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Abstract. In this paper we address the problem of prioritising feed-
back on the basis of multiple heterogeneous pieces of information in
exploratory learning. The problem arises when multiple types of feed-
back are required in order to address different types of conceptual dif-
ficulties, accommodate particular learning behaviours identified during
exploration, and provide appropriate support depending on the learning
mode (e.g. individual or collaborative learning) and/or the stage of the
exploratory learning process. We propose an approach that integrates
learners’ characteristics and context-related information through a Mul-
ticriteria Decision-Making formalism. The outcome is a context-aware
mechanism for prioritising personalised feedback that is tested in an ex-
ploratory learning environment for mathematical generalisation.
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1 Introduction

In exploratory learning, tasks can be approached in many different ways and are
often characterized by some key points the learner needs to address or be aware
of. The actions of learners can indicate what they need help with, but their per-
sonal characteristics may not guarantee the effectiveness of help. Context could
bring valuable information that would make help more appropriate and, thus,
more effective. Context-awareness has been studied in a diversity of domains like
artificial intelligence [1], ubiquitous computing [2], educational psychology [3]
and recommender systems [4]. The definition of context is also diverse, varying
from the wide social context to the specificity of network characteristics.

In this paper we present a context-dependent personalised feedback prioriti-
sation mechanism using the Analytic Hierarchy Process [5], a popular method in
Multicriteria Decision-Making [6]. In our approach context refers to the learn-
ing mode (i.e. individual or collaborative) and to the stages within a task. The
approach is illustrated using an Exploratory Learning Environment (ELE) for
mathematical generalisation and the prioritisations delivered by the proposed
method are validated by experts in the field of mathematical education.
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The paper is organised as follows. Section 2 briefly introduces adaptive feed-
back, mathematical generalisation and the system employed; Section 3 presents
the multicriteria decision problem and the Analytic Hierarchy Process method.
Section 4 includes examples of how this approach operates under different contex-
tual requirements and discusses the results, and Section 5 concludes the paper.

2 Adaptive Feedback in Exploratory Learning for
Mathematical Generalisation

Feedback is usually a response to the actions of a learner aiming to correct future
iterations of the actions [7]. It includes information about what happened or did
not happen as a consequence of the user’s actions in relations to the goal [8];
this information is given to the users to compare their performance with the
expected one [9] and to make use of it in the following attempt [8].

In exploratory learning, the freedom given to learners leads to situations when
feedback is required on several aspects. This is also the case of eXpresser 1 [10] [11],
which is an ELE for mathematical generalisation that aims to link the visual
with the algebraic-like representation of rules. It enables constructions of pat-
terns, creating dependences between them, naming properties of patterns and
creating algebraic-like rules with either names or numbers. Some screenshots
are displayed in Figure 1, illustrating the system, two constructions, the proper-
ties list of a pattern that is dependent on another one, the properties list of an
independent pattern and two examples of rules.

The main area of the screen in Figure 1 displays two constructions. These
are solutions of two learners working independently on a task called “footpath”,
which is typical in the UK curriculum. The task requires to find out the num-
ber of green tiles needed to surround any pattern of red tiles (representing the
footpath). The components of Construction 1 are displayed separately for ease
of understanding; this construction has four patterns: (a) two compact rows of
green (lighter colour) tiles and (b) two rows with gaps in between tiles: one green
and one red (darker colour). The first two mentioned are the same, and conse-
quently, have the same properties displayed in the property list of the highlighted
row in Construction 1. The first property, i.e. number of iterations, shows that
the pattern depends on the red one because the number of iterations of the green
tiles is set to ‘the number of red tiles multiplied by 2 plus 1’; the T box with
the name red and the corresponding value of 3 is called an icon variable and is
used to make a pattern dependent on another; the use of icon variables leads
to general constructions, i.e. they work for any number of red tiles. The second
property, moving left, is set to 1 and the third property, moving down, is set to
0, which makes the pattern a row; for the red pattern moving left is set to 2
and moving down is set to 0, which makes a row with gaps between the tiles.
The last property establishes the number needed to colour all the tiles in the

1 Developed in the context of MiGen Project, funded by the ESRC/EPSRC Teaching
and Learning Research Programme (RES-139-25-0381); http://www.migen.org.
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pattern; in the current case it is the same as the number of iterations in the
pattern. However, if a pattern is a group of several tiles, this would not be the
case anymore; for example, if a pattern is a group of three tiles and is iterated
five times, the number required to colour it would be three times five.

