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We show that the Planck 2015 and BICEP2/KECK measurements of the cosmic microwave background
(CMB) anisotropies provide together an information gain of 0.82� 0.13 bits on the reheating history over
all slow-roll single-field models of inflation. This corresponds to a 40% improvement compared to the
Planck 2013 constraints on the reheating. Our method relies on an exhaustive CMB data analysis
performed over nearly 200 models of inflation to derive the Kullback-Leibler entropy between the prior and
the fully marginalized posterior of the reheating parameter. This number is a weighted average by the
Bayesian evidence of each model to explain the data thereby ensuring its fairness and robustness.
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I. INTRODUCTION

The release of the Planck 2015 data and its awaited CMB
polarization measurements have provided an unprec-
edented understanding of the Universe content from the
time of last scattering to today [1]. In addition to having
solved the puzzle concerning the origin of the B-modes
detection by the BICEP2 telescope [2–7], the Planck 2015
data have increased the effective number of modes, i.e., of
measured alm, by 55% compared to the Planck 2013
release [8]. As shown in Ref. [9], this translates into a
reduction of uncertainties by typically one-sigma on
essentially all the cosmological parameters and, in particu-
lar, on the scalar spectral index and tensor-to-scalar ratio.
Meanwhile, all tests performed so far by the Planck
Collaboration to search for any deviations with respect
to the predictions of slow-roll single-field inflation, such as
presence of isocurvature modes or features, remain null
[10]. Although any measurements of primordial non-
Gaussianities would provide an overwhelming amount of
information onto nonlinear physics during cosmic inflation,
their nondetection does not mean that the microphysics of
the early Universe remains invisible.
As discussed in Refs. [11,12] (see also subsequent works

[13–16]), the epoch of reheating, the era during which the
vacuum energy of the inflaton is converted into radiation,
impacts the predicted values of the scalar spectral index and

tensor-to-scalar ratio for all inflationary models. As a result,
reducing uncertainties on the measured values of these two
parameters provides some nontrivial information on how
reheating proceeds, even if inflation is as simple as a slow-
roll single-field scenario [17]. All kinematic effects from
the reheating modify the CMB predictions through one,
and only one, parameter, Rreh defined by [12]

lnRreh ¼ lnRrad þ
1

4
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�
ρend
M4

Pl

�
; ð1Þ

where Rrad is a peculiar combination of reheating quantities

lnRrad ¼
ΔNreh

4
ð3w̄reh − 1Þ

¼ 1 − 3w̄reh

12ð1þ w̄rehÞ
ln

�
ρreh
ρend

�
: ð2Þ

Here, ΔNreh ¼ Nreh − Nend is the duration of reheating in
number of e-folds, w̄reh is the mean (i.e., averaged over
number of e-folds) equation of state parameter of the
Universe during this epoch, ρreh is the energy density at
the end of reheating, defined to be the beginning of the
radiation era, and ρend is the energy density at the end of
inflation.
Within a given model of inflation, predicting the scalar

spectral index and tensor-to-scalar ratio requires us to
specify a value for the so-called rescaled reheating parameter
Rreh [11]. More specifically, once Rreh is given, one can
uniquely determine the number of e-folds before the end of
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inflation at which an observablemode k� crosses the Hubble
radius [18], a quantity which is required to get the actual
values of the observed slow-roll parameters [19,20]. As
discussed in Ref. [21], in the absence of any information on
how reheating proceeds, one can use a set of minimal
assumptions. Reheating should occur after inflation and
before big bang nucleosynthesis such that ρnuc < ρreh <
ρend. Moreover, from the energy positivity conditions in
general relativity, and the definition of reheatingwhich is not
inflation, one has −1=3 < w̄reh < 1. If one makes the
conservative choice ρ1=4nuc ¼ 10 MeV, one obtains

