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Abstract

The evolution of thin layers of viscous fluid with compact support
is considered in a case where the driving forces are gravity and surface
tension gradients (which we initially take to be locally constant). In par-
ticular, we examine cases where the contact line may initially advance,
but then halts at a finite time. Although this phenomenon of halting
contact lines is well known, it appears that there was previously little
analytical insight into how this occurs. The approach taken here is to
seek self-similar solutions local to both the contact line and the halting
time. The analysis is split into two parts, namely before and after the
halting time. By invoking continuity across t = 0 (the halting time) it
is possible to give a complete asymptotic description of both the advanc-
ing and halting processes. It is further shown that the analysis may be
extended to encompass various cases where the surface tension gradient
is not constant at the contact line. Finally, details are given of some nu-
merical experiments that act as plausibility tests for the results that have
been obtained.

1 Introduction

Marangoni effects (traditionally reported to have first been observed in “tears
of wine”, see Thomson[1]) arise when flow is generated by gradients of the
surface tension σ. Such gradients are a consequence of the chemical composition
and/or the temperature distribution at an interface between two fluids. Though
pressure jumps across a flow interface can be maintained by normal stress jumps
due to surface tension, tangential surface stresses caused by surface tension
gradients must necessarily be sustained by viscous stresses that inevitably lead
to fluid motion. Thus a scenario in which the fluid velocity is uniformly zero
cannot occur when surface tension gradients are present.

In Pearson’s[2] pioneering study surface tension gradients were used to ex-
plain the cellular patterns observed in drying paint. Since then, many authors
have considered a variety of different scenarios in which surface tension gradients
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drive instabilities throughout a viscous film. Giving an exhaustive list (or even
a summary) of all the extant work on flows with surface tension gradients would
be almost impossible. Instead, we direct the interested reader towards either
the review of Oron et. al.[3], or to one of the many books[4, 5] now available on
Marangoni effects.

One avenue of previous study, which is relevant to the work presented here,
concerns the spreading of thin viscous regions with compact support under var-
ious forces, see either Myers’[6] review or the large body of work contributed by
Huppert[7]. The contact lines of such regions can exhibit a wealth of interesting
different behaviours and asymptotic properties depending on the kind of forces
that act and their relative importance. Many kinds of evolution are possible:
contact lines that remain stationary for a finite time and then begin to move
have been identified by Aronson et. al.[8] and Lacey et. al.[10, 9]. These ‘wait-
ing time’ solutions were initially thought to be governed solely by the structure
of the solution local to the contact line. However, these locally determined so-
lutions were later shown to be sub-cases of a much broader family of solutions
that are governed by the global behaviour. When absorption competes with
gravity, previous studies[11, 12, 13, 14] have shown that contact lines may move
with either finite or infinite speed, and may or may not suffer finite-time ex-
tinction, see Ferreira & Vazquez[15] and Grundy[16]. In addition, solutions can,
under the correct conditions, exhibit a ‘reversing’ contact line where the com-
pact support of the solution initially expands and then subsequently contracts.
In Foster at. al.[17] the asymptotic structure of these ‘reversing’ solutions have
been elucidated using self-similar reductions local to the contact line and local
to the ‘reversing time’.

Several authors[18, 19, 20, 21] have also given analytical descriptions of the
rupture of thin films. When van der Waals forces act, rupture can be described
by a family of local self-similar solutions. Numerical simulations of the time-
dependent governing PDE have indicated that only one of these self-similar so-
lutions is observed in practice. A related problem, in more spatial dimensions,
has been considered by Yatim et. al.[22, 23] who examined the evolution of
rivulets/dry patches using similarity reductions, asymptotic analysis and shoot-
ing techniques.

In addition to these analytical insights an appreciable number of previous
studies[24, 25, 26] have considered how to evolve contact lines in such problems
using wholly numerical methods. It transpires that these are particularly dif-
ficult problems to tackle numerically owing to the shear stress singularity that
exists at any contact line.

In the current study we wish to show that a different phenomenon may
occur when surface tension gradients compete with gravity. In particular, flows
may exist where an advancing contact line halts at a finite time, after which
the fluid-air interface continues to evolve while the position of the contact line
remains fixed. We consider this scenario in one-spatial dimension and will give
an analytical description of the local halting process by splitting the analysis
into two parts - one part for the behaviour prior to the halting time (t < 0),
and the other for the behaviour after the halting time (t > 0). In each case, a
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self-similar reduction will be employed to derive an ODE for the evolution of
the solution. It will transpire that neither of these ODEs admit any suitable
exact solutions so we proceed by examining the asymptotic behaviour of the
solutions to each of the ODEs near the singular points. We then develop a
numerical shooting scheme, which makes use of the aforementioned asymptotic
behaviours, to compute solutions to each of the ODE problems. Finally, we
impose continuity of the solution across t = 0 to derive physically meaningful
solutions to the governing PDE local to the contact line and local to the halting
time.

