
Computational models of upper limb movement during functional reaching tasks for
application in electrical stimulation based stroke rehabilitation.

Chris Freeman, Tim Exell, Katie Meadmore, Emma Hallewell, Ann-Marie Hughes and Jane
Burridge, University of Southampton, UK

Abstract
Introduction: Functional electrical stimulation (FES) has been shown to be an effective approach to upper-
limb stroke rehabilitation, where it assists patients' arm and shoulder movement. Model-based FES con-
trollers have recently confirmed significant potential to improve accuracy of functional reaching tasks, but
they typically require a reference trajectory to track. No upper limb FES control scheme has yet embedded
a computational model of the task, however this is critical to ensure the controller reinforces the intended
movement with high accuracy. This paper derives a computational motor control model of the task which
can be embedded in FES control schemes, removing the need for a predefined reference trajectory.
Methods: Kinematic data were collected using a Vicon motion capture system from unimpaired (N = 14)
participants while they performed two functional reaching tasks in which they: 1) pushed a light switch, and
2) closed a drawer. In each case they starting and finished the movement with their hand on their knee.
Dynamic models of each patient's arm were derived using estimated mass, inertial and stiffness parameters.
Each task was posed as an optimization problem with position and velocity boundary constraints, and these
were solved using iterative algorithms to yield computational models of movement.
Results: For the case of unimpaired participants, the experimentally recorded joint angles were compared
with those derived in simulation using the model, and were found to fit closely (mean fitting > 85%).
Conclusion: Functional movements have been accurately modelled as constrained optimization problems
involving dynamic models of unimpaired participants' arms. This extends previous computational models of
human movement, and shows that they can be solved using iterative methods. Moreover, these methods
are suitable to be employed experimentally in future stroke rehabilitation trials using FES to assist task com-
pletion in a manner corresponding to unimpaired movement. This hence ensures that assistance is aligned
with voluntary intention, and in-so-doing maximizes the potential effectiveness of treatment.

1 Introduction
Stroke is a leading cause of severe adult disability in England with an estimated 111, 000 first events every
year [16, 2], with a total economic cost to the UK in 2006/2007 of £4.5 billion [16]. Approximately 70% of
patients will experience altered arm function after a stroke, and about 40% of survivors will be left with a
non-functional arm that is weak and often spastic [2]. This motor deficit limits functional arm use in daily
life, but also engagement in community life [18]. Residual impairments and functional deficit in a large
percentage of stroke patients indicates that current rehabilitation provision is unsatisfactory [17].

Precisely controlled Functional Electrical Stimulation (FES) provides movement in paralyzed muscles
and its use to improve upper limb function is a very active research area where the objective is to achieve
improved motor control when stimulation is not applied. During the last 15 years there has been grow-
ing evidence for the effectiveness of FES [6, 11] to provide an enriched training environment for recovery
of movement post-stroke. Results show that therapy is most effective when the applied stimulation corre-
sponds with the participant's intendedmovement [1, 15]. However, inherent environmental constraints mean
that few model-based controllers have transferred to clinical practice (typically open-loop or triggered con-
trollers are employed clinically, and their performance is limited). One exception to this is Iterative Learning
Control (ILC) a control methodology which learns from previous attempts at the task, embedding accuracy
and significant robustness to model uncertainty [4]. ILC has yielded a high level of clinical performance in
recent trials [8, 10] establishing the feasibility of model-based upper limb FES approaches. Recent exten-
sions in the ILC framework, such as [3, 5, 14], mean that general optimization problems can be addressed,
rather than simply tracking predefined reference trajectories. This means for the first time computational
models of human movement [19, 7] can be embedded within ILC, thereby supporting natural motion. This
paper derives a model of functional movement that will be employed in clinical stroke rehabilitation trials.

