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Non-commutative inflation is a modification of standard general relativity inflation which takes
into account some effects of the space-time uncertainty principle motivated by ideas from string the-
ory. The corrections to the primordial power spectrum which arise in a model of power-law inflation
lead to a suppression of power on large scales, and produce a spectral index that is blue on large
scales and red on small scales. This suppression and running of the spectral index are not imposed
ad hoc, but arise from an early-Universe stringy phenomenology. We show that it can account for
some loss of power on the largest scales that may be indicated by recent WMAP data. Cosmic mi-
crowave background anisotropies carry a signature of these very early Universe corrections, and can
be used to place constraints on the parameters appearing in the non-commutative model. Applying
a likelihood analysis to the WMAP data, we find the best-fit value for the critical wavenumber k∗

(which involves the string scale) and for the exponent p (which determines the power-law inflationary
expansion). The best-fit value corresponds to a string length of Ls ∼ 10−28 cm.

I. INTRODUCTION

General relativity will break down at very high ener-
gies in the early Universe when quantum effects are ex-
pected to become important. If the very early Universe
is described by a period of inflation [1], as in the current
paradigm of cosmology, and if the period of inflation lasts
sufficiently long (as it does in most current scalar field-
driven inflationary models), then, since the wavelength
of perturbations which are observed today emerged from
the Planck region in the early stages of inflation, in prin-
ciple the quantum theory of gravity should leave an im-
print on the primordial spectrum of perturbations (see [2]
for the first discussion of this effect; see [3] for a recent re-
view containing a comprehensive list of references, and [4]
for some of the latest papers on this issue). The nature of
these imprints will remain an open question as long as we
lack a complete theory of quantum gravity. If we assume
that string theory is a promising framework for quan-
tum gravity, it is of interest to explore specific stringy
corrections to the spectrum of fluctuations.

The standard concordance ΛCDM model, which can
arise from an inflationary background cosmology in which
the quasi-exponential expansion of space is driven by a
scalar field, provides a good fit to the recent WMAP [5,
6, 7, 8] and earlier observations. This implies, in par-
ticular, that any stringy corrections to general relativ-
ity will be constrained by the properties of the observed
cosmic microwave background (CMB) anisotropies. Al-
though there is no signature in CMB data of statistically
significant deviations from the predictions of the stan-
dard paradigm, the unexpectedly low quadrupole and
octopole [6] are intriguing, in particular since a similar
deficit of power on these large angular scales was also seen
in the earlier COBE maps. Thus, although the lack of
power on the largest scales may simply be a statistical ef-
fect (and different approaches to statistical analysis yield
differing results concerning the statistical significance of

the lack of power [9]), early Universe explanations of this
lack of power are not ruled out and are worth exploring,
provided that the explanations are not ad hoc.

Recent papers [10, 11, 12, 13, 14] have attempted to
explain the low quadrupole and octopole, typically via
a finely-tuned inflationary potential or an ad hoc cut-off
in the spectrum (see Ref. [15] for the earlier work about
this suppression). In Ref. [16], supergravity inflation is
shown to lead to a possible running of the power spec-
trum which tends to be blue on large scales. In Ref. [17],
some corrections to general relativity inflation motivated
by brane-world scenarios (correction terms in the Fried-
mann equations and velocity-dependent potentials) were
studied, and it was shown that they may account for the
suppression of power. Here, we investigate consequences
of a more basic stringy effect, namely the space-time un-
certainty relation [18]

∆t∆xphys ≥ L2
s , (1)

where t, xphys are the physical space-time coordinates and
Ls is the string scale. In [19], it was shown that this prin-
ciple may yield inflation from pure radiation. A more
modest approach was pioneered in [20], where the conse-
quences were studied of imposing Eq. (1) on the action
for cosmological perturbations on an inflationary back-
ground (generated in the usual way).