1.1 Equations of Motion

Here we briefly summarise the derivation of suitable equations and boundary
conditions (a more detailed version of this derivation is given in Howison et.
al.[27]). We assume that a thin two-dimensional region Σ of an incompressible
Newtonian viscous fluid with compact support moves in air on a solid flat sub-
strate (at z = 0). The fluid-air interface, z = h(x, t), of Σ moves as a result
of viscous forces, gravity and surface tension gradients. The fluid equations
of motion are the Navier-Stokes equations and the condition of incompressibil-
ity. Appropriate boundary conditions are: (i) no slip on the substrate; (ii) the
kinematic condition on the fluid-air interface; (iii) dynamic conditions on the
fluid-air interface that are derived by carrying out a standard force balance on
z = h(x, t).

The equations and boundary conditions may now be examined in the appro-
priate thin layer limit. Denoting non-dimensional quantities with an overbar,
we set t = (L/U)t̄, x = Lx̄, z = h0z̄ u = Uū, w = (Uh0/L)w̄, h = h0h̄ and
p = (µUL/h2

0)p̄ where h0 and L respectively denote a typical height and lateral
extent of Σ and U a typical flow speed. If the drop is thin so that ǫ = h0/L ≪ 1
and also ǫ2LU/ν ≪ 1, then we find that so long as gL2ǫ3/(Uν) = O(1) the
leading order (dimensional) equations may be solved to give

p = ρg(h− z)− σhxx, ht =

(

h3px
3µ

)

x

−

(

h2σx

2µ

)

x

. (1)

In this study we wish to consider the specific case where σ may be written
σ = σ0+σ1(x)∆σ, and the relative sizes of the Marangoni and capillary numbers
M and C respectively are

M =
ǫ∆σ

µU
= O(1), C =

ǫ3σ0

µU
≪ 1. (2)

The equation of motion for the fluid-air interface, z = h(x, t), is therefore given
by

ht =

(

ρg

3µ

)

(h3hx)x −
1

2µ
(σxh

2)x. (3)

The governing equation (3) must be closed by supplying boundary and initial
conditions. We assume that at any contact line x = s(t) where h becomes equal
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to zero the flux through the contact line is zero (see Foster et al.[17] for details).
Thus

h(s(t), t) = 0,
ds

dt
=

(

−
ρgh2

3µ

∂h

∂x
+

σxh

2µ

)∣

∣

∣

∣

x=s(t)

. (4)

In this study we will also assume (mainly for simplicity) that hx(0, t) = 0 and
deal with a single contact line. One consequence of this condition is that the
total film volume in x > 0 is not necessarily conserved. Many alternative
conditions are possible, but the choice is not important as it will be the analysis
local to the contact line that is of most interest. We further specify the initial
film height and position of the contact line so that the initial conditions are

h(x, 0) = h0(x), s(0) = s0 (5)

where h0(x) has compact support.
The quantities h, s, x and tmay now be scaled to remove some of the physical

parameters from the problem. It is straightforward to show that without loss
of generality the two ratios of physical parameters in the governing equation
may be scaled away, and s0 may be scaled to unity. The only variables that
affect the solutions are therefore the initial data h0(x) and the nature of the
surface tension gradient σx. In many problems of practical interest the surface
tension gradient must be determined as part of the solution to the problem. In
some cases (e.g. if the substrate is held at a prescribed temperature and the
fluid has appropriate thermal properties) however it is possible to determine the
behaviour of σx (at least locally to the contact line) apriori. In the remainder of
this study we shall assume that this is the case. The problem therefore becomes

∂h

∂t
=

∂

∂x

(

h3 ∂h

∂x
− σxh

2

)

, (6)

with
h(x, 0) = h0(x), s(0) = 1, (7)

hx(0, t) = 0, h(s(t), t) = 0,
ds

dt
= −h2 ∂h

∂x
+ σxh

∣

∣

∣

x=s(t)
. (8)

For convenience, the final problem that we shall henceforth consider will be
slightly different: we assume (by relabelling the coordinates and/or time if re-
quired) that the left contact line of the solution is at position x = s(t) and moves
leftwards for t < 0, then at time t = 0, s(0) = 0 and the contact line halts and
henceforth remains stationary for t > 0. Analogous conditions may be added
if additional contact lines are included, but we do not pursue this further here.
We note that in the case σx = 0, equation (6) reduces to a non-linear diffusion
equation describing the evolution of a thin viscous film spreading on a flat solid
substrate under the influence of gravity alone. It is well known that in this case
the contact line of the solution advances for all time and never halts.

