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Strong gravitational lensing can produce multiple images of the same gravitational-wave signal, each
arriving at different times and with different magnification. Previous work has explored if lensed pairs exist
among the known high-significance events from the LIGO and Virgo Collaboration’s GWTC-1 catalog and
found no evidence of this. However, the possibility remains that weaker counterparts of these events are
present in the data, unrecovered by previous searches. We conduct a targeted search specifically looking for
subthreshold lensed images of known binary black hole (BBH) observations from GWTC-1. We recover
candidates matching three of the additional events first reported by Venumadhav et al. [Phys. Rev. D 101,
083030 (2020)] but find no evidence for additional BBH events. We also find no evidence that any of the
Venumadhav et al. observations are lensed counterparts. We demonstrate how this type of counterpart
search can constrain hypotheses about the overall source and lens populations and we rule out at very high
confidence the extreme hypothesis that all heavy BBH detections are in fact lensed systems at high redshift
with intrinsic masses <15 M⊙.
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I. INTRODUCTION

Dense accumulations of matter, such as galaxies or
galaxy clusters, can bend the path of light from sources
behind them, an effect known as gravitational lensing [1].
Similarly, gravitational waves (GWs) can be lensed by
masses between the source and observer (see e.g., [2,3]). In
the strong lensing regime, multiple images are produced
with a delay between arrival times.
Since 2015, Advanced LIGO and Virgo [4,5] are

regularly detecting GWs [6,7] from coalescing binary
black holes (BBHs) and binary neutron stars (BNSs).
Such a signal is described by a set of parameters including
the masses, spins, location and orientation of the source.
The observed (detector-frame) masses are increased by
cosmological redshift [8]. For lensing of GWs with wave-
lengths in the Advanced LIGO band by galaxy or cluster
lenses, geometric optics apply [9,10]. This means that for
multiple images of the same event, the lensed waveforms
will be identical up to different arrival times, amplitudes
and phases [11], with apparent positions on the sky that are
indistinguishable to GW observatories.
The official LIGO-Virgo event catalog GWTC-1 [6]

from the O1 and O2 observing runs contains coalescences

of ten BBHs and one BNS. The possibility that some of
these are lensed images of a single event has previously
been suggested [12–15]. A systematic study [16] found no
evidence for multiple images, or any other lensing effects,
among the ten BBHs.
However, one observational signature of strong lensing has

not yet been systematically tested. Large relative magnifica-
tion between images of the same event can lead to “sub-
threshold” counterparts [17] of the known events, which the
broad searches conducted for GWTC-1 were not able to
confidently extract from thedata. In this paper,weperform ten
separate targeted reanalyses of Advanced LIGO O1 and O2
data [18–20] searching for faint lensed counterparts.
We describe the general setup of our subthreshold targeted

searches and subsequent candidate validation in Sec. II. This
method can also readily form the basis for robust searches
for lensed counterparts in future observing runs. We then
present our results in Sec. III, finding no evidence for
previously unknown BBH candidates above background
but recovering some of the non-GWTC-1 events previously
reported in [21,22]. Additional Bayesian inference demon-
strates that these are more likely to be independent mergers
with parameters coincidentally similar to GWTC-1 events
than actual lensed counterparts.
While the expected rate of strongly lensed events at

current sensitivity is very low [14,23], even our null results
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can provide relevant constraints on the astrophysical
population of lensed BBH sources. As a demonstration
of this, in Sec. IV we rule out the hypothesis of [13] who
proposed that most, if not all, of the heavy BBH obser-
vations in GWTC-1 could be strongly lensed images of
BBH mergers with component masses below 15 solar
masses.

II. SEARCH SETUP

The problem we wish to solve is the following. We have
a confident GWobservation that has already been identified
in the data. We want to observe lensed counterpart images
to that observation. Such counterpart images, if they exist,
would be identical to the original image except that they
would be shifted in time, have a different amplitude and
potentially have a shifted coalescence phase [11]. In
addition to potential counterpart images the data will also
contain additional GW signals from other sources, includ-
ing weak signals not identified with previous searches. The
problem, therefore, is not only to identify potential lensed
counterpart images in the data, but also to distinguish
between lensed counterpart images and unrelated GW
signals from other mergers.
The optimal method to identify lensed counterpart

images of a GW observation would be to perform
Bayesian inference on the full dataset [24]. This would
need to include prior knowledge of the rate and properties
of counterpart images given the information known about
the GW signal. It would also need to include prior
information about the population properties of any other,
unrelated GW signals. One would then attempt to deter-
mine the posterior probability of a lensed counterpart
image, or images, being present in the data. However,
performing such a search over significant stretches of an
observation run would have a prohibitively high computa-
tional cost, and the choice of population priors would
require significant modeling work.
We therefore pursue a more pragmatic approach, based

on current standard search methods to identify isolated GW
signals from compact binary mergers. Most of these
methods use matched filtering over a grid of template
waveforms, using a set of assumptions and analytical
maximization to restrict the search parameter space to that
of the component masses and component spins [25–28].
Building on this standard approach, we perform our search
for lensed counterpart images in two steps. In our initial
step we use the PyCBC search method [27,29] to search for
compact binary mergers using only a single search template
waveform. This allows us to extract weak candidates from
the data that match well with that single template, such as
the lensed counterparts that we target. However, given that
LIGO and Virgo have observed numerous BBHs in a
relatively small region of parameter space [6,30], it is also
possible that our search will observe additional GW signals
from separate sources. We therefore perform a second step

where, assuming a particular candidate observed in the first
step is astrophysical, we use fully coherent Bayesian
inference [31] to compute the posterior probability between
the hypothesis that it is a lensed image of the original event
and the hypothesis that it came from a separate source.
These steps are described in more detail in the rest of this
section.

A. Data selection

For each BBH event from GWTC-1, we search the entire
observing run in which it was found. Here we assume that
the break between O1 and O2 (316 days) is longer than any
time delays expected from typical astrophysical lenses—
typically less than ∼1 month [32]. The total two-detector
coincident time of publicly available data [18–20] from the
two LIGO detectors [5] is 48 days for O1 and 117 days for
O2. These durations already exclude any stretches of
problematic data quality using the data quality categories
discussed in [18] along the same criteria as laid out in [27]
and used in the GWTC-1 PyCBC search. Similar to the
standard PyCBC search used for GWTC-1 [6,33], we do
not use Virgo [4] data for the initial search stage, though we
use it for the Bayesian inference step on some events in the
last month of O2.
We cannot include the short data stretch around

GW170608 when the LIGO Hanford detector was nomi-
nally out of observing mode [34]: For robust statements on
any candidates from this stretch, we would have needed to
include and characterize all data from other periods when
one or both of the detectors were in similar states to
produce a consistent background, and data from such
periods is not public. Instead, we accept this short stretch
as just another blind period, similar to any other when there
were no data in nominal observing mode from both
detectors at the same time.

