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The almost simultaneous detection of gravitational waves and a short gamma-ray burst from a neutron
star merger has put a tight constraint on the difference between the speed of gravity and light. In the fourdimensional scalar-tensor theory with second-order equations of motion, the Horndeski theory, this
translates into a significant reduction of the viable parameter space of the theory. Recently, extensions of
Horndeski theory, which are free from Ostrogradsky ghosts despite the presence of higher-order derivatives
in the equations of motion, have been identified and classified exploiting the degeneracy criterium. In these
new theories, the fifth force mediated by the scalar field must be suppressed in order to evade the stringent
Solar System constraints. We study the Vainshtein mechanism in the most general degenerate higher-order
scalar-tensor theory in which light and gravity propagate at the same speed. We find that the Vainshtein
mechanism generally works outside a matter source but it is broken inside matter, similarly to beyond
Horndeski theories. This leaves interesting possibilities to test these theories that are compatible with
gravitational wave observations using astrophysical objects.
DOI: 10.1103/PhysRevD.97.021301

I. INTRODUCTION
Einstein’s theory of general relativity (GR) has been
proven successful over many years of experimental tests,
ranging from submillimeter scale tests in the laboratory to
Solar System tests and consistency with gravitational wave
emission by binary pulsars and black holes. However, the
standard model of cosmology is based on a huge extrapolation of our limited knowledge of gravity as GR has not
been tested independently on galactic and cosmological
scales. Therefore, the discovery of the late-time acceleration of the Universe provided motivations to test gravity
on cosmological scales and investigate modified theories of
gravity (see reviews [1–3]).
In this respect, scalar-tensor theories of gravity play a
special role since they represent the simplest modification
in terms of additional degrees of freedom (d.o.f.) compared
to GR, i.e. a single one. In four-dimensional spacetime, the
most general scalar-tensor theory with second-order equations of motion (EOM) was derived by Horndeski in 1974
[4] and later rediscovered in the context of the so-called
(covariant) Galileon theories [5–9]. The requirement of
second-order EOM was pursued to easily avoid the
occurrence of Ostrogradsky instabilities [10]; however,
although sufficient, this condition is not necessary
[11–13]. In the recent years, there have been several
attempts to construct healthy theories that relax this condition, exploiting transformations of the metric [14,15].
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This brought initially to the class of beyond Horndeski
theories [15,16]. Some of the Lagrangians in this class were
shown to be related to the Horndeski ones by a disformal
transformation [15,16]; thus, they are manifestly free from
the Ostrogradsky ghost. However, it was not clear whether
arbitrary combinations of them were still free from the
ghost.1 A breakthrough in the subject came with the
works of Refs. [18,19], which developed a general method
to identify the degeneracy conditions that remove the
Ostrogradsky ghost, despite the appearance of higher derivatives in the EOM. Based on the degeneracy criterium, the
viable subclasses of beyond Horndeski theories were identified in [18,20]. In addition, a larger class of new degenerate
higher-order scalar-tensor theories propagating up to 3 d.o.f.
was identified and classified up to cubic order in the secondorder derivative of the scalar field [18,21–23]. At the present
time, the theories in [23] represent the most general degenerate scalar-tensor theories propagating 3 d.o.f.2
In August 2017, the first detection of a neutron star
merger was made by LIGO and VIRGO detectors [25].
1