Fig. 1. eXpresser screenshots. The screenshot of the system includes a toolbar, an area
for pattern construction and an area for defining rules; the toolbar (at the top) allows
the following actions: cut, copy, paste, delete, zoom in, zoom out, show grid, grid size
(changeable from here or using the zoom tools), group and ungroup; the main area
has two constructions for the “footpath” task and two property lists; the components
of Construction 1 are also presented separately. The two screenshots at the bottom
illustrate the rules defined by the learners who built the two constructions.

Construction 2 is build in a similar fashion, but the compact rows of green
tiles do not depend on the red pattern: the first property (number of iterations)
from the property list is set to 9. At the bottom of Figure 1, two expressions
corresponding to the two constructions are displayed. Expression 1 uses the
name red for the number of red tiles, while Expression 2 is numeric.

In the constructions of Figure 1, both learners follow the same strategy in
surrounding the footpath: two rows of tiles at top and bottom, and one row of
tiles in the gaps of the red pattern; also, for both constructions, the row of green
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tiles with gaps in between (the middle one) does not depend on the red pattern
and the expressions do not correspond to their corresponding constructions.
However, there are a few differences: (a) they work with a different number of
red tiles, i.e. 3 and 4, respectively; (b) the first learner is very close to a general
solution, while the second is still working with the particular case of 4 red tiles;
(c) the expression of the first learner (Expression 1 in Figure 1) is already general,
while the expression of the second learner (Expression 2 in Figure 1) is numeric.

Construction 2 could be used at this point to illustrate how the need for
feedback prioritisation emerges during exploration. In this instance, from peda-
gogical point of view, several issues need to be addressed: (a) the construction is
correct only when the red pattern consists of four tiles, i.e. it is specific, whilst
the aim of the activity is to create a general construction that would work for
any number of tiles; (b) the learner may need to be reminded how to make a
pattern dependent on another (i.e. the use of icon variables); (c) the expression
does not correspond to the construction and contains a mistake; (d) the expres-
sion is specific. To this end, different types of feedback are needed depending
on learner’s characteristics and contextual information. In the next section, we
describe an approach that leads to prioritising feedback on these issues based on
a multicriteria decision making method called the Analytic Hierarchy Process.

3 Analytic Hierarchy Process Formalism

Multicriteria Decision Making (MDM) defines a class of problems where a de-
cision from a predefined set of alternatives needs to be reached by taking into
account two or more criteria. Each alternative is evaluated on the set of cri-
teria; the outcomes provide a means of comparison between the alternatives
that will facilitate a selection of one or more alternatives, or a ranking between
them. Other purposes are classification of alternatives into groups (clustering)
and group ranking [6]. Among the possible approaches of decision problems that
correspond to this description are: statistical techniques, multi-attribute utility
analysis, analytic hierarchy process, knowledge bases, mathematical models, etc.

MDM has many applications in fields where decisions need to be taken. The
Analytic Hierarchy Process (AHP) is one of the most popular methods in MDM
and is widely applied in a diversity of areas like logistics, military, manufacturing
and health-care [12]. Frequently AHP is used in combination with other methods
- a recent literature review [12] reports five main categories of tools integrated
with AHP: (a) mathematical programming, (b) quality function development,
(c) meta-heuristics, (d) SWOT analysis, and (e) data envelopment analysis. Four
works related to higher education are reported in areas of IT-based project se-
lection [13], teaching method selection [14], education requirement selection [15]
and faculty course assignment [16].

