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Role of matter in gravitation: Going beyond the Einstein-Maxwell theory
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For field theories in curved spacetime, defining how matter gravitates is part of the theory building
process. In this paper, we adopt Bekenstein’s multiple geometries approach to allow part of the matter
sector to follow the geodesics on a general pseudo-Riemannian geometry, constructed from a tensor and a
Uð1Þ gauge field. This procedure allows us to generate a previously unknown corner of vector-tensor
theories. In the Jordan frame, apparent high-derivative terms of the vector field are reduced by integrating
out an auxiliary variable, at the cost of introducing new matter interactions. As a simple example, we
consider a conformal relation between different geometries and demonstrate the presence of an auxiliary
degree. We conclude with a discussion of applications, in particular for the early universe.
DOI: 10.1103/PhysRevD.100.124064

I. INTRODUCTION
Extensions of Maxwell’s electrodynamics, the linear
theory of Uð1Þ gauge fields, have been actively studied
in the last century. One of the most well-known examples is
the nonlinear construction by Born and Infeld [1]. This
theory, which was designed to address the divergences in
the self-energy of point charges, can be considered as a
special case of a class of theories where the Lagrangian is
an arbitrary function of the Maxwell term Fμν Fμν and the
Pontryagin density Fμν F̃μν. In the absence of gravity, this
class is the most general classical action for a Uð1Þ field, as
indicated by the no-go result in Ref. [2].
On the other hand, in curved spacetime, one can devise
highly nonlinear interactions between the gauge field and
gravity. A known extension of the Einstein-Maxwell theory
to include such terms has been constructed by Horndeski [3],
requiring that the equations of motion are at most of second
order. This requirement is justified by Ostrogradski’s result
[4] which demonstrates that the Hamiltonian becomes
unbounded from below if the equations of motion contain
more than second-order time derivatives. However, with
degenerate kinetic terms, it is possible to evade this
*
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conclusion; the implicit constraints due to the degeneracy
render a potentially problematic degree of freedom (d.o.f.)
auxiliary [5].
In the present paper we exploit this loophole to find new
extensions of Uð1Þ-tensor theory. Instead of building a
general class from first principles, we prove the presence
of these theories by adopting a perspective based on
Bekenstein’s multiple geometries [6]. In this approach,
one starts from a gravitational action in vacuum, then adds
matter that follows the geodesics of an arbitrary geometry
built out of all d.o.f. that participate in gravitational
interactions. An essential advantage of this strategy is that
a second-order equation of motion in one representation
can seem to be of higher order in a different (but equivalent)
representation, at the expense of an auxiliary d.o.f. This
convenient method has previously been used, at least
partially, in the context of scalar-tensor [7,8] and massive
vector-tensor theories [9–11]. To our knowledge, the
present study is the first attempt in which the approach
is used to generate new gravitational interactions of a Uð1Þ
gauge field.
In our construction, the relation between the two
geometries is chosen to preserve the form of the local
Uð1Þ symmetry for a vector field Aμ → Aμ þ ∂ μ α in both
representations. The novel interactions between this gauge
field Aμ and the metric potentially provide several implications especially for the physics of the early universe,
such as inflationary dynamics, generation of magnetic
fields, and spacetime singularities. Since the new interactions are invoked by the relation between the Jordan and
Einstein frames by construction, they naturally become
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ineffective in the region of low matter density and vanish in
the absence of matter. In the context of cosmology, this
potentially allows our theory to generate primordial signatures without violating current local experiments.
II. A TALE OF TWO GEOMETRIES
When the Uð1Þ gauge field is identified as a gravitational
d.o.f., the metric ceases to be the unique quantity that
characterizes the geometry. In fact, starting from an
arbitrary metric variable g, we can define a new one through
g̃μν ¼ Cgμν þ DFμρ gρσ Fσν ;

ð1Þ

where Fμν ¼ ∂ μ Aν − ∂ ν Aμ is the field strength tensor, while
the coefficients C and D vary with both the tensor and
vector field
C ¼ Cð½F2 ; ½F4 Þ;

D ¼ Dð½F2 ; ½F4 Þ;

