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1 Introduction

A common ansatz for the very early evolution of our Universe is cosmological inflation [1–
12]. This accelerated expansion in the very early universe is a well-tested paradigm since its
predictions for the primordial power spectrum can be successfully compared with observations
of the cosmic microwave background (CMB) [13, 14]. However, despite all the success of
inflation in explaining large-scale observations, there are models seeking to give an alternative
explanation of the initial conditions for the Big Bang and even the initial singularity. The
most common such theories are called bouncing models, which include a universe before
the Big Bang, often with a very long contracting phase, see e.g. [15–21], and possibly an
inflationary phase after the bounce, see e.g. [22–27]. An early proposal in which a pre-Big
Bang phase could set the initial conditions for a subsequent post-Big Bang phase was made
by Gasperini and Veneziano [28]. Since then, several models have been presented, see e.g.
[29, 30].

A scalar field with an exponential potential provides a simple model for an accelerated
expansion and inflation in the early universe [31–33] or dark energy at the present epoch
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[34, 35]. But it can also drive a collapsing universe and this configuration is particularly
interesting since due to their scale-invariant form, exponential potentials are simple to study
analytically. A previous study with such a configuration in the case of bouncing models with
the bounce due to quantum effects was done in [36]. In order to explore this simplicity, we
will focus our attention on models with a scalar field ϕ and scalar potential

V = V0 exp (−κλϕ) , (1.1)

where κ =
√

8πG and λ is the slope of the potential. We can identify three scalar field collapse
scenarios based on the form of the potential. In terms of energy density ρ and pressure P of
the scalar field, we have

• Non-stiff/Matter/Pressureless collapse (P < ρ with V > 0);

• Pre-Big Bang collapse (P = ρ with V = 0);

• Ekpyrotic collapse (P � ρ with V < 0);

Although the classical stability of collapsing models has already been studied in previous
works [37], it is interesting to consider how the classical solutions behave in the presence
of quantum fluctuations. To do this we will extend the stochastic formalism, previously
introduced to study inflation, to collapse scenarios.

The stochastic formalism models the effect of quantum vacuum fluctuations by intro-
ducing a cut-off scale (the so-called coarse-graining scale) splitting the fluctuations into two
parts: quantum vacuum modes (below the coarse-graining scale) and the long wavelength
field which includes a stochastic noise. It was introduced in cosmology by Starobinsky [38] to
describe the effects of random vacuum fluctuations on inflationary dynamics [39–72]. More
recently, this formalism was used in [73] to show that slow-roll inflation is a stochastic at-
tractor. The presence of a stochastic noise can affect the stability of a dynamical system in
a non-trivial way. The aim of this paper is to investigate how these stochastic perturbations
can modify the equation of state of the inflationary or collapse cosmology.

This paper is arranged as follows. In Sec.2 we review the classical dynamics of a scalar
field cosmology with an exponential potential, and we discuss the phase-space portrait for
this theory as well as the stability of the fixed points which represent power-law expansion
or collapse. In Sec.3 we study linear perturbations about the background solutions and in
particular the solutions of the perturbed field in a collapsing scenario. In Sec.4 we describe
the quantum fluctuations in the form of a stochastic noise on large scale and we study the
deviations about the classical solution in phase-space, as well as the maximum lifetime of
collapsing scenarios in the presence of stochastic fluctuations. We present our conclusions in
Sec.5.

2 Analysis of a scalar-tensor theory with exponential potential

In this section we perform a qualitative analysis of a scalar-tensor cosmological model, for a
scalar field ϕ with an exponential potential.

2.1 Background cosmology

We will consider a minimal coupling between gravity and a scalar field given by the action

S =

∫ √
−g
[

1

2κ2
R− 1

2
∂µϕ∂µϕ− V (ϕ)

]
d4x . (2.1)
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Using the flat FLRW metric

ds2 = −dt2 + a2(t)δijdx
idxj , (2.2)

where a is the scale factor, we obtain the equation of motion

ϕ̈+ 3
ȧ

a
ϕ̇+

∂V (ϕ)

∂ϕ
= 0 , (2.3)

subject to the Friedmann constraint

3

(
ȧ

a

)2

= κ2
[

1

2
ϕ̇2 + V (ϕ)

]
, (2.4)

where a dot stands for differentiation with respect to cosmic time.
The energy density ρϕ and pressure Pϕ for the scalar field are given by

ρϕ =
1

2
ϕ̇2 + V (ϕ) , (2.5)

Pϕ =
1

2
ϕ̇2 − V (ϕ) . (2.6)

Thus the parameter w of the equation of state for ϕ is given by

w =
Pϕ
ρϕ

=
ϕ̇2 − 2V (ϕ)

ϕ̇2 + 2V (ϕ)
. (2.7)

2.2 Background phase-space

In order to perform a qualitative analysis of the system described by (2.3) and (2.4), new
variables can be introduced as

x =
κϕ̇√
6H

, y =
κ
√
±V√
3H

, (2.8)

where H = ȧ/a is the Hubble rate and we use ± for positive and negative scalar potentials,
±V > 0. With these variables, we can write the Friedmann constraint (2.4) as

x2 ± y2 = 1 , (2.9)

and the equation of state (2.7) becomes

w =
x2 ∓ y2

x2 ± y2
. (2.10)

Then, we are able to rewrite the equation of motion (2.3) in terms of the autonomous
system

x′ = −3x(1− x2)± λ
√

3/2y2 , (2.11)

y′ = xy(3x− λ
√

3/2) , (2.12)

where a prime is a derivative with respect to the logarithm of the scalar factor and N = ln a
counts the number of e-folds to the end of inflation or the collapse phase. We identify critical
points of the system with fixed points where x′ = 0 and y′ = 0.
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There are two kinetic-dominated solutions

xa = −1 or + 1 , ya = 0 , (2.13)

with equation of state (2.10) wa = 1. These fixed points therefore correspond to solutions
where a ∝ t1/3 in an expanding universe for t > 0, or a ∝ (−t)1/3 for t < 0 in a contracting
universe.