In the area of learner/user modelling, AHP has been used in combination with
fuzzy logic [17] for student diagnosis in an adaptive hypermedia educational sys-
tem and in combination with Multi-Attribute Utility Theory (MAUT), another
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method from MDM, in recommender systems [18], where the evaluation function
from MAUT is used to rate how well each alternative fulfills the decision criteria.

The AHP uses a hierarchy to represent a decision problem and to establish
priorities between alternatives depending on a set of criteria involved in the
decision process. It includes three main steps: (a) construction of the hierarchy;
(b) analysis of priorities and (c) verification of consistency.

The hierarchy has the general structure presented in Figure 2. The highest
level represents the goal, which, in our context, is personalised feedback. The
second level includes the criteria based on which the decision should be taken; in
our case, the criteria refer to the learning mode and the stage in the exploratory
task. The third level includes the alternatives to be prioritised with respect to
the criteria; the alternatives correspond to pedagogical aspects of mathematical
generalisation. The first step includes a decomposition of the decision problem
into parts defined by all relevant attributes; these attributes are arranged into
hierarchical levels so as to reach the hierarchical structure presented in Figure 2.

Fig. 2. Hierarchy in the Analytic Hierarchy Process

The analysis of priorities includes pairwise comparisons used to compute
weights for the alternatives, which establish an order between them. This in-
volves two steps: (a) decide priorities between criteria; (b) decide priorities be-
tween alternatives with respect to each criterion. The priorities take the form of
matrices as in (1): one for the first step (priorities amongst criteria) and n for the
second (priorities amongst alternatives) (a matrix for each criterion). For both
types of matrices the values below the main diagonal are the reversed values
from above the main diagonal, i.e. cji = 1/cij , aji = 1/aij , as the comparison
result between objects A and B is reversed when the order changes (B and A).

C =


1 c12 ... c1n

1/c12 1 ... c2n

... ... ... ...
1/c1n 1/c2n ... 1

 , AL =


1 a12 ... a1m

1/a12 1 ... a2m

... ... ... ...
1/a1m 1/a2m ... 1

 (1)

Each pair of criteria ci and cj has an associated value that specifies their
relative importance. The values of cij(1 ≤ i, j ≤ n) and aij(1 ≤ i, j ≤ m) are
determined using a scale from 1 to 9, where 1 means ‘equally important’ and 9
means ‘extremely more important’. For example, cij = 1 means that the criteria
ci and cj are equally important, cij = 3 means that ci is more important than cj
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and cij = 9 means that ci is extremely more important than cj . The vales and
meaning for the inverse pairs are: (a) cji = 1: cj and ci are equally important,
(b) cji = 1/3: cj is less important than ci and (c) cji = 1/9: cj is extremely less
important than ci.

The weight of each criterion is calculated using (2) and the criteria weight
vector is obtained: W = (w1, w2, . . . , wn).

wi =

(∏n
j=1 cij

)1/n

∑n
i=1

(∏n
j=1 cij

)1/n
(2)

For the alternatives, a priority vector is calculated for each matrix (corre-
sponding to a criterion) using the same equation (2). Thus priority vectors:
A(Crj) = (A1(Crj), A2(Crj), . . . , Am(Crj)), j = 1, n are obtained. Matrix A
(3) results from combining the n priority vectors.

A =


A1(Cr1) A1(Cr2) · · · A1(Crn)
A2(Cr1) A2(Cr2) · · · A2(Crn)

...
...

. . .
...

Am(Cr1) Am(Cr2) · · · Am(Crn)

 (3)

By combining the criteria weights and the priority vectors the final alterna-
tives priorities vector P with respect to all criteria is obtained using: P = A∗W .
More specifically, the priority for each alternative is calculated as: pi = Ai(Cr1)∗
w1 +Ai(Cr2) ∗ w2 + . . .+Ai(Crn) ∗ wn, i = 1,m.