B. Template selection

We perform a separate search for lensed images of each
BBH from GWTC-1. We do not include the BNS event
GW170817 in this analysis, since its close distance and
extensive electromagnetic observational coverage [35]
already rule out strong lensing. Each search uses a single
aligned-spin template waveform, generated using the
SEOBNRv4_ROM model [36–38].
To select the template parameters we have started from

the public posterior samples [39] produced with the
precessing IMRPhenomPv2 waveform [40–42]. Since
there is no evidence for precession in any of these events
[6] and the PyCBC search pipeline in its standard con-
figuration currently relies on aligned-spin waveforms, we
select the aligned-spin subset of parameters from the peak
of each posterior. To do so, we obtain a four-dimensional
Gaussian kernel density estimator (KDE) [43] in
fm1; m2; a1z; a2zg on each set of samples and determine
the maximum-posterior (MaP) set of parameters from it.
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Here, m1 and m2 are the BBH’s component masses in the
detector frame while a1z and a2z are the spin magnitudes
along the binary’s orbital angular momentum axis. We then
generate a SEOBNRv4_ROMwaveform at each set of MaP
parameters to serve as our search template. The parameters
of these ten templates are listed in Table I.
Our choice to only use a single template to search for

lensed counterpart images for each GWTC-1 observation is
very different from the approach presented by [17] who
reduced the original GWTC-1 template bank by a more
modest factor. To validate our choice, we compute the
matches

mðh1; h2Þ ¼ max
t0;ϕ0

�
h1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðh1jh1Þ

p
���� h2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðh2jh2Þ
p

�
; ð1Þ

defined using the usual inner product ðh1jh2Þ [25] which
depends on the detector noise curve, between our (aligned)
MaP waveforms and any draws from the whole set of
(precessing) posterior samples. This corresponds to the
fraction of the signal-to-noise ratio (SNR) that we expect to
recover under ideal conditions when searching for signals
drawn from the full posterior using the single template. We
compute these matches separately for each detector, esti-
mating its power spectral density (PSD) using the Welch
method [44] with public data around each event.
The resulting matches are shown in Fig. 1. They are

consistently high for the higher-SNR events (e.g., a worst
match of 95% for GW150914) and still quite high for the
bulk of the posteriors for all other events. For lower-SNR
events, there is a tail of a small number of the posterior
samples for which the matches are lower, in particular for
GW151012 where the lowest match is 0.5. However, even
for GW151012 we find 90% of samples with matches
>0.89. This indicates that a single aligned-spin template
matches well to the majority of each event’s posterior

samples. Therefore our targeted single-template search
provides the ability to match well to most potential lensed
counterpart signals while greatly reducing the rate of
background compared to a full template bank search, as
we demonstrate below.

C. Candidate identification and significance

We use the PyCBC search pipeline [27,29] to identify
potential lensed counterpart images in the data. Overall, our
setup is quite similar to that of the original “offline” PyCBC
analysis as reported in [6,33]. We briefly describe the

TABLE I. Configurations and sensitivity metrics of the ten searches for counterparts of GWTC-1 BBH events.
The first four columns after the event name give the parameters of the aligned-spin template used in each search
(masses in the detector frame). dpost is the sensitive distance of the search, determined by using injections drawn
from the full posterior. dsingle is the sensitive distance when using only the search template parameters for injections.
Sensitive distances here are not reinterpreted to account for lensing magnification.

Event m1 [M⊙] m2 [M⊙] a1z a2z dpost [Mpc] dsingle [Mpc]

GW150914 37.46 34.47 −0.02 −0.02 1634þ4
−4 1752þ12

−13
GW151012 25.13 17.89 0.00 0.00 923þ4

−4 1048þ14
−14

GW151226 14.72 8.57 0.26 0.04 562þ2
−2 604þ7

−7
GW170104 37.45 23.79 −0.03 −0.03 1342þ5

−5 1433þ16
−16

GW170608 10.55 9.01 0.01 0.01 643þ2
−2 675þ7

−7
GW170729 79.45 48.50 0.60 0.05 2782þ10

−10 2965þ29
−29

GW170809 41.27 28.01 0.03 0.03 1548þ8
−9 1602þ15

−15
GW170814 32.48 29.42 0.06 0.03 1536þ4

−4 1580þ11
−12

GW170818 40.62 34.79 −0.06 −0.05 1604þ5
−5 1757þ16

−16
GW170823 49.06 40.75 0.03 0.03 2013þ8

−8 2076þ25
−25
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FIG. 1. The matches between the aligned-spin single template
that we use in each of our searches for lensed counterparts of
GWTC-1 events and the (precessing) public posterior samples
[39] for the corresponding event. This is plotted individually for
each event and for the PSD of each detector at the time of the
event. We highlight GW151012, the observation with the lowest
SNR for which the distributions of matches are broadest, and
GW150914 and GW190814, the events with the highest SNR for
which the distributions are narrowest. All other events are plotted
using gray lines.
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search method here, highlighting differences between our
targeted search and the original PyCBC analyses.
First, matched filtering is performed separately for each