The analysis will now proceed to give the asymptotic details of a single
left contact line that moves leftwards for a finite time, before halting. After
the halting time the solution evolves further but the left contact line remains
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stationary. We shall examine suitable self-similar reductions for both t < 0 and
t > 0 that give rise to two ODE problems that must be solved. Imposing the
condition of continuity across t = 0 closes the problem and unique solutions
to each of the ODE problems will then be obtainable via a numerical shooting
scheme. We shall then consider several additional forms that the Marangoni
forces can take where the surface tension gradient is not locally constant. Some
numerical experiments will also be performed to illustrate the plausibility of
some of the results.

2 The case σx ∼ 1 as h → 0+

We begin by studying the case where the surface tension gradient is constant
(which, without loss of generality, we take to be one) near to the contact line, i.e.
we take σx ∼ 1 as h → 0+. The governing equation and boundary conditions
local to the left contact line can be reduced to

∂h

∂t
=

∂

∂x

(

h3 ∂h

∂x
− h2

)

, h(s(t), t) = 0, ṡ = −h2 ∂h

∂x
+ h
∣

∣

∣

x=s(t)
, (9)

(in this case the local problem, which may be formally derived from (6)-(8) by
scaling h, t and x by ǫ, ǫ and ǫ2 respectively, is essentially the same as the full
problem, provided suitable matching conditions are specified).

Examining the travelling-wave behaviour of (9) is straightforward: a balance
between the time derivative term and the first term on the right-hand side (RHS)
of the PDE in (9) yields a possible travelling wave solution of the form

h ∼ (−3ṡ)
1/3

(x− s(t))1/3 as x → s(t)+. (10)

This is a wave driven by gravity that pushes the left contact line leftwards.
Further, a balance between the time derivative and the second term on the
RHS of the PDE in (9) yields a solution local to a left contact line of the form

h ∼
x

2t
as x → 0+. (11)

We anticipate that this local solution (with ṡ = 0) exists after the contact line
has halted and the surface tension gradients draw fluid away from the contact
line. Finally, we note that there is an exact solution given by

h = 21/2x1/2. (12)

The solution (12) does not interest us further in this study as it does not involve
a moving contact line. For reasons that will become clear we now discuss the
solution first for t > 0.

2.1 Behaviour after the halting time

To examine the asymptotic behaviour of solutions when t > 0 and the contact
line has halted, we employ a similarity reduction of the form

h(x, t) = tH(φ) with φ =
x

t2
and s(t) = 0, (13)
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that reduces (9) to

H − 2H ′φ =
(

H3H ′ −H2
)′

with H(0) = 0. (14)

The similarity reduction (13) was originally reported by Gandarias[28] and was
subsequently used by Foster et. al.[17] to examine the behaviour of contact lines
in a problem where absorption effects are present.

The problem (14) readily admits one non-trivial exact solution,H = 21/2φ1/2,
but this corresponds to the steady solution (12) and is therefore not examined
further. Since no other suitable exact solutions appear to exist, we examine the
asymptotic behaviour of H near the singular points of (14), i.e. as φ → 0+ and
as φ → +∞. In the near-field we find that

H ∼
1

2
φ+

(

A1 −
3

16
log φ

)

φ2 +O(φ3 log2 φ) as φ → 0+, (15)

for some as yet undetermined constant A1. We note that the near-field behaviour
(15) corresponds to the local solution (11). In the far-field we find that

H ∼ A2φ
1/2 +

A2
2(A

2
2 − 2)

2
+O(φ−1/2) as φ → +∞, (16)

where A2 is some as yet undetermined constant. Next, we proceed to examine
the asymptotic behaviours of the local self-similar solutions for t < 0.

2.2 Behaviour prior to the halting time

To examine the asymptotic behaviour of solutions when t < 0 and the contact
line is advancing, we make use of a similarity reduction of the form

h(x, t) = −tH(φ) with φ =
x

(−t)2
and s(−t) =

Φ

(−t)2
, (17)

where Φ is an as yet undetermined constant. The local problem may be written
as

2H ′φ−H =
(

H3H ′ −H2
)′

with H(Φ) = 0, (18)

which readily admits one non-trivial exact solution, namely H = 21/2φ1/2. For
the reasons discussed in section 2.1 we do not examine this solution further.
Instead, we again examine the asymptotic behaviour of H near the singular
points of (18), i.e. as φ → Φ+ and as φ → +∞. We find that in the near-field:

