significantly smaller than the length-
scales for equations which apply across the cell. To account for problems on both
scales, the DFN is multi-scale in nature, meaning that the underlying equations
are posed over two separate spatial dimensions and coupled by an averaging
technique imposed on the smaller scale. The derivation used in [100] uses the
multiple-scale technique, which is a systematic method for accounting for phe-
nomena on different scales [17, 91, 92]. In the case of the DFN, the problems
on the length-scale of the electrode particles, referred to as the microscopic
scale, can be formally averaged due to the quasiperiodic microstructure of the
electrode cell, thus fine geometric details and properties of the material can be
accounted for when deriving the macroscopic equations.

As previously discussed, the present work focuses on half-cells, which al-
low researchers to isolate the performance of a single electrode, typically the
properties related to ionic and electronic transport exhibited by the electrode
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material in the solid phase, by using use of a standard counter-electrode whose
electrochemical behaviour is simple and readily understood. Previous modelling
studies of LFP half-cells using the DFN framework include work by Srinivasan
and Newman [108, 109] and Dargaville and Farrell [21, 23, 37]. Both [23] and
[109] adopt a “shrinking core” model to describe lithium transport and phase
change within the electrode particles. In both these works comparison was made
to experimental discharge curves measured from a half cell cathode with micron
sized LFP electrode particles in [108]. Whilst agreement to the experimental
data in the former [108] is unexceptional it is greatly improved by allowing for
two sizes of electrode particle. In the latter [23], agreement to the experiment
is reasonable but the theory requires an extra layer of modelling to account
for electrode particle clustering. The “shrinking core” model for LFP has now
largely been discredited [22] as a result of a better understanding of the lithium
transport processes within this material [69, 70]; [22] notes that the agreement
obtained between the data presented in [108] and “shrinking core” based models
can be explained by the large electrical resistance within the electrode limiting
the discharge, rather than by lithium transport within the electrode particles.
More recent work by Dargaville and Farrell [21] uses a phase field description of
lithium transport within the electrode particles and, perhaps surprisingly, finds
poor agreement with the experimental data of Zheng et al. [122]. The precise
nature of lithium transport within the electrode particles is a part of ongoing
research.

Figure 2.1 shows the geometry of two prominent types of cells: cylindrical
and pouch cells. Many researchers use 3D models for the processes occurring in
the liquid phase. However, it has been shown that, owing to the fact that the
depth of Li+ cells is significantly shorter than their width and length (depth
here being measured across the shortest distance between the two current col-
lectors), accurate results can be made using 1D models [108]. This is built upon
the premise that the current collectors are highly conductive and that the tem-
perature of the cell does not vary significantly across the cell, the latter of which
being accurate in the present work since we are concerned only with performing
one full (dis)charge from rest and not cycling cells. Dynamics occurring at the
electrode particle scale consist of diffusion equations in spherical coordinates to
be solved at each point in macroscopic space. These account for the transport
of lithium across the active electrode material, which is assumed to be in the
form of small, spherical particles. Since the solution in the electrolyte does
not vary significantly across the width of an electrode particle it is assumed
that conditions in the electrolyte adjacent to any electrode particle remain con-
stant across the surface of their surface, enabling us to simplify the diffusion
equations to be 1D where concentrations of lithium ions in the electrode parti-
cles vary only with radial depth. It is not uncommon for researchers to use a
Cahn-Hilliard equation in place of the diffusion equation when modelling LFP
electrodes [21, 22, 48], however, since a precise understanding of the details of
lithium transport throughout LFP material is not well understood and parame-
ter values vary significantly in the literature and the an accurate understanding
of how lithium is transported through LFP is not a main focus of this work,
we simply consider diffusion, and relegate extensions of this work to more so-
phisticated transport dynamics to future work (see §6.2). Other derivations to
the DFN can be found in the literature [15], however for the remainder of this
work we move away from mathematical background and formal derivations of
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Figure 2.1: Diagram showing cylindrical and pouch cells.

the model, which has not been a significant aspect of this project, and shift our
focus to the resulting model and its behaviour.

In the following sections we present a half-cell model based on the DFN
model. We then provide an appropriate non-dimensionalisation of the model,
and perform two well-known reductions to the model. It should be noted that
whilst the topic of this work is focused on LFP, the content of the present chapter
is applicable to other popular chemistries, such as NMC, LMO, and CoO2.

2.2 Model formulation

We consider a one-dimensional porous half-cell cathode, in x∗ ∈ (0, L), sand-
wiched between a current collector located on x∗ = L and a porous separator
in x∗ ∈ (−Ls, 0). In x∗ < −Ls is a Li metal counter electrode. This model
geometry is illustrated in §1 in figure 1.1 and the dynamics are crudely shown
in figure 2.3. The electrochemical behaviour of this device is described by the
DFN model [29, 42, 95, 100].

Macroscopic transport equations The ionic transport and current flow
through the electrolyte, in both the porous electrode and separator, is described
in x∗ ∈ (−Ls, L) by the PDEs

ϵl
∂c∗

∂t∗
+
∂F∗

∂x∗
= 0, F∗ = −B∗(x∗)D∗(c∗)

∂c∗

∂x∗
−
(
1− t+ (c∗)

) j∗
F
, (2.1)

∂j∗

∂x∗
= FbcG

∗, j∗ = −B∗(x∗)κ∗(c∗)

(
∂ϕ∗

∂x∗
− 2RgT

F

1− t+ (c∗)

c∗
∂c∗

∂x∗

)
, (2.2)

where c∗, F∗, j∗, and ϕ∗ are functions of x∗ and t∗, and are the independent
variables to be solved for. Here t∗ denotes time, ϵl is the local volume fraction
of electrolyte (porosity), c∗ is the molar ion concentration in the electrolyte, F∗

is the effective flux of the negative counter-ions across the electrolyte, D∗ is the
ionic diffusivity of electrolyte, B∗ is the permeability factor, t+ is the transfer-
ence number, j∗ is the ionic current density in the electrolyte, F is Faraday’s
constant, bc is the BET surface area (the surface area of electrode particles per
unit volume of cathode), G∗ is the BV reaction rate per unit area (i.e., the
flux of Li+ per unit area through the surface of the electrode particles), κ∗ is
the ionic conductivity, ϕ∗ is the electric potential in the electrolyte, Rg is the
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(molar/universal/ideal) gas constant, and T is the absolute temperature. The
dependencies of D∗ and κ∗ on c∗ are discussed in §2.2.3. Here we formulate
(2.1) in terms of the negatively charged counterion flux, rather than the Li+ ion
flux, so that (2.1) has strictly conservative form and is thus more easily solved
numerically. In general, the transference number, t+, is a function of molar ion
concentration in the electrolyte, however, owed to a property of the electrolyte
considered in the present work, for all reasonable concentrations of the elec-
trolyte considered in this work the transference number can duly be assumed to
be constant. Equation (2.1) accounts for the mass transport of the ion species in
the electrolyte, which is governed by diffusion and advection/(de)intercalation.
Equation (2.2a) (and its counter part, (2.4a), which will be presented shortly),
are charge-transfer equations, which together conserve current by converting
ionic from and to electronic current densities as the following redox reaction
occurs,

FePO4 + Li+ + e−
Discharge−−−−−−⇀↽−−−−−−
Charge

LiFePO4. (2.3)

The equation for the ionic potential, equation (2.2b), is often referred to as
a modified Ohm’s law and McInnes equation. The current flow through the
solid matrix (comprised of electrode particles, binder and conductive additives),
situated in x∗ ∈ (0, L), satisfies

∂j∗c
∂x∗

= −FbcG∗, j∗c = −σc
∂ϕ∗c
∂x∗

. (2.4)

where σc is the electronic conductivity and ϕ∗c and j∗c are the electric potential
and the electronic current density in the solid matrix, respectively, and where
equation (2.4b) is Ohm’s law.

Macroscopic boundary conditions The charge transport equations in the
electrolyte (2.1)-(2.4) satisfy the following boundary conditions on x∗ = −Ls,
the separator edge in contact with the metallic lithium electrode,

F∗|x∗=−Ls
= 0, j∗|x∗=−Ls

=
I∗(t∗)

A
, ϕ∗|x∗=−Ls = 0, (2.5)

where I∗(t∗) is the current in the external circuit and A is the cross-sectional
area of the half-cell. These conditions demand that current enters the half-cell
through the separator as ionic current, that there is no flux of the negative
counter-ions on the metallic lithium electrode, and set a reference potential
removing the undetermined degree of freedom in the solution for the potential
(note that in the governing PDEs the spatial derivative of ϕ∗ appears but not
ϕ∗ itself). On the current collector (2.1)-(2.4) satisfy the conditions

F∗|x∗=L = 0, j∗c |x∗=L =
I∗(t∗)

A
, j∗|x∗=L = 0, (2.6)

requiring that current flows from the half-cell into the current collector as elec-
tronic current and that there is no current flow or ion flux into the current col-
lector. As a result of boundary conditions (2.5a) and (2.6a), the total amount of
ions remains fixed in the electrolyte. It can also be noted at this point that the
electronic current density, j∗c , and by virtue equation (2.4a) can be determined
by subtracting the ionic current density from the demand current density.
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Figure 2.2: Panel (a) shows the equilibrium potential for LFP. Panels (b) and
(c) show the ionic conductivity and diffusivity of lithium in the electrolyte re-
spectively.
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Figure 2.3: Diagram showing dynamics of a typical half-cell.
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Microstructure transport equations In order that the (de)intercalation
reaction rates can be evaluated, the surface concentration on the electrode par-
ticles must be determined. In the case where LFP is used as a cathode material,
it is assumed that the C-rate (i.e., the current drawn from the cell measured in
units of the current needed to discharge the cell completely in 1 hour) is large
enough that mosaic effects found in phase-separating electrode materials such
as LFP can be neglected [66]. It would be exceptionally challenging to solve
the model equations on a geometry like that shown in 1.1. Multi-scale mod-
els are therefore considered, where representative equations are solved across
homogenised geometries. This necessitates solving microscopic transport prob-
lems within representative electrode particles through the thickness of the elec-
trode. We let a representative spherical electrode particle exist at each point in
macroscopic space, x, where lithium transport through the electrode particles
is governed by spherical diffusion. The ionic transport through the spherical
electrode particles is described by the PDE

∂c∗c
∂t∗

=
1

r∗2
∂

∂r∗

(
r∗2Dc

∂c∗c
∂r∗

)
in 0 < r∗ < R and 0 < x∗ < L, (2.7)

where r∗ is the radial coordinate in the particles, c∗c is the concentration of
lithium ions in the particles, and Dc is the concentration-dependent diffusiv-
ity. We say that the concentration of lithium inside the solid is parametrised
by x∗, symbolised by c∗c = c∗c(t

∗, r∗;x∗). Whilst the formulation is general
enough to allow non-linear diffusion and differently sized particles across the
electrode [100], we consider Fickian diffusion and non-varying particle radii for
this project, taking Dc and R to be constant.

Microscopic boundary conditions Equation (2.7) is supplemented by the
following boundary conditions,

c∗c is bounded on r∗ = 0, −Dc
∂c∗c
∂r∗

∣∣∣∣
r∗=R

= G∗. (2.8)

The latter condition states that the flux of Li+ across the surface of electrode
particles is equal to the BV surface reaction and the former is equivalent to the
following symmetrical condition which ensures that no mass is lost or gained
across the centre of the electrode particles

−Dc
∂c∗c
∂r∗

∣∣∣∣
r∗=0

= 0. (2.9)

The Butler-Volmer reaction rate The flux G∗ of Li+ across the surface of
an electrode particle, into the electrolyte, is modelled by the BV reaction rate
[8],

G∗ =

0, −Ls < x∗ < 0

K0

(
exp

(
Fη∗

2RgT

)
− exp

(
− Fη∗

2RgT

))
, 0 ≤ x∗ < L

(2.10)

or alternatively,

G∗ =

{
0, −Ls < x∗ < 0

2K0 sinh
(

Fη∗

2RgT

)
, 0 ≤ x∗ < L

(2.11)
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where the exchange current density is given by,

K0 = k0(c
∗)1/2(c∗c |r∗=R)

1/2(ĉc − c∗c |r∗=R)
1/2. (2.12)

Here, ĉc is the maximum lithium ion concentration of the active material, k0 is
a reaction rate constant and η∗, the overpotential, is defined by

η∗ = ϕ∗c − ϕ∗ − U∗
c (c

∗
c |r∗=R). (2.13)

Here U∗
c (c

∗
c |r∗=R), the equilibrium potential of the cathode electrode material

(cf figure 2.2), is an experimentally measured function of the intercalated Li+

concentration c∗c on the surface of the particle. Equation (2.10) has important
features worth noting. It should be evident that there is no reaction (G∗ = 0),
when the ion content of the electrolyte is depleted (c∗ ≈ 0), a phenomenon often
referred to as electrolyte depletion. When this occurs, intercalation in the given
region cannot be sustained, and can often lead to a cell terminating (dis)charge
before its capacity is properly utilised. This would be the case if transport pro-
cesses occurring in the electrolyte were rate limiting, with implications that an
improvement of ionic mobility in the electrolyte would result in greater perfor-
mance. A similar effect occurs for deintercalation, where if the concentration of
Li+ at the surface of the electrode particles approaches capacity or depletion the
reaction vanishes. This latter feature is vital for terminating (dis)charge once
the cell’s capacity has been utilised. It is also important to note that (2.10)
is an odd function for the overpotential, η. By virtue of equations (2.2b) and
(2.4b), a reversal of the current (swapping from charge to discharge) causes a
sign change for the potentials. This sign change is also seen in the overpotential
by virtue of (2.13), and hence in the surface reaction, G∗, the result meaning
that the direction of flux across electrode particles is appropriately defined de-
pending on whether we are filling electrode particles in the cathode (discharge)
or emptying them (charge).

The half-cell potential The voltage drop across the device, V ∗(t∗), is com-
prised of two parts: the potential difference between the electrode at the current
collector and separator; and the Ohmic drop across the current collector inter-
face caused by contact resistance, Rc,

V ∗(t∗) = ϕ∗c
∣∣
x∗=L

− ϕ∗
∣∣
x∗=−Ls

−RcI
∗(t∗). (2.14)

On recalling the boundary condition (2.5c) an expression for the half-cell voltage
is given by

V ∗(t∗) = ϕ∗c
∣∣
x∗=L

−RcI
∗(t∗). (2.15)

The potential of the cell is typically regarded as the most important variable of
a (dis)charging cell, and is almost always monitored. In order to maintain safe
running conditions and avoid unnecessary degradation, a range of voltages is
selected in order to avoid unwanted chemical reactions, typically referred to as
side-reactions. (Dis)charge is therefore terminated once the voltage surpasses a
given threshold. We focus on discharge and termination occurs when the cell’s
voltage drops below a predetermined value, Vstop. It can be seen that there
are four sources of resistance within the cell resulting in potential declines. The
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first is due to the Ohmic drop across the current collector discussed above. Next
are the potential drops across the electrolyte and solid-phase, each proportional
to the conductivity and current across those mediums, as seen in equations
(2.2b) and (2.4b). The conductivity of the electrolyte is dependent on the
ionic concentration, where the conductivity is drastically reduced during low
concentrations in the electrolyte, cf. figure 2.2. Electrolyte depletion therefore
often results in large potential drops across the electrolyte, triggering shut-off
voltage to be reached. The final cause of potential drop is seen in the terms
preceding the sinh component of the BV equation (2.11) and is often referred
to as the inter-facial charge-transfer resistance across the electrode particles’
surface.

Geometry of the electrode The electrode is assumed to be locally periodic
and comprised of identically-sized spherical electrode particles so that bc, the
BET surface area, and ϵc, the electrode particle volume fraction, are given in
terms of the particle number density, n, i.e., ,

bc = 4πR2n, ϵc =
4

3
πR3n. (2.16)

By eliminating n in (2.16), it follows that bc is related to the volume fraction
and radius of particles via

bc =
3ϵc
R
. (2.17)

An illustration is shown in figure 2.4. This retains the possibility that n, bc, ϵc,
and R may vary over the electrode, e.g., bc = bc(x

∗), which does not conflict
with the local periodic nature of the problem as these variations are assumed
to occur over significantly longer spatial scales than the representative volume
shown in figure 2.4.

Initial conditions The problem is closed by specifying initial conditions on
the lithium concentrations in the electrolyte and in the electrode particles. Here,
we specify initial conditions corresponding to an electrode that has been allowed
to reach equilibrium, so that the lithium concentrations in the electrolyte and
the electrode particles are spatially uniform, and write

c∗
∣∣
t∗=0

= ĉ, c∗c
∣∣
t∗=0

= αĉc. (2.18)

Here α specifies the initial state of charge (SOC) of the half-cell (α = 0 corre-
sponds to fully charged and α = 1 to fully discharged electrode particles).

State of charge The SOC of the cell is taken to be the total average con-
centration of lithium in the electrode particles normalised with respect to the
theoretical capacity. The SOC is denoted by, ⟨cc⟩, and is given by

⟨cc⟩ =
∫ x∗=L

x∗=0

1

L

∫ r∗=R

r∗=0

3
c∗c
ĉc

r∗2

R3
dr∗dx∗, (2.19)

and as such, it follows from (2.18), that ⟨cc⟩t∗=0 = α.
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Figure 2.4: Diagram showing the local periodicity of the electrode geometry.
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C-rate The C-rate is a dimensionless measure of the (dis)charge rate. For a
cathode undergoing galvanostatic (dis)charge we define the C-rate as the current
draw/supply divided by the theoretical capacity of the cathode. However, it is
worth pointing out that some authors choose to normalise with respect to an
experimentally measured capacity rather than the theoretical one. Nonetheless
a common definition, and the one we shall adopt, is

C-rate =
3600I∗(t∗)

LAϵcF ĉc
. (2.20)

C-rates are typically used when referring to cells undergoing galvanostatic (dis)charge
i.e., where the demand current, I∗, is constant. Thus, provided the full capac-
ity is accessible, a C-rate of 1 will bring the cathode from fully charged to
discharged, or vice versa, in 1 hour.

2.2.1 Non-dimensionalisation

In order to conduct an asymptotic analysis of the problem (2.1)-(2.19) needs
to be non-dimensionalised. Hereafter, variations in cathode geometry shall not
vary across space, and therefore electrode particle radii, R, BET surface area,
bc, volume fractions, ϵl and ϵc, as well as diffusivity of electrode particles, Dc,
shall be constant. For this reason we do not consider non-dimensionalising these
quantities. In most scenarios these simplifications can be relieved and results
generalised, and they are made for sake of brevity since they do not significantly
alter the main results where the added complexity of their inclusion may detract
from the focus of present results.

Using (2.20), time is rescaled with the typical time taken to fully (dis)charge
the cathode at a current of size Î, giving

τ =
LAϵcF ĉc

Î
, (2.21)

and the macroscopic spatial dimension, x∗, is scaled with the electrode width L.
Electrolyte permeability, diffusivity, conductivity and concentration are scaled
with their typical values, B̂, D̂, κ̂ and ĉ, respectively. Lithium concentration in
the electrode particles is scaled with its maximum concentration ĉc. The various
currents and current densities are all scaled based on the size of the current being
supplied to/drawn from the external circuit. The scaling for the ionic flux is
based on the typical size of its diffusive component which, for concentrations of
size ĉ, length-scales of size L and effective diffusivities of size B̂D̂/ϵl is B̂D̂ĉ/ϵlL2.
The BV reaction rates are scaled based on the average flux required through
particle surfaces needed to sustain a current of size Î. The typical size of the
variations in the different potentials across the electrode are on the order of
the thermal voltage. In the cases of the electrolyte and cathode potentials this
is by design, and results from the relatively high conductivities of electrolytes
and binders used in battery applications. For LFP, the overpotential, U∗

c , is
very close to being constant (Ûc ≈ 3.4V) throughout most of the material’s
range of charge states, cf figure 2.2. This is in contrast with other materials,
where the overpotential of graphite varies between around 0V at full lithiation
and 1V at full delithiation whilst the various metal oxides used in cathodes, e.g.
NMC, exhibit variations in their overpotentials of 3V at full lithiation and 4V at
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full delithitaion. We scale the overpotential by first subtracting off a constant
contribution, Ûc and allow for variations on the size of the typical variations
seen between full lithiation and full delithiation, Uc. In summary, the rescalings
read

t∗ = τt x∗ = Lx c∗c = ĉccc (2.22)

j∗ =
Î

A
j j∗c =

Î

A
jc I∗ = ÎI (2.23)

ϕ∗ =
RgT

F
ϕ ϕ∗c = Ûc +

RgT

F
ϕc V ∗ =

RgT

F
V (2.24)

G∗ =
Î

ALFbc
G η∗ =

RgT

F
U∗
c (c∗c) = Ûc + UcUc (cc) (2.25)

B∗ (x∗) = B̂B (x) D∗ (c∗) = D̂D (c) κ∗ (c∗) = κ̂κ (c) (2.26)

c∗ = ĉc F∗ =
B̂D̂ĉ
L

F t+ (c∗) = t+ (c) (2.27)

This choice of rescalings are chosen to simplify the asymptotic derivation in §4
where, since that chapter considers an LFP-based cathode, it is preferential to
scale the potentials in units of a thermal volt,

RgT
F . The non-dimensionalisation

gives rise to the following dimensionless quantities that characterise the system:

Q =
R2

τDc
N =

L2ϵl

τ B̂D̂
, Γ =

ÎL

ĉD̂B̂AF
, Υ =

k0ĉ
1/2ĉcFALbc

Î
, (2.28)

L =
Ls

L
, Θ =

σcRgTA

FLÎ
, R =

RcF Î

RgT
, P =

B̂κ̂RgTA

FLÎ
, (2.29)

λ =
FUc

RgT
. (2.30)

Here, Q is the timescale for solid diffusion over the timescale for cell discharge,
N is the timescale for liquid diffusion over the timescale for cell discharge, Γ
is the ratio of the typical sizes of the drift flux to the diffusive flux, Υ is the
typical current density at the surface of an electrode particle over the ratio of
the exchange current density, L is the length of the separator over the length of
the cathode, Θ is the electronic conductivity over the characteristic conductivity
of the electrode particles, R is the voltage dropped at the current collector over
the potential difference between fully charged and fully discharged electrode
particles, P is the ionic conductivity over the characteristic conductivity of the
electrode particles, and λ is the size of the difference between the overpotentials
of a fully lithiated electrode particle (referred to as the characteristic half cell
voltage) over the characteristic conductivity of the electrode particles.
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2.2.2 The dimensionless DFN model

The system of equations obtained by applying the rescalings (2.22)-(2.27) to the
variables (2.1)-(2.19) is

N ∂c

∂t
+
∂F
∂x

= 0, F = −B(x)D(c)
∂c

∂x
− Γ(1− t+ (c))j, (2.31)

∂j

∂x
= G, j = −PB(x)κ(c)

(
∂ϕ

∂x
− 2

1− t+ (c)

c

∂c

∂x

)
, (2.32)

∂jc
∂x

= −G, jc = −Θ
∂ϕc
∂x

, (2.33)

G = Υc1/2c1/2c |r=1(1− cc|r=1)
1/2

(
exp

(η
2

)
− exp

(
−η
2

))
(2.34)

η = ϕc − ϕ− λUc (cc|r=1) , (2.35)

Q∂cc
∂t

=
1

r2
∂

∂r

(
r2
∂cc
∂r

)
for 0 < r < 1 (2.36)

subject to boundary conditions

F|x=−L = 0, j|x=−L = I(t), ϕ|x=−L = 0, (2.37)

F|x=1 = 0, j|x=1 = 0, jc|x=1 = I(t), (2.38)

cc bounded on r = 0, −∂cc
∂r

∣∣∣∣
r=1

=
Q
3
G (2.39)

and initial conditions
c|t=0 = 1, cc|t=0 = α. (2.40)

The dimensionless cell voltage is given by

V = ϕc|x=1 −RI(t). (2.41)

Features of the model It will turn out to be helpful to note some generic
features exhibited by the model equations. The total current density (made up
of both an ionic and electronic component) is uniform throughout the electrode.
On summing equations (2.32a) and (2.33a), integrating and applying boundary
conditions (2.38b)-(2.38c) we arrive at

j + jc = I(t). (2.42)

Furthermore, integrating equation (2.33a) with respect to x and again applying
boundary conditions (2.37b) and (2.38c) leads to∫ 1

0

G dx = −I(t), (2.43)

indicating that the total reaction through the electrode is in balance with the
current supplied by or driven from the external circuit.