LIGO detector, and we record all single-detector candidates
(“triggers”) above a minimum SNR of 4. This is a lower
threshold than in the original GWTC-1 PyCBC search,
which used a threshold of 5.5. This is particularly important
for identifying candidates in times when the sensitivities of
the two detectors differ from each other. For each single
detector candidate, signal consistency tests are applied
[45,46] and the single-detector statistic described in [46]
is calculated. For identifying these initial triggers we do not
use any information about the GWTC-1 events other than
their apparent intrinsic parameters—the observed compo-
nent masses and spins. We do however include the time
delay between the observed candidate events and the
original GWTC-1 observation in an alternative approach
to assessing the significance of such candidates, as
described below. Other properties of the source, in par-
ticular the sky location, only enter our method when
performing our second step of Bayesian hypothesis testing,
as described in Sec. II E.
After using the search template to find a list of single-

detector triggers, we identify coincident candidates by
testing for consistency in arrival time between detectors.
Each of these is assigned a ranking statistic (from [47]) and
we then compute their significance by comparing these
values against a background distribution. This background
is measured by performing a large number of unphysical
time shifts of the datasets [25,26] and applying the same
method as described above to find a new set of coincident
triggers. The same ranking statistic can then be calculated
for this new set of background triggers. Using this back-
ground we can estimate, for each candidate, the rate at
which we expect to see events with ranking statistic as loud
or louder than that candidate to occur in the background;
we refer to this as the candidate’s false-alarm rate. With
only a single search template, our targeted searches have
much less freedom to match background noise than the
GWTC-1 searches, which used O(100 000) search tem-
plates [6]. This means that a signal that does match our
single search template well will have a lower false-alarm
rate than in the original GWTC-1 search. This is illustrated
in Fig. 2 where we compare the mapping from detection
statistic to false-alarm rate when using only a single
template against using the full set of template waveforms
as in the PyCBC GWTC-1 search [33]. For a background
rate of one per year the required detection statistic is
decreased by ≈1, corresponding to ∼13% smaller detect-
able amplitudes.
With the settings used in the GWTC-1 search, PyCBC

reports no more than one candidate signal within a �10 s
window [27]. This was motivated by the fact that the event
rate is small enough that it is highly unlikely to observe two
astrophysical signals from separate sources in a 10 s

window. Using the same setting, we would not have been
able to recover any lensed counterpart signals with time
delays shorter than 10 s around each GWTC-1 event,
regardless of their strength. To ensure that there are no
lensed counterparts within a 10 s window, we perform
additional reanalyses with this clustering criterion disabled
over these narrow time windows, for all nine events besides
GW170608.
In addition to the standard significance estimate of a

candidate in terms of a false-alarm rate from the time-
shifted background, it is also informative to include the
candidate’s time delay from the associated GWTC-1 event
when ranking possible lensed counterparts. Astrophysical
models for strong lensing favor shorter time delays, but the
specific distribution varies greatly between models (see
e.g., [48]). As a simple first step, we define a new ranking
statistic as the inverse false-alarm rate divided by the
absolute value of the time delay. In the case that the time
delay is less than 10 s, we divide by exactly 10:

ϱ ¼
�
IFAR=jΔtj; if jΔtj > 10;

IFAR=10; otherwise;
ð2Þ

where ϱ is the new detection statistic, IFAR is the inverse
false-alarm rate and Δt is the time delay between the
candidate and the original GWTC-1 event.
This is equivalent to imposing a log-uniform prior on the

time delay between the original event and the lensed
counterpart between 10 s and the length of data searched
and a uniform-in-time prior between 0 and 10 s time delays.
Such a prior does not directly follow from specific
astrophysical expectations but is a simple choice to reflect
our belief that an event with a time delay of minutes or
hours is more interesting than one with a time delay of
months, while not being too restrictive and setting the prior
at any time such that it would be effectively 0.
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FIG. 2. Background distribution, as a function of the detection
statistic, for the single-template GW150914 counterpart search
compared to a full template bank as used in the PyCBC search in
[6]. The detection statistic is roughly proportional to the signal
strain amplitude.
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To produce a background for this new statistic we draw
values of the inverse false-alarm rate from our time-shifted
background and combine them with a time delay randomly
drawn from the analyzed time. Using this background we
can calculate a new delay-weighted false-alarm rate, which
is then converted into a p value:

p ¼ 1 − expð−T · FARÞ; ð3Þ

where p is the delay-weighted p value; T is the coincident
time of the observation run used in the search; and FAR is
the false-alarm rate of the candidate.
This reranking could be repeated with any specific prior

on time delays, for example to test a particular lens and
source population model with an associated predicted time-
delay distribution. To facilitate such analyses we release
our full lists of coincident triggers [49], allowing others to
perform such reranking accordingly.
It may also be informative to include information about

the relative magnification compared to the original GWTC-
1 event. This could be achieved using a joint prior between
time delay and relative magnification. However, the time
delay and magnification are not strongly correlated [50] so
we do not include such a prior in this first analysis.
It may be possible to reduce the background further by

targeting the search toward signals that would not be
observable by the original search. However, we choose
to leave this for future work.
In our results, we therefore quote both an inverse false-

alarm rate obtained from the original ranking statistic and
the p value obtained after applying the time-delay weight-
ing. Both the unweighted false-alarm rate and delay-
weighted p value are computed independently for each
search and do not include an overall trials factor. Hence,
under the null hypothesis of no additional GW signals in
the data we typically expect one candidate with a p value of
≲0.1 from our combined set of ten searches.

D. Search sensitivity

To assess the sensitivity of our search to lensed counter-
part images we use simulated signal waveforms added to
the detector data. For each of our ten searches we add a set
of simulated signals whose parameters are drawn from the
full GWTC-1 posterior samples [39] and generated using
the precessing IMRPhenomPv2 waveform model. For each
of the ten injection sets the coalescence times of the
simulated signals are varied uniformly covering a full
month of data either side of the original GWTC-1 event.
The amplitude of each signal is also multiplied by a scale
factor, equal to the square root of the lensing magnification
(relative to the original GWTC-1 event). The scale factor is
drawn from a uniform distribution between 0.1 and 10 in
order to cover the range of signals recoverable by the
search, taking into account changes in detector sensitivity
over time.