H ∼ (6Φ)1/3(φ− Φ)1/3 +
62/3

8Φ1/3
(φ− Φ)2/3 +O(φ− Φ) as φ → Φ+, (19)

whereas, in the far-field we find that:

H ∼ Bφ1/2 +
B2(2−B2)

2
+O(φ−1/2) as φ → +∞, (20)
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where B is an as yet undetermined constant. We note that there is a second
possible asymptotic behaviour for solutions to (18) in the far-field, namely

H ∼ (3/10)
1/3

φ2/3 +O(φ1/3). (21)

However, bearing in mind that the far-field behaviours to (14) and (18) must
be identical - in order to ensure continuity of h(x, t) across t = 0 - one would
expect that the behaviour (21) is not manifest during the halting process. To
verify that this is the case, we have examined numerical solutions to both the
local self-similar problem (18) and the full PDE problem (9). In each case we
were unable to observe the behaviour (21) and we therefore do not examine it
further here.

With the asymptotic behaviour of the solutions to both the t < 0 and t > 0
problems (i.e. (14) and (18)) determined we now discuss a numerical shooting
scheme that can be used to (i) join the behaviours (19) and (20) and (ii) join

the behaviours (15) and (16). By doing so we will be able to compute physically
meaningful halting solutions to (9) that are suitably continuous across t = 0.

2.3 The shooting scheme

Having examined the asymptotic behaviours of solutions to (14) and (18) in
both the near- and far-fields we now discuss the details of a numerical shooting
scheme that will allow us to find appropriate solutions to (14), (18) and hence (9)
and its local boundary conditions. Similar shooting techniques have been used
previously: Tuck & Schwartz[29] used related techniques to begin numerical
integration at ‘infinity’ in a problem that describes the draining of a film down
a vertical wall; in addition, Zhang & Lister[21] employed similar techniques to
begin numerical integration near a coordinate singularity of a fourth-order thin
film equation. First we consider the solution for t < 0 before the contact line
halts:

Prior to the halting time. The solution for t < 0 may, in principle, be
determined in two different ways; (i) by shooting from φ = Φ towards the far-
field and adjusting Φ in (19) as a shooting parameter, or (ii) by shooting from
the far-field towards φ = Φ and adjusting B in (20) as a shooting parameter.
In method (i) one must circumvent the complications associated with integrat-
ing away from a singular point - note that along the line H = 0, the second
derivative, H ′′, is not well defined. One method for overcoming this difficulty
is to choose a δ ≪ 1 and use the asymptotic behaviour (19) to fix H(Φ + δ)
and H ′(Φ + δ) to begin the integration. However, herein lies another problem.
Taking a value of δ that is too small would result in a large numerical error
arising from the large value of H ′(Φ + δ). On the other hand, taking a value of
δ that is too large would result in inaccuracy of the asymptotic series (19) and
hence inaccuracy of the initial data. To verify that a suitable value of δ had
been chosen we varied δ (typically through the range 10−12−10−4) and checked
that there were no appreciable changes in the determined value of the shooting
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parameter Φ. In method (ii) similar issues are encountered, in that, one must
make a suitable numerical approximation of ‘infinity’. However, in practice, we
found this approach more time consuming, and, it did not offer any advantages
over the more straightforward method (i).

After the halting time. With the solution for t < 0 determined the condition
of continuity of h(x, t) across t = 0 is enforced to fix A2 = B. The most
straightforward approach for determining the solution for t > 0 is to shoot from
near φ = 0 towards the far-field and adjust A1 in (15) as a shooting parameter
with the aim of reaching the far-field behaviour (16). An analogous technique
(to that described above) was used to step away from the singular point, H = 0,
and the same numerical checks were carried out to ensure that a suitable step
size, δ, had been chosen.

2.4 Results

In this section we employ the numerical scheme described above in section 2.3 to
find solutions to (14), (18) and hence (9). Implementing the ODE45[30] routine
in MATLAB the following values were determined:

Φ ≈ 0.013, B = A2 ≈ 1.403, and A1 ≈ 10.294. (22)

An absolute error tolerance of 10−10 was used: as the absolute error tolerance
was reduced below 10−10 there were no appreciable changes to the computed so-
lutions. Plots of the results of the numerical computations are shown in figures
1 and 2 for t < 0 and t > 0 respectively. Figure 3 has been included to show
that the condition of continuity across t = 0 has been satisfied. Other numerical
computations were carried out for a large range of values of the shooting param-
eters. It was found in all cases that the deviation from the required behaviour
was monotone in the shooting parameter. Although far from a rigorous proof,
the numerical evidence strongly suggests that the above values of Φ, B, A1 and
A2 are unique. Figure 4 has been included to show the evolution of h(x, t) and
the position of the contact line during this evolution.