2.2.3 Dimensionless parameter estimates

We will consider two LFP-based device parametrisations; one for modern elec-
trodes and one for older electrodes representative of the devices that were being
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produced in the early 2000s. As alluded to in §1.1.2, a key feature in the de-
velopment of LFP cathodes has been the increase in the conductivity of the
solid matrix by the addition of dopants and conductive additives. We therefore
parametrise our two devices in the same way except that the solid conductivity is
taken to be significantly larger in the modern parameter set. It is by contrasting
these two cases that we are able to elucidate why this development has been so
impactful in manufacturing better electrodes and it allows us to suggest some
avenues for further improvements. For LFP, Ûc ≤ RgT

F , whilst for graphite,

NMC, and many other materials, Ûc = 1V [99]. Since
RgT
F ≈ 26mV (depending

on temperature, which we take to be 298K), the parameter estimates for λ are,

For LFP-based electrodes: λ = 1.00, (2.44)

For graphite, NMC, etc. : λ = 38.94. (2.45)

A list of parameter estimates obtained from the literature is supplied in Table
2.1. Note that B̂, D̂ and κ̂ are the typical values of the diffusivity and ionic
conductivity respectively, cf (2.59)-(2.62) and figure 2.2. Specifically we choose
B̂ = 0.3150, D̂ = 5.253×10−10 m2 s−1, and κ̂ = 1.088 S m−1. Based on this data
for the older electrodes being operated at a C-rate of 1C, the non-dimensional
parameters are

For 1C: (2.46)

Q = 0.0003 N = 0.0028, Γ = 0.0602, Υ = 113.8420, (2.47)

L = 0.4167, Θ = 0.1335, R = 0.0223, P = 9.1498. (2.48)

Adopting the modern parameter set we find that for a cell (dis)charging at a
C-rate of 1, the parameter values are

For 1C (2.49)

Q = 0.0003 N = 0.0028, Γ = 0.0602, Υ = 113.8420, (2.50)

L = 0.4167, Θ = 93.1975, R = 0.0223, P = 9.1498. (2.51)

For a more aggressive rate of 10C they are

For 10C (2.52)

Q = 0.0027 N = 0.0280, Γ = 0.6022, Υ = 11.3842, (2.53)

L = 0.4167, Θ = 9.3198, R = 0.2234, P = 0.9150. (2.54)

Finally, for a very aggressive rate of 100C they are

For 100C (2.55)

Q = 0.0277 N = 0.2798, Γ = 6.0222, Υ = 1.1384, (2.56)

L = 0.4167, Θ = 0.9320, R = 2.2344, P = 0.0915. (2.57)

We note that the only difference between the modern device and the older device
at 1C is the value of Θ, the dimensionless solid conductivity, cf (2.48) and (2.51).
The value of the current demand at 1C, e.g., can be found by solving (2.21) for
Î having specified τ = 3600 s, which gives Î = 0.1603 A. Current demands for
other C-rates can be found similarly.
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The equilibrium potential for LFP shown in figure 2.2 panel (c) is given by
[109],

U∗
c (c∗c) = 3.114559 + 4.438792 arctan

(
−71.7352

c∗c
ĉc

+ 70.85337

)
− 4.240252 arctan

(
−68.5605

c∗c
ĉc

+ 67.730082

)
V (2.58)

The cell is filled with 1M LiPF 6 in 1:1 EC:DMC electrolyte. For the ionic
diffusivity and conductivity of anions in the electrolyte we use [116],

D∗ (c∗) = 5.253× 10−10 exp
(
−3.071× 10−4c∗

)
m2s−1, (2.59)

κ∗ (c∗) = 10−7c∗
(
5206.9096− 2.143638c∗ + 2344.02× 10−4c∗2

)
S m−1.(2.60)

The ionic permeability is defined to be

B∗(x∗) =

{
Bs x∗ < 0

Bc x∗ ≥ 0,
(2.61)

where Bs and Bc are the permeabilities in the separator and cathode, respec-
tively. To determine these quantities, we use the Bruggeman approximation for
the ionic permeability of the electrolyte inside the cathode and specify a value
for that in the separator [10, 36],

B∗(x∗) =

{
0.55 x∗ < 0

ϵ1.5l x∗ ≥ 0.
(2.62)

2.3 DFN model reduction for fast microscopic
transport

Later in §4 we shall investigate a device containing nano-sized electrode parti-
cles. In such a setting transport within the electrode particles is no longer rate
limiting, i.e., the timescale for diffusion in the electrode particles is significantly
shorter than the timescale for cell (dis)charge. This disparity allows us to derive
a reduced model in which the diffusion PDEs, namely equation (2.36), can be
replaced by ODEs without engendering significant errors. The purpose of this
section, §2.3, is to provide rigorous justification for this reduced model in this
setting, which we shall henceforth refer to as the “fast diffusion limit”.

For readers unfamiliar with asymptotic analysis (also referred to as asymp-
totics and, more as commonly known to physicists, perturbation theory), a
more detailed explanation of the calculation shown in §2.3 can be found in the
appendix §6.2.

Asymptotic derivation We reduce the system of equations (2.31)-(2.36)
subject to boundary conditions (2.37)-(2.39) and initial conditions (2.40) where,
since Q ≪ 1, we take the limit Q → 0. We reduce equations (2.36) subject to
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Table 2.1: Typical parameter values for a LFP half-cell.

Parameter, symbol [unit] Value Reference
Electrolyte Parameters

Electrode thickness, L [µm] 60 [26, 36, 55, 73, 108, 122]
Separator thickness, Ls [µm] 25 [12, 90, 108, 110, 119]

Volume fraction of electrode particles, ϵp 0.437 [73]
Volume fraction / porosity of electrolyte, ϵl 0.463 [73, 89]

Initial salt concentration, ĉ [mol m−3] 1000 [108]
Transference number, t+ 0.38 [111, 116]
Electrode Parameters

Reaction rate constant, k0 [mol−0.5m3.5s−1] 1× 10−10 [58]
Particle radius, R [nm] 300 [26, 73, 122]

Diffusivity of electrode particles, Dc [mol m−3] 9× 10−14 [58]
Matrix conductivity of modern electrodes, σc [S m−1] 3.49 [34]
Matrix conductivity of older electrodes, σc [S m−1] 0.005 [108, 119]
Maximum concentration in the solid, ĉc [mol m−3] 22806 [58]

Initial SOC, α 0.035 [90]
Other Parameters

Faraday constant, F [Cmol−1] 96487 [108]
Universal gas constant, Rg [Jmol−1K−1] 8.3144 [37]

Temperature, T [K] 298 [37]
Cross-sectional area of electrode, A [m2] 1× 10−4 [73, 102, 108]

Contact resistance, Rc [Ω] 3.58× 10−3 [23]

boundary conditions (2.39) and initial conditions (2.40b). Upon postulating the
asymptotic expansion,

cc = cc0(x, t) +Qcc1(r, t;x) + · · · , G = G0(x, t) + · · · , (2.63)

we substitute expansion (2.63) into (2.36) and (2.39), resulting in the following
problem at leading order,

dcc0
dt

=
1

r2
∂

∂r

(
r2
∂cc1
∂r

)
,

∂cc1
∂r

∣∣∣∣
r=0

= 0,
∂cc1
∂r

∣∣∣∣
r=1

= −G0

3
. (2.64)

Upon multiplying equation (2.64a) by r2 and integrating with respect to r, we
arrive at ∫ 1

0

r2
dcc0
dt

dr = r2
∂cc1
∂r

∣∣∣∣r=1

r=0

. (2.65)

Performing the integration on the LHS and substitution of (2.64b)-(2.64c) into
the RHS of equation (2.65) we are left with

dcc0
dt

= −G0. (2.66)

It is important to note that the leading order term for cc in (2.63) has no r
dependence, i.e., the ionic concentration of lithium in the electrode particles
depends on x and t only. This is owed to equation (2.39b) which, in order to
be satisfied by a solution of leading order O(1), must not depend on the spatial
coordinate, r.
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Range of applicability of the reduced fast diffusion model In §4 we
assume the electrode is formed from nano-particulate LFP, where the lithium
concentration is, to a good approximation, spatially uniform within each par-
ticle. This can be justified by noting that the timescale for transport in the
solid τc = R2/Dc, where R is the electrode particle radius and Dc is the typical
diffusivity of lithium in LFP, is very short. Taking R = 300 nm [26, 73, 122]
and Dc = 9 × 10−14 m s−2 [58] we find that τc = 1 s, and so provided we
do not approach rates of 3,600C, which is way beyond typical device demands
of C/10-10C, it is reasonable to say that τc ≪ τ , where τ is the timescale for
cell discharge defined in equation (2.21), and hence the electrode particles are
quasi-steady on the timescale of cell discharge. Thus, the transport problem
inside the (spherical) LFP nanoparticles is approximated by

dc∗c
dt∗

= −3G∗

R
. (2.67)

In the forthcoming sections we show that solutions to the model can exhibit
behaviour in which the lithium intercalation occurs primarily within narrow
reaction regions that propagate through the electrode. In such scenarios, the
characteristic timescale for (de)lithiation of a particle is reduced to τW/L where
W is the width of the region in which the reaction is concentrated. Hence, the
caveat on the validity approximation (2.67) of the transport problem inside the
LFP electrode particles (τc ≪ τ) should be amended to be given by τc ≪ τW/L.
As we shall see later, in (2.28) and (4.26), a typical range of values for the
ratio W/L is between 10−2 and 1, and as such the approximation (2.67) is
often justified provided we do not approach rates of between 36C and 3,600C
(depending on the device architecture).

2.4 Single Particle Model

The Single Particle Model (SPM) is of particular importance to battery mod-
elling as it provides a drastic reduction in computational cost at a price of low
accuracy loss, provided that C-rates are not too large (the generalised SPM
provided in [99] are valid for C-rates up to 16C). Its use appears extensively in
the literature [1, 5, 25, 61, 68, 76, 93], which include applications of the model
to various problems as well as extensions, generalisations, and improvements
through formal derivation [61, 68, 71, 76, 93, 99]. The accuracy of the SPM is
heavily dependent on the electrode material used. The reason for this is that the
SPM is built on the premise that the charge-transfer reaction is uniform across
the electrode, meaning that the transport problem for the electrode particles
are identical due to the boundary condition, namely equation (2.39b), showing
no variation across the electrode, and so all electrode particles can be simulated
with a single solve of equation (2.36). In other words, it is no longer required to
solve for a representative electrode particle at each point in macroscopic space,
and instead the model requires only the solution of one electrode particle. In
addition to this, since the reaction, G∗, is uniform, it is determined via (2.43)
before solution, and so the microscopic problem uncouples from the macroscopic
one, adding to the simplicity of the resulting system of equations. The phys-
ical premise which this simplification is built upon is that the charge-transfer
reaction is uniform across the electrode. This is accurate for electrode material
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whose equilibrium potential, U∗
c , varies significantly between different states of

lithiation. This means that there is a significant incentive for the surface con-
centration of distinct electrode particles to be equal, since if one material was
more lithiated than another there would be a significant potential difference
seen across these particles, and reaction would preferentially ensure that they
equilibriate. For materials such as NMC and LMO this provides an accurate
reduction, and the SPM has shown to provide highly accurate results [71, 99].

Asymptotic derivation Looking at equation (2.45) we see that, for graphite-
and NMC-based electrodes, we have λ ≫ 1, and so we take the limit λ → ∞.
In order to balance equation (2.35), it must be the case that either η, ϕ, or ϕc
is O(λ), since the equilibrium potential is determined by the lithium content
in the electrode particles which, in order to satisfy its transport and initial
conditions, must be O(1). In order to sustain a sizeable amount of reaction,
the overpotential, η, is unable to balance this term everywhere. By virtue of
the boundary condition (2.37c) on the ionic potential, ϕ, it also cannot be the
case that ϕ is O(1) everywhere. The large λUc term is therefore balanced by
ϕc, resulting in the following expansion,

ϕc = λϕc−1 + · · · , cc = cc0 + · · · , G = G0 + · · · , (2.68)

ϕ = ϕ0 + · · · , η = η0 + · · · , jc = jc0 + · · · , (2.69)

V = λV−1 + · · · , (2.70)

which, upon substitution into equations (2.35) and (2.41), results in

ϕc−1 = Uc(cc0|r=1), V−1 = ϕc−1

∣∣
x=1

. (2.71)

By balancing equation (2.33), and noting that the electronic current, jc must
be O(1), we see that ϕc−1 = ϕc−1(t), and hence from equation (2.71) we can
conclude that the surface concentration of the electrode particles is a function
of time only. From equations (2.36), (2.39b), and (2.43), we can then formulate
the following leading order problem for the solid transport,

Q∂cc0
∂t

=
1

r2
∂

∂r

(
r2
∂cc0
∂r

)
, −∂cc0

∂r

∣∣∣∣
r=1

=
Q
3
G0 (2.72)∫ 1

0

G0 dx = −I(t), cc0|r=1 = C(t), (2.73)

where C is a function for the surface concentration of the electrode particles to
be determined as part of the solution. Referring back to equation (2.71), we see
that the solution to the solid potential and cell voltage is determined to be,

V−1(t) = ϕc−1(t) = Uc (C(t)) . (2.74)

Since in most applications modelling the cell voltage is the primary goal, equa-
tion (2.74) can be seen as the leading order solution to the reduced order DFN
model.
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Chapter 3

Numerical solution to the
DFN

3.1 Introduction

Analytical solutions to the DFN model are available for only a small number
of limiting cases [24, 29, 30, 35, 43]. However, approximate numerical solutions
can usually be found, and have hence been used extensively in mathematical
modelling of lithium ion batteries [6, 40, 45, 88, 89], where software and open-
source code for numerical solvers for battery systems are readily available [27,
64, 80, 112, 115].

One of the most utilised modelling software in the battery modelling com-
munity is COMSOL’s Multiphysics package [27], which provides computational
simulations of a wide variety of physical systems and whose Chemical Engi-
neering Modules on electrochemistry and battery design have been used exten-
sively in a wide variety of Li-ion battery research [11, 44, 65]. The COMSOL
Multiphysics interfaces use the Finite Element Method (FEM) to solve the con-
stituent PDEs, are easily used, and allow practitioners to undertake theoretical
work without demanding expert knowledge in numerical analysis [27].

Alternatives to COMSOL include Python Battery Mathematical Modelling
(PyBaMM) [112] and DandeLiion [63, 64]. The former of which is open-source,
and allows flexibility through a combination of symbolic expression trees and a
pipeline process, which allow users significant control over the solver, including
equations solved and discretisation methods. The latter is an ultrafast solver,
where simulations can be run for free online with no installation required. Dan-
deLiion uses the FEM approach, and comes available with full parametrisations
of commercial cells as well as drive cycle data. Both PyBaMM and DandeLiion
are based on the DFN framework, and allow for accurate, high-speed simulations
of battery technologies over a wide range of designs and operating conditions.
First order methods have been used to numerically solve the DFN, namely the
open-source battery modelling software Li-ION Simulation BAttery Toolbox
(LIONSIMBA) [115] which utilises the finite volume method for discretisation.
DandeLiion and PyBaMM also offers a version based on the same method, how-
ever, it is typical that authors use second-order methods in battery modelling
[63, 95, 121].
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The first two sections of this chapter detail discretisations of the macroscopic
problem and microscopic problem, respectively. These discretisations are used
extensively throughout the rest of the thesis, and follow similarly to the Ph.D.
thesis of R. Ranom [95], who discretised the DFN using the finite difference
approach, and I. Korotkin et al. [63], who uses a combination of the FEM
approach and control volume method. These sections are followed by numerical
solutions to the DFN and the reduced order models described in §2, as well as a
comparison between different numerical methods, before finally concluding the
chapter.

3.2 Discretisation of macroscopic problem

The method of lines is a technique for solving PDEs in which all but one dimen-
sion is discretised [49, 104, 105]. Here, we find approximate numerical solutions
to the dimensionless systems (2.31)-(2.35). We do this by the method of lines,
where spatial derivatives are approximated using the FEM or Finite Difference
Method (FDM) yield a large system of differential-algebraic equation (DAE)s.
This allows the conversion from a system of PDEs to a (large) set of equa-
tions containing derivatives in only one dimension whose solution, which can
be accurately determined through conventional numerical integration methods,
is approximate to the original system. Since equations (2.32)-(2.35) contain no
temporal derivatives, spatial discretisation results in a coupled system of ODEs
and algebraic equations. These systems cannot be solved by regular integration
methods e.g., Runge-Kutta. Consider a system of equations of the form,

M
dy

dt
= f (x, t,y) , (3.1)

where x and t are independent variables, M is the mass matrix, y is a vector
of the dependent variables to be determined, and f is a vector of functions.
Most simple numerical methods require the inversion of the mass matrix to
be applicable. For a system of DAEs, rows of the mass matrix will be 0 and
hence M is singular and cannot be inverted. For this reason we require more
sophisticated solvers. The choice for this project was MATLAB’s ODE15s,
which is based on the backward differentiation formulae of order 1 to 5 and is
suited for stiff DAE’s [106, 107].

Two methods of spatial discretisation are utilised throughout this project:
the FDM and FEM. The former is a simpler technique based on Taylor’s The-
orem whereby derivates are approximated by finite differences. Both methods
are described below, and resulting solutions will be compared in the subsequent
sections.

In the case of the FDM, even if the form of the equations are conservative,
the discrete form is not. Unlike the FDM, the FEM inherits perfect conserva-
tion. This feature of the FEM provides a key benefit over the FDM, in that
total lithium concentration is conserved, and therefore does not gain or lose
concentration over time. The benefit of the FDM however is ease of derivation.

3.2.1 Finite Difference Method

Here we discretise the spatial derivates in equations (2.31)-(2.35) using the FDM.
The discretisation for equations (2.31)-(2.35) subject to boundary conditions
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Figure 3.1: Illustration showing a central difference approximation to a deriva-
tive.

(2.37)-(2.38), which is based on the second order central difference method
is as follows. We begin by defining a discretised domain of N points across
the existing continuous domain such that −L = x1 < · · · < xN = 1, where
xi+1 − xi = h ∀ i such that h = L+1

N−1 We make the following abbreviations and
definitions:

ui+1/2 =
ui+1 + ui

2
, Bi = B(xi), Di = D(ci), κi = κ(ci), (3.2)

for a generic variable, u, where ui denotes the approximation of u at x = xi,
i.e., ui(t) = u(x, t)|x=xi . For a generic variable, u, we apply the following
second-order central difference approximation:

∂u

∂x

∣∣∣∣
x=xi

≈ ui+1 − ui−1

2h

∣∣∣∣
x=xi

, for i = 2, · · · , N − 1. (3.3)

Figure 3.1 shows an illustration of a central difference method approximation.
In the case where Neumann boundary conditions are given, the derivatives at
the boundaries, i.e., x = x1, xN , are to be determined by the boundary condi-
tions, whilst for Dirichlet boundary conditions we simply state the value of the
variable at these positions. Where Neumann boundary conditions are supplied,
we use the ghost point method, see figure 3.2, whereby we suppose there exists
a ghost point, often referred to as a fictitious point outside of the domain, which
we denote by either u0 or uN+1, allowing us to take a central difference approx-
imation and eliminating the ghost point by using the appropriate Neuwmann
boundary condition. This boundary discretisation is chosen to have the same
order as the discretisation of the interior derivatives, which in this case is second
order.

Discretisation of equation (2.31a) yields,

N dci
dt

+
Fi+1/2 −Fi−1/2

h
= 0, (3.4)
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Figure 3.2: Illustration of the ghost point method.

for i = 2, . . . , N − 1, where, and by discretisation of equations (2.31b) and
(2.32b),

Fi+1/2 = −Bi+1/2Di+1/2
ci+1 − ci

h
− Γ(1− t+i+1/2)ji+1/2, (3.5)

ji+1/2 = −PBi+1/2κi+1/2

(
ϕi+1 − ϕi

h
− 2

1− t+i+1/2

ci+1/2

ci+1 − ci
h

)
, (3.6)

for i = 1, · · · , N − 1. Using boundary conditions (2.37a) and (2.38a), and per-
forming a forward difference approximation at x = x1 to approximate the spatial
derivative, provides the following discretisation of (2.31) at the boundaries:

N dc1
dt

+
2F3/2

h
= 0, N dcN

dt
+

−2FN−1/2

h
= 0, (3.7)

where,

F3/2 = −B3/2D3/2
c2 − c1
h

− Γ(1− t+3/2)j3/2, (3.8)

FN−1/2 = −BN−1/2DN−1/2
cN − cN−1

h
− Γ(1− t+N−1/2)jN−1/2. (3.9)

Discretisation of equation (2.32a) yields,

ji+1/2 − ji−1/2

h
= Gi, (3.10)

for i = 2, · · · , N − 1, where, and by virtue of equations (2.34)-(2.35),

Gi = 2Υ
√
cicc,i|r=1 (1− cc,i|r=1) sinh

(ηi
2

)
, (3.11)

ηi = ϕc,i − ϕi − Uc (cc,i|r=1) , (3.12)

for i = 1, · · · , N . Using boundary conditions (2.37c) and (2.38b) provides the
following equations at the boundaries:

ϕ1 = 0,
−2jN−1/2

h
= GN . (3.13)
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Discretisation of equation (2.33) yields,

jc,i+1/2 − jc,i−1/2

h
= −Gi, jc,i+1/2 = −Θ

ϕc,i+1 − ϕc
h

, (3.14)

for i = 2, · · · , N−1. Using boundary conditions (2.37b) and (2.38c) in conjunc-
tion with equation (2.42) provides the following equations at the boundaries:

2jc,3/2

h
= −G1,

2I(t)− jN−1/2

h
= −GN , (3.15)

which closes the problem.

3.2.2 Finite Element Method

The FEM differs from the FDM in that dependent variables are discretised as
sums over a set of basis functions rather than by discretisation of derivatives on
a grid of points [27, 97]. This is done by dividing the domain of the problem into
a collection of subdomains, which are referred to as finite elements, and, like
the FDM, it can be used to eliminate spatial derivatives from a one-dimensional
PDE yielding a system of DAEs. In this case, this leaves a system of differential-
algebraic equations which can be solved numerically with MATLAB’s ODE15s
[97].