Space-time non-commutativity [21] at high energies in
the early Universe leads to a coupling between the fluctu-
ations generated in inflation and the background Fried-
mann model that is nonlocal in time. In addition, the
uncertainty relation is saturated for a particular comov-
ing wavelength when the corresponding physical wave-
length is equal to the string length. Thus, fluctuation
modes must be considered to emerge at this time (a
time denoted by τk later in the text), and the most con-
servative assumption is to start the modes in the state
which minimizes the canonical Hamiltonian at that time.
In a background space-time with power-law inflation,
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these modifications lead to a suppression of power for
large-wavelength modes (those created when the Hub-
ble constant is largest), compared to the predictions of
standard general relativity inflation [23]. It may appear
counter-intuitive that high-energy stringy effects modify
the large-scale perturbations rather than those on small
scales. But the point is that large-scale modes, which
correspond to higher energies earlier in inflation, are cre-
ated outside the Hubble radius due to stringy effects, and
thus experience less growth than the small-scale modes,
which are created inside the Hubble radius at lower ener-
gies, and evolve as in the standard case. There is a crit-
ical wavenumber kcrit such that for k < kcrit the mode
is created on super-Hubble scales, and thus undergoes
less squeezing during the subsequent evolution than it
does for Ls = 0. This critical wavenumber depends on
the string scale and on the exponent p appearing in the
formula for the time-dependence of the scale factor [see
Eq. (5)]. The spectrum is blue-tilted for k ≪ kcrit rather
than red-tilted as it is in the power-law inflation scenario
with Ls = 0.

Here we calculate the spectrum of CMB anisotropies
predicted by the model of [20], and thus quantify the pre-
diction of loss of power for infrared modes. In addition,
we perform a likelihood analysis to find the best-fit val-
ues to the WMAP data of the cosmological parameters,
including the power-law exponent p which gives the time
dependence of the scale factor, and the critical wavenum-
ber k∗ (to a first approximation the same as kcrit) when
stringy effects become important. Thus we are able to
constrain the non-commutative model and place limits
on the string scale. These results expand on the previous
work of [24], where the parameters of the model of [20]
were fitted to the WMAP data at two specific angular
scales.

II. NON-COMMUTATIVE MODIFICATIONS TO

THE PRIMORDIAL POWER SPECTRUM

The stringy space-time uncertainty relation is compat-
ible with an unchanged homogeneous background, but
it leads to changes in the action for the metric fluctu-
ations. The action for scalar metric fluctuations can be
reduced to the action of a real scalar field φ with a specific
time-dependent mass which depends on the background
cosmology (see e.g. [25] for a comprehensive review). For
simplicity, we will assume that matter is described by a
single real scalar field ϕ. In this case, the stringy space-
time uncertainty relation leads to the following modified
action for the field φ [20]

S = VT

∫

dη d3k z2
k(η)

[

φ′

−kφ′

k − k2φ−kφk

]

, (2)

where VT is the total spatial coordinate volume, a prime
denotes the derivative with respect to conformal time η,

k is the comoving wave number, and

z2
k = z2

(

β+
k β−

k

)1/2
, z =

aϕ̇

H
, (3)

β±

k =
1

2

[

a±2(τ + kL2
s) + a±2(τ − kL2

s)
]

, (4)

where a and H = ȧ/a are the scale factor and the Hubble
rate, respectively, and τ denotes a new time variable (re-
lated to the conformal time η via dτ = a2dη) in terms of
which the stringy uncertainty principle takes the simple
form ∆τ∆x ≥ L2

s, using comoving coordinates x. The
case of general relativity corresponds to Ls = 0. The
nonlocal coupling in time between the background and
the fluctuations is manifest in Eq. (4).

This stringy modification is complicated, and comput-
ing the power spectrum will in general require numerical
evaluation. However, the spectrum can be evaluated an-
alytically in power-law inflation, and thus we assume for
simplicity that

a(t) = a0t
p , (5)

with suitable exponent p > 1, is a reasonable approx-
imation to the background dynamics around the time
when large-scale fluctuations are generated. Such a
background can be obtained if inflation is driven by a
single scalar field with an exponential potential, V =
V0 exp(−

√

2/pϕ/Mpl). In this case, ϕ̇ =
√

2pMpl/t,

H = p/t and z = a
√

2/pMpl (here Mpl is the reduced
Planck mass, Mpl = 2.4 × 1018 GeV).

The power spectrum of the curvature perturbation,
R ≡ Φ + Hδϕ/ϕ̇, where Φ is the scalar metric perturba-
tion in longitudinal gauge, is [20]

PR =
k2

4π2z2
k(τk)

, (6)

where τk is the time where the fluctuations are generated.

