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Abstract. Inflation models make specific predictions for a tensor-scalar-scalar three-point
correlation, or bispectrum, between one gravitational-wave (tensor) mode and two density-
perturbation (scalar) modes. This tensor-scalar-scalar correlation leads to a local power
quadrupole, an apparent departure from statistical isotropy in our Universe, as well as char-
acteristic four-point correlations in the current mass distribution in the Universe. So far, the
predictions for these observables have been worked out only for single-clock models in which
certain consistency conditions between the tensor-scalar-scalar correlation and tensor and
scalar power spectra are satisfied. Here we review the requirements on inflation models for
these consistency conditions to be satisfied. We then consider several examples of inflation
models, such as non-attractor and solid-inflation models, in which these conditions are put
to the test. In solid inflation the simplest consistency conditions are already violated whilst
in the non-attractor model we find that, contrary to the standard scenario, the tensor-scalar-
scalar correlator probes directly relevant model-dependent information. We work out the
predictions for observables in these models. For non-attractor inflation we find an apparent
local quadrupolar departure from statistical isotropy in large-scale structure but that this
power quadrupole decreases very rapidly at smaller scales. The consistency of the CMB
quadrupole with statistical isotropy then constrains the distance scale that corresponds to
the transition from the non-attractor to attractor phase of inflation to be larger than the
currently observable horizon. Solid inflation predicts clustering fossils signatures in the cur-
rent galaxy distribution that may be large enough to be detectable with forthcoming, and
possibly even current, galaxy surveys.
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1 Introduction

The notion that the Universe began with a period of inflationary expansion [1–5] has been
supported with a series of increasingly precise observational tests. The tests have verified that
a number of characteristics of primordial density (scalar metric) perturbations—including
adiabaticity, Gaussianity, and near scale-independence—agree with those in these simplest
single-field slow-roll (SFSR) models. Still, inflation has even more consequences, including
the prediction of a nearly scale-invariant spectrum of primordial gravitational waves [6–9].
Even though it is too early to attribute conclusively the CMB B modes [10, 11] detected by
BICEP2 [12] to inflationary gravitational waves, evidence for a scalar spectral index ns 6≡ 1
[13, 14] provides some reason to believe that the gravitational-wave amplitude might be
large. It is thus warranted to think about other obervational consequences of primordial
gravitational waves and what we can learn about inflation from such observations.

In particular, there is a growing body of work on the imprints of gravitational waves on
large-scale structure. Lensing by tensor modes of the galaxy distribution [15–18], CMB [19–
22], and 21-cm fluctuations [23–25] have been studied. However, there may also be imprints
on the unlensed mass distribution. One possibility is that long-wavelength gravitational waves
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may give rise to an apparent local departure from statistical isotropy in the form of a power
quadrupole [26–29] that can be observed in the CMB [30, 31] and large-scale structure [35];
some (null) CMB [32–34] and large-scale-structure [36] searches have already been carried
out. There are then higher-order correlations in the density distribution, induced by coupling
to gravitational waves, that can be sought [16, 24, 37–40] and also possible signatures [16, 40]
in the tidally-induced intrinsic alignments of galaxies [41].

The purpose of this paper is to study the prospects to learn about inflation through the
tensor-scalar-scalar (TSS) correlation. Such a correlation arises even in the simplest SFSR
models [42]. This SFSR tensor-scalar-scalar bispectrum satisfies a particular consistency
condition (cc) that relates the functional dependence of the TSS bispectrum on the tensor
wavenumber K and scalar wavenumbers k1 and k2 to the tensor and scalar power spectra
in the squeezed limit (K � k1, k2) [42–44]. This TSS consistency condition parallels an
analogous consistency condition for the scalar three-point function (SSS) that is known to
hold not just for SFSR inflation, but for single-clock models more generally [45–50, 52, 53].
As we show below, arguments like those for the generality of the SSS consistency condition
apply also to the TSS consistency condition, and so the TSS consistency condition is generic
to a fairly broad class of inflationary models.

The primordial TSS bispectrum that arises if the consistency condition is satisfied
naively implies a power quadrupole that suffers a logarithmic (for a scale-independent tensor
power spectrum) infrared divergence [27, 38]. However, that divergence is cancelled precisely
by an analogous divergence at late times in the projection effect including lensing deflection
[28, 54, 55] leaving a finite observable power quadrupole [28, 40], which although nonzero
turns out to be quite small. The cancellation arises, though, only if the consistency condition
is satisfied. Thus, if a power quadrupole in excess of that expected from this consistency
condition were to be discovered, it would rule out the vast majority of single-field inflation-
ary models. It is therefore crucial to understand the origin, the scope, and the limits of the
TSS consistency condition in inflationary setups.

Below, in Section 2, we first review the origin of the scalar-scalar-scalar cc and then
how, on general grounds, the TSS consistency condition arises analogously. In Section 3
we then consider non-attractor inflation [56–58]. These models consist nominally of only a
single scalar field. However, the slow-roll phase that is assumed to have been reached in SFSR
models is not satisfied. The violation in these models of the slow-roll conditions implies that
the scalar-field equation of motion is a second-order differential equation rather than a first-
order differential equation. The physical conditions in the Universe at some particular time
are therefore not determined exclusively by the inflaton field value, and so the single-clock
conditions may be violated. We calculate the TSS bispectrum and show that, intriguingly, it
directly probes model-dependent information. In Section 4 we consider solid inflation [59] as
another example of a model in which the consistency condition may be violated. In Section 5
we calculate the observable power quadrupole in these models and also study the prospects to
discern from higher-order galaxy clustering the differences between the TSS in these models.
We then conclude in Section 6.

2 Scalar-scalar-scalar and tensor-scalar-scalar consistency conditions

A great deal of recent attention [45–49, 52, 53] has been directed towards clarifying the origin
of the consistency conditions for cosmological correlators [42]. The scope of the consistency
conditions extends well beyond single-field slow-roll inflation [45]. However, as exemplified
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in Refs. [56, 57] (see also Ref. [58]), violations can occur already in single-field inflation. As
we will see, these models share a specific property that causes them to evade the consistency
conditions.1

The key realization is that the consistency conditions are a direct consequence of the
invariance under space diffeomorphisms of the classical and quantum theory. There is more
to it: crucially one need not necessarily specify the form of the action as long as the symmetry
is in place and a locality requirement2 is satisfied. This latter realization is at the heart of
the generalization of the results of Ref. [42] found in Ref. [45] and put on firmer ground by
Ref. [49].

Whenever the locality requirement is met, the consistency conditions for a scalar (tensor)
with two hard scalars at zeroth order in the soft momentum q take the familiar form,

〈ζ~qζ~pζ−~q−~p〉
Pζ(q)

= −
(

3 + pi
∂

∂pi

)
Pζ(p);

〈γij~q ζ~pζ−~q−~p〉
Pγ(q)

= −1

2
P̂ ijkl(q̂)pk

∂

∂pl
Pζ(p),

(2.1)

where q � p is the wavenumber of the long-wavelength mode, p that of the short-wavelength
modes, and Pζ(k) and Pγ(k), respectively, the scalar and tensor power spectra defined as〈

ζ(~k)ζ(~k′)
〉

= (2π)3Pζ(k)δD(~k + ~k′) (2.2)〈
γλij(

~k)γλij(
~k′)
〉

= (2π)34Pγ(k)δD(~k + ~k′). (2.3)

In words, this specific limit of a three-point function depends entirely on the behavior
of the two-point correlator, regardless of the information content (i.e. interactions) one can
access only at the level of the cubic action.

We give below a brief account (based mainly on [52]) of how cosmological consistency
conditions such as the ones above are derived to all orders in the soft momentum q as
a consequence of the Slavnov-Taylor identity for spatial diffeomorphisms. For a thorough
treatment, we refer the reader to Refs. [48, 52, 53].

2.1 Origin of the ccs

We use the fixed-time path integral of Ref. [48], a 3-D Euclidean path integral over con-
figurations at the final time, with the wavefunction storing the “history” information. The
fluctuations around an FRW background are,

gµν = ḡµν + a2(t)hµν = diag(−1, a2(t)) + a2(t)hµν ; φ(x, t) = φ̄(t) + ϕ(t, x). (2.4)

Fixed-time correlators, to be turned into cosmological observables, can be obtained from the
generating functional,

Z[T, J ] =

∫
DhijDϕ|Ψ[h, ϕ, t]|2Exp

(∫
d3x(hijT

ij + ϕJ)

)
, (2.5)

where J and T are the currents and Ψ the wave function.

1This is true at least at lowest order in the soft momentum q, in their simplest and model-independent
formulation.