ð2Þ

with square brackets denoting the trace operation ½F2  ¼
Fμ ν Fν μ and ½F4  ¼ Fμ ν Fν ρ Fρ σ Fσ μ . The first term in (1)
corresponds to a conformal transformation, i.e., isotropic
stretching of spacetime distances. The second term is the
only Uð1Þ invariant disformal (anisotropic stretching)
contribution that is (i) compatible with the symmetry of
the metric tensor; (ii) contains no more than first derivatives
of the vector field. Note that, although one can add other
disformal terms containing any even powers of Fμ ν , they
can be absorbed in the definitions of the coefficients C and
D thanks to the Cayley-Hamilton theorem in 4 dimensions.
Equation (1) is thus the most general relation between two
metrics that requires only local information of field values
(zeroth and first derivatives), respecting the Uð1Þ symmetry. As we shall see, it is also the most general one,
barring a fine-tuned choice of C and D, that does not
introduce additional d.o.f.
By changing the matter coupling according to relation
(1), one can generate new vector-tensor theories. For
instance, starting from a vector-tensor Lagrangian LVT
whose variation yields second order equations of motion,
one can introduce the matter sector that no longer follows
the geodesics of the tensor in the original Lagrangian, but a
metric that is disformally related to it, which can be
characterized by the form of action
Z
S¼



pﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃ
dx
−g̃LVT ðg̃; Aμ Þ þ −gLm ðg; fΨI gÞ ;
4

ð3Þ

second derivatives. On the other hand, when one instead
chooses the g representation, which would be the Jordan
frame, a curvature dependent LVT leads to terms in the
equations of motion that have higher than second
derivatives.
instance, the Einstein-Hilbert term SEH ¼
R For
pﬃﬃﬃﬃﬃﬃ
4
d x −g̃R̃ in the g̃ representation can be written (up to
boundary terms) in the g representation as
 
∇μ C∇ν E
3 ∇μ C∇ν C
pﬃﬃﬃﬃﬃﬃ
þ2
SEH ¼ d x −gCE hμν Rμν þ
2 C2
CE


∇μ E∇ν E 1
1
þ
þ ∇μ hρσ ∇ν hρσ − ∇σ hνρ
2
2
2
E


∇ν C ∇ν E
þ ∇μ hμν
þ
;
ð4Þ
C
E
Z

4

ρ
−1 and E 2 ≡ detðg−1 hÞ.
where hμν ≡ gμν þ D
C Fμ Fρν , h ≡ h
Since C, E, hμν and hμν all depend on the first derivative
of the vector field, the action above generically contains
terms of the form ð∂∂AÞ2 . However, provided that the two
representations are equivalent, the high derivatives do not
lead to an Ostrogradski-type instability; instead the apparent new d.o.f. implied by them is an auxiliary field.
The equivalence of the two representations is only true if
the disformal relation (1) is invertible. Invertibility ensures
that no information is lost after a change of variables. The
theory thus continues to be invariant under general coordinate transformations and the Ostrogradski stability arguments in the previous representation continue to hold.
In order to obtain the conditions for invertibility, we need
the Jacobian of the two metrics

J αβμν ≡

ð5Þ

The eigenvalues of the Jacobian can be calculated by
following the general prescription laid out in Ref. [8].
Requiring no null eigenvalues, we find the invertibility
condition as

D½F2 
C C − 2C2 ½F2  − 4C4 ½F4  −
− 2D2 ½F4 
2

D4 ½F2 ð½F2 2 − 6½F4 Þ
þ
2

D
2 2
4
þ ð½F  − 2½F Þ ðD þ 2D2 ½F2  þ 4D4 ½F4 
8


þ 8C2 þ 4C4 ½F Þ þ ðC4 D2 − C2 D4 Þð½F  − 4½F Þ ≠ 0;
2

where fΨI g represents a set of matter fields. Provided that
the matter Lagrangian does not contain any more than first
derivatives of the fields, the resulting equations of motion
for the g̃ representation are guaranteed to have manifestly

∂ g̃μν
:
∂gαβ

2 2

4

ð6Þ
where we have defined
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ð7Þ

to third order. However, the auxiliary d.o.f. can be integrated
out by taking the trace of Eq. (12),

In the following, we turn off the disformal term and focus
on a conformal relation between two representations.
Although this is a highly simplified case, it provides an
illustrative example that demonstrates the properties discussed above.