3 The case σx ∼ (x− s(t))a as h → 0+

In this section we will show how the analysis in section 2 can be extended to
cases where the surface tension gradient is not constant near the contact line.
We shall examine the particular case where σx ∼ (x − s(t))a as h → 0+. In
this case the governing PDE and boundary conditions local to the contact line
(having scaled away any extraneous coefficients) are

∂h

∂t
=

∂

∂x

(

h3 ∂h

∂x
− (x− s(t))ah2

)

, h(s(t), t) = 0, ṡ = −h2 ∂h

∂x
+(x−s(t))ah

∣

∣

∣

x=s(t)
.

(23)

8



0 50 100 150 200 250 300
0

5

10

15

20

25

30

φ

H

0 0.01 0.02 0.03 0.04 0.05 0.06
0

0.05

0.1

0.15

0.2

0.25

0.3

φ

H

Figure 1: The left-hand panel shows some solutions to (18) emanating from
(19). The solid curve shows the solution to (18) emanating from Φ ≈ 0.013,
whilst the dashed and the dash-dotted curves emanate from values of Φ < 0.013
and > 0.013, respectively. The right-hand panel shows the same solutions close
to φ = Φ so that the reader can see the important but subtle behaviour in
this region. Further numerical experiments were carried out and it was found
that for all values of Φ < 0.013 the solution curves deviate from the requisite
far-field behaviour tending towards positive infinity. Meanwhile, if a value of
Φ > 0.013 was chosen the solution curve would deviate from the requisite far-
field behaviour and tend towards negative infinity. Thus, it is anticipated that
there is one unique value of Φ(≈ 0.013) that leads to the required far-field
behaviour.

It may easily be shown that there are two possible types of travelling wave
solution, provided that

−
1

3
< a <

1

3
. (24)

The lower bound on a ensures that the surface tension gradients are sufficiently
weak to allow an advancing contact line to exist at some time during the evo-
lution. We anticipate that when a ≤ −1/3 it is not possible to observe an
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Figure 2: The left-hand panel shows the solution to (14) emanating from (15)
with a value of A1 ≈ 10.294 and reaching the requisite far-field behaviour. The
right-hand panel shows the same solution close to the origin so that the reader
can see the important but subtle behaviour in this region.

advancing contact line and the nature of the solution(s) may be radically dif-
ferent to those that we consider here. The upper bound on a ensures that the
qualitative features of the solution resemble the case σx ∼ 1 as h → 0+ and
a physically plausible solution exists for t > 0. We conjecture (but have not
proved) that if a ≥ 1/3 then the surface tension gradients near the contact line
are not sufficiently strong to ever stop the contact line. In the parameter regime
of interest we observe two different types of solution: The first is a travelling
wave due to a balance between the term on the LHS and the first term on the
RHS of (23) and takes the familiar form

h ∼ (−3ṡ)
1/3

(x− s(t))1/3. (25)

This is an advancing contact line that is driven by gravity. A second (similarity)
solution arises when s(t) = 0 and there is a balance between the term on the
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Figure 3: The left-hand panel shows the solution curves from figure 1 and
the right-hand panel shows the solution curve from figure 2. By plotting the
quantity Hφ−1/2 against φ it is straightforward to verify that that the far-field
behaviours, both for t < 0 and t > 0, are the same.

LHS and the second term on the RHS of (23), and takes the form

h ∼

(

1

2− a

)

x1−a

t
. (26)

This is a collapsing solution where the surface tension gradients act to draw
fluid away from the contact line. As was the case in problem considered in
section 2 there is also a (largely irrelevant) exact steady solution where s(t) = 0
and

h =

√

2

a+ 1
x(a+1)/2. (27)

3.1 Behaviour after the halting time

Since the analysis now undertaken is similar to that presented in sections 2.1
and 2.2, we shall omit some of the details. For t > 0 the appropriate similarity
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Figure 4: The left-hand panel shows the local solution to the PDE (9) plotted
at 20 equally spaced times between −1 and 1. Here, the solid and dashed curves
show the evolution for t < 0 and t > 0 respectively. The right-hand panel shows
the position of the contact line during this evolution.

reduction of (23) is s(t) = 0 and

h(x, t) = t(a+1)/(1−3a)H(φ) with φ = xt2/(3a−1). (28)

Under this reduction the resulting ODE problem (i.e. the transformed version
of (23) and its local boundary conditions) is

(

a+ 1

1− 3a

)

H +

(

2

3a− 1

)

H ′φ =
(

H3H ′ − φaH2
)′

with H(0) = 0. (29)

Near the contact line, where φ → 0+, we find the following asymptotic be-
haviours of solutions to (29):

H ∼

(

1

2− a

)

φ1−a +
(4a2 − 7a+ 3)

5a(a− 2)3
φ2−4a +A1φ

(4−5a−a2)/(4a+2)

+O
(

φ3−7a
)

as φ → 0+,

(30)

12



where A1 is an as yet undetermined constant1. This is a local solution which
is dominated by surface tension gradients that pull fluid away from the contact
line. In the far-field there is only one possible behaviour, namely

H ∼ A2φ
(a+1)/2+(1+2a)

(

A4
2(a+ 1)

2
−A2

2

)

φ2a+O
(

φ(7a−1)/2
)

as φ → +∞.