There is also a potential-kinetic-scaling solution for ±(6 − λ2) > 0 (i.e., a sufficiently
flat positive potential, λ2 < 6 for V > 0, or a sufficiently steep negative potential, λ2 > 6 for
V < 0) which is given by

xb =
λ√
6
, yb =

√
±(6− λ2)

6
; (2.14)

which exists for ±(6−λ2) > 0. This scaling solution corresponds to a solution with constant
equation of state (2.10)

wb =
λ2

3
− 1 , (2.15)

and thus a power-law solution for the scale factor

a(t) ∝ |t|p , ϕ(t) =

√
4

3κ2(1 + wb)
ln |t|+ C , (2.16)

where C is an arbitrary constant of integration and

p =
2

λ2
. (2.17)

First-order perturbations around this critical point yield the linearised equation [37]

x′ =
(λ2 − 6)

2
(x− xb) . (2.18)

We see that in an expanding universe, H > 0, the scaling solution (2.14) is stable for λ2 < 6,
corresponding to p > 1/3 from (2.17). Thus the scaling solution is stable whenever it exists
for a positive potential in an expanding universe, but it is never stable for a negative potential
in an expanding universe. Conversely, in a collapsing universe, since N decreases with cosmic
time, H < 0, the scaling solution is stable for λ2 > 6, corresponding to p < 1/3. Thus the
scaling solution is stable whenever it exists for a negative potential in a collapsing universe,
but it is never stable for a positive potential for H < 0.

In summary:

• Expanding universe (N → +∞):

� The scaling solution exists and is stable for a positive, flat potential p > 1/3
(including inflation, p > 1).

� The scaling solution exists but is unstable for a negative, steep potential p < 1/3.

• Contracting universe (N → −∞):

� The scaling solution exists and is stable for a negative steep potential p < 1/3
(including ekpyrosis, p� 1).

� The scaling solution exists but is unstable for a positive flat potential p > 1/3
(including matter collapse, p ' 2/3).
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3 Linear perturbations

3.1 Scalar field and metric perturbations

In order to investigate the effects of small scale quantum fluctuations on the stochastic
evolution of the coarse-grained field above the Hubble scale let us consider inhomogeneous
scalar field perturbations, ϕ = ϕ(t) + δϕ(t, ~x), in a linearly-perturbed FLRW metric

ds2 = −(1 + 2A)dt2 + 2a∂iBdx
idt+ a2(t) [(1− 2ψ)δij + 2∂ijE + hij ] dx

idxj , (3.1)

with A, B, ψ and E the scalar potentials and hij the tensor perturbations. We obtain the
wave equation for first-order scalar field perturbations

δ̈ϕ+ 3H ˙δϕ+
k2

a2
δϕ+m2δϕ = −2V,ϕA+ ϕ̇

[
Ȧ+

k2

a2

(
a2Ė − aB

)]
, (3.2)

where k is the comoving wavenumber and V,ϕ is the derivative of V with respect to the scalar
field.

It has been shown in [30, 74, 75] that (3.2) in the spatially-flat gauge (ψ = 0) can be
written as

δ̈ϕ+ 3Hϕ̇+

[
k2

a2
+m2 − 8πG

a3
d

dt

(
a3ϕ̇2

H

)]
δϕ = 0 . (3.3)

Then, we can introduce new variables dt = adη, v = aδϕ and z = aϕ̇/H to cast the above
equation as a harmonic oscillator

d2v

dη2
+

(
k2 − 1

z

d2z

dη2

)
v = 0 . (3.4)

Note that for a power-law cosmology, z′′/z = a′′/a ∝ (aH)2. Hence the solutions for small
(sub-Hubble) and large (super-Hubble) scales are respectively

δϕ ' e−ikt/a

a
√

2k
for k2/a2 � H2 , (3.5)

δϕ ' Cϕ̇

H
+
Dϕ̇

H

∫
H2

a3ϕ̇2
dt for k2/a2 � H2 , (3.6)

where we have chosen the quantum vacuum normalisation for the under-damped oscillations
on sub-Hubble scales (3.5).

A characteristic feature of an inflating spacetime is that the comoving Hubble length,
H−1/a = 1/ȧ decreases in an accelerating expansion with ȧ > 0 and ä > 0. The same is
true for the comoving Hubble length, |H|−1/a = 1/|ȧ| in a decelerating, collapsing universe
with ȧ < 0 and ä < 0. As a result quantum vacuum fluctuations, on sub-Hubble scales at
early times (3.5), lead to well-defined predictions for the power spectrum of perturbations on
super-Hubble scales for potential-kinetic-scaling solutions with λ2 < 2 (and hence p > 1) in
an expanding cosmology, or with λ2 > 2 (and hence p < 1) in a collapsing cosmology.

The characteristics of the inflation and collapse models for different values of p are sum-
marised in table 1.
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Power-law inflation Decelerated collapse

H > 0 H < 0

ȧ > 0, ä > 0 ȧ < 0, ä < 0

p > 1 0 < p < 1

Table 1. Comparing the quantities H, ȧ, ä and p for power-law inflation and collapse. Although ȧ is
negative in the collapse case, its magnitude |ȧ| is increasing. p < 0 is not allowed since this requires
ρϕ + Pϕ < 0, which is inconsistent with (2.5) and (2.6) for a canonical scalar field.