−46 < lnRreh < 15þ 1

3
ln

�
ρend
M4

Pl

�
: ð3Þ

These bounds define a flat prior probability distribution
πðlnRrehÞ on the parameter lnRreh, i.e., a Jeffreys’ prior on
the rescaled reheating parameter Rreh. Let us notice that,
within a given model of inflation, ρend is a theoretical output
and not an additional parameter. This however implies that
the prior on the rescaled reheating parameter has an upper
bound which is model dependent. Along these lines,
performing a CMB data analysis within one model of
inflation allows one to infer, among others, the marginalized
posterior probability distribution PðlnRrehjDÞ for the
parameter lnRreh under the data set D. The data are
constraining the reheating epoch as soon as the posterior
P “is peaked” compared to the prior π. In Ref. [21], we have
followed this route using the Planck 2013 data for almost
200 models of inflation taken from the Encyclopaedia
Inflationaris collection [22]. Over all these models, the
Planck 2013 data have been shown to give a reduction factor
of 40% in the ratio of standard deviations of lnRreh between
the prior π and the inferred posterior P.
Although such a result shows that the Planck data yield

significant constraints on reheating, the ratio of standard
deviations is wasting some amount of information. For
instance, if the posterior PðlnRrehjDÞ is multivalued, i.e.,
has more than one maximum, the standard deviation within
the posterior could remain as large as within a flat prior. In
such a situation, the data would be disfavoring some
intermediate ranges of values and, thus, would contain
some information not accounted for in the standard
deviation. This is why in the present work we prefer to
use the Kullback-Leibler divergence [23] between the prior
distribution π and the posterior P,

DKL ¼
Z

PðlnRrehjDÞ ln
�
PðlnRrehjDÞ
πðlnRrehÞ

�
d lnRreh; ð4Þ

which precisely is a measure of the amount of information
provided by the data D about lnRreh [24,25]. This quantity
is also the discrepancy measure between the posterior P
and the prior π when the prior is viewed as an approxi-
mation of the posterior. Because the Kullback-Leibler

divergence is invariant under any reparametrizations x ¼
fðlnRrehÞ and uses a logarithmic score function as in the
Shannon’s entropy, it is a well-behaved measure of infor-
mation [26].
In the following, after having presented our data analysis

method in Sec. II, we use Eq. (4) over the nearly 200 models
of Encyclopaedia Inflationaris to extract the amount of
information gained on the reheating parameter using the
Planck2015data [27] complemented by theBICEP2/KECK
measurements of the B-modes polarization [7]. By using a
base 2 logarithmic function instead of the natural logarithm
inEq. (4), the information gain unit is the “bit” and this is our
convention in the rest of the paper. In Sec. III, we show that
these two data sets combined give an information gain on
reheating equals to hDKLi ¼ 0.83� 0.13. We have also
performed a new analysis of the Planck 2013 data, as in
Ref. [21] but in terms of the Kullback-Leibler entropy, to get
hDKL13i ¼ 0.55� 0.14. As a result, Planck 2015 and
BICEP2/KECK achieve an increase of 40% more informa-
tion gain on reheating. The relevance of this number and its
implication for the Bayesian optimal design of future
experiments are discussed in the conclusion.

II. METHOD

In order to perform the CMB data analysis of the
hundreds of slow-roll inflationary models at hand, we have
followed the method described in Ref. [28] and applied in
Refs. [21,29]. It consists first in the determination of a
machine learned effective likelihood Leff , depending only
on the slow-roll parameters fP�; ϵi�g. The effective
likelihood has been obtained by marginalization of the
joint Planck 2015 and BICEP2/KECK likelihood over all
the other parameters θiac. These ones correspond to the
instrumental, astrophysical and cosmological parameters.
One has

LeffðP�; ϵi�Þ≡
Z

PðDjθiac; P�; ϵi�ÞπðθiacÞdθiac: ð5Þ

Within a given slow-roll model of inflation M, with
theoretical parameters θinf , the quantities P� and ϵi� are
explicit (even if potentially complicated) functions of θinf
and, most importantly, of lnRreh. As a result, from Bayes’
theorem, the posterior on lnRreh is given by [28]

PðlnRrehjDÞ ¼
Z

Pðθiac; θinf ; lnRrehjDÞdθiacdθinf

¼ πðlnRrehÞ
PðDjMÞ

Z
Leff ½P�ðθinf ; lnRrehÞ;

ϵi�ðθinf ; lnRrehÞ�πðθinfÞdθinf ; ð6Þ

where PðDjMÞ is the global likelihood, which is propor-
tional to the Bayesian evidencePðMjDÞ ¼ PðDjMÞπðMÞ
of the model M to explain the data D.
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In practice, we have used a modified version of the CAMB
and COSMOMC codes implementing the slow-roll primor-
dial power spectra at second order to perform a Markov-
Chain-Monte-Carlo (MCMC) analysis of the Planck 2015
and BICEP2/KECK data [30,31]. More precisely, we have
used the public plik likelihood provided by the Planck
Collaboration, including the polarization cross spectra TE
and EE at large multipoles, together with the BICEP2/
KECK likelihood on B-modes based on the 217 and
353 GHz maps [6]. The parameter space associated with
θiac contains the 4 ΛCDM parameters for a flat Universe:
Ωbh2, the density parameter of baryons (times the squared
reduced Hubble parameter h), Ωch2, of cold dark matter,
θMC related to the angular size of the sound horizon at last
scattering and τ, the reionization optical depth. There are 28
additional parameters associated with astrophysical signals
and instrumental nuisances for both Planck 2015 and
BICEP2/KECK. In total θiac belongs to a 32-dimensional
parameter space and reads