2The generic locality requirement is equivalent to adiabaticity in cosmological parlance [49].
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Since the theory involves general relativity plus a scalar field, both the action and
the functional measure will be invariant under space diffeomorphisms (we have surrendered
time-reparametrization invariance by choosing the fixed-time formalism). Requiring that the
same is true for the generating functional (Z ought to be invariant under a field-redefinition)
amounts to the condition [52],

0 =

∫
DhijDϕ |Ψ[h, ϕ, t]|2 eSource

∫
d3x ξk

{
(G.F.)k − 2∂jT

j
k + ∂khijT

ij − 2∂j
(
hikT

ij
)

+ ∂kϕJ

}
=

∫
d3x ξk

{
(G.F.)k − 2∂jT

j
k + ∂k

(
δ

δT ij

)
T ij − 2∂j

(
δ

δT ik
T ij
)

+ ∂k

(
δ

δJ

)
J

}
Z[T, J ],

which is obtained by varying the gauge-fixing term and the source term within Z under space
diffeomorphisms,

ϕ→ ϕ+ ξk∂kϕ; hij → hij + ∂iξj + ∂jξi + ξk∂khij + hjk∂iξ
k + hik∂jξ

k, (2.6)

and where Source stands for the argument of the exponential in Eq. (2.5). The term (G.F.)k
denotes the contribution originating from the variation of the gauge-fixing term. Although
essential for the general formula, this contribution plays no role in the derivation of tree-level
consistency conditions for a soft tensor with two hard scalar modes that we are after.

Our starting point here has been a functional integral over the metric entries hij only,
while h00 and h0i have been already integrated out by solving the equation of motion. This
will be essential in a few steps. Indeed, despite being handed a theory which is clearly local,
integrating out h00(i) (alternatively known as N1, Ni in the ADM formalism and in Ref. [42])
results in spatially non-local terms (recall that, e.g., Ni ∼ ∂i∂−2(. . .)).

From the second line in Eq. (2.6) one can see that, ξ being arbitrary, the entire integrand
must vanish as a result of the invariance of Z under field redefinitions. It is thus convenient
to introduce the effective action,

Γ[h, ϕ] = lnZ −
∫
d3x(hijT

ij + ϕJ). (2.7)

Upon choosing to work in comoving gauge,3 requiring a vanishing integral amounts to an
identity of the form,

1

α

(
~∇2∂jγij + ∂i∂j∂kγjk

)
+ 2∂j

(
1

6
δij

δΓ

δζ
+

δΓ

δγij

)
= ∂iζ

δΓ

δζ
+ · · · , (2.8)

where the dots denote contributions that are higher order in γ and thus irrelevant for the
tree-level identity. The term proportional to α−1, originating from the gauge-fixing part, will
not play a role in what follows.

To obtain the consistency conditions in their more familiar form, we note that the
effective action Γ is the generating function of the 1PI correlation functions. Since we are
after the squeezed limit of a three-point function with a soft tensor (scalar) mode and two
hard scalars, it suffices to differentiate the expression above twice with respect to ζ. In
Fourier space,

1

3
qiΓ

ζζζ(~q, ~p,−~q − ~p) + 2qjΓζζγij (~q, ~p,−~q − ~p) = qiΓζ(p)− pi (Γζ(|~q + ~p|)− Γζ(p)) .

(2.9)

3The comoving gauge is defined by ϕ = 0 ; δij + hij = e2ζ ĥij ; with det ĥ = 1 ; γij ≡
ln ĥij ; γii = 0
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where Γζζζ , Γζζγ , Γζ are functional derivatives of the effective action Γ with respect to their
indices (e.g., Γζ ≡ δ2Γ/δζ2), which are proportional to, respectively, 〈ζζζ〉, 〈ζζγ〉, and 〈ζζ〉.
The solution to Eq. (2.9) can be obtained [52] order by order in q. Once a suitable projection
operator P̂ has been found [52], the solutions for the individual vertices are,

〈ζ~qζ~pζ−~q−~p〉
Pζ(q)

= K(~p, ~q) +A(~p, ~q),
〈γij~q ζ~pζ−~q−~p〉

Pγ(q)
=

1

2
P̂ ijkl(q̂)(Kkl +Akl), (2.10)

where Kij is an array completely determined out of Pζ while, most importantly for us, Aij is
an arbitrary symmetric and transverse matrix (K,A being the respective traces). The latter,
in full generality, will be of the form,

Aij = εikmεjlmq
kql (a(~q, ~p)δmn + b(~q, ~p)pmpn) . (2.11)

Thus, exploiting one’s knowledge on the symmetry of the action can prove extremely useful
and deliver a relation between an N + 1 and an N -point correlator. But, before a crucial
hypothesis in made on Aij , it can only take us so far. Indeed the physics that is specific to
the dynamics of a given inflationary phase (let alone an inflationary model) is encoded into
the functions a, b.

It seems reasonable to assume that A starts out as a quadratic function in q, which
would be tantamount to saying that a, b are local functions. It would imply that there is an
order q0 and an order q consistency condition to be derived without the need of the explicit
information stored in a, b. If this were indeed the case, the q0-order ccs for a soft scalar and
a soft tensor would read as in Eq. (2.1), a result one can arrive at from Eq. (2.10) using the
explicit solution for Kij .

4

Crucially, as we stressed above, the theory one deals with at this point follows from
integrating out the lapse and the shift function using the constraint equations. In particular,
the shift is,

Ni ∼ ε
qi
q2
ζ̇ + local. (2.12)

Now, since the action (and therefore the three-point function) is also composed of terms like
the non-local contribution above, the only way to be sure that this will not result in a non-
analytic a, b is to check a non-trivial property on the ζ̇ part, namely that its time derivative
is such that this contribution becomes local; e.g., ζ̇ ∼ q2.

This is precisely what happens whenever ζ is an adiabatic mode [60], and is therefore
conserved outside the horizon. Conversely, as soon as ζ is not conserved, A might well play
a role in the consistency conditions already at order one or zero. But those orders in q are
exactly the ones that gave us5 Eq. (2.1) which we now recognize as valid only for a class,
albeit a very populated one, of possible cases.

2.2 Intuitive understanding of the CCS

We now provide a more intuitive understanding of how and why the ccs do not take the usual
form, Eq. (2.1), for cases such as the one of a non-attractor solution. The familiar intuitive

4We refer the interested reader to Ref. [52] for an explicit expression. The crux of the matter here is that
Kij is entirely determined from one’s knowledge of the 2-point function only.

5The q1 part of Eq. (2.1) has been omitted in the Introduction but can be found in Appendix A.
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picture is due to Maldacena [42]: the effect of e.g. a soft scalar mode on two hard scalars is
that of anticipating their horizon exit by an amount δt∗ which is easily calculated as follows,

e2ζSe2ζLa2(t) ' (1 + 2ζL)e2ζSa2(t) ∼ e2ζSa2(t+ δt∗) → δt∗ ∼ −ζL/H, (2.13)

so that the overall effect on the hard modes is well approximated by −ζL/H× d/dt∗ (〈ζSζS〉),
and the overall squeezed limit of the scalar three-point function is proportional to the long-
wavelength spectrum times the tilt of the short-wavelength spectrum. An analogous relation
is found along similar lines whenever the soft mode is a tensor one.

Eq. (2.13) is a good approximation because one is expanding the exponential at a time
around t∗ when the mode ζL has long left the horizon and does not depend on time anymore.
If this latter condition were not satisfied, one would have to keep track of the history of ζL
since it left the horizon.

Ref. [45] present a case for consistency conditions in single-clock solutions whose back-
ground is a dynamical attractor. In non-attractor inflation, the evolution of the inflaton has
not yet reached the attractor phase—the decaying mode has not yet decayed away. The phys-
ical conditions at some point in the Universe therefore cannot, as in single-clock inflation, be
specified entirely by a single parameter.

The perspective of Ref. [45] is to reabsorb ζL into the comoving space variable—i.e.,
in the metric e2ζLdx2 = dx̃2—so that one can then effectively trade d/dζL with x · d/dx in
calculating the effect of a soft modes on two hard ones.6 This trading evidently becomes off
limits as soon as ζL is time dependent thus taking us back to the locality (or adiabaticity)
argument discussed above.

2.3 Preview of non-attractor inflation

Before detailing its dynamics, we give a qualitative picture of the non-attractor inflationary
phase from the perspective of ccs violation. As shown in Ref. [57], the observable quantity
〈ζζζ〉 violates the ccs already at order q0. As is clear from Eq. (2.11) then, this can only 7

result from non-locality either in the function a(q, p) or in the function b(q, p).
What we are after here is instead the consistency relation (or violation thereof) of the

observable 〈γζζ〉. As a result, the role of the projection operator P̂ ijkl in Eq. (2.10) is of the
utmost importance. In might indeed happen that P̂ projects out the non-analyticity of a or
b from contributing to the tensor-scalar-scalar three-point function at some (or all) orders in
q. As it turns out, this is indeed what happens for the non-attractor model under scrutiny in
this manuscript and therefore, in this strict sense, one should say that the TSS three-point
function does not violate the consistency conditions. Nevertheless, as we shall see, one is
able to probe the model-dependent part of the inflationary mechanism encoded in Aij by
accounting for the contribution of interaction terms which are simply slow-roll suppressed in
the typical attractor models.