Reference [17] showed that the EOM of beyond Horndeski
theories could be rewritten into a system of equations that contain
at most second-order time derivatives. However, this fact alone
does not guarantee the propagation of 3 d.o.f. [18].
2
Recently, new chiral scalar-tensor theories which break parity
in the gravity sector were introduced [24]; however, they
propagate more than 3 d.o.f. away from the unitary gauge.
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The most striking discovery was the detection of the
electromagnetic counter part [26–28], which marked the
start of multimessenger astronomy. This event also gave a
huge impact on the community studying modifications of
gravity. The almost simultaneous detection of a short
gamma-ray burst put extremely tight constraints on the
difference between the speed of light and gravity. The
constraint is given by c2GW =c2 − 1 < 10−15, where cGW is
the speed of gravitational waves and c is the speed of light
[29]. This has a significant implication for scalar-tensor
theories as discussed in [30–37].
The scalar d.o.f. mediates a fifth force, which is strongly
constrained by precision tests of gravity at Solar System
scales. Any dark energy and modified gravity model
involving scalar fields should accommodate a mechanism
to suppress the scalar interaction with visible matter on
small scales, in order for them to be relevant only on
cosmological scales. One of the oldest possibilities is the
Vainshtein mechanism [38], originally discovered in the
context of massive gravity (see [39] for a review). This
mechanism naturally appears also in Horndeski theories
[40,41] due to the presence of nonlinear derivative interactions. In this paper, we study the consequence of the
constraint on the difference between the speed of light and
gravity on the Vainshtein mechanism, for the much wider
class of theories [23], and assess whether the Vainshtein
mechanism is still operating in these models or not.

Li þ LR ;

ð1Þ

i¼1

where

3

L5 ½A5  ¼ A5 ðϕ; XÞðϕμ ϕμν ϕν Þ2 ;

ð6Þ

LR ½G ¼ Gðϕ; XÞR

ð7Þ

is a nonminimal coupling with gravity. We defined
ϕμ ¼ ∇μ ϕ, ϕμν ¼ ∇μ ∇ν ϕ and X ¼ ϕμ ϕμ . The functions
G, Ai are arbitrary functions of ϕ and X but for simplicity,
and without any loss of generality, we will only consider
them to be functions of X. For the Lagrangian (1), the speed
of gravitational waves computed from linear tensor perturbations around the cosmological background was firstly
given in [43],
c2GW ¼

ð8Þ

A3 ¼ A4 ¼ A5 ¼ 0;

ð9Þ

where GX ¼ dG=dX. Therefore, Eq. (8) implies that GX
needs to be tuned to be small as XGX =G < 10−15 at least at
the vicinity (< 40 Mpc) of the Solar System today
(z < 0.01) [30–37]. It is still possible, however, to consider
a highly tuned function so that GX ¼ 0 only today meanwhile playing a role at z > 0.
For the more general class of theories described by (1),
Eq. (8) simply implies that the condition
A1 ¼ 0

ð10Þ

needs to be satisfied to ensure cGW ¼ 1 [35] and this is
what we will assume in this paper.
To satisfy the degeneracy conditions that remove the
Ostrogradsky ghost, the other functions should satisfy the
following relations,

L1 ½A1  ¼ A1 ðϕ; XÞϕμν ϕμν ;

ð2Þ

A2 ¼ 0;

L2 ½A2  ¼ A2 ðϕ; XÞð□ϕÞ2 ;

ð3Þ

A4 ¼ −

L3 ½A3  ¼ A3 ðϕ; XÞð□ϕÞϕμ ϕμν ϕν ;

ð4Þ

We thank David Langlois and Karim Noui for discussions on
this point.

G
;
G − XA1

where we now set c ¼ 1. Note that the Vainshtein mechanism is not able to screen deviations in the speed of light
and gravity [44].
The Horndeski theory is given by the following choice of
functions,
A1 ¼ −A2 ¼ −2GX ;

To understand the implication of the gravitational wave
constraint on the theories studied in [23], it is sufficient to
look at the effective action for linear cosmological perturbations derived in [42]. There, the deviation of cGW from c
was parametrized in term of a quantity called αT , explicitly
given in terms of the free functions present in the theories
studied in [23]. Requiring αT ¼ 0 completely excludes the
theories cubic in second derivatives of the scalar field, and
constrains the quadratic theories in the following way.3 The
most general Lagrangian quadratic in second derivatives of
the scalar field reads [18,21,22]
Ltot ¼

ð5Þ

while

II. SCALAR TENSOR THEORY

5
X

L4 ½A4  ¼ A4 ðϕ; XÞϕμ ϕμρ ϕρν ϕν ;