(31)
Here A2 is an undetermined constant.

3.2 Behaviour prior to the halting time

When t < 0 the similarity reduction and resulting ODE problem are

h(x, t) = (−t)(a+1)/(1−3a)H(φ), φ = x(−t)2/(3a−1), s(t) = Φ(−t)2/(1−3a), (32)
(

a+ 1

3a− 1

)

H +

(

2

1− 3a

)

H ′φ =
(

H3H ′ − (φ− Φ)aH2
)′

with H(Φ) = 0. (33)

Near the contact line where φ → Φ+ the asymptotic behaviour of solutions to
(33) is

H ∼

(

6Φ

1− 3a

)1/3

(φ−Φ)1/3+
62/3(1− 3a)1/3

2(3a+ 4)Φ1/3
(φ− Φ)

a+2/3
+o
(

(φ− Φ)
a+2/3

)

as φ → Φ+.

(34)
In the far-field there are two possible behaviours for solutions to (33). The first

of which, H ∼ (3/10)
1/3

φ2/3 as φ → +∞, may be discounted since it cannot
match to the solution for t > 0. The second behaviour, which will be retained,
is:

H ∼ Bφ(a+1)/2+(1+2a)

(

B2 −
B4(a+ 1)

2

)

φ2a+O
(

φ(7a−1)/2
)

as φ → +∞.

(35)
Here B is an as yet undetermined constant.

3.3 Results

In the case when σx ∼ (x − s(t))a as h → 0+ a shooting scheme may be
constructed in an analogous way to that described in section 2.3. Plots of the
results for a = 1/10 are shown in figure 5. It was found that

Φ ≈ 0.128, B = A2 ≈ 1.145, and A2 ≈ 11.348. (36)

As with the case σx ∼ 1 the numerical results strongly indicated that the above
values of the parameters are unique. The variation of Φ with a is shown in
figure 6. Though the asymptotic analysis is valid for −1/3 < a < 1/3 the
range of a over which physically plausible results can be calculated appears to

1We note that in the behaviour (30), the ordering of the second, third and fourth terms
depends on the value of a.

13



be more limited. We were unable to find any numerical solutions for a < 0.
We conjecture that this is caused by the fact that in such cases the surface
tension gradient is unbounded at the contact line. When a exceeds a value of
about 1/4 numerical solutions may still exist but Φ seems to be so small that
it becomes increasingly difficult to solve the shooting problem reliably. We also
note that for all a > 0 solutions are qualitatively different from those examined
in section 2 when a = 0, for the “kinked” behaviour of the solutions for t > 0
seen in figure 4 is absent. Finally, we note that Φ is not a monotonic function
of a, and hence the deceleration of the t < 0 wave is not monotonic, but has a
maximum close to a = 1/10.
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Figure 5: The left-hand panel shows the local solution to the PDE (23) (with
a = 1/10) plotted at 20 equally spaced times between −1 and 1. The solid
and dashed curves show the evolution for t < 0 and t > 0 respectively. The
right-hand panel shows the position of the contact line during the evolution.
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Figure 6: A plot of the variation of Φ with a.

4 The case σx ∼ h
b as h → 0+

We now examine a final case where the surface tension gradient depends on
the local film height, i.e. σx ∼ hb as h → 0+. Having removed superfluous
coefficients by scaling, the local governing PDE and boundary conditions may
be written as

∂h

∂t
=

∂

∂x

(

h3 ∂h

∂x
− hb+2

)

, h(s(t), t) = 0, ṡ = −h2 ∂h

∂x
+ hb+1

∣

∣

∣

x=s(t)
. (37)

We shall restrict our interest to the case

−1 < b <
1

2
. (38)

Again, the lower bound ensures that surface tension gradients are sufficiently
weak to allow an advancing wave, and the upper bound ensures that the surface
tension gradients are sufficiently strong to halt the contact line at some finite
time during the evolution. First, we examine travelling wave type solutions to
the governing PDE. We find that there are two types of wave. The first is an
advancing wave driven by gravity that takes the form

h ∼ (−3ṡ)1/3(x− s(t))1/3, (39)

and arises due to a balance between the time derivative and the first term on
the RHS of (37). The second behaviour arises due to a balance between the
term on the LHS and the second term on the RHS of (37) and takes the form

h ∼

(

1

b+ 2

)1/(b+1)

x1/(b+1)t−1/(b+1). (40)
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This is a collapsing solution driven by surface tension gradients. As with the
previous cases we have examined there is also an (essentially irrelevant) exact
steady solution

h = (2− b)1/(2−b)x1/(2−b). (41)

Since much of the ensuing analysis proceeds in a similar manner to that carried
out in section 2, we shall suppress some of the details for brevity.