The key point is that, in the non-attractor phase, the small parameter ε is strongly
time dependent, and it is precisely this time dependence that can compensate for the slow-
roll suppression. The three-point-function contributions of these interactions scale like q2

and are therefore ideal candidates to probe the content of Aij , be it the non-local or the
analytic/adiabatic one. We will see below how there are clear-cut ways to discern whether
these q2 terms contribute to Aij , or instead to the model-independent piece Kij .

6The difference, as well as the overall analogy with Ref. [42], where ζL is embedded into the scale factor,
is clear.

7Kij is always a local function.
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Figure 1. Squeezed configuration for the momenta: k1 � k2 ' k3.

In all that follows, the characterization of the TSS signal of the non-attractor model
as violating the ccs is to be understood only in the sense above, that is: the squeezed limit
is probing model-dependent information of the non-attractor model through contributions
to the three-point function which are not naively slow-roll suppressed. The TSS carries an
imprint of the non-attractor phase that cannot be extracted from the power spectrum nor
from its derivatives. This is in contradistinction to the vast majority of inflationary models,
including SFSR.

3 Inflation with a Non-Attractor Phase

As discussed above, non-attractor models are those where the decaying solution for the
inflaton equation of motion has not yet fully decayed. Following previous work on non-
attractor inflation, we consider k-inflation [61] models described by a Lagrangian density
P (X,φ) that is a function of the inflaton φ and X ≡ −1/2(∂µφ)2. The model is parametrized
by the quantities,

c2s ≡
P,X

P,X + 2XP,XX
, ε ≡ − Ḣ

H2
=

XP,X
M2
PH

2
, η ≡ ε̇

Hε
=

φ̈

Hφ̇

(
1 +

1

c2s

)
+
φ̇P,Xφ
HP,X

+2ε. (3.1)

The sound speed cs varies between 0 and 1. The slow-roll parameters ε and η are generally
small and vary slowly with time, although these assumptions are modified during the non-
attractor phase.

Ref. [57] presents a model of non-attractor inflation that involves a Lagrangian density,

P (X,φ) = X +
Xα

M4(α−1) − V (φ), V (φ) = V0 + v

(
φ

MP

)β
, (3.2)

where α, V0, v, and β are initially free parameters and MP ≡ 1/
√

8πGN is the reduced
Planck mass. During the first phase of inflation, the system evolves around a non-attractor
background: the inflaton rolls up its potential, progressively slowing down (part (a) of Fig(2)).
This first phase can be followed by an attractor inflationary phase with the inflaton field
rolling back down its potential on the same φ > 0 side (“undershoot case”, see part (b) of
Fig. 2) or alternatively by it going over the top of the potential and rolling down on the
opposite side (“overshoot case”, part (c) of Fig. 2).

For inflation to occur, the constant contribution V0 to the potential must dominate the
total energy density during inflation; i.e., 3H2M2

P ' V0. The kinetic energy of the inflaton
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Figure 2. A qualitative representation in the potential-scalar field plane of the non-attractor phase
(a), and of the attractor phase, in the form of the (b) undershoot and overshoot (c) cases. The scalar
field begins with a positive value. In the undershoot case, the field reaches a value φ∗ > 0 at the
point where its velocity becomes null, so it rolls down on the same side of the potential (b). In the
overshoot case, the system has enough kinetic energy to go over the top of the potential and roll down
the other side (c).

must initially be large enough to induce the field to roll up; if one considers values for the
exponent α � 1 in Eq. (3.2), then large values of |φ̇| imply that the kinetic Lagrangian is
initially dominated by the non-canonical term, Xα/M4(α−1). Having a large value for α,
together with Xα/M4(α−1) � X, results in a sound speed, c2s ' (2α − 1)−1 . 1. Following
Ref. [57], we choose α > 1. To simplify, we assume that both η and cs are approximately
constant during inflation. If η is indeed a constant, the other slow-roll parameter ε would
go like ε ∼ aη so that an η � 1 would result in an approximately time-independent ε
during inflation. However, as we will see from the analysis of linear perturbations, near scale
invariance of the power spectrum in this model requires a large η ' −6, and hence a non-
negligible time dependence for ε. Ref. [57] considered the ansatz φ ∼ aκ for the homogeneous
evolution of the inflaton, where κ is a constant. One then finds,

β = 2α = 1 +
1

c2s
, v = −M

4

c2s

(
V0κ

2

6M4

)α(
1 +

3c2s
κ

)
, ε ∼ a2ακ → κ ' η

2α
. (3.3)

For given values of η and cs, we are left with two independent parameters; e.g., V0 and v.
As anticipated, η is fixed by scale invariance while the value of cs is essential to determine
the amplitude of non-Gaussianity. Notice that v < 0, so the potential V (φ) has a concave
shape as in Fig. (2). Also κ < 0 and, as a consequence, both |φ| and |φ̇| are decreasing
functions of time during this initial phase. The ansatz φ ∼ aκ and the constraints on the
parameters derived from it represent an analytic solution that complies with the dynamics
of a non-attractor phase, but they are not a necessary condition for a non-attractor phase.

In the undershoot situation, the field stops before reaching zero value. Therefore, as
we approach the turnaround point (φ∗), the Xα contribution to the kinetic energy becomes
progressively negligible compared to X. The condition that defines the end of the non-
attractor phase is (φ∗/MP ) ' (

√
6/|κ|)(M2/

√
V0). For t > t∗ the system transitions to slow-

roll inflation during which the curvature perturbation is conserved on superhorizon scales.

3.1 Review of linear perturbations

We decompose the metric fluctuations using the ADM formalism [62],

ds2 = −N2dt2 + hij
(
dxi +N idt

) (
dxj +N jdt

)
. (3.4)
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We work in comoving gauge, setting to zero the fluctuations of the inflation field (δφ = 0).
In this gauge, the spatial part of the metric tensor has the form, hij = a2e2ζ

(
e2γ
)
ij

, where

a(t) is the scale factor, ζ(t, ~x) is the scalar fluctuation, and γij(~x, t) is the transverse traceless
tensor perturbation (with ∂iγij = γii = 0).

Following the usual treatment, the mode function for the Fourier component ζk(τ)
during the attractor phase is

ζk =
vk
z

=
H∗
MP

e−ikcsτ√
4ε∗csk3

(1 + ikcsτ) . (3.5)

In the non-attractor case, the time variation of ε (recall ε ∼ a−6) leads to a different mode
function [57],

ζk(τ) = Ck

√
2

π

e−ikcsτ

(−kcsτ)3
(−1− ikcsτ) , |Ck|2 ≡

H2
∗

M2
P

(π
8

) k3c5sτ6∗
ε∗

, (3.6)

where a “ ∗ ” indicates quantities computed at the time τ∗ when the non-attractor phase
ends. Unlike the attractor case, on super-horizon scales ζ is not conserved: ζ̇ = 3Hζ. From
Eq. (3.6) one can compute the power spectrum at the end of the non-attractor (τ = τ∗)
era for modes that are already super-horizon by that time (|k csτ∗| � 1). It is Pζ(k) =
(4 k3)−1(H∗/MP )2(ε∗cs)

−1. The tensor power spectrum is likewise Pγ(k) = (1/k3) (H∗/MP )2.

3.2 Tensor-scalar-scalar correlator

Prior work considered the scalar-scalar-scalar three-point function in k-inflation [57, 83–86]
as well as the scalar-tensor-tensor correlator [87]. Here we calculate the squeezed limit of
the primordial tensor-scalar-scalar bispectrum in k-inflation and in particular in the non-
attractor model [57, 86], focusing on modes that left the horizon before the beginning of the
attractor phase8.

The Schwinger-Keldysh (or in-in) formula [63] (see also Ref. [64] for a detailed and com-
prehensive review of the formalism) is the standard tool to calculate cosmological correlation
functions. In particular, the tree-level contribution to the diagram depicted in Fig. 3 is,

〈γ(τ0)ζ(τ0)ζ(τ0)〉 = −i
∫ τ0

−∞
dτ〈
[
γ(τ0)ζ(τ0)ζ(τ0), Hγζ2(τ)

]
〉, (3.7)

where [ , ] denotes a quantum commutator and Hγζ2 = −Lγζ2 is the Hamiltonian density
(which can be obtained from Appendix B) to third order in fluctuations and τ0 is the time
of observation, so τ0 > τ∗. The time integral in Eq. (3.7) can be split into two integrals,
respectively for τ ∈ (−∞, τ∗) and τ ∈ (τ∗, τ0). For the first integral we use the non-attractor
solution, Eq. (3.6), and take ε ∼ aη; for the second integral the attractor solution, Eq. (3.5)
is employed, and ε is treated as a constant and evaluated at τ∗.