3.2 Scalar field perturbations in a power-law collapse

Let us consider a collapsing universe with the scale factor being a power-law scaling solution
with a ∝ (−t)p and t < 0 as in section 2. We can re-express the scale factor in terms of
conformal time as

a(η) ∝ (−η)p/(1−p) . (3.7)

Using the relation for the Hubble rate in conformal time, H = a′/a2, we find that a can also
be expressed as

a =

(
p

1− p

)
1

Hη
, (3.8)

where η < 0.
Since ϕ̇/H is constant in this case we have z ∝ a, which allows us to rewrite (3.4) as a

Bessel equation

d2v

dη2
+

(
k2 − ν2 − 1/4

η2

)
v = 0 , (3.9)

where

ν =
3

2
+

1

p− 1
= −3

2

[
1 + (3p− 2)

1− (3p− 2)

]
. (3.10)

Note that for power-law collapse with p < 1 we have ν < 3/21.
The general solution for a given k can be expressed as a linear combination of Hankel

functions

vk =
√
|kη|

[
V+H

(1)
|ν| (|kη|) + V−H

(2)
|ν| (|kη|)

]
. (3.11)

We normalise the solution with the Bunch-Davies vacuum on small scales (early times),
vk → e−ikη/

√
2k for η → −∞, so we set V+ = 0 and V− =

√
π/4k. Equation (3.11) then

provides us with the corresponding solution on large scales (late times) for kη → 0

δϕk =
i

a

√
1

4πk

Γ(|ν|)2|ν|

|kη||ν|−1/2
. (3.12)

1In Appendix A we explicitly show the mapping between the quantities p, ν, λ2 and w.
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As discussed in [30], this solution generates a scale invariant spectrum, |δϕ2
k| ∝ k−3, not only

for slow-roll inflation (P/ρ→ −1 and ν = 3/2) but also for a pressureless collapse (P/ρ→ 0
and ν = −3/2).

Combining (3.12) and (3.7), we see that in this large-scale limit the field perturbations
are constant for ν > 0, since

δϕk ∝
1

a
(−η)

1
2
−|ν| ∝ (−η)ν−|ν| . (3.13)

Conversely, for ν < 0 we see that the scalar field perturbations can grow rapidly on super-
Hubble scales and diverge as η → 0.

3.3 Perturbations in phase-space variables

Introducing first order perturbations of the dimensionless phase-space variables (2.8), we
obtain

δx =
κ√
6

1

H

(
˙δϕ−Aϕ̇− ϕ̇

H
δH

)
, (3.14)

δy =
κ√
3

√
V

H

(
V,ϕ
2V

δϕ− δH

H

)
, (3.15)

where we are also including the metric perturbations t → (1 + A)t and H → H + δH as
described in [76]. By perturbing the Friedmann equation, we obtain

δH =
κ2

6H
(V,ϕδϕ+ ϕ̇ ˙δϕ− ϕ̇2A) , (3.16)

and since we are working in the spatially-flat gauge we can use the momentum constraint
[30, 77, 78] to write the perturbed lapse function in terms of the scalar field perturbation as

A =
κ2ϕ̇δϕ

2H
. (3.17)

At the critical point x = xb given by (2.14), the large-scale limit for the scalar field
perturbations (3.12) then gives2

δxk =
iκ√
24π

(
1− λ2

6

)(
2

2ν − 1

)2 Γ(|ν|)2|ν|

k|ν|
(|ν| − ν) H (−η)−|ν|+3/2 . (3.18)

We can re-express δx with respect to the Hubble rate at a given time

H = H? exp

[(
ν − 3/2

ν − 1/2

)
(N? −N)

]
. (3.19)

where N? is evaluated at some initial time and the conformal time can be expressed using
(3.7) as

(−η) = (−η?) exp

[
1

ν − 1/2
(N? −N)

]
, (3.20)

2The kinetic dominated solution analysis is briefly discussed in Appendix B, since it provides δx = 0
without regard to the solution δϕ.
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which gives

δxk =
iκ√
24π

(
1− λ2

6

)(
2

2ν − 1

)2+|ν| Γ(|ν|)2|ν|

σ|ν|
(|ν| − ν)H?(−η)

3/2
? exp

[
ν

ν − 1/2
(N? −N)

]
.

(3.21)

We see that for ν > 0, which includes power-law inflation (ν = 3/2) and ekpyrotic collapse
(ν = 1/2), the scalar field perturbations at the leading-order on large scales leave the phase-
space variable unchanged, δx = 0.

Perturbing the Friedmann constraint (2.9) requires δy = −(x/y)δx and, as a conse-
quence, we can write the perturbation of the equation of state (2.10) as

δw = 4xδx . (3.22)

Hence for ν > 0 the scalar field perturbations at leading-order on large scales correspond
to adiabatic perturbations which leave the equation of state unperturbed, δw = 0. More
generally, adiabatic perturbations on large scales correspond to local perturbations forwards
or backwards in time along the background trajectory [79] which correspond to a fixed point
in phase space. In appendix D we consider the next-to-leading order scalar field perturbations
on large-scales which give rise to a finite perturbation δx 6= 0 on finite scales and finite time,
kη 6= 0 for ν > 0.