For Ls 6= 0, the power spectrum will have a different
slope for small values of k than for large values. For
large values, one obtains the usual power spectrum with
index −2/(p− 1), whereas for very small values of k, the
spectrum is blue. We have calculated approximations to
the power spectrum which become exact either for very
large or very small scales.

In [24], the power spectrum was calculated (up to the
normalization coefficient) by evaluating the time when
the fluctuations are generated. We have repeated the
analysis in order to compute the coefficient of the re-
sulting spectrum (which yields important information for
placing limits on the string scale Ls) in terms of p and

k0 ≡ a
1/p
0 . (This was not done in [24].) We obtain

PR ≃ A1

(

k

k0

)−2/(p−1)
[

1 −
(

ks1

k

)4/(p−1)
]

, (7)
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where

A1 =
p(2p2 − p)p/(p−1)

8π2

(

k0

Mpl

)2

, (8)

ks1 = p(3p−1)/4
√

2p− 1

× [4(p − 2)(2p + 1)](p−1)/4(k0Ls)
pL−1

s . (9)

In deriving the relation (7), we made the assumption
that ks1 ≪ k, and expanded everything in terms of ks1/k.
Thus, the above power spectrum ceases to be valid as k
approaches ks1. For modes satisfying k < ks1, we can ob-
tain the power spectrum by considering the fluctuations
outside the Hubble radius starting in a vacuum [20]. Ac-
cording to the stringy space-time uncertainty principle,
we have an upper bound for the comoving momentum,

kmax(τ) =

(

β+
k

β−

k

)1/4

L−1
s . (10)

By solving this equation one can find the initial time τk

at which the perturbation with comoving wavenumber k
is generated, which yields [20]

τk =

[

k2L4
s +

(kLs)
2(p+1)/p

k2
0(p + 1)2

]1/2

. (11)

The power spectrum of the curvature perturbation is
derived by inserting the time (11) into Eq. (6), but the
general form of PR is very complicated. When τk ≫ kL2

s,
which is the same approximation used to derive Eq. (7),
the power spectrum is given by

PR ≃ A2

[

1 −
(

ks2

k

)2/p
]

, (12)

where

A2 =
p

8π2

(

Lpl

Ls

)2

, (13)

ks2 = [p(3p + 1)]p/2(k0Ls)
pL−1

s , (14)

with Lpl ≡ M−1
pl . Note that the spectrum (12) is scale-

invariant for k ≫ ks2.
Using Eqs. (9) and (14), one can easily show that ks2 is

much smaller than ks1 as long as the power-law exponent
p satisfies p ≫ 1. The two spectra, Eqs. (7) and (12),
are joined at a value of k∗ satisfying k∗ ≫ ks1. Since
ks2 ≪ ks1, the second term on the right hand side of
Eq. (12) is practically negligible on scales k & ks1.

The two cut-off scales, where the power spectra (7)
and (12) formally vanish, satisfy ks1 ≫ ks2 for p ≫ 1.
For example, when p = 20 we have ks1 ∼ 106ks2. We
are interested in cosmologically relevant scales, which lie
in the range 10−4 Mpc−1 < k < 10−1 Mpc−1. When the
power spectrum is mainly characterized by Eq. (7) on
these scales, the spectral index, n = 1+d lnPR/d lnk, is
given by

n = 1 − 2

p − 1

[

1 − 2

(

ks1

k

)4/(p−1)
]

. (15)

Then, the critical scale at which the spectrum becomes
scale-invariant is

kn=1 = 2(p−1)/4 ks1 . (16)

The second term in the square bracket of Eq. (7) is −1/2
for k = kn=1. Therefore, the spectrum (7) is not reliable
for k < kn=1 (corresponding to n > 1), due to the break-
down of the approximation, (ks1/k)4/(p−1) ≪ 1. This
means that kn=1 is not a suitable scale for joining the
spectral formulas (7) and (12). Instead, we need to join
them at a scale k∗ > kn=1.