The sensitivity of GW transient searches is often
evaluated in terms of sensitive distance, sensitive volume
or sensitive volume multiplied by accumulated time.
However, it is not straightforward to discuss these measures
when dealing with lensed signals, since there will be a large
uncertainty on the true luminosity distance to the source.
We can quote such a standard sensitivity estimate, however,
if we consider our simulated signals with scaled amplitudes
not as magnified through lensing but as having different
luminosity distances as for unlensed signals. We can then
quote the “sensitive distances” of each search, as listed in
Table I. These sensitive distances are calculated by apply-
ing a detection threshold on the false-alarm rate of one per
year and finding the detection efficiency in a number of
distance bins. The volume of each distance bin is multiplied
by the search efficiency before being summed and con-
verted to a sensitive distance. We do not use the delay-
weighted p values when computing these efficiencies.
To compare the sensitivity of our searches, where we use

only a single template waveform, to that of the idealized
case in which the template bank has 100% match with the
full posterior, we create a second set of injections with
parameters identical to the MaP values for each search, still
searching for them with the same fixed single template. In
this case the search template will always match well with
the simulated signal. As an example, we consider
GW151012, the lowest-SNR event. Figure 3 shows the
difference in recovery for the two injection sets, corre-
sponding to a loss of sensitive distance of ∼12% compared
to the idealized case. This is the largest difference between
the two injection sets for all ten events, with losses in
sensitive distance of ∼3%–9% for the others. This again
demonstrates that searching with a single template provides
good coverage of the events’ posteriors, with the majority
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FIG. 3. Fraction of recovered signal injections for GW151012
for two injection sets: one (“single”) with all parameters fixed to
those of the search template and one (“posterior”) with param-
eters drawn from the full GWTC-1 posterior. An injection is
counted as recovered if found with an inverse false-alarm rate
greater than one year. The horizontal axis gives the injection SNR
defined as the smallest of the two optimal SNRs in each detector.
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of events having a loss of ≲7% compared to the idealised
case. The sensitive distances for both injection sets for all
ten searches are listed in Table I.
This measure provides an estimate of the loss of

sensitivity due to the use of a single template to cover
the posterior of each event. However, in practice a search
using more templates to cover the full posterior will also
increase the rate of background triggers, reducing the
sensitivity. Additionally, in this test the injected signals
are a perfect match to the search template, whereas a
practical template bank will still have some mismatch due
to the discrete placement of templates in any bank, which
must be balanced with the number of templates required to
cover the posterior. There will also be some mismatch
between the true signal and the employed waveform models
due to the lack of precession in the current search, as well as
a small effect due to the limited accuracy of numerical-
relativity calibration. An optimal template bank construction
along these lines will be an interesting avenue for future
research, but, as demonstrated, our extreme single-template
choice can already produce very sensitive results.

E. Lensed events or separate
gravitational-wave signals?

If any of the single-template searches recover significant
candidates, we will have to ask the question whether these
are actually the lensed images we are looking for. In other
words, if we assume that any given candidate event is
astrophysical, what is the probability that it is a lensed
counterpart of the original event, compared to the proba-
bility that it is an independent GW signal?
In [16], the same question for pairs of GWTC-1 events

was answered through KDE-based overlap integrals of
posterior distributions from single-event Bayesian infer-
ence, following the method introduced by [51]. This
approach is somewhat limited by the practical problems
in robustly constructing high-dimensional KDEs and hence
not enforcing the full constraints on the consistency of the
two events as expected under the lensing hypothesis.
Instead, here we perform this test through joint Bayesian
inference on the pairs of events, fully coherently combining
the data from all available detectors for the two relevant
times. To compare the lensed and unlensed hypotheses we
calculate the evidences Z for each and use these to find the
Bayes’ factor (evidence ratio) BL=U between the two.
A similar approach of “joint parameter estimation” on

candidate pairs of lensed events was previously suggested
in the context of space-based GW observations by [52]
and for the case of LIGO-Virgo observations similar
methods have been developed independently [53,54], based
on the LALInference and bilby parameter estimation
packages [55,56].
In the unlensed hypothesis the two candidates i ¼ 1, 2

can be described with independent sets of parameters
θi ¼ fm1; m2; a1z; a2z; d; ι; α; δ;ψ ;ϕc; tcg, where α and δ

are the right ascension and declination of the source,
respectively, ι is the inclination, ψ is the polarization angle,
ϕc is the coalescence phase, and tc is the time of coalescence.
The evidence can therefore be calculated as the product of
the evidences for each event ZU ¼ Z1 · Z2, where each

Zi ¼
Z

Pðdijθi; IÞPðθijIÞdθi ð4Þ

and di is the dataset for event i; I represents any implicit
assumptions made within the model, e.g., that the data are
Gaussian and locally stationary;Pðdijθi; IÞ is the likelihood
of producing the data given the parameters; and PðθijIÞ is
the prior on the parameter space.
To calculate the evidences we perform nested sampling

using PyCBC Inference [31,57] with the dynesty [58]
sampler and the aligned-spin IMRPhenomD waveform
model [41,42], again not considering misaligned spins as
there is no evidence of precession for any of the GWTC-1
events. We use a fixed prior for all candidates: tc uniform
within 0.2 s around the time reported by the search,
component masses uniform within ½5; 120� M⊙ (detector
frame), spin magnitudes uniformly distributed in [0, 0.99],
with an equal probability of being aligned or antialigned
with the orbital angular momentum, distance uniform in
[10, 5000] Mpc, and ψ uniform in ½0; 2π�. The pairs of
ðι;ϕcÞ and ðα; δÞ are both chosen so that they are uniformly
distributed on a sphere. The PSD is calculated using 1024 s
of data centred on the time reported by the search.
Under the lensed model the two signals share the same

astrophysical origin and therefore share the same intrinsic
parameters. The typical change in sky position between
lensed signals is far smaller than the resolution of
GW detectors and ðα; δÞ can therefore also be treated as
shared parameters. The two candidates therefore have a set
of common parameters θ0 ¼ fm1; m2; a1z; a2z; d; ι; α; δ;ψg
with only the coalescence phase, time of coalescence
and relative magnification changing between events:
θi ¼ fϕc; tc; μrelg, where μrel ¼ μ1=μi is the magnification
of the additional candidate relative to the original GWTC-1
event. The evidence is therefore given by