Conversely, for ν < 0 initial quantum field perturbations on sub-Hubble scales give
rise to non-adiabatic perturbations on super-Hubble scales at late times, δw 6= 0, which
correspond to perturbations away from the fixed point in the dimensionless phase space.
We will now consider the effect of these quantum vacuum fluctuations evolving into the
super-Hubble regime and giving rise to a stochastic diffusion in the phase space.

4 Stochastic noise from quantum fluctuations

We will characterise the noise emerging from sub-Hubble quantum fluctuations evolving into
the super-Hubble regime following the stochastic formalism described in [73]. Classically, the
time derivative of the field, ϕ̇, can be related to its conjugate momentum, πϕ ≡ ∂L/∂ϕ̇, by
[73]

ϕ̇ =
1

a(t)3
πϕ , (4.1)

and the evolution for πϕ is given by

π̇ϕ = −a(t)3V,ϕ , (4.2)

where “,ϕ” represents the derivative with respect to ϕ.
In the stochastic approach, one splits the scalar field and its momentum into a long-

wavelength part and small-wavelength part as

ϕ = ϕ+ ϕQ , π = π + πQ , (4.3)

where the subscript “Q” describes the small-wavelength quantum part. We introduce a
time-dependent comoving cut-off scale (the so-called coarse-graining scale)

kσ = σaH , (4.4)
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below which small (sub-Hubble) wavelengths are integrated out, thus deriving an effective
theory for the long wavelength part, with σ the ratio between the Hubble radius and the cut-
off wavelength. Note that we require the coarse-graining scale to be larger than the Hubble
scale, hence σ < 1, to neglect gradient terms [76].

In an inflationary expanding cosmology (p > 1 and t > 0) or a decelerated collapsing
cosmology (0 < p < 1 and t < 0) this leads to stochastic noise associated with the small-
wavelength quantum fluctuations modes crossing the coarse-graining scale into the long-
wavelength field at each time step, dτ , is described by the two-point correlation matrix
Ξ(~x1, τ1; ~x2, τ2)

Ξf,g(~x1, τ1; ~x2, τ2) = 〈0|ξf (~x1, τ1)ξg(~x2, τ2)|0〉 , (4.5)

with f , g and ξf , ξg being shorthand notation for the field or its momentum and their
respective noises. In the following we will choose the time variable, τ , to be the number of
e-folds, N . Then, we can rewrite these entries in terms of the power spectrum (for white
noise) as

Ξf,g(N) =
1

6π2
dk3σ(N)

dN
fk (N) g∗k (N) . (4.6)

4.1 Quantum diffusion in phase-space

Near the critical point x = xb given by (2.14), the stochastic version of (2.18) is3

d(x̄− xb)
dN

= m(x̄− xb) + ξ̂x, (4.7)

where the eigenvalue m = (λ2 − 6)/2, whose solution is given by considering an Itô process

x̄(N)− xc = em(N−N?) (x̄(N?)− xc) +

∫ N

N?

em(N−S)ξ̂xdS. (4.8)

We define the variance associated with the coarse-grained field x̄ as

σ2x :=
〈

(x̄(N)− xc)2
〉

; (4.9)

whose evolution equation is given by

dσ2x
dN

= 2mσ2x + 2
〈
ξ̂x (x̄− xc)

〉
. (4.10)

The solution can be split into a classical part and a quantum part, given by4

σ2x(N) = σ2x,cl(N) + σ2x,qu(N)

= σ2x(N?)e
2m(N−N?) +

∫ N

N?

dS e2m(N−S)Ξx,x(S) , (4.11)

where the two-point correlation matrix Ξx,x(S) is defined in Eq. (4.6), using the notation of
[73]. The classical part, σ2x,cl(N), is given by the variance at some initial time times an expo-

nential function of the number of e-folds. The quantum part, σ2x,qu(N), is the accumulated
noise between the initial time and a later time.

3For more informations on stochastic differential equations, see e.g. [80].
4We show the explicit calculation in Appendix E.
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We find the two-point correlation function for the perturbations in the dimensionless
phase-space variable, x, by applying (4.6) to δx given in (3.21) as

Ξx,x(N) =
1

2π2
σ3
(
ν − 1

2

)2 1

(−η?)3
exp

[
−3

ν − 1/2
(N? −N)

]
|δx|2

= g(ν, σ)κ2H2(N) , (4.12)

with

g(ν, σ) :=
Γ2(|ν|)ν222|ν|+4

(12π)3σ2|ν|−3

(
2

2ν − 1

)2|ν|+4

(|ν| − ν)2 . (4.13)

As previously noted, for ν > 0 the classical trajectory for x remains preserved by the
leading order perturbations in the scalar field since δx = 0 on large scales (kη → 0) 5, but
the same is not true for ν negative since in this case δx 6= 0. We derive in Appendix C an
alternative way to find this result using perturbations of the field and momentum.

Inserting our result for the correlation function (4.12) in the quantum part of (4.11), we
find

σ2x,qu(N) = g(ν, σ)κ2H2
? exp

[
3− 2ν

ν − 1/2
(−N?)

]
e2mN

∫ N

N?

dS e−2mS exp

[
3− 2ν

ν − 1/2
S

]
. (4.14)

Re-expressing the eigenvalue m in terms of the index, m = −2ν/(ν − 1/2), the solution of
(4.14) is then

σ2x,qu(N) = g̃(ν, σ)κ2H2(N)

{
1− exp

[
3 + 2ν

ν − 1/2
(N? −N)

]}
, (4.15)

where

g̃(ν, σ) =

(
ν − 1/2

3 + 2ν

)
g(ν, σ)

=
Γ2(|ν|)22|ν|+4

(12π)3σ2|ν|−3

(
ν2

3 + 2ν

)(
2

2ν − 1

)2|ν|+3

(|ν| − ν)2 . (4.16)

Equation (4.14) is given in terms of the Hubble scale at a fixed time, H?, while we have used
(3.19) to give the variance (4.15) in terms of the time-dependent Hubble scale, H(N).