In [24], the likelihood values of ks1 and p are de-
rived by using recent WMAP data on only two scales,
namely n = 0.93+0.03

−0.03, dn/dln k = −0.031+0.016
−0.017 at k =

0.05 Mpc−1 and n = 1.10+0.07
−0.06, dn/dlnk = −0.042+0.021

−0.020

at k = 0.002 Mpc−1. However, we cannot trust the spec-
trum (7) at the scale k = 0.002 Mpc−1, since it is in the
range where the spectrum has a blue tilt (n > 1). In ad-
dition, the analysis in [24] makes use of the information
only at the above two scales, but it is not clear whether
the fit will be good on all scales.

III. NON-COMMUTATIVE EFFECTS ON THE

CMB, AND LIKELIHOOD ANALYSIS

In order to compare the theoretical predictions of our
class of models with the recent WMAP results, we ran
the CosmoMc (Cosmological Monte Carlo) code (which
makes use of the CAMB program [26]), developed in [27].
This program uses a Markov-chain Monte Carlo method
to derive the likelihood values of model parameters. The
method produces a large set of sample spectra associ-
ated with given values of the model parameters and of
the usual cosmological parameters, and compares them
with the recent WMAP [5, 6] data files from [28] of
temperature (TT) and temperature-polarization cross-
correlation (TE) anisotropy spectra, by evaluating the
χ2-distribution. We also include the band-powers on
smaller scales corresponding to 800 < l < 2000, from the
CBI [29], VSA [30] and ACBAR [31] experiments. The
contribution of gravitational waves is also taken into ac-
count, since it can be important for low multipoles. Ten-
sor perturbations can be obtained by replacing z by a in
the first of equations (3). Taking into account the two po-
larization states, we obtain the spectrum of gravitational
waves as

PT =
4

p
PR . (17)

Our results are summarized in Figs. 1 and 2. When
only the spectrum (7) is used, the value of the cut-off
wavenumber with the highest likelihood is found to be
ks1 ∼ 10−4 Mpc−1 . In Fig. 1 we show the best-fit plot
of the CMB temperature angular power spectrum [see
the case (a)]. In the absence of non-commutativity, i.e.
for ks1 = 0, the best-fit value of p is found to be p ≃
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FIG. 1: The CMB angular power spectrum showing the ef-
fects of non-commutativity in the primordial spectrum for
power-law inflation. Curve (a) corresponds to the best-fit case
where only the spectrum (7) is used for the likelihood analysis.
Curve (b) shows the best-fit case in which two power spectra
(7) and (12) are connected at k∗ ∼ 10−2 Mpc−1. Curve (c) is
the standard ΛCDM model without non-commutative effects
(Ls = 0), and for power-law inflation (i.e., without running
of the spectral index).

35, thereby yielding a constant, red-tilted spectral index,
n ≃ 0.94. In this context, it is difficult to explain the
suppressed power on large scales. On the other hand,
space-time non-commutativity can naturally lead to an
effective running of the spectral index. In fact, as seen
in Fig. 1, a better fit for the quadrupole and octopole
moments can be obtained by taking into account the non-
commutative effect.

However, the spectrum (7) is reliable only for scales
satisfying k ≫ ks1, implying that the prediction of the
curve (a) in Fig. 1 will have some theoretical error for
values of l in the range 2 ≤ l . 10. In order for the
spectrum (7) to be valid for the cosmologically relevant
scales, 10−4 Mpc−1 < k < 10−1 Mpc−1, one needs to
choose a smaller cut-off scale, ks1 ≪ 10−4 Mpc−1. In
this case, the deviation of the CMB angular spectrum
from what is obtained without a cut-off is not significant
(ks1 = 0, results shown in (c) of Fig. 1). Still, an analysis
taking into account a spectrum which on large scales is
modified as compared to (7), is required in order to avoid
the problem of negative values of PR for k < ks1, which
occurs if we use the spectrum (7) only.