Here, and as in §3.2.1, we discretise equations (2.31)-(2.35) subject to bound-
ary conditions (2.37)-(2.38). For a positive integer, N , let−L = x1 < · · · < xN = 1
be a partition of [−L, 1] into the subintervals (xi, xi+1) with grid spacing h =
xi+1 − xi for i = 1, · · · , N − 1. Following the approach described in [57, 64],
the dependent variables are approximated as a linear combination of piece-wise
constant functions (aka “hat” or “tent” functions). For the generic variable, u,
we write,

u(x, t) =

i=N∑
i=1

ui(t)ψi(x), where

ψi(x) =


x−xi−1

xi−xi−1
x ∈ (xi−1, xi],

xi+1−x
xi+1−xi

x ∈ (xi, xi+1),

0 otherwise.

(3.16)

An illustration of the basis functions in (3.16) is shown in figure 3.3. It will be
important to calculate the following integrals:

∫ 1

−L
ψjdx =


h if j = 1, · · · , N − 1,
1
2h, if j = 0 or j = N,

0 otherwise;

(3.17)

∫ 1

−L
ψiψjdx =



2
3h if i = j and j = 1, · · · , N − 1
1
3h if i = j and j = 0,
1
3h if i = j and j = N,
1
6h if i = j + 1 and j = 0, · · · , N − 1,
1
6h if i = j − 1 and j = 1, · · · , N,
0 otherwise;

(3.18)
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Figure 3.3: Illustration showing the basis functions used for the FEM as defined
in equation (3.16).

∫ 1

−L

dψi

dx

dψj

dx
dx =



2
h if i = j and j = 1, · · · , N − 1
1
h if i = j and j = 0,
1
h if i = j and j = N,

− 1
h if i = j + 1 and j = 0, · · · , N − 1,

− 1
h if i = j − 1 and j = 1, · · · , N,

0 otherwise.

(3.19)

By eliminating F , j, and jc from equations (2.31)-(2.35) we obtain the following
PDEs:

N ∂c

∂t
+

∂

∂x

(
q1(x, c)

∂c

∂x
+ q2(x, c)

∂ϕ

∂x

)
= 0, (3.20)

∂

∂x

(
q3(x, c)

∂c

∂x
+ q4(x, c)

∂ϕ

∂x

)
= G, (3.21)

Θ
∂

∂x

(
∂ϕc
∂x

)
= G, (3.22)

where,

q1(x, c) = −B(x)
(
D(c) + 2ΓPκ(c) (1− t+(c))2

c

)
, (3.23)

q2(x, c) = ΓPB(x)κ(c)(1− t+(c)), (3.24)

q3(x, c) = 2PB(x)κ(c)1− t+(c)

c
, (3.25)

q4(x, c) = −PB(x)κ(c). (3.26)

In the interests of brevity, we note that each equation in (3.20)-(3.22) is of the
form,

γ1(x)
∂u

∂t
=

∂

∂x

(
γ2(x, u)

∂u

∂x
+ γ3(x, u)

∂w

∂x

)
+ S(x, u, v), (3.27)
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where u, w, and v are dependent variables and γ1, γ2, γ3, and S are known
functions, and we shall now focus on treating (3.27) and note that the required
results from (3.20)-(3.22) can be obtained by substituting the appropriate func-
tions for γ1, γ2, γ3, and S, retrospectively. Upon multiplying (3.27) by a test
function, ψj(x), j = 1, · · · , N and using integration by parts to integrate over
the domain (−L, 1), we obtain,∫ 1

−Ls

γ1(x)
∂u

∂t
ψj(x)dx =

(
γ2(x, u)

∂u

∂x
+ γ3(x, u)

∂w

∂x

)
ψj(x)

∣∣∣∣x=1

x=−Ls

+

∫ 1

−Ls

S(x, u, v)ψj(x)dx,

(3.28)

The first term on the right-hand side of (3.28) is,(
γ2(x, u)

∂u

∂x
+ γ3(x, u)

∂w

∂x

)
ψj(x)

∣∣∣∣x=1

x=−L
, (3.29)

which can be calculated from the boundary conditions. In general, the remain-
ing integrals in (3.28) cannot be determined exactly. We approximate γ1, γ2,
γ3, and S appearing in the integrands with functions that are piecewise con-
stant across each subinterval, x ∈ (xi−1, xi), where the values of each function
across the intervals are equal to the function’s value at the interval’s mid point,
which engenders error on the order of the present method. With these added
approximations, we continue from (3.28) as follows: The integral on left-hand
side of (3.28) is, ∫ 1

−L
γ1(x)ψi(x)ψj(x)dx =∫ xi

xi−1

γ1(x)ψiψjdx+

∫ xi+1

xi

γ1(x)ψiψjdx

≈ γ1(xi−1/2)

∫ xi

xi−1

ψiψjdx+ γ1(xi+1/2)

∫ xi+1

xi

ψiψjdx.

(3.30)

Using (3.18) and (3.30), the left-hand side of equation (3.28) becomes,

γ1(x3/2)

(
h

3

du1
dt

+
h

6

du2
dt

)
, γ1(xN−1/2)

(
h

6

duN−1

dt
+
h

3

duN
dt

)
, (3.31)

for j = 1 and N and,

γ1(xj−1/2)
h

6

duj−1

dt
+
(
γ1(xj−1/2) + γ1(xj+1/2)

) h
3

duj
dt

+γ1(xj+1/2)
h

6

duj+1

dt
,

(3.32)

for j = 2, · · · , N − 1. The first integral on the right-hand side of (3.28) is,∫ 1

−L
γ2(x, u)

dψi

dx

dψj

dx
dx =∫ xi

xi−1

γ2(x, u)
dψi

dx

dψj

dx
dx+

∫ xi+1

xi

γ2(x, u)
dψi

dx

dψj

dx
dx

≈ γ2(xi−1/2)

∫ xi

xi−1

dψi

dx

dψj

dx
dx+ γ2(xi+1/2)

∫ xi+1

xi

dψi

dx

dψj

dx
dx,

(3.33)
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where the second integral follows analogously but with γ2 replaced with γ3.
Using (3.19) and (3.33), the second term on the right-hand side of equation
(3.28) becomes,

γ2(x3/2)
u1(t)− u2(t)

h
+ γ3(x3/2)

w1(t)− w2(t)

h
, (3.34)

γ2(xN−1/2)
uN (t)− uN−1(t)

h
+ γ3(xN−1/2)

wN (t)− wN−1(t)

h
, (3.35)

for j = 1 and N and,

γ2(xj−1/2)
uj(t)− uj−1(t)

h
− γ2(xj+1/2)

uj+1(t)− uj(t)

h
,

+γ3(xj−1/2)
wj(t)− wj−1(t)

h
− γ3(xj+1/2)

wj+1(t)− wj(t)

h
,

(3.36)

for j = 2, · · · , N − 1. The third integral on the right-hand side of (3.28) is,∫ 1

−L
S(x, u, v)ψj(x)dx =∫ xi

xi−1

S(x, u, v)ψj(x)dx+

∫ xi+1

xi

S(x, u, v)ψj(x)dx

≈ S(x, u, v)|x=xi−1/2

∫ xi

xi−1

ψj(x)dx+ S(x, u, v)|x=xi+1/2

∫ xi+1

xi

ψj(x)dx.

(3.37)

Using (3.17) and (3.37), the final term on the right-hand side of equation (3.28)
becomes,

S(x, u, v)|x=x3/2

h

2
, S(x, u, v)|x=xN−1/2

h

2
, (3.38)

for j = 1 and N and,(
S(x, u, v)|x=xi−/2

+ S(x, u, v)|x=xi+/2

) h
2
, (3.39)

for j = 2, · · · , N−1. From the above calculations, discretisation of (3.20)-(3.22)
is as follows: Discretisation of equation (3.20) yields,

N h

6

dcj−1

dt
+N 2h

3

dcj
dt

+N h

6

dcj+1

dt

= q1(x, c)|x=xi+1/2

ci+1 − ci
h

− q1(x, c)|x=xi−1/2

ci − ci−1

h

+q2(x, c)|x=xi+1/2

ϕi+1 − ϕi
h

− q2(x, c)|x=xi−1/2

ϕi − ϕi−1

h
,

(3.40)

when j = 2, · · · , N − 1. The discretisation of equation (3.20) at the boundaries
subject to boundary conditions (2.37a) and (2.38a) are,

N
(
h

3

du1
dt

+
h

6

du2
dt

)
=

q1(x, c)|x=x3/2

c2 − c1
h

+ q3(x, c)|x=x3/2

ϕ2 − ϕ1
h

,

(3.41)
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for j = 1 and,

N
(
h

6

duN−1

dt
+
h

3

duN
dt

)
=

q1(x, c)|x=xN−1/2

cN−1 − cN
h

+ q3(x, c)|x=xN−1/2

ϕN−1 − ϕN
h

,

(3.42)

for j = N . Discretisation of equation (3.21) yields,

q3(x, c)|x=xi+1/2

ci+1 − ci
h

− q3(x, c)|x=xi−1/2

ci − ci−1

h

+q4(x, c)|x=xi+1/2

ϕi+1 − ϕi
h

− q4(x, c)|x=xi−1/2

ϕi − ϕi−1

h

=
(
G|x=xi−1/2

+G|x=xi+1/2

) h
2
,

(3.43)

when j = 2, · · · , N − 1. The discretisation of equation (3.21) at the boundaries
subject to boundary conditions (2.37c) and (2.38b) are,

ϕ = 0, (3.44)

for j = 1 and,

q3(x, c)|x=xN−1/2

cN−1 − cN
h

+ q4(x, c)|x=xN−1/2

ϕN−1 − ϕN
h

= G|x=xN−1/2

h

2
,

(3.45)

for j = N . Discretisation of equation (3.22) yields,

Θ
ϕc,i+1 − ϕc,i

h
−Θ

ϕc, i− ϕc, i− 1

h
=
(
G|x=xi−1/2

+G|x=xi+1/2

) h
2
, (3.46)

when j = 2, · · · , N − 1. The discretisation of equation (3.22) at the boundaries
subject to boundary conditions (2.37b) and (2.38c) are,

Θ
ϕc,2 − ϕc,1

h
= G|x=x3/2

h

2
, (3.47)

for j = 1 and,

−ΘI∗(t) + Θ
ϕc,N−1 − ϕc,N

h
= G|x=xN−1/2

h

2
, (3.48)

for j = N , which closes the problem.

3.3 Discretisation of microscopic problem

In this section we perform the discretisation of the microscopic problem, namely
equations (2.36) and (2.39), using the Control Volumes Method (CVM). This
method has been shown, by Y. Zheng et al. to provide perfect mass conserva-
tion and second order accuracy in mesh spacing for a 1D non-linear spherical
diffusion equation [121]. Zheng compared the CVM and finite volume method
and showed that, whilst the finite volume method is also second order and mass
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conserving, the CVM provides a better performance for battery modelling. This
is because CVM evaluates the surface concentration directly, which is necessary
for evaluating the Butler-Volmer equation (2.10).

We begin by discretising the radial spatial coordinate, r. For a positive
integer,M , let 0 = r1 < · · · < rM = 1 be a partition of [0, 1] into the subintervals
(rj , rj+1) with uniform grid spacing hr = ri+1 − rj for i = 1, · · · ,M − 1. The
PDE (2.36) is then integrated over a thin shell of width hr centred on the jth
grid point. This gives∫ rj+1/2

rj−1/2

r2
∂cc
∂t

dr =
1

Q

∫ rj+1/2

rj−1/2

∂

∂r

(
r2
∂cc
∂r

)
dr. (3.49)

Using Taylor’s theorem, we replace the integrand in the integral on the left-hand
side with the following expansion for r2cc at point r = rj .

r2cc = r2j cc,i,j ± (r − rj)
r2j±1cc,j±1 − r2j cc,j

hr
+O(h), (3.50)

adopting the upper sign to approximate the function on the interval r ∈ [rj , rj+1/2],
whilst the lower sign approximates the function on r ∈ [rj−1/2, rj ]. After inte-
gration the spatial derivative is approximated by a central finite difference and,
upon employing these approximations, (3.49) may be written as,

4πhr
d

dt

(
1

8
r2j−1cc,j−1 +

3

4
r2j cc,j +

1

8
r2j+1cc,j+1

)
=

4π

Q

(
r2i+1/2

cc,j+1 − cc,j
hr

− r2i−1/2

cc,j − cc,j−1

hr

)
+O(h2r),

(3.51)

for j = 2, · · · ,M − 1. In order that the scheme automatically satisfies perfect
mass conservation, quantities of O(h2r) are taken from the error term. The
factors of 4πhr2j are replaced by the true volume of the shell of width hr centred
at r = rj ,

νj =
4π

3

(
r2j+1/2 − r2j−1/2

)
for j = 2, · · · ,M − 1, (3.52)

ν1 =
4π

3
r33/2, (3.53)

νM =
4π

3

(
r3M − r3M−1/2

)
. (3.54)

Upon doing so, equation (3.51) can be rewritten as,

d

dt

(
1

8
νj−1cc,j−1 +

3

4
νjcc,j +

1

8
νj+1cc,j+1

)
=

4π

Q

(
r2i+1/2

cc,j+1 − cc,j
hr

− r2i−1/2

cc,j − cc,j−1

hr

)
+O(h2r),

(3.55)

for j = 3, · · · ,M − 3, and equations for j = 2 and j =M − 1 are given by,

d

dt

(
1

4
ν1cc,1 +

3

4
ν2cc,2 +

1

8
ν3cc,3

)
=

4π

Q

(
r25/2

cc,3 − cc,2
hr

− r23/2
cc,2 − cc,1

hr

)
+O(h2r),

(3.56)
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d

dt

(
1

8
νM−2cc,M−2 +

3

4
νM−1cc,M−1 +

1

4
νMcc,M

)
=

4π

Q

(
r2M−1/2

cc,M − cc,M−1

hr
− r2M−3/2

cc,M−1 − cc,M−2

hr

)
+O(h2r).

(3.57)

Discretisation of (2.36) at the boundaries are determined by boundary condi-
tions (2.39) to be,

d

dt

(
3

4
ν1cc,1 +

1

8
cc,2

)
=

4π

Q

(
r23/2

cc,2 − cc,1
hr

)
+O(h2r), (3.58)

for j = 1 and,

d

dt

(
1

8
νM−1cc,M−1 +

3

4
cc,M

)
=

4π

Q

(
r2M−1/2

cc,M − cc,M−1

hr

)
+O(h2r), (3.59)

for j =M . By neglecting the O(h2r) terms we close the problem.

3.4 Results

Figure 3.4 shows numerical solutions to the DFN (2.31)-(2.36) subject to bound-
ary conditions (2.37)-(2.39) using the parameters in Table 2.1 with solid con-
ductivity of older electrodes with equations (2.58)-(2.60) for the diffusivity and
conductivity of the electrolyte and equilibrium potential at 1C. These solutions
deploy both the FDM described in §3.2.1 and FEM described in §3.2.2, each
in conjunction with the CVM §3.3. As seen in figure 3.4, the FDM and FEM
solutions differ by a relatively small error. We take this as evidence that the
numerical procedures were performed correctly, with further validation in §5
when a similar numerical procedure is used to validate the reduced-order model
developed throughout the upcoming chapters against experimental data. For
the remainder of this project, numerical solutions to the macroscopic equations
are determined using the FEM method described in this chapter.
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Figure 3.4: Numerical solutions to the DFN. Solid lines represent solutions using
the FDM, whilst circles represent those using FEM, where blue is used for the
initial condition, red is used for the solution at the final time, and is green for
intermediate times.
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Chapter 4

Derivation of the Reaction
Front Model

4.1 Introduction

Here, we investigate the (dis)charge of a nano-structured electrode, such as that
considered by Owen et al. [55], using a DFN model at moderate to aggressive
rates. We show that whilst the SDF model presented by Owen et al. encapsu-
lates some of the key features of the (dis)charge, physical properties such as the
ionic conductivity and diffusivity of the electrolyte, which were assumed to be
constant in their SDF model, significantly affect cell discharge. Here we apply
formal asymptotic methods to the full DFN model in order to systematically
derive a reduced order model for the charge/discharge of a nano-structured LFP
half-cell cathode. This reduced order model is capable of predicting the ionic
and electronic potentials throughout discharge and gives a precise method for
predicting the termination of cell (dis)charge. As we will show, the physics re-
tained by our systematic derivation, which is not present in the simplistic SDF
model presented by Johns et al. [55], is crucial in explaining some features of
LFP electrode behaviour. In this context we note that other reduced order mod-
els for lithium ion battery charge and discharge, appropriate for other battery
chemistries, have been derived directly from the DFN model, see for example
[51, 71, 77, 99, 114]. The contents of this chapter have been published in [13].

This chapter is structured as follows. In the current section, we present some
numerical solutions to the model for relevant values of the parameters. We show
that it is possible for the solution to exhibit sharp reaction fronts which separate
utilised regions of the electrode from regions that are still undergoing reaction.
In §4.2, we systematically derive an asymptotic reduction to the model in a
distinguished limit in which the dimensionless reaction rate constant is large
so that in significant portions of the electrode, the electrolyte and electrode
particles are almost in equilibrium with one another. In §4.4 we validate the
reduction by comparing it to numerical simulations of the full DFN model. In
§4.5, we perform a similar asymptotic reduction as presented in §4.2.

In figures 4.1-4.4 we present four representative solutions, one for each of
the parameter sets given in §2.2.3, and subjecting the cathode to galvanostatic
discharge from a SOC with α = 0.035 until discharge terminates either because
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Figure 4.1: Discharge of an older electrode at 1C. Figure showing the comparison
between numerical simulations of the full DFNmodel (coloured) and the solution
predicted by the asymptotic RFM (black). Plots for c, j, ϕ, ϕc, and c

∗
c are taken

at times t ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9}, where plots fade from blue
to red as time increases, as well as the voltage profile V . The parameter values
are those shown in (2.48). Since we are considering galvanostatic discharge, the
value of ⟨cc⟩ on the horizontal axis of the bottom-right figure is interchangeable
with t∗.

the voltage drops below 2.5 V, or the electrolyte becomes depleted. In all four
cases we observe that the reaction is initially concentrated around the edges of
the electrode (where the particles lithiate rapidly). Once the particles at these
extremities are close to being fully lithiated the reaction progresses into the bulk
of the electrode. We see that, for the older electrode in figure 4.1, the region in
which the reaction occurs remains narrow and it propagates from the current
collect towards the separator. By contrast, for the modern electrode, cf figures
4.2-4.4, the reaction fronts are considerably more diffuse, though the width of
the layers does decrease with increasing C-rate. At the highest discharge rate
the large current leads to electrolyte depletion near the current collector and
terminates discharge before the cell can be fully utilised. We note also that
in the modern electrodes the reaction front propagates in the opposite direc-
tion, beginning at the separator and proceeding towards the current collector.
The presence of the narrow reaction front, which is most clearly visible for the
parametrisation relevant to older electrodes, is what motivates the asymptotic
analysis in the subsequent section.
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Figure 4.2: Figure showing the comparison between numerical simulations
of the full DFN model (coloured) and the solution predicted by the asymp-
totic RFM (black). Plots for c, j, ϕ, ϕc, and c∗c are taken at times t ∈
{0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9}, where plots fade from blue to red as time
increases, as well as the voltage profile V . The parameters values are those
shown in (2.51) and table 2.1 for a C-rate of 1C using the modern electrode
value for the matrix conductivity.

56



-2 0 2 4 6

10-5

600

800

1000

1200

1400

-2 0 2 4 6

10-5

-0.06

-0.04

-0.02

0

0 5

10-5

3.36

3.38

3.4

3.42

-2 0 2 4 6

10-5

0

50

100

150

200

0 5

10-5

0

0.5

1

1.5

2

2.5
104

0 0.5 1
2.5

3

3.5

Figure 4.3: Figure showing the comparison between numerical simulations
of the full DFN model (coloured) and the solution predicted by the asymp-
totic RFM (black). Plots for c, j, ϕ, ϕc, and c∗c are taken at times t ∈
{0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9}, where plots fade from blue to red as time
increases, as well as the voltage profile V . The parameters values are those
shown in (2.54) and table 2.1 for a C-rate of 10C using the modern electrode
value for the matrix conductivity.
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Figure 4.4: Figure showing the comparison between numerical simulations of the
full DFN model (coloured) and the solution predicted by the asymptotic RFM
(black). Plots for c, j, ϕ, ϕc, and c

∗
c are taken at times t ∈ {0.1, 0.2, 0.3, 0.4},

where plots fade from blue to red as time increases, as well as the voltage profile
V . The parameters values are those shown in (2.57) and table 2.1 for a C-rate
of 100C using the modern electrode value for the matrix conductivity.
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4.2 Asymptotic analysis in the limit Υ → ∞
The computations shown in §4.1, namely figures 4.1-4.3, which are found using
the non-dimensional parameter estimations shown in equations (2.49)-(2.54),
suggest an asymptotic solution exists by the large value of Υ. For large values
of Υ the generic solution structure has a wide region of slowly reacting electrode
particles in the bulk separated from regions of fully lithiated particles by narrow
rapidly reacting regions which intrude from the edges of the electrode into its
interior as discharge proceeds. We note that only one of the reaction fronts
(that propagating inwards from the current collector) is clearly visible in the
computation shown in figure 4.1. As will shortly become clear, this is because
older electrode designs also feature an extreme contrast in the conductivity
of electrolyte compared to the solid matrix (giving rise to P > Θ) and this
suppresses the motion of the reaction that would otherwise propagate from the
separator. In the modern electrodes the opposite is true, i.e., Θ > P, and
this leads to suppression of the reaction front moving from the current collector
towards the separator. This generic behaviour with two moving reaction fronts
can be seen in the computations, shown in figures 4.7-4.8, that we will use to
verify the asymptotic analysis.

For an LFP half-cell, Uc, the dimensionless variation in the overpotential is
so small that it can be set to zero without engendering any significant errors,
provided that we do not demand accuracy at states of charge where the over-
potential varies rapidly and very significantly (i.e., states at which the particles
approach full lithiation). For the purpose of the following calculation, we set
Uc = 0 in equation (2.35), and it will not appear in the subsequent analysis.

Formally, we shall consider the limit in which Υ → ∞ and all other param-
eters will be taken to be O(1). The solution is described by five asymptotic
regions which we will distinguish using Roman numeral superscripts as follows:
the central slowly reacting region (denoted region (III)), the two reacted re-
gions near the separator and current collector (termed regions (I) and (V ),
respectively), and the narrow moving reaction fronts positioned at x = s1(t)
and x = s2(t) (denoted regions (II) and (IV ), respectively). A sketch of this
structure in shown in Fig. 4.5. Readers interested in the result of the asymp-
totic analysis are pointed to §4.3 where the upshot of the analysis, namely the
reduced order model (which we refer to as the Reaction Front Model, RFM), is
summarised.

4.2.1 Outer regions

The outer regions, namely region (I) where −L < x < s1(t), region (III) where
s1(t) < x < s2(t), and region (V ) where s2(t) < x < 1, are analysed on the
length-scale of the electrode.