We can compare the growth rate of the classical and quantum perturbations by compar-
ing the time dependence from the two parts in (4.11). We note first that the time dependence
of the classical term goes as

σx,cl ∝ exp

[
4ν

ν − 1/2
(N? −N)

]
. (4.17)

From (4.15), we see the time dependence of the quantum term behaves as

σx,qu ∝ exp

[
4ν

ν − 1/2
(N? −N)

]{
exp

[
− 3 + 2ν

ν − 1/2
(N? −N)

]
− 1

}
. (4.18)

5In Appendix D, we take into account the next-to-leading order field contribution to compute Ξx,x(N) and
show that even in this configuration quantum diffusion should not take the system away from the fixed point.
We show in particular that this is the case for quasi-de Sitter inflation.
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Remember N? − N grows with time (N decreases) in an expanding universe. Thus, the
quantum variance decays with time if we have

3 + 2ν

ν − 1/2
> 0 . (4.19)

This is the case if either ν > 1/2 or ν < −3/2. However, a positive ν will cancel the leading
order quantum diffusion, so we will consider only the second case, ν < −3/2, in the following
analysis. Thus, the classical perturbations grow faster than the quantum noise if ν < −3/2,
and the quantum noise grows faster if ν > −3/2.

Also, the condition (4.19) provides a shift in the spectrum, since the scalar spectral
index can be written in terms of w as [81–86]

ns = 1 +
12w

1 + 3w
, (4.20)

and w is related to ν. It is clear to see that when ν < −3/2− ε, where ε is a small positive
parameter, w < 0 and the spectrum becomes redder.

To understand the behaviour around ν ≈ −3/2 we will consider ν = −3/2− ε which for
|ε(N? −N)| � 1 leads to

σ2x,qu(N) =
3

128π

1

σ2ε
H2(N)

M2
pl

(N? −N) , (4.21)

where we have used κ2 = 8π/M2
pl with Mpl the Planck mass, and we recall that σ is the

coarse-graining scale. The diffusion thus has the form of a random walk with N? −N steps
of equal, but growing, length ∝ |H(N)|.

We see that (4.21) depends weakly on the coarse-graining scale for ν ≈ −3/2, and
becomes independent of σ in the limit ν = −3/2, where ε → 0. This is not surprising since
we know that quantum fluctuations in a pressureless collapse give rise to a scale-invariant
spectrum of perturbations [82, 83, 87].

4.2 Maximum lifetime of the collapsing phase

We can now examine when the variance becomes large, i.e., when σx,qu ≈ 1, so that the
quantum diffusion due to the stochastic noise results in a significant deviation from the
critical point.

4.2.1 Radiation-dominated collapse

Consider first the case of a potential-kinetic-scaling collapse with λ = 2, giving rise to an
equation of state w = 1/3, analogous to a radiation-dominated cosmology, and index ν =
−1/2. The variance (4.15) in this case becomes

σ2x,qu(N) =
σ2

54π

H2
?

M2
pl

{exp [4 (N? −N)]− exp [2 (N? −N)]}

≈ σ2

54π

H2(N)

M2
pl

, (4.22)
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where to get the second line, we have neglected the second exponential term since the first
one will grow much quicker. For σ2x,qu(Nend) = 1, we get the straightforward result

|Hend| ≈
13

σ
Mpl . (4.23)

We conclude that a radiation-dominated collapsing phase cannot escape the fixed point
due to quantum diffusion until it approaches the Planck scale. Indeed, since we require σ < 1,
we see that a deviation from the classical fixed point x = xb due to quantum diffusion would
require the Hubble scale to become greater than the Planck scale. In practice as soon as the
Hubble scale approaches the Planck scale our semi-classical analysis breaks down.

4.2.2 Pressureless collapse

For the case of a pressureless collapse, ν = −3/2, we find σx,qu(Nend) = 1 when

|Hend| =

√
128π

3(N? −Nend)
Mpl (4.24)

Thus, for pressureless collapse case, quantum diffusion gives a time, tend, at which stochastic
trajectories leave the classical fixed point before we reach the Planck scale, |Hend| < Mpl, if
the number of e-folds during the collapse is greater than 134. We show a simple example in
Fig.(1).

In terms of the initial Hubble rate, using (3.19) for the Hubble rate H(N) for ν = −3/2,
we have

(N? −Nend) exp [3(N? −Nend)] =
128π

3

M2
pl

H2
?

, (4.25)

from which we get an approximate number of e-folds during the collapse phase

N? −Nend ≈
2

3
ln

(√
128π

3

Mpl

|H?|

)
. (4.26)

Conversely we can obtain an expression for the Hubble rate at the end of the pressureless
collapse starting from an initial Hubble rate H? given by

|Hend| ≈
√√√√ 64π

ln
(√

128π
3

Mpl

|H?|

)Mpl . (4.27)

Knowing how the comoving Hubble length behaves in terms of time during pressureless
collapse, we can estimate a lower limit on the number of e-folds required during pressureless
collapse to solve the horizon and smoothness problems of the hot big bang:

kend
k?