The Fourier-space field operators for the scalar and tensor perturbations are

ζ~k(t) ≡ a~kζk(t) + a†
−~k
ζ∗k(t), γ

ij,~k
(t) ≡

∑
λ=±

ελij(k̂)
[
bλ~kγk(t) + (bλ)†

−~k
γ∗k(t)

]
, (3.8)

8The tensor-scalar-scalar correlator has also been calculated in unpublished work by A. H. Tajdini and H.
Firouzjahi.
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Figure 3. Diagrammatic representation of the contribution in Eq. (3.13) to the tensor-scalar-scalar
correlator. The dashed line is the graviton propagator, continuous lines are the scalars.

and the creation/annihilation operators for the scalar and the tensor sectors obey the usual
commutation relations. The scalar wavefunction was given in Eq. (3.6), and the tensor
wavefunction is the standard one,

γk(τ) =
H∗

MP

√
k3

(1 + ikτ) e−ikτ , (3.9)

where dτ = a dt is the conformal time and “ ∗ ” as usual indicates quantities evaluated at the
end of the non-attractor phase.

We now evaluate Eq. (3.7) to obtain the tensor-scalar-scalar bispectrum. Following
Ref. [52], we define a primed three-point correlator 〈· · ·〉′ by〈

γλ~k1
ζ~k1ζ~k2

〉
≡ (2π)3δ

(3)
D (~k1 + ~k2 + ~k3)

〈
γλ~k1

ζ~k1ζ~k2

〉′
. (3.10)

We then define the tensor-scalar-scalar bispectrum B(k1, k2, k3) by〈
γλ~k1

ζ~k2ζ~k3

〉′
≡ ελij(k̂1)k̂2ik̂3jB(k1, k2, k3), (3.11)

where ελij(k̂1) is the polarization tensor of the tensor mode. Connection with the functions
Kij and Aij in Section 2 can be made by identifying,

k2ik3jB(k1, k2, k3) =
1

2
Pγ(k1)(Kij +Aij). (3.12)

We first evaluate Eq. (3.7), with the interactions given in the first line of Eq. (B.2). We
label this correlator with a subscript “int” to distinguish it from the contributions to the
total tensor-scalar-scalar correlator arising from the field redefinitions (we further elaborate
on these terms later in this Section and report them in Appendix B),

B(k1, k2, k3)int = B[γ∂ζ∂ζ](k1, k2, k3) + B[∂2γ∂χ∂χ](k1, k2, k3) + B[γ̇∂ζ∂χ](k1, k2, k3). (3.13)

The first interaction, (γ∂ζ∂ζ), is the standard attractor-phase result. This can be
easily anticipated by noticing that the integrand function for the non-attractor phase part
of the integral is equal to the integrand function of the attractor period; indeed for the
non-attractor phase the non-standard time dependence of the wave functions for the scalar
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fluctuations and the novel time dependence of the slow-roll parameter cancel out to leave the
typical expressions that apply to the usual phase,

ε×
(
ζnon−attr

)2
= ε∗

τ6

τ6∗
×
(
ζattr

τ3∗
τ3

)2

= ε∗ ×
(
ζattr

)2
. (3.14)

The result for this first contribution in the squeezed limit, k1 � k2 ∼ k3, is

B[γ∂ζ∂ζ](kL, kS , kS) =
3

8

H4
∗

M4
P

(
1

ε∗ cs

)(
1

k3Sk
3
L

)
, (3.15)

where we redefined the momenta as k1 = kL (long-wavelength mode) and k2 = kS (short-
wavelength mode). The result in Eq. (3.15) satisfies the consistency relation for tensor-scalar-
scalar correlators to order O(k0L),

Bc.r.(kL, kS , kS) ≡ −1

2
Pγ(kL)Pζ(kS)

∂ ln Pζ(kS)

∂ ln kS
. (3.16)

The remaining two interactions amount to,

B[∂2γ∂χ∂χ](kL, kS , kS) + B[γ̇∂ζ∂χ](kL, kS , kS) =
297

32

H4
∗

M4
P

(
1

ε∗cs

)(
1

k3Lk
3
S

)
ε∗

(τ∗cskS)6

(
kL
cskS

)2

.

(3.17)
Although this contribution is suppressed relative to that in Eq. (3.15) by a power of ε∗ and
by a coefficient (kL/cskS)2, it is also characterized by a factor (kScsτ∗)

−6. The latter, for
modes that left the horizon9 before τ∗, provides an enhancement.

This term then has the potential to provide an important contribution to the squeezed
limit of the observable 〈γζζ〉. It is quadratic in the soft momentum kL and it therefore
escapes the familiar consistency condition as written in Eq. (2.1).

In fact, already in the standard attractor-phase scenario, one would typically have terms
which scale just like Eq. (3.17), that is as (kL/kS)2. The difference now relies on the fact that
there is a τ∗ dependence: it is the imprint of a past non-attractor phase. It shows how the
novel time dependence characterizing the wavefunction and the slow-roll parameters during
the initial inflationary stage can counteract the slow-roll suppression.

Eq. (3.17) does not exhaust all the contributions at second order in slow roll. The
complete calculation requires the next-to-leading order slow-roll corrections of the first in-
teraction term in Eq. (B.2). However, just as in the standard scenario, Eq. (3.17) represents
a typical contribution to the three-point correlator, and it is as such that we calculate its
contribution to the observables in Section 5. As for field redefinitions like those in Eqs. (B.4)
and (B.5), they do certainly contribute but they also fall into the “late time” argument given
above. They therefore do not provide a source to directly probe the τ∗ dependence of the
three-point function.

The tensor-scalar-scalar bispectrum has contributions also from the field redefinitions
Eqs. (B.4)–(B.5). However, their contributions are sub-leading compared to Eq. (3.13). For
the sake of completeness, we report their expressions in Appendix B.

Before continuing we note that the interaction terms γ̇∂ζ∂χ , ∂2γ∂χ∂χ, precisely those
probing the model-dependent part of the squeezed limit, would be, in the attractor phase,

9Remember, throughout this work, we are after modes kS and kL that are super-horizon by the time the
non-attractor era ends.
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clearly suppressed. It is the time dependence of ε in the non-attractor case that is able to
counteract the suppression. However, this counteraction may not go on forever, in the sense
that it cannot be that increasingly ε-suppressed terms that keep playing an important role
in the result. These considerations provide a bound on the value of ksτ∗ simply springing
from the consistency of the slow-roll expansion.

We now comment on the slow-roll expansion and on the magnitude of the contributions
in Eqs. (3.15) and (3.17). In slow-roll, given each interaction, its contributions to higher-order
correlators can be expanded in powers of the small perturbative parameter ε. As a simple
consistency criterion on this expansion, one requires that contributions given by increasing
orders in ε get smaller and that the expansion converges. This is easily implemented during
the attractor phase, when ε is constant. The time dependence of ε characterizing the non-
attractor stage ought not to spoil this feature: higher-order slow-roll corrections cannot
become leading.

There are three expansion parameters to keep in mind: ε, kL/(cskS) (we are probing
the squeezed limit), and kScsτ∗, which is smaller than unity for modes that exited during
the non-attractor phase. The result in Eq. (3.15), for instance, represents the leading-order
contribution in kL/(cskS), from the interaction γ∂ζ∂ζ. Corrections to Eq. (3.15) from this
interaction include higher powers of kL/(cskS),

B[γ∂ζ∂ζ] ∼
1

k3Sk
3
L

[
1 +O

(
kL
cskS

)n]
, (n > 0), (3.18)

which one neglects in the squeezed limit. Similarly, Eq. (3.17) represents the leading-order
contribution in powers of kL/(cskS) for the other two interactions, ∂2γ∂χ∂χ and γ̇∂ζ∂χ.
Note that Eq. (3.17) is also the leading term in powers of kScsτ∗,

B[∂2γ∂χ∂χ]+[γ̇∂ζ∂χ] ∼
ε∗

k3Sk
3
L

[(
kL
cskS

)2

+O
(
kL
cskS

)2+n
][

1

q6
+O(qm)

]
, (n > 0, m ≥ 0),

(3.19)
where we defined q ≡ (−kScsτ∗). To enforce the criterion on typical-interaction terms at
each order in slow-roll we proceed as follows: we require the γ∂ζ∂ζ contribution to be larger
than its counterpart at higher powers of ε. We do the same for ∂2γ∂χ∂χ, γ̇∂ζ∂χ. Also, since
the term in Eq. (3.17) is ε∗ suppressed with respect to the one in Eq. (3.15), we require the
latter be larger than the former.