Region (I): reacted region adjacent to separator In region (I), where
−L < x < s1(t), the particles are almost fully lithiated and consequently are
unable to sustain a significant reaction or convert a significant portion of the
ionic current (which enters the electrode via the adjacent separator) into elec-
tronic form. It follows, from (2.42), that the electronic current in this region
is small and thus the potential gradient in the solid must also be significantly
smaller than that across the electrolyte in this region. The asymptotic solution
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Figure 4.5: Left: Sketch of the electrode showing the structure of the solution
and the locations of the predominant reactions, where the shading of the circles
represents how charged and discharged the electrode particles are. Right: The
same electrode annotated with the notation for the different asymptotic regions
and locations of the reaction fronts.

in this region is found by expanding as follows:

c(I) = c
(I)
0 (x, t) + · · · F (I) = F (I)

0 (x, t) + · · · (4.1)

j(I) = I(t) + · · · j(I)c = o(1) (4.2)

ϕ(I) = ϕ
(I)
0 (x, t) + · · · ϕ(I)c = ϕ

(I)
c,0(t) + · · · (4.3)

c(I)c = 1 + · · · G(I) = o(1). (4.4)

Here we use the superscript (I) to indicate variables within this region. Equa-
tions (2.32a) and (2.33)-(2.35) are automatically satisfied at leading order by

the expansions (4.1)-(4.4). The three remaining leading order variables c
(I)
0 ,

F (I)
0 and ϕ

(I)
0 satisfy equations that are obtained by balancing the leading order

terms in (2.31) and (2.32b); these read:

N ∂c
(I)
0

∂t
+
∂F (I)

0

∂x
= 0, F (I)

0 = −B(x)D(c
(I)
0 )

∂c
(I)
0

∂x
− Γ(1− t+)I(t), (4.5)

I(t) = −PB(x)κ(c(I)0 )

(
∂ϕ

(I)
0

∂x
− 2

1− t+

c
(I)
0

∂c
(I)
0

∂x

)
. (4.6)

and satisfy the boundary conditions

F (I)
0 |x=−L = 0, ϕ

(I)
0 |x=−L = 0, (4.7)

on the separator (obtained from (2.37a,c) and at leading order).

Region (V ): reacted region adjacent to current collector In the other
reacted region, lying in s2(t) < x < 1, the asymptotic expansion proceeds anal-
ogously as it does in region (I) (for similar reasons) with the notable exception
that the current flows almost entirely in the solid electrode matrix (rather than
the electrolyte); it reads:

c(V ) = c
(V )
0 (x, t) + · · · F (V ) = F (V )

0 (x, t) + · · · (4.8)

j(V ) = o(1) j(V )
c = I(t) + · · · (4.9)

ϕ(V ) = ϕ
(V )
0 (x, t) + · · · ϕ(V )

c = ϕ
(V )
c,0 (x, t) + · · · (4.10)

c(V )
c = 1 + · · · G(V ) = o(1) (4.11)

60



Equations (2.32a), (2.33a), (2.33c)-(2.35) are automatically satisfied at leading
order by the expansions (4.8)-(4.11). The remaining leading order variables,

c
(V )
0 , F (V )

0 , ϕ
(V )
0 , and ϕ

(V )
c,0 satisfy the leading balances in equations (2.31),

(2.32b), (2.33b) which read;

N ∂c
(V )
0

∂t
+
∂F (V )

0

∂x
= 0, F (V )

0 = −B(x)D(c
(V )
0 )

∂c
(V )
0

∂x
, (4.12)

0 = −PB(x)κ(c(V )
0 )

(
∂ϕ

(V )
0

∂x
− 2

1− t+

c
(V )
0

∂c
(V )
0

∂x

)
, −I(t) = Θ

∂ϕ
(V )
c,0

∂x
, (4.13)

along with the boundary condition

F (V )
0 |x=1 = 0, (4.14)

on the current collector (obtained from (2.38a) at leading order).

Region (III): central slowly reacting region In the central slowly react-
ing region, lying in s1(t) < x < s2(t), there are significant current flows in both
the electrolyte and the solid and significant charge transfer is occurring, i.e.,
there is an O(1) amount of reaction in this region. Since the electrode particles
here still have space to accommodate more Li+, the only way in which (2.34)-
(2.35) is consistent with O(1) reaction rates is if the potentials in the electrolyte
and solid are almost equal. The asymptotic solution can be found by expanding
as follows

c(III) = c
(III)
0 (x, t) + · · · F (III) = F (III)

0 (x, t) + · · · (4.15)

j(III) = j
(III)
0 (x, t) + · · · j(III)c = I(t)− j

(III)
0 (x, t) + · · · (4.16)

ϕ(III) = ϕ
(III)
0 (x, t) + · · · ϕ(III)c = ϕ

(III)
0 (x, t) + · · · (4.17)

c(III)c = c
(III)
c,0 (x, t) + · · · G(III) = G

(III)
0 (x) + · · · . (4.18)

On substituting this expansion into (2.31)-(2.35) we find that the leading order

variables c
(III)
0 , F (III)

0 , j
(III)
0 , ϕ

(III)
0 , c

(III)
c,0 , and G

(III)
0 satisfy the following

equations

N ∂c
(III)
0

∂t
+
∂F (III)

0

∂x
= 0, (4.19)

F (III)
0 = −B(x)D(c

(III)
0 )

∂c
(III)
0

∂x
− Γ(1− t+)j

(III)
0 , (4.20)

j
(III)
0 = −PB(x)κ(c(III)0 )

(
∂ϕ

(III)
0

∂x
− 2

1− t+

c
(III)
0

∂c
(III)
0

∂x

)
, (4.21)

Θ
∂ϕ

(III)
0

∂x
= j

(III)
0 − I(t), (4.22)

∂c
(III)
c,0

∂t
= −G(III)

0 ,
∂j

(III)
0

∂x
= G

(III)
0 , (4.23)

By eliminating the leading order potential gradient between equations (4.21) and
(4.22) we can solve for the ionic current in terms of the leading order electrolyte
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concentration, yielding

j
(III)
0 =

PB(x)κ(c
(III)
0 )

Θ+PB(x)κ(c
(III)
0 )

(
I(t) + 2Θ 1−t+

c
(III)
0

∂c
(III)
0

∂x

)
. (4.24)

We can then solve for the lithium content in the solid in terms of the ionic
current from by eliminating G

(III)
0 equation (4.23), integrating with respect to

time t and applying the initial condition (2.40b), giving:

c
(III)
c,0 = α−

∫ t

0

∂j
(III)
0

∂x
dt′. (4.25)

4.2.2 Narrow reaction regions

We now investigate the narrow reaction regions, namely regions (II) where
x − s1(t) = O(Υ−1) and (IV ) where x − s2(t) = O(Υ−1), separating the three
outer regions discussed above.

Region (II): left-hand reaction region The left-hand reaction region,
located about x = s1(t), has width O(Υ−1), and is therefore studied under the
change of coordinates given by

x− s1(t) = Υ−1y, (4.26)

and so the local equations become

N
(
−Υṡ1(t)

∂c(II)

∂y
+
∂c(II)

∂t

)
+Υ

∂F (II)

∂y
= 0, (4.27)

F (II) = −ΥB(x)D(c(II))
∂c(II)

∂y
− Γ

(
1− t+

)
j(II), (4.28)

Υ
∂j(II)

∂y
= G(II), (4.29)

j(II) = −ΥPB(x)κ(c(II))
(
∂ϕ(II)

∂y
− 2

1− t+

c(II)
∂c(II)

∂y

)
, (4.30)

Υ
∂j

(II)
c

∂y
= −G(II), j(II)c = −ΥΘ

∂ϕ
(II)
c

∂y
, (4.31)

−Υṡ1(t)
∂c

(II)
c

∂y
+
∂c

(II)
c

∂t
= −G(II), (4.32)

G(II) = Υ

√
c(II)c

(II)
c (1− c

(II)
c )

(
e

η
2 − e−

η
2

)
, η = ϕ(II)c − ϕ(II). (4.33)

The asymptotic solution can then be found by expanding as follows

c(II) = c
(II)
0 (t) + · · · , F (II) = F (II)

0 (t) + · · · , (4.34)

j(II) = j
(II)
0 (y, t) + · · · , ϕ(II) = ϕ

(II)
0 (t) + · · · , (4.35)

j(II)c = I(t)− j
(II)
0 (y, t) + · · · , ϕ(II)c = ϕ

(II)
c,0 (t) + · · · (4.36)

c(II)c = c
(II)
c,0 (y, t) + · · · , G(II) = ΥG

(II)
−1 (y, t) + · · · , (4.37)
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which, by design, satisfy equations (4.27)-(4.30) and (4.31b). On substituting
these expansions into (4.32)-(4.33) and making use of equation (4.29) we find

that the leading order variables j
(II)
0 and c

(II)
c,0 satisfy the following equations:

−ṡ1(t)
∂c

(II)
c,0

∂y
= 2

√
c
(II)
0 (t)c

(II)
c,0

(
1− c

(II)
c,0

)
sinh

(
ϕ
(II)
c,0 − ϕ

(II)
0

2

)
, (4.38)

ṡ1(t)
∂c

(II)
c,0

∂y
= −∂j

(II)
0

∂y
. (4.39)

Matching across the left-hand reaction region Upon matching the lead-
ing order lithium concentrations and fluxes (in the electrolyte) across the regions
adjacent to the left-hand reaction front situated about x = s1(t) we find that

c
(I)
0 |x↗s1(t) = c

(II)
0 (t) = c

(III)
0 |x↘s1(t), (4.40)

F (I)
0 |x↗s1(t) = F (II)

0 (t) = F (III)
0 |x↘s1(t). (4.41)

The equations for the concentration and flux of lithium in the electrolyte how-
ever cannot be closed at this stage; this will be done in §4.2.3 after matching
across the right-hand reaction front around x = s2(t). Performing a similar
operation for the leading order electrolyte potentials we obtain the following
matching conditions:

ϕ
(I)
0 |x↗s1(t) = ϕ

(II)
0 (t) = ϕ

(III)
0 |x↘s1(t). (4.42)

On matching the leading order electronic potentials we find

ϕ
(I)
c,0(t) = ϕ

(II)
c,0 (t) = ϕ

(III)
c,0 |x↘s1(t). (4.43)

Matching the leading order lithium content inside the electrode particles across
all three regions leads to the conditions

c
(II)
c,0 |y→−∞ = 1, c

(II)
c,0 |y→∞ = c

(III)
c,0 |x↘s1(t), (4.44)

Finally, the matching conditions on the leading order ionic current densities j
are

j
(II)
0 |y→−∞ = I(t), j

(II)
0 |y→∞ = j

(III)
0 |x↘s1(t). (4.45)

An ODE which can be solved to determine the position of the reaction layer,
x = s1(t), is found by integrating (4.39) and imposing the conditions (4.44)-
(4.45), giving

ṡ1(t) =
j
(II)
0 |y→∞ − j

(II)
0 |y→−∞

c
(II)
c,0 |y→∞ − c

(II)
c,0 |y→−∞

=
I(t)− j

(III)
0 |x↘s1(t)

1− c
(III)
c,0 |x↘s1(t)

(4.46)

with the initial condition s1(t)|t=0 = 0, which corresponds to the fact that this
reaction region begins at the separator.
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Region (IV ): right-hand reaction region The right-hand reaction layer
located about x = s2(t) also has width O(Υ−1), and is therefore studied under
a change of coordinates given by

x− s2(t) = Υ−1z, (4.47)

and so the local equations become

N
(
−Υṡ2(t)

∂c(IV )

∂z
+
∂c(IV )

∂t

)
+Υ

∂F (IV )

∂z
= 0, (4.48)

F (IV ) = −ΥB(x)D(c(IV ))
∂c(IV )

∂z
− Γ

(
1− t+

)
j(IV ), (4.49)

Υ
∂j(IV )

∂z
= G, (4.50)

j(IV ) = −ΥPB(x)κ(c(IV ))

(
∂ϕ(IV )

∂z
− 2

1− t+

c(IV )

∂c(IV )

∂z

)
, (4.51)

Υ
∂j

(IV )
c

∂z
= −G(IV ), j(IV )

c = −ΥΘ
∂ϕ

(IV )
c

∂z
, (4.52)

−Υṡ2(t)
∂c

(IV )
c

∂z
+
∂c

(IV )
c

∂t
= −G(IV ), (4.53)

G(IV ) = Υ

√
c(IV )c

(IV )
c (1− c

(IV )
c )

(
e

η
2 − e−

η
2

)
, η = ϕ(IV )

c − ϕ(IV ). (4.54)

The asymptotic solution can then be found by expanding as follows

c(IV ) = c
(IV )
0 (t) + · · · , F (IV ) = F (IV )

0 (t) + · · · , (4.55)

j(IV ) = j
(IV )
0 (z, t) + · · · , ϕ(IV ) = ϕ

(IV )
0 (t) + · · · , (4.56)

j(IV )
c = I(t)− j

(IV )
0 (z, t) + · · · , ϕ(IV )

c = ϕ
(IV )
c,0 (t) + · · · , (4.57)

c(V I)
c = c

(IV )
c,0 (z, t) + · · · , G(V I) = ΥG

(IV )
−1 (z, t) + · · · , (4.58)

which, by design, satisfy equations (4.48)-(4.51) and (4.52b). On substituting
these expansions into (4.53)-(4.54) and making use of equation (4.50) we find

that the leading order variables j
(IV )
0 and c

(IV )
c,0 satisfy the following equations:

−ṡ2(t)
∂c

(IV )
c,0

∂z
= 2

√
c
(IV )
0 (t)c

(IV )
c,0

(
1− c

(IV )
c,0

)
sinh

(
ϕ
(IV )
c,0 − ϕ

(IV )
0

2

)
, (4.59)

ṡ2(t)
∂c

(IV )
c,0

∂z
= −∂j

(IV )
0

∂z
. (4.60)

Matching across the right-hand reaction region Upon matching the
leading order lithium concentrations and fluxes (in the electrolyte) across the
regions adjacent to the right-hand reaction front situated about x = s2(t) we
find that

c
(III)
0 |x↗s2(t) = c

(IV )
0 (t) = c

(V )
0 |x↘s2(t), (4.61)

F (III)
0 |x↗s2(t) = F (IV )

0 (t) = F (V )
0 |x↘s2(t). (4.62)
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Performing a similar operation for the leading order electric potentials we obtain
the following matching conditions:

ϕ
(III)
c,0 |x↗s2(t) = ϕ

(IV )
c,0 (t) = ϕ

(V )
c,0 |x↘s2(t). (4.63)

On matching the leading order electrolyte potentials we find

ϕ
(III)
0 |x↗s2(t) = ϕ

(IV )
0 (t) = ϕ

(V )
0 |x↘s2(t). (4.64)

Matching the leading order lithium content inside the electrode particles across
all three regions leads to the conditions

c
(III)
c,0 |x↗s2(t) = c

(IV )
c,0 |z→−∞, c

(IV )
c,0 |z→∞ = 1. (4.65)

Finally, the matching conditions on the leading order ionic current densities j
are

j
(III)
0 |x↗s2(t) = j

(IV )
0 |z→−∞, j

(IV )
0 |z→∞ = 0. (4.66)

The position of the first reaction layer s2(t) is found by integrating equation
(4.60) and applying conditions (4.65)-(4.66), giving

ṡ2(t) =
j
(V I)
0 |w→∞ − j

(V I)
0 |w→−∞

c
(V I)
c,0 |w→∞ − c

(V I)
c,0 |w→−∞

= −
j
(III)
0 |x↗s2(t)

1− c
(III)
c,0 |x↗s2(t)

, (4.67)

with the initial condition s2(t)|t=0 = 1, which corresponds to the fact that this
reaction region begins at the current collector.

4.2.3 Matching between the outer regions

A closed problem involving only the outer regions can now be formed. The
matching conditions (4.40)-(4.41), (4.61)-(4.62) are

c
(I)
0 |x↗s1(t) = c

(III)
0 |x↘s1(t), c

(III)
0 |x↗s2(t) = c

(V )
0 |x↘s2(t), (4.68)

F (I)
0 |x↗s1(t) = F (III)

0 |x↘s1(t), F (III)
0 |x↗s2(t) = F (V )

0 |x↘s2(t). (4.69)

which translate to imposing continuity of concentration and flux of the anions
in the electrolyte across the narrow reaction fronts. An expression for the ionic
current densities in terms of the ionic concentration in the outer regions is
obtained by collating equations (4.2a), (4.9a), and (4.24), which read

j
(I)
0 = I(t), j

(V )
0 = 0, (4.70)

j
(III)
0 =

PB(x)κ(c(III)0 )

Θ + PB(x)κ(c(III)0 )

(
I(t) + 2Θ

1− t+

c
(III)
0

∂c
(III)
0

∂x

)
. (4.71)

4.3 The reaction front model

The main results of the asymptotic analysis can be summarised in the form
of a simplified reduced order model, termed the RFM, that provides a good
approximation of the DFN model in the distinguished limit Υ → ∞. This is
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presented below. The leading order ion transport equations in the outer regions
(4.5), (4.12), and (4.19-4.20) read

N ∂c

∂t
+
∂F
∂x

= 0, F = −B(x)D(c)
∂c

∂x
− Γ(1− t+)j, in − L < x < 1, (4.72)

and since c and F are continuous across the boundary layer regions separating
regions (I), (III) and (V ), as seen in (4.68) and (4.69), they may be solved
across the entirety of the domain −L < x < 1 together with the appropriate
boundary conditions on the metallic lithium electrode and the current collector
(4.7),

F|x=−L = 0, F|x=1 = 0. (4.73)

The leading order current density j(x, t), obtained in the preceding asymptotic
analysis in (4.70-4.71), may be represented by the following piecewise continuous
function:

j(x, t) =


I(t) x < s1(t),

PB(x)κ(c)
Θ + PB(x)κ(c)

(
I(t) + 2Θ

1− t+

c

∂c

∂x

)
s1(t) ≤ x ≤ s2(t),

0 s2(t) < x,

(4.74)

The leading order lithium concentration in the LFP particles obtained from
(4.4), (4.11), and (4.23), supplemented with the initial condition (2.40b), can
be summarised as

∂cc
∂x

=


0 x < s1(t),

− ∂j

∂x
s1(t) ≤ x ≤ s2(t),

0 s2(t) < x,

cc|t=0 =


1 x < s1(t),

α s1(t) ≤ x ≤ s2(t),

1 s2(t) < x.

(4.75)

The positions of the two reaction regions s1(t) and s2(t) are found from the
solutions to the following ODEs, which are a result of (4.46) and (4.67):

ṡ1(t) =
I(t)− j|x=s+1 (t)

1− cc|x=s+1 (t)

, ṡ2(t) = −
j|x=s−2 (t)

1− cc|x=s−2 (t)

, (4.76)

subject to the initial conditions s1(0) = 0 and s2(0) = 1, and where the super-
script plus (minus) notation is used to indicate that the evaluation should be
carried out to the right (left) of the discontinuity in j or cc. In §4.4 we verify
the RFM against numerical solutions to the DFN model.

4.3.1 Interpretation of the reaction front model

The large value of the dimensionless parameter Υ is responsible for the sharp
reaction fronts. However it is important to highlight that, whilst the derivation
here is general and accounts for situations where two reaction fronts exist, in
typical cathodes only a single reaction front is likely to be observed. If the elec-
trolyte is significantly less conductive than the solid, as is the case in LFP-based
cathodes where carbon black can be added to boost the conductivity of the solid
phase, only a single reaction front would exist. The intuitive explanation for this
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Figure 4.6: Sketches of a transmission line interpretation of the RFM, where
the red and blue resistors represent charge transport pathways in the electrolyte
and solid components of the cathode, respectively. The vertical black score
denotes the position of the reaction front and the arrow indicates its direction
of propagation whilst the vertical grey scores indicate the LFP particles. Grey
scores with a cross indicate utilised LFP (unavailable for charge transfer) whilst
those without are yet to be used.

is that charge prefers to travel along the path of least resistance. In cathodes
with a highly conductive solid, the resistance to ionic motion in the electrolyte is
much less than the electronic resistance in the solid and so charge-transfer reac-
tion would occur initially at the separator [95]. This persists until the LFP near
the separator has been utilised and the reaction front then begins to propagate
towards the current collector, consuming the LFP as it moves. In the scenario
where the solid is less conductive than the electrolyte the reaction front initiates
at the current collector and subsequently moves toward the separator. Hence,
the ratio of conductivities Θ/P = σc/B̂κ̂ controls the direction of motion of the
reaction front(s), and a single front moves from the separator towards the cur-
rent collector if Θ ≫ P, a single front moves from the current collector towards
the separator if Θ ≪ P, and both fronts exist when Θ/P = O(1). This idea can
be encapsulated as a transmission-line, see Figure 4.6, where we represents the
electrolyte and solid with resistors.

4.3.2 Simplification for large C-rates

We can further simplify the model presented in §4.3 in cases where the current
demand is large. We can see from (2.28) that this corresponds to the values of
both Θ and P becoming small. We see that when Θ is small the expression for
the current (4.74) collapses as follows:

For Θ ≪ P, j =

{
I(t), x < s2(t),

0, x > s2(t),
(4.77)

and correspondingly there is only one reaction front which propagates from the
current collector. If, instead, P is small, then (4.74) simplifies in the following
way:

For P ≪ Θ, j =

{
I(t), x < s1(t),

0, x > s1(t),
(4.78)

67



and the one remaining reaction front intrudes from the separator. It is these
simplifications that are relevant to explaining the results discussed in §4.1. Fi-
nally, we note a simplification that can be exploited if Θ and P are comparably
small, i.e., to Θ ≪ 1, P ≪ 1 but Θ/P = O(1). Here, (4.74) can be written as:

For Θ ≪ 1, P ≪ 1, Θ/P = O(1) (4.79)

j(x, t) =


I(t) x < s1(t),
PB(x)κ(c)I(t)
Θ + PB(x)κ(c)

s1(t) ≤ x ≤ s2(t),

0 s2(t) < x.

(4.80)

In this case, two reaction fronts still exist simultaneously. It turns out that
the RFM obtained by supplementing (4.72)-(4.73) and (4.75)-(4.76) with either
(4.77), (4.78) or (4.79), does not necessarily rely on first taking the limit Υ → ∞.
In fact they can be recovered by performing the analysis for small Θ, small P,
or simultaneously small Θ and P whilst all other dimensionless parameters are
assumed to be of O(1). This asymptotic analysis is presented in §4.5.