2 Methods
Kinematic data were collected from 14 unimpaired adults (6 male, 8 female, mean age 64 ± 10) using a
Vicon motion capture system (100 Hz). Marker clusters were positioned on the thorax, acromion, humerus
and wrist. Participants performed five trials of three reach to grasp tasks (closing a drawer, switching on
a light and picking up a drink) at self-selected and maximal speeds. Anatomical landmarks of the upper
limb were calibrated with respect to the marker clusters. Position data were then filtered (4th order low-pass
Butterworth). Participants performed tasks both freely and when supported by an exoskeleton unweighing
system (Hocoma ArmeoSpring), however only results for the former case are presented in this paper.

2.1 Dynamic Model
A simplified model of the upper limb is shown in Figure 1 comprising joint angles θi, i = 1, 2, 3, 4. The
dynamics are represented by

B(θ(t))θ̈(t) +C
(
θ(t), θ̇(t)

)
θ̇(t) + F

(
θ(t), θ̇(t)

)
+G(θ(t)) = τ

(
u(t),θ(t), θ̇(t)

)
− JT (θ(t))h(t) (1)

where the joint angle vector θ(t) = [θ1(t), θ2(t), θ3(t), θ4(t)]
T
, B(·) and C(·) are 4-by-4 inertial and Corelis

matrices. In addition, J(·) is the system Jacobian, h(t) externally applied force/torque and F (·) andG(·) are
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Figure 1: a) Unimpaired participant performing task, and b) simplified model of upper limb.

friction and gravitational vectors. The ith element of the muscle torque vector τ (·) is the sum of moments

generated by ni muscles that each impart a moment about the ith joint. From [9] it is assumed that each
can be represented as a Hill-type model of the form

τi,j
(
ui,j(t), θi(t), θ̇i(t)

)
= hi,j(ui,j(t), t)× Fm,i,j

(
θi(t), θ̇i(t)

)
, j = 1, . . . ni (2)

where hi,j(ui,j(t), t) is a Hammerstein structure incorporating a static non-linearity, hIRC,i,j(ui(t)), repre-
senting the isometric recruitment curve, cascaded with linear activation dynamics, hLAD,i,j(t). The term

Fm,i,j

(
θi(t), θ̇i(t)

)
models the multiplicative effect of the joint angle and joint angular velocity on the active

torque developed by the muscle. It is assumed for simplicity that Fm,i,j(θi(t), θ̇i(t)) = Fm,i(θi(t), θ̇i(t)) and
hLAD,i,j(t) = hLAD,i(t) ∀j, so that τi(·) can be written in terms of the single Hammerstein structure

τi
(
ui(t), θi(t), θ̇i(t)

)
= hi (ui(t), t)× Fm,i

(
θi(t), θ̇i(t)

)
, i = 1, . . . 4 (3)

Here hi(ui(t), t) :=
∑ni

j hi,j(ui,j(t), t) comprises the static non-linearity hIRC,i(ui(t)) :=
∑ni

j hIRC,i,j(ui,j(t)),

cascaded with linear activation dynamics. Now let hLAD,i(t), have continuous-time state-space model ma-
trices {Am,i, Bm,i, Cm,i} (state, input and output respectively), and states xi(t). The system (1) can then
be expressed in state-space form as

ẋ(t) =


θ̇(t)

B(θ(t))−1X
(
θ(t), θ̇(t)

)
Am,1xm,1

...
Am,4xm,4


︸ ︷︷ ︸

f(x(t))

+


0
0

Bm,1hIRC,1(u(t))
...

Bm,4hIRC,4(u(t))


︸ ︷︷ ︸

g(u(t))

, (4)

θ(t) = [ I 0 · · · 0 ]x(t)︸ ︷︷ ︸
h(x(t))

, θ(0) = θ0, t ∈ [0, T ]

where x(t) = [θ(t)T , θ̇(t)T , xm,1(t)
T · · · xm,4(t)

T ]T and X
(
θ(t), θ̇(t)

)
has elements Xi

(
θ(t), θ̇(t)

)
=

Cm,ixm,i Fm,i

(
θi(t), θ̇i(t)

)
− Ci

(
θ(t), θ̇(t)

)
θ̇(t) − Fi

(
θ(t), θ̇(t)

)
− Gi(θ(t)) +

(
JT (θ(t))