To obtain a more complete analysis, it is necessary to
match the two spectra (7) and (12). Since n = 1 at
k = kn=1, it seems natural to consider that the spectrum
(7) is connected to (12) at k∗ = kn=1. However, the
approximation (ks1/k)4/(p−1) ≪ 1 already breaks down
at k = kn=1. In order to avoid this problem, we choose
k∗ & 102ks1, and try to find the likelihood distribution of
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Pr
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Pr
ob

ab
ili

ty

p

FIG. 2: Probability distributions of the mean likelihood anal-
ysis for the parameters log

10
k∗ and p, when the two power

spectra (7) and (12) are joined at k = k∗ (the units of k∗ on
the horizontal axis are Mpc−1, and the vertical axis is lin-
ear and ranges from 0 to 1). The probability distributions of
other cosmological parameters are not shown, but they basi-
cally agree with the ones in the standard ΛCDM model.

various values of k∗. We also vary ks1 and p in addition
to other cosmological parameters. The best fit angular
power spectrum in this case is given in curve (b) of Fig. 1.

The probability distribution of the likelihood values of
k∗ and p are shown in Fig. 2. This corresponds to the
mean likelihood analysis where the probability distribu-

tion of χ2 is assumed to be Gaussian, as P = e−(χ−χm)2/2

(here χm is the minimum value of χ). The best-fit critical
scale corresponds to

k∗ = 2.3 × 10−2 Mpc−1 , (18)

in which case the spectrum changes from (7) to (12)
around 100 . l . 200. The distribution of p is consistent
with the result of [24], obtained by using the WMAP
data at the scale k = 0.05 Mpc−1. Other best-fit values
are found to be

ks1 = 3.24 × 10−6Mpc−1 , (19)

A1 = 1.77 × 10−9, and

ΩΛ = 0.745 , Ωbh
2 = 0.0209 , Ωch

2 = 0.108 ,

τ = 0.0121 , h = 0.732 . (20)

Since PR changes to scale-invariant for k ≤ k∗, the angu-
lar power spectrum exhibits a better fit compared to the
standard case [compare curves (b) and (c) in Fig. 1]. This
is an advantage of non-commutative inflation, which al-
lows for the running of the spectral index, due to the exis-
tence of a cut-off momentum that arises from the stringy
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uncertainty relation. Note that using only the formula
(7) leads to a power spectrum which is even more sup-
pressed for low multipoles, as seen in Fig. 1 (a), but this
is ruled out since PR becomes negative.

We can constrain the string length scale, Ls, by using
the above best-fit values. Since the two spectra (7) and
(12) are interpolated at k∗, we have

L−1
s

Mpl
≃ 2π

√

2A1

p

(

k∗
k0

)−1/(p−1)

, (21)

where we used the fact ks1 ≪ k∗. The scale k0 is cho-
sen as k0 = 0.05 Mpc−1 in the numerical calculation of
CAMB. Substituting the most likely values of k∗, p and
A1 in Eq. (21), one gets

L−1
s ≃ 10−4Mpl ≃ 1014 GeV , (22)

which corresponds to a string length scale, Ls ∼
10−28 cm. This result must be interpreted with care. It
means that in the context of our postulated theoretical
framework, the best fit value of Ls is the above one. From
Fig. 2 it is also clear that this value of Ls is more likely
only by a modest amount than the value Ls = 0.

We also considered the case where the cosmologically
relevant scales are dominated by the spectrum (7), and
obtained a similar constraint to (22) by utilizing the like-
lihood values of ks1, p and A1. Since | − 1/(p − 1)| ≪ 1
in Eq. (21), the change of k∗ around the scale k∗ ∼
10−2 Mpc−1 does not lead to any significant modification
for the estimation of Ls. The string length scale is mainly
determined by the ratio A1/p. It is quite intriguing that
space-time non-commutativity opens up the possibility
to constrain the string scale by using the observational
CMB data sets.

The largest scales correspond to the initial time with
τk ∼ kL2

s. Expanding the exact solution (11) around
τk ∼ kL2

s, we get

PR ≃ A3

(

k

ks3

)4/(p+1)
[

1 +

(

k

ks3

)2/p
]−1

, (23)

where

A3 =
p

4π2

[

(k0Ls)
−4

5p(p + 1)

]p/(p+1)(
ks3

k0

)2/(p+1)(
k0

Mpl

)2

(24)

ks3 =

[

4(p + 1)3

5p

]p/2

(k0Ls)
pL−1

s . (25)

This is a blue tilted spectrum for k ≪ ks3. The crit-
ical scale ks3 is much less than ks2; e.g., for p = 20,
ks3 ∼ 10−5ks2 ∼ 10−11ks1. As long as the spectra are
characterized by (7) and (12) on the scales 10−4 Mpc−1 .
k . 10−1 Mpc−1, Eq. (23) is not important, since it
applies only well beyond H−1

0 , with k ≪ 10−4 Mpc−1.
While the case (b) in Fig. 1 exhibits good agreement
with the WMAP data, the scale-invariant spectrum (12)
is not sufficient to explain significant loss of power around

l = 2, 3. The amplitude of the fluctuations tends to grow
toward smaller multipoles due to the Sachs-Wolfe effect
even in the scale-invariant case.