The case of constant conductivity In cases where the ionic concentration
does not vary much in the bulk region, (III), it follows that both the ionic
conductivity and current density are almost constant as well. In this case, there
is little intercalation in the bulk and (4.76) can be solved analytically with
solution,

s1(t) =
Θ

Θ+ PB(x)
I(t)

1− α
, s2(t) = − PB(x)

Θ + PB(x)
I(t)

1− α
. (4.81)

4.4 Comparison between numerical and asymp-
totic solutions to the model

We validate the accuracy of the RFM by comparing it with numerical solu-
tions of the full DFN model. The numerical solutions to the DFN model are
furnished using the numerical approach outlined in §4.1. For this purpose we
use parameter values that are not necessarily realistic, but rather select them
so that the asymptotic structure is clearly visible. We validate the full RFM,
given by (4.72)-(4.76), by setting all dimensionless parameters equal to unity
except for Υ which is taken to be 100. The results are shown in figure 4.7
where we observe that the reduced model is able to accurately reproduce the
solution profiles, locations of the reaction fronts, and the cell voltage. A similar
validation is carried out for the further simplified RFM, given by (4.72)-(4.73)
(4.75)-(4.76) and (4.79), by setting all dimensionless parameters equal to unity
except P and Θ which we take to be 0.01. In Figure 4.8 we observe that the
simplified model accurately reproduces the solution to the full DFN model. We
note the DFN model predicts a surprising feature that the cell voltage exhibits
a short-lived initial increase. We have conducted other numerical experiments
that reveal that this initial voltage rise is related to our choice of initial condi-
tion that particles are at a very low initial SOC, i.e., 3.5% lithiation see Table
2.1. At short times, the reaction front is yet to be established and the surface
over-potential, η, required to drive the initial intercalation is relatively high
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because the prefactor of the BV rate, Υc1/2c
1/2
c (1 − cc)

1/2, i.e. the exchange
current density, is small because cc is small, see (2.34)-(2.35). This gives rise
to the initially diminished overall cell voltage. After a short time, cc near the
near the edges of the electrode (where the reaction fronts are to be formed)
has increased, and so too has the exchange current density, meaning that a
decreased surface over-potential is required to drive intercalation and therefore
the cell voltage recovers by increasing. This feature is not present in the RFM
because our asymptotics is valid for O(1) times after the reaction fronts are fully
formed. Returning for a moment to the results in Figures 4.2-4.4 and comparing
the quality of the agreement with those in Figures 4.7 and 4.8 we see that even
though the RFM does not reproduce the solution profiles for the electrolyte
and solid state lithium concentrations perfectly in realistic cases, it is still able
to give a good prediction on the cell voltage. Since this quantity is often the
one with the greatest practical importance, the range of operating regimes over
which the RFMs can used to predict discharge curves is quite broad. This is
made evident through Figure 4.9, where we plot discharge curves predicted by
solutions to both the DFN model and RFM using the values for the modern
electrodes are found for C-rates of 1C, 10C, 20C, 50C, and 100C. We note that
the discrepancy between the DFN and RFM increases with C-rate, and this can
be attributed to the decreasing value of Υ as the current increases.

4.5 Asymptotic analysis in the limit P ∼ Θ → ∞
The computations shown in §4.4, namely figure 4.8, suggest that an asymptotic
solution relevant to high C-rates is available based on small values of P and
Θ. The solution is characterised by a wide region of slowly reacting electrode
particles in the bulk separated from regions of fully lithiated particles by narrow
rapidly reacting regions which intrude from the edges of the electrode into its
interior as discharge proceeds. Formally, we shall consider the limit in which
both P → 0 and Θ → 0, whilst we take all other parameters to be O(1). The
dynamics of both limits, taken singularly and simultaneously, can be examined
by letting Θ/P = P̂. Under this transformation of parameters, we eliminate P
from the non-dimensional DFN model and reduce the model by taking Θ → 0
and P̂ = O(1). The solution is described by seven asymptotic regions which
we will distinguish using Roman numeral superscripts as follows: the central
slowly reacting region (denoted region (IV )), the two reacted regions near the
separator and current collector (termed regions (I) and (V II) respectively),
two narrow moving reaction-initiation fronts (regions (III) and (V )), and two
narrow moving reaction fronts (regions (II) and (V I)).

4.5.1 Outer regions

The outer regions, namely region (I) where −L < x < s1(t), region (IV ) where
s1(t) < x < s2(t), and region (V II) where s2(t) < x < 1, are analysed on the
length-scale of the electrode.

Region (I): reacted region adjacent to separator In region (I), where
−L < x < s1(t), the particles are almost fully lithiated and consequently it
is unable to sustain a significant reaction or convert a significant portion of
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Figure 4.7: Figure showing the comparison between numerical simulations
of the full DFN model (coloured) and the solution predicted by the asymp-
totic RFM (black). Plots for c∗, j∗, ϕ∗, ϕ∗c , and c∗c are taken at times
t ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9}, as well as the voltage profile V ∗. For
these plots we take all non-dimensional parameters to be unity with exception
that Υ = 100.
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Figure 4.8: Figure showing the comparison between numerical simulations
of the full DFN model (coloured) and the solution predicted by the asymp-
totic RFM (black). Plots for c∗, j∗, ϕ∗, ϕ∗c , and c∗c are taken at times
t ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9}, as well as the voltage profile V ∗. For
these plots we take all non-dimensional parameters to be unity with exception
that Θ = P = 0.01.
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the ionic current (which enters the electrode via the adjacent separator) into
electronic form. It follows, from (2.42), that the electronic current in this region
is small and thus the potential gradient across the electrode particles must also
be significantly smaller than that across the electrolyte in this region. The
asymptotic solution in this region is found by expanding as follows:

c(I) = c
(I)
0 (x, t) + · · · F (I) = F (I)

0 (x, t) + · · · (4.82)

j(I) = I(t) + · · · j(I)c = 0 + · · · (4.83)

ϕ(I) = Θ−1ϕ
(I)
−1(x, t) + · · · ϕ(I)c = Θ−1ϕ

(I)
c,−1(t) + · · · (4.84)

c(I)c = 1 + · · · G(I) = 0 + · · · . (4.85)

Here we use the superscript (I) to indicate variables within this region. Equa-
tions (2.32a), (2.33)-(2.35) are automatically satisfied at leading order by the

expansions (4.82)-(4.85). The three remaining leading order variables c
(I)
0 , F (I)

0

and ϕ
(I)
−1 satisfy equations that are obtained by balancing the leading order terms

in (2.31) and (2.32b); these read:

N ∂c
(I)
0

∂t
+
∂F (I)

0

∂x
= 0, F (I)

0 = −B(x)D(c
(I)
0 )

∂c
(I)
0

∂x
− Γ(1− t+)I(t), (4.86)

I(t) = −B(x)κ(c(I)0 )

P̂
∂ϕ

(I)
−1

∂x
. (4.87)

and satisfy the boundary condition

F (I)
0 |x=−L = 0, ϕ

(I)
−1|x=−L = 0, (4.88)

on the separator (obtained from (2.37a) at leading order).

Region (V II): reacted region adjacent to current collector In the
other reacted region, lying in s2(t) < x < 1, the asymptotic expansion proceeds
exactly as it does in region (I) (for similar reasons) with the notable exception
that the current flows almost entirely in the solid electrode matrix (rather than
the electrolyte); it reads:

c(V II) = c
(V II)
0 (x, t) + · · · F (V II) = F (V II)

0 (x, t) + · · · (4.89)

j(V II) = 0 + · · · j(V II)
c = I(t) + · · · (4.90)

ϕ(V II) = Θ−1ϕ
(V II)
−1 (t) + · · · ϕ(V II)

c = Θ−1ϕ
(V II)
−1 (x, t) + · · · (4.91)

c(V II)
c = 1 + · · · G(V II) = 0 + · · · (4.92)

Equations (2.32), (2.33a), (2.33c), and (2.34)-(2.35) are automatically satisfied
at leading order by the expansions (4.89)-(4.92). The remaining leading order

variables c
(II)
0 , F (II)

0 and ϕ
(II)
c,−1 satisfy the leading balances in equations (2.31)

and (2.33b) which read:

N ∂c
(V II)
0

∂t
+
∂F (V II)

0

∂x
= 0, F (V II)

0 = −B(x)D(c
(V II)
0 )

∂c
(V II)
0

∂x
, (4.93)

−I(t) =
∂ϕ

(V II)
c,−1

∂x
. (4.94)
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and satisfy the boundary condition

F (V II)
0 |x=1 = 0, (4.95)

on the current collector (obtained from (2.38a) at leading order)

Region (IV ): central slowly reacting region In the central slowly reacting
region, lying in s1(t) < x < s2(t), there are significant current flows in both the
electrolyte and the solid and significant charge transfer is occurring, i.e., there
is an O(1) amount of reaction in this region. Since the electrode particles here
still have space to accommodate more Li+, the only way in which (2.34)-(2.35)
is consistent with O(1) reaction rates is if the potentials in the electrolyte and
solid are almost equal. The asymptotic solution can be found by expanding as
follows

c(IV ) = c
(IV )
0 (x, t) + · · · F = F (IV )

0 (x, t) + · · · (4.96)

j(IV ) = j
(IV )
0 (x, t) + · · · j(IV )

c = I(t)− j
(IV )
0 (x, t) + · · · (4.97)

ϕ(IV ) = Θ−1ϕ
(IV )
−1 (x, t) + · · · ϕ(IV )

c = Θ−1ϕ
(IV )
−1 (x, t) + · · · (4.98)

c(IV )
c = c

(IV )
c,0 (x, t) + · · · G(IV ) = G

(IV )
0 (x) + · · · (4.99)

On substituting this expansion into (2.31)-(2.35) we find that the leading order

variables c
(IV )
0 , F (IV )

0 , j
(IV )
0 , ϕ

(IV )
−1 and G

(IV )
0 satisfy the following equations

N ∂c
(IV )
0

∂t
+
∂F (IV )

0

∂x
= 0, (4.100)

F (IV )
0 = −B(x)D(c

(IV )
0 )

∂c
(IV )
0

∂x
− Γ(1− t+)j

(IV )
0 , (4.101)

j
(IV )
0 = −B(x)κ(c(IV )

0 )

P̂
∂ϕ

(IV )
−1

∂x
,

∂ϕ
(IV )
−1

∂x
= j

(IV )
0 − I(t), (4.102)

dc
(IV )
c,0

dt
= −G(IV )

0 ,
∂j

(IV )
0

∂x
= G

(IV )
0 , (4.103)

By eliminating the leading order potential gradient between equations (4.102a)
and (4.102b) we can solve for the ionic current in terms of the leading order
electrolyte concentrations, yielding

j
(IV )
0 = I(t)

B(x)κ(c(IV )
0 )

B(x)κ(c(IV )
0 ) + P̂

. (4.104)

We can then solve for the lithium content in the solid in terms of the ionic
current from equation (4.103) by eliminating G

(IV )
0 , integrating with respect to

time t and supplying the initial condition (2.18b), giving:

c
(IV )
c,0 = α−

∫ t

0

∂j
(IV )
0

∂x
dt′. (4.105)
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4.5.2 Regions around left-hand reaction front on x = s1(t)

We now investigate the narrow reaction regions separating the three outer re-
gions discussed above. In addition to the spatial length-scale of the outer regions
discussion in §4.5.1 there are two further length-scales to consider. The analysis
of regions (III) and (V ) is performed under the scale of O(Θ1/2), whilst that
of regions (II) and (V I) is chosen to be O(Θ).

Region (III): left-hand reaction initiation region The left-hand reaction
initiation region, located about x = s1(t), has width O(Θ1/2) and is therefore
studied under a change of coordinates given by

x− s1(t) = Θ1/2z, (4.106)

and so the local equations become

−ṡ1(t)N
∂c(III)

∂z
+Θ1/2N ∂c(III)

∂t
+
∂F (III)

∂z
= 0, (4.107)

F (III) = −Θ−1/2B(x)D(c(III))
∂c(III)

∂z
− Γ

(
1− t+

)
j(III), (4.108)

∂j(III)

∂z
= Θ1/2G(III), (4.109)

j(III) = −Θ1/2B(x)κ(c(III))
P̂

(
∂ϕ(III)

∂z
− 2

1− t+

c(III)
∂c(III)

∂z

)
, (4.110)

∂j
(III)
c

∂z
= −Θ1/2G(III), (4.111)

j(III)c = −Θ1/2 ∂ϕ
(III)
c

∂z
, (4.112)

−Θ−1/2ṡ1(t)
∂c

(III)
c

∂z
+
∂c

(III)
c

∂t
= −G(III), (4.113)

G = Υ

√
c(III)c

(III)
c (1− c

(III)
c )

(
e

η
2 − e−

η
2

)
, (4.114)

η = ϕ(III)c − ϕ(III). (4.115)

The asymptotic solution can then be found by expanding as follows

j(III) = j
(III)
0 (t) + · · · , j(III)c = I(t)− j

(III)
0 (t) + · · · , (4.116)

c(III) = c
(III)
0 (t) + · · · , ϕ(III) = Θ−1ϕ

(III)
−1 (t) + ϕ

(III)
0 (z, t) + · · · , (4.117)

F (III) = F (III)
0 (t) + · · · , ϕ(III)c = Θ−1ϕ

(III)
−1 (t) + ϕ

(III)
c,0 (z, t) + · · · , (4.118)

c(III)c = c
(III)
c,0 (t) + · · · , G(III) = G

(III)
0 (z, t) + · · · , (4.119)

which, by design, satisfy equations (4.107)-(4.115). The O(1) variables for the

ionic and electronic potentials ϕ
(III)
0 and ϕ

(III)
c,0 are to be solved. A closed

equation for these variables can be found by substituting equations (4.110) and
(4.112) into equations (4.109) and (4.111) respectively, adding the two and sub-
stituting the expansions into the resulting equation we have

∂2

∂z2

(
ϕ
(III)
c,0 − ϕ

(III)
0

)
= K̂(t) sinh

(
ϕ
(III)
c,0 − ϕ

(III)
0

2

)
(4.120)
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where

K̂(t) = 2Υ
B(x)κ

(
c
(III)
0 (t)

)
+ P̂

B(x)κ
(
c
(III)
0 (t)

) √
c
(III)
0 (t)c

(III)
0 (t)

(
1− c

(III)
c,0 (t)

)
. (4.121)

Equation (4.120) can be solved analytically, giving

ϕ
(III)
c,0 − ϕ

(III)
0 = ϕ̂(t)± 4 log

coth

√K̂(t)

4
(z − z0(t))

 (4.122)

where z0(t) and ϕ̂(t) are constants of integration, which will be determined by
matching to the adjacent regions. Performing this matching will require the
limiting behaviour of this solution, which are

ϕ
(III)
c,0 − ϕ

(III)
0 → ϕ̂(t) as z → ∞, (4.123)

ϕ
(III)
c,0 − ϕ

(III)
0 ∼ 4 log

√K̂

4
(z0 − z)

 as z ↗ z0. (4.124)

Region (II): left-hand main reaction region The left-hand reaction re-
gion, located about x = s1(t), has width O(Θ) and is therefore studied under a
change of coordinates given by

z0 − z = Θ1/2y, (4.125)

and so the local equations become

N
(
−Θ−1ṡ1(t)

∂c(II)

∂y
+
∂c(II)

∂t

)
+Θ−1 ∂F (II)

∂y
= 0, (4.126)

F (II) = −Θ−1B(x)D(c(II))
∂c(II)

∂y
− Γ

(
1− t+

)
j(II), (4.127)

Θ−1 ∂j
(II)

∂y
= G(II), (4.128)

j(II) = −B(x)κ(c(II))
P̂

(
∂ϕ(II)

∂y
− 2

1− t+

c(II)
∂c(II)

∂y

)
, (4.129)

Θ−1 ∂j
(II)
c

∂y
= −G(II), (4.130)

j(II)c = −∂ϕ
(II)
c

∂y
, (4.131)

−Θ−1ṡ1(t)
∂c

(II)
c

∂y
+
∂c

(II)
c

∂t
= −G(II), (4.132)

G = Υ

√
c(II)c

(II)
c (1− c

(II)
c )

(
e

η
2 − e−

η
2

)
, (4.133)

η = ϕ(II)c − ϕ(II). (4.134)
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The asymptotic solution can then be found by expanding as follows

j(II) = j
(II)
0 (y, t) + · · · , j(II)c = I(t)− j

(II)
0 (y, t) + · · · , (4.135)

c(II) = c
(II)
0 (t) + · · · , ϕ(II) = Θ−1ϕ

(II)
−1 (t) + 2 log(Θ) + ϕ

(II)
0 (y, t) + · · · ,

(4.136)

F (II) = F (II)
0 (t) + · · · , ϕ(II)c = Θ−1ϕ

(II)
−1 (t) + ϕ

(II)
c,0 (y, t) + · · · (4.137)

c(II)c = c
(II)
c,0 (y, t) + · · · , G(II) = Θ−1G

(II)
−1 (y, t) + · · · , (4.138)

which, by design, satisfy equations (4.126)-(4.127). Upon substituting equation
(4.129) into (4.128) and substituting equation (4.130) into (4.129) we find that,

by substitution of the expansions (4.135)-(4.138), the first order variables c
(II)
c,0

and j
(II)
0 , as well as the second order variables ϕ

(II)
0 and ϕ

(II)
c,0 , satisfy the

following equations:

∂2

∂y2

(
ϕ
(II)
c,0 − ϕ

(II)
0

)
=

B(x)κ(c(II)0 (t)) + P̂
B(x)κ(c(II)0 (t))

G
(II)
−1 , (4.139)

−ṡ1(t)
∂c

(II)
c,0

∂y
= G

(II)
−1 ,

∂j
(II)
0

∂y
= −ṡ1(t)

∂c
(II)
c,0

∂y
, (4.140)

G
(II)
−1 = Υ

(
c
(II)
0 (t)

)1/2 (
c
(II)
c,0

)1/2 (
1− c

(II)
c,0

)1/2
exp

(
ϕ
(II)
c,0 − ϕ

(II)
0

2

)
.(4.141)

This pair of equations for ϕ
(II)
c,0 − ϕ

(II)
0 and c

(II)
c,0 are to be solved subject to

matching conditions from the neighbouring regions, namely (I) and (III).

ϕ
(II)
c,0 − ϕ

(II)
0 ∼ 4 log

−

√
K̂

4
y

 as y → ∞ (4.142)

∂

∂w

(
ϕ
(II)
c,0 − ϕ

(II)
0

)
∼ I(t)

c
(II)
c,0 ∼ 1

 as y → −∞ (4.143)

The limiting behaviour (4.124) can be rewritten in the spatial variable of region
(II), see (4.125), as

2 logΘ +O(1) ∼ ϕ
(III)
c,0 − ϕ

(III)
0 (4.144)

and for matching this requires (4.142a). Matching the concentration in the solid
leads to the condition (4.142c) whilst the current requires

j
(II)
0 − j

(II)
c,0 → I(t) as y → −∞. (4.145)

Matching regions (I)–(IV ) across left reaction front near x = s1(t)
Upon matching the leading order lithium concentrations and fluxes (in the elec-
trolyte) across the regions adjacent to the left-hand reaction front situated about
x = s1(t) we find that

c
(I)
0 |x↗s1(t) = c

(II)
0 (t) = c

(III)
0 (t) = c

(IV )
0 |x↘s1(t), (4.146)

F (I)
0 |x↗s1(t) = F (II)

0 (t) = F (III)
0 (t) = F (IV )

0 |x↘s1(t). (4.147)
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The equations for the concentration and flux of lithium in the electrolyte how-
ever cannot be closed at this stage; this will be done in §4.5.4 after matching
across the right-hand reaction front around x = s2(t) in §4.5.3. Performing
a similar operation for the leading order electrolyte potentials we obtain the
following matching conditions:

ϕ
(I)
−1|x↗s1(t) = ϕ

(II)
−1 (t) = ϕ

(III)
−1 (t) = ϕ

(IV )
−1 |x↘s1(t). (4.148)

On matching the leading order electronic potentials across regions (I) and (II)
we find

ϕ
(I)
c,−1(t) = ϕ

(II)
c,−1(t). (4.149)

The O(1) terms for the difference between the ionic and electronic potentials
must be matched between regions (III) and (IV ). This leads to the requirement
that

ϕ̂(t) = ϕ
(IV )
c,0 |x↘s1(t) − ϕ

(IV )
0 |x↘s1(t). (4.150)

Matching the leading order lithium content inside the electrode particles across
all four regions leads to the conditions

c
(II)
c,0 |y→−∞ = 1, c

(II)
c,0 |y→∞ = c

(III)
c,0 (t) = c

(IV )
c,0 |x↘s1(t), (4.151)

Finally, the matching conditions on the leading order ionic current densities j
are

j
(II)
0 |y→−∞ = I(t), j

(II)
0 |y→∞ = j

(III)
0 (t) = j

(IV )
0 |x↘s1(t). (4.152)

The position of the first reaction layer s1(t) is found by integrating equation
(4.140.b) and applying conditions (4.151)-(4.152), giving

ṡ1(t) =
j
(II)
0 |y→∞ − j

(II)
0 |y→−∞

c
(II)
c,0 |y→∞ − c

(II)
c,0 |y→−∞

=
I(t)− j

(III)
0 (t)

1− c
(III)
c,0 (t)

(4.153)

with the initial condition s1(t)|t=0 = 0.

4.5.3 Regions around right-hand reaction front on x =
s2(t)

Much as in §4.5.2 the two inner regions (V ) and (V I), located around the
reaction front at x = s2(t), are analysed on separate length-scales. The analysis
of region (V ) occurs on the O(Θ1/2) length-scale whilst that of regions (V I) is
occurs on the O(Θ) length-scale.