Consistency refers to the lack of logical contradictions in the pairwise com-
parisons; for example, if in a matrix the alternative x is more important than
alternative y and less important than alternative z, and, at the same time, y
is more important than z, there is an inconsistency (x is more important than
z (by transitivity through y) and x is less important that z by direct compar-
ison). To verify the consistency of the n + 1 pairwise comparisons matrices (n
alternatives matrices and 1 criteria matrix), an approximation of the maximum
eigenvalue for each matrix, denoted as λmax (see Equation 4) is used to calcu-
late the consistency index (CI). Equation (5) shows how to calculate CI for the
criteria matrix and the n alternatives matrices.

λmaxj = (
m∑

i=1

ai1,

m∑
i=1

ai2, . . . ,

m∑
i=1

aim)∗

(A1(Crj), A2(Crj), . . . , Am(Crj))T , j = 1, n

(4)

For criteria: CI =
λmax − n

n− 1

For alternatives: CIj =
λmaxj

−m

m− 1
, j = 1,m

(5)

CI and the Random Consistency Index (RCI) are used to calculate the con-
sistency ratio (CR) as: CR = CI

RCI . The values of the RCI [5] for 1 to 10 criteria
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are displayed in Table 1. Values of the consistency ratio below 0.10 indicate con-
sistency, while greater values indicate the opposite. In the later case, revision of
the pairwise comparisons is necessary.

Table 1. Values of RCI for n = 1, 10.

n 1 2 3 4 5 6 7 8 9 10

RCI 0 0 0.58 0.90 1.12 1.24 1.32 1.41 1.45 1.49

The overall consistency of the hierarchy is a function of the consistency in-
dexes of all pairwise matrices, the RCI for the number of criteria and number of
alternatives and the weights of the criteria, as in (6).

CR =
CIcriteria + w1 ∗ CIaltCr1

+ w2 ∗ CIaltCr2
+ . . .+ wn ∗ CIaltCrn

RCIn + w1 ∗RCIm + w2 ∗RCIm + . . .+ wn ∗RCIm
(6)

Summarising, the AHP process involves three main steps: definition of the
hierarchy, analysis of pairwise comparisons and verification of consistency. These
are illustrated through scenarios in the following section.

4 AHP for Context-Dependent Personalised Feedback
Prioritisation

Three scenarios are presented to illustrate the AHP process in the context of
eXpresser and similar tasks to “footpath”. The hierarchy of the AHP formalism
is illustrated in Figure 3: the goal is to obtain feedback priorities; the crite-
ria is the learning mode, i.e. individual or collaborative, and the stage in a
task, i.e. specific and general. The alternatives are feedback on the following as-
pects: (a) correctness of construction (CC); (b) correctness of expression (CE);
(c) construction-expression correspondence (C-E); (d) symmetry of construc-
tion (Sym); (e) generality of construction (CGen); (f) generality of expression
(EGen); (g) use of icon variables (IV).

Fig. 3. AHP hierarchy. Fig. 4. Feedback module.

The pairwise comparisons between criteria and between alternatives vary
depending on learner’s (dynamic) characteristics: (a) level of experience (stored
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for each level of task difficulty), (b) arithmetics knowledge level and (c) preferred
approach: from specific to general (S-to-G) or from general to specific (G-to-
S). The feedback module (Figure 4) integrates this information together with
information about task difficulty to retrieve sets of pairwise relations from the
Knowledge Base. This generates different instantiations of the AHP process. To
illustrate how AHP is going to operate in different situations, three scenarios are
considered below (summarised in Table 2).

Table 2. Scenarios characteristics.