)
i
h(t). A variety of

models of human movement have been proposed, and here the minimum input energy is considered [19, 7].
The problem of coming to rest at the light switch at time t = T is hence expressed as

min
u

‖u‖2 , such that

{
y(T ) = k (θ(T )) = p

ẏ(T ) =
(
d
dt (k (θ(t)))

)
t=T

= J (θ(T )) θ̇(T ) = 0
(5)

subject to the dynamics (4) over t ∈ [0, T ]. Here k(·) is the direct kinematics equation of the system, p is
the light switch position, and y the wrist position such that y = k(·). This can be solved through iterative
optimization methods, which are based on linear approximations of the system dynamics. Give an operating
point (ū, x̄), define

A(t) =

(
d

dx
f (x(t))

)
x̄(t)

, B(t) =

(
d

du
g (u(t))

)
ū(t)

, C(t) =
[
J
(
θ̄(t)

)
0 · · · 0

]
(6)
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then the relationship between y and u signals over t ∈ [0, T ] can be approximated by the linear system

y = g1 (x̄, ū)u : ż(t) = A(t)z(t) +Bu(t)
y(t) = C(t)z(t) (7)

Likewise the relationship between Cartesian output velocity ẏ and input u can be approximated by

ẏ = g2 (x̄, ū)u : ż(t) = A(t)z(t) +Bu(t)
ẏ(t) = C(t)A(t)z(t)

(8)

The relevant linear operators can then be defined as g1 (x̄, ū) : u → y(T ), and g2 (x̄, ū) : u → ẏ(T ) with

g1 (x̄, ū)u :=

∫ T

0

C(t)Φ(t, τ)B(τ)u(τ)dτ, g2 (x̄, ū)u :=

∫ T

0

C(t)A(t)Φ(t, τ)B(τ)u(τ)dτ (9)

where Φ(t, τ) is the state transition matrix for system (7) and (8). Around (ū, x̄) (5) is replaced by

min
u

‖u‖2 , such that

{
g1 (x̄, ū)u = p
g2 (x̄, ū)u = 0 (10)

The associated Lagrangian is

L(u) = ‖u‖2 + 2 < λ1, g1 (x̄, ū)u− p > +2 < λ2, g2 (x̄, ū)u > (11)

with multipliers λ1, λ2, and the relevant conditions for a stationary point (u∞,λ1,λ2) are

g1 (x̄, ū)u∞ − p = 0, g2 (x̄, ū)u∞ = 0, u∞ + g∗
1 (x̄, ū)λ1 + g∗

2 (x̄, ū)λ2 = 0 (12)

where the adjoint operator (·)∗ is defined in, for example [14]. The solution is

u∞ =
(
g∗
2 (x̄, ū) (g2 (x̄, ū) g

∗
2 (x̄, ū))

−1
g2 (x̄, ū)− I

)
g∗
1 (x̄, ū) g1 (x̄, ū) ·(

g∗
2 (x̄, ū) (g2 (x̄, ū) g

∗
2 (x̄, ū))

−1
g2 (x̄, ū)− I

)
g∗
1 (x̄, ū)p (13)

Hence the iterative solution to (5) using the Newton method is

uk+1 = uk + α
(
g∗
2 (xk,uk) (g2 (xk,uk) g

∗
2 (xk,uk))

−1
g2 (xk,uk)− I

)
g∗
1 (xk,uk) g1 (xk,uk) ·(

g∗
2 (xk,uk) (g2 (xk,uk) g

∗
2 (xk,uk))

−1
g2 (xk,uk)− I

)
g∗
1 (xk,uk) (p− yk) (14)

where α ∈ (0, 1] is a scalar that is chosen to affect a compromise between robustness and convergence
speed, and u0 = 0. In this paper (4) and (14) are used in simulation to model voluntary motion, however (14)
can equally be experimentally applied to control FES applied to the real human arm by redefining ui to be
the FES input to the ith muscle. This requires replacing the associated components of the muscle model (3)
by identified parameters which capture the dynamics of applied FES [9]. Note that the algorithm (14) is simi-
lar to ILC approaches in [5, 14, 12, 13, 3], and inherits many of their robustness and convergence properties.