A5 ¼

A3
ð4GX þ A3 XÞ;
2G

1
½8A3 G − 48G2X − 8A3 GX X þ A23 X2 ;
8G

ð11Þ

whereas G and A3 are left free. This theory, with two free
functions, is a subset of the class called N-I in [21] and Ia
in [22] with A1 ¼ 0. Finally, we assume that matter is
minimally coupled to the metric gμν .
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III. VAINSHTEIN MECHANISM
For the purpose of studying the Vainshtein mechanism
in cosmology, we consider a cosmological background
with a time dependent scalar field ϕ ¼ ϕ0 ðtÞ and study the
deviations around it, namely
ds2 ¼ −ð1 þ 2Φðt;xi ÞÞdt2 þ aðtÞ2 ð1 þ 2Ψðt;xi ÞÞδij dxi dxj ;
ð12Þ
with ϕ ¼ ϕ0 ðtÞ þ πðt; xi Þ. The distinctive feature of the
Vainshtein mechanism is that derivative self-interactions of
the scalar field become large around a matter source and
screen its effect. To identify the relevant terms describing
the Vainshtein mechanism, we expand the equations of
motion in terms of the fluctuations, using the following
assumptions [40,41]: the fields π, Φ, and Ψ are small;
hence, we neglect higher-order interactions containing the
metric perturbations Φ and Ψ, as well as terms containing
higher-order powers of the scalar field fluctuation π and its

first derivatives. On the other hand, we keep all terms with
second- or higher-order spatial derivatives of perturbations
and will provide the necessary self-interactions to realize
the Vainshtein mechanism. We will work with quasistatic
approximations and ignore the time derivatives of the
perturbations compared with the spatial derivatives. Note
that we need to keep time derivatives for the terms
containing second- or higher-order spatial derivatives in
order to be consistent with the expansion scheme. With
these assumptions, we obtain the following equations
describing the dynamics of these perturbations:
GT ∇2 Ψ þ GTΦ ∇2 Φ þ a2 ∇2 π þ at2 ∇2 π_
þ ba2 ð∇2 πÞ2 þ bb2 ð∇i ∇j πÞ2 þ bc2 ð∇i πÞð∇i ∇2 πÞ ¼ a2 δρ;
ð13Þ
F T ∇2 Ψ − GT ∇2 Φ þ at1 ∇2 π_
þ b1 ð∇i ∇j πÞ2 þ b1 ð∇i πÞð∇i ∇2 πÞ ¼ 0;

ð14Þ

2
t 2_
_
a0 ∇2 π þat0 ∇2 π_ þatt0 ∇2 ̈π þa1 ∇2 Ψþ2at1 ∇2 Ψþa
3 ∇ Φ−2a2 ∇ Φ
2
i j
_
πÞþ2bt0 ð∇i ∇j πÞð∇
_
∇ πÞ
þba0 ð∇2 πÞ2 þbb0 ð∇i ∇j πÞ2 þbc0 ð∇i πÞð∇i ∇2 πÞþbt0 ð∇2 πÞð∇
2
t
i
2
2
2
i 2
2
2
_
_
þbt0 ð∇i πÞð∇
i ∇ πÞþ2b0 ð∇ πÞð∇i ∇ πÞþ2b
1 ð∇ ΨÞð∇ πÞþ2b1 ð∇ ∇ ΨÞð∇i πÞþb3 ð∇ ΦÞð∇ πÞ

−4ba2 ð∇i ∇j ΦÞð∇i ∇j πÞ−bc2 ð∇i ∇2 ΦÞð∇i πÞþca0 ð∇2 πÞ3 þ2ca0 ð∇i ∇j πÞ3 þcb0 ð∇i ∇j πÞ2 ð∇2 πÞ
þcc0 ð∇i πÞð∇i ∇j πÞð∇j ∇2 πÞþcc0 ð∇i πÞð∇i ∇2 πÞð∇2 πÞþ2cc0 ð∇i πÞð∇i ∇k ∇j πÞð∇k ∇j πÞ
þcc0 ð∇i πÞð∇j πÞð∇2 ∇i ∇j πÞ ¼ 0;