=
aendHend

a?H?
=

(
t?
tend

)1/3

= e(N?−Nend)/2 > e70 , (4.28)

where we are considering 70 as a ratio between the Hubble length over Planck scale compared
to horizon size today. This is a similar number for inflation to solve the flatness and horizon
problems of Big Bang cosmology. Then, we would need

N? −Nend > 140 , (4.29)

which is remarkably close to the estimate N? − Nend > 134 that follows from requiring
|Hend| < Mpl (4.24).
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Quantum

Gravity

Regime

Mpl

apl

|H*|

a*

e
ΔN

aend

|Hend|

a

|H|

Figure 1. Evolution of the Hubble rate, |H|, in a pressureless collapse. For quantum diffusion to
lead to a deviation from the classical fixed point before the Hubble rate reaches the Planck scale,
|Hend| < MPl, requires a very low initial energy scale, |H∗| � |Hend|.

5 Conclusion

The origin of the primordial density perturbations which lead to the large-scale structures
we observe in the Universe is still a topic of debate. While a lot of attention has been given
to quantum fluctuations in an inflationary expansion phase, another interesting possibility is
that of vacuum fluctuations in a collapse phase preceding the present cosmological expansion.
Perturbations of a self-interacting scalar field can be a useful starting point to study collapsing
phases since in the case of linear perturbations, we can have a duality between the expanding
and contracting solutions, as shown in [82].

We have presented in this work an analysis of the stability of a power-law solutions for
a scalar field with an exponential potential, both classically and in the presence of quantum
perturbations which can give rise to a stochastic noise on super-Hubble scales, either during
an accelerated expansion or a decelerated collapse. We considered three possible cosmological
scenarios: power-law inflation, a pressureless collapse and an ekpyrotic collapse. It is well
known that inflationary and ekpyrotic models are classically stable under perturbations,
while the matter collapse is unstable. We have shown in this work that in inflationary and
ekpyrotic models quantum perturbations at leading-order on large (super-Hubble) scales are
adiabatic, and do not drive these models away from their fixed point solution in phase-space.
This means that the equation of state is unperturbed, δw = 0, and one does not modify
the classical behaviour of such models by adding quantum noise. In fact, all models with a
positive index ν (the index of the Bessel function governing the evolution of the Mukhanov-
Sasaki variable, see Eq. (3.10)) have a vanishing quantum contribution to the equation of
state at leading order on super-Hubble scales. As a consequence, only models with a negative
index, ν < 0, including the pressureless collapse case, diffuse away from the classical fixed
point due to quantum noise. The perturbation of the equation of state is summarised in
Table (2).

We then considered the maximum lifetime of the classical fixed point in the presence of
quantum noise in a collapse phase with ν < 0. In the general case, we find that the collapse
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Inflation or Ekpyrotic collapse Pressureless collapse
ν > 0→ adiabatic noise ν < 0→ non-adiabatic noise

δw = 0 δw 6= 0

Table 2. Table comparing the behaviour of δw for three cases in the super-Hubble limit σ → 0: de
Sitter inflation (ν = 3/2), ekpyrotic collapse (ν = 1/2) and pressureless collapse (ν = −3/2).

models are stable against quantum diffusion in the semi-classical theory since the variance
with respect to the classical fixed point on super-Hubble scales is proportional to the Hubble
rate and remains small while the Hubble rate remains below the Planck scale.

However, for the particular case ν = −3/2, corresponding to a pressureless collapse, the
perturbations on super-Hubble scales are known to be scale-invariant; in this case we found
the quantum diffusion leads to a random walk away from the fixed point. If we start the
classical collapse from very low energy scales arbitrarily close to the fixed point solution, then
the semi-classical collapse phase (with the Hubble scale below the Planck scale) can last for
many e-folds before diffusion drives the evolution away from the fixed point solution.

Our analysis is limited to first-order perturbations about the classical fixed points,
however one might expect that fluctuations about the pressureless collapse eventually end up
in a kinetic-energy-dominated collapse phase with w = +1 since this is the stable fixed point
solution in this case. Perturbations about the kinetic-dominated collapse due to quantum
fluctuations are adiabatic in the super-Hubble limit and so this fixed point solution remains
stable against quantum noise up to the Planck scale.

In this paper, we focused on stochastic effects in the scalar field evolution in a collapsing
cosmology. Given that we have seen that quantum diffusion can play an important role in the
semi-classical dynamics, it is interesting to consider whether quantum effects might be a way
to avoid the classical singularity as the Hubble rate diverges. However it is not possible to
model a cosmological bounce in our approach as we have used the scale factor as a monotonic
time variable in order to study fluctuations in the scalar field. It might be interesting instead
to use the scalar field (or some other quantity) as a monotonic time variable and then study
fluctuations of the geometry, which might, in principle, include a non-monotonic scale factor,
i.e., a bounce. We leave this open question for future work.
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A Mapping between p, λ2, w, ν and ns − 1

Throughout this work, we use the quantities p, λ2, w and ν because, even if they are connected
to the others, each one of them is more appropriate for a specific analysis. In order to facilitate
the understanding of the reader, we show the explicit mapping between them in Table 3

B Kinetic-dominated solution

We show in this appendix the solutions for the other critical point, namely the kinetic-
dominated regime. This is interesting for two reasons. First, this regime corresponds to
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p λ2 w ν ns − 1

p p 2
λ2

2
3(1+w)

2ν−1
2ν−3

4−(ns−1)
6−(ns−1)

λ2 2
p λ2 3(1 + w) 4ν−6

2ν−1
2(ns−1)−12
(ns−1)−4

w 2−3p
3p

λ2−3
3 w −2ν−3

6ν−3
(ns−1)

12−3(ns−1)

ν 3
2 + 1

p−1
3
2 + λ2

2−λ2
3
2 −

3(1+w)
1+w ν 3(ns−1)

8 − 3
2

ns − 1 6p−4
p−1

4(3−λ2)
2−λ2

12w
1+3w

4(2ν+3)
3 ns − 1

Table 3. Table showing how to write p, λ2, w, ν and ns − 1 in terms of each of them.

the critical value ν = 0, which is the interface between purely adiabatic perturbations (at
first-order) and non-adiabatic perturbations. Second, perturbations in this regime act as a
stiff fluid and go as a ∝ (−η)−6. Such behaviour is usually invoked in the classical resolution
of the initial singularity, see for instance the reviews [17–20].