3 Results
The timings of the reach component of the normal speed light switch task have been extracted from each
experimental data set and the mean value determined as T = 1.962. Each experimental data set has been

scaled to duration T and a mean value taken at each time point to give θ̂.
Using estimated arm parameter values and the simple decoupled form F (·)i = biθ̇i + ki(θi − θ̃i) where

bi, ki and θ̃i are scalars, the model developed in Section 2 has then been simulated over t ∈ [0, T ]. Setting

p to the light switch position and θ0 = θ̂(0), the resulting simulated joint angle signal is denoted θ. Results
expressing the difference in experimental and simulated joint angles appear in Table 1 where the normalized

error, expressed as a percentage, is
‖θ̂−θ‖
‖θ̂−θ0‖

× 100. The fitting is 83.9% showing high accuracy. This has

been repeated for the fast speed light switch task, in which T = 1.145, with fitting results shown in Table 1.

The fitting is now 85.3%. Figure 2a) shows the signals θ and θ̂ (solid and dotted lines respectively), and
Figure 2b) shows the corresponding paths in Cartesian space.

The full reach and return problem is then considered, with T1 = 2.876 calculated as the mean duration of
the task (when the hand returns to the starting position). The model of Section 2 is extended by redefining

the linear operators as g1 (x̄, ū) : u →
(
y(T )
y(T1)

)
, and g2 (x̄, ū) : u →

(
ẏ(T )
ẏ(T1)

)
using

g1 (x̄, ū)u :=

[ ∫ T

0
C(t)Φ(t, τ)B(τ)u(τ)dτ∫ T1

0
C(t)Φ(t, τ)B(τ)u(τ)dτ

]
, g2 (x̄, ū)u :=

[ ∫ T

0
C(t)A(t)Φ(t, τ)B(τ)u(τ)dτ∫ T1

0
C(t)A(t)Φ(t, τ)B(τ)u(τ)dτ

]
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and replacing pwith p =
( p

k(θ̂(T1))

)
. Fitting results appear in Table 1 and show a total accuracy of 76.8%.

Results are also shown for the fast speed reach and return light switch task, where T1 = 1.840.

Fast Normal

reach only reach return reach & return reach only reach return reach & return

‖θ − θ̂‖ 1.5893 2.2138 3.4126 4.1294 2.5634 3.0755 3.2983 4.5748
‖θ̂−θ‖
‖θ̂−θ0‖

× 100 85.2958 79.5361 56.3747 69.0692 83.8651 80.6416 70.4798 76.8358

Table 1: Mean light switch task fitting error for fast and normal speed cases.

−0.1

0

0.1 0
0.1

0.2
0.3

0.4

−0.3

−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2

 

y (antero-posterior)x (medio lateral)
 

z
(v
er
ti
ca
l) Wrist (exp)

Elbow (exp)

Simulated arm

Light switch

Initial arm position

a) b)

0 0.2 0.4 0.6 0.8 1

−2

−1

0

1

2

Time, t

A
n
g
le
,
y
(t
)
(r
a
d
)

 

 
θ1(t)

θ2(t)

θ3(t)

θ4(t)

0 0.2 0.4 0.6 0.8 1

−1.5

−1

−0.5

0

Time, t

In
p
u
t,
u
(t
)

 

 
u1(t)

u2(t)

u3(t)

u4(t)

Figure 2: Simulation and experimental results for fast light switch reach task: a) joint angles and b) paths.

4 Conclusions
Fitting results confirm that unimpaired human motion can be accurately predicted using a simple underlying
model of the upper limb, together with a suitable optimization procedure. This means that functional motion
can be posed as optimization problems and embedded in FES control schemes to enable clinically relevant
tasks to be assisted. Furthermore, since a reference trajectory is no longer required, this can be achieved
without the need to collect data for each new movement (as would be necessary to provide joint reference
trajectories). Moreover, the patient's own estimated dynamic parameters in the model mean the task is
tailored to each patient. The close link with volitional control this facilitates is anticipated to lead to more
effective FES-based rehabilitation.
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