All these conditions are readily met by requiring,

q6 > ε∗, (3.20)

which is a reflection of the fact that a longer duration for the non-attractor phase will
inevitably lead to a more marked imprint on the subsequent eras. Eq. (3.20) leads then to
a (conservative) bound on the duration of such a stage. Notice that this condition arises
naturally also from some simple considerations. One denotes by N∗ the total number of e-
foldings, eN∗ = (a∗/ain), for the non-attractor phase, where a∗ = a(τ∗) (τ∗ being the time at
which the non-attractor phase ends) and ain is the value of the scale factor at the beginning
of the non-attractor phase. Considering modes that exit the horizon before the end of the
non-attractor phase, one writes

− kScsτ∗ =
aSH

a∗H
=
aS
a∗

>
ain
a∗

= e−N∗ , (3.21)
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where aS is the value of the scale factor at the time the mode kS leaves the horizon, and
cskS = aSH. During the non-attractor phase the parameter ε ≡ −Ḣ/H2 is a decreasing
function of time, ε(τ) = ε∗ (τ/τ∗)

6, for τ < τ∗. Requiring that ε is a small quantity for the
whole duration of the non-attractor phase (and of course later as well), then ε∗ < e−6N∗ ,
which is consistent with Eqs. (3.21) and (3.20).

In and of itself, the previous equation does not provide a strong constraint on the
parameter space of the model under scrutiny. However, if we take a tensor-to-scalar ration
r = 16 ε∗cs ∼ 0.1 and assume cs = 1, then we find a non-attractor phase that lasts about one
e-fold. A longer non-standard stage requires a smaller ε∗.

To get a grasp of how the relative size of the various interaction contributions translate
into bounds one may, for example, require that the contribution in Eq. (3.17) be smaller but
within the same order of magnitude of Eq. (3.15). This would result in a ratio kL/kS which
is still small, of order 1/10.

4 Solid Inflation

4.1 The Model

Recently, an intriguing inflationary model has been put forward in Ref. [59]. Although
the symmetry-breaking pattern of this theory is far from that in the standard picture, it
nevertheless results in a well-controlled inflationary phase that produces signatures quite
distinct from those of the standard scenario. Of interest here is the fact that this model
entails no adiabatic modes during the entirety of the inflationary era. We begin by reprising
the theory and then move on to discuss a consistency-condition–violating scalar-scalar-tensor
three-point function. For a more thorough treatment we refer the reader to the original work
in Ref. [59] and follow-ups in Refs. [65–67] (for more on SI see also [68, 69]).

Solid inflation describes an homogeneous and isotropic cosmological background even
though it involves a scalar-field background that is space-dependent and breaks spatial-
translation and rotational invariance. The key point is to require some “internal” symmetries
in field space so as to make the combined spatial+internal transformations a symmetry of
the theory.

The symmetry-breaking background is 〈φI〉 = xI , but the theory is also endowed with
internal symmetries under,

φI → φI +AI ; φI → OIJφ
J , (OIJ ∈ SO(3)). (4.1)

One can think of the φI ’s as internal comoving coordinates around which, once time depen-
dence is accounted for, describe a solid and its volume-element position, x̄ = x̄(t, φI). But
at each t this might be inverted to give φI = φI(t, x̄). The latter form turns out to be more
convenient, as one handles spacetime symmetries in the more familiar fashion. The treatment
then reduces, in flat space,10 to that of a relativistic low-energy effective theory of the three
Poincare scalars φI endowed with a number of symmetries (those dictated by the request of
homogeneity and isotropy in the background).

These simple considerations coupled with Eq. (4.1) are enough to greatly constrain the
form of the action at lowest order in the derivative expansion,

S =

∫
d4xF (X,Y, Z) ≡

∫
d4xF

(
[B],

[B2]

[B]2
,

[B3]

[B]3

)
, (4.2)

10The extension to cosmological solutions with dynamical gravity is not particularly involved, but we omit
details here.
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where BIJ = (∂µφ
I)(∂µφJ) and the first invariant (under Eq. (4.1)) variable, X ≡ [B] ≡

Tr[BIJ ], has been chosen to keep track of the overall size of the system. The background
will spontaneously break some of the symmetries, a breaking to which Goldstone bosons will
be associated.11 These are fluctuations φI = φI(xI + πI) around the background solution
φI(xI).

4.2 Perturbations

Expanding in the flat-space action one gets, at quadratic order [59],

S(2) =

∫
d4x

[
−1

3
FXX~̇π

2 +
(1

3
FXX +

6

27
(FY + FZ)

)
(∂iπj)

2 +
(1

9
FXXX

2 +
2

27
(FY + FZ)

)
(~∇ · ~π)2

]
,

where the derivatives F(.) are calculated on the background. These Goldstone modes are
phonons of the solid, and they can be split into longitudinal and transverse components π̄L
and π̄T with associated speeds of propagation [59],

c2L = 1 +
2

3

FXXX
2

FXX
+

8

9

(FY + FZ)

FXX
, c2T = 1 +

2

3

(FY + FZ)

FXX
. (4.3)

Gravity can be turned on by promoting ηµν to a more general gµν , introducing the corre-
sponding measure and minimally coupling gravity to the φI fields. The resulting stress-energy
tensor is indeed homogeneous and isotropic as desired. To sustain a superluminality-free
slow-roll phase without strong-coupling issues, the parameters must satisfy [59],

ε =
3

a2
FX
F

=
∂logF

∂logX
� 1 (s.r.); 0 < FY + FZ <

3

8
ε|F | (luminality). (4.4)

The smallness of FX can be linked with the breaking of a scaling symmetry (under which both
Y,Z are already invariant, as one might expect, X being the only variable that carries the
overall size information of the system) and therefore be stable under quantum corrections.
This is not true, though, for the latter condition in Eq. (4.4) which is at this stage an
assumption that might require some tuning. The validity of perturbation theory requires
that the condition,

ε c3L � (H/MP )2/3 (pert.theory), (4.5)

holds. The smallness of the slow-roll parameter s = ċs/(Hcs) is automatic if the above
conditions are met and therefore generates no more bounds.

One of them is the fact that the “clock” regulating a beginning and signaling the end
for inflation is entirely due to the metric field. One might choose a number of gauge-invariant
observables as the physical clock, such as the energy density and pressure, or X itself, but
the unperturbed φIs by themselves have no time dependence. This is in stark contrast with
the physical-clock role played by the inflaton in most inflationary mechanisms. It is a fact of
consequence because some of the predictions of the model will depend on which variable is
used to signal the end of inflation and trigger reheating.

The Goldstone-boson picture has been already employed in the literature to describe in-
flation, most notably in the effective-field-theory approach to inflation [70]. In this approach,

11The logic here is the same as in the effective-field-theory approach but the symmetry-breaking pattern is
different and this has crucial consequences, some of which we shall report below.
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the symmetry-breaking pattern is the more familiar one where it is time diffeomorphisms
that are broken by the Goldstone; one can show12 that the two scenarios cannot be mapped
into each other.

In solid inflation tensor and scalar gauge-invariant fluctuations are not adiabatic and
are not conserved outside the horizon. This is, as we have seen, the scenario where violations
of consistency conditions take place. The physical picture as to why this happens is [59] that
adiabatic mode can be reabsorbed by a time shift of the background if the wavelength of the
fluctuation is large enough. However, solid can experience anisotropic stresses, non-scalar
perturbations, that cannot be re-absorbed as a time shift.

With these considerations it is not surprising that the solutions to the equations of
motion that emerge from the following quadratic scalar, vector and tensor Lagrangians are
not constant outside the horizon:

S(2) = S(2)
γ + S

(2)
T + S

(2)
L (4.6)

S(2)
γ =

1

4
M2
P

∫
dt d3x a3

[1

2
γ̇2ij −

1

2a2
(
∂mγij

)2
+ 2Ḣc2T γ

2
ij

]
(4.7)

S
(2)
T = M2

P

∫
dt

∫
~k
a3
[

k2/4

1− k2/4a2Ḣ
∣∣π̇iT ∣∣2 + Ḣc2T k

2
∣∣πiT ∣∣2] (4.8)

S
(2)
L = M2

P

∫
dt

∫
~k
a3
[

k2/3

1− k2/3a2Ḣ
∣∣π̇L − (Ḣ/H)πL

∣∣2 + Ḣc2L k
2
∣∣πL∣∣2]. (4.9)

The mode functions for tensor fluctuations to first order in slow-roll are,

γk(τ) = (−τ)3/2+εc
Hc(1− εc)

MP

√
π

2
(−τc)−εce

iπ
2
(νT+

1
2
)H(1)

νT
(−kτ) , νT '

3

2
+ εc −

4

3
c2T,cεc ,

(4.10)

where cT and cL are the transvere and longitudinal propagation speed, H(1) is a Hankel
function, and the subscript “c” indicates quantities evaluated at some reference time τc,
chosen here as the horizon exit time of the longest modes relevant for observations.