ZL ¼
Z

Pðd1jθ0; θ1; IÞPðd2jθ0; θ2; IÞ

· Pðθ0; θ1; θ2jIÞdθ0dθ1dθ2: ð5Þ

This lensed evidence is also calculated using nested
sampling. For each sample, we draw a set of common
parameters θ0 and a set of independent parameters θi for
each candidate. The shared parameters use the same priors
as in the unlensed case. In addition, the first event has a
uniform prior on ϕc in ½0; 2π�, while the coalescence phase
of the second signal, in the case of an aligned-spin system
undergoing circular inspiral, can be shifted relative to the
first [11] by values of f0; π=4; π=2;−π=4g; these values are
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each given an equal prior weight. The prior on tc for the
first event is uniform in a 0.2 s window around the original
time reported in GWTC-1, while the prior on tc for the
second candidate is uniform in a 0.2 s around the trigger
time reported by our search. Finally, the relative magnifi-
cation is 1, by definition, for the original GWTC-1 event
and uses a uniform prior on

ffiffiffiffiffiffiffi
μrel

p
between [0.1, 10] for the

second candidate.
We then combine the shared parameters and independent

parameters for each signal and use these to produce a
separate waveform for each. These waveforms are then
used to evaluate the two likelihoods in Eq. (5), which we
then combine to calculate the total likelihood for the lensed
model. This method allows us to calculate the lensed
evidence directly using nested sampling. Finally we com-
bine the two evidences to calculate the Bayes’ factor
BL=U ¼ ZL=ZU.
These Bayes’ factors are only meaningful if both events

are of an astrophysical origin. In order to produce a Bayes’
factor comparing the lensed hypothesis to the unlensed
hypothesis without assuming that the candidates are astro-
physical, a more detailed model for terrestrial noise sources
would be required.
The Bayes’ factors produced by this analysis not only

test if two candidates are consistent with a single set of
parameters, but also implicitly test if two independent
astrophysical events are likely to occur with these param-
eters given the priors. A pair of events with parameters

consistent with one another will produce a higher Bayes’
factor when occurring in a region of low prior support than
in a region of high prior support, matching the expectation
that multiple independent astrophysical events should be
observed more frequently in regions of high prior support.
For this reason the Bayes’ factors produced by this analysis
will be highly prior dependent, with a wider prior favoring
the lensed hypothesis more.
In the future it will be possible to use the large number of

BBHs observed in O3 to produce an astrophysical prior for
this analysis, but for the current analysis we will see in the
next section that the standard wide uniform priors are
already sufficient to reject the possible candidate pairs that
we find in this case.

III. RECOVERED CANDIDATES

In this section we will show the results of our ten single-
template searches, along with the results of Bayesian
inference carried out for each of the resulting candidates.
Several of our searches recover other GWTC-1 events

with high significance; details of these cross-matches are
provided in Table IV in the Appendix. This is an expected
result of the well-known clustering of high-mass detections
in a small part of the overall parameter space [21,22,30]. As
already demonstrated by [16], none of these pairs of
GWTC-1 events are viable candidates for strongly lensed
double images after considering their relative time delays

TABLE II. The most significant recovered candidates from our ten single-template searches, sorted by their delay-weighted p value
which prefers short time delays (first column), cut at ≤0.5. Candidates with an inverse false-alarm rate (second column, derived from the
original ranking statistic) ≥1 yr are also included, regardless of their time delay. The third column gives the candidate end time (UTC)
and the fourth column gives the event name for those candidates already published by [21,22] (listed separately in the lower half of the
table). The GWTC-1 event whose counterpart search found the candidate is listed in the fifth column, and the absolute value of the time
delay is given in the sixth column. Candidates that are themselves listed in GWTC-1 are excluded; see Table IV in the Appendix for
those. The final column is the log Bayes’ factor (evidence ratio) comparing the lensed vs unlensed hypothesis, assuming both events are
astrophysical and using nested sampling to compute the evidence when the two events have a shared set of parameters and when their
parameters are independent (see Sec. II E). Times and events that have Virgo data available have been marked with an asterisk (*); these
data have been used only when calculating the log Bayes’ factors.

Delay-weighted
p value

False-alarm
rate−1 [yr] UTC time Known event? Found by jΔtj [d] logeðBL=UÞ

0.16 0.166 2017-07-30 08∶05∶26.8 GW170729 0.548 −0.77� 0.40
0.29 0.0000913 2017-01-04 10∶12∶57.9 GW170104 0.000687 4.43� 0.33
0.37 0.497 2017-08-04 14∶57∶29.3� GW170809* 4.73 −2.25� 0.32
0.4 0.000550 2017-07-29 19∶05∶05.9 GW170729 0.00598 −1.43� 0.26
0.46 0.000465 2015-09-14 10∶04∶34.7 GW150914 0.00960 4.61� 0.37
0.48 0.000241 2017-07-29 18∶51∶31.4 GW170729 0.00345 −2.74� 0.18
0.48 0.000131 2017-01-04 10∶14∶56.3 GW170104 0.00206 3.16� 0.25
0.86 2.53 2017-04-01 08∶19∶53.0 GW170809* 130 3.41� 0.59

0.0067 2246 2017-01-21 21∶25∶36.6 GW170121 GW170818* 208 −2.55� 0.92
0.064 191 2017-01-21 21∶25∶36.6 GW170121 GW170823 214 −8.05� 0.52
0.097 1.57 2017-07-27 01∶04∶30.0 GW170727 GW170729 2.74 −1.98� 0.48
0.37 15.5 2017-03-04 16∶37∶53.4 GW170304 GW170729 147 −2.41� 0.40
0.48 12.4 2017-03-04 16∶37∶53.4 GW170304 GW170823 172 −7.30� 0.55
0.99 1.14 2017-03-04 16∶37∶53.4 GW170304 GW170818* 166 −5.54� 0.76
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and the degree of posterior overlap over all relevant
parameters.
Table II lists the most significant candidate events from

our search after removing pairs of GWTC-1 events. We
separate this table into new candidates and those already
reported by [21] and later by [22].
The most significant new candidate by inverse false-

alarm rate has a value of 2.53 yr; this is consistent with the
expectation that we would observe one noise event with a
similar significance, as the ten searches covered a total of
∼2.6 yr of data. Additionally, the most significant new
candidate when ordered by p value has a value of 0.16, due
to no trial factor being included in the statistic one event
with a p value of ≲0.1 is expected from the combined ten
searches. The set of new candidates is therefore consistent
with the null hypothesis when ranked either by inverse
false-alarm rate or p value. This can also be seen in Fig. 4,
showing that the rate of new foreground events is consistent
with the empirically measured background.
However, we do recover three of the events from [21]