Characteristics Scenario 1 Scenario 2 Scenario 3

Mode individual individual collaborative

Task difficulty medium medium medium

Experience low medium low&medium

Arithmetics high low high&low

Approach G-to-S S-to-G G-to-S&S-to-G

The constructions for the scenarios are displayed in Figure 1: Constructions
1 and 2 are used in Scenario 1 and 2, respectively. In the collaborative scenario,
i.e. Scenario 3, the learners who produced these constructions and their corre-
sponding expressions are working together. The pairing for collaboration is made
based on the similarity of the strategy [19] and the complementarity of approach
and/or arithmetic level. A diagnosis of the learners’ constructions [19] is carried
out at the same time with the computation of feedback priorities. Combining
these two sources, a decision is taken with regard to necessary and/or relevant

Scenario 1. Feedback prioritisation is established by taking into consideration:
(a) the individual learning mode, (b) the learner’s characteristics mentioned in
Table 2 and (c) Construction 1 and Expression 1 from Figure 1. The criteria
pairwise comparison, the corresponding weights and consistency information are
displayed in Table 3; the alternatives pairwise comparison with respect to the
criteria (specific and general context), the priority vectors and the consistency
measures are displayed in Table 4 and Table 5. The final priorities and the overall
consistency are displayed in Table 6. From these tables, the numbers assigned by
the designer of the AHP component are the criteria and the alternatives pairwise
comparisons; the rest are computed using the formulas presented in Section 2.

Table 3. Criteria pairwise comparison, weights, and consistency.

Criteria Specific General Weights

Specific 1 1/2 0.33
General 2 1 0.67

λmax = 2.00, CI = 0, CR = 0

As the learner prefers the general-to-specific approach, the top item for feed-
back is icon variables as they allow general constructions. The next two items
to give feedback on are correctness of construction and its generality. Construc-
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Table 4. Alternatives pairwise comparison, priority vector with respect to the specific
context, and consistency.

Alternatives CC CE C-E Sym CGen EGen IV Priority vector

CC 1 2 2 5 2 3 1/2 0.22
CE 1/2 1 1/2 3 1/5 1/2 1/2 0.08
C-E 1/2 2 1 3 1/5 2 1/2 0.11
Sym 1/5 1/3 1/3 1 1/3 1/3 1/3 0.04
CGen 1/2 5 5 3 1 3 1/2 0.22
EGen 1/3 2 1/2 3 1/3 1 1/2 0.09
IV 2 2 2 3 2 2 1 0.23

λmax = 7.75, CI = 0.13, CR = 0.10

Table 5. Alternatives pairwise comparison, priority vector with respect to the general
context, and consistency.

Alternatives CC CE C-E Sym CGen EGen IV Priority vector

CC 1 5 5 7 1 5 1/2 0.27
CE 1/5 1 1/2 7 1/5 2 1/3 0.08
C-E 1/5 2 1 3 1/3 3 1/3 0.10
Sym 1/7 1/7 1/3 1 1/3 3 1/3 0.05
CGen 1 5 3 3 1 2 1/2 0.19
EGen 1/5 1/2 1/3 1/3 1/2 1 1/5 0.04
IV 2 3 3 3 2 5 1 0.27

λmax = 7.82, CI = 0.14, CR = 0.10

Table 6. Scenario 1: Feedback priorities and overall consistency.

Alternatives CC CE C-E Sym CGen EGen IV

Priorities 0.25 0.08 0.10 0.05 0.20 0.06 0.26

Overall CR = 0.04

tion 1 has two general components and a specific one, which indicates that the
learner has used icon variables, so no feedback on that is necessary; as the con-
struction is correct, the first feedback to be provided will be on the generality
of the construction, and more specifically, on the generality of the only specific
component of the construction. From the AHP process, the next priorities are
related to the expression: correspondence between construction and expression,
correctness of expression and expression generality. The last two items are al-
ready in place, so no feedback on them is given. If in the previous step the learner
has made the specific component general, the construction would correspond to
the expression; if not, feedback would be provided to the learner to make sure
the construction (partially general) corresponds to the expression (general).

Scenario 2. In this scenario, the prioritisation is computed for the individual
learning mode, taking in consideration the learner’s characteristics displayed in
Table 2, Construction 2 and its corresponding expression from Figure 1. The



10 M. Cocea and G. Magoulas

procedure is applied as in Scenario 1; only the final feedback priorities and the
overall consistency are reported in Table 7.