ð15Þ

where δρ is the matter source and ∇i is the spatial derivative
with respect to δij . We do not give explicit expressions for
these coefficients here as they are not important for our
purpose. These equations contain up to the fourth-order
derivatives. This provides the extension of the nonlinear
operators identified in Horndeski theories around the
cosmological background [40]. Although the equations
of motion contain higher-order derivatives, it is still
possible to reduce the system to the second order: we will
demonstrate this explicitly for the spherically symmetric
solutions.
IV. SPHERICALLY SYMMETRIC SOLUTIONS
We now consider spherically symmetric solutions
where the perturbations depend only on the radial coordinate and time. The three equations can be integrated once,
and we can solve Φ0 and Ψ0 in terms of the scalar field
perturbations π 0 , where the prime indicates the derivative
with respect to r. The solutions for Φ and Ψ have the
following structure,

Φ0 ¼ αa π 0 þ αb π_ 0 þ αc π 02 þ αd π 0 π 00 þ βe Mðt; rÞ;
Ψ0 ¼ βa π 0 þ βb π_ 0 þ βc π 02 þ βd π 0 π 00 þ βe Mðt; rÞ;

ð16Þ

where
Z
Mðt; rÞ ¼

0

r

4πr02 aðtÞ2 δρðr0 ; tÞdr0 ;

ð17Þ

is the enclosed mass within the radius r. Substituting these
solutions into the scalar field equation, we obtain the
equation solely written by the scalar field perturbations.
The equation has the form given by
_ ¼ 0:
ðγ a þ γ b M þ γ c M 0 Þπ 0 þ γ d π 02 þ γ e π 03 þ γ f M þ γ g M
ð18Þ
This is a nonlinear algebraic equation for π 0 and all the
higher-order derivative terms disappeared once the solutions for metric perturbations were substituted.
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We now introduce a mass dimension Λ and assume the
following scaling for the functions G, A3 , A4 , and A5
G ∼ M2p ;

XA3 ∼ XA4 ∼ X2 A5 ∼ M p Λ−3 ; ð19Þ

where Mp is the Planck mass and we assume X ∼ M p Λ3 . If
the background scalar field is responsible for dark energy,
then we expect Λ3 ∼ H 20 M P where H0 is the presentday Hubble parameter. By introducing a new variable
x ¼ π 0 =Λ3 r and defining [45]
M
A¼
;
Mp Λ3 r3

ð20Þ

we obtain Eq. (18) in terms of the dimensionless field x,
where π 0 and M are replaced by x and A respectively. We
can now define the Vainshtein radius rV as the distance
where, for r < rV , A becomes larger than unity, i.e.
rV ¼ðM=Mp Λ3 Þ1=3 . For r ≪ rV then, A ≫ 1 and x ≫ 1.
In this regime the solution for π 0 is obtained as
π 02 ¼ −

γ b M þ γ c M0
:
γe

ð21Þ

Substituting this solution into the metric perturbations, we
obtain
GN M ϒ1 GN 00
þ
M ;
4
r2
G M 5ϒ G
Ψ0 ¼ N2 − 2 N M 0 þ ϒ3 GN M 00 ;
4r
r

Φ0 ¼

ð22Þ

These results extend those obtained in [45] for beyond
Horndeski theory, which now (i.e. after the condition
A1 ¼ 0 is imposed) corresponds to the following choice
of the two free functions:
A3 ¼ −4GX =X:

Imposing the above restriction, our results agree with those
in [45] where ϒ3 vanishes.
A. Connection to effective theory of dark energy
On linear scales, cosmological perturbations are characterized by several functions of time within the framework
of the effective theory of dark energy. In the Horndeski
theory there are four parameters describing the nature of
perturbations: αM , αK , αB and αT [48]. These were extended
to include beyond Horndeski theory with one more
parameter αH [49], and the degenerate higher-order theories
adding another parameter β1 [42]. An interesting point is
that the coefficients describing the spherically symmetric
solutions (22) can be written in terms of these parameters.
Expressing the latter in terms of G and A3 , we have
αH ¼ −αB ¼ −2X

GX
;
G

β1 ¼

X
ð4GX þ XA3 Þ: ð26Þ
4G

αK and αM do not contribute to the expressions (23), and
clearly αT ¼ 0 by construction. The violation of condition
(25) is indeed described by β1. Note that the relation
between αB and αH can be generalized by including the
cubic Horndeski term. If β1 ¼ 0, using (26), it is easy to
check that our results (22) agree with those in [34].