For curvature fluctuations, the mode functions to first order in slow-roll are more in-
volved so we report for simplicity their super-horizon limit (−kτ → 0),

ζk(τ) =

(
τ

τc

) 4
3
c2T,cεc

(−cL,ckτc)c
2
L,cεc−5sc/2−ηc/2

 Hc
√

4εcMP c
5/2
L,c k

3/2
+O(ε1/2)

 , (4.11)

where s ≡ ċL/H cL . See Ref. [59] for further details.
Once the wave functions are obtained, it is straightforward to calculate the power spec-

tra13 at late times for scalar and tensor modes, they have the following expressions:

Pζ(k) =
H2
c

4εcc5L,cM
2
P

1

k3
(τ/τc)

8c2L,cεc/3

(−cL,ckτc)5sc−2c
2
L,cεc+ηc

, Pγ(k) =
H2
c

M2
P

1

k3
(τ/τc)

8c2T,cεc/3

(−kτc)−2c
2
L,cεc

. (4.12)

12These differences appear in many facets; e.g., in solid inflation (SI) the physical clock is entirely due to
the metric, in SI there are no adiabatic fluctuations, etc..

13In SI the gauge-invariant variables R and ζ are not equal, not even at late times. They will be after
reheating but one needs to choose which quantities to focus on: 〈ζζ...〉 or 〈RR...〉. The choice is decided by
the fact that in this model 〈ζζ〉 must be continuous at reheating.
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The spectral indexes for scalars and tensors,

nS − 1 ' 2εcc
2
L,c − 5sc − ηc, nT ' 2 c2L,cεc, (4.13)

can be read directly from the expressions above. Note that the tensor tilt is blue. The
tensor-to-scalar ratio then has the form:

r ∼ ε c5L . (4.14)

For the estimates in Section 5, we use the slow-roll (εc → 0) approximations,

Pζ(k) =
H2
c

4εcc5L,cM
2
P

1

k3
, Pγ(k) =

H2
c

M2
P

1

k3
, (4.15)

for these power spectra.

4.3 Violations of the consistency conditions

The squeezed limit of the scalar bispectrum is,

Bζζζ(kL, kS , kS) = −20

9

FY
F

1

c2Lε

(
1− 3 cos2 θ

)
Pζ(kL)Pζ(kS), (4.16)

where θ is the angle between ~kL and ~kS . Eq. (4.16) manifestly violates the consistency
conditions. The shape of non-Gaussianity for solid inflation has a very small overlap with
the local template. However if one, for lack of a better option, relies on Planck f localNL findings
in order to constrain the parameters in Eq. (4.16), then it is safer to assume FY � F .

The tensor-scalar-scalar bispectrum reads [67],

Bγζζ(kL, kS , kS) = −10

9

FY
F

1

c2Lε
Pγ(kL)Pζ(kS) ' − 5

18

FY
F

1

c7Lε
3

H4

M4
P

1

k3Lk
3
S

. (4.17)

Notice that, unless (FY /F )(c2Lε)
−1 = −27/20, Eq. (4.17) violates the consistency condition,

Eq. (3.16). The bounds to be aware of at this stage are the one in Eq. (4.5) and the ones
resulting from the luminality condition on both cT and cL , which are related by c2T =
(3/4)

[
1 + c2L − (2/3)ε+ (1/3)η

]
, to all orders in ε and η.

5 Observational signatures

Primordial scalar perturbations give rise to temperature fluctuations in the CMB and to
mass-density perturbations in the late Universe. These late-time mass-density perturbations
can be mapped with some precision through their effects on the galaxy distribution, once
the effects of galaxy-bias are taken into account, and they can also be mapped through weak
gravitational lensing. The effects of tensor metric perturbations can be observed through
measurements of CMB fluctuations, and in particular, through measurements of the B mode
of the CMB polarization. The effects of tensor metric perturbations may also some day
be seen in direct gravitational-wave searches [71–78], but these observations will map only
short-wavelength tensor modes. Some of the lensing/CMB/large-scale-structure observations
discussed in the Introduction may some day map larger-scale tensor modes, but those mea-
surements are some way in the future. Even these measurements will probably not forward to
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directly map the three-dimensional primordial tensor-perturbation field at the largest scales
that we will encounter shortly.

The correlations of primordial tensor perturbations with primordial scalar perturbations
can, however, have observational consequences for the mass distribution, even if the tensor
perturbation cannot be detected directly. In the absence of a tensor-scalar-scalar bispectrum
(and in the approximation that the scalar-scalar-scalar bispectrum is small), the primordial
scalar perturbation is Gaussian and statistically isotropic. The tensor-scalar-scalar bispec-
trum will, however, induce an apparent local departure from statistical isotropy [26–28, 40]
and a characteristic non-Gaussian four-point function [29, 37, 38] in primordial perturba-
tions. These effects can be sought in the CMB and in large-scale structure. The depature
from statistical isotropy arises primarily from gravitational waves of wavelengths larger than
the galaxy-survey size, while the non-Gaussian effects may arise from gravitational waves of
wavelengths comparable to the survey size. Departures from statistical isotropy are therefore
expected to be most significant, relative to smaller-scale non-Gaussianity, for models where
the bispectrum peaks dramatically in the squeezed limit. As we will see, this is what hap-
pens for non-attractor inflation, and so we will not work out the smaller-scale non-Gaussianity
expected in this model. The k-dependence of the tensor-scalar-scalar bispectrum for solid
inflation is, as we will see, closer to the behavior familiar from SFSR, and so we will work out
constraints and forecasts for the observability of the small-scale non-Gaussian effects induced
in the mass distribution by solid inflation.

5.1 Local Power Quadrupole

Here we calculate the local power quadrupole, the observable that follows from the squeezed
limit of the tensor-scalar-scalar bispectrum. We begin by summarizing the main results
derived above.

We focus in this work on the observable consequences of this bispectrum in the squeezed
limit, kL � kS , where kL ≡ k1 and kS ≡ k2 ' k3. In both models we first account for a
contribution of the form given in Eq. (3.16) in the squeezed limit. This is the contribution
that arises from the consistency condition between the squeezed-limit bispectrum and the
scalar and tensor power spectra Pγ(kL) and Pζ(kS), respectively. This part of the bispectrum
gives rise to an infrared-divergent contribution to the local power quadrupole moment that is
then cancelled by a similarly infrared-divergent late-time effect [28, 55] leaving a small, but
nonzero and observable (at least in principle), local power quadrupole [28, 40].

What we are interested in here, though, is the part of the bispectrum that violates14

the consistency condition. For non-attractor inflation, this was found to be [cf., Eq. (3.17)],

Bna, /cc(kL, kS , kS) =
297

32

H4
∗

M4
P

(
1

ε∗cs

)(
1

k3Lk
3
S

)
ε∗

1

(τ∗cskS)6

(
kL
cskS

)2

. (5.1)

For solid inflation it is, from Eq. (4.17),

Bsi, /cc(kL, kS , kS) = − 5

18

(
FY
F

1

c2Lε
+

27

20

)
1

c5Lε
2

H4

M4
P

1

k3Lk
3
S

. (5.2)

The existence of gravitational waves with wavelengths long compared with the distances
over which observations are performed (e.g., for the CMB, our observable horizon) gives rise

14As mentioned, for non-attractor inflation the violation is to be understood in the sense of Subsection 2.3.
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to an apparent local departure from statistical isotropy. In other words, the rms amplitudes
of Fourier modes of the same wavenumber but different directions may differ. An individual
Fourier mode γp(~kL) of the tensor field15 gives rise to a local matter, or curvature, power
spectrum,

Pζ(~kS)|
γp(~kL)

= Pζ(kS)
[
1 +Qpij(~kL)k̂iS k̂

j
S

]
, (5.3)

with power quadrupole,

Qpij(~kL) =
B /cc(kL, kS , kS)

Pγ(kL)Pζ(kS)
γpij(

~kL), (5.4)

where B /cc(kL, kS , kS) is the consistency-condition–violating part of the tensor-scalar-scalar
bispectrum. The observed power quadrupole is then obtained by summing over both gravitational-
wave polarizations p = {+,×} and Fourier wavevectors ~kL.