4.1 Behaviour after the halting time

For t > 0 we have s(t) = 0 and the similarity solution and governing ODE
problem are

h = t1/(1−2b)H(φ) with φ = xt(2−b)/(2b−1), (42)
(

1

1− 2b

)

H +

(

2− b

2b− 1

)

H ′φ =
(

H3H ′ −Hb+2
)′

with H(0) = 0. (43)

For t > 0, near the contact line as φ → 0+ solutions to (43) have the following
asymptotic behaviour:

H ∼

(

1

b+ 2

)1/(b+1)

φ1/(b+1) +

(

A1 +
(3− b)(2b− 1)

(1 + b)3

(

1

b+ 2

)4/(b+1)

log φ

)

φ2(1−b)/(1+b)

+ o
(

φ2(1−b)/(1+b)
)

as φ → 0+.

(44)

Here A1 is an as yet undetermined constant. This is a local solution that is
largely governed by surface tension gradients which act to draw fluid away from
the contact line. In the far-field solutions to (43) have behaviour

H ∼ A2φ
1/(2−b) +

(

(2 + b)

(2− b)2
A4

2 −
(2 + b)

(2− b)
A2+b

2

)

φ2b/(2−b)

+O
(

φ(1−4b)/(b−2)
)

as φ → +∞,

(45)

where A2 is an as yet undetermined constant.

4.2 Behaviour prior to the halting time

When t < 0 the appropriate similarity reduction and resulting ODE problem
are given by:

h = (−t)1/(1−2b)H(φ), φ = x(−t)(2−b)/(2b−1), s(t) = Φ(−t)(2−b)/(1−2b), (46)
(

1

2b− 1

)

H +

(

2− b

1− 2b

)

H ′φ =
(

H3H ′ −Hb+2
)′

with H(Φ) = 0. (47)
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The asymptotic behaviour of solutions to (47) as φ → Φ+ is

H ∼

(

3Φ(2− b)

(1− 2b)

)1/3

(φ− Φ)1/3 +
(1− 2b)

(2− b)(4 + b)

(

3(2− b)

1− 2b

)(b+2)/3

Φ(b−1)/3(φ− Φ)(b+2)/3

+O
(

(φ− Φ)(2b+3)/3)
)

as φ → Φ+.

(48)

This is an advancing solution driven by pressure gradients due to gravity. In
the far-field there are two possible behaviours. The first, that cannot match

in a suitable fashion to a solution for t > 0, is given by H ∼ (3/10)
1/3

φ2/3 as
φ → +∞. The second behaviour is given by

H ∼ Bφ1/(2−b) +

(

(2 + b)

(2− b)
B2+b −

(2 + b)

(2− b)2
B4

)

φ2b/(2−b)

+O
(

φ(1−4b)/(b−2)
)

as φ → +∞.

(49)

Here B is an as yet undetermined constant.

4.3 Results

In the case considered in this section, i.e. σx ∼ hb as h → 0+, a shooting scheme
may be constructed in an exactly analogous way to that described in section
2.3. Plots of the numerical results for b = 1/5 are shown in figure 7. It was
found that

Φ ≈ 0.117, B = A2 ≈ 1.165, and A1 ≈ 82.573. (50)

We performed the same numerical uniqueness tests that were used for the case
σx ∼ 1 and the evidence indicated that the above parameter values are unique.
The dependence of Φ on b is shown in figure 8. In an analogous manner to the
case studied in section 3 we were only able to obtain solutions over a subset of
the range −1 < b < 1/2. We conjecture that solutions are unavailable for b < 0
because the surface tension gradient is unbounded at the contact line. When b
exceeds a value of about 2/5 solutions may still exist but the shooting problem
becomes too stiff to solve reliably. We also note that, like the solution shown
in figure 5, the solution for b = 1/5 does not exhibit the “kink” feature that we
observed when σx ∼ 1. Lastly, we note that the maximal rate of deceleration of
the contact line occurs when b ≈ 1/5.