where

B. Observational constraints
ð4GX − XA3 Þ2
;
4A3 G
8GX X
ϒ2 ¼
;
5G
−16G2X þ A23 X2
ϒ3 ¼ −
;
16A3 G
ϒ1 ¼ −

GN ¼ ½8πð2G − 2XGX − 3A3 X2 =2Þ−1 ;

ð23Þ
ð24Þ

and X, G, GX and A3 are all evaluated at the background.
Outside a matter source (M 0 ¼ M00 ¼ 0), the solutions (22)
reduce to those in GR with a time dependent Newton
constant GN , thus the Vainshtein mechanism is working4
On the other hand, inside the matter source, the Vainshtein
mechanism is broken and gravity is modified from GR.
4

ð25Þ

These solutions need to be matched to the exterior solution at
r > rV , and this needs to be checked for a given choice of free
functions. See [46,47] for discussions.

In the case of ϒ3 ¼ 0, interesting constraints on ϒ1 and
ϒ2 have been obtained. ϒ1 controls the modification of the
Newton potential and the constraint comes from the
structure of nonrelativistic stars [46,50]. By demanding
that the lightest observed red dwarf is at least as heavy as
the minimum mass for the onset of hydrogen burning in
stars, a bound ϒ1 < 1.6 was obtained in [51,52]. To
constrain ϒ2 , we need relativistic observations. Comparing the weak lensing and x-ray mass of galaxy clusters,
þ1.22
constraints ϒ1 ¼ −0.11þ0.93
−0.67 and ϒ2 ¼ −0.22−1.19 were
obtained in [53]. There is also a bound ϒ1 > −2=3 coming
from the fact that stable stars cannot be formed if this bound
is violated [50]. In the strong gravity regime, it was shown
that the mass-radius relation of neutron stars is affected
[47]. Ref. [54] showed that the relation between the
dimensionless momentum of inertia and the compactness
of neutron stars is modified in beyond Horndeski theories
and this relation is robust against the change of the
equations of state. It will be interesting to revisit these
studies in the presence of β1 .
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C. Relation to Horndeski theory

V. DISCUSSIONS

Finally, we comment on the relation between the theory
studied here, and the Horndeski one. It was shown in
[21,22] that theories in class N-I (which this theory belongs
to) can be obtained from the generalized conformal and
disformal transformation on the Horndeski theory:

In this paper, we studied the Vainshtein mechanism in the
most general degenerate scalar-tensor theory propagating
3 d.o.f. compatible with cGW ¼ 1. This theory belongs to
the class N-I [21] (or Ia [22]), with the additional condition
that A1 ¼ 0 in the Lagrangian. The bottom line is that,
excluding the cubic Horndeski case, the Vainshtein mechanism is irreversibly broken inside matter if the gravitational
wave constraint is imposed. An interesting open question
now concerns cosmology. It will be interesting to study the
background expansion, as well as linear and nonlinear
structure formation in this theory, as the breaking of the
Vainshtein mechanism can leave interesting imprints in
large scale structure.

ḡμν ¼ ΩðXÞgμν þ ΓðXÞϕμ ϕν :

ð27Þ

The conformal transformation does not affect the propagation speed of gravitational waves while the disformal
transformation does. Starting with a theory with c̄GW ≠ 1, it
is possible to perform a disformal transformation to make
cGW ¼ 1 by tuning Γ and Ḡ. The disformal transformation
brings the Horndeski theory into beyond Horndeski theory
[15,16]. Thus, condition (25) can be understood as this
tuning. If matter was coupled to ḡ, the propagation speed of
light was modified to c ¼ 1=c̄GW and this did not change
the ratio between the speed of gravity and light. However,
we assumed that matter couples minimally to gμν .
Therefore, in the presence of matter, the theory we
considered in this paper is different from the Horndeski
one with minimally coupled matter, and this is the origin of
the interesting phenomena concerning the breaking of the
Vainshtein mechanism inside matter.
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