Instead we can consider a case where the spectrum
around 2 ≤ l . 10 is characterized by (23). When k ≪
ks3, Eq. (23) can be written in the form

PR ≃ A3

{

1 − exp

[

−
(

k

ks3

)α]}

, (26)

with α = 4/(p + 1). This corresponds to the case of
an exponential cut-off in the spectrum analyzed in [12,
13, 17], except for the absence of the tilted term, kns−1.
In [12, 13], the value α = 3.35 is chosen, and the TT
spectrum is shown to be suppressed for low multipoles.
It is clear that α > 1 is required for strong suppression on
large scales (for example, see Fig. 1 in [17] for α = 1 and
ns = 0.99). Since p is larger than unity in our case, α for
non-commutative inflation is restricted to be smaller than
1. Therefore, we do not have a significant suppression
only around l = 2, 3 as long as we use the spectrum (23)
with k ≪ ks3. Note, however, that the spectrum can be
better fitted than the standard ΛCDM model in power-
law inflation.

IV. DISCUSSION

In this work we have found the best-fit param-
eters of a model of inflation based on space-time
non-commutativity [20] when comparing to the recent
WMAP spectrum of CMB anisotropies. The advantage
of this approach is that one uses stringy phenomenology
to modify inflationary perturbations, rather than impos-
ing ad hoc modifications. The stringy corrections en-
sure that the model is not subject to the trans-Planckian
problem of general inflationary models, since the physi-
cal wavenumbers of modes have an upper bound. At the
same time, this feature means that high-energy stringy
effects modify the large-scale perturbations rather than
those on small scales, since large-scale modes are gen-
erated outside the Hubble radius and thus experience
growth due to squeezing for less time than they do for
Ls = 0. This model automatically predicts that at large
angular scales the spectrum will be blue, thus providing
a possible explanation for the observed lack of power at
the quadrupole and octopole. Roughly speaking, requir-
ing the correct location of the transition between blue and
red spectrum in our model determines the string length
scale, whereas the spectrum on smaller angular scales de-
termines the best fit value of the power-law exponent p.

Given that there are now a large number of possible
explanations of the observed deficit of power on large
angular scales, it would be of interest to look for spe-
cial signals in our model not present in the other pro-
posed theoretical explanations. Work on this subject is
in progress. Note that our “determination” of the length
scale Ls assumes that our class of models is in fact cor-
rect, and that no secondary effects cause any deviations
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of the spectrum. The first point, in particular, is a major
assumption to be justified.

We have for simplicity assumed power-law inflation. In
this case z = aϕ̇/H is proportional to a due to the time-
independence of the small parameter, ǫ ≡ ϕ̇/H . There-
fore, the spectrum of curvature perturbations is similar
to that of gravitational waves, except for their ampli-
tudes. The spectrum changes in general inflation models
because of the time variation of ǫ. In particular, the run-
ning of the spectral index can be different from the one
in power-law inflation. Although it may be in general
difficult to obtain the spectrum of primordial curvature
perturbations analytically, it will be interesting to ex-
tend our analysis to other inflationary models by using a
numerical approach. This would allow the exciting pos-
sibility to place more generally applicable limits on the
string length scale, in addition to limits on the value of
more general inflationary model parameters.

Recently [32], it was shown that a quantum deforma-
tion of the wave equation on a cosmological background

yields a modified power spectrum analogous but not
identical to Eq. (7). It would be of interest to constrain
the region of parameter space in those models through
a likelihood analysis similar to what we have done
here, since this can provide a powerful tool to pick
up a possible trans-Planckian effect and to distinguish
between different string inspired cosmological models.
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