5 Numerical experiments

The purpose of this study is to explain the asymptotic structure of halting con-
tact lines, and not to carry out detailed numerical calculations. It is nevertheless
worth briefly reporting some numerical experiments that were undertaken (a)
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Figure 7: The left-hand panel shows the local solution to the PDE (37) (with
b = 1/5) plotted at 20 equally spaced times between −1 and 1. The solid
and dashed curves show the evolution for t < 0 and t > 0 respectively. The
right-hand panel shows the position of the boundary during the evolution.

to try to help to understand the asymptotic results and (b) to suggest the plau-
sibility of the results that have been generated.

The numerical experiments reported below were carried out using a first
order central finite difference scheme. The complications associated with the
moving boundary were avoided by only solving for the evolution after the contact
line has halted, i.e. only for t > 0. By doing so, one need only impose the
condition h(0, t) = 0 at the stationary contact line. For the case studied in
section 2 the initial condition was taken to be h(x, 0) = B1/2x1/2, with B ≈

1.403 (for cases where a 6= 0 or b 6= 0 the analogous solution was used) in order
to be consistent with the similarity solution at t = 0, see section 2.4. To close the
problem we imposed the condition hx(X, t) = 0, for some positive constant X.
We note that although this boundary condition is inconsistent with the initial
data we have numerically verified that for sufficiently large X the solution near
the contact line is unaffected by the choice of X.

Plots of a selection of the results of the numerical experiments are shown
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Figure 8: A plot of the variation of Φ with b.

in figures 9, 10 and 11. The qualitative agreement between the self-similar
solution in figure 4 and the numerical solution in figure 9 is clear. Assessing the
agreement between 5 and 10, and, 7 and 11 is more difficult, primarily because
there is no “kink” feature to suggest appropriate length and time scales. Whilst
these results are in themselves interesting and support the asymptotic results it
is clear that a detailed numerical study may be more revealing.
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Figure 9: A plot of a wholly numerical solution of (9). The solid curve shows
the initial condition and the dashed curves show the subsequent evolution.
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Figure 10: A plot of a wholly numerical solution of (23) with a = 1/10. The solid
curve shows the initial condition and the dashed curves show the subsequent
evolution.
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Figure 11: A plot of a wholly numerical solution of (37) with b = 1/5. The solid
curve shows the initial condition and the dashed curves show the subsequent
evolution.

6 Discussion and conclusions

In the sections above we have described the detailed asymptotic structure of
solutions where an evolving contact line driven by gravity and surface tension
gradients halts in finite time (at a finite position) owing to the surface tension
gradients. The stopping is driven by local effects alone, and the solutions ex-
amined may or may not be unique. Though Gandarias’[28] Lie group analysis
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of the classical point symmetries of (6) (which we have independently verified)
shows that the similarity reductions used above are essentially the only non-
trivial ways in which (6) may be reduced to an ODE, it is nevertheless possible
that there may be other types of evolution that are controlled by global effects
(for example, locally driven “waiting time” solutions to a related problem [10]
were later found to be sub-cases of a more complicated solution structure, see
Lacey et. al.[9]).

The effect of three different types of surface tension were examined in sec-
tions 2, 3 and 4 respectively. It appears however that the case a = b = 0 is
special, in some sense, as the solution that it produces after the halting time
displays a characteristic “kinked” behaviour where the film appears to want to
try to reverse (like the absorption case covered in another study[17]) but cannot
as it is essentially “pinned” at x = 0. We speculate that this behaviour is unique
to the case a = b = 0 as this is the only instance that we have studied where σx

is finite (rather than zero or infinite) at the contact line.
One intriguing possibility that is suggested by the cases that have been

examined is that the halting effect could be exploited to control drop spreading,
i.e. by heating the substrate in a particular manner. In this way (for example)
an industrial process could be designed that produces drops that spread to a
desired (and carefully controllable) size. To make this work it would be necessary
know exactly how both the stopping time and position depend on the initial
conditions. Unfortunately the lack of a natural time scale suggests that it will
be very hard to analyse the halting time and position for arbitrary initial value
problems, and it may be that a purely numerical attack is the only practical
option. Though such a detailed numerical study is outside the scope of the
current paper, there are other reasons for carrying one out. For example, it
would be of great interest to understand the details of how s(t) changes with
a and b, what happens when a and b are small and negative, and whether or
not halting solutions can exist when a and b are either close to the limits of or
completely outside the ranges given by (24) and (38).

Finally, it must be reiterated that the numerical shooting method outlined
in section 2.3 and later used to calculate detailed solutions is not rigorous.
Though the numerical calculations involved have been carried out with as much
care as possible, the current lack of appropriate rigorous results and existence
and uniqueness theorems remains a concern.
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