Regions (V ): right-hand reaction initiation region The right-hand re-
action initiation region, located about x = s2(t), has width O(Θ1/2) and is
therefore studied under a change of coordinates given by

x− s2(t) = Θ1/2v, (4.154)
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and so the local equations become

−Θ−1/2ṡ2(t)N
∂c(V )

∂v
+N ∂c(V )

∂t
+Θ−1/2 ∂F (V )

∂v
= 0, (4.155)

F (V ) = −Θ−1/2B(x)D(c(V ))
∂c(V )

∂v
− Γ

(
1− t+

)
j(V ) (4.156)

Θ−1/2 ∂j

∂v
= G(V ), (4.157)

j(V ) = −Θ1/2B(x)κ(c(V ))

P̂

(
∂ϕ(V )

∂z
− 2

1− t+

c(V )

∂c(V )

∂v

)
, (4.158)

Θ−1/2 ∂j
(V )
c

∂v
= −G(V ), (4.159)

j(V )
c = −Θ1/2 ∂ϕ

(V )
c

∂v
, (4.160)

−Θ−1/2ṡ2(t)
∂c

(V )
c

∂v
+
∂c

(V )
c

∂t
= −G(V ), (4.161)

G(V ) = Υ

√
c(V )c

(V )
c (1− c

(V )
c )

(
e

η
2 − e−

η
2

)
, (4.162)

η = ϕ(V )
c − ϕ(V ). (4.163)

The asymptotic solution can then be found by expanding as follows

c(V ) = c
(V )
0 (t) + · · · , F (V ) = F (V )

0 (t) + · · · ,
j(V ) = j

(V )
0 (t) + · · · , ϕ(V ) = Θ−1ϕ

(V )
−1 (t) + ϕ

(V )
0 (x, t) + · · · ,

j
(V )
c = I(t)− j

(V )
0 (t) + · · · , ϕ

(V )
c = Θ−1ϕ

(V )
−1 (t) + ϕ

(V )
c,0 (x, t) + · · · ,

c
(V )
c = c

(V )
c,0 (t) + · · · G(V ) = G

(V )
0 (x, t) + · · · ,

(4.164)

which, by design, satisfy equations (4.155)-(4.163). The O(1) variables for the

ionic and electronic potentials ϕ
(V )
0 and ϕ

(V )
c,0 are to be solved. A closed equation

for these variables can be found by substituting equations (4.158) and (4.160)
into equations (4.157) and (4.159) respectively, adding the two together and
substituting the expansions into the resulting equation giving:

∂2

∂v2

(
ϕ
(V )
c,0 − ϕ

(V )
0

)
= K̄(t) sinh

(
ϕ
(V )
c,0 − ϕ

(V )
0

2

)
(4.165)

where

K̄(t) = 2Υ
B(x)κ(c(V )

0 (t)) + P̂
B(x)κ(c(V )

0 (t))

√
c
(V )
0 (t)c

(V )
c,0 (t)

(
1− c

(V )
c,0 (t)

)
. (4.166)

An analytical solution to equation (4.165)

ϕ
(V )
c,0 − ϕ

(V )
0 = ϕ̄(t)± 4 log

(
coth

(√
K̄(t)

4
(v0(t)− v)

))
(4.167)

where v0(t) and ϕ̄(t) are constants of integration, which will be determined by
matching to the adjacent regions. Performing this matching will require the
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limiting behaviours of this solution, which are

ϕ
(V )
c,0 − ϕ

(V )
0 → ϕ̄(t) as v → −∞, (4.168)

ϕ
(V )
c,0 − ϕ

(V )
0 ∼ 4 log

(√
K̄(t)

4
(v0 − v)

)
as v ↗ v0. (4.169)

Region (V I): right-hand main reaction region The right-hand reaction
region, located about x = s2(t), has width O(Θ) and is therefore studied under
a change of coordinates given by

v0 − v = Θw, (4.170)

and so the local equations become

N
(
−Θ−1ṡ2(t)

∂c(V I)

∂w
+
∂c(V I)

∂t

)
+Θ−1 ∂F (V I)

∂w
= 0, (4.171)

F (V I) = −Θ−1B(x)D(c(V I))
∂c(V I)

∂w
− Γ

(
1− t+

)
j(V I) (4.172)

Θ−1 ∂j
(V I)

∂w
= G(V I), (4.173)

j(V I) = −B(x)κ(c(V I))

P̂

(
∂ϕ(V I)

∂w
− 2

1− t+

c(V I)

∂c(V I)

∂w

)
, (4.174)

Θ−1 ∂j
(V I)
c

∂w
= −G(V I), (4.175)

j(V I)
c = −∂ϕ

(V I)
c

∂w
, (4.176)

−Θ−1ṡ2(t)
∂c

(V I)
c

∂w
+
∂c

(V I)
c

∂t
= −G(V I), (4.177)

G(V I) = Υ

√
c(V I)c

(V I)
c (1− c

(V I)
c )

(
e

η
2 − e−

η
2

)
, (4.178)

η = ϕ(V I)
c − ϕ(V I). (4.179)

The asymptotic solution can then be found by expanding as follows

j(V I) = j
(V I)
0 (x, t) + · · · , j(V I)

c = I(t)− j
(V I)
0 (x, t) + · · · , (4.180)

c(V I) = c
(V I)
0 (t) + · · · , ϕ(V I) = Θ−1ϕ

(V I)
−1 (t) + ϕ

(V I)
0 (x, t) + · · · , (4.181)

F (V I) = F (V I)
0 (t) + · · · , ϕ(V I)

c = Θ−1ϕ
(V I)
−1 (t)− 2 log(Θ) + ϕ

(V I)
c,0 (x, t) + · · · ,

(4.182)

c(V I)
c = c

(V I)
c,0 (x, t) + · · · , G(V I) = Θ−1G

(V I)
−1 (x, t) + · · · (4.183)

which, by design, satisfy equations (4.171)-(4.172). Upon substituting equation
(4.174) into (4.173) and substituting equation (4.176) into (4.175) we find that,

by substitution of the expansions, the first order variables c
(V I)
c,0 and j

(V I)
0 , as well
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as the second order variables ϕ
(V I)
0 and ϕ

(V I)
c,0 , satisfy the following equations:

∂2

∂w2

(
ϕ
(V I)
c,0 − ϕ

(V I)
0

)
=
B(x)κ(c(V I)(t)) + P̂

B(x)κ(c(V I)(t))
G

(V I)
−1 , (4.184)

−ṡ2(t)
∂c

(V I)
c,0

∂w
= G

(V I)
−1 ,

∂j
(V I)
0

∂w
= −ṡ2(t)

∂c
(V I)
c,0

∂w
. (4.185)

G
(V I)
−1 = Υ

√
c
(V I)
0 c

(V I)
c,0

(
1− c

(V I)
c,0

)
exp

(
ϕ
(V I)
c,0 − ϕ

(V I)
0

2

)
. (4.186)

The pair of equations for ϕ
(V I)
c,0 − ϕ

(V I)
0 and c

(V I)
c,0 are to be solved subject to

matching conditions from the neighbouring regions, namely (V ) and (V II).

ϕ
(V I)
c,0 − ϕ

(V I)
0 ∼ 4 log

(
−
√

K̄(t)
4 w

)
,

∂
∂w

(
ϕ
(V I)
c,0 − ϕ

(V I)
0

)
∼ I(t),

c
(V I)
c,0 ∼ c

(IV )
c,0 ,

 as w → −∞ (4.187)

The limiting behaviour (4.169) can be rewritten in the spatial variables of region
(V I), see (4.170), as

2 logΘ +O(1) ∼ ϕ
(V I)
c,0 − ϕ

(V I)
0 (4.188)

and for matching this requires (4.187a). Matching the concentration in the solid
leads to the condition (4.187c) whilst the current requires

j
(V I)
0 − j

(V I)
c,0 → −I(t) as w → −∞ (4.189)

giving (4.187b).

Matching regions (IV )-(V II) across right reaction front near x = s2(t)
Upon matching the leading order lithium concentrations and fluxes (in the elec-
trolyte) across the regions adjacent to the right-hand reaction front situated
about x = s2(t) we find that

c
(IV )
0 |x↗s2(t) = c

(V )
0 (t) = c

(V I)
0 (t) = c

(V II)
0 |x↘s2(t), (4.190)

F (IV )
0 |x↗s2(t) = F (V )

0 (t) = F (V I)
0 (t) = F (V II)

0 |x↘s2(t). (4.191)

Performing a similar operation for the leading order electric potentials we obtain
the following matching conditions:

ϕ
(IV )
c,−1 |x↗s2(t)(t) = ϕ

(V )
c,−1(t) = ϕ

(V I)
−1 (t) = ϕ

(V II)
−1 |x↘s2(t). (4.192)

On matching the leading order electrolyte potentials across regions (V I) and
(V II) we find

ϕ
(V I)
−1 (t) = ϕ

(V II)
−1 (t). (4.193)

The O(1) terms for the difference between the ionic and electronic potentials
must be matched between regions (V ) and (V I). This leads to the requirement
that

ϕ̄(t) = ϕ
(IV )
c,0 |x↗s2(t) − ϕ

(IV )
0 |x↗s2(t). (4.194)
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Matching the leading order lithium content inside the electrode particles across
all four regions leads to the conditions

c
(IV )
c,0 |x↗s2(t) = c

(V )
c,0 (t) = c

(V I)
c,0 |w→−∞, c

(V I)
c,0 |w→∞ = 1. (4.195)

Finally, the matching conditions on the leading order ionic current densities j
are

j
(IV )
0 |x↗s2(t) = j

(V )
0 (t) = j

(V I)
0 |w→−∞, j

(V I)
0 |w→∞ = 0. (4.196)

The position of the first reaction layer s2(t) is found by integrating and rear-
ranging equation (4.185.b) and applying conditions (4.195)-(4.196), yielding

ṡ2(t) =
j
(V I)
0 |w→∞ − j

(V I)
0 |w→−∞

c
(V I)
c,0 |w→∞ − c

(V I)
c,0 |w→−∞

= − j
(III)
0 (t)

1− c
(III)
c,0 (t)

, (4.197)

with the initial condition s2(t)|t=0 = 1.

4.5.4 Matching the outer regions together

Following §4.5.2 and §4.5.3 a closed problem involving only the outer regions,
namely (I), (IV ), and (V II), can be formed. Taking equations (4.146)-(4.147)
and (4.190)-(4.191) we have that

c
(I)
0 |x↗s1(t) = c

(IV )
0 |x↘s1(t), c

(IV )
0 |x↗s2(t) = c

(V II)
0 |x↘s2(t), (4.198)

F (I)
0 |x↗s1(t) = F (IV )

0 |x↘s1(t), F (IV )
0 |x↗s2(t) = F (V II)

0 |x↘s2(t). (4.199)

which translate to imposing continuity of concentration and flux of the anions
in the electrolyte across the narrow reaction fronts. The current densities can
be determined as known functions of the anion concentration c at leading order
in the outer regions. This is achieved by taking equations (4.83a), (4.90a), and
(4.104), giving

j(I) = I(t), j(IV ) = I(t)
B(x)κ(c(IV )

0 )

B(x)κ(c(IV )
0 ) + P̂

, j(V II) = 0. (4.200)

By recalling that P̂ = Θ/P and eliminating P̂ in equation (4.200) we arrive at
equation (4.80).

4.6 Conclusions

We have derived a simplification to the Doyle-Fuller-Newman (DFN) model for
the (dis)charge of nano-structured lithium iron phosphate (LFP) cathodes in
which it is assumed that the particles are so small that transport inside the
electrode particles can be taken to be infinitely fast on the timescales of interest
(i.e., that of cell (dis)charge). Numerical solutions to the DFN model in realistic
parameter regimes revealed the presence of localised regions of (de)intercalation
which propagate from the edges of the electrode into its interior. These reaction
fronts form in LFP electrodes much more readily than they can in other common
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cathode materials (e.g., NMC) because they have a largely flat equilibrium over-
potential curve which allows neighbouring electrode particles to be at different
states of lithiation without there being a significant potential difference between
them. These observations motivated us to carry out an asymptotic analysis of
the model and in doing so we were able to derive a simplified model which
we term the RFM. We have shown that the RFM compares favourably to the
full DFN model in the parameter regimes outlined above. The RFM can be
solved at reduced computational cost and contains only the most important
parameters, and so we offer it as an alternative model to the DFN where the
cost of simulation needs to be minimised, i.e., in optimisation problems, in
parameter estimation studies or for use on the light computational hardware
available onboard electric vehicles. Arguably more importantly, the simplicity
of the RFM provides insight into the internal dynamics of these devices and can
be used to suggests ways in which their design might be improved.

Our analysis demonstrates that tuning the cell parameters affects the speed,
direction and sharpness of reaction fronts which are known to exist in electrodes
comprised of LFP and other phase change materials (e.g., graphite) [50, 55].
This control opens a promising avenue for improving device design by tuning
the conductivities of the electrodes. As just one specific example of where
this strategy might be advantageous, consider a cell whose discharge is initially
sustainable but that terminates prematurely due to electrolyte depletion near
the current collector. Here, the rate performance can be improved by (counter-
intuitively) decreasing the conductivity of the electrode. This will encourage a
reaction front to intrude from the current collector during the early stages of
discharge, i.e., when the electrolyte near the current collector remains rich in
Li-ions, thereby allowing this previously inaccessible region to be utilised and
to contribute towards usable capacity.

It should also be noted that the derivation of the RFM is applicable for all
materials with flat discharge curves and, whilst LFP is currently the most wide-
spread example of this, future development in material science may produce
other commercially viable electrode materials with flat OCVs. Moreover, there
is an increasing incentive to find alternatives to NMC which is currently the
most common cathode material in commercial devices because the supply of
cobalt is forecast to be unsustainable [84] and Tesla’s recent move to use LFP
in the their home storage batteries gives reason to believe that a shift towards
LFP might already be underway. The RFM can also be adapted to incorporate
the solid transport dynamics, should it be essential to model larger LFP pellet
sizes or perhaps more interestingly if the C-rate is so large that even nano-sized
LFP particles become rate-limiting.
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Chapter 5

Comparison between the
RFM-D and experiment

5.1 Introduction

In chapter §4, simplifications to the Doyle-Fuller-Newman (DFN) model were
made through formal perturbation methods on the basis that the open-circuit-
potential of the active material does not vary as the material undergoes (de-
)lithiation and subsequently causes the active material to (dis)charge asyn-
chronously, resulting in what are typically referred to as (dis)charge fronts
[13, 55]. Hence, the model described is a reduced order DFN model, and pro-
duces reliable results for 2-phase materials such as LFP.

As discussed in §4.1, parametrisation is vital for mathematical modelling and
optimisation of electrode microstructures. Detailed parametrisations of cells al-
lows for an understanding of the transport timescales and typical voltage drops
expected during (dis)charge, and enables mathematical analyses of the physical
phenomena. This allows us to predict, and sometimes improve, the rate limi-
tations and power output of cells through evaluating which transport processes
are most limiting. The accuracy of a mathematical model and its capacity to
simulate observations are highly dependent on the model parameters. For com-
plex models such as the DFN, which is computationally expensive and where
there are many parameters (16 scalar parameters and 4 scalar functions) and all
processes are non-linear and coupled, an accurate parametrisation is an arduous
task and difficult to achieve. Moreover, simulated results can be complex and
therefore lack simple, intuitive descriptions and explanations. In these scenar-
ios, simpler, reduced-order models comprised of fewer fitting parameters and
which provide a significant reduction in computational expense and more-easily
understood simulations, can allow for a more in-depth understanding of the
most relevant physical processes.

In this chapter we look to provide evidence for the existence of reaction fronts
in real devices, as well as clear quantitative descriptions of their behaviour,
which we argue to be interpretable from experimental discharge curves. We val-
idate the RFM, which includes significantly fewer fitting parameters than the
DFN and is far less computationally expensive. Moreover, we show that it is
possible to extract these parameters directly from the key features of the dis-
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charge curves, and subsequently provide intuitive descriptions for relationships
between the physical processes of the cathode and the features of the discharge
curves.

Here, we investigate the RFM in §4, namely those described in §4.3.2 with
the added simplification that the electrolyte is significantly less conductive than
the solid-phase, i.e., Θ ≫ P, which is the case for most commercial cells. To
distinguish this model from that described in §4, we refer to the model in this
chapter as the RFM-D (Reaction Front Model with Diffusion). This results
in the formation of a single reaction front, originating from the separator and
terminating at the current collector. We also relieve the assumption that the
timescale for lithium transport through the electrode particles is significantly
less than the timescale for cell (dis)charge, hence requiring the inclusion of Fick-
ian diffusion equations in spherical coordinates through the multi-scale method-
ology described in §2. The reason for this will be seen later in §5.5, where
we show that there is a significant solid transport limitation in most realistic
devices. The resulting equations are solved numerically and compared to ex-
perimentally measured discharge curves of a LFP half-cell. All experimental
measurements were performed by J. Owen and P. Johns in unpublished work,
however the methodology and results follow their closely related work on elec-
trolyte limitations on LFP half-cells [55], and we encourage readers interested
in the experimental details to refer to this work.

5.2 (Dis)charge fronts in LFP cathodes

A characteristic feature of LFP is that its equilibrium potential does not vary
during (de-)lithiation. A consequence of this is that electrode particle surface
concentrations can vary significantly across the cathode. This characteristic
distinguishes LFP from other materials, such as NMC, whose equilibrium po-
tential drops by one volt as the material is lithiated, creating a strong incentive
for NMC electrode particle surface concentrations to be homogenous across the
electrode.

As described in §4, the nature and existence of reaction fronts depend heavily
on the reaction rate constant, k0, as well as the effective conductivity of both
the electrolyte and solid phase, κ∗ and σc, respectively. We see in figure 5.1a
that when the reaction rate constant is large, a reaction front emanates from
the separator, and hence the voltage, shown in figure 5.1b, depends linearly on
time. This is not the case when the reaction rate constant is smaller, cf. figure
5.1c, as in this case there is no reaction front, and the voltage seen in figure
5.1d does not show a linear dependence with time.

We see the following features in the data of figure 5.2: (i) an instantaneous
potential drop at the start of discharge, due to the IR drop in the separator; (ii)
a linear decline in the potential, followed by; (iii) a precipitous decline of the
potential at the end of discharge. This second feature, (ii), therefore suggests
that reaction fronts exist in the real device that gave rise to the data in 5.2,
and this obseveration provides us with motivation to formulate an appropri-
ate model for which to accurately portray the key physical processes occurring
within these types of cells. As proposed in [55], this is explained in the form
of a result according to a SDF model, whereby electrode particles closest to
the separator are preferentially discharged compared with those further into
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Figure 5.1: Plots of DFN simulations for two different reaction rate constants.
The top two panels, (a) and (b), show the DFN simulations for a large reaction
rate constant. The bottom two panels, (c) and (d), show the DFN simulations
for a small reaction rate constant. The left two panels show the surface con-
centration of the electrode particles across the electrode, whilst the right two
panels show the discharging cell voltage.
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Figure 5.2: Figure showing the experimental discharge curves (dashed black)
as well as the simulation for model equations (5.1)-(5.11) (coloured). Three
regimes are shown: (i) blue lines represent low C-rates where solid transport
is the sole rate limitation, and where a precipitous final drop in voltage is ob-
served, indicating that the LFP material is nearing full lithiation; (ii) magenta
line representing intermediate C-rates where the electrolyte transport limita-
tion is prevalent and discharge terminates due to electrolyte depletion; and (iii)
red curves representing high C-rates, where the potential dropped across the
electrolyte (formatively in the separator) causes the cell to reach the stopping
voltage of 2.5V before transport limitations have begun to take affect.

the electrode. As discharge continues, and the reaction front evolves through
the electrode, ionic current needs to travel a distance along the electrode which
is increasing linearly with time, provided that the reaction front moves at a
constant velocity. This causes the potential dropped across the electrolyte to
increase linearly with time, thus explaining the linear decline in potential seen
in figure 5.2. In previously published work, (dis)charge fronts are described,
either explicitly or otherwise, as moving, narrow regions in the electrode which
separate material which has been fully utilised from material which has yet to
begin (de-)intercalation [13, 38, 55]. In §2.2.3 we saw that the timescale for
solid diffusion is significantly shorter than the timescale for cell discharge, as
represented by the relatively small estimate for the non-dimensional parameter
Q. This indicates that the model reduction for fast microscopic transport shown
in §2.3 is suitable for the parameter choices provided in table 2.1. In general,
however, electrode material does not (dis)charge instantaneously, nor should it
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Figure 5.3: Illustration of reaction front separating material which is under
active lithiation from material which has yet to begin participation in charge-
transfer reaction. As such, current to the right of the reaction front, x > s(t), is
purely electronic and current to the left of the separator, x < 0, is purely ionic,
whilst current between these interfaces, 0 < x < s(t), is gradually transferring
from ionic to electronic.

be expected that all material inside a narrow region be fully utilised before the
reaction front moves. Many devices are used with cathode material contain-
ing radii significantly larger than 300nm, and the diffusivity of Li+ across the
electrode material may also be significantly larger than provided in table 2.1.
Instead, as the (dis)charge fronts sweep across the electrode it (de-)lithiates
particles until their surface concentration is fully utilised, where intra-particle
transport is limiting full utilisation, leaving behind electrode particles which are
not yet utilised towards their core and therefore continue (de-)intercalating as
Li diffuses through particles’. This is shown in figure 5.3. The effect of this
can be seen on the discharge curves shown in figure 5.2, where we see three dis-
tinct regimes for the voltage curves depending on the C-rate. These behaviours
are discussed in detail in section 5.5 and, in particular, we show that the solid
transport plays a significant role in the (dis)charge of LFP cathodes.

5.3 Model formulation

We present the RFM-D which is based on the premise that the electrolyte is sig-
nificantly less conductive than the solid phase, and which subsequently induces
a single reaction front; a narrow region in the electrode separating material
which has begun lithiation (de-lithiation for a charging cathode) from material
which has not. As the electrolyte is less conductive the reaction front emanates
from the separator and sweeps through the electrode as it moves toward the
current collector. The reason for this can be intuitively understood by noting
that current follows the path of least resistance. In this case, current minimises
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the distance travelled through the less-favourable electrolyte and maximises
the distance travelled in the solid-phase instead. This is achieved by reacting
with not-yet-lithiated electrode particles closest to the separator in order for
the current to move through the least resistive pathway first. This series of
assumptions would fall apart if the open-circuit-potential (OCV) of the mate-
rial should vary across the electrode, since if this were the case there would be
a significant incentive for electrode particles to (de-)intercalate synchronously
across the electrode. It is for this reason we consider we consider LFP, a 2-phase
material which exhibits a flat OCV, and make it known that electrodes made up
of chemistries such as NMC, whose OCV shows strong dependence on lithiation
with drops of 1V as the stoichiometry changes, would likely not be accurately
described by the RFM-D, and instead would refer readers to SPM-based models
[71, 76, 99].

A defining difference between this work and the previous aforementioned
SDF presented by Johns et al [55] is that we include the transport of Li+ across
the cathode particles, which we assume to take the form of Fickian diffusion.
We also generalise the model to include non-linear diffusion and conductivity in
the electrolyte, and relieve the assumption that ionic transport in the electrolyte
is quasi-steady by simulation the transport using Porous Electrode Theory.

The reaction front quickly lithiates the surface concentration of the active
material until no more lithium can be intercalated into the outer-most space
of the cathode particulate, before moving on to other particles. For higher
C-rates, where the reaction front moves relatively quickly, the surface of the
electrode particles are lithiated so quickly that their interiors are not yet utilised,
and so the front leaves behind it lithiating material as lithium diffuses into
their core. The reaction front therefore begins quickly and then decelerates
as material is engulfed by the front, which will then contribute to the overall
charge-transfer reaction of the cathode as lithium intercalates. The experiment
under consideration is a half-cell with a lithium foil counter electrode. Our
modelling framework is therefore of a half-cell to capture the dynamics of the
experiment. A cartoon of the cell, and model outline, is shown in figure 5.3.

Macroscopic transport through the electrode We define the cathode
across the domain x∗ ∈ [0, L), where x∗ is the distance across the electrode, and
L is the length of the cathode, and the separator across x∗ ∈ (−Ls, 0), where Ls

is the length of the separator. Equations defining transport across the electrolyte
are therefore defined across both the separator and cathode in x∗ ∈ (−Ls, L).
The equations governing ionic transport across the porous electrode through
the electrolyte are similar to that described in §2, but with the simplification
that the solid-phase highly conductive and that a negligible amount of voltage
is dropped across this phase, i.e., Θ → ∞. The reduced-order model equations
are:

ϵl
∂c∗

∂t∗
+
∂F∗

∂x∗
= 0, F∗ = −B∗(x∗)D∗(c∗)

∂c∗

∂x∗
− 1− t+(c∗)

F
j∗, (5.1)

dj∗

dx∗
= FbcG

∗, j∗ = −B∗(x∗)κ∗(c∗)

(
∂ϕ∗

∂x∗
− 2

RgT

F

1− t+(c∗)

c∗
∂c∗

∂x∗

)
, (5.2)

where c∗, F∗, and j∗ are the ionic concentration, flux, and current density of
anions in the electrolyte respectively, ϵl is the volume fraction (porosity) of the
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electrolyte, B∗ is permeability factor of the electrolyte (which is piece-wise con-
stant as the separator and cathode may have different permeabilities), D∗ is
the ionic diffusivity of the electrolyte, G∗ is the charge-transfer reaction across
the surface of the cathode particles, bc is the Brunauer–Emmett–Teller (BET)
surface area of the cathode particles (with units m−1), t+ is the transference
number of the electrolyte F is Faraday’s constant, Rg is the Boltzmann / uni-
versal gas constant, T is the temperature of the cathode (which we take to be
constant), ϕ∗ is the ionic potential across the electrolyte, and κ∗ is the ionic
conductivity of the electrolyte. Equations (5.1) are supplemented with bound-
ary conditions specifying no flux of anions at the counter electrode and current
collector (in turn, these conditions imply that the total anion concentration in
the electrolyte is conserved), and another condition which ensures that the ionic
current through the separator matches the demand current of the cell. We also
fix the ionic potential to be zero at the separator, and ensure that there is no
ionic current at the current collector. This is summarised by the following;

F∗∣∣
x∗=L

= F∗∣∣
x∗=−Ls

= 0, j∗
∣∣
x∗=−Ls

=
I∗(t∗)

A
, (5.3)

ϕ∗
∣∣
x∗=−Ls

= 0, j∗|x∗=L = 0, (5.4)

where I∗ is the demand current of the cell (we assume constant current and
galvanostatic discharge), and A is the electrode surface area.