θiac ¼ fΩbh2;Ωch2; 100θMC; τ;

ycal; AB;dust; βB;dust; ACIB
217 ; ξ

tSZ;CIB; AtSZ
143;

APS
100; A

PS
143; A

PS
143×217; A

PS
217; A

kSZ; AdustTT
100 ; AdustTT

143 ;

AdustTT
143×217; A

dustTT
217 ; AdustEE

100 ; AdustEE
100×143; A

dustEE
100×217;

AdustEE
143 ; AdustEE

143×217; A
dustEE
217 ; AdustTE

100 ; AdustTE
100×143;

AdustTE
100×217; A

dustTE
143 ; AdustTE

143×217; A
dustTE
217 ; c100; c217g: ð7Þ

The parameters labeled by “A” refer to amplitude mea-
surements at various frequencies, 100, 143 and 217 GHz
for the temperature T and polarization channels E, B, and
all their relevant cross-correlations. The astrophysical
signals are associated with unresolved point sources
(PS), cosmic infrared background (CIB), dust emission
(dust) and kinetic (kSZ) and thermal (tSZ) Sunyaev-
Zeldowitch’s effects. The parameter βB;dust refers to the
spectral index of galactic dust emission in the B-mode
polarization channel and is required to correctly analyse the
BICEP2/KECK data. The other parameters encode cali-
bration uncertainties. More details on the meaning of these
parameters can be found in Ref. [27].
For our purpose, the prior distributions on the θiac

parameters have been chosen as specified in the Planck
Collaboration’s paper [9] while the priors on the slow-roll
parameters are as in Ref. [29]. Our MCMC exploration
contains more than 106 samples which allows us to evaluate
Leff by marginalization over θiac. The machine learning
algorithm used to fit LeffðP�; ϵi�Þ is a modified quadratic
Shepard’s method [32] as described in Ref. [28]. The two-
dimensional marginalized posteriors in the slow-roll
parameter space ðP�; ϵ1�; ϵ2�; ϵ3�Þ are represented in Fig. 1.
For each models Mi of the Encyclopaedia Inflationaris

collection, we have obtained the posterior PðlnRrehjDÞ by
using the nested sampling algorithm MultiNest [33–35]

on the effective likelihood Leff to perform the marginali-
zation of Eq. (6). The slow-roll functionals ϵi�ðθinf ; lnRrehÞ
have been computed by using the public library ASPIC
[22] while the priors for the θinf parameters have been set
according to the underlying theoretical setup as listed
in Ref. [29].

III. RESULTS

Let us now describe our main results. In Fig. 2, for
explanatory purposes, we have represented the posteriors of
lnRreh for two (favored) models, named loop inflation (LI)
and supergravity brane inflation (SBI), both from the
Planck 2013 data and from the Planck 2015 data with
BICEP2/KECK. This figure illustrates the gain of infor-
mation between these two data sets as well as the overall
constraining power of CMB data on reheating. Vanishing
values of lnRreh correspond to a radiation-like, or instanta-
neous, reheating scenario such that the current data are

FIG. 1. One- and two-sigma confidence intervals associated wit
the two-dimensional marginalized posterior distributions in the
slow-roll parameter space ðP�; ϵ1�; ϵ2�; ϵ3�Þ from combined
Planck 2015 and BICEP2/KECK data sets.
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actually ruling out such a scenario for LI but favoring it for
SBI [22]. Of course, for other modelsMi, the posteriors on
lnRreh are different and may be peaked over large or small
values or not constrained at all. But for all of them,DKL can
be calculated.
In Fig. 3, we have represented by a circle each modelMi

in the plane ðB; DKLÞ where B is the Bayes’ factor
normalized to the best model. For a model Mi, assuming
noncommittal priors πðMiÞ ¼ πðMjÞ, it is obtained from
the global likelihoods by