To begin, note we can rewrite (3.14) in terms of the variables x and y as

δx =
κ

6

[(
1− x2

) ˙δϕ

H
+

(
3x4 − 3x2 +

λ2

2
y2
)
δϕ

]
. (B.1)

In the case of the kinetic-dominated solution, the fixed points are xa = ±1, ya = 0. In this
configuration, we have w = 1, or equivalently λ2 = 6, resulting in the trivial expression

δx = 0 , (B.2)

regardless of the value of the solution δϕ. Hence, any first-order linear field perturbation
leads to adiabatic perturbations in the kinetic-dominated regime.

C A different approach to find the noise

We know that ϕ̇ can be related to its momentum π ≡ ∂L/∂ϕ̇ using the ADM formalism, as
shown in [73], by

ϕ̇ =
1

a(t)3
πϕ , (C.1)

where the lapse function N was chosen as the cosmic time, which means that N = 1. Also,
the evolution for πϕ is given by

π̇ϕ = −a(t)3V,ϕ , (C.2)

where “,ϕ” represents the derivative with respect to ϕ.
The scalar field and its momentum can be split into a long-wavelength part and small-

wavelength part as

ϕ = ϕ+ ϕQ π = π + πQ , (C.3)

where the subscript “Q” describes the small-wavelength part, which will allow us to calculate
the quantum noise for ϕ and π.
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We get the linearly perturbed momentum including scalar field perturbations

π + δπ =
∂ (L+ δL)

∂
(

1
1+A ϕ̇

) = (1 +A)
∂ (L+ δL)

∂ϕ̇
(C.4)

where we have also perturbed the lapse function t→ (1 +A)t. The perturbed momentum is
then

δπ = A
∂L
∂ϕ̇

+
∂δL
∂ϕ̇

= a3
(

˙δϕ−Aϕ̇
)

(C.5)

We may use the constraint A = κ2ϕ̇δϕ/2H to eliminate the perturbed lapse function since
we are working in the spatially-flat gauge [76].

Using the definition of the coarse-graining scale (4.4) in the expressions for the field and
its conjugate momentum

δϕ =
i√
4π

(
2

2ν − 1

)
2|ν|Γ(|ν|)
k|ν|

H

(−η)|ν|−3/2
, (C.6)

δπϕ =
i√
4π

2|ν|Γ(|ν|)
k|ν|

(
ν − 1

2

)4 [( 2

2ν − 1

)
(|ν| − ν)− κ2ϕ̇2

2H2

]
1

H(−η)|ν|+3/2
, (C.7)

we get

|δϕ|2 =
Γ2(|ν|)22|ν|H2

4πσ2|ν|

(
2

2ν − 1

)2|ν|+2 1

(−η)−3
, (C.8)

|δπ|2 =
Γ2(|ν|)22|ν|

4πσ2|ν|H2

(
2

2ν − 1

)2|ν|−4 [( 2

2ν − 1

)
(|ν| − ν)− 4πG

ϕ̇2

H2

]2
1

(−η)3
, (C.9)

δϕδπ∗ =
Γ2(|ν|)22|ν|

4πσ2|ν|

(
2

2ν − 1

)2|ν|−1 [( 2

2ν − 1

)
(|ν| − ν)− 4πG

ϕ̇2

H2

]
. (C.10)

From this we can work out the two-points correlation matrix associated with the quan-
tum noise with respect to conformal time ξϕ and ξπ [73] .

Ξ(η)
ϕ,ϕ =

1

(2π)3
Γ2(|ν|)22|ν|

σ2|ν|−3

(
2

2ν − 1

)2|ν|−1 H2(η)

(−η)
, (C.11)

Ξ(η)
π,π =

1

(2π)3
Γ2(|ν|)22|ν|

σ2|ν|−3

(
2

2ν − 1

)2|ν|−7

×
[(

2

2ν − 1

)
(|ν| − ν)− 4πG

ϕ̇2

H2(η)

]2
1

H2(η)(−η)7
, (C.12)

Ξ(η)
ϕ,π = Ξ(η)

π,ϕ =
1

(2π)3
Γ2(|ν|)22|ν|

σ2|ν|−3

(
2

2ν − 1

)2|ν|−4

×
[(

2

2ν − 1

)
(|ν| − ν)− 4πG

ϕ̇2

H2(η)

]
1

(−η)4
, (C.13)
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with the dependence in conformal time is left explicityly in the subscript. We can write a
stochastic version for x of the form

ẋ = x̄+ ξx , (C.14)

and relate the noise of x to the noises of ϕ and πϕ. By doing so, it can be shown the
correlation matrix in x is a combination of those contributions,

〈ξxξx〉 := Ξ(η)
x,x =

a12

(π̄2ϕ + 2a6V )3

[
4V 2Ξ(η)

π,π + (π̄ϕV
′)2Ξ(η)

ϕ,ϕ − 4V V ′π̄ϕΞ(η)
ϕ,π

]
, (C.15)

and using the expression of the correlation matrix (4.6) in terms of number of e-folds as

Ξ(N)
x,x =

dη

dN
Ξ(η)
x,x

= (−η?)
1

ν − 1/2
exp

[
1

ν − 1/2
(N? −N)

]
Ξ(η)
x,x , (C.16)

it is straigthforward to show we can recover our result (3.21).