The theory then predicts that this locally observed power quadrupole has variance,

Q2 ≡ 8π

15

〈
QijQij

〉
=

16

15π

∫ kmin
S

kmin
L

k2L dkL

[B /cc(kL, kS , kS)

Pγ(kL)Pζ(kS)

]2
Pγ(kL). (5.5)

Here, the upper limit of integration, kmin
S , is the smallest wavenumber probed by the ob-

servations. The lower limit, kmin
L , corresponds to the longest-wavelength gravitational-wave

mode produced during inflation.
Using Pγ(k) = (1/k3)(H∗/MP )2, the result for non-attractor inflation is

Q2
na =

64

15π

(
297

32

)2( H∗
MP

)2( kmin
S

cSkS

)4
ε2∗

(cskSτ∗)12
. (5.6)

The k2L dependence of B/Pγ assures that the result does not depend on the infrared cutoff
kmin
L . The falloff of the power quadrupole with increasing kS is so steep that the observability

of the signal will depend almost entirely on the sensitivity to a power quadrupole on the very
largest scales. Roughly speaking, the observational upper limit will be Q2

na . 1 for kS ∼ H0,
the Hubble parameter today. This translates into a bound τ∗ & H−10 , which, given the very
strong dependence of the quadrupole on kS , is fairly insensitive to other model parameters.
We thus infer that the absence of any grotesque departure of the components of the CMB
quadrupole from statistical isotropy tells us that a non-attractor phase of inflation must have
ended no later than the time that our current Universe exited the horizon during inflation.

For solid inflation, the result is

Q2
si =

64

15π

[
5

9

(
FY
Fc2Lε

+
27

20

)]2 H2
c

ε2M2
P

ln

(
kmin
S

kmin
L

)
≡ A ln

(
kmin
S

kmin
L

)
, (5.7)

which defines the prefactor A. In this case, the power quadrupole diverges logarithmically as
kmin
L → 0, implying sensitivity of the observable to very-long-wavelength modes, something

that does not arise for the part of the bispectrum that satisfies the consistency condition.
The observation that Q2

na . 1 for kS ∼ H0 then implies an upper limit A
∣∣ln (kmin

L H−10

)∣∣ . 1.

15Any collection of modes with wavelengths much longer than the horizon will be undistinguishable from
one another within any single horizon. One effectively has a single, long-wavelength, mode.
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5.2 Clustering fossils

Here we consider the the characteristic non-Gaussian four-point correlations in the scalar
perturbation induced by coupling to tensor modes. Ref. [38] provides a recipe for measur-
ing these correlations with a galaxy survey (or other tracer of the three-dimensional mass
distribution) and estimates the detectability of the signal for single-field slow-roll inflation.
We first consider the case with the primordial bispectrum obeying the SFSR consistency
relation including the late-time effects of tensor-scalar coupling and projection effect, then
move on to the case with solid inflation and calculate the signal-to-noise ratio for measuring
the signature of clustering fossils.

5.2.1 Clustering fossils with the consistency relation

The consistency relation dictates that the tensor-scalar-scalar bispectrum takes the form in
Eq. (3.16) in the squeezed limit. This bispectrum implies that in the presence of a Fourier
mode γp(~kL) of the tensor perturbation, the correlation between two scalar-perturbation

modes ζ(~k1) and ζ(~k2) is [38],〈
ζ(~k1)ζ(~k2)

〉∣∣∣
γp(~kL)

= δD~k1+~k2
Pζ(k1)−

1

2
δD~kL+~k1+~k2

d lnPζ(k1)

d ln k1
Pζ(k1)γp(~kL)ε̂ij(k̂L)k̂i1k̂

j
2, (5.8)

where we use the shorthand δD~k
≡ (2π)3δD(~k). There is now a new term, in addition to

the usual power spectrum, that correlates different Fourier modes of the scalar perturbation.
This off-diagonal correlator can be understood as a local rescaling, k2 → (δij + γij(~kK))kikj ,
of the wavevector.

Until inflation ends, all relevant density modes are outside the horizon with the local
correlation function frozen with the form of Eq. (5.8). After inflation ends, density modes
continuously come inside the horizon and evolve under the influence of the long-wavelength
tensor field. This yields a local density contrast,

δ(~kS)
∣∣∣
γ(~kL)

= 2Tδ(kS)

[
1−

(
1

2

d lnTδ(kS)

d ln kS
+ SN (kL)

)
γij(~kL,i)k̂S,ik̂S,j

]
ζ(~kS), (5.9)

where Tδ(kS) and Tγ(kL) are the transfer functions for, respectively, the density field and
gravitational wave, and

SN (kL) ' 3

5

[
1− exp

(
− 5

42
k2Lη

2

)]
, (5.10)

encodes the dynamical influence of the long-wavelength tensor mode γp(~kL) on the evolution
of the small-scale scalar mode [28]. At large scales (kL → 0), the function SN (kL) vanishes;
this obeys the causality demand that there is no influence from super-horizon tensor modes on
the evolution of subhorizon scalar modes. On small scales (kL � H0), the function SN (kL)
asymptotes to 3/5. This then partially cancels the primordial off-diagonal correlation in
Eq. (5.8) to yield an observed density field that satisfies,〈
δ(~k1)δ(~k2)

〉∣∣∣
γp(~kL)

' δD~k1+~k2Pδ(k1)− δ
D
~k1+~k2+~kL

[
1

2

d lnPδ(k)

d ln k
+ 2SN (kL)

]
Pδ(k1)γ

ij(~kL)k̂i1k̂
j
2.

(5.11)
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Finally, with the linear-bias parameter bg, the observed galaxy density contrast is given
in terms of the intrinsic matter density contrast and the projection at the location of galaxies
and the line-of-sight as [16, 28, 39, 79]:

δobsg = bg
[
δ + ∆xi∂iδ +

(
beH∆t+ ∂i∆x

i
)
δ
]
' bgδ −

1

2
bgTγγ

ijxj∂iδ (5.12)

with the temporal and spatial displacement (∆t and ∆xi) of galaxies due to light deflection.
The dominant projection effect comes from large scales kL � H0 where ∆t vanishes and
∆xi = −Tγγijxj/2 [16]. Including projection effects [28], the observed galaxy-density field
thus satisfies,〈
δg(~k1)δg(~k2)

〉∣∣∣
γp(~kL)

' δD~k1+~k2
Pg(k1)

−δD~k1+~k2+~kL

[
1

2
(1− Tγ)

d lnPδ(k1)

d ln k1
+ 2SN (kL)

]
Pg(k1)γ

ij(~kL)k̂i1k̂
j
2.

(5.13)

This equation corrects the clustering-fossil result in Ref. [38] to take into account the can-
cellation of the infrared divergence from the initial bispectrum in these observables from
projection effects [28, 55] leaving an observable O(k2L) clustering fossil [28].

The inclusion here of late-time effects revises the result in Fig. 2 of Ref. [38] for bispectra
that satisfy the consistency condition. After taking these effects into account, the 3σ detection
limits in Eq. (10) and Fig. 2 of Ref. [38] are increased by a factor,(

1

2

d lnPδ(k1)

d ln k1

)2 [1

2
(1− Tγ)

d lnPδ(k1)

d ln k1
+ 2SN (K)

]−2
' 25 (5.14)

for K & kH .

5.2.2 Clustering fossils in solid inflation

The tensor-scalar-scalar correlator can be used to estimate the amplitude of tensor modes.
One can construct an optimal variance estimator [38] for the tensor power spectrum, with
variance σγ given by

σ−2γ =
1

2

∑
~kL,p

[
k3LP

n
p (kL)

]−2
, (5.15)

where Pnp is the noise power spectrum, defined as

Pnp (kL) =

∑
~kS

|B /cc(kL, kS , |~kL − ~kS |)ε
p
ij k̂

i
S k̂

j
LS |2

2V P 2
γ (kL)P totζ (kS)P totζ (|~kL − ~kS |)

−1 . (5.16)

Above k̂LS ≡ (~kL − ~kS)/|~kL − ~kS |, P totζ is the total measured scalar power spectrum (i.e.
including signal and noise) and V is the total volume of the survey. Notice that the variance
in Eq. (5.15) is inversely proportional to the variance of the quadrupole. As a result, for
a given survey size, the larger the amplitude of the quadrupole, the larger the minimum
amplitude of tensor modes that one is able to probe.
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Given the similarity of the kL and kS dependences of scalar and tensor power spectra
and tensor-scalar-scalar bispectrum in solid inflation with those of SFSR inflation

Bsi, /cc(kL, kS , kS) = − 20

18ε

(
FY
F

1

c2Lε
+

27

20

)
Pζ(kS)Pγ(kL) ≡ −3

2

R
ε
Pζ(kS)Pγ(kL), (5.17)

the SFSR results in Ref. [38] are easily adapted to solid inflation. Ref. [38] shows that for
SFSR inflation (and neglecting late-time effects), the smallest tensor amplitude Aγ , defined
by Pγ(kL) = Aγk

−3
L , detectable at the & 3σ level is ∼ 300 (kmax/kmin)−3, where kmin and

kmax are the minimum and maximum wavenumbers, respectively, probed by a given galaxy
survey. Detection of SFSR tensors near the maximum amplitude, Aγ ' 2 × 10−9, currently
allowed requires kmax/kmin & 5000, beyond the reach of galaxy surveys but perhaps within
reach of future 21-cm mapping experiments.