(GW170121, GW170304, and GW170727) with false-
alarm rates of less than one per year, some of them from
multiple searches. These were not considered in the test for
lensed pairs in [16]. For GW170121 and GW170304, the
large time delays from their matching GWTC-1 events
(5–7 months) already suggest that these pairs are unlikely
due to lensing (at least by the more common galaxy lenses)
but more probably come from two unrelated sources with
similar characteristics. On the other hand, the time delay
between GW170727 and GW170729 is relatively short,
warranting further investigation.
As discussed in Sec. II E we perform Bayesian inference

on all candidate pairs in Table II in order to calculate Bayes’
factors BL=U comparing the hypothesis that they are lensed

counterparts against the hypothesis that the two events
come from different sources. Positive values indicate
support for the lensed hypothesis. The analysis is per-
formed multiple times in order to estimate the error on the
Bayes’ factor and the results of this analysis are included in
Table II.
The loge BL=U values for four of the new low-

significance candidates in the first half of the table are
nominally supportive of the lensed hypothesis. However,
these must be considered in the context of several mitigating
factors. First, the expected lensing rate at O1 and O2
sensitivities is very small under standard astrophysical
assumptions [14,23], meaning that very large Bayes’ factors,
Oð1000Þ, would be needed to obtain high posterior odds
after factoring this rate in as an explicit prior between the two
hypotheses. Second, these results are not independent of the
initial search stage. By first testing for consistency in the
intrinsic parameters, selection effects are introduced that will
favor larger values of loge BL=U. As discussed in Sec. II E the
wide priors onmasses used in this analysis will also favor the
lensed hypothesis if the astrophysical distribution on masses
[30] is much narrower than this. Most importantly, we have
already shown that the set of candidates in the first half of the
table are fully consistent with the background noise model,
while the Bayes’ factors calculated are only meaningful if
both candidates are real astrophysical events. Our conclu-
sion, therefore, is that these are most likely noise events, and
the positive loge BL=U values are spurious.
For the events in the second half of the table, which have

been previously discovered [21,22] as independent BBH
candidates, all BL=U values favor the unlensed hypothesis.
We therefore find no evidence for strong lensing present
between the BBHs reported in GWTC-1 and [21,22].
This analysis therefore extends the results from [16] to
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FIG. 4. Combined results from our ten single-template searches. Left panel: The cumulative count of coincident triggers with inverse
false-alarm rates less than or equal to a given value. Right panel: The cumulative count of coincident triggers with delay-weighted
p values greater than or equal to a given value. The dashed line is the distribution of background triggers produced from time-shifted
detector data with randomly drawn time delays. The crosses are foreground triggers, excluding those from GWTC-1 and those reported
in [21]. This set of foreground triggers is fully consistent with the null hypothesis.
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demonstrate that no pairs of candidates from O1 and O2
have evidence supporting the presence of strongly lensed
double images.
While negative, these Bayesian inference results are still

useful in order to investigate the types of candidates that
subthreshold searches for lensed counterparts return. In
future searches of this type, it will be a continuing
challenge to confidently identify a lensed counterpart
observation as opposed to observing a pair of similar but
separate GWevents. However, the BL=U can at least be used
to rule out pairs that strongly disfavor the lensed hypoth-
esis. More detailed analyses taking into account detailed
lens modeling [59] or even targeted follow-up campaigns
[60] may then become feasible on any strong remaining
candidates. Also, as our knowledge of the astrophysical
distribution of GW source systems improves, we will be
able to better constrain the priors that go into this analysis
and hence better distinguish promising candidates for
lensed pairs from chance coincidences in parameter space.

IV. IMPLICATIONS OF THE ABSENCE OF CLEAR
COUNTERPART CANDIDATES

We now explore the astrophysical implications of the null
result of our searches, based on their estimated sensitivity. To
find the expected recovery rate for lensed images in our
searches we use simulated signals added to the GW strain
data before matched filtering (“injections”). Of the injection
sets described in Sec. II B, in the followingwe always use the
injections drawn from the full precessing posterior of the
original GWTC-1 events [39]. Their strain amplitudes are
multiplied by a scale factor

ffiffiffiffiffiffiffi
μrel

p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi
μ0=μinj

p
, where μ0 and

μinj are the absolute magnifications of the primary and
injected signals, respectively.
We combine two injection sets, one uniformly covering a

full month of data on either side of the original GWTC-1
event with

ffiffiffiffiffiffiffi
μrel

p ∈ ½0.1; 10� and one focusing on a smaller
window 2 h either side of the event with

ffiffiffiffiffiffiffi
μrel

p ∈ ½1=3; 3� in
order to more accurately calculate recovery rates for short

time delays. Any injection made outside of the analyzed
times for either of the two detectors is considered to be
missed to account for the detector duty cycle.
The recovery rate of these injections yields an estimate

for the probability of finding a lensed image as a function of
magnification ratio μrel and time delay Δt. These results are
summarized in Fig. 5, where we have now used a threshold
based on the actual search results: To be counted as
recovered, an injection must be more significant than
anything in the top half of Table II, i.e., have an inverse
false-alarm rate ≥1 yr or a delay-weighted p value <0.16.
Along the μrel dimension, we find that recovery mostly
depends on the strength of the original GW event. Along
the time dimension, recovery is mostly limited by the
≲50% coincident livetime of the LIGO detectors during O1
and O2.
Any astrophysical interpretation of the absence of

convincing counterpart candidates depends on the choice
of priors for the true (unlensed) high-redshift BBH source
population and the properties of lenses in the Universe. We
provide supplemental data [49] for the sensitivity of all ten
searches so that other authors may explore the implications
of our search results under different choices for these priors.

A. Extreme lensing hypothesis

Here, we demonstrate one application of these results,
testing a strict interpretation of the idea from [13]: What if
all of the high-mass GWTC-1 BBH events really came
from lighter objects at higher redshifts? To be more
specific, we phrase the test hypothesis as: The intrinsic
component masses of any BBH in the Universe cannot be
larger than 15 M⊙. All apparently heavier GW events are
due to lensing.
Let us start from the following quantities under the

standard no-lensing hypothesis (U) from GWTC-1 [6]:
primary source-frame masses m1;U, redshifts zU and lumi-
nosity distances dU. We then define the extreme lensing
hypothesis (L) as there being no merging BBHs in the
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FIG. 5. The probability of finding lensed images of the GWTC-1 events in each of the ten corresponding searches as a function of
relative magnification μrel ¼ μ0=μinj, for several ranges of time delays Δt. This is calculated using simulated signals drawn from each
event’s posterior with thresholds of an inverse false-alarm rate ≥1 yr or delay-weighted p value <0.16.
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Universe with component masses over 15 M⊙; we imple-
ment this by fixing the intrinsic (source-frame) primary
mass of each event to m1;L ¼ 15 M⊙.