A feature of this system of equations is that the total surface reaction across
the electrode is related to the demand current of the cell. Integration of equation
(5.2a) and applying boundary conditions (5.3b) and (5.4b) gives∫ x∗=L

x∗=0

FbcG
∗dx∗ =

I∗(t∗)

A
. (5.5)

Transport within the LFP particles The DFN requires the solution in a
representative electrode particle at each point in macroscopic space, x∗. The
active material is modelled to be identical, spherical particles defined across the
domain r∗ ∈ (0, R), where r is the radial distance across the cathode particles,
and R is their radius, and is governed by Fickian diffusion. As the concentration
of Li+ inside the electrode particles varies with macroscopic space, x∗, but the
equation governing its evolution does not contain derivatives in x∗, we say that
the lithium concentration inside the electrode material, c∗c , is parametrised by
x∗, i.e., c∗c = c∗c(t

∗, r∗;x∗). The equations can be written as

∂c∗c
∂t∗

=
1

r∗2
1

∂r∗

(
r∗2Dc

∂c∗c
∂r∗

)
, c∗c bounded on r = 0 (5.6)

c∗c
∣∣
r∗=R

=

{
0.9ĉc, x∗ < s∗(t∗)

αĉc, x∗ > s∗(t∗)
, −Dc

∂c∗c
∂r∗

∣∣∣∣
r∗=R

= G∗. (5.7)

Here, Dc is the diffusivity of the cathode particle (and is taken to be constant
in this work), α is the initial DoD of the active material, ĉc is the maximum
concentration of the material, and s∗ is the position of the narrow reaction front
(which we assume to occupy a single macroscopic point in space i.e., infinitely
narrow). Since the RFM-D is only appropriate for the first 90% of (dis)charge,
where the equilibrium potential is flat, cf figure 2.2, the surface of electrode
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particles are lithiated only to 90% of their maximum concentration, as seen in
equation (5.7a). This is because once there is a gradient in U∗

c , which begins
at a SOC of 0.9 for discharge, there is an incentive for lithiation to proceed
syncronously. Therefore, electrode particles that get to 90% wait for all the
other electrode particles to catch up before they begin to (de-)lithiate.

The half-cell voltage The half-cell voltage obeys equation (2.15). However,
since the current is purely electronic from x = s to x = L, and since we take the
solid phase to be infinitely conductive (so that no electronic potential is dropped
across this phase) as well as assuming neglibile contact resistance (Rc = 0),
(2.15) can be written as,

V ∗ = ϕ∗c |x∗=s(t). (5.8)

We can eliminate ϕ∗c using equation (2.13), resulting in

V ∗ = η∗ + ϕ∗x=s(t) + U∗
c . (5.9)

In order to impose that there is no (de)intercalation between x = s(t) and x = L,
the overpotential, η∗, is negligible across this region. This follows directly from
the derivation of the RFM-D described in §4. The half-cell voltage can therefore
be written in terms of the ionic and equilibrium potentials (the latter of which
being constant) as,

V ∗ = U∗
c + ϕ∗|x∗=L. (5.10)

Initial conditions We provide the following initial conditions to the system
of equations

c∗|t∗=0 = c∗, c∗c
∣∣
t∗=0

= αĉc, s|t∗=0 = 0, (5.11)

where c∗ is the initial salt concentration in the electrolyte.

5.4 Model solution

We now turn our attention to solving the model stated in §5.3. The following
solution has position of the reaction front, s∗, as an increasing and bijective
function. This can be shown to be true by considering equations (5.6)-(5.7)
alongside equation (5.5), and noticing that, in order to sustain sufficient surface
reaction to meet the cell’s current demand, and since the amount of lithium
which can be drawn from (during charge) or inserted into (during discharge) a
single electrode particle can only decrease as it becomes increasingly utilised (see
equation (5.7a)), the reaction front must continuously move across the electrode
to engulf more electrode material for (de-)intercalation.

Solution in the LFP particles The solution in all LFP particles can be
determined by considering the following problem for a function, C(T ,R), which
satisfies:

∂C
∂T

=
1

R2

1

∂R

(
R2Dc

∂C
∂R

)
,

∂C
∂R

∣∣∣∣
R=0

= 0, (5.12)

C
∣∣
R=R

=

{
αĉc, T ≤ 0

0.9ĉc, T > 0
, (5.13)
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where T is the time (in seconds) after the electrode particle has begun discharg-
ing. We can then write down a general form for the concentration inside the
cathode particles across the active material with the following equation:

c∗c(t
∗, r∗;x∗) = C(T ,R), (5.14)

where T and t∗ hold the following relationship: T = t∗ − s∗−1(x∗). This
accounts for the time delay by which lithiation occurs (relative to the electrode
particle at the separator) due to the fact that the reaction front activates the
electrode particles at different times throughout the cathode. Equation (5.12)-
(5.13) along with initial condition (5.11) can be solved analytically [19], yielding
solution in the form of an infinite series,

C(T ,R)− αĉc
ĉc − αĉc

= 1 +
2R

πR
∑
n

(−1)
n
sin

(
nπR
R

)
exp

(
−n

2π2T Dc

R2

)
(5.15)

Charge-transfer reaction The total flux of lithium ions across the electrode
particle surface is determined by

Ĝ∗(T ) = −Dc
∂C
∂R

∣∣∣∣
R=R

, (5.16)

where Ĝ∗(T ) is related to the charge-transfer reaction by the following:

Ĝ∗(T ) = Ĝ∗(t∗ − s∗−1(x∗)) = G∗(x∗, t∗). (5.17)

Position of reaction front Since there is no reaction in the region of the elec-
trode between the reaction front and the current collector, i.e., G∗

∣∣
x∗∈(s∗(t∗),L]

=

0, equation (5.5) is equivalent to:

Fbc

∫ s∗(t∗)

0

G∗(t∗, x∗) dx∗ =
I∗(t∗)

A
. (5.18)

This can be rewritten in terms of Ĝ∗(t∗) by considering equation (5.17), giving

Fbc

∫ s∗(t∗)

0

Ĝ∗
(
t∗ − s∗−1(x∗)

)
dx∗ =

I∗(t∗)

A
. (5.19)

Equation (5.19) with initial condition (5.11c) provide an equation for the posi-
tion of the reaction, s∗(t∗). This then leaves a closed problem for the electrolyte
equations, namely (5.1)-(5.2) with boundary conditions (5.3)-(5.4).

5.4.1 Numerical scheme

The method used for numerically solving the RFM-D is as follows.

Electrolyte equations The electrolyte equations, namely equations (5.1)-
(5.2) with boundary conditions (5.3)-(5.4) are solved numerically by using method
of lines, where we use a second order finite element method to discretise the
spacial derivatives and the resulting equations are then solved using MATLAB
ode15s. This is virtually identical to that in §4.1, where the only difference is
the reduced number of equations, owing to the fact that we no longer need to
solve the conduction problem in the solid phase.
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Table 5.1: Parameter values for a cathode used in [56].

Parameter, symbol [unit] Value
Electrolyte Parameters

Diffusivity factor, D∗
0 3.1[c]

Electrode thickness, L [µm] 200[a]

Separator thickness, Ls [µm] 200[a]

Volume fraction of electrode particles, ϵc 0.3496[b]

Porosity in cathode, ϵl 0.6[c]

Permeability factor in cathode, Bc 0.045[c]

Permeability factor in separator, Bs 0.090[c]

Initial salt concentration, ĉ [mol m−3] 1000[a]

Electrode Parameters
Particle radius, R [µm] 1[c]

Maximum concentration in the solid, ĉc [mol m−3] 19849[b]

BET surface area, bc [Mm−1] 1.0489[b]

Diffusivity of LFP, Dc [m2 s−1] 2.35× 10−16[c]

Initial SOC, α 0.01[a]

Cross-sectional area of electrode, A [cm2] 0.95[a]

Other Parameters

Faraday constant, F [Cmol−1] 96487[109]

Universal gas constant, Rg [Jmol−1K−1] 8.3144[37]

Temperature, T [K] 298[a]

Taken from [56] [a], Calculated [b], Fitting parameter [c].

Position of reaction front In order to evaluate (5.19) with initial condition
(5.11c), we discretise time uniformly and approximate the integral by Simpson’s
rule. This is done by evaluating (5.19) at each step using the mid-point and
trapezium rules, and then calculating their weighted average. Given that the
numerical solution for s∗ is known for t = t0, t1, · · · , tn, the algebraic equation
for the approximation of s∗(t∗) at t∗ = tn+1 given by the mid-point rule is,

i=n∑
i=0

Ĝ∗
(
ti+1 + ti

2

)
(si+1 − si) =

I∗(tn+1)

A
, (5.20)

whilst for the trapezium rule, the equation is,

i=n∑
i=0

Ĝ∗(ti+1) + Ĝ∗(ti)

2
(si+1 − si) =

I∗(tn+1)

A
. (5.21)

Here, si is the approximation of s∗ at t∗ = ti.

5.5 The three (dis)charge regimes

From figure 5.2 we see that there are three distinct behaviours which the voltage
curves can assume. These are characterised by C-rate, where low and interme-
diate C-rates are determined by lithium transport processes in the solid and
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liquid phases, respectively, and high C-rates result in early termination due to
sudden voltage drops. Figures 5.4-5.9 show solutions to the RFM-D at 0.2C,
2C, and 5C, and are representative of solutions in the low, intermediate, and
high C-rate regimes, respectively. Before discussing the features and differences
between these three regimes we first give a short description of features that all
three share. For the ionic concentration and potential, c∗ and ϕ∗, respectively,
we see that the solution is relatively smooth everywhere except at the position
of the reaction front, x = s(t), where the concentration switches from decreasing
with x to increasing. The potential shows a significant change, where potential
is dropped at x < s(t) but not at x > s(t). Additionally, the potential appears
to be made up of three distinct features: (i) a linear drop across the separator
at x < 0; (ii) a non-linear drop across the reacting region, at 0 < x < s(t), and;
(iii) constant at x > s(t). The solution for the position of the reaction front,
s, begins at s = 0 and is a concave function, where the gradient of s increases
with C-rate. Descriptions for, C and Ĝ∗ are as follows: for C the concentration
at the surface of the electrode particle has a discontinuous jump from the initial
condition to maximum concentration. The concentration then slowly diffuses
into the electrode, whilst the surface concetration is maintained. This is made
more clear in Ĝ∗, where initially the reaction is large, but declines rapidly as
the electrode particle’s core lithiates. The three regimes are discussed in detail
below.

5.5.1 Low C-rates

Figures 5.4-5.5 show solutions to the RFM-D in the regime where C-rates are 1C
or lower. This regime is characterised by an initial voltage drop, associated with
the potential dropped across the separator, followed by a linear voltage drop in
time as the reaction front moves across the cathode, before a final steep drop
in voltage as the final 10% of material is utilised. This steep drop in voltage
at the final 10% of DoD can be seen in figure 2.2 panel a. In this regime the
rate limitation is primarily due to the transport of lithium across the electrode
particles, and for this cell architecture occurs at C-rates 1C and less. This can be
seen in figures 5.4a, where the electrolyte is almost uniform. The initial voltage
drop, which could be seen as the interception between the discharge curves and
the y-axis, is proportional to the current demand and can be explained by the
electrolyte in the separator, which has not been perturbed due to the C-rate
being low, acting as a linear-resistor. Similarly, the linear gradient in voltage
as discharge proceeds can be described by a reaction front emanating from the
separator and sweeping across the cathode with its position linearly proportional
to time, cf. figure 5.4b. Since at these C-rates the electrolyte is relatively non-
perturbed, the ionic conductivity remains almost constant, and so the linear
gradient of the voltage is also proportional to the current demand. The final
steep drop-off occurs when the surface concentration of the LFP material has
been brought to 90% lithiation across the cathode, and so any further lithiation
will begin to drive the material’s equilibrium potential away from the typical
constant value of 3.4V and into the steep decline.
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Figure 5.4: Solutions to the RFM-D for the ionic concentration and potential
of the electrolyte, c∗ and ϕ∗, respectively, for 0.2C with parameters in table 5.1.
Time increases as colour shifts from blue to red.
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Figure 5.5: Solutions to the RFM-D for position of the reaction front, s, the log
of surface reaction, Ĝ∗, and ionic concentration of the electrode particle, C, for
0.2C with parameters in table 5.1. Time increases as colour shifts from blue to
red.
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Figure 5.6: Solutions to the RFM-D for the ionic concentration and potential
of the electrolyte, c∗ and ϕ∗, respectively, for 2C with parameters in table 5.1.
Time increases as colour shifts from blue to red.

5.5.2 Intermediate C-rates

For intermediate C-rates, with solutions to the RFM-D shown in 5.6-5.7, which
are within 1-5C for this cell architecture, the cell terminates due to depletion
of lithium in regions of the electrolyte. This can be characterised in the voltage
curves by a non-linear voltage drop through discharge and the lack of a steep
decline at the end of discharge since the LFP material may not reach the final
stages of lithiation in these scenarios. As seen in figure 5.6a, since the ionic
concentration in the electrolyte varies across the cathode as it becomes increas-
ingly polarised, the ionic conductivity is not constant, which is a contributing
factor to the non-linear drop in voltage with time. The movement of the reac-
tion front also becomes increasingly non-linear as C-rates are increased, since
the speed of the reaction front is increased whilst the timescale for diffusion
for the electrode particles remains unchanged, meaning that electrode particles
spend a longer proportion of (dis)charge contributing to the charge-transfer re-
action. This means that the length at which the ionic current has to travel is
not increasing linearly with time, which is a contributing factor towards the
non-linearity of the voltage curve.
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Figure 5.7: Solutions to the RFM-D for position of the reaction front, s, the log
of surface reaction, Ĝ∗, and ionic concentration of the electrode particle, C, for
2C with parameters in table 5.1. Time increases as colour shifts from blue to
red.
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Figure 5.8: Solutions to the RFM-D for the ionic concentration and potential
of the electrolyte, c∗ and ϕ∗, respectively, for 5C with parameters in table 5.1.
Time increases as colour shifts from blue to red.

5.5.3 High C-rates

At high C-rates the potential dropped across the separator and cathode are so
high that cut-off voltage is reached almost immediately. Since the current is
high, the amount of voltage dropped across the electrolyte is large, and hence
the cell terminates quickly. In addition to this, since the diffusion timescale of
the active material is significantly larger than that of cell (dis)charge, for high
C-rates the electrode particles do not have time to transport lithium into their
core and so the reaction front rapidly moves across the cathode. Subsequently,
the length at which the ionic current is required to travel increases quickly at
the early stages of (dis)charge and so, despite the electrolyte not having enough
time to become polarised, the potential dropped through the electrolyte is sharp
yet also linear in time. For this cell architecture, this occurs at C-rates greater
than 5C, with solutions shown in figures 5.8-5.9,.

5.6 How to parametrise an RFM-D from data

Parametrisation can be done in stages. Firstly, the capacity of the cathode and
the timescale for diffusivity is determined by comparisons between model simu-
lations and data of the degree of discharge at low C-rates where solid transport
is the only rate limitation. Then, the effective conductivities of the cathode and
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Figure 5.9: Solutions to the RFM-D for position of the reaction front, s, the log
of surface reaction, Ĝ∗, and ionic concentration of the electrode particle, C, for
5C with parameters in table 5.1. Time increases as colour shifts from blue to
red.
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separator are determined by analysing voltage curves at low C-rates, since the
electrolyte is in near equilibrium and there acts like a linear resistor. Finally,
the timescales for lithium transport via advection and diffusion are determined
by comparison from degree of discharge data at intermediate C-rates, where the
electrolyte is rate limiting.

5.6.1 What can be learned from low C-rate data

From analysing the low C-rate data alone, we can determine the capacity and
timescale for solid transport, as well as the porosity of the separator and cathode.

Fitting to the degree of discharge Figure 5.10 shows a plot of C-rate vs
DoD for two representations of the experimental data: (i) the cell’s DoD after
discharge and; (ii) 90% of the cell’s DoD after discharge. The reason for in-
cluding both is that, whilst the cell’s capacity can be seen to be 152mAh g−1,
the RFM-D is only capable of accurate simulation during the flat portion of the
equilibrium potential, and so under solid transport limitations the RFM-D will
predict a 10% reduction in achieved DoD. In the intermediate C-rates regime
where the electrolyte is the rate limiting process this will not be observed, and
instead we will expect that the RFM-D is fully capable of simulating experi-
mental data. This is due to the fact that, whilst the RFM-D cannot accurately
predict the precipitous voltage decline at the end of (slow) (dis)charge, voltage
curves of cell’s undergoing fast (dis)charge do not reach full states of lithiation
and hence their voltage curves do not show this final feature as expected from
the equilibrium potential. For small currents the transport process for ions in
the electrolyte are not rate limiting due to there not being large enough electric
fields to induce regions in the electrolyte which are fully depleted of lithium.
The loss in capacity seen as current increases is therefore attributed entirely to
the transport in the active material. At these low currents, the drop in capacity
holds a near-linear relationship with current, cf figure 5.10, and so we can de-
termine the capacity of the cell by making a linear extrapolation for a near-zero
current. After determining the cell’s capacity, the timescale for the diffusion
process, namely

R2

Dc
, (5.22)

can be determined by solving equation (5.19) and computing the DoD.

Fitting to the cell voltage At low C-rates, the reaction front moves ap-
proximately linearly across the cathode. From equations (5.5)-(5.7) we can
determine an approximate solution to the position of the reaction front under
the assumption that the C-rate is low enough that lithium diffusion into the
electrode particles is not rate limiting, which yields:

s(t) =
I∗t∗

AFϵcĉc(1− α)
. (5.23)

Equation (5.23) can be determined by taking P ≪ Θ in equation (4.81a) and
re-dimensionalising the resulting equation, or by noticing that, from equation
(2.21), for a given current the position of the reaction front should reach the

101



Figure 5.10: Plots of the relationship between C-rate and DoD at the end of
discharge for data (black) and simulation (blue). The solid black line shows the
cell’s capacity achieved after discharge, whilst the dashed black line shows 90%
of the capacity achieved.
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length of the cathode after a determined amount of time. Alternatively, we
can derive (5.23) as follows: Since the C-rates are low enough that lithium
diffusion into the electrode particles is not rate limiting, equation (5.6-5.7) can
be replaced with the fast diffusion limit equation (2.67), where G∗ is given by,

G∗ = −R
3
δ(x∗ − s∗)ṡ∗(1− α), (5.24)

where δ is the dirac delta function and ṡ∗ is the time derivative of s∗(t∗). Upon
substitution of equation (5.24) into (5.5) and integrating with respect to x∗, we
can rearrange to find the following ODE for s∗:

ṡ∗ =
I∗(t∗)

FAbc(1− α)
, (5.25)

which, for a constant current and initial condition (5.11b), yields the necessary
result. Since also at low C-rates the electrolyte concentration is relatively non-
perturbed, and therefore the conductivity of the electrolyte is near-constant,
equation (5.2b) can be well approximated by,

I∗

A
= −B∗κ∗0

∂ϕ∗

∂x∗
, (5.26)

where κ∗0 is the conductivity of the electrolyte at equilibrium i.e., c∗ = ĉ. Upon
integration with respect to x∗ between x∗ = 0 and x∗ = s∗(t∗), applying the
boundary condition (5.4a), and substituting ϕ∗ for V ∗ we get

V ∗(t∗) = U∗
c − I∗Ls

ABsκ∗0
− I∗s∗(t∗)

AB∗κ∗0
, (5.27)

where, on the right hand side of the equation, the second term accounts for
the potential dropped across the separator and the third accounts for the po-
tential dropped as the reaction front moves through the electrode, increasing
the distance ionic current must travel before it reaches active material which is
not yet saturated. Since we are focused on the scenario with C-rate is small,
it is suitable to replace the position of reaction front in equation (5.27) using
equation (5.10) giving

V ∗(t∗) = U∗
c − µ− νt∗, (5.28)

where,

µ =
I∗Ls

ABsκ∗0
, ν =

(I∗)
2

A2B∗κ∗0Fϵcĉc(1− α)
. (5.29)

The parameters µ and ν can be determined from the discharge curves, cf figure
5.2, as these are the y-interception and gradient of the discharge curves at low
C-rates, respectively. This therefore provides us with a method for determining
the value of the effective conductivities of the electrolyte in the separator, Bsκ

∗
0,

and cathode, B∗κ∗0.
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5.6.2 What can be learned from intermediate C-rate data

The transport of anions across the electrolyte as described in equation (5.1) can
be characterised by the following parameter groups:

τL(1− t̂+)I∗

FA
,

τL2

ϵlB∗D∗
0

, (5.30)

where t̂+ and D̂∗ are the typical values of the transference number and ionic
diffusivity respectively, and τ is the timescale for cell discharge. These dimen-
sionless parameters describe ratios for the timescales of lithium transport via
the advection and diffusive terms. Here, the parameters which need determining
from experiment (or through fitting) are t̂+ and B∗D̂∗. Since these parameters
relate to the rate limitation imposed by the electrolyte they can be chosen by
examining the relationship between C-rate and DoD. The accuracy of the model
can then be determined by comparing how well the potentials compare to the
data for intermediate and high C-rates.

5.7 Conclusions

In this chapter, we stated and solved a RFM-D, which is a reduced-order DFN
model, which we showed can accurately simulate the (dis)charge of LFP-based
cells. The RFM-D, which is significantly simpler, containing fewer equations
and fitting parameters, also enables a decoupling between the macroscopic and
microscopic equations. In using numerical solutions to the RFM-D, as well as
DFN simulations, we provided convincing evidence for the existence of reaction
fronts in LFP cells. We also use these fronts to aid us in developing an in-
tuitive understanding of discharge curves, as well as a methodology for easily
parametrising an LFP-based cell. In particular, we provide a direct way of esti-
mating the geometrical constants present in the electrolyte transport equation,
parameters which are typically very difficult to approximate directly. This sig-
nificantly reduces the computational cost for parametrisation, and can be used
as a tool for partial parametrisation of more complex models, such as the DFN.
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Chapter 6

Conclusions and further
work

In this chapter we make our final conclusions and remarks, as well as present a
brief list of natural extensions and further work.