∇2 C 3 ∇ρ C∇ρ C C2 2
C4 4 1
þ
½F  þ 2 ½F  −
R−3
C
2 C2
2
C
C
T
¼
:
ð13Þ
2M2 C

III. CONFORMALLY RELATED GEOMETRIES

The first parenthesis contains the only third derivative term
which also appears in the definition of F μν in (11). Using
Eq. (13) we can thus reduce the derivative order of the vector
equation down to two. Rewriting Eq. (11), we get

Cn ≡

Dn ≡

As an example, we consider the Einstein-Maxwell
theory, then couple the rest of the matter sector to a new
metric
Z
S¼

d4 x





pﬃﬃﬃﬃﬃﬃ g̃μα g̃νβ
M2
pﬃﬃﬃﬃﬃﬃ
−g̃
Fμν Fβα þ
R̃ þ −gLm ;
4
2


 C2 μν
C4
3 μν  
C F þ 2 C ðF Þ
μν
∇ν F þ C2 2
T ¼ 0:
C4
1
4
C ½F  þ 2 C ½F  − 2

ð8Þ
where g and g̃ are now related only conformally, i.e.,
D ¼ 0, and M is a constant of mass dimension 1 that would
be identified as the reduced Planck mass in the limit C → 1.
In this case, the invertibility condition (6) reduces to
CðC − 2C2 ½F2  − 4C4 ½F4 Þ ≠ 0:

ð9Þ

When written in the Jordan frame using the g metric as the
variable, the action has the familiar form of a conformally
transformed system, up to surface terms,
Z
S¼





3 ∇μ C∇μ C
½F2 
pﬃﬃﬃﬃﬃﬃ M2 C
d x −g
þ
Rþ
þ Lm :
2
2 C2
4
4

ð10Þ
As discussed earlier, the derivatives of the conformal factor
generate terms of the form ð∂∂AÞ2 , which generically lead
to equations of motion of fourth order in derivatives.
Varying the Jordan frame action (10) with respect to the
gauge field and the metric leads to, respectively,
∇ν F μν ¼ 0;



∇2 C 3 ∇ρ C∇ρ C
þ
F μν ≡ Fμν þ 2M 2 C R − 3
C
2 C2


C2 μν
C
×
ð11Þ
F þ 2 4 ðF3 Þμν ;
C
C

 2
3 ∇μ C∇ν C ∇μ ∇ν C
∇ C 3 ∇ρ C∇ρ C
Gμν þ
−
gμν
−
þ
2 C2
C
4 C2
C


1
½F2 
ρ
ð12Þ
g :
¼ 2
T μν − F μρ F ν þ
4 μν
M C

Indeed, the vector field equations (11) contain up to fourth
derivatives of Aμ , while the metric field equations (12) go up

ð14Þ

This equation is now manifestly second order, and part of the
metric equations (12) that corresponds to the Hamiltonian
constraint also reduces to second (time) derivatives of Aμ ,
closing the system of equations that govern time evolution.
Removing the auxiliary degree introduces an explicit
dependence on the trace of the energy-momentum tensor
in the vector equation. In the Jordan frame, the nontrivial
metric–gauge field interaction thus implies a direct coupling
between the matter and the gauge field, as was already
manifest in the Einstein frame. We remark that for a matter
action that does not contain first derivatives of the metric,
the matter energy-momentum tensor is covariantly conserved and the matter equation of motion is oblivious to
the constraint (13). Therefore, standard fermionic fields have
their usual equation of motion in the Jordan frame.
The reduction of higher derivatives is possible only in the
presence of the metric d.o.f. If one turned off gravity at the
level of the action (10), the metric equation (12) and thus its
trace (13) would be absent, removing essential geometrical
information to eliminate the higher derivatives in the gaugefield equation of motion (11). This observation suggests
that the spacetime geometry cannot be treated as external,
and the dynamics of the metric is crucial to ensure the
absence of higher-derivative instabilities.
This construction is especially interesting in the context
of the early universe cosmology. The conformal invariance
of the standard Maxwell term in 4 dimensions leads to an
effective decoupling of the gauge field from expansion,
posing a challenge for simplest models of generation of
primordial magnetic fields [12]. The matter-gauge coupling
in (14), or equivalently the high-derivative degenerate terms
in (11), can potentially allow the vector field to be susceptible
to the expansion.
The matter sector is dominated by the inflaton field
during inflation. For a perturbative gauge field production,
the equation of motion at leading order is
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∇ν F 1 − 2 T
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C
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where C2 =C is evaluated at ½F2  ¼ ½F4  ¼ 0 and is constant. We require 2TC2 =C < 1 to avoid ghost instabilities,
and once T sufficiently decreases, Eq. (15) returns to the
standard Maxwell equation without a source. Equation (15)
is equivalent to a model with Lagrangian density fðtÞFμν Fμν,
where the time dependence of function fðtÞ is induced by
the motion of the inflaton condensate. This model is known
to suffer difficulty to generate sufficiently large magnetic
fields to account for the blazar observations [13] (see [14]
for a review). This is because under the requirement to avoid
a strong coupling to charged particles, electric fields are
always produced at larger amplitudes than magnetic.
Imposing bounds on the background dynamics as well as
curvature perturbation constraints in turn suppresses the level
of magnetic-field production. The linear production from
(15) falls into the same class, and this situation would not
change even if the disformal factor D in (1) is included.
Another possibility is nonlinear generation of a magnetic
field condensate as an attractor solution, in the fashion of
Ref. [15]. With the disformal term turned off, however,
this scenario would not be successful either, due to the lack
of a scaling symmetry that could ensure that the magnetic
field persists against the expansion of spatial volume.
IV. DISCUSSION
In this paper, we proposed a novel extension of vectortensor theories, where the vector field is an Abelian gauge
field. We introduced a previously overlooked disformal
relation between two geometries as a method to construct
this theory. To demonstrate the strength of our approach, we
considered a simple conformal relation, which is sufficient to
generate a new theory with higher-order derivatives that is
immune to Ostrogradski instabilities thanks to the presence
of an auxiliary field.
Nonlinear extensions of the Einstein-Maxwell theory
provide a novel, intriguing framework to address problems
in the early universe, such as new inflationary solutions,
primordial magnetogenesis and avoidance of initial singularities. Other interesting applications include problems in
the strong gravity regime; for instance, determining the
implications of the nonlinear gauge field–tensor interaction
for compact object solutions. We will present a more
complete discussion of magnetogenesis, black hole solutions and spacetime singularity avoidance for the most
general disformal transformation in a future publication.
A key ingredient in our construction of the theory (3)
relevant to address these issues is that gravitational interaction is mediated not only by the metric but also by an
additional gauge field, potentially changing the solutions in
a way otherwise impossible, and that such effects arise
particularly in large density regimes.