1 Having all primary
masses equal to exactly 15 M⊙ is an unlikely source
distribution, but including a distribution of lower masses
would only increase the magnifications required to produce
the same detector frame masses. As discussed below, this
would decrease the probability of no additional lensed
images being present, therefore increasing the chance of
observing these counterparts and strengthening the argu-
ments below.
We can then easily obtain the “corrected” redshifts under

the lensing hypothesis as

zL ¼ m1;U

15 M⊙
ð1þ zUÞ − 1: ð6Þ

These are then converted to luminosity distances under the
standard Planck cosmology [62], and the corresponding
lensing magnification factors are μ ¼ ðdL=dUÞ2. Table III
lists the results for the eight heaviest BBH sources (with
median m1 > 15 M⊙), using median results from [6] for
simplicity.
GW151226 and GW170608 have median m1 < 15 M⊙

and hence are already consistent with the hypothesis that all
black holes have masses below 15 M⊙, so we do not
include these in our test. GW151012 at a median m1 ≈
23 M⊙ is included in the table for completeness but also
not used in the test, because its required magnification of 30
does not fall into the sufficiently extreme regime for the
approximations discussed below, which require magnifi-
cations greater than ∼100. As we will see, the result of the

test is also already sufficiently strong from just considering
the remaining seven higher-mass signals.
For the seven remaining signals the ratio of intrinsic and

observed masses yields corrected redshifts and luminosity
distances, from which the required magnifications are
between 100 and 800 with GW150914 having the largest
magnification. (Again, see Table III.)

B. Astrophysical priors on magnification and time delay

Lensing events with magnifications greater than 100 are
rare in the Universe, with the distribution of magnifications
following PðμÞ ∼ μ−3, due to the small area in the lens
plane where high μ can be produced. Still, such values are
possible, particularly for point sources. For example a star
at redshift 1.5 has been observed with a magnification of
∼2000 [63]. The catastrophe theory of strong gravitational
lensing [64] shows that images with very high magnifica-
tion are formed when the source lies either: (i) just inside a
fold catastrophe, forming a pair of images with the same
brightness; (ii) just inside a cusp catastrophe, forming a
triplet with one image twice as bright as the other two; or
(iii) just outside the cusp catastrophe, forming a single
highly magnified image [1]. Higher-order catastrophes can
produce more complicated configurations [65,66] but are
extremely rare [67,68]. The time delays between the
multiple highly magnified images are extremely short,
typically seconds to at most hours, with Δt ∼ μ−3.
The lensing mass of galaxies is well approximated by

singular isothermal ellipsoids [69]. In this case the fraction
of highly magnified images without a comparably bright
counterimage is given by [70]

Psingle ¼
1

1þ 4π 15

16
ffiffi
6

p
ffiffiffiffiffiffiffiffi
1−q2

p
1þq μ1=2

; ð7Þ

where q is the axis ratio of the lens. Thus, unless the lens is
very close to spherical (q ¼ 1), highly magnified images

TABLE III. Parameters of the eight heaviest GWTC-1 events, reinterpreted under the extreme lensing hypothesis (L) that they all
should have intrinsic primary masses ofm1;U ¼ 15 M⊙. Unlensed parameters (U) correspond to the median values from [6]. Luminosity
distances are obtained under a standard Planck cosmology [62]. Psingle is the probability of an event of this magnification not having a
comparably bright counterimage (with 1=3 ≤ μrel ≤ 3). Pmissed is the probability that our search fails to recover the counterimage in the
LIGO data (with delay-weighted p value below 0.16). Pfound is the probability of our search recovering a counterimage under the
extreme lensing hypothesis. GW151012 is excluded from the analysis as we only consider systems with magnification >100.

Event m1;U [M⊙] zU zL dU [Gpc] dL [Gpc] μ Psingle Pmissed Pfound

GW150914 36 0.09 1.6 0.4 12 800 0.020 0.031 0.950
GW151012 23 0.21 0.9 1.1 5.8 30 � � � � � � � � �
GW170104 31 0.20 1.5 1.0 11 130 0.046 0.127 0.832
GW170729 50 0.49 4.0 2.8 37 170 0.040 0.116 0.848
GW170809 35 0.20 1.8 1.0 14 200 0.038 0.072 0.893
GW170814 31 0.12 1.3 0.6 9.3 260 0.034 0.043 0.925
GW170818 35 0.21 1.8 1.1 19 200 0.038 0.051 0.913
GW170823 40 0.35 2.5 1.9 21 130 0.046 0.127 0.833

1In [13], the 15 M⊙ limit was originally phrased in terms of
chirp mass. But since it is motivated by the observed masses for
galactic black holes with a reference to [61], which in turn refers
to the individual black hole masses in Cyg X-1 and GRS 1915,
we reinterpret the hypothesis in terms of component masses.
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are unlikely to occur without a bright counterimage. In the
case of a lensed BBH, we do not know the specific lens and
cannot measure q directly. Instead we must marginalize
over the population of all potential lenses in the Universe.
We use the lens population model of [71] to realize the
population of gravitational lenses in the Universe. This
model assumes lens galaxies are singular isothermal
ellipsoids. The lenses are randomly distributed with uni-
form comoving number density out to redshift 2. Lens
masses are derived from the Sloan Digital Sky Survey
(SDSS) velocity dispersion function [72]. Lens ellipticities
are drawn from the velocity dispersion-dependent proba-
bility density function fit to SDSS [71]. To perform the
marginalization, we draw 108 lenses from the [71] pop-
ulation and weight them by their strong lensing cross
section (proportional to the Einstein radius squared) for the
source plane of each BBH. For each lens, we calculate the
probability of seeing a single bright image using Eq. (7).
The final probability of seeing a single image is thus