6.1 Conclusions

In the first chapter of the thesis we gave a general introduction to lithium ion
batteries and battery modelling, as well as a review of relevant literature for the
present work, before ending with an overview of the thesis. After highlighting
the importance of Li+ battery technology and their widespread use in modern
applications a brief description of a Li+ cell was provided [9, 18, 62, 72, 86]. A
list of terminology was then defined, including a discussion for electrolytes and
electrodes, and their roles in Li+ cells, a description of a half-cell, and its vital
role in research, and brief explanations of cell capacity and C-rates, which are
described mathematically and in more detail in the following chapter. Key con-
cepts were also introduced, particularly when describing Li+ electrodes, where
we introduced ideas such as charge-transfer reactions, electrochemical stabil-
ity, transport timescales and the open circuit voltage (OCV), as well as their
importance to cell dynamics and design, and how these features dictate how
electrode materials are compared and selected. Lithium-iron-phosphate (LFP)
was then introduced as a popular cathode material, where it was explained that
its high power density, electrochemical stability, and low cost make it a safe and
environmentally friendly alternative to the more popular cobalt-based materials
[7]. A brief history of LFP research was given, where explained that it was
initially hindered by its low electrical conductivity until electrically conductive
additives such as carbon black were used to increase the electrical conductivity
of LFP-based cathodes by doping [33, 53, 54, 118]. The unique electrochemical
behaviour of LFP was highlighted, where we note LFP particles can (dis)charge
asynchronously owed to the flatness of its OCV [55, 56, 87], as well as the phase-
separation dynamics observed [3]. Transport properties of Li+ within LFP was
also noted, where nano-structured LFP electrodes can result in improved overall
performance [67], as well as the use of the Cahn-Hilliard model in describing
(de-)lithiation dynamics of LFP (due to the phase-separating nature of LFP at
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low C-rates) [4] and, more importantly for the focus of this thesis, the sharp
discharge front (SDF) model introduced by Johns et al. [55], which predicts
that, during cell discharge, regions of fully lithiated and fully de-lithiated LFP
material are separated by a moving narrow discharge front which contains for
the majority of the cell’s charge-transfer reaction. The history and works sur-
rounding the Doyle-Fullar-Newman (DFN) model was then introduced, where
we describe the formulation is based from Porous Electrode Theory (PET) and
where equations for salt transport in and ionic potential across the electrolyte
are derived from concentration solution theory [81, 82, 83], and derived using
homogenisation techniques [95, 100].

In the second chapter we provided a complete mathematical description for
model DFN model. This was comprised of a system of partial differential equa-
tions describing the transport of Li+ across both the electrolyte and electrode
particles, as well as those for the ionic and electronic current densities and
potentials across both the electrolyte and binder matrix, boundary and initial
conditions for this system of equations, and the Butler-Volmer equation for
the charge-transfer process at the electrolyte-electrode interface, which couples
the equations across the macroscopic scale (equations across the domain of the
cell) and microscopic scale (the diffusion equations defined at each point in the
macroscopic scale which have domain across across the electrode particles). We
also provided mathematical definitions of the half-cell potential, geometry of the
electrode, state of charge, and C-rate of the cell. We then provided a suitable
non-dimensionalisation of the model, where time was rescaled with the typical
time to fully (dis)charge the half-cell, cell voltage and potentials are rescaled
on the order of the thermal voltage, and the surface reactions rates are scaled
based on the average flux required through particle surfaces needed to sustain
the demand current. Two reduced-order models were then derived. The first
of which, often referred to as the fast diffusion model, is a simplification under
the assumption that the timescale for lithium transport through the electrode
particles is significantly shorter than the timescale for cell (dis)charge that the
transport process of lithium in the particles is negligible. The second reduced-
order model is a popular model, referred to as the Single Particle Model (SPM),
which is built on the premise that (dis)charge of electrode particles is homoge-
nous through the half-cell. Neither of these models nor their derivations are
novel, but are key to understanding the relevant background for this thesis.

In chapter 3, an overview of the most up-to-date computational tools which
solve the DFN are described. These include COMSOL’s Multiphysics pack-
age [27], PyBaMM [112], DandeLiion [64], and LIONSIMBA [115]. Numerical
solutions to the DFN were provided by discretisation of the macroscopic equa-
tions using both Finite Difference Method (FDM) and Finite Elements Method
(FEM) approaches, whilst the Control Volumes Method was used to discre-
tise the microscopic equations. Comparisons between the FDM and FEM were
made, as well as adaptations of the numerical solutions for the fast-diffusion
and SPM reduced-order models. The content of this chapter is not novel, where
the FEM and FVM discretisations were based on DandeLiion and related pub-
lications [63, 64, 122], but is necessary in describing how the DFN was solved
numerically.

For chapter 4, from the fast-diffusion simplification to the DFN we derived
a novel reduced-order model, which we term the Reaction Front Model (RFM),
using asymptotic expansions and matching criteria. The RFM, in contrast with
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the Single Particle Model, is borne from the fact that LFP material (dis)charges
asynchronously throughout the half-cell. This forms reaction fronts, narrow
regions in the half-cell which separate regions of fully utilised electrode material
from regions of material which has not yet begun (dis)charge, to form and sweep
across the electrode. Numerical simulations of the resulting model were then
compared to those of the DFN.

Finally, in chapter 5 the RFM was generalised to include transport of lithium
through the electrode particles, which we model as spherical diffusion equations
through the particles, and a method of solution for the resulting equations
was formulated. This resulted in another novel RFM, the RFM-D, which was
then used to simulate experimental results, where we showed that (dis)charging
behaviour can be separated into three distinct regimes depending on the C-rate.
We then show that the process of parameter fitting the RFM-D is significantly
simpler than that for the DFN, and that simulations are computationally less
expensive.

Chapters 4 and 5 provide the bulk of the research contributions of this thesis,
containing almost entirely novel work, where chapters 2 and 3 are dedicated to
model formulation and numerical simulation and chapter 1 provides the history
and context to research. Chapter 4 provides the mathematical foundation for
the RFM, including not just its derivation but also a mathematical description
of how (dis)charge fronts form and behave. By evaluation model parameters,
namely the size of the non-dimensional model parameters, the sharpness and
speed (as well as their existence) can be determined by (and subsequently con-
trolled by careful consideration of) the cell’s design. Provided that an electrode
is comprised of material whose OCV is flat (such as that of LFP), the RFM
and its governing ideas apply. Hence, the RFM has applications to cell design,
where optimisations of the cell’s parameters e.g., cell length can be made. The
work also highlights the importance of the electrolyte and solid-phase transport
properties, with particular importance to the (relative) conductivities of these
two phases. The main reason for this is that, unlike materials such as NMC
whose non-flat OCV strongly encourages uniform electrode particle (dis)charge
across the electrode, the non-uniform (dis)charge of LFP material can hinder
rate capacity by causing electrolyte depletion near the current collector, since
in scenarios where the electrolyte is less conductive than the solid-phase (as
is most commonly the case in modern electrodes), the material nearest to the
current collector is utilised last, where electrolyte Li+ concentration is at its
lowest. This implies the counter-intuitive conclusion that a reduction in the
solid-phase conductivity (i.e., a reduction of carbon black) would improve the
rate capability of LFP. In chapter 5, where the accuracy of the RFM is vali-
dated against experimental data of a discharging LFP-based half-cell, intuitive
descriptions of the cell’s discharging voltage curves were provided. These de-
scriptions, which allow for cell parameters and transport properties to be linked
to directly to features in the voltage curves, allow for much easier investigations
into the performance of LFP-based cells. With the descriptions provided in
chapter 5, it is possible to link the most prominent cause of rate limitation and
voltage drop to the cell’s parameters, which were shown to be dependent on the
C-rate, hence allowing for cell design optimisation based on the current demand
of its application.
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6.2 Further work

Inclusion of solid transport in derivation of RFM Whilst the derivation
of the RFM in §4 relies on the fast-diffusion simplification, the RFM-D described
in §5 incorporates solid transport of lithium through the interior of the electrode
particles. A systematic justification is possible, but yet to be provided.

Application of RFM reduction to the DFN with current collector A
key component of the RFM is that the conductivities of the electrolyte and
solid-phase dictate the sharpness and direction of the reaction fronts. The DFN
analysed in this work is under the assumption that the conductivity of the
current collector, which is responsible for carrying charge between the electrodes
and external circuit, is so large that there are no significant dynamics occurring
in directions orthogonal to the dimension through the electrode. This would
not be the case if the conductivity of the current collector was relevant, as
(de)intercalation would occur close to where the current collector connects to
the external circuit as to minimise the potential dropped across it. In scenarios
where the conductivity of the current collector is relevant, the (dis)charging
behaviour of LFP cells may vary significantly to that discussed here, hence
providing new asymptotic limits to analyse.

DFN/RFM applied to experiment with different electrolyte (multi-
ple ion species in the electrolyte) The electrolyte considered in this thesis
contains a single anion-cation pair, however other electrolytes contain more com-
plicated compositions, where multiple ion species are present, as is the case in
[117]. This provides the interesting problem to derive the macroscopic equations
governing the transport behaviour of Li+ in the electrolyte, which is different
to that in the case studied in this thesis.

RFM altered to consist of more sophisticated solid transport pro-
cesses, e.g., Cahn-Hilliard, and further analysis using the RFM and
DFN to uncover the precise nature of the transport of lithium through
LFP material The exact transport process of lithium through the electrode
particles is currently not well understood. The RFM however has the advan-
tage in that the solid transport problem can be resolved prior, and therefore
independently, to the macroscopic one. More precisely, the solid transport of
LFP can be analysed without the added complexity of the electrolyte dynamics,
enabling a more direct protocol to understanding the solid transport. The RFM
in §5 can therefore be adapted to instead analyse other transport equations e.g.,
Cahn-Hilliard to better understand the solid transport process of LFP.
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[8] J Böckris, A Reddy, and M Gamboa-Aldeco. Modern electrochemistry,
2a: Fundamentals of electrodics, 2000.

[9] Paul V Braun, Jiung Cho, James H Pikul, William P King, and Huigang
Zhang. High power rechargeable batteries. Current Opinion in Solid State
and Materials Science, 16(4):186–198, 2012.

[10] DAG Bruggeman. The calculation of various physical constants of hetero-
geneous substances. i. the dielectric constants and conductivities of mix-
tures composed of isotropic substances. Annals of Physics, 416:636–791,
1935.

109



[11] Long Cai and Ralph E White. Mathematical modeling of a lithium ion
battery with thermal effects in comsol inc. multiphysics (mp) software.
Journal of Power Sources, 196(14):5985–5989, 2011.

[12] Ronald W Call, J Robert Dees, Shizuo Ogura, Donald K Simmons, and
Xiangyun Wei. Battery separator, July 26 2005. US Patent 6,921,608.

[13] M Castle, G Richardson, and JM Foster. Understanding rapid charge and
discharge in nano-structured lithium iron phosphate cathodes. European
Journal of Applied Mathematics, pages 1–41, 2021.

[14] Nalin A Chaturvedi, Reinhardt Klein, Jake Christensen, Jasim Ahmed,
and Aleksandar Kojic. Modeling, estimation, and control challenges for
lithium-ion batteries. In Proceedings of the 2010 American Control Con-
ference, pages 1997–2002. IEEE, 2010.

[15] Francesco Ciucci and Wei Lai. Derivation of micro/macro lithium battery
models from homogenization. Transport in porous media, 88(2):249–270,
2011.

[16] Daniel A Cogswell and Martin Z Bazant. Theory of coherent nucleation
in phase-separating nanoparticles. Nano letters, 13(7):3036–3041, 2013.

[17] Julian D Cole. Limit process expansions and homogenization. SIAM
Journal on Applied Mathematics, 55(2):410–424, 1995.

[18] David Connolly. A review of energy storage technologies. Ireland: Uni-
versity of Limerick, 2009.

[19] John Crank. The mathematics of diffusion. Oxford university press, 1979.

[20] Claus Daniel. Materials and processing for lithium-ion batteries. Jom,
60(9):43–48, 2008.

[21] S Dargaville and TW Farrell. A comparison of mathematical models for
phase-change in high-rate lifepo4 cathodes. Electrochimica Acta, 111:474–
490, 2013.

[22] Steven Dargaville. Mathematical modelling of LiFePO4 cathodes. PhD
thesis, Queensland University of Technology, 2013.

[23] Steven Dargaville and Troy W Farrell. Predicting active material utiliza-
tion in lifepo4 electrodes using a multiscale mathematical model. Journal
of the Electrochemical Society, 157(7):A830–A840, 2010.

[24] Robert Darling and John Newman. On the short-time behavior of
porous intercalation electrodes. Journal of the Electrochemical society,
144(9):3057, 1997.

[25] C Delacourt and M Safari. Analysis of lithium deinsertion/insertion
in liyfepo4 with a simple mathematical model. Electrochimica Acta,
56(14):5222–5229, 2011.

[26] YW Denis, Kazunori Donoue, Takao Inoue, Masahisa Fujimoto, and Shin
Fujitani. Effect of electrode parameters on lifepo4 cathodes. Journal of
The Electrochemical Society, 153(5):A835–A839, 2006.

110



[27] Edmund JF Dickinson, Henrik Ekström, and Ed Fontes. Comsol multi-
physics®: Finite element software for electrochemical analysis. a mini-
review. Electrochemistry communications, 40:71–74, 2014.

[28] Edmund JF Dickinson and Andrew J Wain. The butler-volmer equation in
electrochemical theory: Origins, value, and practical application. Journal
of Electroanalytical Chemistry, 872:114145, 2020.

[29] Marc Doyle, Thomas F Fuller, and John Newman. Modeling of galvanos-
tatic charge and discharge of the lithium/polymer/insertion cell. Journal
of the Electrochemical society, 140(6):1526–1533, 1993.

[30] Marc Doyle and John Newman. Analysis of capacity–rate data for lithium
batteries using simplified models of the discharge process. Journal of
Applied Electrochemistry, 27(7):846–856, 1997.

[31] Marc Doyle, John Newman, Antoni S Gozdz, Caroline N Schmutz, and
Jean-Marie Tarascon. Comparison of modeling predictions with experi-
mental data from plastic lithium ion cells. Journal of the Electrochemical
Society, 143(6):1890–1903, 1996.

[32] Wiktor Eckhaus. Asymptotic analysis of singular perturbations. Elsevier,
2011.

[33] Brian L Ellis, Kyu Tae Lee, and Linda F Nazar. Positive electrode ma-
terials for li-ion and li-batteries. Chemistry of materials, 22(3):691–714,
2010.
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Appendix A

Introduction to asymptotic analysis It is frequently the case when using
mathematical models to describe real world phenomena that the model in use is
overly complex and sophisticated for the use case being considered. Since models
are typically derived for the most general case as to be applicable for a wide range
of applications, when applied to a particular problem it is expected that much of
the dynamics describable by the general model do not play significant roles in the
particular case. Instead, a smaller number of key processes dominate, which in
turn can be described by a simpler model than the general case. A simpler model
would, in most cases, be favourable to use than a general one (in the scenarios
where the simpler model is appropriate) since it is typically easier to solve (and in
scenarios where it cannot be solved exactly, easier to implement computational
methods of evaluation), less computationally expensive to simulate, and easier
to understand. The latter-most point is particularly important in industrial
applications, for example in lithium-ion battery technologies, since a more easily
understood model can allow for enhanced battery design in scenarios where a
general model is too complicated to yield elegant or interpretable solutions.

In order to derive a simpler model, applicable to the specific scenario, one
option would be to derive the model from first principles. However, this is often
time consuming, requires an understanding of a variety of fields, and would yield
an untested and unvalidated model. Instead, in scenarios where there exits a
general model, it is often more appropriate to use asymptotic analysis to derive
simpler models from a general model.

Asymptotic analysis begins by selecting a “small” parameter (which is usu-
ally selected as a genuinely small non-dimensional model parameter), typically
(and henceforth referred to as) ϵ, and taking the limit ϵ→ 0, and then express-
ing the solution (henceforth referred to as y) as a (typically formal power series)
of ϵ, e.g., ,

y = y0 + ϵy1 + ϵ2y2 + · · · . (1)

Here, by formal power series we mean an infinite sum that is considered inde-
pendently from any notion of convergence, and can be manipulated with the
usual algebraic operations on series e.g., addition, subtraction, multiplication,
etc. . It should be noted that the power series shown in (1) is an example
where generally other series may be used. The effort is then to find the terms
in the power series. Typically, upon substitution of the power series for y into
the model equations and collecting coefficients of ϵ, the main system of model
equations is broken down into a series of systems, whereby it is possible to find a
closed problem for the leading order term, y0. This is referred to as the leading
order solution and, since we deploy this method in cases where ϵ is a genuinely
small parameter in our model equations, is often accurate (where the smaller ϵ is
the more accurate the leading order solution is to the full solution) and a much
simpler problem to solve than the original system of equations. In scenarios
where increased accuracy is wanted (albeit typically at a greater computational
cost owed to increasing the number of equations to solve for), further terms
can be solved for, which are typically found by solving equations in terms of
higher order solutions (the solution for y1 will most typically be found by solving
equations for both y0 and y1).
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A great deal of courses, textbooks, and publications exist for the reader
interested in asymptotic analysis [32, 52, 75, 85], which I would personally rec-
ommend to anyone interested in pursing an academic career in mathematical
modelling. Here, the general methodology is shown for the purpose of aiding the
reader in following the mathematics of this thesis, particularly that in chapter
§4.

System of equations As described in §2.2.2, the model equations are,

N ∂c

∂t
+
∂F
∂x

= 0, F = −B(x)D(c)
∂c

∂x
− Γ(1− t+ (c))j, (2)

∂j

∂x
= G, j = −PB(x)κ(c)

(
∂ϕ

∂x
− 2

1− t+ (c)

c

∂c

∂x

)
, (3)

∂jc
∂x

= −G, jc = −Θ
∂ϕc
∂x

, (4)

G = Υc1/2c1/2c |r=1(1− cc|r=1)
1/2

(
exp

(η
2

)
− exp

(
−η
2

))
(5)

η = ϕc − ϕ− λUc (cc|r=1) , (6)

Q∂cc
∂t

=
1

r2
∂

∂r

(
r2
∂cc
∂r

)
for 0 < r < 1 (7)

subject to boundary conditions

F|x=−L = 0, j|x=−L = I(t), ϕ|x=−L = 0, (8)

F|x=1 = 0, j|x=1 = 0, jc|x=1 = I(t), (9)

cc bounded on r = 0, −∂cc
∂r

∣∣∣∣
r=1

=
Q
3
G (10)

and initial conditions
c|t=0 = 1, cc|t=0 = α. (11)

The dimensionless cell voltage is given by

V = ϕc|x=1 −RI(t). (12)

Asymptotic solution for Q → 0 The first step is to establish the asymptotic
expansion(s) (plural if using the method of matched asymptotics, see §6.2).
This often requires trial and error, evaluating what changes need to be made
to the asymptotic expansions to yield a set which satisfy the model equations,
where numerical solutions to the model equations and an understanding of the
underlying physics often provide valuable clues to what the expansion should
be.

We begin with the simplest assumption that the asymptotic expansions
which satisfy the equations (2)-(7), as well as boundary conditions (8)-(10) and
initial conditions (11) are

c = c0 +Qc1 + . . . , F = F0 +QF1 + · · · , (13)

j = j0 +Qj1 + · · · , jc = jc,0 +Qjc,1 + · · · , (14)

ϕ = ϕ0 +Qϕ1 + · · · , ϕc = ϕc,0 +Qϕc,1 + · · · , (15)

G = G0 +QG1 + · · · , cc = cc,0 +Qcc,1 + · · · . (16)
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Here, it is implied that the asymptotic terms are functions of the same domain
as the independent variables of the system. In other words: c0, c1, F0, F1, j0,
j1, ϕ0, and ϕ1 are functions of x and t where −L ≤ x ≤ 1 and 0 ≤ t, whilst
jc,0, jc,1, ϕc,0, ϕc,1, G0, and G1 are functions of x and t where 0 ≤ x ≤ 1 and
0 ≤ t, and cc,0 and cc,1 are functions of x, r, and t where 0 ≤ x ≤ 1, 0 ≤ r ≤ 1
and 0 ≤ t. The independent variables in equations (2)-(11) are then eliminated
by substitution of asymptotic expansions (13)-(16), and a series of equations
are formed by equating coefficients of the small parameter, Q. For brevity,
the method is demonstrated for equation (2a) as an example, where the other
equations are left as an exercise for the reader.

Eliminating c and F in (2a) by substitution of expansion (13) into equation
(2a) yields,

N ∂

∂t
(c0 +Qc1 + · · · ) + ∂

∂x
(F0 +QF1 + · · · ) = 0. (17)

Equating coefficients of Q grants the following system of equations,

N ∂c0
∂t

+
∂F0

∂x
= 0, N ∂c1

∂t
+
∂F1

∂x
= 0, · · · (18)

Note that the equations (18) are of the same form as equation (2a). This is
due to the fact that the small parameter, Q is not present in equation (2a),
and the asymptotic expansions for c and F share the same coefficients of Q.
The only equations of interest (due to the presence of Q) are equation (7)
and boundary condition (10). Upon eliminating cc and G in favour of their
asymptotic expansions and equating coefficients of Q we arrive at the following
system of equations (up to the terms included in our asymptotic expansions):

0 =
1

r2
∂

∂r

(
r2
∂cc,0
∂r

)
,

∂cc,0
∂t

=
1

r2
∂

∂r

(
r2
∂cc,1
∂r

)
, (19)

cc,0 bounded on r = 0, −∂cc,0
∂r

∣∣∣∣
r=1

= 0, (20)

cc,1 bounded on r = 0, −∂cc,1
∂r

∣∣∣∣
r=1

=
G0

3
, (21)

cc,0|t=0 = α, cc,1|t=0 = 0. (22)

The equation to note is (19a), since the terms of the right hand side of this
equation are not balanced by anything on the left hand side i.e., the coefficient
of Q0 on the terms coming from the time derivative is 0. This is due to the
presence of Q already present in the equation, reducing the size of the terms
coming from the asymptotic expansion. Equation (19a) implies that cc,0 is
independent of r, i.e., cc,0 = cc,0(x, t) (it cannot be the case that cc,0 = 0
since this would not satisfy the initial condition (22a)). This could have been
assumed up front by evaluating the physical implications of the smallness of
Q: recall from the definition of Q (see §2.2.1) that Q being small implies that
the timescale for solid diffusion is smaller than the timescale for cell discharge,
meaning that Li+ inside the electrode particles should have sufficient time to
diffuse, so that the radial gradient is small. Redefining the asymptotic expansion
for cc to be

cc(x, r, t) = cc,0(x, t) +Qcc,0(x, r, t) + · · · , (23)
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equations (19)-(22) are rewritten as

dcc,0
dt

=
1

r2
∂

∂r

(
r2
∂cc,1
∂r

)
, (24)

cc,1 bounded on r = 0, −∂cc,1
∂r

∣∣∣∣
r=1

=
G0

3
, (25)

cc,0|t=0 = α, cc,1|t=0 = 0. (26)

The rest of the calculation for cc,0 follows from equation (2.64) in §2.3, where
a closed problem for the leading order terms of the asymptotic expansions is
found.

Method of matched asymptotic expansions As is the case in §4, there
may be no set of asymptotic expansions which satisfy the model equations,
boundary conditions, and initial conditions. This occurs often when solving
singularly perturbed differential equations, and the approach used is the method
of matched asymptotic expansions [52]. Typically, the domain is divided into
two or more subdomains, which each have their own asymptotic expansions and
solutions, where the largest of these is treated as a regular perturbation but
where not all equations can be satisfied by the asymptotic expansion (typically
the boundary conditions at one of the boundaries or the initial conditions).
Subdomains at the boundaries are typically smaller (often times on the scale
of the small parameter, ϵ), and are referred to as boundary layers (if at the
boundaries) or inner layers (if not at the boundaries). The asymptotic solution
to this region is then “matched” to the adjacent regions by imposing continuity
conditions at the interfaces of these regions (i.e., imposing that the true solution
to the problem is continuous).

A detailed example of the method of matched asymptotic expansions applied
to a simple boundary value problem can be found on Wikipedia [120].
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