A potential concern is that this construction breaks one
or more equivalence principles. Since in the Jordan frame
the gravitational coupling gets redressed by the vector-field
dependent terms, this is a manifestation of strong equivalence principle violation. Moreover, if one considers the
gauge field to be the electromagnetic field, it will have
direct coupling to the Standard Model fields that do not
even carry any Uð1Þ charge. Although there is no single
resolution that categorically implies compatibility with
observations and experiments, one can construct realistic
scenarios with reasonable implications depending on the
context. For instance, there are several new scales that are
introduced by the relation (1), such as ðC2 Þ−1=4 or ðC4 Þ−1=8,
which can be tuned to suppress nonstandard gravitational
effects.
Another plausible scenario to overcome the above concern
is to preserve strong equivalence principle for the gravitational interactions of the Standard Model sector, but violate it
for a sector of new physics. For example, one can violate the
weak equivalence between the inflaton sector and Standard
model, by devising a model with the action
 2
Z
pﬃﬃﬃﬃﬃﬃ
M pﬃﬃﬃﬃﬃﬃ
1 pﬃﬃﬃﬃﬃﬃ
4
S¼ d x
−gFμν Fμν þ −ḡLinf ðḡ; ϕÞ
−gR −
4
2

pﬃﬃﬃﬃﬃﬃ
þ −gLSM ðg; fΨI gÞ ;
ð16Þ
with ḡ and g being related by a disformal relation of the form
(1). In this case, inflaton ϕ and the Standard Model fields
follow the geodesics of different geometries. The Jordan
frame from the perspective of the Standard Model coincides
with the Einstein frame. After the inflaton decays, the vector
field becomes a standard Maxwell field in curved background. Keeping the metric in the Jordan frame of Standard
Model, high derivatives of the vector fields do not emerge.
In this form, the scalar field can be interpreted as part of the
gravity sector, now consisting of a scalar, vector and tensor
fields, as proposed previously in [16]. In this case, one can
identify the Uð1Þ field with the photon without causing
any inconsistency, since the weak equivalence principle is
reinstated in the postinflationary stage. This type of implementation is quite relevant for early universe problems, since
the nonlinear behavior is constrained to the inflationary stage.
The relation (1) can also be used to further extend massive
vector-tensor theories proposed in Refs. [17,18]. In these
theories, Uð1Þ symmetry is absent, and thus the vector field
has a third (longitudinal) polarization. For this reason,
previous applications of disformal transformations did not
include dependence on the electromagnetic strength tensor.
On the other hand, since the disformal term Fμρ Fρν in (1) is
invariant under Uð1Þ transformation, we do not expect it to
excite nondegenerate high-derivative ghosts associated with
the longitudinal mode in any representation.
Finally, throughout the paper, we assumed parity invariance. However, the approach can be extended to include
dependence on the dual tensor F̃μν, which amounts only to
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making C and D depend on a pseudoscalar quantity Fμν F̃μν
in addition to ½F2  and ½F4 .
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