Psingle ¼
X
i

Θ2
E;iPsingle;i=

X
i

Θ2
E;i; ð8Þ

where ΘE;i is the Einstein radius of each lens.
Using Eq. (8) to marginalize over the lens population we

find that only 2% of images with μ > 800, or 4% with
μ > 100, have no counterimage with comparable magni-
fication (1=3 ≤ μrel ≤ 3). We define the probability of not
having such a bright counterimage as Psingle in Table III.
The same lens population model allows us to numeri-

cally infer the time delay and magnification ratio between
counterimages. For each putative lensed BBH event, we
realize 105 lens systems weighted by their lensing cross
section given the true source redshift.
For each lens we draw a random position from a uniform

distribution on the image plane. For each position we infer
the magnification of a strongly lensed image forming at that
location. We do this repeatedly until we find 1000 image
positions for each lens that have a magnification within
10% of the putative magnification. To find the unlensed
source positions that produce these highly magnified
images, we trace the highly magnified images back onto
the source plane using the lens equation.2 This gives a set of
source positions for each lens that produce an image of the
correct magnification. For each source position, we use the
lens equation to find the locations on the image plane where
the counterimages form. For each counterimage we calcu-
late the magnification and the time delays relative to the
image with the putative magnification. This procedure
gives a list of 108 lensed BBH events with time delays

and magnification ratios relative to the highly magnified
image. Assuming the lensing hypothesis, each of the events
in this list could have produced the observed highly
magnified event.
This model shows that for the highly magnified images

as required by the extreme lensing hypothesis, 90% (99%)
of the comparably bright counterimages occur within e.g., 5
(45) min for GW170823 and 2 (15) s for GW150914.

C. Results of the hypothesis test

For each simulated highly magnified lensing event, the
probability of missing the counterimage is given by one
minus the recovery fraction (calculated using the same
thresholds as for Fig. 5, already including the duty factors
of the detectors during O1 and O2) for injections with the
correct time delay and strain ratio relative to the observed
BBH event. Marginalizing over all of the simulated image
pairs gives the overall probability of missing a comparably
bright counterimage, Pmissed. The probability of seeing a
counterimage is thus

Pfound ¼ 1 − Psingle − ð1 − PsingleÞPmissed

≈ 1 − Psingle − Pmissed: ð9Þ

This yields recovery fractions ranging from 95% for
GW150914 to 83% for GW170104. These values are
shown for each event in Table III.
The product of 1 − Pfound for the seven heaviest events is

1 × 10−7. This is the probability of missing the counter-
images for all of the seven events assuming they are all
lensed by the magnification corresponding to a maximum
component mass of 15 M⊙. If the unlensed masses were
lower, the required magnifications increase, decreasing
both Psingle and Pmissed, thus in turn driving Pfound further
toward 1.
The model presented here does not include lensing by

clusters. The mean Einstein radius in the model is 0.7 arc-
sec, and the time delays are proportional to the Einstein
radius, so even if clusters dominate the lensing cross
section, the expected time delays would only increase by
a factor of a few as the Einstein radius of typical clusters is
∼5 arcsec [73].
The model also does not account for deviations from

isothermality. This introduces a small change in the
constant of proportionality in the time delays between
highly magnified image pairs. To assess the potential size
of these systematics, we rerun our pipeline, but assuming
all time delays are 10 times longer than in the fiducial
model: In this scenario the probability of missing all of the
counterimages increases to 5 × 10−7. Therefore, possible
systematics introduced by cluster lenses and deviations
from isothermality will not change the result significantly.
Thus, the observed lack of detecting any lensed counter-
images is still clearly incompatible with the hypothesis that

2The lens equation relates the observed and true angular
positions of a lensed source. The difference between these two
positions is the reduced deflection angle, which is sensitive to the
observed image position, the mass distribution of the lens and the
angular diameter distances between observer, lens and source.
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all of the high-mass GWTC-1 events are lensed events with
intrinsic masses below 15 M⊙.

V. CONCLUSION AND OUTLOOK

We have performed the first focused search for
strongly lensed counterpart images to all binary black
hole mergers from the GWTC-1 catalog [6]. We recovered
several candidates previously found by [21,22]. Performing
Bayesian inference on these candidate events we found no
evidence that these are lensed counterparts. All other new
candidates are consistent with a noise-only background.
The absence of clear candidates from our search already

provides useful observational constraints on astrophysical
lensing scenarios. For example, if all observed BBHs with
component masses greater than 15 M⊙ had originated from
lower-mass, highly magnified, high-redshift sources [13],
then we should have observed at least one counterpart. We
therefore rule out this hypothesis.
Another method to search for subthreshold lensed events

has been proposed in [17]. Our single-template searches
provide less freedom to match detector noise fluctuations
than the template bank employed in [17]. For future
applications, the optimal template bank size per event
might lie between our single-template method and the
larger banks of [17]. For example, one could construct a
template bank to obtain a certain minimal match across
each event’s posterior distribution. We will explore this in
more detail in future work.
As discussed in Sec. II, our initial matched-filter search

stage currently does not check for consistency in the
extrinsic parameters (especially the sky location) between
any new candidates and the original event used to provide
the search template. This is a key area where the search
could be improved in the future. In order to include the
extrinsic parameters of the signal a multidetector coherent
search [74] could be used. This would improve the
sensitivity of the search by removing candidates that match
well in the intrinsic parameters but have poor overlap in sky
position.
Looking ahead, the LIGO-Virgo O3 run has already

yielded a rich crop of additional GW candidates [7], and
future observing runs promise many more [75]. It has
also been suggested that the first detection of a lensed
source is expected within the next 5 yr [23,32]. The
framework of targeted subthreshold searches for lensed
counterparts as presented in this paper can be readily
applied to new detections in O3 and beyond. Observing
strongly lensed BBHs before the detector network reaches
design sensitivity [75] would imply that the merger rate
increases much more steeply with redshift than expected
[14,30,76] or challenge the established understanding of
lensing statistics.
More generally, once strongly lensed pairs of events can

be identified, joint parameter inference on the combined
images (as introduced in this paper and independently by

[53,54]) can significantly improve estimates of the source
properties and location [59]. Hence, our approach is a key
contribution toward the discovery of lensed GWs, which
will advance our understanding of both cosmology and
high-redshift black hole populations.

Supplemental data for this paper are available at [49].
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APPENDIX

Table II in the main part of the paper provides only those
candidates (found with a delay-weighted p value < 0.5 or
an inverse false-alarm rate of more than one year) which do
not themselves correspond to another GWTC-1 event. An
extended version of the full search results is provided here
as Table IV, which includes all candidates above either of
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those two thresholds from any of the ten searches, and both
sets of known events from GWTC-1 and from [21] are
mixed in with the new candidates.

We also provide the full set of search results, without
thresholds on p value or false-alarm rate, as machine-
readable supplemental data files [49].
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