Table 7. Scenario 2: Feedback priorities and overall consistency.

Alternatives CC CE C-E Sym CGen EGen IV

Priorities 0.310 0.108 0.130 0.194 0.092 0.060 0.106

Overall CR = 0.03

As the learner prefers a specific-to-general approach, the feedback addresses
generality at the end. The first aspects to give feedback on are: the correctness
of construction, its symmetry and the correspondence between construction and
expression. The first two aspects are in place, so the feedback would be given on
the correspondence between expression and construction. If the learner addresses
this aspect and the new expression is 2 ∗ 9 + 5, the feedback on the following
item, i.e. correctness of construction, becomes unnecessary. If the learner does not
correct the expression accordingly, the feedback would address the correctness of
expression, pointing out that the construction is correct and that the expression
should correspond to the construction. So, feedback at this point includes the
two interrelated aspects: the correctness of expression and the correspondence
between construction and expression. Only after establishing the correctness of
construction and expression for the specific case of 4 red tiles, the feedback will
address the generality of the construction: the use of icon variables, the generality
of construction, and, finally, the generality of expression.

Scenario 3. In the collaborative mode, the two learners are working together
towards finding a general solution. The first leaner has a construction with 3 red
tiles, while the second has a construction with 4 red tiles. Consequently, a specific
approach on one side will lead to an inadequate construction on the other, which
enforces the learners to work with the general. The feedback priorities for this
particular collaborative situation are displayed in Table 8.

Table 8. Scenario 3: Feedback priorities and overall consistency.

Alternatives CC CE C-E Sym CGen EGen IV

Priorities 0.15 0.08 0.11 0.24 0.17 0.05 0.19

Overall CR = 0.03

As the learners are ‘forced’ to work with the general, the first aspect to give
feedback on is the symmetry of construction as, otherwise, it would be difficult
to make it general – as both learners have symmetric constructions, this is not
necessary. The next aspect to give feedback on is the use of icon variables; ideally,
this feedback from the system would be replaced by the feedback of learner one
to learner two, who has a specific construction. The next two aspects to be
addressed are the generality and the correctness of the construction. For the
same reason mentioned previously, the construction will be correct only when
it is general, so generality is addressed first and correctness afterwards. The
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expression is dealt with at the end, starting from the correspondence with the
construction, addressing its correctness and finally, its generality.

The priorities delivered by the AHP process were validated by two experts
in the field of mathematical education who were aware of the way learners in-
teracted with eXpresser. Both of them agreed on the prioritisation for the two
individual situations, but there was one disagreement on the collaborative sce-
nario. One expert agreed with the prioritisation delivered by the AHP process,
while the other argued for the following order: IV, CGen, CC, Sym, C-E, CE and
EGen. This order differs from the output of the AHP process by the fact that
symmetry is moved from the first place to the fourth. The expert’s argument for
this was that they could build a construction that is correct and not symmetri-
cal, but symmetry becomes important at this point because it would facilitate
finding a general expression. On the other hand, the other expert argued that
symmetry is important from the very beginning to facilitate the generality of
construction (and then, the expression) because one of the learners prefers the
specific-to-general approach and also has a low arithmetics ability; therefore,
even if the other learner would be able to reach a general construction, though
non-symmetrical, and to find a corresponding expression, for the other learner
this would be difficult and hardly beneficial.

5 Concluding Remarks

In this paper we have presented a mechanism for personalised feedback prioritisa-
tion depending on the learning mode, i.e. individual or collaborative, the context
within a task, i.e. specific or general, and the learner’s characteristics. The way
the mechanism operates was illustrated in two individual and one collaborative
scenario. The feedback priorities for the individual mode were confirmed by two
experts, whilst the priority given to symmetry in collaborative mode was consid-
ered by one of the experts as too high. One possible explanation for the diversity
of the experts’ opinion could be the added complexity of the collaborative mode,
which is an issue that requires further investigation.
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