Bi ≡ PðMijDÞ
supj½PðMjjDÞ� ¼

PðDjMiÞ
supj½PðDjMjÞ�

: ð8Þ

This figure shows that most of the models having large
Bayes factors are concentrated around values DKL ≲ 1
whereas disfavored models may have DKL > 2.5. Such a
correlation between information gain and Bayes factors for
disfavored models is not surprising. If a model genuinely
provides a bad fit to the data, the posterior of its free
parameters, including the reheating parameter, can be
pushed to the boundaries of their prior to be as good as
it gets in improving the fit. As a result, the model parameter
space may end up being very constrained while the model
does not fit the data well compared to others. Figure 3 also
shows some strongly disfavored models with DKL ¼ 0.
These models are so far from the favored region that even
changing the reheating history does not help to improve the
fit to the data. For these reasons, a fair and robust estimation
of the information gain on reheating is given by the average
value of DKL in the space of all models

hDKLi ¼
X
i

PðMijDÞDKLðMiÞ≃ 0.82: ð9Þ

As expected, it is weighted by the Bayesian evidence,
namely the probability of a model to explain the data:
Disfavored models weigh less than favored models.
Similarly, we find for the standard deviation

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hD2

KLi − ðhDKLiÞ2
q

≃ 0.26: ð10Þ

As mentioned in the introduction, we have performed the
same analysis for the Planck 2013 data, and one gets

FIG. 2. Probability distributions (normalized to their maxi-
mum) for the rescaled reheating parameter Rreh associated with
two of the 200 models analyzed: loop inflation on the left (LI) and
supergravity brane inflation on the right (SBI), see Ref. [22]. The
black curve corresponds to the prior (3) and is not exactly flat
since the upper bound of Eq. (3) is slightly model dependent. The
marginalized posterior obtained from Planck 2013 data is dis-
played in blue and is to be compared to the more constraining
posterior obtained from the Planck 2015 data with BICEP2/
KECK (red curve).

FIG. 3. Information gain DKL (in bits) given by Planck 2013 (left panel) and Planck 2015 with BICEP2/KECK (right panel) about the
rescaled reheating parameter lnRreh as a function of the Bayesian evidence. Each circle represents one of the 200 models of the
Encyclopaedia Inflationaris collection whose color traces the mean value of lnRreh. The yellow band represents the one-sigma deviation
around the mean value. For Planck 2015 and BICEP2/KECK, one gets hDKLi ¼ 0.82� 0.13. This corresponds to 40% improvement
compared to Planck 2013.
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hDKL13i ¼ 0.55� 0.14. Therefore, Planck 2015 and
BICEP2/KECK provide a 40% improvement in informa-
tion gain compared to Planck 2013.

IV. CONCLUSION

Because hDKLi quoted in Eq. (9) has been derived over a
significant number of models, it should be representative of
the whole information content of the current CMB data
about the reheating epoch within inflation. It is almost 1 bit.
Although this is a very modest number, 1 bit is the amount
of information contained in answering “yes” or “no” to a
given question. As illustrated in Fig. 2, the question is about
the values of lnRreh, and the current CMB data answer, on
average, whether lnRreh is large or small. According to
Shannon [36], 1 bit is also the typical amount of informa-
tion carried by one letter within the English language. As
such, one might argue that if the reheating scenario could
be spelled, the Planck 2015 and BICEP2/KECK data would
allow us to know one letter.
Within the deployment of the new generation of ground-

based CMB polarization telescopes, the soon to be opera-
tional Euclid satellite [37] and the much needed next
generation of CMB satellites [38,39], one can only expect
hDKLi to dramatically increase in the future. Measuring

Rreh from the CMB would be a direct window onto the
microphysics after inflation, i.e., at energy scales which
could be as large as the grand unified theory energy scale.
Moreover, it would allow us to disambiguate two infla-
tionary models having exactly the same potential but not
the same reheating history, as it is the case for Starobinsky
inflation and Higgs inflation [40–42], or for some curvaton
scenarios [43,44].
Another application of our result concerns the Bayesian

optimal design of future CMBmeasurements in whichDKL
could be used as a figure or merit. In this situation, the best
experimental setup is the one maximizing the information
gain DKL [45]. Because, for the reheating parameter, DKL
can be improved by increasing sensitivity in all the slow-
roll parameters, this suggests that it is certainly important
to design future experiments to be as sensitive in the scalar
spectral index and scalar running as in the tensor-to-
scalar ratio.
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