D Next-to-leading order field contribution

We expand the field solution (3.12) and its derivative to third order to get all terms con-
tributing to second order. Then the field is now

δϕ =
i

a

Γ (|ν|) 2|ν|√
4πk|ν|

[
1 +

(−kη)2

4 (|ν| − 1)
+

(−kη)4

32 (|ν| − 1) (|ν| − 2)

]
1

(−η)|ν|−1/2

=
i√
4π

(
2

2ν − 1

)
2|ν|Γ(|ν|)
k|ν|

×
[

H

(−η)|ν|−3/2
+

k2H

4 (|ν| − 1) (−η)|ν|−7/2
+

k4H

32 (|ν| − 1) (|ν| − 2) (−η)|ν|−11/2

]
, (D.1)

˙δϕ =
i√
4π

(
2

2ν − 1

)2 2|ν|Γ(|ν|)
k|ν|

H2

×
[

(|ν| − ν)

(−η)|ν|−3/2
+

k2 (|ν| − ν − 2)

4 (|ν| − 1) (−η)|ν|−7/2
+ +

k4 (|ν| − ν − 4)

32 (|ν| − 1) (|ν| − 2) (−η)|ν|−11/2

]
.

(D.2)

The contribution to the noise in x becomes

Ξx,x(N) = ḡ(ν, σ)κ2H2
? exp

[
− 3− 2ν

ν − 1/2
(N? −N)

]
, (D.3)

with

ḡ(ν, σ) :=
Γ2(|ν|)22|ν|+2

(12π)3

(
ν2

σ2|ν|−3

)(
2

2ν − 1

)2|ν|+4
[

(|ν| − ν)2 +
σ2

2

(|ν| − ν) (|ν| − ν − 2)

(|ν| − 1)

(
ν − 1

2

)2

+
σ4

16

[
(|ν| − ν)2 − 4 (|ν| − ν)

]
[2|ν| − 3] + 4 (|ν| − 2)

(|ν| − 1)2 (|ν| − 2)

(
ν − 1

2

)4
 . (D.4)
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For positive ν, the above equation is simplified to

ḡ(ν > 0, σ) :=
Γ2(|ν|)22|ν|+2

(12π)3σ2|ν|−7

(
ν

|ν| − 1

)2( 2

2ν − 1

)2|ν|
. (D.5)

The variance in the case of quasi-de Sitter inflation (ν = 3/2− ε) is given by

σ2x,qu =
1

24π2
H2
?κ

2σ4−ε (1 + 4ε) {1− exp [−6(N −N?)]} . (D.6)

Since N is growing with time the exponential vanishes quickly and eventually the time at
which σ2x,qu = 1 is

H(N) =
√

3π (1− 2ε)
Mpl

σ2−ε/2
, (D.7)

and since σ < 1 we see quantum diffusion drives us away only if the Hubble rate is far above
the Planck scale. We note this result stays true for N ≈ N? since in this case we have

H(N) =

√
π

2
(1− 2ε)

Mpl

σ2−ε/2
. (D.8)

E Fourier transform on a finite domain

This Appendix is dedicated to show explicitly the solution given by (4.11), while pointing
out that the final result depends on a conventional factor. From (4.10), we easily get

σ2x(N) = σ2x(N?)e
2m(N−N?) + 2

∫ N

N?

dS e2m(N−S)
〈
ξ̂x(S) (x̄(S)− xc)

〉
. (E.1)

We can reexpress the expectation value in the second term using (4.8) to get〈
ξ̂x(S) (x̄(S)− xc)

〉
=

〈∫ S

S?

em(S−U)ξ̂x(S)ξ̂x(U)dU

〉
. (E.2)

Using the Fubini theorem, we get〈
ξ̂x(S) (x̄(S)− xc)

〉
=

∫ S

S?

em(S−U)
〈
ξ̂x(S)ξ̂x(U)

〉
dU . (E.3)

The variance (E.1) is then

σ2x(N) = σ2x(N?)e
2m(N−N?) + 2

∫ N

N?

∫ S

S?

dSdU em(2N−S−U)
〈
ξ̂x(S)ξ̂x(U)

〉
. (E.4)

The resolution of (E.1) leads us to consider the following integral:∫ S

S?

dUem(2N−S−U)δ (S − U) . (E.5)
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For a general function, we have∫ b

a
f(x)δ(x− x′)dx =

∫ ∞
−∞

dx f(x) [θ(x− a)− θ(x− b)] δ(x− x′)

= f(x′)
[
θ(x′ − a)− θ(x′ − b)

]
, (E.6)

what gives in our case∫ S

S?

dUem(2N−S−U)δ (S − U) = e2m(N−S) [θ(S − S?)− θ(S − S)]

= e2m(N−S) [θ(S − S?)− θ(0)] . (E.7)

Using the half-maximum convention for the unit step function, we obtain∫ S

S?

dUem(2N−S−U)δ (S − U) =
1

2
e2m(N−S) . (E.8)

Now, we are able to write the full solution for the variance in x as

σ2x(N) = σ2x(N?)e
2m(N−N?) +

∫ N

N?

dS e2m(N−S)Ξx,x(S) . (E.9)
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