In solid inflation there is a similar prediction for this galaxy four-point correlation func-
tion that arises from the part of the tensor-scalar-scalar bispectrum that satisfies the con-
sistency condition. There is then, however, an additional contribution from the consistency-
condition–violating part that is R/ε times the naive (neglecting late-time effects) prediction
given in Ref. [38] from the consistency condition. This number must exceed 1/5 if the cc-
violating four-point signal is to dominate the cc-preserving signal. If the tensor-to-scalar
ratio is indeed as large as r ∼ 0.1, then a model with R/ε & 27 will give a detectable signal
in a galaxy survey, like EUCLID, with kmax/kmin ' 750. A model with R/ε & 1.5 will be
detectable in a 21-cm survey that maps a volume with kmax/kmin ' 5000.

As seen above, the quadrupole constrains (HcR/εMP )2| ln(kminL H−10 )| . 1. Thus, for
example, if r ∼ 0.1, the quadrupole constraint is (taking the log to be ∼ 10) R/ε . 104.
We thus see that it is easily possible to have a solid-inflation model consistent with the
quadrupole constraint and which will still have a clustering-fossil signature large enough to
be detectable in forthcoming large-scale-structure surveys. In particular, this range of values
for R/ε corresponds to a region in the parameter space of the theory where the parameters
naturally lie16. In fact, they may even be conceivably large enough to be detectable with
existing data!

6 Conclusions

In this paper we have studied the squeezed limit of the tensor-scalar-scalar bispectrum in-
duced during inflation. We reviewed how the consistency condition found in Ref. [42] relating
this bispectrum to the scalar and tensor power spectra generalizes to any single-clock infla-
tion model. We then computed the TSS correlator in non-attractor inflation. There the
decaying mode (which is ordinarily negligible in single-clock models) causes a departure from
the single-clock dynamics. The non-attractor inflationary phase, which is followed by a more
traditional attractor phase, leaves an important imprint on the three-point function in the
squeezed limit; specifically, it manifests itself at quadratic order in the soft (tensor) momen-
tum. In solid inflation, the anisotropic stress of the medium leads to a direct violation of the
consistency conditions.

The TSS bispectrum in non-attractor inflation can give rise to an apparent quadrupolar
departure from statistical isotropy (SI) in large-scale structure, with the SI violation most

16As discussed, the ratio FY /F needs to be no larger than unity but that leaves plenty of room for an
intriguing value of R/ε to be accommodated.
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significant at the largest scales. The consistency of the CMB quadrupole with SI constrains
the transition from the non-attractor to attractor phase to occur before the time that the
current observable Universe exited the horizon during inflation. The very rapid decay of the
SI violation suggests that there will be no further observable consequences of the squeezed-
limit TSS on smaller scales.

The effects of the TSS bispectrum from solid inflation are distributed much more evenly
among different distance scales. Thus, it is conceivable that there may be clustering fossils of
the type discussed in Ref. [38] in large-scale structure of a magnitude that could be detectable
with forthcoming survey, and possibly even with current data. Heuristically, the effects of the
anisotropic medium that fills the Universe during inflation may be written in the distribution
of galaxies today! We thus encourage the pursuit of such signatures.

Here we have shown only that these effects may occur with appreciable magnitudes in
solid inflation. More work must be done to map out the parameter space of solid-inflation
models (as well as related models, like gauge-flation or chromo-natural inflation [89–93]) in
which such signatures may arise. It will also be interesting to explore the magnitude of effects
induced by the TSS bispectrum in other models of inflation that may violate the consistency
conditions.
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A Zeroth and first order CCS

For completeness, we report here from [52] (see also [47]) the SSS and TSS consistency
conditions up to linear order in the soft momentum, which is their most familiar form. For
the scalar one has

〈ζ~qζ~pζ−~q−~p〉′

Pζ(q)
= (A.1)

−
(

3 + pk
∂

∂pk

)
Pζ(p) −

1

2
qk

(
6
∂

∂pk
− pk

∂2

∂pa∂pa
+ 2pa

∂2

∂pa∂pk

)
Pζ(p) +O(q2) .

while the TSS reads

〈γij~q ζ~pζ−~q−~p〉
′

Pγ(q)
= (A.2)

−1

2
P̂ ijk`(q̂)pk

∂

∂p`
Pζ(p) +

1

4
P̂ ijk`(q̂)qm

(
pm

∂2

∂pk∂p`
− 2pk

∂2

∂p`∂pm

)
Pζ(p) +O(q2).
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B The tensor-scalar-scalar action

The action at third order in the perturbations γζζ has the form [42, 80, 81],

Sγζ2 =

∫
dtd3x

{
−2

a

H
γij∂iζ̇∂jζ−aγij∂iζ∂jζ−

1

2
a3

(
3ζ − ζ̇

H

)
γ̇ij∂i∂jψ+

1

2
a3∂kγij∂i∂jψ∂lψ

}
,

(B.1)
where ψ represents the shift function of the metric, Eq. (3.4), N i = ∂iψ, with ψ = −ζ/aH+χ
and ∂2χ = (ε/c2s)ζ̇. Multiple partial integrations can be performed to bring Eq. (B.1) to a
simpler form,

Sγζ2 =

∫
dtd3x

{
εaγij∂iζ∂jζ +

1

4
a3∂2γij∂iχ∂jχ+

1

2
εa3γ̇ij∂iζ∂jχ

+ f (ζ, γ)
δ L

δ ζ
+ fij (ζ, γ)

δ L

δ γij

}
], (B.2)

where the last two terms are proportional to the equations of motion for ζ and γ and can be
therefore eliminated by a field redefinition

ζ = ζn + f (ζn, γ̃ij) , γij = γ̃ij + fij (ζn, γ̃ij) . (B.3)

The complete expressions for the functions f and fij are [42, 80, 82],

f(ζn, γ̃ij) ≡
1

2

φ̈

φ̇H
ζ2n +

ε

2
ζ2n +

1

H
ζ̇nζn −

1

4

1

a2H2
(∂ζn)2 +

1

4

1

a2H2
∂−2∂i∂j (∂iζn∂jζn)

+
1

2

1

H
∂iχn∂jζn −

1

2

1

H
∂−2∂i∂j (∂iχn∂jζn)− 1

4

1

H
˙̃γij∂

−2∂i∂jζn, (B.4)

fij(ζn, γ̃ij) ≡
1

H
˙̃γijζn −

1

a2H2
∂iζn∂jζn +

1

H
(∂iχn∂jζn + ∂jχn∂iζn) . (B.5)

We report below the contributions to the tensor-scalar-scalar bispectrum from the field
redefinitions. The leading-order contributions (in powers of H/MP ) have the form,

B(k1, k2, k3)FR = B[ζ→γ̃ζn](k1, k2, k3) + B[γ→ζ2n](k1, k2, k3). (B.6)

The first contribution in Eq. (B.6) arises from Eq. (B.4), specifically from the expression of
the curvature fluctuations as a scalar-tensor convolution,

ζ → −1

4

1

H
˙̃γij∂

−2∂i∂jζn. (B.7)

The second contribution is due to Eq. (B.5). In particular, it comes from the redefinition of
a tensor fluctuation in terms of the convolution of two scalars,

γij → −
1

a2H2
∂iζn∂jζn +

1

H
(∂iχn∂jζn + ∂jχn∂iζn) . (B.8)

In the limit k1 ≡ kL � k2 ' k3 ≡ kS , one finds

B[ζ→γ̃ζn](kL, kS , kS) =
1

8

H4
∗

M4
P

(
1

ε∗cs

)(
1

k3Sk
3
L

)
(kScsτ0)

2

c2s

(
kL
kS

)2

, (B.9)

B[γ→ζ2n](kL, kS , kS) =
1

8

H4
∗

M4
P

(
1

ε∗cs

)(
1

k3Sk
3
L

)(
1

ε∗
− 2

)
(kScsτ0)

2

c3s

(
kL
kS

)3

,

(B.10)

where τ0 is the time of observation.
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